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ABSTRACT

This paper is the first part (out of two) of the fifth paper in a sequence on
the structure of sets of solutions to systems of equations in a free group,
projections of such sets, and the structure of elementary sets defined
over a free group. In the two papers on quantifier elimination we use
the iterative procedure that validates the correctness of an AE sentence
defined over a free group, presented in the fourth paper, to show that the
Boolean algebra of AE sets defined over a free group is invariant under
projections, and hence show that every elementary set defined over a free
group is in the Boolean algebra of AE sets. The procedures we use for
quantifier elimination, presented in this paper and its successor, enable
us to answer affirmatively some of Tarski’s questions on the elementary
theory of a free group in the sixth paper of this sequence.

Introduction

In the first four papers in the sequence on Diophantine geometry over groups
we studied sets of solutions to systems of equations in a free group, and de-
veloped basic techniques and objects required for the analysis of sentences and
elementary sets defined over a free group.

In the first paper in this sequence we studied sets of solutions to systems
of equations defined over a free group and parametric families of such sets,
and associated a canonical Makanin—-Razborov diagram that encodes the en-
tire set of solutions to the system. Later on we studied systems of equations
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with parameters, and with each such system we associated a (canonical) graded
Makanin—Razborov diagram that encodes the Makanin—Razborov diagrams of
the systems of equations associated with each specialization of the defining
parameters.

In the second paper we generalized Merzlyakov’s theorem on the existence of
a formal solution associated with a positive sentence [Me]. We first constructed
a formal solution for a general AE sentence which is known to be true over some
variety, and then presented formal limit groups and graded formal limit groups
that enable us to collect and analyze the collection of all such formal solutions.

In the third paper we studied the structure of exceptional solutions of a para-
metric system of equations. We proved the existence of a global bound (inde-
pendent of the specialization of the defining parameters) on the number of rigid
solutions of a rigid limit group, and a global bound on the number of strictly
solid families of solutions of a solid limit group. Using these bounds we studied
the stratification of the “base” of the “bundle” associated with the set of solu-
tions of a parametric system of equations in a free group, and showed that the
set of specializations of the defining parameters in each of the strata is in the
Boolean algebra of AE sets.

In the fourth paper, we applied the structural results obtained in the first two
papers in the sequence to analyze AFE sentences. Given a true sentence of the
form

Vy dr Z(z,y,a) =1A¥(z,y,a) #1

we presented an iterative procedure that produces a sequence of varieties and
formal solutions defined over them. Since in order to define the completions
of a variety, and the closures of these completions, additional variables are re-
quired, the varieties produced along the iterative procedure are determined by
larger and larger sets of variables, and so are the formal solutions defined over
them. Still, by carefully analyzing these varieties, and properly measuring the
complexity of Diophantine sets associated with them, we were able to show
that certain complexity of the varieties produced along the iterative procedure
strictly decreases, which finally forces the iterative procedure to terminate after
finitely many steps.

The outcome of the terminating iterative procedure is a collection of varieties,
together with a collection of formal solutions defined over them. The varieties
are determined by the original universal variables y, and extra (auxiliary) vari-
ables. The collection of varieties gives a partition of the initial domain of the
universal variables y, which is a power of the original free group of coefficients,
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into sets which are in the Boolean algebra of universal sets, so that on each such
set the sentence can be validated using a finite family of formal solutions. Hence,
the outcome of the iterative procedure can be viewed as a stratification theorem
that generalizes Merzlyakov’s theorem from positive sentences to general AE
ones.

In the two papers on quantifier elimination we apply the tools and techniques
presented in the previous four papers in the sequence, to prove quantifier elim-
ination for the elementary theory of a free group. In order to prove quantifier
elimination we show that the Boolean algebra of AFE sets is invariant under
projections. The projection of a set that is in the Boolean algebra of AE sets
is naturally an FAFE set, hence to show that the Boolean algebra of AFE sets is
invariant under projections, we need to show that a general FAFE set is in the
Boolean algebra of AE sets. Let

EAE(p) =Jw Vy Jx (El(xvvavpv a’) =1A ‘Ill(xvvavpva’) # 1) Voo
-V (E’r(x7y7w7p7 Cl) =1A ‘I’r(xvvaﬁ% Cl) ;é 1)

be a general EAFE set. The set EAE(p) is, by definition, the set of all special-
izations pg of the defining parameters p, for which the corresponding sentence

Jw \V/y Jx (21(x7y7w7p07a’) =1A \Ill(x7y7w7p07a’) ;é 1) Vo
-V (E’r(x7y7w7p07a’) =1A \I’r(%vavpma) ;é 1)

is a true sentence. Hence, we start the analysis of the set EAE(p) by analyzing
the set of tuples (wp, po) for which the corresponding sentence

vy Jx (El(x7y7w07p07a’) =1A \Ill(xvy7w07p07a) ;é 1) Vo
-V (Er(xvvampova) =1A \Ijr(xvyleOvava’) # 1)

is a true sentence.

By the procedure for validation of an AE sentence, presented in the fourth
paper in this sequence, if (wp, po) is a tuple for which the corresponding sentence
is a true sentence, then there exists a (finite) collection of varieties and formal
solutions defined over these varieties that prove the validity of the sentence.
However, the finite collection of varieties and formal solutions may depend on
the particular specialization (wo,po). Therefore, our first goal in analyzing the
collection of tuples (wo, po) that are in the true set is obtaining a “uniformization
of proof systems”. To get such “uniformization”, we present an iterative proce-
dure that is based on the iterative procedure for validation of an AE sentence,
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that starts with our given FAFE predicate, and produces a finite tree for which
in each vertex we place a variety that is graded with respect to the parameter
subgroup < w,p >, and a family of formal solutions defined over this variety,
so that if (wo,po) is a specialization for which the corresponding sentence

Vy Jx (El(xvvampova) =1A ‘Ill(xvvampova’) 7é 1) Voo
-V (ET(x7y7w07p07a) =1A \Ilr(l‘7y,’LU07p07a) # 1)

is a true sentence, then there exists a proof of the sentence that goes along
a finite collection of paths in the finite tree associated with the set EAE(p).
Hence, the finite tree associated with the set EAE(p) encodes proofs of the
corresponding AE sentences for all the tuples (wg, po) that are in the true set.
We call this finite tree associated with the set EAE(p) the tree of stratified sets.

Having constructed such a finite tree, to analyze the set EAE(p) we need
to look for all the specializations py of the defining parameters p for which
there exists a specialization wg of the (existential) variables w, so that the
AEFE sentence corresponding to the tuple (wo, pp) has a proof that goes along a
collection of paths in the constructed finite tree. To carry out the analysis of
this set of specializations pg of the defining parameters p, we present an iterative
procedure which we view as a “sieve procedure”, that produces an increasing
sequence of sets of specializations of the defining parameters p that are all in
the Boolean algebra of AE sets, and are all approximations of the set EAE(p),
and in particular are all contained in the set EAFE(p). The sieve procedure we
present terminates after finitely many steps, and the set it produces when it
terminates is equal to the set EAF(p), and is in the Boolean algebra of AE
sets, hence the sieve procedure finally enables us to show that the set EAE(p)
is in the Boolean algebra of AFE sets.

Since the iterative procedures are rather involved, we prefered to present
them first in a special case, which is conceptually and technically simpler, but
it already demonstrates some of the principles used in the general case. Hence,
in the first section we present the two iterative procedures used for the analysis
of an EAF set in the minimal rank (rank 0) case, i.e., for predicates for which
the limit groups involved in their analysis are all of minimal possible rank, i.e.,
limit groups that do not admit an epimorphism onto a free group so that the
coefficient group is mapped onto a proper factor. In the second section we
present the procedure for the construction of the tree of stratified sets, i.e.,
the tree associated with a general EAFE set that encodes proofs for all tuples
(wo, po) for which the corresponding AF sentence is a true sentence. In the third
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section we analyze a few special cases, in which it is possible to slightly modify
the procedure used for the construction of the tree of stratified sets to get a
sieve procedure, and hence prove quantifier elimination. In the fourth section
we present core resolutions and some of their basic properties. Core resolutions
seem to be a basic tool in analyzing projections of varieties defined over a
free group (Diophantine sets), and they play an essential role in the (general)
sieve procedure that is finally presented in the next paper, and concludes our
quantifier elimination procedure.

Finally, we would like to thank Mladen Bestvina, Panos Papasoglu, Eliyahu
Rips and the referee whose comments helped us to adapt a more general point of
view on some parts of this paper, and assisted us in improving the presentation.

1. The minimal (graded) rank case

To obtain quantifier elimination for elementary predicates over a free group,
our goal is to show that the Boolean algebra of AFE sets is invariant under
projections. For presentation purposes, we will first present our approach to
the analysis of the projection of the Boolean algebra of AE sets assuming the
(graded) limit groups that appear in our procedure are of minimal (graded) rank
(graded rank 0), and then analyze the general case. We start with the following
immediate fact.

LEMMA 1.1: Let Fy =< ai,...,a; > be a free group, and let the EA set
EA(w,p) be defined as

EA(va) = Ely Va (21(x7y7w7p7 Cl) =1A ‘I’l(xv%vava) ;é 1) Vo
eV (ET(xvvavpv a) =1A ‘I]T(xvvavpv a’) # 1)

Then the projection of EA(w,p), i.e., the set

mEA(p) = 3w (w,p) € EA(w,p),
is an F'A set.
Proof: mwEA(p) is defined by the EA predicate

7EA(p) = 3w,y Vo (Z1(z,y,w,p,a) = 1A (x,y,w,p,a) Z1)V---
V(S (z,y,w,p,0) = 1A, (2,y,w,p,a) #1). B

Unlike Lemma 1.1, the analysis of projections of a general set in the Boolean
algebra of AFE sets requires the techniques and results obtained in our previous
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papers, graded limit groups and their Makanin—Razborov diagrams, the con-
struction of formal solutions and graded formal limit groups and the analysis of
iterated quotients of completed resolutions, similar to the one presented in an-
alyzing AE sentences presented in [Sed]. We start with the following reduction
of our main goal from general sets in the Boolean algebra of AE sets to AE
sets.

LEMMA 1.2: Let Fy, =< ay,...,a; > be a free group, and let V(w,p) be a set
in the Boolean algebra of AE sets over Fj,. If the projection of every AE set
defined over F}, is in the Boolean algebra of AE sets over F},, then the projection
of V(w, p) is in the Boolean algebra of AE sets.

Proof: By ([Se3], 3.6) the set V(w,p) is the (finite) union of some AFE sets,
E A sets and sets which are the intersection of an AE and an EA set. The
projection of a union of sets is the union of the projections of the individual
sets. By Lemma 1.1 the projection of an E'A set is in the Boolean algebra of EA
sets and by our assumptions so is the projection of every AE set. Therefore,
to prove the lemma we only need to show that under our assumption on the
projections of AE sets, the projection of the intersection of an EF'A set and an
AE set is in the Boolean algebra of AE sets.

Let V(w,p) be the intersection between an AE and an EA set. V(w,p) is
defined by the predicate

V(w,p) = Jw (Vy Iz (Z1(z,y,w,p,a) =1 AUy (z,y,w,p,a) #1)V---
=V (Er(@,y,w,p,a) = LAY (2,y,w,p,a) # 1))A
At Yu (37 (u, t,w,p,a) = 1A (u, t,w,pa) Z1)V---
V(S (u bt w,poa) = TAW (u, t,w, p,a) # 1)).
Equivalently
V(w,p) = Jw It Yy Yu Jx 3y (x,y,w,p,a) = 1AV (z,y,w,p,a) #L)V---
oV (S (2, y,w,pa) = 1A T (2, y,w,p,a) # 1A
A (u, t,w,pya) = 1AV (u, t,w,p,a) 1)V ---
V(S (u, tyw,pya) = LAY, (u, t,w,p,a) # 1).
So, V(w, p) is the projection of an AE set, which under our assumption implies
that V(w, p) is in the Boolean algebra of AE sets. |

Given Lemmas 1.1 and 1.2, the analysis of the projection of the Boolean
algebra of AFE sets reduces to the analysis of the projection of AE sets.
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THEOREM 1.3: Let Fj, =< ay,...,a; > be a free group, and let the AE set
AE(w,p) be defined as

AE(va) = Vy Jx (El(xvvavpv a’) =1A ‘Ill(xvvavpva’) # 1) Vo
=V (Er(@,y,w,p,a) =LAV (2,y,w,p,a) #1).
Then the projection of the AE set AE(w,p), i.e., the set
EAE(p) =Jw vy dx (21($7y7w7p7a) =1A \Ill(x7y7w7p7 Cl) ;é 1) Vo
eV (Er(xvvavpv a’) =1A ‘I]T(xvvavpv a) 7& 1)7
is in the Boolean algebra of AE sets.

For presentation purposes we will first show that the projection of an AE set,
EAE(p), is in the Boolean algebra of AE sets in the case r = 1. The general-
ization to arbitrary r is fairly straightforward, and is presented afterwards.

THEOREM 1.4: Let Fy, =< ai,...,a; > be a free group, and let EAE(p) be a
set defined by the predicate

Then EAE(p) is in the Boolean algebra of AE sets.

Let Fy be the free group F, =< y1,...,y¢ >, and let

wl(xvvavpva) = 17~~~7¢q($7y7w7p7a) =1

be the defining equations of the system ¥(z,y,w,p,a) = 1. By ([Se2], 1.2), for
every po € EAE(p) there exists some wg and a formal solution & = @y, p, (¥, @)
so that the words corresponding to the defining equations of the system
E(Two,po (U, @), Y, w0, po,a) = 1 are trivial in the free group F, * Fy, =< y,a >,
and the sentence

Ely /‘/}1 (IIU[],p[] (yva)vvaovpov a) 7é IA---A /(/)q(xwg,pg (yv a)7y7w07p07a) 7& 1

is a true sentence in Fj,.

By the construction of graded formal limit groups presented in section 3 of
[Se2], viewing W P =< w, p > as the parameter subgroup, one can associate with
the free group F, and the system of equations X(z,y,w,p,a) = 1 a (canonical)
finite collection of graded formal limit groups

GFLl(I,vavp, a)7 v 7GFLT(x7y7w7p7 a’)
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so that every formal solution & = Xy, p, (Y, a) of the system (z,y,w,p,a) =1
factors through one of the resolutions of the graded formal Makanin—Razborov
diagram of one of the graded formal limit groups

GFL(x,y,w,p,a),...,GFL.(x,y,w,p,a).

Viewing WP =< w,p > as the parameter subgroup, each graded formal
resolution in the graded formal Makanin—Razborov diagrams of the graded for-
mal limit groups GFLy(z,y,w,p,a),...,GFL.(x,y,w,p,a) terminates in ei-
ther a rigid formal limit group of the form WPRgd(hg,w,p,a) * F,, where
WPRgd(hgr,w,p,a) is a rigid (not formal!) graded limit group (with respect
to WP), or in a solid formal limit group of the form WPSld(hs,w,p,a) * Fy,
where WPSld(hs,w,p,a) is a solid (not formal!) graded limit group. Note
that by ([Se3], 2.5), for each specialization (wg,po) there exists a global bound
(independent of the particular specialization (wg,po)) on the number of rigid
solutions of the form (hg,wo,po,a) of any of the rigid graded limit groups
WPRgd(hgr,w,p,a), and by ([Se3], 2.9), for each specialization (wg,po) there
exists a global bound on the number of strictly solid families of solutions of the
form (hg,wo,po,a) of any of the solid graded limit groups W PSld(hs,w, p,a).

Let WPRgd(hr,w, p,a)*F, be one of the terminating limit groups in the for-
mal graded Makanin-Razborov diagram with respect to the defining parameters
WP =< w,p >, where the limit group W PRgd(hr,w,p,a) is rigid (see section
3 of [Se2] for the structure of the graded formal Makanin-Razborov diagram and
its resolutions). The tower of modular groups associated with each ungraded for-
mal resolution that terminates in a rigid specialization of the rigid graded limit
group WPRgd(hgr,w,p,a), that lies outside its singular locus, is compatible
with the tower of modular groups associated with the graded formal resolution
that covers this ungraded formal resolution, i.e., the graded formal resolution
that terminates in the rigid graded formal limit group W PRgd(hgr,w,p, a) * Fy.
Therefore, using the tower of modular groups that lie “above” each of the rigid
formal graded limit groups W PRgd(hg,w, p, a)*x F,, we can associate a (usually
infinite) system of equations (in the variables (hg,y,w,p) and coefficients in F},)
corresponding to each of the equations in the system ¥(z,y,w,p,a) = 1. By
Guba’s theorem [Gu], each such infinite system of equations is equivalent to a
finite system of equations Ag(hg,y,w,p,a) = 1. Similarly, with each terminat-
ing solid formal graded limit group WPSld(hs,w,p,a) * F, we can associate a
system of equations Ag(hg,y,w,p,a) = 1.

From now on we work with each of the graded formal resolutions
W PGF Res;(z,y,w,p,a) that appears in the graded formal Makanin—-Razborov
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diagrams of GFL4,...,GFL,, and its terminating rigid formal graded limit
group WPRgd;(hg,w,p,a) * F,, or solid graded formal limit group
WPSIld;(hs,w,p,a) = F,, in parallel, so we may restrict our attention
to one of these graded formal resolutions, omit its index and denote it
WPGFRes(z,y,w,p,a). Note that each of these formal resolutions is with
respect to the parameter subgroup WP =< w,p >.

Suppose that the graded formal resolution W PGF Res(x,y,w,p,a) termi-
nates in the rigid graded formal limit group W PRgd(hg,w,p,a) * F,. Let

M/ PRGL1(hgr,y,w,p,a),..., \WPRGLy(hg,y,w,p,a)

be the canonical collection of maximal graded limit groups (with respect to
the parameter subgroup WP =< w,p >) corresponding to the set of spe-
cializations (hg,y,w,p,a) for which (hg,w,p,a) is a rigid specialization of
WPRgd(hgr,w,p,a), (hgr,y,w,p,a) factors through the graded formal resolu-
tion WPGFRes(x,y,w,p,a), and through one of the systems of equations,
Ar(hr,y,w,p,a) = 1, associated with the various equations in the system
U(z,y,w,p,a) = 1.

Similarly, if the graded formal resolution W PGF Res(x,y,w, p,a) terminates
in the solid formal graded limit group WPSId(hs, w, p, a)*F,, we associate with
the solid graded limit group W PSld(hs,w, p, a) and the (finitely many) systems
of equations A\s(hs,y,w,p,a) the canonical collection of maximal graded limit
groups:

M PSGLy(hs,y,w,p,a),..., \WPSGLy(hs,y,w,p,a),

corresponding to the set of specializations (hs, y, w, p,a), for which (hg,w,p, a)
is a strictly solid specialization of W PSIld(hs,w,p,a), (hs,y,w,p,a) factors
through the graded formal resolution W PGF Res(z,y,w,p,a), and

)\S(h57y7vav a’) =1

(for one of the systems associated with the equations in the system
U (z,y,w,p,a) =1).

At this point we need to collect the “remaining” set of specializations of the
variables y for each value of our parameters (w, p). Suppose that the terminating
graded limit group of the formal graded resolution W PGF Res(x,y,w,p,a) is
the rigid formal graded limit group WPRgd(hgr,w,p, a) * F,, or the solid formal
graded limit group WPSIld(hg,w,p,a) * F,. With each of the graded limit
groups

MW PRGLy(hg,y,w,p,a),..., \WPRGL4(hg,y,w,p,a)
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or
M/ PRGLy(hs,y,w,p,a),..., \WPRGLy(hs,y,w,p,a)

(depending on whether the graded formal resolution W PGF Res(x,y,w,p,a)
terminates in a rigid or solid limit group with respect to WP =< w,p >) we
associate its taut graded Makanin—Razborov diagram with respect to the pa-
rameter subgroup < hgr,w,p > or < hg,w,p > in correspondence. Each graded
resolution AW PG Res(y, hg,w,p,a) (or \W PGRes(y, hs,w,p,a)) in one of the
taut graded diagrams of the graded limit groups

/\WPRGLl(thyﬂ%pv a)7 ) AWPRGLd(hR,y7’U}7p, Cl)

(or
)\WPRGLl(h57 Yy, w,p, a’)v vy )‘WPRGLd(h57 Yy, w,p, a’))

terminates in either a rigid graded limit group (with respect to < hgr,w,p > or
< hg,w,p >) which we denote

AVVF)Rgd(ng hR7 w,p, Cl) (OI‘ AVVvPRgd(gR7 th w,p, a’))v
or a solid graded limit group which we denote
AW PSld(gs, hg,w,p,a) (or AW PSld(gs, hs,w,p,a)).

Before continuing with our iterative procedure for analyzing the structure
of an FAFE set, we use the limit groups constructed in the first step of the
procedure to give a first approximation of an EAFE set, an approximation which
is an E'A set. To get the approximation we need to use the entire collection of
limit groups W PRgd;(hg,w,p,a), WPSld;(hs,w,p,a) and

AW PRgd;(gr, hr,w,p,a),\W PSld;(gs, hr,w,p,a),\WPRgd;(gr, hs,w,p, a),
AW PSld;(gs, hs,w,p,a).

LEMMA 1.5: Let the set Uy (p) be defined as the union of two sets.

(1) po € Uf(p) if for some wy, some index i and some hro (which is a given
specialization of the tuple of variables hr), (hro,wo,po) is a rigid special-
ization of the rigid limit group W PRgd;(hgr,w,p, a), and for every index
j, there exists no specialization grq for which (grg, hro, wo, po) is a special-
ization of \W PRygd;(gr,hr,w,p,a) and no specialization gso for which
(gs0, hro, wo,po) is a specialization of W PSld;(gs, hr,w,p,a).

(2) po € U (p) if for some wy, some index i and some hsy (which is a given
specialization of the tuple of variables hg), (hso,wo, po) is a strictly solid
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specialization of the solid limit group W PSld;(hs,w,p,a), and for every
index j, there exists no specialization gro for which (grg, hso,wo,po) is a
specialization of \W PRgd;(gr,hs,w,p,a) and no specialization gso for
which (gso, hso, wo, po) is a specialization of W PSld;(gs, hs,w,p,a).

(3) We define Uy (p) to be Uy (p) = Ut (p) UUZ(p).

Then:

(i) Ui(p) C EAE(p).

(ii) Ui(p) is an EA set.

Proof: Both conditions (1) and (2) can be stated by an EA predicate (see
section 3 of [Se3]), so Uy (p) is indeed an E A set. If wy satisfies either (1) or (2),
then the sentence

vy Jx E(x7y7w07p07a) =1A \I/(x7y,w0,p0,a) ;é 1

is a true sentence by construction, so Uy (p) C EAE(p). ]

To construct the graded formal resolutions W PGF Res(z,y,w, p, a), we have
collected all the formal solutions () (y,a), for which all the words corre-
sponding to the equations in X (z (., ) (¥, a),y, w, p, a) represent the trivial words
in F,, =< a,y >. By theorem 1.18 of [Se2], if py € EAE(p) then there
must exist some “witness” wo and a formal solution x(y, »,)(y,a) so that the
maximal limit groups corresponding to each of the equations in the system
U (2 (wy,po) (¥, @), y,w,p,a) = 1 are all proper quotients of the free group
< a,y >= F, « F,. Hence, for every py € EAE(p) there must exist some
witness wp, and a rigid specialization (hrg,wq,po) of one of the rigid limit
groups W PRgd(hg,w,p,a), or a strictly solid specialization (hsg, wg, po) of one
of the solid limit groups W PSld(hs,w,p,a), so that every ungraded resolu-
tion AW PG Res(y, hro,wo, po,a) (or AW PG Res(y, hso,wq, po,a)) does not cor-
respond to the entire set of y’s but rather to a resolution of a limit group which
is a proper quotient of the free group < a,y >= Fj, * F},.

Therefore, the outcome of the first step of our “trial and error” procedure is
a decrease in the complexity (definitions 1.14 and 3.2 in [Se4]) of the ungraded
resolutions of (the remaining) y’s associated with each py € EAFE(p), at least for
one rigid or strictly solid specialization (hrg,wq,po), or (hsg,wq,po). Each of
the next steps of the procedure is meant to sequentially decrease the complexity
of the ungraded resolutions of the remaining y’s. Once the iterative procedure
terminates, we present a second iterative procedure that uses the outcome of
the first iterative procedure to sequentially approximate the set EAE(p) by sets
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which are all in the Boolean algebra of AE sets. Finally, we show that the
approximations we construct in the second iterative procedure become identical
with the set EAE(p) after finitely many steps. Since the approximations are all
in the Boolean algebra of AFE sets, this will imply that an EAFE set is indeed in
the Boolean algebra of AFE sets, which finally proves Theorem 1.4.

In this section we present the iterative “trial and error” procedure, and the
proof of Theorem 1.4 under the minimal (graded) rank (graded rank 0) assump-
tion, i.e., from now on we will assume that if any of the graded limit groups
AMWPGL,;(y, hr,w,p,a) or \WPGL,(y,hs,w,p,a) admits an epimorphism 7
onto a free group Fy * F where 7(< p >) < F}, then F is the trivial group.
Under the minimal graded rank assumption, the termination of the “trial and
error” procedure is based on the analysis of iterative quotients of completed
resolutions in the minimal rank case, presented in section 1 of [Se4]. In the next
sections we will use the analysis of iterative quotients of completed resolutions
in the general case presented in section 4 of [Se4] to get a “trial and error”
procedure, hence a proof of Theorem 1.4, omitting the minimal graded rank
assumption.

For the continuation of the iterative procedure we will denote (for brevity)
each of the limit groups WPRgd(hgr,w,p,a) or WPSld(hs,w,p,a) as
WPH(h,w,p,a), and each of the limit groups

AW PRgd(gr, hr,w,p,a), \W PRgd(gr, hs,w,p,a), \WPSld(gs, hr,w,p,a),
)‘WPSld(QSW th w, p, a’)

as WPHG(g,h,w,p,a). Our treatment of these limit groups will be conducted
in parallel, so we don’t keep the indices associated with each of these (finite
collection of)) limit groups. Also, the rest of our “trial and error” procedure does
not depend in an essential way on the type (rigid or solid) of the terminating
graded limit groups in the first two steps, hence we do not keep notation for the
type of each of these terminating limit groups.

For each tuple (po,wo, ho, go), which is either a rigid or a strictly solid spe-
cialization of the terminating limit group W PHG, there is an ungraded (well-
structured) resolution associated. The associated ungraded resolution depends
only on the strictly solid family of the specialization in case the corresponding
terminating limit group of the graded formal resolution W PG F Res is solid (i.e.,
it is the same ungraded resolution for all the specializations that belong to a
given strictly solid family). Also, the ungraded resolution may be degenerate, so
we separate the finitely many possible types of ungraded resolutions associated



Vol. 150, 2005 DIOPHANTINE GEOMETRY OVER GROUPS V; 13

with a rigid or strictly solid specialization (pg,wo, ho, go) of WPHG according
to the stratum of the corresponding singular locus (see section 12 of [Sel]), and
continue with each singular stratum separately. With the associated ungraded
well-structured resolution, we may associate its completion. Given a tuple
(po, wo, ho, go), which is a rigid or a strictly solid specialization of WPHG, we
collect all the formal solutions {%(,, wg,ho,90) (S 2, ¥, @) } for which the words cor-
responding to the equations in the system (2 () wo,n0.90) (5, 2, Y5 @), ¥, Wo, Po, @)
= 1 are the trivial words in some closure of the completion of the ungraded
resolution associated with the given specialization. Using the construction pre-
sented in section 3 of [Se2], and viewing the subgroup < p,w, h, g > as parame-
ters, from the entire collection of formal solutions for all possible specializations
(po, wo, ho, go) which are rigid or strictly solid specializations of WPHG, we
can construct a graded formal Makanin-Razborov diagram, so that any formal
solution defined over a closure of (a completion of) an ungraded resolution as-
sociated with a rigid or strictly solid specialization of W PHG factors through
one of the graded formal Makanin-Razborov resolutions.

Note that by the construction of formal graded limit groups and their asso-
ciated graded formal Makanin—Razborov diagrams, the collection of maximal
graded formal limit groups and their graded formal Makanin—Razborov dia-
grams associated with a given terminating limit group W PHG, depends only
on the strictly solid family from which the specialization of WPHG is taken,
and not on the particular specialization taken from this strictly solid family.

Let GFLy(z,2,9,91,h1,w,p,a),...,GFL.(x,2,y,¢1, h1,w,p,a) be the max-
imal graded formal limit groups constructed from the collection of formal solu-
tions associated with the graded limit group WPHG. By section 3 of [Se2],
with each of the graded formal limit groups there is an associated graded
formal Makanin—Razborov diagram with respect to the parameter subgroup
< g1,h1,w,p >. By theorems 3.7 and 3.8 in [Se2], each of the graded formal
resolutions in the graded formal Makanin-Razborov diagram associated with
each of the graded formal limit groups

GFLl(xvzvyvglvhlvvav a)v e 7GFLT(xvzvyvglvhlvvav a’)

(with respect to the subgroup < g1, h;,w,p >) terminates in a group of the
form

WPHGRgd(h;zvglv hla w,p, a) *Term(3,91,h1,w,p,a) GFCZ(Sv 2 Y,91, hla w,p, a)v

where WPHGRgd(h¥, g1, hi,w,p,a) is a graded (not formal!) limit group
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which is rigid with respect to the parameter subgroup < g1, hy,w,p >, and
GFCl(svzvyvghhhvav a)

is a graded formal closure of the graded resolution AW PG Res(y, g1, h1,w, p, a)
associated with the graded limit group WPHG. We will denote a terminating
rigid graded limit group W PHG Rgd(h¥, g1, h1,w,p,a) by WPHGH?T.

Alternatively, the terminating graded formal limit group of a graded formal
resolution in one of the graded formal Makanin-Razborov diagrams associated
with the graded formal limit groups

GFLl(xvzvyvglv hlvvav a)v e ,GFLT(JJ, 29,91, hlvvav a’)
is of the form
WPHGSld(hgvglvhlvvav a) *Term(3,91,h1,w,p,a) GFOZ(Svayvglvhlvvav a)v

where WPHGSId(h5, g1, hi,w, p,a) is a graded (not formal!) limit group which
is solid with respect to the parameter subgroup < g;, hy,w,p >, and

GFCIl(s,z,y, 91, h1,w,p,a)

is a graded formal closure of the graded resolution AW PG Res(y, g1, h1,w, p, a)
associated with the graded limit group W PHG. We will denote the terminating
solid graded limit group WPHGSId(h3, g1, h1,w,p,a) by WPHGH®.

At this point we continue as in the first step, i.e., we analyze the set of y’s for
which for all the formal solutions = = x(s, z,y, he, g1, h1,w, p,a), at least one of
the equations in the system ¥(x(s,z,y, h2,91,h1,w,p,a),y,w,p,a) = 1 holds.
Since we have assumed that all the limit groups W PHG are of minimal (graded)
rank, we will be able to use the analysis of quotient resolutions presented in
section 1 of [Sed], to analyze the resolutions containing the entire set of the
remaining y’s. In the next section we will modify this part of the iterative
procedure in order to prove Theorem 1.4 in the general case, using the analysis
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of quotient resolutions that appear in section 4 of [Se4].

AWPRgd

N7

Let
WPHGRgd(hf,gl, hi,w,p,a) *Term(3,91,h1,w,p,a) GFCI(s,z,y,91,h1,w,p,a)
or
WPHGSld(hQS,gl, hi,w,p,a) *Term(3,g1,h1w,pa) GFCl(s,z,y,91, h1,w,p,a)

be the terminating rigid or solid limit group (with respect to the parameter
subgroup < g1, h1,w,p >) of the graded formal resolution

WPHGFRes(x,$,2,y,91,h1,w,p,a).

As we pointed out in the first step, the (formal) modular groups associated with
each ungraded formal resolution that is covered by the graded formal resolution

WPHGFReS(Ivszvyvglvhlvvav a’)
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that terminates in the rigid or solid graded limit group W PHGH, so that the
rigid or strictly solid specialization of W PHGH in which the ungraded resolu-
tion terminates does not belong to the singular locus, are compatible with the
graded formal modular groups of the graded formal resolution W PHGF Res.
Therefore, using the “tower” of graded formal modular groups associated with
the graded formal resolution WPHGF Res, a “tower” that lies “above” the
terminating rigid or solid graded limit group WPHGH, we can associate a
(usually infinite) system of equations (in the variables (s, z,y, ha, g1, h1,w,p)
and coefficients in F}) corresponding to each of the equations in the system
U(z,y,w,p,a) = 1, imposed on all specializations of the tuple (x,y,w,p,a)
in the same (formal) modular block as a given specialization of the tuple
(ha,g1,h1,w,p,a). By Guba’s theorem [Gu] this infinite system of equations is
equivalent to a finite system of equations (s, z,y, ha, g1, h1,w,p,a) = 1.

At this stage we need to collect all the remaining y’s, i.e., those values of the
variables y that satisfy one of the systems of equations (s, z,y, h2, g1, h1,w,p, a)
= 1. As we did in our iterative procedure for validation of a sentence in section
1 of [Se4], our aim is to collect all the remaining y’s for all pg € EAE(p), and
all possible tuples (wp, po), in finitely many graded resolutions which will be of
complexity not bigger than the complexity of the corresponding graded resolu-
tion WPHGRes(y, hy, g1, w,p,a) with which we have started the second step.
To be able to collect all the remaining y’s in graded resolutions of complexity
bounded by the complexity of the resolution W PHG Res with which we have
started the second step, we need to apply the same techniques used for that
purpose in section 1 of [Se4], modified slightly to be suitable for the graded
set-up.

The collection of all specializations of the variables y that can be extended to
a specialization that factors through the graded formal resolution

WPHGFReS(Ivszvyvglvhlvvav a’)

and satisfies the system of equations (s, z,y,h2, g1, h1,w,p,a) = 1 factors
through a canonical collection of maximal graded limit groups

QGliml(svZvyvh%glvhlvvav a)v . '7QGlimq(szvyvh2vglvh17w7pv a)'

Let WPHGRes(y, h1, g1, w,p,a) be the graded resolution (with respect to the
parameter subgroup < hi, g1, w,p,a >) of y’s that remained after the first step
with which we have started the second step. Our analysis of the well-structured
resolutions of the graded limit groups, QGlim;, is conducted in parallel, hence
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we will omit the index and denote the quotient graded limit group under con-
sideration QGlim(s, z,y, ha, g1, h1,w, p,a).

Let zpqse be a generating set of the limit group associated with all the levels of
the graded formal closure W PHGFCI(s, z,y, g1, h1,w, p,a) except the top level
(i.e., the distinguished vertex group in the abelian decomposition associated
with the top level of the graded formal closure WPHGFCl). We will call this
set of generators the basis of the graded formal closure

WPHGFCI(S7Z7y7glvh17p7 a’)'

Following the construction of the strict Makanin-Razborov diagram ([Se2],
1.10), we construct the (canonical) strict graded Makanin-Razborov diagram of
the graded limit group QGlim(s, z,y, he, g1, h1,w, p, a) viewed as a graded limit
group with respect to the parameter subgroup < zpgse, b2, g1, h1,w,p >. Let

WPHGHReSl(szvyv Zbasevh2vglv hlvvav a)v cey
WPHGHReSv(szvyv Zbases h2vglv hlvvav a)

be the well-structured graded Makanin—Razborov resolutions that appear in the
strict graded Makanin—-Razborov diagram of the (graded) limit group

QRIlim(s, 2,Y, Zbase, M2, 91, h1, w, p, a)

with respect to the parameter subgroup < zpgse, b2, g1, h1,w,p >, where each
graded resolution is terminating in either a rigid or a solid graded limit group
(with respect to the parameter subgroup < zpgse, b2, 91, b1, w,p >).

We will treat the graded resolutions

WPHGH Res1(s, 2,Y, Zbase,h2, g1, h1,w,p,a), ...,
WPHGHRQSU(szvy7 Zbaser h27gl7 h17w7p7 Cl)

in parallel, so for the continuation we will restrict ourselves to one of them which
we denote WPHGH Res(s, 2,9, Zbase, N2, 91, h1,w, p, a) for brevity. Let

WPHGHRhm(Sv 2,Y, Zbases h27 g1, hlv w, p, a)
be the graded limit group corresponding to the graded resolution
WPHGHR68(87 Z,Y, Zbase h27 g1, h17 w,p, a’)'

Let Glim;(s,z,Y, Zbase, 2, g2, h1,w,p,a) be the graded limit group that
appears in the j-th level of the graded resolution

WPHGHRes(S,Z,y7Zbasevh27glvh17w7p7 a’)'
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Let WPHGRIlim(y, hi,g91,w,p,a) be the graded limit group associated with
the graded resolution W PHG Res(y, g1, h1,w, p,a) with which we have started
the second step. Naturally, there exists a canonical map

Tj: WPHGRllm(yv hlv g1,w,p, a) — Gllm](sv Z,Y, Zbase h27 91, hlv w,p, a’)'
Let A; be the graded quadratic decomposition of
Glimj(sv Z,Y, Zbase h27 91, hlv w,p, a)v

i.e., the graded cyclic decomposition of Glim;(s,z,y, Zsase, 2,91, M1, w,p, @)
obtained from the graded abelian JSJ decomposition of

Glimj(s, Z,Y, Zbase, P2, g1, M1, W, D, @)

by collapsing all the edges connecting two non-QH subgroups. Let @ be a
quadratically hanging subgroup in the graded abelian JSJ decomposition of
WPHGRIlim(y, h1,g1,w,p,a), and let S be the corresponding (punctured) sur-
face. Since the boundary elements of () are mapped by 7; to either the trivial ele-
ment or elliptic elements in Aj, the (possibly trivial) cyclic decomposition inher-
ited by 7;(Q) from the cyclic decomposition A; can be lifted to a (possibly triv-
ial) cyclic decomposition of the QH subgroup @ of W PHGRIlim({y,h1,91,w,p, a),
which corresponds to some decomposition of the (punctured) surface S along
a (possibly trivial) collection of disjoint non-homotopic s.c.c. Let I';(Q) be the
corresponding cyclic decomposition of the QH subgroup @, and let I';(S) be a
maximal associated collection of non-homotopic essential s.c.c. on S. Note that,
by construction, every s.c.c. from the defining collection of T';(S) is mapped by
7; to either a trivial element or to an elliptic element in A;.

LEMMA 1.6:
(i) Every s.c.c. from the collection I';(S) is mapped by 7; to either the trivial
element or to a non-trivial elliptic element in A;.

(ii) Every non-separating s.c.c. on the surface S is mapped to a non-trivial
element by the homomorphism ;.

(i) Let Q' be a quadratically hanging subgroup in A; and let S' be the corre-
sponding (punctured) surface. If 7; maps non-trivially a connected subsur-
face of S\I';(S) into Q', then genus(S') < genus(S) and |x(S")| < |x(S)|.
Furthermore, in this case 7; maps the fundamental group of a subsurface
of S into a finite index subgroup of Q'.

Proof: Identical to the proof of lemma 1.3 in [Se4]. |
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Part (iii) of Lemma 1.6 bounds the topological complexity of those QH sub-
groups Q' that appear in the graded abelian JSJ decompositions associated with
the various levels of the graded resolution

WPHGHR68(87 Z,Y, Zbase h?vglv h17w7p7 Cl)

into which a @ H subgroup @ that appears in the graded abelian JSJ decompo-
sition of WPHGRIlim(y, hi,g1,w,p,a) is mapped non-trivially. To show that
Lemma 1.6 can be applied to bound the topological complexity of all the QH
subgroups Q' that appear in the graded abelian decompositions associated with
the various levels of WPHGH Res(s, 2,9, Zbase, N2, g1, h1,w,p, a), we need the
following proposition.

PROPOSITION 1.7: Let Glim;(s, 2,9, Zpase, P2, g1, b1, w, p, a) be the graded limit
group that appears in the j-th level of the graded resolution

WPHGHR68(8727y7Zbasevh27glvh17w7p7 a’)v

and let Q' be a QH subgroup that appears in the graded JSJ decomposition
associated with Glim;(s, z,Y, Zbase, P2, g1, h1,w,p,a) and S" be its correspond-
ing punctured surface. Let 7; be the natural map

Tj: WPHGRlim(yvhlvglvw7p7 Cl) — Glimj(svzvy7Zbasevh27glvh17w7p7 a’)'

Then there exists a QH subgroup () in the graded abelian JSJ decomposition
of WPHGRIlim(y, h1,g1,w,p,a) with corresponding punctured surface S, so
that a subsurface S; of the punctured surface S is mapped by 7; into a finite
index subgroup of a conjugate of )'. In particular, genus(S') < genus(S) and

IX(S)] < Ix(S)]-
Proof: Identical with the proof of proposition 1.5 in [Se4]. |

Definition 1.8: Let @ be a quadratically hanging subgroup in the graded abelian
JSJ decomposition of WPHGRIlim(y,h1,g1,w,p,a) and let S be its corre-
sponding (punctured) surface. The QH subgroup @ (and the corresponding
surface S) is called surviving if for some level j, there exists some quadrat-
ically hanging subgroup @' in A;, the graded abelian JSJ decomposition of
Glim;(s, 2,9, Zbase, h2, g1, h1,w, p,a), with corresponding surface S’, so that 7;
maps @ non-trivially into Q', genus(S’) = genus(S) and x(S’) = x(S).

By definition, if @) is a non-surviving Q@ H subgroup in the graded abelian JSJ
decomposition of W PHGRIlim/(y, hi, g1, w, p, a), then every QH subgroup @' in
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every level of the graded resolution W PHGH Res(s, z, Y, Zbase, N2, g1, b1, w, D, a)
into which a subsurface of @) is mapped non-trivially has either a strictly lower
genus or a strictly smaller (absolute value of the) Euler characteristic than that
of the QH subgroup @. This would eventually “force” the complexity of the
graded resolution

WPHGHR68(57 2y Y, Zbase; h27 g1, hlv w, p, a’)

to be bounded by the complexity of the resolution W PHGRes(y, hi, g1, w,p, a)

3

once one is able to “isolate” the surviving surfaces. This is the purpose of the

following theorem.

THEOREM 1.9: Let Q1,...,Q, be the surviving QH subgroups in the graded
abelian JSJ decomposition of W PHGRIlim(y,hy,w,p,a). Then the graded
resolution

WPHGHRes(s, 2,9, Zbase, b2, g1, h1,w,p, a)

can be replaced by finitely many graded resolutions, each composed from two
consecutive parts. The first part is a graded resolution of

QRlzm(s, Y, h27 g1, hlv w, p, a’)

with respect to the parameter subgroup < zpgse, h2, 91, h1,w,p,Q1,...,Qr >,
which we denote W PHGH Res(s, z,Y,(Zbase, b2, g1, b1, w,p, Q1,...,Q),a). The
second part is a one-step resolution that maps the rigid (solid) terminal graded
limit group of W PHGH Res(s, z,y, (2base, 2, 91, h1,w,p,Q1, ..., Q.),a) to the
rigid (solid) terminal graded limit group of the resolution

WPHGHR68(8727y7Zbasevh27glvh17w7p7 a’)'

The two consecutive parts of the graded resolution have the following properties:
(1) The graded decomposition corresponding to the second part of the reso-
lution contains a vertex stabilized by the terminal rigid (solid) graded
limit group of the resolution W PHGH Res(s, 2,9, Zbase, h2, g1, h1, w, p, a)
connected to 1’ surviving QH subgroups Q,,...,Q; ,, for some r" < r,
and1 <4 <ip < o < <1
(2) If the terminal graded limit group of the graded resolution

WPHGHRQS(&%% (Zbasevh27glvh17w7p7Q17 .- '7Q7‘)7a)

is rigid (solid), so is the terminal graded limit group of the graded reso-
lution WPHGH Res(s, 2,9, Zbase, N2, g1, h1,w, p,a). Furthermore, if they
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are both solid, their principal graded decompositions are in one-to-one
correspondence, i.e., the decomposition differ only in the stabilizer of one
vertex, the vertex stabilized by < zpgse, h2, g1, b1, w,p, Q1,...,Q, > in the
first part, and by < zZpgse, b2, g1, h1,w, p > in the second part.

Proof: Identical to the proof of theorem 1.7 of [Se4]. |

We continue the analysis of the limit group QGlim(s, z,y, hz, g1, h1,w, p, a)
by reducing the set of defining parameters sequentially. Recall that in order
to obtain the graded resolution WPHGH Res(s, z,Y, Zbase, 2, g1, b1, w, p, a) we
used the subgroup < zp.sc > as the parameter subgroup, where < zpzse >
is the limit group associated with all the levels of the graded formal closure
WPHGHFCI(s,z,y,hs,q1,h1,w,p,a) except the highest level. For the next
step of the analysis we take z7 __ as the defining parameters, where zZ, . gen-
erate the limit group associated with all the levels of the graded formal closure
WPHGHFCI(s,z,y,hs,g1,h1,w,p,a) except for the two highest levels.

Let Ti(s,z,y,ha,g1,h1,w,p,a) be the terminal rigid or solid graded limit
group in the graded resolution W PHGH Res(s, z,Y, Zbase, P2, g1, h1,w, p, a) with
respect to the parameter subgroup < zpse >. From the collection of rigid
(strictly solid) specializations of T (s, 2,9, Zbase, R2, g1, h1,w, p, a), that are ob-
tained (using our shortening procedure) from specializations that factor through
the graded resolution W PHGH Res(s, 2,9, Zbase, h2, g1, h1, w, p, a), we construct
the graded strict Makanin—Razborov diagram of Ti(s, z,y, ha, g1, h1,w,p,a),
viewed as a graded limit group with respect to the parameter subgroup
< z2f.se > Let

WPHGHR681(8727y7Zgasevh27glvh17w7p7 a’)v ey
WPHGHReSm(szvyvZgasevh%glvhlvvav a)

be the resolutions that appear in the strict graded Makanin-Razborov diagram
of the (graded) limit group Ti(s,z,y,22,.., he, g1, h1,w,p,a) with respect to
the parameter subgroup < z2 .. >, where each graded resolution terminates
in either a rigid or a solid graded limit group (with respect to the parameter
subgroup < z7,., >).

We will treat the graded resolutions

WPHGHReSi(szv?% Zgasev h?vgh h17w7p7 Cl)
in parallel, so we will restrict ourselves to one of them which we denote

WPHGHRes(s, z,y, Zfase, h2,g1,h1,w,p,a)
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for brevity. Let Glim(s,z,y, 22,.0, h2, g1, h1,w, p,a) be the graded limit group
corresponding to the graded resolution

WPHGH Res(s, z,y, zgm, ha,g1,h1,w,p,a).

If the subgroup Glim(s, z,y, 22, ... h2, 91, hi,w, p,a) is a proper quotient of the
subgroup T (s, 2,9y, ha, g1, h1,w, p,a), we need to modify the graded resolution

WPHGHRes(s, 2,9, Zbase, N2, g1, hi,w,p, a)

so that it becomes a strict graded Makanin—Razborov resolution terminating
with the limit group Glim(s, z,y, 22, ... b2, g1, h1,w, p,a). Note that by modify-
ing the graded resolution W PHGH Res(s, z,Y, Zbase, N2, g1, h1,w, p, a), we may
need to replace the quotient limit group QRlim(s, z,y, ha, g1, h1,w,p, a) or one
of the groups Glim;(s,2,Yy, Zpase, 2, g1, h1,w,p,a) that appear in one of the
levels of the graded resolution W PHGH Res(s, z,Y, Zbase, P2, g1, b1, w, p,a) by
a proper quotient of itself.

Let Glim;(s,2,y, 22, .., h2, 91, h1,w, p, a) be a graded limit group that appears
in the j-th level of the graded resolution

WPHGH Res(s, z,y, zbzase, h2,91,h1,w,p,a).

Let Zlim(zpase) be the limit group generated by zp,se in the graded formal clo-
sure WPHGHFCI(s,z,y,h2, g1, h1,w, p,a). Naturally, there exists a canonical
map

i ZUim(zpase) — Glim (s, 2, Y, 22user D2, 91, h1, 0, D, @).

Let A; be the graded quadratic decomposition of
Gl'Lm](S, zZ,Y, Zgasev h27 g1, h17 w, p, a’)v

ie., the graded cyclic decomposition of Glim;(s,z,y, 22,c0: P2, g1, h1,w, p, a)
obtained from the abelian graded JSJ decomposition of

Glimj(&zv% Zgasev h?vgh h17w7p7 Cl)

by collapsing all the edges connecting two non-QH subgroups. Let @ be a
quadratically hanging subgroup in the abelian graded JSJ decomposition of
Zlim(zpese) and let S be the corresponding (punctured) surface. Since the
boundary elements of ) are mapped by 7; to elliptic elements in A, the (possibly
trivial) cyclic decomposition inherited by 7;(Q) from the cyclic decomposition
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A; can be lifted to a (possibly trivial) cyclic decomposition of the QH subgroup
Q of Zlim(zpgse), which corresponds to some decomposition of the (punctured)
surface S along a (possibly trivial) collection of disjoint non-homotopic s.c.c.
Let I';(@) be the corresponding cyclic decomposition of the QH subgroup @,
and let T';(S) be a maximal associated collection of non-homotopic essential
s.c.c. on S. Note that by construction, every s.c.c. from the defining collection

of [';(S) is mapped by 7; to either a trivial element or to an elliptic element in
Aj.

LEMMA 1.10:
(i) Every s.c.c. from the collection I';(S) is mapped by 7; to either the trivial
element or to a non-trivial elliptic element in A;.

(ii) Every non-separating s.c.c. on the surface S is mapped to a non-trivial
element by the homomorphism T;.

(i) Let Q' be a quadratically hanging subgroup in A; and let S’ be the corre-
sponding (punctured) surface. If T; maps non-trivially a connected subsur-
face of S\I';(S) into Q', then genus(S') < genus(S) and |x(S")| < |x(S)].
Furthermore, in this case 7; maps the fundamental group of a subsurface
of S into a finite index subgroup of Q'.

Proof: Identical to the proof of lemma 1.3 in [Se4]. |

The precise statement of Proposition 1.7 is not valid for the graded resolution
WPHGHRes(s,2,Y, 2t,c0s P2, g1, h1,w,p,a). If Q" is a QH subgroup that ap-
pears in an abelian decomposition associated with one of the levels of the graded
resolution WPHGH Res(s, z,y, 22, ... h2, g1, h1,w, p,a), then it is not true that
there exists some QH subgroup @ in the principal graded JSJ decomposition
of Zlim(2pase), so that the fundamental group of a subsurface of the punctured
surface corresponding to () is mapped non-trivially into Q'. However, we can

still define surviving surfaces.

Definition 1.11: Let @ be a quadratically hanging subgroup in the JSJ decom-
position of Zlim(zpse) and let S be its corresponding (punctured) surface. The
QH subgroup @ (and the corresponding surface S) is called surviving if for
some level j there exists some quadratically hanging subgroup @’ in A;, the
JSJ decomposition of Glim;(s,z,y, 22, .., h2, 91, h1,w, p,a), with corresponding
surface S’, so that 7; maps () non-trivially into @', genus(S’) = genus(S) and

X(8) = x(5).
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To control the “complexity” of the graded resolution
WPHGHRes(s,2,y, 2tyc0, b2, g1, b1, w, p, a)

we need to “isolate” the surviving @QH subgroups. This can be done in a similar
way to Theorem 1.9.

THEOREM 1.12: Let Q1,...,Q, be the surviving QH subgroups in the JSJ
decomposition of Zlim/(zpese). Then the graded resolution

WPHGHR68(87 z,Y, Zl?g,se7 h27 g1, h17 w,p, Cl)

can be replaced by finitely many graded resolutions, each composed from two
consecutive parts. The first part is a graded resolution of T(s,z,y,a) with
respect to the parameter subgroup < z2, .., Q1,...,Q, >, which we denote

WPHGHReS(szvyv (Zgasevh%glvhlvvalev . '7Q7‘)7a)'

The second part is a one step resolution that maps the rigid (solid) terminal
graded limit group of

WPHGHR68(87 zZ,Y, (Zgasm h27 g1, h17 w,p, Q17 ey QT‘)v Cl)
to the rigid (solid) terminal graded limit group of the resolution
WPHGHReS(Sv Z Y, Zgasev h27 91, hlv w, p, a)'

The two consecutive parts of the graded resolution have the following properties:
(1) The graded decomposition corresponding to the second part of the resolu-
tion contains a vertex stabilized by the terminal rigid (solid) graded limit
group of the resolution W PHGH Res(s, z,y, 22, .., h2,91, h1,w, p,a) con-
nected to the r' surviving QH subgroups Q;,,...,Q;,,, for some r' < r,
and1 <o <ip <o < <1
(2) If the terminal graded limit group of the graded resolution

WPHGHRQS(&%% (Zgase7h27glvh17w7p7Q17 .. '7QT‘)7a)

is rigid (solid), so is the terminal graded limit group of the graded reso-
lution GRes(s, z, v, zfase, h2,91,h1,w,p,a). Furthermore, if they are both
solid, their principal graded decompositions are in one-to-one correspon-
dence, i.e., the decomposition differs only in the stabilizer of one vertex,
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the vertex stabilized by < z2,.,,Q1,...,Q, > in the first part and by the
subgroup < zZ,., > in the second part.

Proof: Identical to the proof of theorem 1.7 in [Se4]. |

Given Lemma 1.10 and Theorem 1.12, to complete the analysis of the struc-
ture of the graded resolution WPHGH Res(s,z,Yy, 22, .., b2, g1, h1,w,p,a) we
still need an appropriate analogue of Proposition 1.7, i.e., we need to associate
every QH subgroup that appears in one of the abelian graded JSJ decomposi-
tions of the different levels of the graded resolution

WPHGHR68(57 Zvyvzl?asev h27glv hlvvav a’)

with a @H subgroup of either the graded JSJ decomposition of Zlim(zpase) Or
a QQH subgroup that appears in the abelian graded JSJ decomposition of the
terminal subgroup T (s, 2, Y, Zbase, 2, g1, h1, w, p,a) of the graded resolution

WPHGHR68(57 Z,Y, Zbase) h27 g1, hlv w, p, a’)

in case T4 (s, 2,9, Zbase, N2, 91, h1,w,p, a) is solid. We divide the final analysis of
WPHGHRes(s,z,Y, 2tyc0s B2, g1, h1,w, p,a) into two cases depending on

T1(3727y7h27917h17w7p7 Cl)

being rigid or solid.

PRrROPOSITION 1.13: Suppose that the terminal subgroup
Tl(sv Z,Y, Zbase; h27glv hlv w,p, a’)

of the graded resolution WPHGH Res(s, 2,9y, Zbase, 2, 91, h1,w,p,a) is rigid.
Let Q' be a QH subgroup that appears in the j-th level abelian graded JS.J
decomposition of the graded resolution

WPHGHR68(87 z,Y, Zl?g,se7 h27 g1, h17 w,p, Cl)

and let S be its corresponding surface. Then:

(i) There exists a QH subgroup @ in the graded abelian JSJ decompo-
sition of Zlim(zpase), With an associated surface S, so that the map
7t ZUim(2pase) — Glimj(s, 2,Y, 22, os ha, 91, h1,w, p,a) maps the funda-
mental group of a subsurface of S onto a subgroup of finite index of Q)'.

(i) genus(S’) < genus(S) and |x(S")| < |x(5)].
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(iii) genus(S") = genus(S) and |x(S")| = |x(S)| if and only if Q) is a surviving
QH subgroup. In this last case, j is the bottom level of the graded resolu-
tion GRes(s, z,Y, 22, 50s P2, g1, hi,w, p,a), and Q is mapped to the vertex
stabilized by < z2,.. > by the maps

Tjt Zlim(Zpase) = Glimj(s,z,y,zgase,hz,gl,hl,w,p, a)

in all the levels above the bottom one.
Proof: Identical to the proof of proposition 1.11 in [Se4]. |

PROPOSITION 1.14: Suppose that the terminal subgroup

T1(87Z7yvzba367h27glvh17w7p7 Cl)

of the graded resolution WPHGH Res(s, 2,9y, Zbase, N2, g1, h1,w,p,a) is solid.
Let Q' be a QH subgroup that appears in the j-th level abelian graded JSJ
decomposition of the graded resolution

WPHGH Res(s, z,y, Zgase’ h2,g1,h1,w,p,a).

Then:
(i) There exists a QH subgroup @) with an associated surface S which is
either:
(1) a QH subgroup in the (graded) JSJ decomposition of Zlim(zpgse),
so that the map

Tjt Zlim(zpgse) — Glimj(s,z,y7zgase7h27gl7h17w7p, a)

maps the fundamental group of a subsurface of S onto a subgroup
of finite index of Q'; or

(2) a QH subgroup in the (graded) JSJ decomposition of (the solid
graded limit group) Ti(s,z,Y, Zbase, h2, g1, h1,w,p,a), so that the
map

Wji Tl(svzvyvzbasevh2vglvhlvvav a’) — Glimj(svzvyvzl?g,sevh2vglvh17va7 a’)

maps the fundamental group of a subsurface of S onto a subgroup
of finite index of Q'.
(ii) genus(S’) < genus(S) and |x(S")| < |x(S)].
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(iii) If @ is a QH subgroup in the JSJ decomposition of Zlim(zpese) and
genus(S") = genus(S) and |x(S')| = |x(S)|, then Q is a surviving QH
subgroup. In this last case, j is the bottom level of the graded resolution

WPHGH Res(s, z,y,zfase, ha, g1, h1,w,p,a)
and () is mapped to the vertex stabilized by < z7,.. > by the maps
Tjt Zlim(Zpase) = Glimj(s,z,y,zgase,hz,gl,hl,w,p, a)

in all the levels above the bottom one.

Proof: Identical to the proof of proposition 1.12 in [Se4]. |

We continue the analysis of the limit group QRlim(s, z,y, hs, g1, h1,w,p, a)
by further reducing the group of parameters sequentially. Recall that in order
to obtain the graded resolution W PHGH Res(s, z,y, 22,.., ha, g1, h1,w, p, a) we
first used the subgroup < zp.se > as the parameter subgroup, where zpqse is
a generating set of the limit group associated with all the levels of the graded
formal closure WPHGHFCI(s,z,y,h2,91,h1,w,p,a) except the limit group
associated with the highest level, and then used the subgroup < 27, ., > as the
parameter subgroup, where z7, __ generates the limit group associated with all
the levels of the graded formal closure WPHGHUFCI(s, z,y, ha, g1, h1,w,p, a)
except for the two highest levels. To continue the analysis of the resolutions of
the limit group QRIlim(s, z,y, h2, g1, h1,w, p,a), we set zfase to be a generating
set of the limit group associated with all levels of the graded formal closure
WPHGHFCI(s,z,y, ha,g1,h1,w,p,a) except for the ¢ highest levels.

Let To(s,2,y, 22,0, h2, g1, h1,w,p,a) be the terminal rigid or solid graded
limit group in the graded resolution W PHGH Res(s, z, y, zgm, h2,91,h1,w,p,a)
with respect to the parameter subgroup < z7,.. >. We continue the graded
resolution WPHGH Res(s, 2, Y, 22, s0 P2, g1, b, w, p,a) by viewing

TZ(svZvyvzl?asevh%glvhlvvav a’)

as a graded limit group with respect to the parameter subgroup < z3,.. >, the
obtained terminal rigid or solid graded limit group as a graded limit group with
respect to the parameter subgroup < zglm > and so on, until we exclude all
the limit groups associated with the various levels of the graded formal closure
WPHGHFCI(s,z,y,hs,q1,h1,w,p,a), except the bottom (base) level. Clearly,
Lemma 1.10 and Theorem 1.12 remain valid for all the steps of the procedure.
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Note that the final resolution we obtain terminates in a graded limit group which
is rigid or solid with respect to the parameter subgroup < hs, g1, h1,w,p >. We
denote this terminating limit group T'(s, 2, ¥, ha, g1, h1,w, p,a). Also, note that
the described procedure produces (canonically) finitely many such resolutions
of the limit group QRIlim(s, z,y, ha, g1, h1,w, p,a) or of a proper quotient of it.

To get the graded resolutions W PHGH Res(s, z,y, ha, g1, h1,w, p,a) we have
considered the subgroup < hs,g1,h1,w,p > as the parameter subgroup. To
complete the analysis of the set of the remaining y’s we need to further decrease
the parameter subgroup to be the subgroup WP =< w,p >. We do that by
continuing the resolution W PHGH with each of the graded resolutions that ap-
pear in the graded Makanin—Razborov diagram of the terminal limit group of the
resolution W PHGH with respect to the parameter subgroup WP =< w,p >.
This last technical change of the group of parameters is done for convenience
(and is not really necessary), and it does not change the ungraded resolutions
that are “covered” by the obtained graded resolution. In particular, it does not
change the complexity of the obtained graded resolutions.

The canonical (finite) collection of graded resolutions

WPHGHRes(s, z,y, he, g1, h1,w, p, a)

produced by the procedure described above contain the entire set of the remain-
ing y’s. To be able to continue with our iterative procedure and collect all the
formal solutions defined over closures of the various multi-graded resolutions we
have constructed, we need these multi-graded resolutions to be well-structured.

ProprosiTION 1.15: The graded resolutions
WPHGHR68(57 Y, h27 91, hlv w, p, a’)

constructed by our procedure are well-structured (graded) resolutions.

Proof: Identical with the proof of theorem 1.13 of [Se4]. |

Having constructed the graded resolutions WPHGH (s, z,y, he, g1, h1,w, p, a)
that contain all the “remaining” specializations of the variables y, we are ready
to define their complexity.

Definition 1.16: Let WPHGH Res(s, 2,9y, ha, g1, h1,w, p,a) be one of the (well-
structured) graded resolutions constructed by the procedure for the collection
of the remaining y’s. By construction, the complexities of the completions of
all non-degenerate ungraded resolutions covered by the graded resolution

WPHGHRes(s, z,y, he, g1, h1,w, p, a)
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are identical (see definition 1.14 of [Sed] for the definition of the complexity
of an ungraded completed resolution). We set the complexity of the graded
resolution

WPHGHRes(s,z,y,hs2,g1,h1,w,p,a),

denoted Cmplae(W PHGH Res(s, z,y, ha, g1, h1,w,p,a)), to be the complexity
of the completion of a non-degenerate ungraded resolution covered by the multi-
graded resolution WPHGH Res(s, z,y, ha, g1, h1,w, p, a).

In order to ensure the termination of our “trial and error” procedure, we
need the complexities of the graded resolutions obtained in its different steps to
decrease.

THEOREM 1.17: Let WPH Res(y, g1, h1,w,p,a) be one of the resolutions ob-
tained in the first step of our iterative procedure, and suppose that the graded
resolution W PH Res(y, h1,g1,w,p,a) does not correspond to the entire free
group F, we have started with. Let

WPHGHRes(s, z,y, h2, g1, h1,w, p, a)

be one of the multi-graded resolutions obtained in the second step of our iterative
procedure staring with the graded resolution W PH Res(y, g1, h1,w, p,a). Then

CmplI(WPHGHRBS(Sa z,Y, h27glv hlv w, p, a’))
< Cmpla(W PHRes(y, g1, h1,w, p, a))

and in case of equality the two graded resolutions are compatible, i.e., the
abelian decompositions that are associated with the two resolutions along their
various levels are in one-to-one correspondence, and the vertex groups in the
abelian decompositions associated with the resolution W PH Res are mapped
into corresponding vertex groups in the abelian decompositions associated with
the obtained resolution W PHG H Res.

Furthermore, suppose that a specialization py of the defining parameter p
satisfies pg € EAE(p), and wq is a specialization of the variables w for which
the sentence

\V/y Jx E(x7y7w07p07a’) =1A \Il(x7y7w07p07a’) ;é 1

is a true sentence over the free group Fy. Then there exists a specialization h},
of the variables h; for which:

(i) For every (rigid or strictly solid) specialization g§ of the variables g, its

corresponding ungraded resolution W PHGRes(y, g}, h§,wo, po,a), that
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is covered by one of the graded resolutions W PHGRes(y, g1, h1,w,p,a),
does not correspond to the entire free group F,.

(ii) Let WPHG(g1,h1,w,p,a) be the (rigid or solid) terminal graded limit
group of one of the graded resolutions W PHGRes(y,g1,h1,w,p,a),
and let (g§,hd,wo,po,a) be a rigid or strictly solid specialization of
WPHG(g1,h1,w,p,a). Then there exists a specialization hZ of the
variables hs so that every ungraded resolution

WPHGH(S,Z,y,h%,gé,hé,wo,po,a)

satisfies
Cmple(WPHGH Res(s, z,y, h3, 95, hi, wo, po, a))
< Cmpla(WPHGRes(y, gy, hs, wo, po, a)).
Proof: By the proof of theorem 1.15 in [Se4]

Cmpls(WPHGHRes(s, z,y, hi,w,p, ha, §1,a))
S CmplI(WPHGRQS(ya 91, hlv w, p, a’))v

and in case of equality the two graded resolutions are compatible, i.e., the
abelian decompositions that are associated with the two resolutions along their
various levels are in one-to-one correspondence, and the vertex groups in the
abelian decompositions associated with the resolution W PH Res are mapped
into corresponding vertex groups in the abelian decompositions associated with
the obtained resolution W PHGH Res.

Suppose that the specialization pg of the defining parameter p satisfies py €
EAE(p), and wy is a specialization of the variables w for which the sentence

Vy Jx E(xvvampova) =1A ‘I](xvvampova) 7é 1

is a true sentence over the free group Fj. By the construction of the formal
resolutions W PF Res(x,y,w, p,a) constructed in the first step of our iterative
procedure, every formal solution & = ¥(y, p,)(y,a) (for which

E(w(wo,po) (yv a), y,w,p, a) =1

in the free group Fj, * F),) factors through at least one of the formal resolutions
WPFRes(z,y,w,p,a). By theorem 1.2 of [Se2], there exists a formal solution
T = T(wg,po) (¥, @) for which B(z(y, o) (y,a),y,w,p,a) = 1 in the free group
F}, x F}, and there exists some specialization yo of the variables y for which

‘I](x(wo,po)(yOva)vy07w07p07 a) 7£ 1
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Suppose that this last formal solution factors through the formal resolution
WPFRes(x,y,w,p,a) that terminates in the rigid or solid graded limit group
(with respect to the parameter subgroup < w,p >) WPH(hy,w,p,a), and
let (h},wo,po) be the rigid or strictly solid specialization corresponding to the
ungraded formal resolution containing the formal solution x = 2y, p,) (¥, @)-
Since there exists a specialization yg of the variables y for which

W(x(w(),p())(y07a)7y07w07p07 G,) ;é 17

every ungraded resolution W PH Res(y, g, h$,wo, po,a) covered by one of the
graded resolutions W PH Res(y, g1, h1,w, p,a) does not correspond to the entire
free group Fy, and we get part (i) of the theorem.

Let WPH Res(y, g5, hi, wo, po, a) be an ungraded resolution that is covered by
one of the graded resolutions W PH Res(y, g1, h1,w, p, a) with rigid or solid ter-
minal graded limit group WPHG (g1, h1,w,p,a), and suppose (g&,hd,wo,po)
is the specialization of WPHG(g1, h1,w,p,a) corresponding to the ungraded
resolution W PH Res(y, g5, hy, wo, po, a). By the construction of the formal res-
olutions WPHGF Res(x, s, z,y, 91, h1,w,p,a) constructed in the second step
of our iterative procedure, every formal solution x = JU(gg,h(l,,w(,,p(,)(Svayva)7
for which E(x(gé’h[%’wg’po)(s,z,y,a),y,w,p, a) = 1 in some closure of the un-
graded resolution W PH Res(y, g}, h$,wo, po,a), corresponding to the special-
ization (g&,hd,wo,po), factors through at least one of the formal resolutions
WPHGF Res(z,s,z,Y,91,h1,w,p,a). By theorem 1.18 of [Se2], there exists a

formal solution @ = (g1 41wy ,p0) (85 2, y, @) for which
E(2(g2,08,w0,p0) (5, 21 Y5 0), Y, w, p,a) = 1
over the corresponding closure of the ungraded resolution
W PH Res(y, g5, hiy, wo, po, )

that corresponds to the specialization (g}, hl, wo,po) of WPHG(g1, h1,w,p,a),
and for some specialization (s, 20,0, g8, h$,wo,po) that factors through the
closure CIl(WPHGRes)(s, 2,1y, g5, hb, wo, Do, a):

\Ij(x(gé7hé7w07p0) (307207y07G)7y07w07p07 G,) ;é 1.

Suppose that this last formal solution factors through the graded formal
resolution
WPHGFReS(xvyvglv hlvvav a’)
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that terminates in the rigid or solid graded limit group (with respect to the
parameter subgroup < g¢i,hi,w,p >) WPHGH (ha,g1,h1,w,p,a), and let
(h3, g8, hd, wo, po) be the rigid or strictly solid specialization corresponding to
the ungraded formal resolution containing the formal solution

T = T(gt 13 wo,po) (522,95 @)

Since there exists a specialization (so, 20, %0, 98, h$, Wo, Po) that factors through
the closure CI(W PH Res)(s, 2,9, g5, h$, wo, po, a) for which

‘I](x(g(l),h(l),wo,pg) (507 20, Yo, Wo, Po, a’) 7é ]-7
theorem 1.15 of [Sed] implies that every ungraded resolution
WPHGHRQS(S, zZ,Y, h(2)7 gév h(1)7 Wo, Po, a’)

covered by one of the graded resolutions W PHGH Res(s, z,y, ha, g1, h1,w,p, a)

satisfies
Cmple(WPHGHRes(s, z,y, ha, g5, hi, wo, Po, a))
< Cmpla(W PHGRes(y, g5, hg, wo, po, a))
which proves part (ii) of the theorem. |

Given the rigid or solid limit groups WPHG(g1, h1,w,p,a) and the graded
resolutions associated with each of their rigid or strictly solid specializations
with corresponding non-degenerate ungraded resolutions, we have collected all
the formal solutions, defined over some closures of these graded resolutions, in a
finite collection of graded formal resolutions W PHGF Res(x,y, g1, h1,w,p,a),
each terminating in a rigid or solid graded limit group

WPHGH(h%glv hlv w, p, a’)'
Given the set of rigid or strictly solid specializations of
WPHGH(h27glv hlv w, p, a’)

with corresponding non-degenerate ungraded formal closures, we used the
“towers” of graded formal modular groups associated with the graded formal
resolution WPHGH FRes(zx, z,y, ha, g1, h1,w, p, a) to get a system of equations
imposed on the remaining modular block of (the remaining) y’s associated with
each of the rigid or strictly solid specializations of the limit group

WPHGH(h%glvhlvvav a’)'
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Given this system of equations, we have used an iterative procedure to construct
a finite set of (well-structured) graded resolutions

WPHGHRes(s, z,y, he, g1, h1,w, p, a)
each terminating in a rigid or solid graded limit group
WPHGHG (g2, ha, g1, h1,w,p,a).

These graded resolutions contain the entire set of the remaining y’s for each
specialization of the tuple (w,p). By Theorem 1.17, the complexity of each of
the multi-graded resolutions W PHGH Res(s, z,y, ha, g1, h1,w, p,a) is bounded
above by the complexity of the graded resolution WPHGRes(y, hi, g1, w,p, a)
from which it was constructed, and if pg € EAE(p) there must exist some spe-
cialization wp and a specialization h} of the variables hy so that for every strictly
solid or rigid specialization (gg,hg,wo,po,a) of WPHG(g1,h1,w,p,a) there
exists a specialization hZ of the variables hy, so that the complexity of every
ungraded resolution WPHGH (s, z,y, h3, g8, hi, wo, po,a) has strictly smaller
complexity than the complexity of the ungraded resolution

WPHGRes(y7g(1)7 h(1)7wo7p07 a).

The continuation of our “trial and error” procedure is defined iteratively,
where at each step we continue only with those graded resolutions that have
strictly smaller complexity than the graded resolutions they are associated with
in the previous step. Given a graded resolution WP(HG)" ' H Res with ter-
minating rigid or solid graded limit group WP(HG)", and the set of rigid or
strictly solid specializations of a limit group W P(HG)™ with non-degenerate
associated ungraded resolutions, we collect all the formal solutions defined over
a closure of an ungraded resolution associated with each of the rigid or strictly
solid specializations of the limit group WP(HG)", and obtain finitely many
formal multi-graded resolutions W P(HG)" F Res, each terminating in a rigid or
solid graded limit group WP(HG)"H.

Given one of the graded formal resolutions WP(HG)"F Res and its termi-
nating rigid or solid graded limit group WP(HG)"H, we use the “tower” of
graded formal modular groups associated with the graded formal resolution
to get a system of equations imposed on the remaining set of y’s associated
with each of the specializations of the terminating limit group WP(HG)"H.
Given this system of equations we use the iterative procedure presented above
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to construct a finite set of (well-structured) graded resolutions (which we de-
note WP(HG)"H Res) that terminate in a rigid or solid graded limit group
WP(HG)™!, that contain the set of y’s remaining after the first n + 1 steps
of our “trial and error” procedure. Theorem 1.17 remains valid for all the steps
of the iterative procedure, so the complexity of each of the graded resolutions
W P(HG)™H Res is bounded above by the complexity of the graded resolution
WP(HG)" *HRes it was constructed from, and if py € EAE(p) there must
exist some specialization wg for which there exists a strict reduction in the
corresponding complexities. Hence, for the purpose of our “trial and error”
procedure for the analysis of the set EAE(p), we need to continue only with
graded resolutions W P(HG)™H Res that have strictly smaller complexity than
the graded resolution WPHG" ' HRes they are associated with.

Like in the analysis of an AFE sentence, the (strict) reduction in the complexity
of the graded resolutions containing the sets of the remaining y’s stated in
Theorem 1.17 guarantees the termination of our “trail and error” procedure in
the minimal (graded) rank case.

THEOREM 1.18: Suppose that if an initial graded limit group
AWPGL] (y7 h17 w, p, Cl)

admits an epimorphism 7 onto a free group F}, x F' where 7(< p >) < F}, then
F is the trivial group. Then the iterative “trial and error” procedure presented
above terminates after finitely many steps.

Proof: Identical to the proof of theorem 1.18 of [Sed4]. |

The outcome of the “trial and error” procedure gives us a finite diagram
constructed along the various steps of the iterative procedure, a diagram which
is a directed tree in which on every vertex we place a rigid or solid limit group
of the form WP(HG)™ or WP(HG)™H which is the basis of a bundle of the
set of the remaining y’s or the set of formal solutions defined over the bundle of
the remaining y’s analyzed along the iterative procedure, which we call the tree
of stratified sets. This tree encodes all the (finitely many) possible sequences
of forms of formal solutions that are needed in order to validate that a certain
specialization py of the defining parameters p is indeed in the set EAFE(p). This
tree and the stratification associated with its various rigid and solid limit groups
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is the basis for our analysis of the structure of the set EAE(p).

To explain the motivation for the way we analyze the structure of the set
EAE(p), we need the natural notion of a witness.

Definition 1.19: Let F, =< a1,...,a; > be a free group and let EAE(p) be
the set defined by the predicate

A specialization wq of the variables w is said to be a witness for a specialization
po of the defining parameters p, if the following sentence:

Vy Jx E(x7y7w07p07a) =1A ‘I](xvyleOvava’) ;é 1

is a true sentence. Clearly, if there exists a witness for a specialization pg then
po € EAE(p), and every py € EAE(p) has a witness.

By definition, in order to show that a specialization pg of the defining param-
eters p is in the set EAE(p), we need to find a witness wq for the specialization
po. By the construction of the tree of stratified sets, given a witness wq for a
specialization py, it is possible to prove the validity of the AE sentence corre-
sponding to the couple (wg,po), using a proof that is encoded by a subtree of
the tree of stratified sets, i.e., a proof built from a finite sequence of (families
of) formal solutions, constructed along a (finite) collection of paths in the tree
of stratified sets. By the finiteness of the tree of stratified sets there are only
finitely many possibilities for such a collection of paths (a subtree). Hence,
there are only finitely many possibilities for the structure of a proof encoded by
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the tree of stratified sets, and these finitely many structures of proofs are suffi-
cient for proving the validity of the AE sentences corresponding to all couples
(wo,po), where pg € EAE(p) and wy is a witness for pp. In the sequel, we call
each possibility for the structure of a proof encoded by the tree of stratified sets
a proof system.

Given pg € EAE(p), we are not able to say much about a possible witness
for pg using the information we have collected so far. With each “proof system”
encoded by a subtree of the tree of stratified sets associated with the set EAE(p),
we can naturally associate a subset of EAE(p). This subset is defined to be all
the specializations py € EAE(p) for which there exists a witness wg so that the
validity of the AE sentence corresponding to the couple (wg,po) can be proved
using a proof with the structure of the given “proof system”. Our main goal
in proving Theorem 1.4, i.e., in proving that every EAFE set defined over a free
group is in the Boolean algebra of AE sets, will be to show that the subset of
EAE(p) associated with a given proof system is in the Boolean algebra of AE
sets. Since there are only finitely many proof systems encoded by the tree of
stratified sets associated with an FAFE set, and the EAFE set itself is a union of
the subsets associated with its (finitely many) proof systems, this implies that
the set FAE(p) is in the Boolean algebra of AE sets.

Definition 1.20: Let pg € EAE(p) be a specialization of the defining parame-
ters p and let wg be a witness for pg. By the construction of the tree of stratified
sets, the validity of the AE sentence corresponding to the couple (wg,po) can
be proved using a proof encoded by some subtree of the tree of stratified sets
associated with the set EAE(p). We call such a subtree, that encodes the struc-
ture of a proof, a proof system. Note that given a couple (wg,po) there may
be several proof systems associated with it, but the construction of the tree of
stratified sets (i.e., its finiteness) guarantees that the number of possible proof
systems is bounded.

We will say that a given proof system associated with the couple (wo, po) is
of depth d, if all the paths associated with the proof system terminate after d
steps (levels) of the tree of stratified sets (i.e., if the subtree associated with the
proof system is of depth d).

For presentation purposes, we will start demonstrating our approach for the
analysis of the set EAE(p) by analyzing those specializations of the defining pa-
rameters p that have witnesses with proof systems of depth 1. We will continue
by analyzing the specializations of the defining parameters p for which there are
witnesses with proof systems of depth at most 2, and then present the analysis
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of the entire set EAFE(p) under the minimal (graded) rank assumption.

LEMMA 1.21: Let Ty(p) C EAE(p) be the subset of all specializations py €
EAE(p) of the defining parameters p that have witnesses with proof system of
depth 1. Then T (p) is an EA set.

Proof: Ti(p) is precisely the set U;(p), which is proven to be an FA set in
Lemma 1.5. |

Lemma 1.21 proves that the set of specializations pg of the defining parameters
p that have a witness with a proof system of depth 1 is an EFA set. Before
analyzing the entire set EAE(p), we analyze the set of specializations py that
have witnesses with a proof system of depth 2. The analysis of specializations
po € EAE(p) that have witnesses with proof systems of depth 2 is much more
complicated than the analysis of witnesses with proof systems of depth 1, and
will be presented in this section under the minimal (graded) rank assumption.
In the next sections we will use the general approach for validation of a sentence
presented in [Se4] to drop the minimal rank assumption.

THEOREM 1.22: Let To(p) C EAE(p) be the subset of all specializations py €
EAE(p) of the defining parameters p that have witnesses with proof system of
depth 2. Then T5(p) is in the Boolean algebra of AE sets.

Proof: 1In this section we present a proof of Theorem 1.22 under the minimal
(graded) rank assumption, i.e., we will assume that if any of the graded limit
groups AW PGL(y, hg,w,p,a) or \W PGL(y, hs,w,p,a) admit an epimorphism
7 onto a free group Fj, x F' where 7(< p >) < F}, then F is the trivial group.
Before we start with the proof of Theorem 1.22 under the minimal (graded)
rank assumption, we need the notion of a valid PS statement.

Definition 1.23: Suppose that a specialization py € EAE(p) has a witness wy
with a proof system of depth 2 (i.e., pg € T2(p)). The structure of the tree of
stratified sets guarantees the existence of a rigid or a strictly solid family of spe-
cializations (h{,wo, po) of one of the rigid or solid limit groups W PH (h,w, p, a)
with the following properties:

(i) For every rigid or solid limit group WPHG(g1,h1,w,p,a) there are at
most (globally) boundedly many rigid or strictly solid families of special-
izations of the form (g3, hy, wo, po,a) of WPHG(gy, h1,w,p,a), where the
strictly solid families are with respect to the given set of closures associated
with (some of the other (deeper in the Makanin—Razborov diagram)) limit
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groups WPHG(g1,h1,w,p,a), and their associated limit groups (their
successors in the tree of stratified sets) WPHGH (ha,g1,h1,w,p,a)
(strictly solid families with respect to a given set of closures are presented
in definition 2.12 in [Se3]). The elements (g3, h$,wo,po) that appear in a
proof statement are representatives for all the boundedly many classes in
the various strictly solid families that do not factor through the covering
closure associated with (some of) the other (deeper) limit groups WPHG.

(ii) The specialization (hJ,wo, po,a) is a rigid or a strictly solid specialization
of the corresponding limit group W PH, and it cannot be extended to a
specialization that factors through a graded resolution associated with one
of the limit groups AW PGL(y, h,w,p,a), so that (a fiber of) this graded
resolution corresponds to the entire free group Fy.

(iii) For each of the (boundedly many) rigid or strictly solid families of special-
izations (gg, hd, wo, po, a) there exists a finite collection of rigid or strictly
solid families of specializations (h3, g}, h$,wo,po,a) of the rigid or solid
limit groups WPHGH (hz,g1,h1,w,p,a), so that the (ungraded) reso-
lutions corresponding to the specializations (h2, g¢, hé, wo, po,a) form a
covering closure of the (ungraded) resolution corresponding to the spe-
cialization (g3, hd,wo, po,a).

(iv) For each of the (boundedly many) rigid or strictly solid families of special-
izations (hZ, g3, h$, wo, po, a) there exists no specialization g¢ of the vari-
ables gs so that the specialization (g3, h3, g8, hy, wo, po, a) factors through
one of the (rigid or solid) limit groups WPHGHG (g2, h1,91,h1,w,p, a).

We call a specialization of the form

((hfvg%)v ) (hZ(ps)7gcli(ps))7hé7w07p07a’)

that satisfies conditions (i)—(iv) above, where the integer d(ps) depends on the
fixed proof system, a valid PS statement.

The tree of stratified sets guarantees that there are finitely many proof sys-
tems of depth 2. Once we fix a proof system of depth 2, we have fixed the rigid or
solid limit group W PH (h, w, p, a), the number of rigid or strictly solid families of
specializations of each of the limit groups WPHG (g1, h1,w, p,a) (with respect
to the associated set of closures), and the number of rigid or strictly solid families
of specializations of each of the limit groups WPHGH (hz, g1, h1,w,p,a). We
start the analysis of the set T5(p) by enumerating all the possible proof systems,
and for each proof system we collect all possible (configurations of) valid PS
statements ((h2,91),..., (hfl(ps) , gcll,/(ps)), h},wo,po,a) (the integer d(ps) depends
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on the fixed proof system).

In the tree of stratified sets, each graded limit group W PHGH is a successor
of a graded limit group WPHG. With each graded limit group WPHG there
is an associated graded resolution, and with its successor WPHGH there is
an associated graded formal closure of that graded resolution (graded formal
closures are presented in definition 3.4 in [Se2]). In general, with a (graded)
closure we associate the closure domain (definition 1.16 in [Se2]), which is a
coset of a finite index subgroup of the direct sum of the (pegged) abelian groups
that appear along the various levels of the closure. Note that by construction,
the closure domain is specified by a system of (integer) Diophantine equations
that are associated with the closure ([Se2], 1.16).

To each valid PS statement ((h2,g1),..., (hz(ps), gcll(ps
specializations that extend the specializations of the limit groups WPHGH in

1) g, wo, po, @) we add

the valid PS statement, by adding specializations of primitive roots of edge
groups and pegged abelian vertex groups in the graded abelian JSJ decomposi-
tions of the limit groups WPHG that occur along the given proof system (i.e.,
we add specializations of primitive roots of a fixed set of elements in the valid
PS statement). We further add specializations that demonstrate how all the
multiples of these primitive roots, multiples up to the least common multiple of
the indices of the finite index subgroups associated with the closure domains as-
sociated with the various groups W PHGH, can be extended to specializations
that factor through the finite set of (graded formal) closures specified by the
valid PS statement (in fact, these closures are specified by the proof system,
not just by the proof statement), i.e., the closures associated with the various
limit groups WPHGH . This is equivalent to demonstrating that the multiples
of the primitive roots do belong to the union of the closure domains associated
with the (integer) Diophantine systems of equations associated with the closures
specified by the proof system, hence it is equivalent to showing that the given
set of closures (associated with the specializations of the groups WPHGH) is a
covering closure for the ungraded resolutions associated with the specializations
(specified by the proof statement) of the groups WPHG.

For brevity, in the sequel we still call such extended specializations valid P.S
statements and denote them (r, (h?,91), ..., (hz(ps) , gé(ps))7 h$,wo,po,a). By the
standard arguments presented in section 5 of [Sel], the entire collection of (ex-
tended) valid PS statements factor through a (canonical) collection of maximal
limit groups PSHGH, ..., PSHGH,,, which we call PS (proof system) limit
groups.
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By construction, for each pg € T>(p) there exists some witness wg and a proof
system, so that a specialization of the form

(7"7 (hfvg%)v DN} (hZ(ps)vg;(ps))vhévw07p07a)

that is associated with the specialization pg, the witness wg and the proof sys-
tem, is a valid PS statement (i.e., it satisfies conditions (i)—(iv) of Definition
1.23), and factors through a PS limit group PSHGH,. Naturally, we will try
to understand the set of valid PS statements

(7"7 (hfvg%)v DN} (hZ(ps)vg;(ps))vhévw07p07a)

that factor through a given PS limit group PSHGH;. Our main goal will be to
show that these valid PSS statements are “generic” in some Diophantine sets that
are iteratively associated with each of the PS limit groups PSHGH. Before
we start with the (technically involved) analysis in the general case, we analyze
those PS limit groups which are rigid or solid with respect to the parameter
subgroup P =< p >.

PROPOSITION 1.24: Suppose that a PS limit group PSHGH is rigid or solid
with respect to the parameter subgroup P =< p >, and if it is solid suppose
that the subgroup WP =< w,p > is a subgroup of the distinguished vertex
group in the graded JSJ decomposition of PSHGH (i.e., the vertex stabilized
by the subgroup AP =< a,p >). The set of specializations py that have a
witness wo, and a rigid or strictly solid specialization

(7"7 (hfvg%)v DN} (hz(ps)vgcll(ps))vh(lj|7w07p07a)

of PSHGH which is a valid PS statement, which we denote PS(p), is in the
Boolean algebra of AE sets.

Proof: Since we have assumed that the PS limit group PSHGH is either
rigid or solid with respect to the parameter subgroup P =< p >, with each
specialization py of the defining parameters P there exist boundedly many rigid
or strictly solid families of specializations

(7‘, (hfvg%)v LR (hZ(ps)vg(}i(ps))vh(ljvwovpma)

of the limit group PSHGH. If the PS limit group is solid, we assume that
the subgroup WP =< w,p > is elliptic in its graded JSJ decomposition, hence
a PS statement in a strictly solid family is a valid PS statement if and only
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if every other PS statement that belongs to the same strictly solid family is a
valid PS statement.

By section 3 of [Se3] we already know that the set of specializations of the
defining parameters P for which there are precisely s rigid or strictly solid
specializations of the PS limit group PSHGH is in the Boolean algebra of
AFE sets. We define the set PS(p) by a predicate which is a disjunction of
conjunctions of an EA and an AE predicate.

Since by theorems 2.5 and 2.9 in [Se3] there is a bound on the number of rigid
and strictly solid families of specializations of the P.S limit group PSHGH for
every possible value of the defining parameters p, to define our predicate we
count on s, the number of either rigid or strictly solid families of specializations
of the given PS limit group PSHGH, and for each s we define a predicate
which is a conjunction of an EA and an AE predicate as follows.

(1) The EA predicate verifies that there exist (at least) s rigid or strictly solid

families of specializations

(Tv (hivg%)v DN} (hZ(ps)vggli(ps))v hévw07p07 a/)

of the PS limit group PSHGH.
(2) The AE predicate verifies that there exist at most s rigid or strictly solid
families of specializations

(Tv (h%g%)v sty (hz(ps)7g(1i(ps))7 h(lvaovpov a’)

of the PS limit group PSHGH.

(3) The AE predicate verifies that at least one of the s P.S statements is a valid
PS statement. It verifies that the (restricted) specialization (h},wo,po)
(which is part of the PS statement) is a rigid or strictly solid special-
ization of the rigid or solid limit group W PH, that each specialization
(gjl-, h}, wo, po, a) is a rigid or strictly solid specialization of the correspond-
ing rigid or solid limit group WPHG (g1, h1,w,p,a) (with respect to the
given set of closures — see definition 2.12 in [Se3]), and that each couple of
rigid or strictly solid specializations (gjl-, h},wo, po, a) are different or be-
long to distinct strictly solid families, in correspondence. It further verifies
that the specializations (h3, g5, hg,wo,po) are rigid or strictly solid spe-
cializations of the corresponding (rigid or solid) limit groups WPHGH,
and that the corresponding (ungraded) resolutions form a covering closure
of the resolutions associated with the specializations (g}, h{,wo, po).

Finally, it verifies that there are no extra rigid or strictly solid specializations

(g8, h, wo, po) (with respect to the given set of closures) that are not specified by
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the PS statement, and that for no specialization g2 the combined specialization
(95,13, 95, hi, wo, po) factors through any of the limit groups WPHGHG. [ |

Proposition 1.24 proves Theorem 1.22 in case the PS limit groups PSHGH
are rigid or solid with no flexible quotients, and the subgroup WP =< w,p > is
a subgroup of the distinguished vertex group in the graded JSJ decomposition of
PSHGH. In this special case, the number of possible witnesses wqy associated
with each specialization py of the defining parameter p is finite and globally
bounded. In the general case, the number of possible witnesses associated with
each specialization pg of the defining parameters p is infinite, hence there is no
direct way to present the set T»(p) using a predicate which is in the Boolean
algebra of AE sets. Our goal in the analysis of the set T5(p) in the general case is
to find iteratively finitely many Diophantine sets associated with each of the P.S
limit groups PSHGH, so that if a specialization py of the defining parameters
p is in the set T>(p), then a generic specialization of the variables w in at least
one of the Diophantine sets is a witness for the corresponding specialization
po of the defining parameters P. To achieve this goal, i.e., to find the finitely
many Diophantine sets associated with each of the P.S limit groups PSHGH,
we present a “trial and error” procedure, similar to the one used to construct
the tree of stratified sets. The output of the iterative “trial and error”, i.e., the
finitely many Diophantine sets associated with each PS limit group PSHGH,
is later used to derive a predicate in the Boolean algebra of AE predicates that
describes the set T>(p).

Let P =< p > be the group of defining parameters. With each of the limit
groups PSHGH; we associate its canonical graded taut Makanin—Razborov dia-
gram (with respect to the parameter subgroup P), which contains finitely many
graded resolutions which we denote PSHGH Resj, and each graded resolution
PSHGH Res; is defined over the rigid or solid limit group PT}(t,p,a). We will
treat the limit groups PSHGH; and their graded resolutions PSHGH Res; and
terminal rigid or solid limit groups PT}(t,p, a) in parallel, hence we will omit
the indices of the limit group and its graded resolution. In the sequel, we will
treat each stratum in the singular locus of the graded resolutions PSHGH Res
separately, and do it in parallel.

We start our analysis with the definition of Non-Rigid and Non-Solid PS

limit groups.

Definition 1.25: Let

Comp(PSHGHReS)(v, r, (hfv g%)v sy (hz(ps)v gcll(ps))v hlv w,p, a’)
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be the completion of the graded resolution PSHGH Res. We look at the en-
tire collection of all test sequences that factor through the graded completion
Comp(PSHGH Res):

{vn, 7, (B (1), 91 (), - - (R(ps) (1) Gaps) (1)), Rt (), W sy @)}
(see definitions 1.20 and 3.1 in [Se2] for the notion of a test sequence of a
completed graded resolution).

We start by looking at those graded test sequences for which the special-
ization (hi(n),wy,,pn,a) is supposed to be rigid according to the proof sys-
tem, but is in fact flexible, or for some index j for which the specialization
(9j(n), hi(n), wy,pn,a) or the specialization (h3(n),g;(n),hi(n), wn, pn,a) is
supposed to be rigid according to our fixed proof system, but these special-
izations are flexible, for every index n. The collection of all these “non-rigid
PS” (graded) test sequences factor through a (canonical) collection of maxi-
mal Non-Rigid PS limit groups NRgdP5,,..., NRgdPS,. The analysis of
graded formal limit groups presented in section 3 of [Se2] associates (canonically)
with each Non-Rigid PS limit group, NRgdPS;, a graded formal Makanin—
Razborov diagram, and each such graded formal resolution is in fact a one-level
graded formal resolution, which is a graded formal closure of the graded resolu-
tion PSHGH Res, GFCI(PSHGH Res) (graded formal closures are presented
in definition 3.4 in [Se2]). Clearly, no specialization

(r, (h%ag%)a R (h?g(ps)agclz(ps))ah(l),wo,po,a)

that factors through the resolution PSHGH, and which is a valid PS statement
with respect to our fixed proof system, factors through one of the NRgdPS limit
groups NRgdPS;,...,NRgdPS,.

After defining Non-Rigid PS limit groups, we continue by defining
Non-Solid PS limit groups. We look at those graded test sequences for
which the specialization (hi(n), wy, pn, a), or for some index j the specialization
(9j(n), hi(n), wy,pn,a), or the specialization (h3(n), gj(n), hi(n), wn,pn, a), is
supposed to be strictly solid (with respect to the given covering closures)
according to our fixed proof system, but these specializations are not strictly
solid with respect to the given set of closures, for every index n. For each
specialization

(7‘, (hfv g%)v cr (hZ(ps)v gcli(ps))7 h(lJv Wo, Po, a)

in such a “non-solid PS” (graded) test sequence, we add variables that
“demonstrate” that the specific specialization is indeed not strictly solid, i.e.,
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it factors through a closure associated with some flexible quotient of the corre-
sponding solid limit group. The collection of all these “non-solid PS” (graded)
test sequences, together with the extra variables that “demonstrate” they are
indeed “non-solid PS” test sequences, factor through a (canonical) collection
of maximal Non-Solid PS limit groups NSIdPSy,...,NSIdPS,. The
analysis of graded formal limit groups presented in section 3 of [Se2] asso-
ciates (canonically) with each Non-Solid PS limit group NSIdPS; a graded
formal Makanin—Razborov diagram, and each such graded formal resolution
terminates with a graded formal closure of the graded resolution PSHGH Res,
GFCI(PSHGH Res). Clearly, no specialization

(7‘, (hfvg%)v LR (hZ(ps)vg(}i(ps))vh(ljvwovpma)

that factors through the resolution PSHGH, and which is a valid PS statement
with respect to our fixed proof system, factors through any of the graded formal
closures GFCI(PSHGH Res) that are associated with one of the non-solid limit
groups NSIdPSy,..., NSIdPS,.

After analyzing the collection of test sequences in which parts of virtual proofs
(i.e., specializations of the PS limit groups) that are supposed to be either rigid
or strictly solid specializations of rigid and solid limit groups constructed along
the tree of stratified sets are in fact non-rigid or non-strictly-solid, we need to col-
lect all the test sequences that factor through the PS resolutions PSHGH Res,
and for which for at least one of the tuples (h3(n), g;(n), hi(n),wn, pn,a) there
exists some specialization g7(n) so that the (combined) specialization

(gjz (n)7 h? (n)v gjl (n)v hl (n)v Wy Py a’)
factors through (at least) one of the limit groups WP(HG)? = WPHGHG.
Definition 1.26: Let
Comp(PSHGHReS)(v, r, (hfv g%)v sy (hz(ps)v gcll(ps))v hlv w,p, a’)

be the completion of the graded resolution PSHGH Res. We look at the en-
tire collection of all test sequences that factor through the graded completion
Comp(PSHGH Res):

{vnv Tn, (h% (n)v g% (n))v RN (hz{(ps) (n)v gcll(ps) (n))v ha (n)v W, Py a)}

We look at those graded test sequences for which for some index j there exists
some specialization g7(n) so that the combined specialization

(gjz'(n)v h? (n)v gjl' (n)v hl (n)v wnvpn)
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that is not supposed to factor through any of the limit groups WP(HG)? =
WPHGHG according to our fixed proof system (which has depth 2), fac-
tors through at least one of these limit groups. The collection of all these
(graded) test sequences factor through a (canonical) collection of maximal
Left PS limit groups LeftPSy,...,LeftPS,,. The analysis of graded for-
mal limit groups presented in section 3 of [Se2] associates (canonically) with
each Left PS limit group LeftPS; a graded formal Makanin-Razborov dia-
gram, and each such graded formal resolution is in fact a one-level graded reso-
lution, which is a graded formal closure of the graded resolution PSHGH Res,
GFCI(PSHGH Res), that we denote LeftPSRes and call Left PS resolution.
Clearly, no specialization (r, (h%g%),...,(hz(psyg;(ps)),hé,wmpma) that fac-
tors through the resolution PSHGH, and which is a valid PS statement with
respect to our fixed proof system, factors through one of the LeftPS limit
groups LeftPSy,...,LeftPS,,, and their associated Left PS resolutions.

The graded formal closures associated with the collection of non-rigid and
non-solid and Left PS limit groups determine those “generic” specializations
that factor through the various PS resolutions PSHG H Res but fail to be valid
PS statements with respect to the (fixed) proof system. “Generic” specializa-
tions that factor through the PS resolutions PSHGH Res can fail to be valid
PS statements in other ways as well.

To a valid PS statement we have added additional variables, so that their
specializations are supposed to be primitive roots of the specializations of pegs
of abelian groups that appear in the graded formal closures associated with
the groups WPHGH, in order to demonstrate that the given sets of closures
(specified by the proof system) form a covering closure (for the specializations
given by the proof statement). This demonstration remains valid if the orders
of the specializations of the variables that are supposed to be primitive roots are
prime to the indices of the finite index subgroups associated with the (finitely
many) closures. The demonstration may fail to be valid if the orders of these
specializations are not prime to the order of the finite index subgroups. To check
if this failure occurs for a generic specialization of a P.S resolution, PSHGH Res,
we construct Root PS limit groups and resolutions.

Definition 1.27: Let
Comp(PSHGH Res)(v,r, (hi,g1),..., (hz(ps)7 gé(ps)), hi,w,p,a)

be the completion of the graded resolution PSHGH Res. We look at the en-
tire collection of all test sequences that factor through the graded completion
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Comp(PSHGH Res):

{vnvrnv (h%(n)vg%(n))v RN} (h?i(ps) (n)vgcll(ps) (n))v hl (n)vwnvpnv a)}

We look at those graded test sequences for which, for some index j, there
exists a specialization of a variable that is supposed to be a primitive root of a
specialization of a peg of some abelian group that appears in the graded formal
closure associated with the corresponding group WPHGH, but in fact the
specialization of this variable has a root of order that divides the least common
multiple of the indices of the finite index subgroups associated with the (finitely
many) graded formal closures (that are associated with the various limit groups
WPHGH).

The collection of all these (graded) test sequences factor through a (canonical)
collection of maximal Root PS limit groups RootPSi,. .., RootPS,,. The
analysis of graded formal limit groups presented in section 3 of [Se2] associates
(canonically) with each Root PS limit group RootPS; a graded formal Makanin-
Razborov diagram, and each such graded formal resolution is in fact a one-level
graded resolution, which is a graded formal closure of the graded resolution
PSHGH Res, GFCI(PSHGH Res), that we denote RootPSRes and call Root
PS resolution. Clearly, no specialization

(r, (h%ag%)a R (h?g(ps)agclz(ps))ah(l),wo,po,a)

that factors through the resolution PSHGH, and which is a valid PS statement
with respect to our fixed proof system, factors through one of the Root PSS limit
groups RootPSy, ..., RootPS,,, and their associated Root PS resolutions.

So far we constructed auziliary bundles, for which if in a given fiber a “generic”
PS statement fails to be a valid PS statement, then any PS statement in that
fiber fails to be a valid PS statement, i.e., the whole fiber can be avoided. The
next auziliary bundle that we construct using “generic” specializations that fail
to be valid PS statements has the same structure as the previous ones; however,
in this bundle it may be that even though “generic” PS statements in a given
fiber fail to be valid PS statements, the fiber may contain (non-“generic”) valid
PS statements.

This next bundle we construct collects all the generic PS statements for
which some of the limit groups WPHG have additional rigid or strictly solid
specializations (with respect to the given set of closures) that are not specified
by the given “generic” PS statements. The “generic” specializations for which
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there exists a “surplus” in rigid or strictly solid specializations are collected in
Eztra PS (graded) limit groups and graded resolutions.

Definition 1.28: Let
Comp(PSHGHRGS)(’w r, (hfv g%)v B (hz(ps)v gcll(ps))v h17 w,p, a’)

be the completion of the graded resolution PSHGH Res. We look at the en-
tire collection of all test sequences that factor through the graded completion
Comp(PSHGH Res)

{vnvrnv (h%(n)vg%(n))v RN} (h?i(ps) (n)vgcll(ps) (n))v hl (n)vwnvpnv a)}

By theorems 2.5 and 2.13 of [Se3], for each specialization (h}, wo, po, a) there ex-
ist boundedly many rigid or strictly solid families of specializations (g8 ,h,wo, po)
of each of the rigid or solid limit groups WPHG(g1, hi,w,p,a) (strictly solid
with respect to the given set of closures — see definition 2.12 in [Se3]). We look
at those graded test sequences for which, for every index n, there are rigid or
strictly solid families of specializations of the form (g'(n), hy(n),w,,p,) which
are not in the rigid or strictly solid families of each of the specializations spec-
ified by the PS statement (g;(n), hi(n),wn,py), for every index j. To each
specialization

(Un,’l’n, (h%(n)vg%(n))v ey (hZ(ps) (n)vg(}i(ps) (n))v hl (n)vwnvpnv a))v

we add variables for the additional rigid specializations or for almost shortest
specializations (see definition 2.8 in [Se3]) of the additional strictly solid families
of specializations. Since by theorems 2.5 and 2.13 of [Se3] there exists a global
bound on the number of additional rigid or strictly solid families of specializa-
tions (with respect to a given set of closures), the number of additional variables
we need to add is globally bounded.

The collection of all these “Extra PS” (graded) test sequences (including the
added variables) factor through a (canonical) collection of maximal Extra
PS limit groups ExtraPSi,...,ExtraPS,;. The analysis of graded formal
limit groups presented in section 3 of [Se2] associates (canonically) with each
Extra PS limit group EztraPS; a graded formal Makanin—Razborov diagram,
and each such graded formal resolution is in fact a one-level graded resolu-
tion, which is a graded formal closure of the graded resolution PSHGH Res,
GFCI(PSHGH Res). We denote such an Extra PS (graded) resolution

ExtraPSRes(u, u,r, (h%vg%)v B (h?l(ps)vggli(ps))v hlv w,p, a)
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(the variables u are the variables added for the extra rigid and strictly solid
specializations).

The Extra PS limit groups and their associated graded formal closures collect
all the “generic” specializations (i.e., all the test sequences) of the PS limit
groups PSHGH for which there exist rigid or strictly solid families (with respect
to the given set of closures) in addition to those specified by the specializations
declared in the proof statement. For a general specialization of the P.S limit
groups PSHGH, i.e., a specialization which is not necessarily “generic”, it may
as well be that the additional rigid or strictly solid specializations, collected
by the extra PS limit groups and their associated graded formal closures, do
become non-rigid or non-strictly-solid or do coincide with the rigid or strictly
solid families of the various specializations (gjl-, h§,wo,po) declared in the proof
statement. To collect all the specializations that factor through one of the extra
PS graded formal closures associated with one of the extra PS limit groups
EztraPS, in which such a “collapse” of the additional rigid and strictly solid
families occurs, we need to define the Collapse Extra PS (graded) limit groups
and their associated (Collapse Extra PS) graded resolutions. We start by listing
all possible collapsings of a specialization of an Extra PS resolution.

Definition 1.29: Let ExtraPSRes be one of the Extra PS graded resolutions
associated with one of the Extra PS graded limit groups ExtraP.S;. Note that
by construction, FxtraPSRes is a graded formal closure of the PS resolution
PSHGH Res with which we started the analysis.

We will say that a specialization that factors through the Extra PS graded
resolution EztraPSRes is collapsed if the variables added for each of the
additional rigid or strictly solid families of specializations (i.e., the ones that
were not specified by the proof system) satisfy one of the following;:

(1) A specialization of the variables added for one of the additional rigid

specializations becomes flexible.

(2) A specialization of the variables added for one of the additional rigid spe-
cializations becomes equal to one of the rigid specializations specified by
the proof system, i.e., with one of the specializations 9]1 in the specializa-
tion

(U,U,T, (h%g%)v tey (h?l(ps)vgé(ps))v h(l),’wo,po).

(3) A specialization of the variables added for one of the additional strictly
solid families of specializations (with respect to the given set of closures
— ([Se3], 2.12)) factors through one of the given closures associated with
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a flexible quotient associated with the corresponding solid limit group (see
definitions 1.5 and 2.12 in [Se3]).

(4) A specialization of the variables added for one of the additional strictly
solid families of specializations belongs to one of the strictly solid families
of specializations specified by the proof system, i.e., with a family of one
of the strictly solid families of specializations gjl- in the specialization

(uvvav (hivgi% R (hZ(ps)vg;(ps))7 h(1)7w07p0)~

Note that, by definition, there are only finitely many ways that a specialization
that factors through the Extra PS resolution, EztraPSRes, can become a
collapsed specialization. We will call each way a specialization can become
collapsed a collapse form.

Having defined the finitely many possibilities for collapse forms, we collect
all the specializations that are collapsed specializations in finitely many graded
resolutions which we call Collapse Extra PS (graded) resolutions.

Definition 1.30: Let ExtraPSRes be one of the extra PS graded resolutions
associated with one of the extra PS graded limit groups ExtraPS;. Note that,
by construction, ExtraPSRes is a graded formal closure of the PS resolution
PSHGH Res with which we started the analysis. With the Extra PS resolution
we fix one of the (finitely many) collapse forms associated with it.

With each collapsed specialization that factors through the extra PS
resolution

(UO,UO,TO, (h%(O),gi (0))7 ) (hZ(ps) (0)793(1)5)(0))7 hy (0)7w07p07a))

which is collapsed in the particular collapse form we have fixed, we associate
specializations of additional variables {c}, ¢y, which demonstrate that the spe-
cializations of the additional variables added for one of the additional strictly
solid families of specializations are either non-strictly solid with respect to the
given set of closures, or belong to one of the strictly solid families of specializa-
tions specified by the proof system, according to our fixed collapse form. We
pick the specialization ¢y to be the shortest among all possible ones. By our
standard method presented in section 5 of [Sel], the collection of specializations

(007’11,07’1}077"07 (h%(o)vg%(o))v DN} (hZ(ps) (0)79611(;;5) (0))7 h1(0)7w07p07a))7

which are collapsed and demonstrate the collapse of the specializations of vari-
ables added for additional rigid and strictly solid families, factor through a
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(canonical) collection of finitely many maximal limit groups which we call
Collapse Extra PS (graded) limit groups, denoted CollapsExtraPS;.

Note that each collapsed specialization restricts, in particular, to a special-
ization of the completed resolution Comp(PSHGH Res), so given one of the
finitely many Collapse Extra PS limit groups, Collapse ExtraPS;, we are able
to use the iterative procedure for the analysis of quotient (multi-graded) reso-
lutions presented in this section (1.5-1.17) and based on section 1 of [Se4], to
get a (canonical) collection of finitely many (graded) resolutions that contain
the entire collection of (collapsed) specializations

(607’11,07’1}077”07 (h%(o)vg%(o))v ) (hZ(ps) (0)7931(;;5) (0))7 h1(0)7w07p07 a))

that factor through the Extra PS resolution FxtraPSRes and the collapsed
extra P.S limit group CollapseExtraPS;. We call such a resolution a Collapse
Ezxtra PS (graded) resolution, and denote it C'ollapseExtraPSRes;.

The Collapse Extra PS resolutions were obtained using the iterative proce-
dure for the analysis of quotient resolutions presented earlier in this section.
This iterative procedure was constructed in the first section of [Se4] in order to
control the complexity of the obtained quotient resolutions. The Collapse Extra
limit groups Collapse ExtraPS are not quotients of the completed (graded) res-
olution Comp(PSHGH), since we have added the variables {u} to demonstrate
extra rigid and strictly solid families of solutions to obtain the Extra PS reso-
lution ExtraPSRes, and additional variables {c} to demonstrate their collapse
according to the fixed collapse form.

The variables {u} were added to demonstrate extra rigid and strictly solid so-
lutions, hence the extra PS resolutions, ExtraPS Res, are in fact graded formal
closures of the graded resolution PSHGH Res we have started with. There-
fore, apart from adding various roots to abelian vertex groups in the graded
abelian JSJ decompositions associated with the various levels of the completion
Comp(PSHGH Res), the Extra PS resolution ExtraPSRes may differ from
the completion Comp(PSHGH Res) only in the graded abelian JSJ decompo-
sition associated with the terminal (bottom) level, in case the terminating limit
group of the graded resolution ExtraPSRes is solid.

The variables {c} were added to demonstrate that the specializations of
the variables added for extra strictly solid families of solutions actually fac-
tor through one of the given closures associated with flexible quotients of the
corresponding solid limit group, or they belong to the same strictly solid family
as one of the strictly solid families specified by the proof statement. By the min-
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imal graded rank assumption, each of the limit groups WPHG and WPHGH
do not admit a map onto a free group Fj * F' in which the factor F' is non-trivial
and the subgroup AP =< a,p > is mapped onto F}. Clearly, there are natural
maps from the completion, Comp(PSHGH Res), to each of the limit groups
that appear along the graded resolution CollapseExtraPSRes. By the way
the iterative procedure for the analysis of quotient resolutions that was used to
construct the Collapse Extra PS resolutions collapse ExtraPS Res is defined, it
follows that:

(i) If a graded limit group associated with one of the levels of the graded res-
olution Collapse ExtraPS Res admits a graded free decomposition, i.e., a
non-trivial free decomposition in which the subgroup AP =< a,p > is
contained in one of the factors, then necessarily the entire image of the
completion Comp(PSHGH Res) is contained in the factor that contains
the subgroup AP. Hence, if we modify the other factor to be the iden-
tity, the specializations of the completion Comp(PSHG H Res) that factor
through Collapse ExtraPSRes will not be changed. Therefore, we may
assume that no limit group along the resolution CollapseExtraPSRes
admits a (non-trivial) graded free decomposition.

(ii) Let @ be a QH vertex group that appears in one of the graded abelian JSJ
decompositions associated with the various levels along the graded resolu-
tion CollapseExtraPS Res except, perhaps, the bottom level (in case the
terminating limit group of the graded resolution Collapse ExtraPS Res
is solid). Then there exists a subgroup of finite index in (a conjugate
of) the QH subgroup @ which is in the image of the completion
Comp(PSHGH Res).

(iii) Suppose that all the Q H vertex groups in the completion Comp(PSHGH)
are surviving Q H subgroups and let A be an abelian vertex group in one of
the graded abelian JSJ decompositions associated with the various levels
along the graded resolution CollapseExtraPSRes except, perhaps, the
bottom level. Then there exist conjugates of subgroups in the image of
the completion Comp(PSHGH Res) which generate a subgroup of finite
index in A.

Since otherwise, either the group PSHGH admits a map onto a free group
Fy, x F with a non-trivial F', so that AP =< a,p > is mapped onto F, in
contradiction to our assumptions, or the specializations of the variables ¢ can
be modified so that a QH vertex group will be eliminated or the rank of an
abelian vertex group will be decreased, or a QH vertex group can be pushed to
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the bottom level of the graded resolution Collapse ExtraPSRes (see section 1
of [Sed] for a detailed discussion of the iterative procedure that constructs the
graded resolutions Collapse ExtraPSRes).

Given these properties of the Collapse Extra resolutions

Collapse ExtraPSRes,

we need to slightly modify the way we measure their complexity in order to be
able to control it in terms of the complexity of the completion

Comp(PSHGH Res)

with which we have started.

Definition 1.31: Let
CollapseExtraPSRes(c,u,v,r, (hi, gt),..., (h?,/(ps)7 gcll(ps)), hi,w,p,a)

be one of the (well-structured, graded) Collapse Extra PS resolutions con-
structed by the iterative procedure for the analysis of quotient resolutions from
the Extra PS resolution FxtraPS Res.

Recall that we have set the complexity of a (completed) minimal rank reso-
lution (definition 1.14 in [Se4]) to be the tuple

Cmplz(Res(t,a)) =
((genus(S1), [X(S1)]), - - -, (genus(Sm), [x(Sm)I), Abrk(Res(t, a)))

where the ordered couples (genus(S;), |x(S;)|) are associated with the QH sub-
groups that appear along the various levels of the resolution, and are ordered
in a decreasing lexicographical order. The abelian rank, Abrk(Res(t,a)), is the
sum

Abrk(Res(t,a)) = (rk(A4;) —rk(eA;))

over the abelian vertex groups A; that appear along the various levels of the
resolution, where eA; < A; is the subgroup generated by the edge groups con-
nected to an abelian vertex group.

Let SubCollapseExtraPSRes be the subresolution induced by the image of
the completion of the PS resolution PSHGH Res, in the completion of the
Collapse Extra PS resolution, Collapse ExtraPSRes (see section 3 of [Se4] for
the construction of the induced resolution).

We set, the complexity of a Collapse Extra PS resolution,

Collapse ExtraPSRes,
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to be the tuple

Cmplz(CollapseExtraPSRes) =
((genus(S1), [x(S1), - .-, (genus(Sm), [X(Sm)), Abrk(Res(t, a)))

where the ordered couples (genus(S;),|x(S;)|) are associated with those
QH subgroups that appear along the various levels of the Collapse Extra
PS resolution, and a conjugate of them intersects the induced resolution,
SubCollapseExtraPSRes, in a subgroup of finite index. These couples are
ordered in a decreasing lexicographical order. The abelian rank,
Abrk(Res(t,a)), is the sum

Abrk(Res(t,a)) = (rk(A4;) — rk(eA;))

over those abelian vertex groups A; that appear along the various levels of the
resolution, and a conjugate of them intersects SubCollapse ExtraPSRes in a
subgroup of finite index. eA; < A; is the subgroup generated by the edge groups
connected to the abelian vertex group.

Note that, by construction, the @ H and abelian vertex groups that contribute
to the complexity of Collapse ExtraPS Res include all the QH and abelian ver-
tex groups that appear in all levels of Collapse ExtraPS Res above the terminal
level, and a subset of those that appear in the terminal level.

Once we have defined the complexity of the Collapse Extra PS resolutions
properly, the iterative procedure for the construction of quotient resolutions
(presented in section 1 of [Se4]) enables us to control the complexity of these res-
olutions by the complexity of the completion Comp(PSHGH Res) with which
we started.

THEOREM 1.32: Let CollapseExtraPSRes be one of the graded resolutions
obtained from the Extra PS resolution ExtraPSRes, which is obtained from
the PS resolution PSHGH Res. Then

Cmplz(CollapseExtraPSRes) < Cmplx(Comp(PSHGH Res)),

and in case of equality the two graded resolutions are compatible, i.e., the reso-

lution Collapse ExtraPSRes is a graded formal closure of the graded resolution
PSHGH Res.

Proof: The resolutions Collapse ExtraPS Res were constructed by the iterative
procedure for the analysis of quotient resolutions, hence the theorem follows
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using the same arguments used to prove Theorem 1.17, which is identical to the
argument used to prove theorem 1.15 of [Se4]. |

In case the complexity of a Collapse Extra PSS resolution,
Collapse ExtraPSRes,

is equal to the complexity of the resolution PSHGH Res, i.e., in case
CollapseExtraPSRes is a graded formal closure of the graded resolution
PSHGH Res, we call the resolution C'ollapse ExtraPS Res a Generic Collapse
Extra PS resolution, and denote it GenericCollapseExtraPSRes.

To the list of non-Generic Collapse Extra PS resolutions we add resolu-
tions obtained from the Extra PS resolutions. Given an Extra PS resolution,
ExtraPSRes, we add roots to pegs of abelian groups that appear along the
various levels of EztraPSRes. The roots are of orders that divide the least
common multiple of the finite index subgroups associated with the various res-
olutions (graded formal closures) that were constructed from the corresponding
PS resolution, PSHGH Res. We analyze the resolutions obtained by adding
the roots in the same way we analyze Collapse PS limit groups. We add those
of the obtained resolutions that are not of maximal complexity to the list of
(non-Generic) Collapse Extra PS resolutions.

The PS limit groups PSHGH and their associated resolutions, together with
the non-rigid and non-solid P.S limit groups and their associated graded resolu-
tions, the Left and the Root PS resolutions, the Extra PS resolutions and the
Collapse and the Generic Collapse Extra PS resolutions, enable us to present
the main principle which is the key in our general approach to the entire quan-
tifier elimination process. Conceptually, we show that if a valid PS statement
factors through one of the resolutions PSHGH Res, then either there exists a
valid PS statement that factors through one of the Collapse Extra PS resolu-
tions associated with PSHGH Res which is not of maximal complexity (i.e., it
is not a Generic Collapse Extra PS resolution), and these have strictly smaller
complexity than the PS resolution, PSHGH Res, with which we started this
branch, or the fiber that contains the valid P.S statement in the bundle associ-
ated with the PS resolution PSHGH Res contains a test sequence of valid PS
statements (i.e., a “generic” point in that fiber is a valid PS statement).

THEOREM 1.33: Let PSHGH Res be one of the PS graded resolutions, and
suppose that there exists a valid PS statement

(7’0, (hfvg%)v R} (hz(ps)vgcll(ps))v h(l)leOvav a’)
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that factors through the completion of the resolution PSHG H Res with respect
to our fixed proof system. Then (at least) one of the following holds:
(1) There exists a test sequence of specializations

('Unv Tn, (h%(n)vg% (n))7 cey (h?l(ps) (n)7 gcll(ps) (n))v hi (n)v Wn,, P0, a))

that factor through the completion of the PS resolution PSHGH Res
(note that the specialization py of the defining parameters p is fixed along
the entire test sequence), for which the (restricted) specializations

((h% (n)v g% (n))v sy (hZ(ps) (n)vgé(ps) (n)), hl (n), Wn, Po, a))

are valid PS statements (with respect to our fixed proof system).
(2) There exists a specialization

(C(),’U;(),'UO,T(), (h%7g%)7 ) (hz(ps)vgé(ps))vh(1)7w07p07a))

that factors through one of the non-Generic Collapse Extra PS resolutions
Collapse ExtraPS Res associated with the resolution PSHGH Res, i.e., a
collapse extra PS resolution for which

Cmplz(CollapseExtraPSRes) < Cmplz(Comp(PSHGH Res)).
Proof: Suppose that there exists a valid PS statement
(7’0, (hfv g%)v RN} (hz(ps)v gcll(ps))v h(l)v Wo, Po, a’)

that factors through the completion of the resolution PSHGH Res with respect
to our fixed proof system, and for no specialization (co,ug,vo) the (combined)
specialization

(cos w0, 00,70, (h, 91)s - - s (hiyps)s Gi(ps)) hios W0, PO, @)
factors through one of the non-Generic Collapse Extra P.S resolutions
Collapse ExtraPSRes
associated with the resolution PSHGH Res, i.e., those for which
Cmplz(CollapseExtraPSRes) < Cmplz(Comp(PSHGH Res)).

If the collection of the ungraded resolutions covered by the Non-Rigid PS
resolutions, NRgdPS Res, the ungraded resolutions covered by the Non-Solid
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PS resolutions, NSIdPSRes, and the ungraded resolutions covered by the Left
PS resolutions, LeftPSRes, and by the Root PS resolutions, RootPSRes,
associated with the graded PS resolution PSHGH Res form a covering closure
of all the ungraded resolutions covered by the graded resolution PSHGH Res,
then no valid PS statement of the form

(7"07 (h%mg%)v DN} (hz(ps)mgcli(ps))v hévw07p07 G,)

factors through the completion of the resolution PSHGH Res.

Furthermore, if the collection of the ungraded resolutions covered by
the Non-Rigid PS resolutions, NRgdPSRes, the Non-Solid PS resolutions,
NSIdPSRes, and the Left PS resolutions, LeftPSRes, and the Root PS
resolutions, RootPS Res, described above, together with the set of ungraded
resolutions covered by the extra PS resolutions, ExtraPSRes, from which we
take out the collection of specializations that factor through the set of Generic
Collapse Extra PS resolutions, form a covering closure of all the ungraded res-
olutions covered by the graded resolution PSHGH Res,

PSHGHR@S(’ﬁ (h%7 g%)7 ey (hZ(ps) ) g;(ps))7 h17 w, Po, a)7
then for every valid PS statement of the form

(7’0, (hfvg%)v RN} (hz(ps)vgcll(ps))v h(l)leOvav a’)

that factors through the completion of the resolution PSHG H Res, there must
exist a specialization (co, ug, vg) for which the combined specialization

(CO,’U;O,’UO,TO, (hivgi% ) (hZ(ps)vg;(ps))vhé7w07p07a))

factors through one of the non-Generic Collapse Extra PS resolutions,
CollapseExtraPSRes.

Since we have assumed that there exists a valid PS statement that fac-
tors through the completion of the resolution PSHGH Res, and for which
there is no specialization (cg,ug,vo) for which the corresponding specializa-
tion is a factors through one of the non-Generic Collapsed Extra PS resolu-
tions Collapse ExtraPS Res, the collection of ungraded resolutions covered by
the Non-Rigid PS resolutions, NRgdPSRes, the Non-Solid PS resolutions,
NSIdPSRes, the Left PS resolutions, LeftPSRes, the Root PS resolutions,
RootPS Res, and the set of ungraded resolutions covered by the Extra PS reso-
lutions, ExtraPS Res, from which we take out those specializations that factor
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through ungraded resolutions that are covered by the Generic Collapse Extra
PS resolutions, described above, does not form a covering closure of the un-
graded resolutions covered by the PS resolution PSHGH Res.

Therefore, there must exist a test sequence

(Unv Tn, (h%(n)vg% (n))v tery (hz(ps) (n)v gcll(ps) (n))v hl (n)v Wn, PO, a))

of specializations that factor through the completion of the PS resolution
PSHGH Res, so that for every index n the corresponding specialization does not
factor through any of the Non-Rigid, Non-Solid or the Left or the Root PS
resolutions, N RgdPSRes, NSIdPSRes and LeftPSRes and RootPSRes, and
if it factors through an Extra PS resolution, ExtraPSRes, then it can be ex-
tended to a specialization that factors through a Generic Collapse Extra PS
resolution associated with it. Hence, for large enough n, the corresponding
(restricted) specialization

(R (), g1 (n)),- -, (hz(ps) (n)vgé(ps) (n)), ki (n), wn, po,a))

is a valid PS statement, so we have found a test sequence of valid PS statements
and the theorem follows. |

Theorem 1.33 is the key point in our analysis of the set T5(p). Conceptually,
Theorem 1.33 reduces the analysis of the set Th(p) to the set of specializations
of the defining parameters P =< p > for which there exists a test sequence of
valid PS statements that factor through the various resolutions PSHGH Res.

L. L
CollapseExtraPS

PROPOSITION 1.34: Let PSHGH Res be one of the (non-trivial) graded PS
resolutions. Let T'SPS(p) be the set of specializations py of the defining para-

meters P =< p >, for which there exists a test sequence of specializations

(Unv Tn, (h%(n)vg% (n))v tery (hz(ps) (n)v gcll(ps) (n))v hl (n)v Wn, PO, a))
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that factor through the completion of the PS resolution PSHGH Res,
Comp(PSHGH Res), and restricts to a sequence of valid PS statements

((h% (n)vg% (n))v cey (hg(ps) (n)vgé(ps) (n))v hl (n)v Wn,, PO, a))

Then TSPS(p) is in the Boolean algebra of AE sets.

Proof: As we have already pointed out in the proof of Theorem 1.33, a spe-
cialization py of the defining parameters P =< p > satisfies py € T'SPS(p),
if and only if the collection of ungraded resolutions covered by the Non-Rigid
PS resolutions NRgdPSRes, the Non-Solid PS resolutions, the Left and the
Root PS resolutions, together with the set of ungraded resolutions covered by
the Extra PS resolutions, ExtraPS Res, from which we subtract the ungraded
resolutions covered by the Generic Collapse Extra PS resolutions, associated
with the ungraded resolution PSHGH Res, does not form a covering closure
of all the ungraded resolutions covered by the graded resolution PSHGH Res.
Therefore, to prove the proposition, we need to find a predicate in the Boolean
algebra of AF predicates that defines the set of specializations pg for which there
exist ungraded resolutions associated with them that satisfy this “non-covering”
property.

By construction, there are finitely many P.S graded resolutions PSHGH Res,
NRgdPSRes, NSIdPSRes, LeftPSRes, RootPSRes, ExtraPSRes, and
GenericCollapse ExtraPS Res, and each of these graded resolutions terminates
in either a rigid or a solid graded limit group (with respect to defining parame-
ters P =< p >). To these resolutions we add a collection of graded resolutions
that indicate that certain pegs along one of these resolutions have a (non-trivial)
root of an order that divides the least common multiple of the indices of the
(finite index) subgroups that are associated with the closures associated with
the various resolutions. These graded resolutions are constructed in the same
way RootPS was constructed (Definition 1.27).

By the global bounds on the number of rigid solutions of a rigid limit group
([Se3], 2.5), and on the number of strictly solid families with respect to a given
set of closures of a solid limit group ([Se3], 2.13), for any specialization py of
the defining parameters P =< p >, there are finitely many combinations for the
collections of ungraded resolutions covered by a P.S resolution PSHGH Res, and
the collections of ungraded resolutions that are covered by the other (auxiliary)
graded resolutions associated with a P.S resolution, PSHG H Res. These finitely
many possibilities for the collections of ungraded resolutions form a stratification
of the set of specializations of the defining parameters, obtained from the bases
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of all the graded resolutions that have been constructed, simultaneously. A
specialization pp is in the set T'SPS(p) if and only if the ungraded resolutions
covered by these resolutions and associated with it are divided according to a
subset of these combinations and not according to the complement of this subset
of combinations (i.e., po € T'SPS(p) if and only if it belongs to certain strata in
the combined stratification, and not to the complement of these strata, but it
depends only on the stratum, not on the particular specialization). The set of
specializations py associated with a given combination of rigid and strictly solid
families of specializations (with respect to the given set of closures) of (finitely
many) rigid and solid limit groups (a stratum in the simultaneous stratification)
can be defined using a (finite) disjunction of conjunctions of an EA and an AE
predicate (see section 3 of [Se3]). Hence, a finite union of such strata, the set
TSPS(p), is in the Boolean algebra of AE sets. ]

At this stage we have all the tools needed for showing that the set T»(p) is in
the Boolean algebra of AE sets. By construction, if pg € T»(p) then there must
exist a valid PS statement of the form

(7‘, (h%7 g%)v LR (hZ(ps)v gcli(ps))7 h(lJv Wo, Po, a)
that factors through one of the PSS resolutions PSHGH Res constructed with
respect to all proof systems of depth 2.

By Proposition 1.34, the sets T'SPS(p) associated with the various P.S resolu-
tions PSHGH Res, i.e., the sets of specializations pg of the defining parameters
P =< p > for which there exists a test sequence that factors through any of
the PS resolutions PSHGH Res, and restricts to valid PS statements, are in
the Boolean algebra of AE sets. By Theorem 1.33, if there exists a valid PS
statement that factors through a PS resolution PSHGH Res, then either there
exists a test sequence that factors through that PS resolution, and restricts to
valid PS statements, or there must exist a specialization (cg, ug,vo), so that the
(combined) specialization

(Co,UO,Uo,To, (h%g%)v ) (h?l(ps),gé(ps)),h(l),’LUo,po,a)

factors through one of the Extra collapse PS resolutions, Collapse ExtraPS Res,
associated with the PS resolution PSHGH Res, and for which

Cmplz(CollapseExtraPSRes) < Cmplz(Comp(PSHGH Res)).

We continue with each of the (non-Generic) Collapse Extra PS resolutions,
CollapseExtraPSRes, i.e., those that satisfy

Cmplz(Collapse ExtraPSRes) < Cmplz(Comp(PSHGH Res))
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in parallel. Exactly as we did with each of the PS resolutions PSHGH Res, we
associate (canonically) with such a resolution, CollapseExtraPS Res, its Non-
Rigid and Non-Solid PS resolutions, Left P.S resolutions, Root P.S resolutions,
Extra PS resolutions, and Collapse Extra PS resolutions. By Proposition 1.34
applied to the various resolutions Collapse ExtraPS Res, the sets of specializa-
tions pg of the defining parameters P =< p > for which there exists a test
sequence that factors through any of the resolutions CollapseExtraPSRes,
and restricts to valid PS statements, are in the Boolean algebra of AE sets.
By Proposition 1.33 applied to the various resolutions Collapse ExtraPS Res,
if there exists a valid PS statement that factors through a resolution
CollapseExtraPSRes, then either there exists a test sequence that factors
through that extra collapse PS resolution, and restricts to valid PS statements,
or there must exist a specialization (¢1,u1,v1), so that the (combined) special-
ization

(ClvulvvlvcmuOvaerv (h%g%)v ey (hZ(ps)vg;(ps))vh(lva07p07a)

factors through one of the Collapse Extra PS resolutions associated with the
resolution Collapse ExtraPS Res so that their complexity is strictly smaller than
the complexity of Collapse ExtraPS Res.

Continuing iteratively with the associated Collapse Extra resolutions of
strictly smaller complexity, we obtain a terminating iterative procedure by the
proof of Theorem 1.18 which is identical to the proof of theorem 1.18 of [Se4].
The iterative procedure we have constructed has to terminate with either a rigid
limit group with respect to the defining parameters P =< p >, or a solid limit
group in which the subgroup WP =< w,p > is contained in the distinguished
vertex group in the associated graded abelian JSJ decomposition.

By iteratively applying Proposition 1.33 to the various resolutions that ap-
pear along the iterative procedure, if there exists a valid PS statement that
factors through any of these resolutions, then either there exists a test sequence
that factors through one of these resolutions, and restricts to valid PS state-
ments, or there must exist a valid P.S statement that factors through one of the
terminating rigid or solid limit groups.

By iteratively applying Proposition 1.34 to the various resolutions constructed
along the iterative procedure, the sets of specializations pg of the defining param-
eters P =< p > for which there exists a test sequence that factor through any
of these resolutions, and restricts to valid PS statements, are in the Boolean
algebra of AE sets. By Proposition 1.24, the set of specializations py of the
defining parameters P =< p > for which there exists a valid PS statement
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that factors through one of the terminating rigid or solid P.S limit groups is
in the Boolean algebra of AE sets. The entire set T>(p) is precisely the set of
specializations pg of the defining parameters P =< p > for which there exists a
valid PS statement, hence the set T»(p) is in the Boolean algebra of AE sets,
and the proof of Theorem 1.22 in the minimal (graded) rank case is completed.
|

At this stage we are finally ready to show that the entire set EAE(p) is in
the Boolean algebra of AFE sets. The tree of stratified sets has a finite depth,
which (by definition) bounds the depth of all possible proof systems associated
with the tree of stratified sets. For each integer d, we set Ty(p) to be the set of
specializations py of the defining parameters P =< p > for which there exists
a valid PS statement for some proof system of depth d. Clearly, EAE(p) =
Ti(p) U - UTy, (p) where dy is the depth of the tree of stratified sets. Hence,
to show that the set EAE(p) is in the Boolean algebra of AE sets, it is enough
to show that each of the sets T,;(p) is in the Boolean algebra of AE sets.

By the structure of the tree of stratified sets, and the global bounds on the
possible numbers of distinct rigid and strictly solid families associated with each
stratum in this tree, given a fixed depth d there exist finitely many possible proof
systems of depth d. Given a fixed proof system of depth d, which we denote
PS, we collect all its associated valid PS statements in a canonical collection of
finitely many PSS limit groups which we denote PS(HG) 'H. With each PS
limit group PS(HG)% ' H we associate its canonical (strict Makanin—-Razborov)
resolutions PS(HG)%"'H Res. With each of these PS resolutions we associate
(canonically) the set of Non-Rigid and Non-Solid PS resolutions, the Left PS
resolutions, the Root PS resolutions, the Extra PSS resolutions, and the Collapse
Extra PS resolutions. In exactly the same way we handled the set T(p), we
continue iteratively with those Collapse Extra PS resolutions that have strictly
smaller complexity to the next step. The iterative procedure we construct termi-
nates after finitely many steps since the complexity of the obtained resolutions
strictly decreases in each step (Theorem 1.18). Theorem 1.33 applied itera-
tively to the resolutions along the iterative procedure implies that if there exists
a valid PS statement that factors along the resolution PS(HG)?~! H Res, then
either there exists a test sequence that factors through one of the resolutions
constructed along the iterative procedure, and restricts to valid PS statements,
or there exists a valid PS statement that factors through one of the terminal
rigid or solid PS limit groups. Theorems 1.34 and 1.24 applied to the various
resolutions that appear along the iterative procedure, and the terminal rigid or
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solid PS limit groups finally imply that each of the sets Ty(p) is in the Boolean
algebra of AE sets, hence the entire set EAE(p) is in the Boolean algebra of
AE sets, and the proof of Theorem 1.4 in the minimal (graded) rank case is
completed. |

The proof of Theorem 1.4 shows that a set EAE(p) defined using a conjunc-
tion of a system of equalities and a system of inequalities,

EAE(p) = 3w Vy 3z (2,y,w,p,a) =1 AN ¥(z,y,w,p,a) # 1,

is in the Boolean algebra of AFE sets. The generalization of that proof to a
set EAE(p) defined using a (finite) disjunction of conjunctions of a system of
equalities and a system of inequalities,

EAE(p) = Jw Yy Tz (Z1(z,y,w,p,a) = LAY (z,y,w,p,a) #L)V---
eV (E’I‘(xvvavpv a) =1A ‘I]T(xvvavpv a) 7& 1)7

is rather straightforward. Indeed, the only change required is in the construction
of the tree of stratified sets. In proving Theorem 1.4, i.e., when the predicate
defining the set FAE(p) is the conjunction of a system of equalities and a
system of inequalities, we have constructed the tree of stratified sets iteratively,
where in each step we have first collected all the formal solutions defined over
closures of the resolutions of the remaining y’s from the previous step, and then
applied the collections of formal solutions to the set of the remaining y’s from
the previous step, and analyzed the set of y’s for which (at least) one of the
inequalities from our given system is in fact an equality when we substitute the
families of formal solutions we have collected, using an iterative procedure for
the analysis of quotient resolutions.

When the set EAE(p) is defined using a (finite) disjunction of conjunctions
of a system of equalities and a system of inequalities, we work in parallel with
each of the conjunctions in each step of the iterative procedure that constructs
the tree of stratified sets. In each step of this iterative procedure, we do the
following for the indices j, 1 < j < r, in parallel. We first collect all the
formal solutions of the system of equalities ¥;(x,y,w,p,a) = 1 defined over
closures of the resolutions of the remaining y’s from the previous step, and then
apply the collections of these formal solutions to the set of the remaining y’s
from the previous step, and analyze the set of y’s for which (at least) one of
the inequalities from the system ¥;(z,y,w,p,a) is in fact an equality when we
substitute the families of formal solutions we have collected, using the iterative
procedure for the analysis of quotient resolutions.
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The termination of this modified procedure for the construction of the tree
of stratified sets follows using the same argument used in proving Theorem 1.4
(Theorem 1.18). Given the tree of stratified sets, the analysis of the set EAE(p)
is identical to the analysis described in proving Theorem 1.4. This finally shows
that the set EAE(p) is in the Boolean algebra of AE sets, also when EAE(p)
is defined using a (finite) disjunction of conjunctions of a system of equalities
and a system of inequalities, and hence concludes the proof of Theorem 1.3 in
the minimal (graded) rank case. ]

2. The tree of stratified sets (general case)

To obtain quantifier elimination of elementary predicates over a free group, our
goal is to show that the Boolean algebra of AFE sets is invariant under projec-
tions. For presentation purposes, we presented our approach to the analysis of
the projection of the Boolean algebra of AE sets assuming the (graded) limit
groups that appear in our procedure are of minimal (graded) rank in the first
section of this paper. In this section we combine the approach presented in
the previous section, together with the concepts and techniques that appear in
section 4 of [Sed], to generalize the construction of the tree of stratified sets,
that is presented in the previous section assuming the limit groups in question
are of minimal (graded) rank. The tree of stratified sets constructed in this
section is combined with a generalization of the “sieve” method for identifying
witnesses presented in the next paper, to finally prove the invariance of the
Boolean algebra of AE sets under projection in the general case.

By Lemmas 1.1 and 1.2, the analysis of the projection of the Boolean algebra
of AFE sets reduces to the analysis of the projection of AE sets. Hence, in order
to prove the invariance of the Boolean algebra of AFE sets under projection it is
enough to prove Theorem 1.3, i.e., to show that the projection of an AFE set is
in the Boolean algebra of AE sets. As we did in the previous section, we will
start by proving Theorem 1.4, i.e., we will show that the projection of an AF
set is in the Boolean algebra of AE sets, in the case the AE set has the form

AE(w7p) :vy Hx E(‘cc7y7’u}7p76l) = 1 /\ W(x7y7w7p7a) # 1'

The generalization to an arbitrary AE set, defined using a finite disjunction
of conjunctions of equalities and inequalities, is fairly straightforward, and is
presented afterwards.

Throughout this section we will use the notions presented in the previous
section and in section 4 of [Se4]. Hence, we assume that the reader is already
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familiar with both. Since we are proving Theorems 1.3 and 1.4, we will use
the notation used in the statement of these theorems. Recall that in stating
Theorem 1.4 we defined the set AE(w, p) to be

AE(w,p) =Vy 3z S(z,y,w,p,a) = 1A ¥(z,y,w,p,a) # 1
and its projection EAE(p) to be
EAE(p) = Jw Yy o Z(z,y,w,p,a) = LAV (z,y,w,p,a) # 1,

and our goal is to show that the set EAE(p) is in the Boolean algebra of AE
sets. We start in the same way we started in the minimal (graded) rank case.
Let F, be the free group Fy =< y1,...,ys >, and let

wl(xvvavpva) = 17~~~7¢q($7y7w7p7a) =1

be the defining equations of the system ¥(z,y,w,p,a) = 1. By ([Se2], 1.2)
for every po € EAE(p), there exists some (witness) wp, and a formal solution
T = Ty p, (Y, a), so that the words corresponding to the defining equations of
the system (T, ,p, (Y, @), Y, wo, Po,a) = 1 are trivial in the free group Fy * F}, =
< a,y >, and the sentence

Ely ¢1(xwo,po(yva)7y7w07p07a) # IA--- /\wq(xwmpo(yva)vva()vp()va) # 1

is a true sentence in Fj,.

By the construction of graded formal limit groups presented in section 3 of
[Se2], viewing W P =< w, p > as the parameter subgroup, one can associate with
the free group F, and the system of equations X(z,y,w,p,a) = 1 a (canonical)
finite collection of graded formal limit groups

GFLl(x7y7w7p7 a)7 A 7GFLT(x7y7w7p7 a)7

so that every formal solution @ = x4, p,(y,a) of the system X(z,y,w,p,a) =1
factors through at least one of the resolutions of the graded formal Makanin—
Razborov diagrams of the graded formal limit groups

GFL(x,y,w,p,a),...,GFL.(x,y,w,p,a).

Viewing WP =< w,p > as the parameter subgroup, each graded formal
resolution in the graded formal Makanin-Razborov diagrams of the graded
formal limit groups GFLs(z,y,w,p,a),...,GFL.(z,y,w,p,a) terminates in
either a rigid formal limit group of the form WPRgd(hgr,w,p,a) * F,, where
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WPRgd(hgr,w,p,a) is a rigid (not formal!) graded limit group (with respect
to WP), or in a solid formal limit group of the form WPSId(hs,w,p,a) * Fy,
where WPSld(hs,w,p,a) is a solid (not formal!) graded limit group. Note
that by ([Se3], 2.5), for each specialization (wg,po) there exists a global bound
on the number of rigid solutions of the form (hg,wo,po,a) of any of the rigid
graded limit groups W PRgd(hg,w, p,a), and by ([Se3], 2.9), for each specializa-
tion (wo, po) there exists a global bound on the number of strictly solid families
of solutions of the form (hg,wo, po,a) of any of the solid graded limit groups
WPSld(hs,w,p, a).

Let WPRgd(hg,w,p,a) be one of the terminating rigid graded limit groups
in the taut formal graded Makanin—Razborov diagram with respect to the defin-
ing parameters WP =< w,p >. The modular groups associated with each (un-
graded) resolution that terminates in a rigid specialization of the rigid graded
limit group W PRgd(hgr,w, p,a) that lies outside the singular locus associated
with WPRgd(hg,w,p,a) (see section 11 in [Sel] for the definition of the singu-
lar locus) are compatible with the graded formal resolution that terminates in
the rigid graded formal limit group W PRgd(hr,w, p,a)*F,, i.e., the “tower” of
modular groups in such formal graded resolutions is independent of the particu-
lar rigid specialization of W PRgd(hg,w, p,a). Therefore, we separate the vari-
ous strata in the singular locus of the graded limit groups W PRgd(hg,w, p,a),
and use the “tower” of modular groups that lie “above” each of the rigid formal
graded limit groups WPRgd(hr,w,p,a) * F, to associate a (usually infinite)
system of equations (in the variables (y,hgr,w,p), and variables correspond-
ing to the free variables that are dropped along the graded formal resolution,
and coefficients in F}) corresponding to each of the equations in the system
U (z,y,w,p,a) = 1. By Guba’s theorem [Gu], this infinite system of equations
is equivalent to a finite system of equations. Since the variables corresponding
to free variables dropped along the graded formal resolution can get an arbitrary
value, the finite system of equations obtained using Guba’s theorem is equivalent
to a finite collection of systems of equations in the variables (y, hgr,w,p) and
coefficients in F},. We denote each of the obtained systems Ag(y, hr,w,p,a) = 1.

Similarly, with each (stratum of the) terminating solid formal graded limit
group WPSIld(hs,w,p,a) * F, we associate a finite collection of systems of
equations that we denote As(y, hs,w,p,a) = 1. Note that since we used the
modular groups associated with the graded formal resolution to construct the
systems As(y, hs,w,p,a), if the system of equations holds for a particular value
of the variables (y, hs,w, p, a), then it continues to hold if we change the value
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of the variables hg within its strictly solid family.
From now on we work with each of the graded formal resolutions

W PGFRes;(x,y,w,p, a),

and its terminating rigid formal graded limit group, W PRgd;(hgr,w,p,a) * F,,
or solid graded formal limit group, WPSIid;(hs,w,p,a) * F,, and the (finite
collection of) systems of equations associated with them in parallel, so we may
restrict our attention to one of these graded formal resolutions, omit its index
and denote it WPGFRes(x,y,w,p,a). Note that each of these graded formal
resolutions is with respect to the parameter subgroup WP =< w,p >.
Suppose that the graded formal resolution W PGF Res(x,y,w,p,a) termi-
nates in the rigid graded formal limit group W PRgd(hgr,w,p,a) * F,. Let

AW PRGL (y7 hR7 w,p, a)7 ) AWPRGLd(?% th w, p, Cl)

be the canonical collection of maximal graded limit groups (with respect to
the parameter subgroup WP =< w,p >), that correspond to the set of spe-
cializations (y, hgr,w,p,a), for which (hg,w,p,a) is a rigid specialization of
W PRgd(hgr,w,p,a) that lies outside the singular locus, (y, hr,w,p,a) factors
through the graded formal resolution W PGF Res(x,y,w, p,a), and

)\R(yv thvav a’) =1

Similarly, if the graded formal resolution W PGF Res(x,y,w, p,a) terminates
in the solid formal graded limit group WPSld(hs,w, p, a)*F,, we associate with
the solid graded limit group W PSIld(hs,w,p,a) and the system of equations
As(y, hs,w,p,a) the canonical collection of maximal graded limit groups

MW PSGLy(y,hs,w,p,a),..., \WPSGL4(y, hs,w,p,a)

that correspond to the set of specializations (y, hs, w, p, a), for which (hg,w,p, a)
is a strictly solid specialization of W PSld(hs,w,p,a) that lies outside the
singular locus, (y,hs,w,p,a) factors through the graded formal resolution
WPGFRes(z,y,w,p,a), and As(y,hs,w,p,a) = 1 (again, note that this set
is invariant under changing the values of the variables hg within their strictly
solid family).

At this point we need to collect the “remaining” set of specializations of the
variables y for each value of our parameters (w, p). Suppose that the terminating
graded limit group of the formal graded resolution, W PGF Res(z,y,w, p,a), is
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the rigid formal graded limit group, Rgd(hg,w,p,a) = F,, or the solid graded
limit group, Sld(hs,w,p,a) = F,,. With each of the graded limit groups

M/ PRGL1(y,hg,w,p,a),..., \WPRGLy(y, hg,w,p,a)

or \AWPRGLy(y,hs,w,p,a),..., \WPRGL4(y,hs,w,p,a) (depending on
whether the graded formal resolution W PG F Res(z,y,w,p,a) terminates in a
rigid or solid limit group with respect to WP =< w,p >), we associate its taut
graded Makanin—-Razborov diagram with respect to the parameter subgroup
< hgr,w,p >, or < hg,w,p >, in correspondence. (Note that before this step we
considered the parameter subgroup to be WP =< w, p >, and from this point we
enlarged it to be < hg,w,p > or < hg,w,p >. We are able to do that, because
of the global bound on the number of rigid and strictly solid families (theorems
2.5 and 2.9 in [Se3]), and since the set of the remaining y’s depends only on the
strictly solid family of a given specialization, (hs,w, p, a), and not on the specific
specialization in the family.) Each graded resolution AW PGRes(y, hg,w,p,a)
(or AW PGRes(y,hs,p,a)) in one of the taut graded diagrams of the graded
limit groups \W PRGLy(y,hgr,w,p,a), ..., \WPRGL4(y, hr,w,p,a) (or

AWPRGLl(y7 hs7w7p7 a)7 A '7AWPRGLd(y7 hS7w7p7 a))

terminates in either a rigid graded limit group (with respect to < hgr,w,p > or
< hs,w,p >), which we denote

AW PRgd(gg, hg,w,p,a) (or \WPRgd(gr, hs,w,p,a)),
or a solid graded limit group which we denote

AV PSld(gs,hr,w,p,a) (or \WPSld(gs,hs,w,p,a)).
With each graded resolution,

MW PGRes(y, hr,w,p,a) or AW PGRes(y, hs,w,p,a),

we associate the finite set of taut resolutions and their terminal rigid or solid
limit groups, associated with the various strata in the singular locus associated
with the graded resolution. We add the resolutions associated with the singular
loci to the list of resolutions containing the entire set of the remaining y’s.

To construct the graded formal resolutions GF Res(z,y,w, p, a), we have col-
lected all the formal solutions ¥, ,)(y,a) for which all the words corresponding
to the equations in X(2(y ) (y,a),y,w,p,a) = 1 represent the trivial words
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in F,, =< a,y >. By theorem 1.18 of [Se2], if py € EAE(p) then there
must exist some “witness” wp, and a formal solution (y,,,,)(y,a), so that
the maximal limit groups corresponding to each of the equations in the sys-
tem W (2 (w,,p0)(¥,a),y,w,p,a) = 1 are all proper quotients of the free group
< a,y >= F, « F,. Hence, for every py € EAE(p) there must exist some
witness wp, and a rigid specialization (hrg,wo,po,a) of one of the rigid limit
groups WPRgd(hg,w,p,a), or a strictly solid specialization (hsg,wo,po,a) of
one of the solid limit groups W PSld(hs,w,p,a), so that every ungraded res-
olution AW PG Res(y, hro,wo, po,a) (or AW PGRes(y, hso, wo, po,a)) does not
correspond to the entire set of y’s but rather to a resolution of a limit group
which is a proper quotient of the free group < a,y >= Fj, * F,.

Therefore, the outcome of the initial step of our “trial and error” procedure is
a decrease in the complexity (definitions 1.14 and 3.2 in [Se4]) of the ungraded
resolutions of y’s associated with each py € AE(p), at least for one (rigid or
strictly solid) specialization (hrg,wo,po) or (hsg, wo, po). Each of the next steps
of the procedure is meant to sequentially decrease either the complexity of the
“remaining” ungraded resolutions or the Zariski closures of certain sets of spe-
cializations associated with the data-structures we construct, as we did in the
iterative procedure for validation of an AE sentence ([Se4], section 4). As in the
minimal (graded) rank case, once the iterative procedure terminates, we present
a second iterative procedure, that uses the outcome of the first iterative proce-
dure (the tree of stratified sets) to sequentially approximate the set EAE(p) by
sets which are all in the Boolean algebra of AE sets. Finally, we show that the
approximations we construct in the second iterative procedure become identical
with the set EAE(p) after finitely many steps. Since the approximations are all
in the Boolean algebra of AFE sets, this will imply that an EAFE set is indeed in
the Boolean algebra of AE sets, which finally proves Theorem 1.4.

For the continuation of the iterative procedure we will denote (for brevity)
each of the limit groups WPRgd(hgr,w,p,a) or WPSIld(hs,w,p,a) by
WPH (h,w,p,a), and each of the limit groups

)‘WPRgd(ngthvav a)v)‘WPRgd(nghsvvav a’)v)‘WPSld(gsvthvav a)v
)‘WPSld(gSWh.SWwv]% a’)

by WPHG(g,h,w,p,a). We will also denote the graded resolution
MW PGRes(y, hg,w,p,a) or AWPGRes(y, hs,w,p,a)

by AW PH Res(y, h,w,p,a). Our treatment of these limit groups will be con-
ducted in parallel, so we don’t keep the indices associated with each of these
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(finite collections of) limit groups. Also, the rest of our “trial and error” pro-
cedure does not depend in an essential way on the type (rigid or solid) of the
terminating graded limit groups in the preliminary two steps, hence we do not
keep notation for the type of each of these terminating limit groups.

We continue to the next step of our iterative procedure for the analysis of the
set EAE(p) only with graded resolutions AW PH Res(y, h,w, p, a), for which
each ungraded resolution, associated with a specialization of the corresponding
terminating rigid or solid limit group W PHG, does not correspond to the entire
limit group Fj, x F},, but rather to a resolution of a proper quotient of it. For each
tuple (go, ho, wo, po, @), which is either a rigid or a strictly solid specialization of
such a terminating limit group WPHG, there is an ungraded (well-separated)
resolution associated. The associated ungraded resolution depends only on the
strictly solid family of the specialization in case the corresponding terminating
limit group is solid. Also, the ungraded resolution may be degenerate, so we
separate the finitely many possible types of ungraded resolutions associated
with a rigid or solid specialization (go, ho, wo,po,a) of WPHG according to the
strata of the corresponding singular locus (see section 11 of [Sel]), and treat
those strata in parallel.

With the ungraded well-separated resolution, associated with a rigid or
strictly solid specialization of the terminal rigid or solid limit group WPHG,
we associate its completion. Given a tuple (go, ho,wo, Po, a), which is a rigid
or strictly solid specialization of WPHG, we collect all the formal solutions
{2 (g0,ho,wo,p0) (55 2, Y, @) } for which the words corresponding to the equations in
the system

E(m(go,ho,wo,po) (szvyv a)7y7w0vp0va) =1

are the trivial words in some closure of the completion of the ungraded resolu-
tion associated with the given specialization. Using the construction of graded
formal limit groups presented in section 3 of [Se2], and viewing the subgroup
< g, h,w,p > as parameters from the entire collection of formal solutions for all
possible specializations (go, ho, wo, po, @), which are rigid or strictly solid spe-
cializations of W PHG, we can construct a graded formal Makanin—Razborov
diagram so that any formal solution defined over a closure of an ungraded reso-
lution associated with a rigid or strictly solid specialization of W PHG factors
through one of the graded formal Makanin-Razborov resolutions in this dia-
gram.

Let GFLy(z,2,y,91,h1,w,p,a),...,GFL.(z,z,y,q1, h1,w,p,a) be the max-
imal graded formal limit groups constructed from the collection of formal solu-
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tions associated with the graded limit group WPHG. By section 3 of [Se2],
with each of the graded formal limit groups there is an associated graded
formal Makanin—Razborov diagram with respect to the parameter subgroup
< g1,h1,w,p >. By theorems 3.7 and 3.8 of [Se2], each of the graded formal
resolutions in the graded formal Makanin-Razborov diagram associated with
each of the graded formal limit groups

GFL1(55727y7917 h17w7p7 a’)v B 7GFLT(x7 % Y,91, h17w7p7 Cl)
(with respect to < g1, h1,w,p >) terminates in either a group of the form
WPHGRgd(hgvglv h17w7p7 a/) *Term(gl,hl,w,p,a) GFCI(Sv % Y,91, h17w7p7 a)7

where WPHGRgd(h¥, g1, hi,w,p,a) is a graded (not formal!) limit group
which is rigid with respect to the parameter subgroup < ¢1,hi,w,p > and
GFCl(s,z,y,91,h1,w,p,a) is a graded formal closure in the (well-separated)
graded formal resolution

WPHGFRes(x,z,y, g1, hi,w,p,a)

associated with the graded limit group WPHG (graded formal closure is pre-
sented in definition 3.4 in [Se2]). We will denote a terminating rigid graded
limit group WPHGRgd(h%, g1, h1,w,p,a) by WPHGH?~.

Alternatively, the terminating graded formal limit group of a graded formal
resolution in one of the graded formal Makanin-Razborov diagrams associated
with the graded formal limit groups

GFL1(50727y7917h17w7p7 a’)v s 7GFLT(x7Z7yvgl7h17w7p7a)
is of the form
WPHGSld(hgvglahlvvav a) *Term(gi1,h1,w,p,a) GFOZ(Svayvglvhlavav a)v

where WPHGSId(h3,g1,h1,w,p,a) is a graded (not formal!) limit group
which is solid with respect to the parameter subgroup < ¢;,hy,w,p >, and
GFCl(s,z,y,91,h1,w,p,a) is a graded formal closure in the graded formal
resolution WPHGF Res(x, z,y, g1, h1,w, p,a) associated with the graded limit
group WPHG. We will denote the terminating solid graded limit group
WPHGSId(h3, g1, h1,w,p,a) by WHGH?S.

With each terminal graded formal limit group of a resolution in the formal
Makanin-Razborov diagrams of the graded formal limit groups

GFL(x,2,y,91,h1,w,p, a)
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we associate an anvil, which is set to be the corresponding terminal formal limit
group. We denote the anvil Anv(WPHGH)(s, z,y, h2, g1, h1,w, p,a). With the
anvil we associate a family of formal solutions {z(s, z,y, ha, g1, h1,w,p,a)},
obtained using the graded modular groups associated with the correspond-
ing graded formal resolution W PHGF Res. Hence, by the construction of the
graded formal resolution (presented in section 3 of [Se2]), for each specialization
(so0, 20, Yo, h20, glo, hlg, wo, po, a) that factors through the anvil, Anv(WPHGH),

Y(xq(50, 20, Y0, h20, glo, hlo,wo, po, a), Yo, wo, Po, a) = 1.

At this point we collected the remaining set of y’s for every possible value
of the tuple w,p,h; using the limit groups AW PHL, and their resolutions
MV PH Res. We further collected all the possible formal solutions defined over
(closures of) the resolutions AW PH Res using the graded formal resolutions
W PHGF Res, that we also called anvils, and denoted Anv(WPHGH).

To proceed to the next step of the procedure, we need to collect the set
of specializations of the variables y that are left after applying the families of
formal solutions encoded by the graded formal resolutions W PHGF Res, for
each possible specialization of the tuple w, p, h1, and we need to do it uniformly
in the variables w, p, hi. Hence, we do not need to consider all the specializations
that factor through the anvils, but only those that satisfy the (usually infinite)
systems of equations which correspond to the families of formal solutions that
are encoded by the formal graded resolutions, W PHGF Res, which are defined
over the anvils, Anv(WPHGH).

In the iterative procedure for validation of an AFE sentence, presented in
section 4 in [Sed], we proceeded to the next step of the iterative procedure
not with all the specializations of the anvil that satisfy one of the systems
of equations associated with the graded formal resolutions, but rather with
those specializations that are in shortest form (definition 4.1 in [Se4]). For
technical reasons, in order to apply a similar procedure in the graded case (i.e.,
uniformly in the specializations of w, p, hy ), we do not use (graded) shortest form
specializations, but we rather use (multi-graded) resolutions, modular groups,
and limit groups that we associate with each level of the given anvils. These
auxiliary resolutions and auxiliary limit groups enable us to apply the main
principles of the iterative procedure presented in section 4 in [Se4] uniformly (in
the specializations of w, p, hy).

Definition 2.1: Let an anvil, Ano(WPHGH)(s, 2,9y, ha, g1, h1,w,p,a), be the
terminal formal limit group in the graded formal resolution, W PHGF Res.
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With the anvil we associate a collection of (multi-graded) auxiliary resolu-
tions and (multi-graded) auxiliary limit groups.

Recall that the anvil has the structure of a completed resolution, and
it is constructed from a graded formal closure of a graded resolution,
AW PHRes(y,hy,w,p,a). Suppose that this resolution, hence the anvil,
contains ¢ levels. Let Rlim(y,hi,w,p,a) be the subgroup generated by
< y,hi,w,p,a > in the limit group associated with the anvil, and let
Rlim(z;, hi,w,p,a > be its image in the (graded) limit group associated with
the ¢-th level in the anvil, where 1 <1 < /(.

With the anvil, we associate a taut multi-graded Makanin—Razborov diagram
of the limit group associated with the tower that contains all the levels up to
level 2, with respect to the non-Q H, non-abelian vertex groups and edge groups
in the (given) graded abelian decomposition associated with the top level of
the anvil, i.e., the graded abelian decomposition associated with the subgroup
Rlim(y, h1,w,p,a). Similarly, with each level i in the anvil, 1 < i < ¢ — 1,
we associate a multi-graded taut Makanin—Razborov diagram of the limit group
associated with the tower that contains all the levels up to level i+1, with respect
to the non-Q H, non-abelian vertex groups and edge groups in the (given) graded
abelian decomposition associated with the i-th level in the anvil, i.e., the graded
abelian decomposition associated with the subgroup Rlim(z;, h1,w, p,a).

We call each of the resolutions in these multi-graded diagrams a (multi-
graded) auxiliary resolution, and its terminating solid or rigid limit group
a (multi-graded) auxiliary limit group, which we denote

AU.’L‘(WPHGH)(S,Z,]%h27g17h17w7p7 a’)'

Naturally, with each auxiliary resolution we associate its modular groups, which
we call auxiliary modular groups. In the sequel, we call the auxiliary reso-
lutions associated with the tower containing all the levels up to level 2 (all the
levels except the top level), the highest level.

At this stage we continue in a similar way to what we did in the initial step.
Having constructed the anvils, Anv(W PHGH ), the families of formal solutions
defined over them, and the auxiliary limit groups and resolutions, we are ready
to collect all the specializations of the variables y (for any given value of the
parameter subgroup < w,p, hy >) for which the (families of) formal solutions
defined in the first two iterates of our procedure didn’t provide a proof. The
collection of the remaining y’s needs to be done uniformly in the values of the
parameters w, p, hy.
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In collecting the set of the remaining y’s, we apply both the families of formal
solutions that are encoded by the (graded) formal modular groups associated
with the formal resolution that is associated with the anvil, and the auxiliary
modular groups that are associated with the multi-graded auxiliary resolution
that is associated with the anvil, Anv(WPHGH).

Suppose that the auxiliary resolution that is associated with the anvil,
Anv(WPHGH), is highest level (i.e., it is associated with the limit group that
appears in the second level of the anvil). Let

(505 20, Y0, P2(0), g2(0), h1 (0), w0, po, a)

be a specialization of the anvil, Anv(WPHGH), so that the restriction of this
specialization to the limit group that is associated with the second level of the
anvil factors through the auxiliary limit group, Auxz(W PHGH), that is asso-
ciated with the anvil. Let ¢g be an element in the auxiliary modular group
that is associated with the auxiliary resolution. ¢g acts on specializations of
the auxiliary limit group, Auxz(WPHGH). Hence, given the specialization
(S0, 20, Y0, h2(0), g2(0), h1(0), wo, po, @), ws acts on the restriction of this spe-
cialization to the subgroup associated with the second level of the anvil. By the
structure of the anvil, which is associated with a completion of a resolution, and
the structure of the auxiliary resolution (that is multi-graded with respect to
the non-abelian, non-QH vertex groups, and edge groups in the given graded
abelian decomposition of the subgroup < y,hi,w,p,a >), the specialization
of the limit group associated with the second level of the anvil obtained by
the action of g, can be completed to a specialization of the ambient anvil,
Anv(WPHGH), without changing the specialization (yo, h1(0), wo, po, a) of the
subgroup < y, hy,w,p,a >, that is associated with the top level of the anvil.
We denote the obtained specialization of the anvil,

996(307207y07h2(0)792(0)7h1(0)7w07p07G)~

Note that by the above observation, to collect the remaining sets of y’s, it is
enough to collect all the specializations of the associated auxiliary limit group,
and when we impose a formal solution on such a specialization, we are able
to impose it not only on the specialization, but also on its images under the
(“extended”) actions of all the elements ¢z from the associated auxiliary
modular group. Also, we have considered highest level auxiliary resolutions,
but precisely the same argument applies to an arbitrary auxiliary resolution.
Given an anvil, Anv(WPHGH), and an auxiliary resolution, we look at
the entire set of rigid or strictly solid specializations of the associated auxil-
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iary limit group (Definition 2.1), and their extensions to specializations of the
anvil, (s,z,y,ha,91,h1,w,p,a), for which for the entire family of formal so-
lutions {xq(s, z,y, ha, g1, h1,w, p,a)} associated with the anvil (i.e., associated
with the graded formal resolution, W PHGF Res, that is associated with the
anvil), and for each element g in the auxiliary modular group associated with
the given auxiliary resolution

wj(xoz(g‘oﬁ(svzvyvh%glvhlvvav a))vvavpv a) =1

for at least one of the equations 9; in the system (of inequalities) ¥(z,y, w,p, a)
# 1 used to define the set EAE(p). By the standard argument presented in
section 5 of [Sel], the entire collection of such (extended) specializations,
(s,2z,y,ha,91,h1,w,p,a), is contained in a finite set of maximal graded limit
groups (that are all quotients of the anvil, Anv(WPHGH), and of the corre-
sponding auxiliary limit groups)

QRl1m1(87 %Y, h27gl7 h17w7p7 a)7 AR QRlzmu(& z,Y, h27917 h17w7p7 a)7

that we call quotient limit groups. Note that with each such limit group there
is an associated anvil, Anv(WPHGH), and an associated auxiliary resolution
(hence, an auxiliary limit group as well).

In constructing the system of equations associated with a given anvil,
Anv(WPHGH), and its associated auxiliary resolution, we applied the
family of formal solutions associated with the graded formal resolution
that is associated with the given anvil, and the auxiliary modular groups
associated with the auxiliary resolution that is associated with the anvil.
Hence, if a specialization of the anvil, (s,z,y,h2,91,h1,w,p,a), factors
through a quotient limit group, @QRlim;(s,z,y,hs,q1,h1,w,p,a), where
1 < i < u, and restricts to a rigid or a strictly solid specialization of the
associated auxiliary limit group, then the same holds for all the specializations
of the form ¢g(s, z,y, ha, g1, h1,w,p,a), where ¢z is an element of the multi-
graded auxiliary modular groups associated with the anvil. Hence, in analyzing
the quotient limit groups, QRlim;, 1 < i < u, we consider the non-abelian and
non-@Q H vertex groups and edge groups in the multi-graded abelian JSJ decom-
position of the auxiliary limit group, as determined only up to (appropriate)
conjugacy, and the abelian and QH vertex groups as “formal”, i.e., we are al-
lowed to act on these with their associated modular groups. Adapting this point
of view, which is essential along the entire iterative procedure presented in this
section, replaces the role of restricting to shortest form specializations in the



Vol. 150, 2005 DIOPHANTINE GEOMETRY OVER GROUPS V; 75

ungraded case (definition 4.1 in [Se4]), and enables us to exclude the variables
that belong to lower levels of the anvil from taking part in the analysis of the
(top part of the) quotient limit groups Q Rlimy, i.e., it allows us to get (certain)
“separation of variables” (of different levels) in the analysis of quotient limit
groups.

In section 1 we have started the construction of the tree of stratified sets with
a graded (minimal rank) resolution, and showed that the complexities of the
various (quotient) graded resolutions associated with it, with which we need to
continue to the next step of the iterative procedure, are strictly smaller than
the complexity of the original resolution. As in the case of general AE sen-
tences that are analyzed in section 4 of [Se4], in the construction of the tree
of stratified sets in the general case we are not able to get a reduction in the
complexity of the obtained (quotient) graded resolutions in each step of our
iterative procedure. To “force” the “size” of the set of the remaining specializa-
tions yo associated with each specialization of the parameters < w,p,hy > to
actually decrease, we need to associate with each graded resolution information
about certain (multi-graded) resolutions and abelian decompositions associated
with it, together with Zariski closures of some subgroups associated with the
graded resolution. To carry all the information attached to a graded resolution,
we associate a (graded) data-structure, and (canonical) resolutions which we
call graded developing resolutions, with each of the quotient resolutions. We
construct the data-structure and graded developing resolutions iteratively, in
a similar way to their construction in the iterative procedure for validation of
an AFE sentence presented in section 4 of [Se4]. As in the iterative procedure
for validation of a sentence, we divide the construction of the graded devel-
oping resolution and the associated anvil into several cases, depending on the
structure of the graded resolution \W PH Res(y, hy,w, p, a) associated with the
anvil, Anv(WPHGH), with which we started the first step, and the structure
of the multi-graded quotient resolutions constructed along the first step. We
describe the first step of our iterative procedure, then the general step of the
iterative procedure, and finally prove the termination of the iterative procedure
for the analysis of an FAFE set.

I. THE FIRST STEP. We start the analysis of the remaining set of y’s by
analyzing those quotient limit groups, QRIlim;(s,z,y,h2, 91, h1,w,p,a), that
are associated with the anvils we constructed, and with auxiliary resolutions
associated with the tower containing all the levels in those anvils except the
top level (i.e., the highest level auxiliary resolutions). Since we analyze these
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quotient limit groups in parallel, we will omit their index and denote them
QRIlim(s,z,y, ha,g1,h1,w,p,a).

As parts (1) and (2) of the first step of the procedure indicate, we will
analyze only multi-graded resolutions of these quotient limit groups that are
not of maximal complexity, i.e., resolutions that do not contain a single level
with abelian decomposition that has the same structure as the abelian decompo-
sition associated with the top level of the associated anvil, Anv(WPHGH). To
analyze (specializations that factor through) multi-graded resolutions of maxi-
mal complexity, we will need to use the quotient limit groups associated with
auxiliary resolutions that are not of highest level (this is done in part (3) of the
first step of the procedure).

(1) Let Q(y,h1,w,p,a) be the graded limit group generated by

< y,hi,w,p,a > in the limit group associated with the graded resolution
AW PHRes(y, g1, h1,w, p,a), associated with the anvil,

ATL’U(WPHGH)(S7Z7y7h27gl7h17’w7p7 Cl).

Q(y,h1,w,p,a) is a quotient of the limit group \W PRGL or \W PSGL,
for which the graded resolution \W PH Res(y, h1,w, p, a) is one of the reso-
lutions in its graded taut Makanin-Razborov diagram. Let
Q'(y,h1,w,p,a) be the limit group generated by < y,hi,w,p,a >
in the quotient limit group QRlim(s,z,y,hs, g1,h1,w,p,a). If
Q' (y, h1,w,p,a) is a proper quotient of the subgroup Q(y, h1,w,p,a), we
continue this branch of the iterative procedure by replacing the quotient
limit group QRIlim(s, z,y, he, g1, h1,w,p, a) with the quotient graded res-
olutions obtained by starting the initial step of the procedure with the
limit group Q' (y, h1,w, p, a) instead of the limit group associated with the
graded resolution \W PHGRes(y, g1, h1, w, p, a) with which we started the
initial step.

Since the graded resolution AW PHG Res(y, g1, h1,w, p, a) is not of max-
imal possible complexity, i.e., each ungraded resolution does not corre-
spond to the entire free group Fj, with which we started the iterative
procedure, and the maximal complexity graded resolutions were collected
separately in the initial step of the procedure, in analyzing graded res-
olutions of Q! (y,hy,w,p,a) in this branch of the procedure we need to
consider only those graded resolutions which are not of maximal possi-
ble complexity, i.e., only those graded quotient resolutions for which each
ungraded resolution does not correspond to the entire free group Fy.
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(2) At this stage we may assume that Q'(y,hi,w,p,a) is isomorphic to
Q(y,h1,w,p,a). We set the subgroups Basej ,,...,Base}, to be the
non-abelian, non-Q H vertex groups in the graded abelian decomposition
associated with the top level of the anvil,

ATL’U(WPHGH)(&Z7y,h2,gl7h17’w7p, a)'

Note that the subgroup generated by < hi,w,p,a > in the anvil is,
by definition, a subgroup of Base%yl. With the quotient limit group
QRIlim(s,z,y, ha, g1, h1,w,p,a) we associate its multi-graded Makanin—
Razborov diagram with respect to the subgroups Baseil, ceey Base%ﬁul.

As we remarked earlier, in constructing the multi-graded diagram, we re-
gard the QH and abelian vertex groups in the multi-graded abelian decom-
position associated with the auxiliary limit group (which is associated with
the anvil), that are all contained in the subgroups Basey ;,. .., Base
as “formal”, i.e., the only relations they satisfy are those coming from the
abelian decomposition associated with the auxiliary limit group. We de-
note the obtained multi-graded resolutions in the obtained diagram, that
we call quotient resolutions, by

1 1
MGQResi(s,z,y, Basey 4, ..., Basey , ,a),. ..,
1 1
MGQResy(s,z,y, Base; 1, . .., Base, , ,a).

If for some QH vertex group @ in the abelian decomposition associated
with the top level of the graded resolution AW PH Res(y, hy,w,p,a), the
sequence of abelian decompositions that ) inherits from a multi-graded
resolution, MGQRes;(s, z,y, Basey ..., Base} , ,a), is not compatible
with the specified collection of s.c.c. on @ that are mapped into the trivial
element according to the (taut) graded resolution \W PH Res(y,h1,w,p, a),
we omit the multi-graded resolution MG(@QRes; from our list of multi-
graded resolutions of the quotient limit group

QRlim(s,z,y,ha, g1, h1,w,p, a).

We continue with each of the remaining multi-graded quotient resolutions
in parallel, hence we omit the index of the specific resolution with which
we continue.

In order to bound the complexity of the multi-graded resolutions,
MGQResj, in terms of the complexity of the abelian decomposition asso-
ciated with the top level of graded resolution, AW PH Res(y, h1,w, p,a),
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with which we started the first step, we need to slightly modify the defini-
tion of the complexity of a resolution to be suitable for the multi-graded
case (cf. definitions 1.14 and 3.2 in [Se4]).

Definition 2.2: Let MGRes(v,P,Ry,...,Rq4,a) be a well-separated complete
multi-graded resolution. Let Q1,...,Q,, be the QH subgroups that appear in
the abelian decompositions associated with the various levels of M G Res. With
each QH vertex group ); we naturally associate its corresponding (punctured)
surface Sj. With each (punctured) surface S; we may associate an ordered cou-
ple (genus(S;),|x(S;)]). We will assume that the QH subgroups Q1,...,Qm
are ordered according to the lexicographical (decreasing) order of the ordered
couples associated with their corresponding surfaces. Let rk(MGRes) be the
sum of the ranks of the free factors that are being dropped along the various
levels of MGRes, and let factor(MGRes) be the number of factors it is ter-
minating with (i.e., the number of factors in the free decomposition associated
with its terminal multi-graded subgroup). Let Abrk(MGRes) be the abelian
rank of the resolution (see definition 1.14 of [Se4]).

We set the complexity of the multi-graded resolution MG Res, denoted
Cmplz(MGRes), to be

Cmplx(MGRes) = (rk(MGRes) + factor(MGRes),
(genus(S1), |x(S1)]),-- -, (genus(Sm), |x(Sm)|), Abrk(MGRes).

On the set of multi-graded resolutions we can define a partial order. Let
MGRes; and MGRes; be two multi-graded resolutions. We say that
Cmplz(MGRes,) = Cmplz(MGRess) if the tuples defining the two complexi-
ties are identical. We say that Cmpla(M GRes;) < Cmplz(MG Ress) if:

(1) rE(MGResy) + factor(MGResy) is smaller than

rk(MGResz) + factor(MGRess),
(2) the above numbers are equal and the tuple

((genus(S1), IX(SDD; - -, (genus (S, ), IX(Sm, )

is smaller in the lexicographical order than the tuple

((genus(S7), [X(SD), - - -, (genus(S7,,), IX(Sh, ),

(3) the above numbers and tuples are equal and

Abrk(MGResy) < Abrk(MGRess).
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Once we have modified the complexity to be suitable for multi-graded reso-
lutions, we can bound the complexity of the quotient resolutions M GQ Res
in terms of the complexity of the abelian decomposition associated with
the top level of the completion of the resolution AW PH Res with which
we started the first step.

PROPOSITION 2.3: The complexity of each of the quotient multi-graded reso-
lutions MGQ Res that was not removed from our list (i.e., that is compatible
with the given taut structure) is bounded by the complexity of the abelian de-
composition associated with the top level of the completion of the resolution
AW PH Res with which we started the first step. In case of equality, the multi-
graded resolution M GQRes has only one level and its structure is identical to
the structure of the abelian decomposition associated with the top level of the
completion of \W PH Res.

Proof: Identical to the proof of proposition 4.2 in [Se4]. |

By Proposition 2.3, the complexity of each of the multi-graded abelian
decompositions associated with the various levels of the multi-graded res-
olution MGQRes(s,z,y, Base ..., Basej , ,a) is bounded by the com-
plexity of the graded abelian decomposition associated with the top level of
the graded resolution AW PH Res(y, hy,w, p, a), that is associated with the
anvil with which we started. In this part, we also assume that the multi-
graded quotient resolution MGQRes(s,z,y, Bases ,, ..., Bases , ,a) is
not of maximal possible complexity, i.e., it does not have a single level
with a (multi-graded) abelian decomposition identical with the abelian
decomposition associated with the top level of AW PH Res(y, h1,w, p,a).
The case of maximal complexity will be treated in the next part of the first
step of the procedure. We treat such a multi-graded quotient resolution
as we treated a quotient resolution in part (2) of the first step of the iter-
ative procedure for validation of an AE sentence. To handle multi-graded
resolutions that are not of maximal complexity, we need the following two
basic observations.

PROPOSITION 2.4: Let MGQRes(s,z,y, Basey ,, ..., Basel , ,a) be one of the
multi-graded quotient resolutions constructed above. Recall that the limit group
Q' (y, h1,w,p,a) is set to be the subgroup generated by < y, hy,w,p,a > in (the
completion of) MGQRes. By the construction of a resolution, the limit group
Q' (y, h1,w,p,a) is mapped into the limit group associated with each of the
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levels of the multi-graded quotient resolution
MGQRes(s, z,y, Base;l, e ,Baseé’v1 ,a).

Let Q.. (y, h1,w,p,a) be the image of Q*(y, h1,w,p,a) in the terminal (rigid
or solid) limit group of MGQRes(s, z,y, Basey ,, ..., Base} , ,a).

Then the multi-graded resolution MGQRes can be replaced by two finite
collections of (well-separated) multi-graded resolutions, that are all compati-
ble with the top level of the resolution \W PH Res associated with the anvil,
Anv(WPHGH), and are all obtained from M GQRes by adding at most a sin-
gle (terminal) level. Furthermore, all the resolutions in these collections are not
of maximal complexity.

We denote each of the resolutions in these collections, M GQ'Res.

(i) In the first (possibly empty) collection of multi-graded resolutions, the
image of the subgroup Q'(y,hi,w,p,a) in the terminal limit group of
MGQ'Res, Q},,.,(y, h1,w,p,a), is a proper quotient of Q' (y, h1,w,p,a).

(ii) In the second (possibly empty) finite collection of multi-graded resolutions,
the terminal limit group of MGQ'Res is either a rigid or a solid limit
group with respect to the parameter subgroup < w,p,hy >, i.e., the ter-
minal limit group is rigid or solid with respect to the parameter subgroup
< w,p, hy >, and not only with respect to the multi-grading with respect
to the subgroups Base%m . ,Base%ml, that was used in the construction
of the resolution, M GQ Res.

Proof: The argument is similar to the argument used to prove proposition
4.3 of [Sed]. By part (1) we may assume that Q'(y,h1,w,p,a) is isomor-
phic to Rlim(y,hi,w,p,a). Let MGQTerm(s,z,y,h1,w,p,a) be the termi-
nal rigid or solid (multi-graded) limit group of the multi-graded resolution
MGQRes(s,z,y,Base%ﬁl, e ,Base%’vl,a), and suppose that the image of the
subgroup Q*(y, h1,w,p,a) in the limit group MGQTerm, Q},,,,(y, h1,w,p,a),
is isomorphic to Q' (y, hy,w,p,a).

With the terminal limit group MGQTerm(s,z,y,hi,w,p,a), which is
assumed to be (multi-graded) rigid or solid with respect to the subgroups
Basey |, ..., Basey ,, , we associate the resolutions that appear in its graded
taut Makanin—Razborov diagram with respect to the parameter
subgroup < hi,w,p >. We treat these resolutions in parallel, so let
GT Res(s,z,y,h1,w,p,a) be one of these resolutions. By construction, the
resolution GT Res terminates in a rigid or solid limit group with respect to
the parameter subgroup < hy,w,p >.
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Let Q},,(y, h1,w,p, a) be the image of Q" (y, h1,w, p, a) in the limit group that
is associated with the top level of the graded resolution GT Res. If Q},, is a
proper quotient of Q!, part (i) of the proposition holds. If the graded resolution
GTRes has a single level, i.e., if the limit group associated with its top level
is rigid or solid with respect to < hy,w,p >, part (ii) of the proposition holds.
Hence, we may assume that Q%op is isomorphic to Q', and GT Res has more
than a single level.

Let A4op be the (essential) graded abelian decomposition associated with the
top level of the graded resolution GT Res(s, z,y, h1,w, p, a) (graded with respect
to the subgroup < hy, w,p >; see definition 1.8 in [Se3] for an essential decompo-
sition). Q%Op(y, hi,w,p,a) inherits an (essential, graded) abelian decomposition
from Ao, Since Q%Op(y,hl,w,p, a) is isomorphic to Rlim(y,hy,w,p,a), the
non-Q H, non-abelian vertex groups and edge groups in the (essential) graded
abelian JSJ decomposition of Rlim(y, h1,w, p,a) with respect to the parameter
subgroup < hi,w, p,a > have to be elliptic in the graded abelian decomposition
inherited by Q},,(y, h1,w, p,a) from Asp.

The auxiliary limit group Auxz(WPHGH), being a subgroup of the anvil,
Anv(WPHGH), is naturally mapped into the limit group associated with the
top level of GTRes. Let Aga,, be the (essential) abelian decomposition
associated with the auxiliary limit group (that is associated with the anvil,
Anv(WPHGH)), Aux(WPHGH). By construction, Aay, is multi-graded
with respect to the non-abelian, non-Q H vertex groups, and edge groups in
the abelian JSJ decomposition of Rlim(y,hi,w,p,a). Since the non-abelian,
non-Q H vertex groups and edge groups in the (essential) graded abelian JSJ
decomposition of Rlim(y, hi,w,p,a) are elliptic in Aspp, if a non-abelian, non-
QH vertex group or an edge group in A 4, is not elliptic in A4,p, lemma 1.9
in [Se3] implies that the restriction of the specializations that factor through
GTRes to the auxiliary limit group, Auxz(WPHGH), are neither rigid nor
strictly solid, so we may remove the graded resolution GT Res from our list of
graded resolutions.

Each of the subgroups Basej 4, ..., Basej ,, is a factor in the (multi-graded)
free decomposition of the auxiliary limit group, Aux(W PHGH), with respect to
the non-Q H, non-abelian vertex groups and edge groups of Rlim(y, hi,w,p,a).
Hence, each subgroup Base%J inherits an abelian decomposition from A 444,
which is a subgraph (of groups) of A 4y,. We set Oe, to be the abelian decom-
position obtained from the multi-graded abelian decomposition associated with
the terminal level of M GQ Res (which is multi-graded with respect to the sub-
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groups Basey ,, ..., Basey , ), by replacing each of the vertex groups stabilized
by one of the subgroups Base%7 ;» with a (possibly degenerate) graph of groups
obtained from the abelian decomposition associated with Base%J in Apuz.
Oterm is the multi-graded abelian decomposition of the terminal limit group
of MGQRes, MGQTerm, with respect to the non-abelian, non-QH vertex
groups and edge groups in the (essential) graded abelian JSJ decomposition of
Qtorm (Y, h1,w,p,a) (which is assumed to be isomorphic to Rlim(y, h1,w,p,a)).

If any of the non-abelian, non-Q H vertex groups or any of the edge groups
in the multi-graded abelian decomposition ©O¢yy, is not elliptic in the graded
abelian decomposition Ay, then the specializations that factor through the
graded resolution GT Res are neither rigid nor strictly solid specializations of
the terminal limit group, M GQT erm, of the multi-graded resolution, M GQ Res.
Hence, in this case we may omit the resolution GT Res from our list of graded
resolutions.

We continue iteratively along the levels of the graded resolution GT Res, and
conclude that if the resolution GT Res was not removed from our list of graded
resolutions, then as long as the image of Q'(y,hy,w,p,a) in the limit group
associated with some level j is isomorphic to Q! (y, h1,w, p, a), then the images
of all the non-Q) H, non-abelian vertex groups and the edge groups in the abelian
decomposition O, in the graded abelian decomposition associated with level
J in GT Res, are elliptic.

Therefore, either we get to the terminal level of GT Res, which is rigid or
solid with respect to < hy,w,p > (possibility (i) in the proposition), or we
get to some level j for which the image of Q! (y,hi,w,p,a) in the limit group
associated with that level is a proper quotient of Q' (y, hy,w, p, a) (possibility (i)
in the proposition). Furthermore, since the non-abelian, non-Q H vertex groups
and edge groups in Oy.,..,, are mapped to elliptic subgroups in all the levels until
level j of GT Res, the modular groups associated with Oge,.,, are sufficient to
map the terminal limit group of MGQRes, MGQTerm, onto the limit group
associated with level 5 of GT Res, hence M GQ Res needs to be extended in at
most a single level.

If the image of Q'(y, h1,w,p,a) in the limit group associated with level j in
GTRes is a proper quotient of Q'(y, h1,w,p,a), then it is enough to use the
modular groups associated with MGQTerm as a multi-graded rigid or solid
limit group with respect to Baseil, ey Base%ﬁul, to map MGQTerm onto a
limit group in which the image of Q! (y, h1,w, p, a) is a proper quotient of it. This
allows one to continue viewing the QH and abelian vertex groups in the multi-
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graded abelian decomposition of the auxiliary limit group, Aux(WPHGH), as
“formal”, i.e., we can still act on them with their associated modular groups in
the terminal limit groups as well, and the obtained (extended) specializations
still factor through the terminal limit group of GT Res, a point of view that is
adapted throughout the whole iterative procedure.

If the limit group associated with level 57 in GT Res is rigid or solid with
respect to < hy,w,p >, then we use this terminal limit group to express the
rigid or strictly solid families associated with it. Still, in this case, the terminal
level of the obtained resolution M GQ'Res does not really take part in the next
steps of the procedure (besides expressing the rigid or strictly solid families).
Hence, for the purposes of the next steps in the procedure, we are allowed to
continue viewing the Q H and abelian vertex groups in the multi-graded abelian
decomposition associated with the auxiliary resolution associated with the anvil,
Anv(WPHGH), as “formal”. |

By Proposition 2.4, we can either drop the resolution M GQ Res from our
list of multi-graded resolutions, or we can replace the resolution M GQ Res
by finitely many resolutions, which for brevity we still denote M GQ Res,
and for each resolution we may assume that either the image of the sub-
group Q! (y, hi,w,p,a) in the terminal graded limit group of M GQ Res,
Qterm (Y, h1,w,p,a), is a proper quotient of Q! (y,h1,w,p,a), or the ter-
minal graded limit group of M GQRes is rigid or solid with respect to
the parameter subgroup < w,p,h; >. We continue with the resolutions
given by Proposition 2.4 in parallel, and continue to denote each of them,
MGQRes. To continue handling the various multi-graded resolutions
MGQRes of the quotient limit group QRlim(s, z,y, he, g1, h1,w, p, a), we
also need the following proposition, which is similar to proposition 4.4 of

[Sed].

PROPOSITION 2.5: Let MGQRes(s,z,y, Basey ,, ..., Basel , ,a) be one of the
multi-graded quotient resolutions in our list of multi-graded quotient resolutions
of

QRIim(s, z,y, h2, g1, h1,w,p,a).

Let Q' (y, h1,w,p,a) and Q' (s,z,y,ha,g1,h1,w,p,a) be the subgroups gener-
ated by < y,hy,w,p,a > and < s, z,y, ha, g1, h1,w,p,a > in correspondence, in
the limit group associated with the multi-graded quotient resolution M GQ Res.
Let Qi (y, h1,w,p,a) and Qi(s,z,y, ha,g1,h1,w,p,a) be the images in the limit
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group associated with the second level of

MGQRes, GQlims(s, z,y, Basea17 . ,Base%m1 ,a),

of the subgroups Q'(y,h1,w,p,a) and Q'(s,z,y, Base} ..., Basej, ,a), in

correspondence.

Then Qi(y,h1,w,p,a) is a quotient of Q(y, h1,w,p,a), and

1 1 1
Q5(s,2,y, Basey 4, ..., Base, ,, , a)

is a proper quotient of Q'(s,z,y, Basey ,, ..., Basel , ,a).

Proof: The proposition is simply a basic property of a multi-graded resolution.

Suppose that the image of Q(y, h1,w,p,a) in the limit group associated
with the second level of MGQRes, Qi(y, hy,w,p,a), is a proper quotient
of Q' (y, h1,w,p,a). In this case we do the following.

With the subgroup Q1 (y, h1,w, p,a) we associate the graded resolutions
that appear in its graded taut Makanin-Razborov diagram with respect
to the subgroup < hy,w,p >

GQResl(yv hlv w, p, a)v e 7GQR65t(yv hlv w, p, a’)'

We continue with each of the graded resolutions GQRes;(y, h1,w, p,a) in
parallel.

If the subgroup generated by < y, hy,w,p,a > in the limit group asso-
ciated with the resolution GQRes;(y, h1,w,p,a) is a proper quotient of
Q3(y, hi,w,p,a), we replace the graded resolution GQRes;(y, h1,w,p,a)
by starting part (2) of the the initial step with the graded resolution
obtained from MGQRes by replacing its second limit group
QX (s,z,y,h2, g1, h1,w,p,a) with the maximal limit groups obtained from
all the specializations that factor through both QL(s, z,y, ha, g1, h1,w, p, a)
and the subgroup generated by < y,hi,w,p,a > in the limit group
associated with GQRes;(y, h1,w,p,a). If the subgroup generated by
< 8,2,Y,h2,g1,h1,w,p,a > in the obtained (one level) resolution,
QRIlim/(s, z,y, ha, g1, h1,w,p, a), is a  proper  quotient  of
QRIlim(s,z,y, ha,g1,w,p,a), we replace the obtained resolution by
starting the first step of our iterative procedure with the limit group
QRIlim/(s, z,y, ha, g1, h1,w, p,a) instead of the limit group

QRlzm(s, Y, h27 g1, hlv w, p, a)v
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and since the resolution M G Q@ Res is not of maximal complexity, in analyz-
ing the limit group QRIlim’' we need to consider only those resolutions in
its multi-graded (taut) Makanin-Razborov diagram that are not of max-
imal possible complexity. Hence, for the rest of this part we may assume
that the subgroup generated by < y, hy,w, p,a > in the limit group associ-
ated with GQRes;(y, hi,w,p, a) is isomorphic to the subgroup generated
by <y, hi,w,p,a > in Qi(s,2,y, ha,g1,h1,w,p,a).

Suppose that a graded quotient resolution GQRes;(y, h1,w,p,a) is of
maximal possible complexity, i.e., the limit group associated with it is
of the form < hy,w,p,a > xF,. Since the limit group Q.(y,h1,w,p,a)
is a proper quotient of Q!(y,hi,w,p,a), and since the limit group
Qi(y,h1,w,p,a) is naturally mapped onto the limit group
< hy,w,p,a > xF,, associated with the graded resolution
GQRes;(y, hi,w,p,a), the Hopf property for limit groups implies that
the subgroup generated by < hy,w,p,a > in the limit group associated
with GQRes;(y, hi,w,p,a) is a proper quotient of the limit group gen-
erated by < hi,w,p,a > in Q'(y, h1,w,p,a). Hence, we can replace the
resolution GQRes;(y, h1,w,p,a) by starting the initial step of the pro-
cedure with the subgroup < hq,w,p,a > *F,, where < hy,w,p,a > is
the subgroup generated by these elements in the limit group associated
with GQRes;(y, h1,w,p,a). Since resolutions of maximal possible com-
plexity of the limit group Q! (y,h1,w,p,a) with respect to the param-
eter subgroup < hj,w,p >, i.e., those corresponding to the entire free
group F, were already analyzed in the initial step of the procedure, we
can omit a graded resolution GQRes;(y, h1,w, p,a) of maximal complex-
ity from our list of graded quotient resolutions {GQRes;(y, h1,w,p,a)}.
Hence, for the rest of this part we may assume that the graded resolution
GQRes;(y, hi,w,p,a) with which we continue is not of maximal possible
complexity.

Let CRes;(y,h1,w,p,a) be the graded resolution obtained from the
resolution induced by the subgroup < y,hy,w,p,a > from the comple-
tion of the graded resolution MGQRes (see section 3 of [Se4] for the
construction of the induced resolution), followed by the graded resolution
GQRes;(y, hi,w,p,a).

We now treat each of the graded resolutions GQRes;(y, hi,w,p,a), and
their associated resolution C'Res;(y, h1,w,p,a), in a similar way to our
treatment of multi-graded quotient resolutions in part (4) of the general
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step of the iterative procedure for validation of an AFE sentence, presented
in section 4 of [Sed]. Let WPHGHG(g2, h1,w, p, a) be the terminal rigid
or solid limit group of the graded resolution GQRes;(y, h1,w, p, a) (which
is also the terminal rigid or solid limit group of its associated resolu-
tion CRes;(y,h1,w,p,a)). We start by collecting all the formal solu-
tions defined over ungraded resolutions covered by the graded resolution
CRes;(y, hi1,w,p,a). This collection of formal solutions factors through
a canonical collection of graded formal limit groups. With each graded
formal limit group we associate its graded formal Makanin—Razborov dia-
gram as we did in section 3 of [Se2]. We continue with each of the graded
formal resolutions that appear in these diagrams in parallel.

Let GFRes(zx, f,y, g2, h1,w,p,a) be a graded formal resolution in one
of these diagrams, and let WPHGHGH (hs, g2, h1,w, p,a) be its termi-
nating rigid or solid (not formal!) limit group. With the graded formal
resolution GF Res(z, f,y, hs, g2, h1,w, p, a) we associate the resolution

GRes(fvyvh?ng%hlvvav a)v

which is the graded (not formal!) resolution associated with the
terminal formal limit group of the graded formal resolution
GFRes(z, f,y, hs, g2, h1,w, p,a) (i.e., the graded formal closure associated
with the formal resolution G F Res, amalgamated with the terminal rigid
or solid limit group WPHGHGH (see section 3 of [Se2] for the structure
and construction of a (graded) formal resolution, and a graded formal clo-
sure)).

We set the developing resolution to be the graded resolution
GRes(f,y,hs, g2, h1,w,p,a), which is the resolution associated with
the terminal graded formal limit group in the graded formal resolution,
GFRes(z, f,y, hs, g2, h1,w,p,a). We further set the anvils associated
with the developing resolution to be the (canonical) finite set of
maximal limit quotients of the group obtained as the amalgamated
product of the completion of the developing resolution and the
completion of the top level of the multi-graded resolution
MGQRes(s,z,y, Base ..., Basey ,, ,a), amalgamated along the top
part of the developing resolution, which was set to be the resolution in-
duced by the subgroup < y, hi,w, p,a > from the top level of MGQ Res,
enlarged by replacing the subgroup associated with the bottom level in the
induced resolution with Qi(y,h1,w,p,a). We denote each of the (finitely
many) anvils Anv(MGQRes)(t,y,h1,w,p,a). With the anvil and the
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developing resolution we also associate the terminal rigid or solid limit
groups, WPHGHG (g2, h1,w,p,a) and WPHGHGH (h3, g2, h1,w,p,a).
Note that the completion of the developing resolution is canonically
mapped into the anvil, hence the formal solutions encoded by the graded
formal resolution, GF Res, that are defined over the developing resolution,
can be naturally defined over the anvil.

Suppose that Qi(y,hi,w,p,a) is isomorphic to Q'(y,hi,w,p,a). In
this case we continue to the next level of the multi-graded quotient res-
olution MGQRes(s, z,y, Base ..., Base ,, ,a). If for some level j of
the multi-graded resolution, the image of Q'(y,hy,w,p,a) in the limit
group associated with this level, Q} (y,h1,w,p,a), is a proper quotient
of Q'(y,hi,w,p,a), then from the highest such level j, we can continue
as in case Q3(y, hi,w,p,a) is a proper quotient of Q*(y,h1,w,p,a), and
associate with the multi-graded resolution

MGQRes(s, z,vy, Base%yl, ey Base%w1 , @)

a finite collection of developing resolutions, anvils, and a family of formal
solutions defined over each of the developing resolutions and its associated
anvil.

Finally, suppose that for every level j, the image of Q*(y, hy,w,p,a) in
the limit group associated with the j-th level of the multi-graded reso-
lution MGQRes(s, z,y, Base y, ..., Bases . ,a), Q;(y, h1,w,p,a), is iso-
morphic to Q' (y, hi,w, p,a). In this case, by Proposition 2.4, the terminal
limit group of  the multi-graded  resolution MGQRes,
Qtorm (8, 2,y, hi,w,p, a), is rigid or solid with respect to the parameter
subgroup < hy,w,p >.

We denote the terminal limit group of the multi-graded resolution
MGQRes, WPHGHG (g2, h1,w,p,a). Note that this terminal limit group
is rigid or solid with respect to the parameter subgroup < hi,w,p >.
We set the graded resolution C'Res(y, g2, h1,w,p,a) to be the resolution
obtained from the resolution induced from the multi-graded resolution
MGQRes by the subgroup generated by < y, hi,w,p,a >, by enlarging
its terminal limit group to be WPHGHG. We collect all the formal solu-
tions defined over ungraded resolutions covered by the graded resolution
CRes(y, g2, h1,w,p,a). This collection of formal solutions factors through
a canonical collection of graded formal limit groups. With each graded
formal limit group we associate its graded formal Makanin-Razborov dia-
gram as we did in section 3 of [Se2]. We continue with each of the graded
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formal resolutions that appear in these diagrams in parallel.

Let GFRes(x, f,y, 92, hi,w,p,a) be a graded formal resolution in one
of these diagrams, and let WPHGHGH (hs, g2, h1,w, p,a) be its termi-
nating rigid or solid (not formal!) limit group. With the graded formal
resolution GF Res(z, f,y, hs, g2, h1,w, p, a) we associate the resolution

GRes(f,y,hs, g2, h1,w,p,a),

which is the graded (not formal!) resolution associated with the terminal
formal limit group of the graded formal resolution

GFRes(ir,f,y,hg,g2,h1,w,p, a’)

(i.e., its graded formal closure amalgamated with its terminal rigid or solid
limit group). Note that the terminal rigid or solid limit groups of those
resolutions is WPHGHGH (hs, g2, h1,w,p, a).

We set the developing resolution to be the resolution

GRes(f,y,hs, g2, h1,w,p,a).

To set the finite collection of anvils, we first look at the amalgamation
of (the completion of) MGQRes(s,z,y, Basey ,, ..., Base} , ,a) and the
(completion of the) resolution, GRes(f,y, hs, g2, h1,w, p, a), amalgamated
along the (completion of the) induced resolution, C Res(y, g2, h1,w, p, a).
With the obtained group we naturally associate a finite collection of max-
imal limit groups, and set each of them to be an anvil. With the anvil we
further associate the terminal rigid or solid limit groups (with respect to
< hi,w,p >),

WPHGHG( (g2, hi,w,p,a) and WPHGHGH (hs, g, hi,w,p,a).

With the developing resolution we associate the family of formal solu-
tions z4(f,y, hs, g2, h1,w,p,a) encoded by the associated graded formal
resolution, GF Res, and defined over the developing resolution. Since the
developing resolution is canonically mapped into the anvil, the family
of formal solutions associated with the developing resolution is naturally
defined over the anvil as well.

By part (1) we may assume that Q'(y,hi,w,p,a) is isomorphic to
Q(y,hi,w,p,a). Part (2) treats all the cases in which the multi-graded
quotient resolution M GQRes(w, y, Baseil, RN Base%w1 , @) is not of max-
imal possible complexity. Hence, the multi-graded resolutions that are left
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in presenting the first step of our procedure for analyzing the set EAFE(p)
are those of maximal possible complexity, i.e., those multi-graded reso-
lutions M GQ Res that have a single level, and an abelian decomposition
that has the same (taut) structure as the abelian decomposition associ-
ated with the top level of the anvil, Anv(WPHGH).

Conceptually, we treat this case in a similar way to what we did in
the minimal rank case, i.e., we continue to lower levels of the anvil and
analyze it in a similar way to what we did with the top level. In parts
(1) and (2), we have analyzed multi-graded resolutions of quotient limit
groups, QRlim(s,z,y,h2,91,h1,w,p,a), that were associated with the
anvil, Anv(WPHGH), and with an auxiliary resolution of highest level,
i.e., an auxiliary resolution associated with the tower containing all the
levels in the anvil up to level 2 (all levels except the top level).

An auxiliary resolution of highest level (Definition 2.1) is a multi-graded
resolution of the subgroup of the anvil, Anv(WPHGH ), associated with
all its levels except the top one, with respect to the subgroups which are
the non-abelian, non-Q H vertex groups in the graded abelian decompo-
sition of Rlim(y,h1,w,p,a). Hence, such a resolution can be extended
to a graded resolution of the entire anvil with respect to the subgroup
associated with the top level. In the same way, an auxiliary resolution
associated with all the levels up to level 3 can be extended to a graded
resolution of the entire anvil with respect to the subgroup associated with
the top two levels of the anvil.

Let (s,z,y, h1,w,p,a) be a specialization of the anvil, Anv(WPHGH).
Suppose that for every auxiliary resolution of highest level, for which the
restriction of the specialization (s, z,y, h1,w, p, a) factors, the correspond-
ing specialization of the associated auxiliary limit group extends to a corre-
sponding specialization that factors through one of the associated quotient
limit groups. Then for every auxiliary resolution that is associated with
all the levels up to level 3, through which the restriction of the given spe-
cialization factors, the corresponding specialization of the auxiliary limit
group extends to a corresponding specialization that factors through at
least one of the associated quotient limit groups.

Furthermore, if in addition, for every quotient limit group (associated
with auxiliary resolutions of highest level) through which such a special-
ization factors, it factors through a quotient resolution of maximal com-
plexity of that quotient limit group, then the same holds for the top level
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of all the quotient resolutions associated with auxiliary resolutions that
are associated with all the levels up to level 3. Therefore, to analyze such
specializations we can replace the maximal complexity quotient resolutions
associated with auxiliary resolutions of highest level, with (top) maximal
complexity resolutions of quotient limit groups, that are associated with
auxiliary resolutions which are associated with all the levels up to level 3.

Hence, to analyze maximal complexity multi-graded resolutions, we first
replace the quotient limit groups associated with auxiliary resolutions of
highest level, by those quotient limit groups associated with the anvil,
Anv(WPHGH), and with auxiliary resolutions that are associated with
towers containing all the levels up to level 3, i.e., all the levels except the
top two. We continue with those quotient limit groups in parallel, hence
we will omit their index, and (still) denote the quotient limit group with
which we continue, QRlim(s, z,y, ha, g1, h1,w,p, a).

We start with the multi-graded taut Makanin—-Razborov diagram
of the quotient limit group, QRIlim, with respect to the subgroups
Bases ;. .., Bases , , where the subgroups Basey ;, 1 < j < vy, are the
non-Q H, non-abelian vertex groups and edge groups, in the graded
abelian decomposition associated with the top level of the anvil,
Anv(WPHGH). We still denote these multi-graded resolutions M GQ Res.

Since in this part we need to analyze specializations that factor through
and are taut with respect to maximal complexity multi-graded resolutions
of quotient limit groups associated with auxiliary resolutions of highest
level, as we have already explained, we can continue only with those multi-
graded resolutions in the taut Makanin-Razborov diagram of () Rlvm that
are of maximal complexity, i.e., that contain a single level with an abelian
decomposition which has the same (taut) structure as the abelian decom-
position associated with the top level of the anvil, Anv(WPHGH).

If part (1) applies to such a multi-graded resolution MGQ Res, i.e.,
if the limit group generated by < y,hi,w,p,a > in its completion is a
proper quotient of the subgroup Q(y, hy,w,p,a) with which we started
this branch of the procedure, we replace this resolution MGQRes by
starting the initial step of the procedure with the given proper quotient
of Q(y, h1,w,p,a).

In case the abelian decomposition and the taut structure associated
with MGQRes(s, z,y, Basey |, ..., Basey ,, ,a) and the top level of the
anvil, Anv(WPHGH), are identical, we use the modular groups associ-
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ated with the abelian decomposition associated with M GQRes to map
the subgroup QRlim(s,z,y,h2,g1,h1,w,p,a) into the subgroup of the
anvil, Anv(WPHGH), QRlims(s, 2,9y, ha, g1, h1,w, p,a), associated with
its second level. We now set the subgroups Base%yl, .. .,Baseét1 to be
the subgroups of the anvil, Anv(WPHGH), corresponding to the non-
abelian, non-Q H vertex groups in the abelian decomposition associated
with the second level of the anvil.
At this point we analyze the quotient limit group

QRlim2(57 %Y, h27 g1, hlv w, p, a’)

with respect to the subgroups Basey,,..., Basej, , exactly as we an-
alyzed the quotient limit group QRIlim(s,z,y, he, g1, h1,w,p,a) with re-
spect to the subgroups Basey ,, ..., Basey , in parts (1) and (2), i.e., we
associate with

QRlims(s, z,y, he, g1, h1,w, p, a)

all its multi-graded quotient resolutions with respect to the subgroups
Baseil7 ce Baseat1

that are its subgroups, and analyze each of the obtained multi-graded
quotient resolutions according to parts (1) to (the first part of) (3). If the
multi-graded abelian decomposition associated with a multi-graded quo-
tient resolution of QRlima(s,z,y,ha,g1,h1,w,p,a) with respect to the
subgroups Basey ;, ..., Base} , is of maximal possible complexity, and
its associated taut structure is identical to the one associated with the
second level of the anvil, Anv(WPHGH), i.e., if part (3) applies to an
obtained quotient multi-graded resolution, we continue in a similar way
to our approach in analyzing multi-graded resolutions for which their top
level is of maximal complexity.

To analyze multi-graded resolutions that are of maximal complexity
in their top two levels, we replace the quotient limit groups, and ana-
lyze quotient limit groups associated with the anvil, Anv(W PHGH), and
with auxiliary resolutions that are associated with towers containing all
the levels up to level 4, i.e., all the levels apart from the top three.

Given such a quotient limit group, we start with its multi-graded
taut Makanin—-Razborov diagram with respect to the subgroups
Base%ﬁl,...,Base%’vl. We continue only with resolutions in this dia-
gram that are of maximal complexity, and their abelian decomposition
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has the same taut structure as the one associated with the top level of the
anvil. With such maximal complexity resolutions we continue to the sec-
ond level. We look at the multi-graded taut Makanin—Razborov diagram
of the subgroup of the quotient limit group associated with the second level
of the maximal complexity resolutions, QRlima(s, z,y, h2, g1, h1,w,p, a),
with respect to the subgroups Basei17 ceny Baseat1 (where the subgroups
Baseé’ ; are the non-@Q H, non-abelian vertex groups in the abelian decom-
position associated with the second level of the anvil, Anv(WPHGH)).
Again, we continue only with resolutions that are of maximal complex-
ity, and the taut structure associated with their abelian decomposition
is identical to the taut structure associated with the second level of the
anvil, Anv(WPHGH).

Let QRlims(s, z,y, ha, g2, h1,w, p,a) be the limit group associated with
the third level in such a multi-graded resolution (still denoted) M GQ Res,
that is assumed to be maximal complexity in its top two levels. We
set the subgroups Base}m, ceny Base}w1 to be the subgroups of the anvil,
Anv(WPHGH), corresponding to the non-abelian, non-Q H vertex groups
in the abelian decomposition associated with the third level of the anvil.
At this point we analyze the quotient limit group

QRllm3(87 %Y, h27 g1, h17 w,p, Cl)

with respect to the subgroups Base}m, cery Base}lm1 exactly as we analyzed
the quotient limit group QRlim(s, z,y, ha, g1, h1,w,p,a) with respect to
the subgroups Bases ,, ..., Basey , , i.e., we associate with

QRlimg(S, %Y, h27 g1, hlv w, p, a’)
all its multi-graded quotient resolutions with respect to the subgroups
Basei17 o ,Base}m1

that are its subgroups, and analyze each of the obtained multi-graded
quotient resolutions according to parts (1) to (the first part of) (3).

If the multi-graded abelian decomposition associated with a multi-
graded quotient resolution of QRlims(s,z,y,ha,g1,h1,w,p,a) with re-
spect to the subgroups Basey |, ..., Basey . is of maximal possible com-
plexity, and its associated taut structure is identical to the one associated
with the third level of the anvil, Anv(W PHGH), we continue to the next
levels of the anvil in precisely the same way. At each level i, we consider
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the quotient limit groups associated with auxiliary resolutions that are
associated with the tower containing all the levels up to level ¢ + 1. Then
we analyze the taut Makanin—Razborov diagrams of the limit groups as-
sociated with the various levels (from level 1 to level i — 1), and continue
only with those resolutions that are of maximal complexity in all these
levels, and the taut structures associated with their abelian decomposi-
tions are identical to those associated with the corresponding levels of the
anvil, Anv(WPHGH). Finally, we analyze the resolutions in the taut
Makanin—Razborov diagram associated with the i-th level according to
parts (1), (2), or (the first part of) (3), and continue iteratively.

Let MGQRes be a multi-graded resolution obtained by the above iter-
ative procedure. If there exists a level for which one of the parts (1)—(2)
applies, we set a graded resolution, that is essentially the resolution in-
duced by the image of the subgroup < y, hy,w,p,a >, and an anvil, with
the limit group associated with this level according to the part (1)—(2)
that applies to it.

To set the developing resolutions associated with the resolution
MGQRes, we first construct a resolution composed from the resolution
induced by the subgroup < y,h1,w,p,a > from the parts of the resolu-
tion MGQRes above the level for which parts (1) or (2) apply (i.e., the
parts that are of maximal complexity), followed by the graded resolution
constructed at that level according to part (1) or (2) (note that the
obtained resolution is graded with respect to the parameter subgroup
< hy,w,p >). We denote the terminal rigid or solid limit group of the ob-
tained graded resolution W PHGHG(g2, h1,w,p,a). Then we collect all
the formal solutions defined over the obtained (graded) resolution using
the graded formal Makanin—Razborov diagram. We set each of the graded
(not formal!) resolutions associated with the terminal limit groups in this
graded formal Makanin—Razborov diagram to be a developing resolution.
With each developing resolution we associate a family of formal solutions
encoded by the graded formal modular groups associated with the graded
formal resolution to which it belongs. We further associate with a devel-
oping resolution its terminal rigid or solid limit group, which we denote
WPHGHGH (hs, g2, h1,w, p,a).

With the developing resolution we associate a finite collection of anvils,
that are set to be the maximal limit groups corresponding to the group
obtained as the amalgamation of the completion of the multi graded resolu-
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tion M GQ Res, and the developing resolution, amalgamated along the sub-
group generated by the resolution induced by the subgroup
< y,hy,w,p,a > from MGQRes, and the image of the subgroup
< y,hi,w,p,a > in the limit group associated with the level in which part
(1) or (2) applies (i.e., precisely as we constructed the anvil in part (2)).
With the developing resolution and its associated anvil, we naturally asso-
ciate a family of formal solutions, =, (f,v, hs, g2, h2, g1, h1,w, p, a), param-
eterized by the graded formal modular groups associated with the graded
formal resolution associated with the developing resolution and the anvil.
With the anvil we further associate the terminal rigid or solid limit groups,
WPHGHG and WPHGHGH, that were used in the construction of the
developing resolution.

If all the abelian decompositions associated with the multi-graded reso-
lution used for the construction of the developing resolution are of maximal
complexity, i.e., if none of the parts (1)—(2) applies to any of these multi-
graded resolutions, we reach a terminal state of our branching process. In
this case, we do not include the obtained multi-graded resolution in our
list of multi-graded resolutions and their associated anvils and developing
resolutions with which we continue to the next step of the procedure. We
just associate with the obtained multi-graded resolution its terminal rigid
or solid limit group WPHGHG (g2, h2, g1, h1,w,p,a).

| Anv(WPHGH)

Quhwpa) [ | | AnMGORes)
Starting with the anvils, Anv(WPHGH), their associated developing res-
olutions, and the auxiliary resolutions and quotient limit groups associated

with them, we have constructed a finite collection of multi-graded resolutions,
MGQRes, developing resolutions and anvils, Anv(MGQRes)(t,y, w,p, a). With
each couple of a developing resolution and an anvil, we have associated a family
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of formal solutions defined over them, and parameterized by the modular groups
associated with the graded formal resolution associated with the developing
resolution.

As in the initial step of the iterative procedure, to complete the data-structure
with which we continue to the next step, we still need to associate with each
anvil, Anv(MGQRes), a finite collection of auxiliary resolutions and auxiliary
modular groups (see Definition 2.1). Once the auxiliary resolutions are defined,
we are able to get the new quotient limit groups which collect all the special-
izations that remain after applying the families of formal solutions we have
collected and the auxiliary modular groups, precisely as we did before starting
the first step of the procedure.

Definition 2.6: Recall that the developing resolution has the structure of a
completed resolution, and the subgroup associated with each level of the de-
veloping resolution is naturally mapped into the subgroup associated with the
corresponding level in the anvil, Anv(MGQRes).

With the anvil, we associate a taut multi-graded Makanin—-Razborov diagram
of the limit group associated with the tower that contains all the levels up to level
2, with respect to the non-QH, non-abelian vertex groups and edge groups in the
(given) multi-graded abelian decomposition associated with the limit group that
appears in the top level of the anvil, Anv(MGQ Res). Similarly, with each level
¢ in the anvil, we associate a multi-graded taut Makanin—Razborov diagram of
the limit group associated with the tower that contains all the levels up to level
1+ 1, with respect to the non-Q H, non-abelian vertex groups and edge groups in
the (given) multi-graded abelian decomposition associated with the limit group
that appears in the i-th level in the anvil (cf. Definition 2.1).

We call each of the resolutions in these multi-graded diagrams a (multi-
graded) auxiliary resolution, and its terminating solid or rigid limit group
a (multi-graded) auxiliary limit group, which we denote Auxz(MGQRes).
Naturally, with each auxiliary resolution we associate its modular groups, which
we call auxiliary modular groups. In the sequel, we call the auxiliary reso-
lutions associated with the tower containing all the levels up to level 2 (all the
levels except the top level), highest level.

QH and abelian vertex groups in the abelian decomposition associated
with the limit group, Aux(WPHGH), that is associated with the anvil,
Anv(WPHGH), with which we started the first step, are considered “formal”
along the analysis of a quotient resolution, i.e., it is possible to act on them
with their modular group and still get a specialization that factors through the
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corresponding quotient limit group. When we construct the auxiliary resolution
and modular groups associated with a quotient resolution, the @QH and abelian
vertex groups associated with both the previous auxiliary limit group and the
newly constructed one are considered “formal” in the same way.

The collection of multi-graded resolutions, M GQ Res, the developing reso-
lutions and the anvils, Anv(MGQRes), associated with them, the families of
formal solutions defined over them, and their collections of auxiliary resolutions,
limit groups, and modular groups, together with the data-structure constructed
before starting the first step of the procedure, form the data-structure obtained
as a result of the first step.

At this stage we continue in a similar way to what we did before starting the
first step of the procedure. Given an anvil, Anv(MGQRes), and an auxiliary
resolution, we look at the entire set of rigid or strictly solid specializations of
the associated auxiliary limit group (Definition 2.6), and their extensions to
specializations of the anvil, for which for the entire family of formal solutions,
zo(t,y,w,p, a), associated with the anvil (i.e., associated with the graded formal
resolution that is associated with the developing resolution associated with the
anvil), and for each element g in the auxiliary modular group associated with
the given auxiliary resolution, ¥;(z+(¢s(t,y, w,p, a)),y, w,p,a) = 1 for at least
one of the equations #; in the system (of inequalities) ¥(z,y,w,p,a) # 1 used
to define the set EAE(p). By the standard argument presented in section 5
of [Sel], the entire collection of such (extended) specializations, (¢,y,w,p,a), is
contained in a finite set of maximal graded limit groups (that are all quotients
of the anvil, Anv(MGQRes)),

QQRliml(tv Y, h17 w,p, a)7 RS QQRZ’L’ITLUQ (t7 Y, h17 w,p, a)7

which we call (second) quotient limit groups. Note that with each such
limit group there is an associated anvil, Anv(MGQRes), and an associated
auxiliary resolution. The quotient limit groups we constructed, that collect
(uniformly) all the remaining y’s for every specialization of the parameter sub-
group < w,p,h; >, and their associated data-structure, are the input for the
next step of the iterative procedure.

II. THE GENERAL STEP. In the initial and first steps of the iterative procedure
for analyzing the set EAE(p) we have finally obtained a data structure with
finitely many developing resolutions and anvils, and their associated graded for-
mal resolutions, and auxiliary resolutions and limit groups. With a developing
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resolution and its associated anvil we have associated a family of formal solu-
tions encoded by a graded formal resolution and defined over the developing
resolution, which is mapped into the anvil. After presenting the initial and first
steps, we finally present the general step of the procedure for analyzing the set
EAE(p), and then prove it terminates after finitely many steps.

We define the general step of the procedure inductively. For brevity, we
denote the multi-graded resolutions that were obtained in the previous steps of
the procedure, MGQ™ Res(t,y, hi,w,p,a), where m is the index of the step in
which they were constructed. With each such multi-graded quotient resolution
there is an associated developing resolution, graded formal resolution, (multi-
graded) auxiliary resolution and limit group, and an anvil, which we denote
Anv(MGQ™Res)(t,y, hi,w,p,a). We start the general step of our iterative
procedure for the analysis of the set EAFE(p) with the (finite) collection of
multi-graded quotient resolutions constructed in the previous step, and their
associated developing resolutions, graded formal resolutions, anvils, and (multi-
graded) auxiliary resolutions and limit groups.

The ultimate goal of the general step of the iterative procedure is to obtain
either a strict reduction in the complexity of certain decompositions and res-
olutions, or a strict reduction in the Zariski closures of certain limit groups
associated with the anvils constructed in the previous steps of the procedure.
The strict reduction in complexity and Zariski closures will finally guarantee
the termination of the iterative procedure after finitely many steps.

Since we treat the anvils in parallel, we present the general (n-th) step of
the procedure with one of the anvils, Anv(MGQ"™ ' Res)(t,y, h1,w,p,a). With
each anvil we have associated a family of formal solutions x (¢, y, w, p,a) (that
are defined over the developing resolution that is mapped into the anvil, and
parameterized by the graded formal resolution associated with the develop-
ing resolution). Starting with the anvil, Anv(MGQ" ' Res)(t,y, h1,w,p,a), we
impose the family of formal solutions x/(t,y,w,p,a) associated with the cor-
responding closure of the developing resolution. Fixing an auxiliary resolution
associated with the anvil (see Definitions 2.1 and 2.6), we also use the auxiliary
modular groups associated with it.

Given the anvil, Anv(MGQ™ ' Res), and an auxiliary resolution associated
with it, we look at the set of multi-graded rigid or strictly solid specializations
of the auxiliary limit group, that can be extended to specializations

(t07y07h1(0)7w07p070’)

which factor through and are taut with respect to the resolutions associated
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with the anvil, Anv(MGQ" 'Res)(t,y,h1,w,p,a), for which for the entire
family of formal solutions, x,(t,y,h1,w,p,a), associated with the anvil (i.e.,
associated with the graded formal resolution that is associated with the de-
veloping resolution associated with the anvil), and for each element g in
the auxiliary modular group associated with the given auxiliary resolution,
Yi(za(pp(t,y, hi,w,p,a)),y, w,p,a) =1 for at least one of the equations ¢; in
the system (of inequalities) ¥(z,y,w,p,a) # 1 used to define the set EAE(p).
By the standard argument presented in section 5 of [Sel], the entire collec-
tion of such (extended) specializations, (¢,y,hi,w,p,a), is contained in a fi-
nite set of maximal graded limit groups (that are all quotients of the anvil,
Anv(MGQ" ! Res)):

Qanlml(tv Y, h17 w,p, a)7 AR Q"Rlzmun (t7 Y, h17 w,p, a)7

that we call (n-th) quotient limit groups. Note that with each such limit
group there is an associated anvil, Anv(MGQ™ ! Res), a developing resolution,
and an associated auxiliary resolution.

The quotient limit groups we constructed, that collect (uniformly) all the
remaining y’s for every specialization of the parameter subgroup < hi,w,p >,
and their associated data-structure, are the input for the next (n-th) step of the
iterative procedure. Since our analysis of these (n-th) quotient limit groups is
conducted in parallel, we will omit the indices from these (n-th) quotient limit
groups and denote them Q™Rlim(t,y, hy,w,p,a).

We construct the data-structure and developing resolutions associated with
the anvil and the n-th quotient limit group Q™Rlim(w,y,a) iteratively, in a
similar way to our analysis of quotient resolutions in the general step of the pro-
cedure for validation of a sentence, presented in section 4 of [Se4]. The analysis
we carry out in the general step depends on the structure of the (previously con-
structed) data-structure, the developing resolutions, auxiliary resolutions, and
the multi-graded resolutions constructed in the previous steps of the procedure
(note that the construction depends on all the previous steps and not only the
last steps). As in the initial and first steps of the procedure, our aim is to obtain
a strict decrease in either the Zariski closure or the complexity of the resolution
associated with some level of the data structure we construct.

We start the analysis of the remaining set of y’s by analyzing those n-th quo-
tient limit groups, Q™ Rlim/(t,y, hi,w,p, a), that are associated with the anvils
we constructed, and with auxiliary resolutions associated with the tower con-
taining all the levels in those anvils except the top level (i.e., the highest level
auxiliary resolutions).
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As parts (1)—(4) of the general step of the procedure indicate, we will ana-
lyze only multi-graded resolutions of these quotient limit groups that are not
of maximal complexity, i.e., resolutions which do not contain a single level with
abelian decomposition that has the same structure as the abelian decomposition
associated with the top level of the associated anvil, Anv(MGQ™ *Res). To
analyze (specializations that factor through) multi-graded resolutions of maxi-
mal complexity, we will need to use the quotient limit groups associated with
auxiliary resolutions that are not of highest level (this is done in part (5) of the
general step of the procedure).

(1) Let Q" Y(y,h1,w,p,a) be the restricted limit group generated by

< y,hi,w,p,a > in the n — 1 quotient limit group,

Qn_lRlim(tv Y, hlv w,p, a’)'

Let Q™(y, h1,w,p,a) be the limit group generated by < y,hi,w,p,a >
in the mn-th quotient limit group Q™Rlim(t,y,hi,w,p,a). If
Q" (y, h1,w,p,a) is a proper quotient of the subgroup Q™ *(y, hy,w,p,a),
we continue this branch of the iterative procedure, by starting the initial
step of the procedure with the graded limit group Q"(y,hi,w,p,a)
instead of the graded limit group Q™ (y, hy,w,p,a).

Note that in continuing this branch of the procedure, we need to ana-
lyze only those resolutions in the graded taut Makanin—Razborov diagram
of Q"(y, h1,w,p,a) that are not of maximal complexity, i.e., that the un-
graded resolutions associated with them do not correspond to the entire
free group F),.

(2) At this stage we may assume that Q"(y,hi,w,p,a) is isomorphic to
Q" (y,hi,w,p,a). Along the process used to construct the anvil,
Anv(MGQ" ' Res)(t,y, h1,w,p,a), we enlarge the parameter subgroups
each time the complexity of the abelian decomposition associated with the
top level of the corresponding multi-graded quotient resolution is being re-

duced. At step m, 1 <m <n — 1, we set the parameter subgroups to be
(In) (m)

sUs(m)

Bases\", ..., Base; , and the corresponding multi-graded quotient

)

resolution to be

MGQmRes(tm,y,BasegfIn), ceey Bases™ a),

2,Va(m)’

where s(m) is the number of places in which the parameter subgroups
were enlarged along the process (up to step m), and the subindex 2 in-
dicates that the parameters are associated with the second level of the
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multi-graded resolution.

For each index s, 1 < s < s(n — 1), we set f(s) to be the mini-
mal index m, 1 < m < n — 1, for which s = s(m), and {(s) to be
the maximal index m for which s = s(m). For each couple of indices
m1,ma, 1 <my <my <y let QM2 (tm,,y,a) = Q™% (tm,, Y, b1, w,p, a)
be the subgroup generated by < t,,,,y,h1,w,p,a > in the limit group
Q"™ Rlim(ty,,y,a) = Q™2 Rlim(t,,,y, h1,w,p,a).

In this part of the general step we assume that the multi-graded quotient
resolution MGQ" ! Res(t,y, Base;f?fl)7 cee Base;f;:nlzl) ,a) is of maxi-
mal complexity.

Suppose that for some index s, 1 < s < s(n —1) = 1, Q"(tys),y,a)
is a proper quotient of QZ(S)(tg(s),y,a), and let s be the minimal
index for which this happens. Then we omit the n-th limit group
Q" Rlim(t,y, hi,w,p,a) from our list of n-th quotient limit groups, and
replace it by going back to the ¢(s)-th step of the iterative procedure,
and start it with the limit group Q"(t,.),y,h1,w,p,a) instead of the
{(s)-th limit group Q‘z(s)Rlim(tg(s),y7hl,w,p7 a) used in the ¢(s)-th
step of the process that leads to the construction of the anvil,

Anv(MGQ" ' Res)(t,y, hi,w,p, a).

Since, by definition of the index {(s), the parameter subgroups were en-
larged at step £(s) + 1, in analyzing the quotient limit group

Qanlm(tZ(s)v Y, hi,w,p, a)v

we need to take into account only those multi-graded quotient resolu-
tions which are not of maximal complexity, i.e., only those multi-graded
quotient resolutions which do not have a single level with a multi-graded
abelian decomposition with the same structure as the abelian decomposi-
tion associated with the top level of the multi-graded quotient resolution

MGQZ(S)71Res(tg(s),17 v, Basegff(s)fl)7 o ,Baseg(z(s)fl) a)

yWs(l(s)—1)

used in the process of the construction of the anvil,
Anv(MGQ™ ' Res)(t,y, h1,w,p, a).

Suppose that for s(n — 1) — 1 (hence, for every index s,
I < s < s(n—1) = 1), Q" (tys),y,h1,w,p,a) is isomorphic to
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Q‘f(s)(tg(s),%hl,w,p7 a). We set s(n) = s(n — 1). Let
MGQ" Res(t,y, Basegf?), ey Base;(g) ,a), ceey

MGQnRes (’lU y,Base2( )7. Bases(n)(n),a)

be the multi-graded resolutions in the multi-graded taut Makanin—
Razborov diagram of Q™RIlim(t,y, hi,w,p,a) with respect to the param-

eter subgroups Basegf?), . BaseQ(U) We will treat the multi-graded
quotient resolutions MGQ”Resj(ty,BaseQEl), e ,Basegfvs)(n)7 a) in par-

allel, hence we omit their index.
If there exists a QH vertex group @ in the abelian decomposition
associated with the top level of the {(s(n) — 1) quotient resolution

MGQ =Y Res(tyy(ny—1),y, Bases )", ... Bases) ™

for which the sequence of abelian decompositions inherited by @ from the
various levels of the multi-graded resolution

MGQ"Res(tn,y, Basegf?)7 . Bases(n)(n) ,a)

is not compatible with the specified collection of s.c.c. on the QH vertex
group @ that is mapped to the trivial element in the second level of the
{(s(n) — 1) quotient resolution

MGQE(S(”)A)Res(tg(s(n),l), v, Base;f?)fl, R Base™ ! a),

2,Vs(n)—1"
we omit the multi-graded resolution
MGQ"Res(tn, vy, Basegf?), . Bases(n)(n) ,a)

from our list of multi-graded resolutions.

By Proposition 2.3, the complexities of the abelian decompositions asso-
ciated with the various levels of each of the n-th multi-graded quotient res-
olution MGQ"Res(t,y,Base;gL), . Bases(n) ,a) are bounded by the
complexity of the multi-graded quotient abehan decomposition associated
with the top level of MGQ"flRes(t,y,Base;E?_l) Base;(n nl)l),a),
and if the complexity of the abelian decomposition assoaated with some
level of MGQ"Res(ty,BaseSEf)7 . Bases( )( ),a) is equal to the com-
plexity of the abelian decomposition assoaated with the top level of

MGQ" ' Res(t,y, Baseéf{b_l), cee, Base;(g:lz ),a),
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then the n-th multi-graded quotient resolution

MGQ"Res(t,y, Basegf?)7 e ,Baseg(n)( ),a)

7v5 n

has only one level above the terminating solid or rigid limit group, and the
structure of the abelian decomposition associated with this level is identi-
cal with the structure of the abelian decomposition associated with the top
level of MGQ™ ! Res(t,y, Base;f?fl)7 cee Basesfn:nlzl) ,a). In this part of
the n-th step of the procedure, we will also assume that the complexities of
the abelian decompositions associated with the various levels of the n-th
multi-graded quotient resolution

MGQ"Res(t,y, Basegf?)7 . ,Baseg(n) a)

yWs(n)’

are strictly smaller than the complexity of the abelian decomposition as-
sociated with the top level of the multi-graded quotient resolution

MGQ" ' Res(t,y, Basegf?_l), A Base;;:nlzl) ,@).

We treat the n-th multi-graded quotient resolution

MGQ"Res(t,y, Basegf?), e ,Baseg(n) a)

»Us(n)

according to part (4) of step n — 1 of the iterative procedure.

At this stage we may assume that Q"(y,hi,w,p,a) is isomorphic to
Q" (y,hi,w,p,a). At this part we assume that the n — 1 multi-graded
quotient resolution MGQ"‘U’-Zes(t,gLBaseéf{“”7 . .7Base;f;:21)7a) is
not of maximal possible complexity.

Suppose that for some index s, 1 < s < s(n — 1), Q"(tys),y,a) is
a proper quotient of Q) (te(s),y,a), and suppose that s is the mini-
mal index for which this happens. Then we omit the n-th limit group
Q" Rlim(t,y, hi,w,p,a) from our list of n-th quotient limit groups, and
replace it by going back to the ¢(s)-th step of the iterative procedure,
and start it with the limit group Q"(ty(s),y,a), the subgroup generated
by < ty(s),y,a > in the n-th quotient limit group Q™ Rlim(t,y, hi,w, p,a),
instead of the ((s)-th limit group Q‘Z(S)Rlim(tg(s),%h17w7p, a) used in
the ((s)-th step of the process that leads to the construction of the anvil,
Anv(MGQ" ' Res)(t,y, h1,w,p,a). Since, by definition of the index {(s),
in case {(s) < m — 1 the parameter subgroups were enlarged at step
((s) + 1, and in case ¢(s) = n — 1 the multi-graded quotient resolution
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MGQ" ' Res(t, y, Base;gkl% o Base;f;:nlzl) ,a) is not of maximal pos-

sible complexity, in analyzing the quotient limit group
Qanzm(tZ(s)7 Y, h17 w, p, Cl)

we need to take into account only those multi-graded quotient resolutions
that are not of maximal complexity, i.e., only those multi-graded quotient
resolutions which do not have a single level with a multi-graded abelian
decomposition with the same structure as the abelian decomposition as-
sociated with the top level of the multi-graded quotient resolution

MGQZ(S)*lReS(tg(S)_l, Y, Basegff(s)_l), . ,Baseg(l(s)_l) a)

yUs(e(s)—1)

used in the process of the construction of the anvil,
Anv(MGQ™ ' Res)(t,y, h1,w,p, a).

In this part we may assume that the multi-graded quotient resolution
MGQ™ ' Res(t,y, Base;f?fl)7 cee Base;f;:nlzl) ,a) is not of maximal

complexity, and that Q"(tn—1,y,h1,w,p,a) is isomorphic to

Q" Y(tn_1,y,h1,w,p,a). We set s(n) = s(n — 1) + 1, and the parameter
s(n)

s(n)
subgroups Base, ;”, ..., Base,,,

| to be the non-abelian, non-Q) H vertex
groups in the abelian decomposition associated with the top level of the
anvil, Anv(MGQ" 'Res). Let

MGQ"Res (t,y, Basegf?), ey Base;(n) a,...,

sVUs(n)?

MGQ”ReSq(wv Y, BaS@;SIL)7 Cey BaSeS(TL) '’ Cl)

be the resolutions in the taut multi-graded Makanin—Razborov diagram
of Q" Rlim(t,y, h1,w,p,a) with respect to the parameter subgroups

(n)

S s(n
Basey ;7 ... ,BaseQ( )

yVs(n)

We analyze the n-th multi-graded quotient resolutions

MGQ"Res;(t,y, Base;f?), .. ,Baseg(n) , )

Vis(n)
in parallel, hence we will omit their index.
If there exists a QH vertex group @ in the abelian decomposition asso-
ciated with the top level of the n — 1 = ¢(s(n) — 1) quotient resolution
MGQZ(S(”)*1)Res(tg(s(n)_1),y, Basegf?)_l, ceey Bases™W ! a)

2,Vs(ny—1"
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for which the sequence of abelian decompositions inherited by @ from the
various levels of the multi-graded resolution

MGQ"Res(tn, vy, Basegf?), ceey Basegfg(m ,a)

is not compatible with the specified collection of s.c.c. on the QH vertex
group @ that are mapped to the trivial element in the second level of the
n —1={(s(n) — 1) quotient resolution

1 s(n)—1 a)

. .7Ba8627vs(n)71,

MGQZ(S(n)fl)Res(tz(s(n)fl)7 v, Base;f?)_
we omit the multi-graded resolution
MGQ"Res(tn, vy, Basegf?), ceey Base;%s)(n) ,a)

from our list of multi-graded resolutions.
In this part we will also assume that the n-th multi-graded quotient
resolution
MGQ" Res(t,y, Basegfn), e ,Basegfﬁe)(") ,a)

is not of maximal possible complexity, i.e., it does not have a single level
with a (multi-graded) abelian decomposition identical with the abelian de-
composition associated with the top level of the multi-graded quotient res-
olution MGQ" ' Res(t,y, Basegf?), ey Basegfﬁlm,a). The case of max-
imal complexity will be treated in the next part of the general step. To
treat an n-th multi-graded quotient resolution which is not of maximal
possible complexity we need the following observation, which is similar to
Proposition 2.4.

LEMMA 2.7: Let MGQ"Res(t,y, Base;f?), e ,Basegf;?(") , @) be an n-th multi-
graded quotient resolution that is not of maximal complexity. By construction,
the limit group Q™ (¢t,—1,y, h1,w,p, a) is mapped into the limit group associated
with each of the levels of the multi-graded quotient resolution M GQ™Res. Let
QL (tn—1,y, h1,w,p,a) be the image of Q™ (tn_1,y, h1,w,p,a) in the terminal
(rigid or solid) limit group of MGQ™Res.

Then the multi-graded resolution M GQ™Res can be replaced by two finite col-
lections of multi-graded resolutions, that are all compatible with the top level of
the resolution M GQ'(") =Y Res associated with the anvil, Anv(MGQ" ' Res),
and are all obtained from MGQ"Res by adding at most a single (terminal)
level. Furthermore, all the resolutions in these collections are not of maximal
complexity.
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We denote each of the resolutions in these collections, MGQ™ Res.

(i) In the first (possibly empty) collection of multi-graded resolutions,
the image of the subgroup Q™(tn—1,y,h1,w,p,a) in the terminal limit
group of MGQ™ Res, Q%,,..(tn_1,y,h1,w,p,a), is a proper quotient of
Q"(tn—1,y,h1,w,p,a).

(ii) In the second (possibly empty) finite collection of multi-graded resolu-
tions, the terminal limit group of MGQ™ Res is either a rigid or a solid
limit group with respect to the parameter subgroup < hi,w,p >, i.e.,
the terminal limit group is rigid or solid with respect to the parameter
subgroup < hi,w,p >, and not only with respect to the multi-grading
with respect to the subgroups Basegff), . Basef,gﬁ?), that was used in
the construction of the resolution, MGQ™Res.

Proof: The argument is a modification of the argument used to prove Propo-
sition 2.4. We may assume that the image of Q"(¢,—1,y,h1,w,p,a) in the
terminal limit group of MGQ"Res, Q7 (tn—1,Y, h1,w,p, a), is isomorphic to
Q" (tn—1,y,h1,w,p,a).

With the terminal limit group MGQ"Term(t,,y,hi,w,p,a), which is
assumed to be (multi-graded) rigid or solid with respect to the subgroups
Bctstz;(?)7 e Basef,gﬁ?)7
taut Makanin-Razborov diagram with respect to the parameter subgroup

we associate the resolutions that appear in its graded

< hy,w,p,>. We treat these resolutions in parallel, so let
GTRQS(t,,“ Y, h17 w,p, Cl)

be one of these resolutions. By construction, the resolution GT Res terminates in
a rigid or solid limit group with respect to the parameter subgroup < hy,w,p >.

Let QF,,(tn—1,¥, h1,w, p,a) be the image of Q™ (t,—1,y, h1,w, p, a) in the limit
group that is associated with the top level of the graded resolution GT Res. If
Qtop(tn-1,Y,h1,w,p,a) is a proper quotient of Q" (t,—1,y, k1, w,p,a), part (i)
of the proposition holds. If the graded resolution GT Res has a single level, i.e.,
if the limit group associated with its top level is rigid or solid with respect to
< hi,w,p >, part (ii) of the proposition holds. Hence, we may assume that
Q7 1s isomorphic to @™, and GT Res has more than a single level.

Let Ayp be the (essential) graded abelian decomposition associated with
the top level of the graded resolution GT Res(tn,y,h1,w,p,a) (graded with
respect to the subgroup < hi,w,p >; see definition 1.8 in [Se3] for an es-
sential decomposition). Qf,,(t,—1,h1,w,p,a) inherits an (essential, graded)
abelian decomposition from Ay,,. Since Q,,(tn—1,h1,w, p,a) is isomorphic to
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Q" 'Rlim(tn_1,h1,w,p,a), the non-QH, non-abelian vertex groups and edge
groups in the (essential) graded abelian JSJ decomposition of
Q" 'Rlim(tn_1,h1,w,p,a) with respect to the parameter subgroup
< hi,w,p,a > have to be elliptic in the graded abelian decomposition inherited
by QF,,(tn—1,h1,w,p,a) from Ay

The auxiliary limit group Aux(MGQ" ! Res), being a subgroup of the anvil,
Anv(MGQ" ! Res), is naturally mapped into the limit group associated with
the top level of GT' Res. Let A4y, be the (essential) abelian decomposition
associated with the auxiliary limit group (that is associated with the anvil,
Anv(MGQ" ' Res)), Auz(MGQ" 'Res). By construction, A4y, is multi-
graded with respect to the non-abelian, non-Q H vertex groups, and edge groups
in the abelian JSJ decomposition of Q™ Rlim(t, 1, hi,w,p,a). Since the non-
abelian, non-Q H vertex groups and edge groups in the (essential) graded abelian
JSJ decomposition of Q" 1 Rlim(t,_1,h1,w,p,a) are elliptic in A,p, if a non-
abelian, non-QH vertex group or an edge group in A 4, is not elliptic in A4y,
lemma 1.9 in [Se3] implies that the restriction of the specializations that factor
through GT Res to the auxiliary limit group, Auz(MGQ" !Res), are neither
rigid nor strictly solid, so we may remove the graded resolution GT Res from
our list of graded resolutions.

(n)
s(n)

free decomposition of the auxiliary limit group, Auxr(MGQ" 'Res), with

(n)

Each of the subgroups Base;1 ,...,Basey." isafactor in the (multi-graded)

respect to the non-QH, non-abelian vertex groups and edge groups of

Q" *Rlim(t,_1,h1,w,p,a). Hence, each subgroup Base;g}) inherits an abelian

decomposition from A 4., which is a subgraph (of groups) of A,,. We set
Oterm to be the abelian decomposition obtained from the multi-graded abelian

decomposition associated with the terminal level of MGQ™Res (which is multi-
graded with respect to the subgroups Base;f?)7 ey Basef,gﬁ?) ), by replacing
(n)
J

(possibly degenerate) graph of groups obtained from the abelian decomposition

associated with Base;(?)

’

each of the vertex groups stabilized by one of the subgroups Base, .’ with a
in Agyz. Oterm is the multi-graded abelian decom-
position of the terminal limit group of MGQ" Res, MGQ"Term, with respect
to the non-abelian, non-QH vertex groups and edge groups in the (essential)
graded abelian JSJ decomposition of Q%,... (tn—1, h1,w,p,a) (which is assumed
to be isomorphic to Q"' Rlim/(t,_1, h1,w,p,a)).

If any of the non-abelian, non-Q H vertex groups or any of the edge groups

in the multi-graded abelian decomposition e, is not elliptic in the graded
abelian decomposition A¢,,, then the specializations that factor through the
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graded resolution GT Res are neither rigid nor strictly solid specializations of the
terminal limit group, M GQ"T erm, of the multi-graded resolution, M G(Q Res.
Hence, in this case we may omit the resolution GT Res from our list of graded
resolutions.

We continue iteratively along the levels of the graded resolution GT Res,
and conclude that if the resolution GT Res was not removed from our list of
graded resolutions, then as long as the image of Q" *Rlim(t, 1,vy,h1,w,p,a)
in the limit group associated with some level j is isomorphic to
Q" *Rlim(tn_1,y, h1,w,p,a), then the images of all the non-Q H, non-abelian
vertex groups and the edge groups in the abelian decomposition O¢¢py,, in the
graded abelian decomposition associated with level j in GT Res, are elliptic.

Therefore, either we get to the terminal level of GT Res, which is rigid or solid
with respect to < hy,w,p > (possibility (ii) in the proposition), or we get to some
level 7, for which the image of Q"' Rlim(t,_1,y, h1,w,p,a) in the limit group
associated with that level is a proper quotient of Q"' Rlim(t,_1,y, h1,w,p, a)
(possibility (i) in the proposition). Furthermore, since the non-abelian, non-Q H
vertex groups and edge groups in Oy, are mapped to elliptic subgroups in all
the levels until level j of GT Res, the modular groups associated with Oepm,
are sufficient to map the terminal limit group of M GQRes, MGQT erm, onto
the limit group associated with level j of GT Res, hence MG Q) Res needs to be
extended in at most a single level.

If the image of Q" 'Rlim(t,_1,y,h1,w,p,a) in the limit group associated
with level j in GT Res is a proper quotient of Q"' Rlim(t,_1,y, h1,w, p,a), then
it is enough to use the modular groups associated with M GQTerm as a multi-

graded rigid or solid limit group with respect to Basegf?), .. .,Base;fﬁg(”),

to
map MGQTerm onto a limit group in which the image of Q™ (¢,,—1,y, h1,w,p, a)
is a proper quotient of it. This allows one to continue viewing the QH and
abelian vertex groups in the multi-graded abelian decomposition of the auxiliary
limit group, Auz(MGQ™ ! Res), as “formal”, i.e., we can still act on them with
their associated modular groups in the terminal limit groups as well, a point of

view that is adapted throughout the whole iterative procedure.

If the limit group associated with level j in GT Res is rigid or solid with respect
to < hi,w,p >, then we use this terminal limit group to express the rigid or
strictly solid families associated with it. Still, in this case, the terminal level of
the obtained resolution M GQ'Res does really take part in the next steps of the
procedure (besides expressing the rigid or strictly solid families). Hence, for the
purposes of the next steps in the procedure, we are allowed to continue viewing
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the QH and abelian vertex groups in the multi-graded abelian decomposition
associated with the auxiliary resolutions that are associated with the anvil,
Anv(MGQ" ! Res), and were constructed in previous steps of the procedure,
as “formal”. |

By Lemma 2.7 under the assumptions of part (4), we can either drop the n-
th multi-graded quotient resolution M GQ™ Res from our list of n-th multi-
graded quotient resolutions, or we may replace it by finitely many multi-
graded resolutions, which for brevity we still denote M GQ™ Res, so that for
each resolution we may assume that either Q%.,.., (t¢(s(n)—1), ¥, b1, w,p, a)
is a proper quotient of Q" (ty(s(n)—1),¥,h1,w,p,a), or the terminal limit
group of the multi-graded resolution M GQ™Res is rigid or solid with re-
spect to the parameter subgroup < hi,w,p >. We continue with the
resolutions from the collection given in Lemma 2.7 in parallel, and con-
tinue to denote them MGQ" Res.

At this point we need the following lemma that is similar to Proposition
2.5.

LEMMA 2.8: Let MGQ™Res be an n-th multi-graded quotient resolution
which is not of maximal possible complexity. By construction, the limit group
Q" (t,y,h1,w,p,a) is mapped onto the limit group associated with each of the
levels of the multi-graded quotient resolution MGQ™Res. Let Q% (tp—1,y,a),
Q% (tn,y,a) be the images of the subgroups Q"(tn—1,y,h1,w,p,a),
Q" (tn,y,h1,w,p,a) in correspondence, in the limit group associated with
the second level of the multi-graded quotient resolution MGQ™Res. Then
QY (tn—1,y,h1,w,p,a) is a quotient of the subgroup Q™(t,,—1,y, h1,w,p,a), and
Q% (tn,y, h1,w,p,a) is a proper quotient of the subgroup Q™ (t,,y,h1,w,p,a).

Proof: The claim of the lemma is a basic property of a multi-graded resolution.
]

Suppose that Q%(y, hi,w,p,a) is a proper quotient of Q™(y, hy,w,p,a).
In this case we modify the procedure used in part (2) of the first step of
the procedure. We decrease the parameter subgroup to be < hy,w,p >,
and associate with Q% (y, hy,w,p,a) its taut graded Makanin—Razborov
diagram with respect to the parameter subgroup < hy,w,p >

GQResl(% h17w7p7 a’)v s 7GQR€St(y7 h17w7p7 a’)'

We continue with each of the graded resolutions GQRes;(y, h1,w, p,a) in
parallel.
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If the subgroup generated by < y, hy,w,p,a > in the limit group asso-
ciated with the resolution GQRes;(y, h1,w,p,a) is a proper quotient of
Q% (y, h1,w,p,a), we replace the graded resolution GQRes;(y, hi,w,p, a)
by starting part (4) of the the general step with the multi-graded res-
olution obtained from MGQ™Res, by replacing its second limit group
Q% (t,y, h1,w,p,a) with the maximal limit groups obtained from all spe-
cializations that factor through both Q% (¢, y, h1,w, p,a) and the subgroup
generated by < wy,hi,w,p,a > in the limit group associated with
GQRes;(y, hi,w,p,a). If the subgroup generated by < t,y,w,p,a > in
the obtained (one level) resolution, QRIlim/'(t,y, h1,w,p,a), is a proper
quotient of QRIlim(t,y, h1,w,p,a), we replace the obtained resolution by
starting the n-th step of our iterative procedure with the limit group
QRIlim/(t,y, h1,w,p,a) instead of the limit group QRIlim(t,y, hy,w,p,a),
and since the resolution M GQ"Res is not of maximal complexity, in an-
alyzing the limit group QRIlim'(t,y, h1,w,p,a) we need to consider only
those resolutions in its multi-graded Makanin-Razborov diagram that are
not of maximal possible complexity. Hence, for the rest of this part we
may assume that the subgroup generated by < y, h1,w, p,a > in the limit
group associated with GQRes;(y, h1,w, p, a) is isomorphic to the subgroup
generated by < y, hy,w,p,a > in Q%(t,y, hi,w,p, a).

Suppose that a graded quotient resolution GQRes;(y, h1,w,p,a) is of
maximal possible complexity, i.e., the limit group associated with it is of
the form < hi,w,p,a > *F,. Since the limit group Q3 (y, h1,w,p,a) is a
proper quotient of @™ (y, h1,w,p, a), and since the limit group

Q;L(yv hlv w,p, a’)

is naturally mapped onto the limit group < hy,w,p,a > xF), associated
with the graded resolution GQRes;(y, h1,w,p,a), the Hopf property for
limit groups implies that the subgroup generated by < hy,w,p,a > in the
limit group associated with GQRes;(y, h1,w, p,a) is a proper quotient of
the limit group generated by < hy,w,p,a > in Q™(y, h1,w,p,a). Hence,
we can replace the resolution GQRes;(y, h1,w,p,a) by starting the ini-
tial step of the procedure with the subgroup < hi,w,p,a > xF),, where
< hy,w,p,a > is the subgroup generated by these elements in the limit
group associated with GQRes;(y, h1,w,p,a). Since resolutions of maximal
possible complexity of the limit group @™ (y, h1,w, p, a) with respect to the
parameter subgroup < hi,w,p >, i.e., those corresponding to the entire
free group Fy, were already analyzed in the initial step of the procedure, we
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can omit a graded resolution GQRes;(y, h1,w, p,a) of maximal complex-
ity from our list of graded quotient resolutions {GQRes;(y, h1,w,p,a)}.
Hence, for the rest of this part we may assume that the graded resolution
GQRes;(y, hi,w,p,a) with which we continue is not of maximal possible
complexity.

Let CRes;(y,h1,w,p,a) be the graded resolution obtained from the
resolution induced by the subgroup < y, hy,w,p,a > from the top level
of the completion of the multi-graded resolution M GQ™ Res, followed by
the graded resolution GQRes;(y, h1,w,p,a) (see section 3 of [Se4] for the
construction of the induced resolution). If the subgroup generated by
< y,h1,w,p,a > in the limit group corresponding to the graded reso-
lution C'Res;(y, h1,w,p,a) is a proper quotient of Q" (y, h1,w,p,a), we
replace the graded resolution GQRes;(y, hi,w,p, a) by starting the initial
step of the procedure with the subgroup generated by < y, hy,w,p,a > in
the limit group corresponding to the resolution C'Res;(y, hi,w,p,a) and
treat only those graded resolutions of this limit group (with respect to
the parameter subgroup < hi,w,p >) that are not of maximal possible
complexity, i.e., those graded resolutions which do not cover ungraded
ones that correspond to the entire free group Fj. Hence, we may assume
that for the rest of this part, the subgroup generated by < y, hy,w,p,a >
in the limit group corresponding to C'Res;(y, h1,w,p,a) is isomorphic to
Q"(y,h1,w,p,a). In particular, we may assume that each of the graded
resolutions GQRes;(y, hi,w,p,a) in question is not of maximal possible
complexity.

We now treat each of the graded resolutions GQRes;(y, hi,w,p,a), and
their associated resolutions C'Res;(y, h1,w,p, a), in a similar way to our
treatment of multi-graded quotient resolutions in part (4) of the general
step of the iterative procedure for validation of a sentence, presented in
section 4 of [Se4]. Let W P(HG)" " (gp+1, h1,w,p,a) be the terminal rigid
or solid limit group of the graded resolution GQRes;(y, h1,w,p, a) (which
is also the terminal rigid or solid limit group of its associated resolu-
tion CRes;(y,h1,w,p,a)). We start by collecting all the formal solu-
tions defined over ungraded resolutions covered by the graded resolution
CRes;(y, hi,w,p,a). According to section 3 of [Se2], this collection of
formal solutions factors through a canonical collection of graded formal
limit groups. With each graded formal limit group we associate its graded
formal Makanin-Razborov diagram (as we did in section 3 of [Se2]). We
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continue with each of the graded formal resolutions that appear in these
diagrams in parallel.

Let GF Res(x, f,Y, gn+1, h1,w,p, a) be a graded formal resolution in one
of these diagrams, and let WP(HG)" " H(hyy2,gnt1,h1,w,p,a) be its
terminating rigid or solid (not formal!) limit group. With the graded
formal resolution GFRes(z, f,y, hnt2, gnt1, b1, w,p,a) we associate the
resolution GRes(f,y, hnt2, gn+1, 1, w, p,a), which is the graded (not for-
mal!) resolution associated with the terminal formal limit group of the
graded formal resolution GF Res(x, f,y, hn+a, gn+1, h1, w, p,a). Note that
the terminal rigid or solid limit group of the graded resolution GRes is
the (rigid or solid) limit group WP(HG)" " H (hpi2, gni1, h1,w,p,a) as
well.

We set the developing resolution to be the resolution

GReS(f, Y, hn+27 In+1, hla w, p, a’)'

We further set the anvils associated with the developing resolution to be
the (canonical) finite set of maximal limit quotients of the group obtained
as the amalgamated product of the completion of the developing resolution
and the completion of the top level of the multi-graded resolution

MGQ"Res(t,y, Basegf?)7 . ,Base;(n) ),a)

yVa(n

amalgamated along the top part of the developing resolution, which was
set to be the subgroup generated by the resolution induced by the sub-
group < y, h1,w, p,a > from the top level of M GQ™Res, and the subgroup
Q% (y, h1,w,p,a) (which is the image of @™ (y, h1,w, p, a) in the limit group
associated with the second level of MGQ"Res). We denote each of the
(finitely many) anvils Anv(MGQ™Res)(t,y,a). Note that the completion
of the developing resolution is canonically mapped into the anvil, hence
the formal solutions encoded by the graded formal resolution, GF Res,
that are defined over the developing resolution, can be naturally defined
over the anvil. With the anvil and its developing resolution we further
associate the terminal rigid or solid limit groups (graded with respect to
the parameter subgroup < hy,w,p >), WP(HG)"t! and WP(HG)" ' H.

Suppose that Q% (y,hi,w,p,a) is isomorphic to Q"(y,hi,w,p,a),
and Qg(tnflvyvhlvvav a’) is a proper quotient of Qn(tnflvyvhlvvav a’)'
We set s, 1 < s < s(n) — 1, to be the minimal index for which
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Qg(tf(s) 'Y, h17 w, p, Cl) is a proper qUOtient of Qn(tf(s) 'Y, h17 w,p, a)7 which
is assumed to be isomorphic to Q%) (tos)>y, h1,w,p,a). Let

MGQResi(tys),y, Bases 4, ..., Bases , ,a),...,
MGQResd(tg(s),y, Base;l, . ,Base;vﬂ ,a)

be the resolutions in the taut multi-graded diagram of
Q5 (tys),y, Bases ,, ..., Base; , ,a)

with respect to the parameter subgroups Bases 4, ..., Bases , .
Given a multi-graded resolution

MGQRes;(tys),y, Base; ,, ..., Base; , ,a),
we set the multi-graded quotient resolution
CRes;(tys), Y, Bases y, ..., Bases , ,a)

to be the multi-graded resolution obtained from the resolution induced by
the subgroup < ty),y,w,p,a > from the top level of the completion of
the multi-graded quotient resolution

MGQ"Res(t,y, Basegf?), ceey Base;(n) " a),

YUs(

followed by the multi-graded resolution
MGQResj(tg(s), y, Bases 4, ..., Basegﬁus,a).

If the subgroup generated by < ty),y,w,p,a > in the limit group
associated with the resolution CRes;(ty(s),y, Bases,, ..., Bases, ,a) is
a proper quotient of the ¢(s) quotient limit group

Ql(s) Rllm(tf(s)v Y, hlv w, p, a’)v

we set ¢, 1 < ¢ < s, to be the minimal index for which the subgroup
generated by < ty,),y,w,p,a > in the limit group associated with the
resolution C'Res;(ty(s),y, Bases |, ..., Base; , ,a) is a proper quotient of
the ¢(q)-th quotient limit group Q‘f(q)Rlim(tg(q)7y,h17w7p, a). We now
replace the multi-graded quotient resolution

MGQRes;(tys),y, Bases ,, ..., Base; , ,a)
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of the limit group associated with the second level of the multi-graded reso-
lution MGQ"Res(t, y, Basegf?)7 . ,Basegfgj(n) ,a), by starting the £(¢)-th
step of our process with the limit group generated by < ty),y,w,p,a >
in (the closure of) C'Res;(tys),y, Bases ,, ..., Bases , ,a), instead of the
limit group QZ(Q)Rlim(tZ(q), y, h1,w,p,a), which is assumed to be isomor-
phic to Q" Rlim(t(q),y, b1, w,p, a), and was used in the {(qg)-th step of the
procedure.

If there exists a QH vertex group () in the abelian decomposition

associated with the top level of the ¢(s — 1) quotient resolution

MGQ‘Z(S*DRes(tg(s,l),y7 Basegfll7 ...,BaseS> a)

2,vs—1
for which the sequence of abelian decompositions inherited by @ from the
various levels of the multi-graded resolution

CRes; (tg(s), Y, Base;l, cee Basegws,a)

is not compatible with the specified collection of s.c.c. on the QH vertex
group ) that are mapped to the trivial element in the second level of the
{(s — 1) quotient resolution,

MGQZ(Sfl)Res(tg(s_l), Y, Base;_ll, ...,Bases7' . a),

2,vs-1"
we omit the multi-graded resolution
MGQResj(t,;(s),y, Base;l, ce Basegws,a)

from our list of multi-graded resolutions.
Suppose that a multi-graded quotient resolution

MGQResj(t,;(s),y, Bases ;.. ., Basegws,a)

is of maximal possible complexity, i.e., that it has a single level with an
abelian decomposition of the same structure as the abelian decomposi-
tion associated with the top level of the multi-graded quotient resolu-
tion MGQZ(S)’lRes(tg(s)_l,y,Basegff(s)_l), e ,Baseg(l(s)_l) a). Each

Ws(b(s)—1)"
of the non-abelian, non-Q H vertex groups in the abelian decomposition

associated with the top level of the anvil,
Anv(MGQZ(S)ilReS) (tf(s) 'Y, h17 w,p, a’)v
is naturally mapped into the ¢(s) quotient limit group

QZ(S) (tf(s)v Y, hi,w,p, a)v
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which is assumed to be isomorphic to Q" (ts(s),¥y, h1,w,p,a). Since

Qn(tf(s) y Y, ha, w, p, a’)

is mapped onto Qg(tl(s) y Y, ha,w, p, a)v the image in Qn(tf(s)v Y, hi,w,p, a’)
of each of the non-abelian, non-Q H vertex groups in the abelian decom-
position associated with the top level of the anvil,

Anv(MGQZ(S)_lReS) (tf(s) 'Y, h17 w,p, a’)v
is naturally mapped into Q3 (ty(s),y, h1,w, p,a). Since

Q;(tf(s) y Yy ha, w, p, a’)

is assumed to be a proper quotient of Q"(ty(),y,h1,w,p,a), and the
abelian decomposition associated with the multi-graded resolution

MGQRes;(tys),y, Bases ;. . ., Basegws,a)

has a single level with an abelian decomposition of the same structure as
the abelian decomposition associated with the top level of the multi-graded
quotient resolution MGQ*®)~! Res, the map of the image in

Qn(tf(s) y Y, ha,w, p, a’)v

of at least one of the non-abelian, non-QH vertex groups in the abelian
decomposition of the anvil, ATL’U(MGQZ(S)_IRES)(Q(S), y, h1,w,p,a), into
Q3 (te(s),y, hi,w,p,a), is not a monomorphism.

Hence, in this case of MGQRes;(ty(),y, Bases ,, ..., Base; , ,a) being
a resolution of maximal possible complexity, we do the following. We set
the multi-graded quotient resolution

CResj(tys),y, Bases y, ..., Base; , ,a)

to be the multi-graded resolution obtained from the resolution induced
by the subgroup < ty(),y, h1,w,p,a > from the completion of the multi-
graded quotient resolution MGQ"Res(t,y, Basegf?), ceey Basegfg(m ,a),
followed by the multi-graded resolution

MGQRes;(tys),y, Bases ,, ..., Bases , ,a).

We set ¢, 1 < ¢ < s, to be the minimal index for which the subgroup
generated by < ty,),y,w,p,a > in (the closure of)

CRes; (tg(s), Y, Base;l, ce Basegws,a)
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is a proper qUOtient of Qn(tl(q)7 Y, h17 w, p, Cl) = Qf(q) (tf(q)7 Y, h17 w, p, Cl)
(by the above argument there must exist such an index ¢). We now replace
the multi-graded quotient resolution

MGQRes;(tys),y, Bases , ..., Base; , ,a)
of the limit group associated with the second level of

MGQ" Res(t,y, Basegf?), e ,Base;(n)( ),a)

7v5 n

by starting the ¢(g)-th step of our process with the limit group generated
by <tyq),y,w,p,a > in (the closure of)

ORBSj(tg(s),y, Base;l, cee, Basegws,a),
instead of the limit group
Qf(q)Rlim(tg(q)7y, hi,w,p,a) = Q" Rlim(tyq),y, h1,w,p, a)

used in the ¢(¢)-th step of the procedure. In analyzing the new £(g)-th
quotient limit group, we need to consider only its multi-graded resolutions
that are not of maximal complexity, as (multi-graded) resolutions of max-
imal possible complexity are analyzed in different branches of the iterative
procedure.

By the above argument, we may consider only those multi-graded
quotient resolutions, MGQRes;(tys),y, Bases y,...,Bases , ,a), which
are not of maximal possible complexity. In this case we analyze each
of the multi-graded quotient resolutions,

MGQRes;(tys),y, Bases , ..., Bases , ,a),

as we did in step £(s) of our iterative procedure. First, we associate with
the multi-graded resolution MGQRes(ty(),y, Bases ..., Base;, ,a) a
multi-graded resolution CRes(ty(s),y, Bases,, ..., Bases, ,a), obtained
from the resolution induced by the subgroup < ty(),y,a > from the top
level of the completion of the multi-graded resolution

MGQ" Res(t,y, Basegf?)7 . ,Baseg(n) a)

yWs(n)’

followed by the multi-graded resolution

MGQRes(tys),y, Bases 1,. .., Bases , ,a).
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If the multi-graded resolution CRes(t,g(s),%Baseg’l,...7Base§7us7a) is
not compatible with the collections of s.c.c. associated the various QH
vertex groups in the multi-graded abelian decomposition associated with
the top level of the multi-graded resolution

MGQ’Z(S_I)R(BS(tlg(s,l)7 v, Basegjll7 ...,Bases.! . a),

2,Ue-1"

we omit the multi-graded resolution
MGQRes(tys),y, Bases 1, ..., Bases , ,a)

from our list of multi-graded resolutions of QF.,.,, (t¢(s),y,a). Otherwise,
we continue as in step £(s) of the iterative procedure, and associate with
the multi-graded resolution MGQRes(ty(),y, Bases ..., Base;, ,a) a
canonical collection of graded resolutions that are induced by the (image
of the) subgroup < y, hi,w,p,a >, and their associated anvils.

As we did in part (4) of the general step of the iterative procedure
for validation of an AFE sentence in [Se4], given an anvil associated with
the graded resolution MGQRes(tys),y, Bases ,, ..., Bases , ,a), we set a
resolution IRes(u,y, h1,w,p,a) obtained from the resolution induced by
the subgroup < y, hy, w, p,a > from the top level of the n-th multi-graded
quotient resolution

MGQ"Res(t,y, Basegf?)7 . ,Baseg(n) a)

»Vs(n)’

followed by the resolution induced by the (image of the) subgroup
<y, hi,w,p,a >, that is associated with the anvil which is associated with
the multi-graded resolution MGQ Res(ty),y, Bases ,, ..., Bases , ,a).

We collect all the formal solutions defined over (ungraded resolutions
covered by the graded resolution) IRes(u,y, hi,w,p,a) in a taut graded
formal Makanin—-Razborov diagram. We set each graded (not formal!) res-
olution associated with a terminal graded formal limit group in this graded
formal Makanin-Razborov diagram (which is a graded closure of the res-
olution IRes(u,y,hi,w,p,a)) to be a developing resolution (see section
3 in [Se2] for the construction of a graded formal diagram). With each
developing resolution we associate a (graded) family of formal solutions
parameterized by the graded formal modular groups associated with the
graded formal resolution in the graded formal Makanin-Razborov diagram
that is associated with the developing resolution.

With each developing resolution we also associate a finite collection of
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anvils that we denote Anv(MGQ"Res). The anvils are set to be the fi-
nite collection of maximal limit quotients of the group generated by the
developing resolution, the corresponding closure of the top level of the
multi-graded resolution

MGQ" Res(t,y, Basegf?)7 . ,Baseg(n) a)

yWs(n)’

and the anvil associated with MGQRes(tys),y, Bases 4, ..., Bases , ,a),
where the top part of the developing resolution is identified with its image
in the (closure of the) top part of MGQ"Res, the tail of the developing
resolution (i.e., the developing resolution except its top part) is identified
with its image in the anvil associated with the resolution M GQ Res, and
the corresponding images of the subgroup Q% (t,(s),y, a) in the second level
of the completion of M GQ™Res and in the anvil associated with the multi-
graded resolution MGQRes(tg(s),%Baseg’l,...7Base§w57a) are identi-
fied as well. Since the developing resolution is mapped into the anvil,
Anv(MGQ"™Res)(t,y,a), the family of formal solutions associated with
and defined over the developing resolution is naturally defined over the
anvil as well.

We still need to consider the case in which both Q% (y, h1,w,p,a) is
isomorphic to Q™(y, h1,w, p,a), and Q% (t,—1,y, hi,w,p,a) is isomorphic
t0 Q" (tp—1,y, h1,w,p,a). In this case we continue to the next level of the
multi-graded quotient resolution

MGQ"Res(t,y, Basegfn), ceey Basegfg(m ,a).

If for some level 5 of the multi-graded resolution, the image of
Q"(y,h1,w,p,a) in the limit group associated with this level,
Q7 (y, h1,w,p,a), is a proper quotient of Q" (y, h1,w, p,a), or the image of
the limit group Q™(¢t,,—1,y, h1,w,p,a) in the limit group associated with
this level, Q7 (tn—1,y, h1,w,p,a), is a proper quotient of

Qn(t’n—l 'Y h17 w,p, a’)v

then from the highest such level j we can continue as in case
Q% (y,h1,w,p,a) is a proper quotient of Q"(y,hi,w,p,a), or
QY (tn-1,y,h1,w,p,a) is a proper quotient of Q"™ (t,—1,y, h1,w,p,a), and
associate with the multi-graded resolution

MGQ" Res(t,y, Basegf?), e ,Baseg(n) a)

»Us(n)’
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a finite collection of developing resolutions, anvils, and families of formal
solutions defined over each of the developing resolutions and its associated
anvil.

Finally, suppose that for every level j, the image of

Qn(t’n—h Y, h17 w,p, Cl)

in the limit group associated with the j-th level of the multi-graded resolu-
tion MGQ™Res(t,y, Base;f?), .. ,Basegfgj(n) ya), QF(tn-1,9,h1,w,p,a),

is isomorphic to Q" (t,—1,y, h1,w,p,a). In this case, by Lemma 2.7, the
terminal limit group of the multi-graded resolution

MGQ™Res(t,y, Basegf?)7 o Base;f;i)(n) , @),

QF o (t,y, b, w, p, a), is rigid or solid with respect to the parameter sub-
group < hy,w,p >.

We denote the terminal limit group of the multi-graded resolution
MGQ™Res, WP(HG)" ! (gni1, h1,w,p,a). Note that this terminal limit
group is rigid or solid with respect to the parameter subgroup < hy,w,p >.
We set the graded resolution C Res(y, gnt1, h1,w,p, a) to be the resolution
obtained from the resolution induced by the subgroup generated by
< y,hi,w,p,a > from the multi-graded resolution M GQ™Res, by en-
larging its terminal group to be WP(HG)" ™. We collect all the formal
solutions defined over ungraded resolutions covered by the graded reso-
lution CRes(y, gn+1,h1,w,p,a). This collection of formal solutions fac-
tors through a canonical collection of graded formal limit groups. With
each graded formal limit group we associate its graded formal Makanin—
Razborov diagram as we did in section 3 of [Se2]. We continue with each
of the graded formal resolutions that appear in these diagrams in parallel.

Let GF Res(z, f,Y, gn+1, h1,w,p, a) be a graded formal resolution in one
of these diagrams, and let WP(HG)" " H(hyy9,gnt1,h1,w,p,a) be its
terminating rigid or solid (not formal!) limit group. With the graded
formal resolution GF Res we associate the resolution

GR€S(f, Y, hn+27 In+1, hlv w, p, a)v

which is the graded (not formal!) resolution associated with the terminal
formal limit group of the graded formal resolution GF Res (i.e., its graded
formal closure amalgamated with its terminal rigid or solid limit group).
Note that the terminal rigid or solid limit groups of those resolutions is
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WP(HG)n+1H(h7L+27 9n+1, h17 w,p, a’)'
We set the developing resolution to be the resolution

GReS(f, Y, hn+27 In+1, hla w, p, a’)'

To set the finite collection of anvils, we first look at the amalgamation
of (the completion of) MGQ"Res and the (completion of the) resolution,
GRes, amalgamated along the (completion of the) induced resolution,
CRes(y, gn+1, h1,w,p,a). With the obtained group we naturally associate
a finite collection of maximal limit groups and set each of them to be an
anvil. With the developing resolution we associate the family of formal
solutions z,(f, Y, hn+2, gn+1, b1, w, p, a) encoded by the associated graded
formal resolution, GF Res, and defined over the developing resolution.
Since the developing resolution is canonically mapped into the anvil, the
family of formal solutions associated with the developing resolution is
naturally defined over the anvil as well.

By part (1) we may assume that Q™(y, h1,w,p,a) is isomorphic to the
limit group Q™ ! (y, h1,w, p,a) associated with the anvil,

ATL'U(MGQnilReS)(tv Y, h17 w, p, a)v

and by parts (2)—(3) we may assume that Q" (tyn)—1,¥, h1,w,p, a) is iso-
morphic to the subgroup Q”_l(ts(n),l,y7 hi,w,p,a) associated with the
anvil. Parts (2) and (4) treat all the cases in which the n-th multi-graded
quotient resolution MGQ”Res(t,y,Basegf?), e ,Basegfﬁc)(n),a) is not of
maximal complexity. Hence, the only case left in presenting the general
step of our procedure for validation of a sentence is the case of an n-th
multi-graded quotient resolution
MGQ"Res(t,y, Basegf?)7 ... ,Baseg(n) a)

yWs(n)’

of maximal possible complexity, i.e., a multi-graded quotient resolution

MGQ" Res(t,y, Basegf?), e ,Baseg(n) a)

»Vs(n)’

consists of a single level, and the abelian decomposition associated with
this level is identical to the abelian decomposition associated with the top
level of the multi-graded quotient resolution

MGQ" ' Res(t,y, Basegf?_l), ceey Base;(zl_l) a)

sVs(n—1)"
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with which we started the n-th step of the procedure.

Conceptually, we treat this case in a similar way to what we did in
the minimal rank case, and in the general step of the procedure for val-
idation of a sentence (in section 4 of [Sed]), i.e., we continue to lower
levels of the anvil and analyze it in a similar way to what we did with the
top level. In parts (1)—(4), we have analyzed multi-graded resolutions of
quotient limit groups, Q™ Rlim(t,y, h1,w, p,a), that were associated with
the anvil, Anv(MGQ" ! Res), and with an auxiliary resolution of highest
level, i.e., an auxiliary resolution associated with the tower containing all
the levels in the anvil up to level 2 (all levels except the top level).

As we did in the first step of the iterative procedure, to analyze max-
imal complexity multi-graded resolutions, we first replace these quotient
limit groups by those quotient limit groups associated with the anvil,
Anv(MGQ" ' Res), and with auxiliary resolutions that are associated
with towers containing all the levels up to level 3, i.e., all the levels apart
from the top two. We continue with those quotient limit groups in par-
allel, hence we will omit their index, and (still) denote the quotient limit
group with which we continue, Q" Rlim/(¢t,y, h1,w,p, a).

We start with the multi-graded taut Makanin—Razborov diagram of the
quotient limit group, Q™ Rlim, with respect to the subgroups

s(n) s(n)
Basey ;7 ... 7Ba‘962,v5(n)7

where those subgroups are the non-Q) H, non-abelian vertex groups and
edge groups in the abelian decomposition associated with the top level
of the anvil, Anv(MGQ" ! Res). We still denote these multi-graded res-
olutions MGQ™Res. Note that, as we explained in part (3) of the first
step of the procedure, since the auxiliary modular groups associated with
auxiliary resolutions of highest level are “bigger” than auxiliary modu-
lar groups associated with auxiliary resolutions associated with towers
of lower level, all the specializations that factor through the developing
resolution associated with the anvil, Anv(MGQ"™ ! Res), and can be ex-
tended to specializations that factor only through maximal complexity
multi-graded resolutions of quotient limit groups associated with auxil-
iary resolutions of highest level, can be extended to specializations that
factor through maximal complexity multi-graded resolutions of quotient
limit groups associated with auxiliary resolutions associated with towers
containing all the levels up to level 3. Since in this part we need to analyze
specializations that factor only through maximal complexity multi-graded
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resolutions of quotient limit groups associated with auxiliary resolutions
of highest level, we can certainly continue only with those multi-graded
resolutions in the taut Makanin—Razborov diagram of Q™Rlim that are
of maximal complexity, i.e., that contain a single level with an abelian
decomposition that have the same (taut) structure as the abelian decom-
position associated with the top level of the anvil, Anv(MGQ" ! Res).

If part (1) applies to such a multi-graded resolution M GQ"Res, i.e., if
the limit group generated by < y, h1,w, p,a > in its completion is a proper
quotient of the subgroup Q" !(y, hi,w,p,a) with which we started this
branch of the procedure, we replace this resolution MGQ™Res by start-
ing the initial step of the procedure with the given proper quotient of
Q(y, hi,w,p,a).

In case the abelian decomposition and the taut structure associated
with MGQ™Res and the top level of the anvil Anv(MGQ"™ ! Res), are
identical, we use the modular groups associated with the abelian decom-
position associated with M GQ™Res to map the subgroup Q™Rlim into
the subgroup of the anvil Anv(MGQ™ ! Res), Q" Rlims, associated with
its second level. We now set the subgroups Basegfl(n), e ,Basegft(f)(n)
be the subgroups of the anvil, Anv(MGQ"!Res), corresponding to the

to

non-abelian, non-Q H vertex groups in the multi-graded abelian decompo-
sition associated with the second level of the anvil, Anv(MGQ" ! Res).
At this point, we analyze the quotient limit group Q™Rlims with re-

s2(n) s2(n)
1

spect to the subgroups Base; 7, ..., Base&tm”) exactly as we analyzed

the quotient limit group Q™ RIlim with respect to the subgroups
Base%yl, ceey Base%w1

in steps (1)—(4), i.e., we associate with Q™Rlims all its multi-graded
quotient resolutions with respect to the subgroups

2(n)

S S n
Basez’", ..., Base 2(n)

35ts5(n)

that are its subgroups, and analyze each of the obtained multi-graded
quotient resolutions according to parts (1) to (the first part of) (5). If
the multi-graded abelian decomposition associated with a multi-graded
quotient resolution of QRIlims with respect to the subgroups

(n)

82 52(n)
Bases ", ..., Basey ,

tsg(n)

is of maximal possible complexity, and its associated taut structure is
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identical to the one associated with the second level of the anvil,
Anv(WPHGH),

i.e., if part (5) applies to an obtained quotient multi-graded resolution,
we continue in a similar way to our approach in analyzing multi-graded
resolutions the top level of which is of maximal complexity (see also part
(3) of the first step of the procedure).

We continue to the next levels of the anvil in precisely the same way. At
each level ¢, we consider the quotient limit groups associated with auxil-
iary resolutions that are associated with the tower containing all levels up
to level 7 + 1 in the anvil, Anv(MGQ™ ! Res). Then we analyze the taut
Makanin-Razborov diagrams of the limit groups associated with the vari-
ous levels (from level 1 to level i —1), and continue only with those resolu-
tions that are of maximal complexity in all these levels, and the taut struc-
tures associated with their abelian decompositions are identical to those
associated with the corresponding levels of the anvil, Anv(MGQ™ ! Res).
Finally, we analyze the resolutions in the taut Makanin—Razborov diagram
associated with the i-th level according to parts (1)—(4), or (the first part
of) (5), and continue iteratively.

Let MGQ"Res be a multi-graded resolution obtained by the above it-
erative procedure. If there exists a level for which one of the parts (1)—(4)
applies, we set a developing resolution, and an anvil with the limit group
associated with this level according to the part (1)—(4) that applies to it.

To set the developing resolutions associated with the resolution
MGQ™Res, we first construct a resolution composed from the resolution
induced by the subgroup < y,h1,w,p,a > from the parts of the resolu-
tion MGQ™Res above the level for which parts (1)-(4) apply (i.e., the
parts that are of maximal complexity), followed by the graded resolution
constructed at that level according to part (1)—(4) that applies (which
is also composed from graded resolutions induced by the subgroup
< y,hi,w,p,a >). We denote the terminal rigid or solid limit group of
the obtained graded resolution (where the grading is with respect to the
parameter subgroup < hy,w,p >), WP(HG)" " (gn11,h1,w,p,a). Then
we collect all the formal solutions defined over the obtained (graded) res-
olution using the graded formal Makanin—Razborov diagram. We set each
of the graded (not formal!) resolutions associated with the terminal limit
groups in this graded formal Makanin-Razborov diagram to be a develop-
ing resolution. With each developing resolution we associate a family of
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formal solutions encoded by the graded formal modular groups associated
with the graded formal resolution to which it belongs.

With the developing resolution we associate a finite collection of anvils,
which are set to be the maximal limit quotients of the group generated by
the completion of the multi-graded resolution M GQ" Res, the anvil con-
structed at the level in which one of the parts (1)—(4) applies, where the
top part of this anvil is identified with the bottom part of the completion
of the multi-graded resolution M GQ™Res, and the corresponding parts
of the developing resolution are identified with their images in the given
anvil, and the completion of MGQ™Res (precisely as we did in part (4)).

With the developing resolution and its associated anvil, we naturally
associate a family of formal solutions, x.(f,vy,n+2,9n+1,,h1,w,p,a),
parameterized by the graded formal modular groups associate with the
graded formal resolution associate with the developing resolution and
the anvil. With the anvil we also associated a rigid or solid limit group of
the form WP(HG)" ™ H(h,12,gni1,h1,w,p,a), which is the terminal
rigid or solid limit group of the developing resolution (with respect to the
parameter subgroup < hi,w,p >), and the rigid or solid limit group
WP(HG)" !, as we did according to the part (1)-(4) that applies to
the multi-graded resolution associated with the corresponding level.

If all the abelian decompositions associated with the multi-graded reso-
lutions used for the construction of the developing resolution are of max-
imal complexity, i.e., if none of the parts (1)—(4) applies to any of these
multi-graded resolutions, we examine the structure of the developing res-
olution. The developing resolution is built from a sequence of induced
resolutions. Fach of the induced resolutions is a resolution induced by
the (image of the) subgroup < y, hi,w,p,a >, and with each level of the
induced resolution there is associated an (induced) abelian decomposition
(see section 3 of [Sed] for the construction of the induced resolution).

PROPOSITION 2.9: Suppose that all the abelian decompositions associated with
the multi-graded resolutions used for the construction of the developing res-
olution are of maximal possible complexity. Let < v,y,hy,w,p,a > be the
subgroup generated by the closure of the developing resolution in the anvil
Anv(MGQ" ' Res)(t,y, h1,w,p,a). From each of the multi-graded resolutions
used to construct the developing resolution (in step n of the procedure), there
is a resolution induced by the (image of the) subgroup < v,y, h1,w,p,a >.

Then either the structure of the resolution composed from the resolutions
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induced by the subgroup < v,y, h1,w, p,a > from the various multi-graded res-
olutions used to construct the developing resolution is identical to the structure
of the developing resolution, or there exists some level j so that the structure
of the abelian decompositions associated with the resolutions induced by the
subgroup < v,y, hy,w,p,a > above level j are identical to the structure of the
abelian decompositions associated with the developing resolution, and in level
j, the number of factors in the free decomposition associated with the abelian
decomposition associated with the resolution induced by < v,y, hi,w,p,a > is
strictly smaller than the number of factors in the corresponding free decom-
position associated with the abelian decomposition associated with level j in
the developing resolution, and in case of equality in the number of factors, the
complexity of the abelian decomposition associated with the resolution induced
by < v,y,hy,w,p,a > is strictly smaller than the complexity of the abelian
decomposition associated with level j in the developing resolution.

Proof: Identical to the proof of proposition 4.8 of [Se4]. |

If the structure of the resolution composed from the resolutions induced by
the subgroup < v,y, hy,w, p, a > from the various multi-graded resolutions
used to construct the developing resolution is identical to the structure
of the developing resolution, we have reached a terminal point of our
branching procedure. With the multi-graded resolution

MGQ"Res(t,y, Basegf?), e ,Baseg(n) a)

»Us(n)’

we associate the terminal rigid or solid limit group of the resolution com-
posed from the resolutions induced by the subgroup < v,y, hi,w,p,a >,
which we denote W P(HG)" 1.

If the structure of the resolution composed from the resolutions induced
by the subgroup < v,y, hi,w,p,a > from the various multi-graded reso-
lutions used to construct the developing resolution is not identical to the
structure of the developing resolution, Proposition 2.9 implies that there
exists some level j for which the structure of the abelian decompositions as-
sociated with the resolutions induced by the subgroup < v,y, h1,w,p,a >
above level j are identical to the structure of the abelian decompositions
associated with the developing resolution, and in level j, the number of fac-
tors in the free decomposition associated with the abelian decomposition
associated with the resolution induced by < v,y, hy,w,p,a > is strictly
smaller than the number of factors in the corresponding free decompo-
sition associated with the developing resolution, and in case of equality
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in the number of factors, the complexity of the abelian decomposition
associated with the resolution induced by < v,y, h1,w,p,a > is strictly
smaller than the complexity of the abelian decomposition associated with
the developing resolution. In this case we do the following.

Let CRes(u,y,hi,w,p,a) be the graded resolution that is composed
from the resolutions induced by the subgroup < v,y, hy,w,p,a >. With
the resolution C'Res(u,y, h1,w, p, a) we associate its terminal rigid or solid
limit group (with respect to the parameter subgroup < hi,w,p >), which
we denote WP(HG)" Y (gni1, hnit, Gn, h1,w,p,a). We collect all the for-
mal solutions defined over ungraded resolutions covered by the graded
resolution C'Res(u,y,h1,w,p,a). This collection of formal solutions fac-
tors through a canonical collection of graded formal limit groups. With
each graded formal limit group we associate its graded formal Makanin—
Razborov diagram as we did in section 3 of [Se2]. We continue with each
of the graded formal resolutions that appear in these diagrams in parallel.

Let GFRes(x,u, Y, gn+1,Mnt1,9n, b1, w,p,a) be a graded formal reso-
lution in one of these diagrams, and let

WP(HG)n+1H(hn+27 In+1, hn+lvgn7 h17 w,p, Cl)

be its terminating rigid or solid (not formal!) limit group. With the graded
formal resolution GF Res(x,u,y, hnt2, Gnt1, nt1, 1, w, p, a) we associate
the resolution GRes(4, y, hnt2, gnt1, hnt1, b1, w,p, a), which is the graded
(not formal!) resolution associated with the terminal formal limit group of
the graded formal resolution GF Res(xz,u,y, hnt2, gnt1, hnt1, b1, w,p, a).
With a graded formal resolution we naturally associate a family of formal
solutions parameterized by elements of the graded formal modular groups
associated with the graded formal resolution.

We continue with each of the graded formal resolutions separately. We
set the developing resolution to be the graded resolution

GReS(av Y, hn+27 In+1, hn+17 h17 w, p, Cl).
We set the finite collection of anvils, which we denote
ATLU(MGQ”RGS) (tv Y, hlv w, p, a’)v

to be the (finite) collection of maximal (quotient) limit groups associated
with the amalgamation of the (previous) anvil

Anv(MGQ”flRes)(t, y, h1,w,p, a),
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with the graded resolution G Res, amalgamated along the developing res-
olution associated with the anvil, Anv(MGQ" ! Res) (that is naturally
mapped into both). With the anvil, Anv(MGQ"Res)(t,y, hi,w,p,a), we
naturally associate the (graded) family of formal solutions, which are de-
fined over the developing resolution, and parameterized by the graded for-
mal modular groups associated with the graded formal resolution GF Res.
We further associate with the anvil the terminal rigid or solid limit groups,
WP(HG)" ! and WP(HG)" 1 H.

Starting with the anvils, Anv(MGQ™ ! Res), their associated developing res-
olutions, and the auxiliary resolutions and quotient limit groups associated
with them, we have constructed a finite collection of multi-graded resolutions,
MGQ"™Res, developing resolutions and anvils, Anv(MGQ™Res)(t,y, hi,w,p,a).
With each couple of a developing resolution and an anvil we have associated a
family of formal solutions defined over them, and parameterized by the mod-
ular groups associated with the graded formal resolution associated with the
developing resolution.

As in the initial and first steps of the iterative procedure, to complete the data-
structure with which we continue to the next step, we still need to associate
with each anvil, Anv(MGQ™Res), a finite collection of auxiliary resolutions
and auxiliary modular groups (see Definitions 2.1 and 2.6). We construct the
associated auxiliary resolutions, and limit groups, precisely as we did in the first
step, i.e., by applying the construction presented in Definition 2.6.

The collection of multi-graded resolutions, M GQ™Res, the developing reso-
lutions and the anvils, Anv(MGQ™Res), associated with them, the families of
formal solutions defined over them, and their collections of auxiliary resolutions,
limit groups, and modular groups, together with the data-structure constructed
before starting the n-th step of the procedure, form the data-structure obtained
as a result of the n-th step.

At this stage, we continue in a similar way to what we did before starting the
first step of the procedure. Given an anvil, Anv(MGQ" Res), and an auxiliary
resolution, we look at the entire set of multi-graded rigid or strictly solid special-
izations of the associated auxiliary limit group (Definition 2.6), and their exten-
sions to specializations of the anvil, for which for the entire family of formal solu-
tions, x4(t,y, w, p,a), associated with the anvil (i.e., associated with the graded
formal resolution that is associated with the developing resolution associated
with the anvil), and for each element g in the auxiliary modular group associ-
ated with the given auxiliary resolution, ¢;(zq(pg(t,y, w,p,a)),y,w,p,a) =1
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for at least one of the equations 9; in the system (of inequalities) ¥(z,y, w,p, a)
# 1 used to define the set EAE(p). By the standard argument presented in
section 5 of [Sel], the entire collection of such (extended) specializations,
(t,y,w,p,a), is contained in a finite set of maximal graded limit groups (that
are all quotients of the anvil, Anv(MGQ™Res))

Q’IH_IRliml(tv Y, h17 w,p, a)7 AR Qn+1Rl7;mu71+1 (t7 Y, h17 w,p, a’)v

which we call (n + 1) quotient limit groups. Note that with each such limit
group there is an associated anvil, Anv(MGQ™Res), and an associated auxil-
iary resolution. The quotient limit groups we constructed, which collect (uni-
formly) all the remaining y’s for every specialization of the parameter subgroup
< hi,w,p >, and their associated data-structure, are the input for the next
(n + 1) step of the iterative procedure.

III. TERMINATION OF THE ITERATIVE PROCEDURE. Defining the initial, first
and general steps of our iterative procedure for analyzing the set EAE(p), we
are required to prove its termination. To prove termination of our iterative pro-
cedure in the minimal rank case (section 1), we used the strict decrease in the
complexity of the resolutions associated with successive steps of the procedure,
a strict decrease that forces termination. Unlike our procedure in the minimal
rank case, in the general procedure we do not obtain a strict decrease in the
complexity of the resolutions associated with successive steps of the procedure.
To obtain termination in the general case, we need to look at limit groups (or
alternatively Zariski closures) and complexities of various resolutions and de-
compositions associated with the developing resolutions and anvils constructed
along the steps of the procedure. Our ultimate goal in proving the termination
of the procedure is to show that after finitely many steps of it, the iterative pro-
cedure is applied not to specializations of the limit group QRIlim(y, hi,w,p,a)
but rather to specializations of a proper quotient of it. The entire argument is
similar to the one used to prove the termination of the procedure for validation
of a sentence ([Sed], 4.12), hence we refer the interested reader to the argument
presented in [Se4].

THEOREM 2.10: The iterative procedure for the analysis of the set EAE(p)
terminates after finitely many steps.
Proof: Identical to the proof of theorem 4.12 of [Sed4]. |

As the minimal rank case, the outcome of the “trial and error” procedure
presented in this section gives us a finite diagram, constructed along the various
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steps of the iterative procedure, a diagram which is a directed tree in which on
every vertex we place a rigid or solid limit group (with respect to the parameter
subgroup < hi,w,p >) of the form WP(HG)"™ or WP(HG)"H, which is the
basis of a bundle of the set of the remaining y’s or the set of formal solutions
defined over the bundle of the remaining y’s analyzed along the iterative pro-
cedure, which we call the tree of stratified sets. This tree encodes all the
(finitely many) possible sequences of forms of (families of) formal solutions that
are needed in order to validate that a certain specialization py of the defining
parameters p is indeed in the set EAE(p). This tree and the stratification asso-
ciated with its various rigid and solid limit groups is the basis for our analysis
of the structure of the set EAE(p).

Given the tree of stratified sets, to analyze the set EAE(p) we still need a
sieve procedure, similar to the one presented in the minimal rank case. How-
ever, obtaining a terminating sieve procedure in the general case is much more
involved than in the minimal rank case. This sieve procedure is the goal of the
next paper in the sequence, that finally proves quantifier elimination for general
predicates over a free group.

3. The sieve method in a few special cases

As in the procedure for the analysis of an EAFE set in the minimal (graded) rank
case, presented in the first section of this paper, the outcome of the “trial and
error” procedure presented in the previous section gives us a tree of stratified
sets which encodes all the (finitely many) possible sequences of families of formal
solutions that are needed in order to validate that a certain specialization py of
the defining parameters p is indeed in the set EAFE(p). This stratification is the
basis for our analysis of the structure of the set EAE(p) in the general case as
well.
Let EAE(p) be the set defined by the predicate

Recall (Definition 1.19) that a specialization wp of the variables w is said to be
a witness for a specialization py of the defining parameters p if the following
sentence:

\V/y Jx E(xvvampova) =1A ‘I](xvvampova) 7é 1

is a true sentence. Clearly, if there exists a witness for a specialization pg then
po € EAE(p), and every py € EAE(p) has a witness.
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In order to show that a specialization py of the defining parameters p is in the
set EAE(p), we need to find a witness wq for the specialization pg. As in the
minimal rank case, the construction of the tree of stratified sets guarantees that
a witness wg for a specialization py proves that po € EAE(p) using a certain
“proof system” which is built from a finite sequence of (families of) formal
solutions that corresponds to boundedly many paths along the tree of stratified
sets (Definition 1.20).

Given pg € EAE(p), we are not able to say much about a possible witness for
po using the information we have collected so far. However, as in the minimal
rank case, with each “proof system”, i.e., with each collection of paths (a sub-
tree) of (families of) formal solutions that goes along the tree of stratified sets,
one can associate a certain Diophantine set of possible witnesses. As demon-
strated in the first section, the bound on the form and number of all possible
“proof systems”, associated with all possible witnesses suggested by the tree
of stratified sets, forces every possible witness for py to belong to one of the
finitely many Diophantine sets associated with the (finite) collection of all proof
systems. As in the minimal rank case, in the sequel we will construct a finite
set of Diophantine sets associated with each proof system (subtree of the tree
of stratified sets), and show that if a specialization pg € EAE(p), and it can
be shown that pg € EAE(p) using a witness wy and a specific proof system,
then every “generic” specialization of w which belongs to some Diophantine set
associated with the specific proof system is a witness for py using the same proof
system as wq. This will reduce the analysis of the set EAE(p) to the analysis of
the Diophantine sets associated with each “proof system”, and eventually will
enable us to show that the set EAFE(p) is in the Boolean algebra of AE sets,
which finally concludes the proof of Theorem 1.4.

As we indicated in the minimal rank case (Definition 1.20), if po € EAE(p)
is a specialization of the defining parameters p, and wg is a witness for pg, then
the construction of the tree of stratified sets implies that one can associate a
proof system with the couple (wg, po), which corresponds to a (finite) collection
of paths in the tree of stratified sets. Note that there may be several proof
systems associated with a given couple (wo, po), but the construction of the tree
of stratified sets guarantees that the number of proof systems associated with
the couple (wg,po) is globally bounded. As in the first section we will say that
a given proof system associated with the couple (wo,po) is of depth d, if all the
paths associated with the proof system terminate after d steps (levels) of the
tree of stratified sets.
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As we did in the minimal rank case, we will start by demonstrating our
approach for the analysis of the set EAFE(p), by analyzing those specializations
of the defining parameters p that have witnesses with proof systems of depth
1, i.e., those that have witnesses with proof systems that terminate after the
initial step of the construction of the tree of stratified sets. We will continue by
analyzing the specializations of the defining parameters p for which there are
witnesses with proof systems of depth at most 2, i.e., those that have witnesses
with proof systems that terminate after the first step of the construction of the
tree of stratified sets, and then present the analysis of the entire set EAE(p).

LEMMA 3.1: Let Ty (p) C EAE(p) be the subset of all specializations p, €
EAE(p) of the defining parameters p that have a witness with a proof system
which terminates after the initial step of the construction of the tree of stratified
sets. Then T)(p) is an EA set.

Proof: The initial step of the iterative procedure for the construction of the tree
of stratified sets in the general case is identical to the first step of the iterative
procedure for the construction of the tree of stratified sets in the minimal rank
case. Hence, the proof of Lemma 3.1 is identical with the proof of Lemma 1.21.
|

Lemma 3.1 proves that the set of specializations py of the defining parameters
p that have a witness with a proof system which terminates after the initial step
of the iterative procedure for the construction of the tree of stratified sets is
an FA set. Before analyzing the entire set EAE(p), we analyze the set of
specializations py which have witnesses with a proof system that terminates
after the first step of the iterative procedure for the construction of the tree of
stratified sets. The analysis of specializations po € EAE(p) having witnesses
with such proof systems is much more complicated than the analysis of witnesses
with proof systems that terminate after the initial step, and it is based (though
it is somewhat different) on the analysis of the set of specializations pg having
proof systems of depth 2, T5(p), in the minimal rank case (Theorem 1.22).

THEOREM 3.2: Let To(p) C EAE(p) be the subset of all specializations py €
EAE(p) of the defining parameters p that have witnesses with a proof system
which terminates after the first step of the procedure for the construction of the
tree of stratified sets. Then T»(p) is in the Boolean algebra of AE sets.

Proof:  To start the proof of Theorem 3.2 recall that a wvalid PS statement,
presented in Definition 1.23, is a statement that satisfies a list of properties



Vol. 150, 2005 DIOPHANTINE GEOMETRY OVER GROUPS V; 131

required by the corresponding proof system (see Definition 1.23).

As in the minimal rank case, to each valid PS statement we add special-
izations that extend the specializations of the limit groups WPHGH in the
valid PS statement, by adding specializations of primitive roots of edge groups
and pegged abelian vertex groups in the graded abelian JSJ decompositions
of the limit groups WPHG that occur along the given proof system (i.e., we
add specializations of primitive roots of a fixed set of elements in the valid PS
statement). We further add specializations that demonstrate how all the multi-
ples of these primitive roots, multiples up to the least common multiple of the
indices of the finite index subgroups associated with the closure domains asso-
ciated with the various groups WPHGH, can be extended to specializations
that factor through the finite set of (graded formal) closures specified by the
valid PS statement (in fact these closures are specified by the proof system,
not just by the proof statement), i.e., the closures associated with the various
limit groups WPHGH . This is equivalent to demonstrating that the given set
of closures (associated with the specializations of the groups WPHGH) is a
covering closure for the ungraded resolutions associated with the specializations
(specified by the proof statement) of the groups WPHG.

For brevity, in the sequel we still call such extended specializations valid P.S
statements and denote them (r, (h3, g1), - ... (k2 ,,). 9,

s)’ Jv(ps)
standard arguments presented in section 5 of [Sel], the entire collection of (ex-

)7h(1va07p07a)~ By the

tended) valid PS statements factor through a (canonical) collection of maximal
limit groups PSHGH,...,PSHGH,,, which we call PS (proof system) limit
groups.

By construction, for each py € Ts(p) there exists some witness wg and a
corresponding proof system, so that a specialization of the form

(Tv (h%g%)v ey (hi(ps)vgllx(ps))v h(1)7w07p07a)

that is associated with the specialization pg, the witness wy and that proof
system is a valid PS statement (i.e., it satisfies conditions (i)—(iv) of Definition
1.23), and factors through a limit group PSHGH;. As in the minimal rank case,
our main goal will be to show that these valid PS statements are “generic” in
some Diophantine set associated in the sequel with each of the PS limit groups
PSHGH. The “sieve” procedure for the analysis of the valid PS statements
that factor through a given PS limit group combines the procedure presented in
the first section for the minimal ranks case with tools used in the construction
of the tree of stratified sets in the general case, and with the notion of a core
resolution presented in the next section. As in the first section (Proposition
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1.24), we start by analyzing those PS limit groups which are rigid or solid with
respect to the parameter subgroup P =< p >.

PROPOSITION 3.3: Suppose that a PS limit group PSHGH is rigid or solid
with respect to the parameter subgroup P =< p >, and if it is solid suppose that
the subgroup W P =< w,p > is a subgroup of the distinguished vertex group in
the graded JSJ decomposition of PSHGH (i.e., the vertex stabilized by the sub-
group AP =< p,a >). The set of specializations py that have a witness wg, and a
rigid or strictly solid specialization (r, (h},9i),..., (h?,(ps),gll,(ps))7 h{, wo, po, a)
of PSHGH, which is a valid PS statement that we denote PS(p), is in the
Boolean algebra of AE sets.

Proof: Identical to the proof of Proposition 1.24. |

Proposition 3.3 proves Theorem 3.2 in case the PS limit groups PSHGH are
rigid or solid with no flexible quotients, and the subgroup WP =< w,p > is a
subgroup of the distinguished vertex group in the graded JSJ decomposition of
PSHGH. In this special case, the number of possible witnesses wg associated
with each specialization py of the defining parameter p is finite and globally
bounded. In the general case, the number of possible witnesses associated with
each specialization py of the defining parameters p is infinite. Our goal in
the analysis of the set T>(p) in the general case is to construct finitely many
Diophantine sets associated with each of the PS limit groups PSHGH, so that
a specialization pg of the defining parameters p admits a valid proof statement
that factors the PS limit group PSHGH, if and only if a generic point in a
fiber associated with pg in one of the Diophantine sets associated with the PS
limit group PSHGH is a valid proof statement. To achieve this goal, i.e., to
construct the finitely many Diophantine sets associated with each of the PS
limit groups PSHGH, we present a “trial and error” procedure, based on the
one used to construct the tree of stratified sets (in the general case). As in
the minimal rank case, the output of the iterative “trial and error” procedure,
i.e., the finitely many Diophantine sets associated with each PS limit group
PSHGH, are later used to derive a predicate in the Boolean algebra of AF
predicates that describes the set Tz (p).

Let P =< p > be the group of defining parameters. With each of the limit
groups PSHGH; we associate its canonical taut graded Makanin—Razborov dia-
gram (with respect to the parameter subgroup P), which contains finitely many
graded resolutions that we denote PSHGH Res;, and each graded resolution
PSHGH Res; is defined over the rigid or solid limit group PB;(b,p, a). We will
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treat the limit groups PSHGH;, and their graded resolutions PSHGH Res;
and their terminal rigid or solid limit groups PB;(b, p,a), in parallel, hence we
will omit the indices of the limit group and its graded resolution. In the se-
quel, we will treat each stratum in the singular locus of the graded resolutions
PSHGH Res separately, and do it in parallel.

Precisely as we did in the minimal rank case, we start our analysis of the set
of valid PS statements by associating with (the completion of) the graded PS
resolution PSHGH Res a (canonical) finite collection of Non-Rigid and Non-
Solid PS limit groups (see Definition 1.25). We denote the non-rigid PS limit
groups associated with the PS resolution PSHGH Res,

NRgdPS;,...,NRgdPS,,
and the non-solid PS limit groups associated with PSHGH Res,
NSIdPS;,...,NSIdPS,.

Recall (Definition 1.25) that the graded formal closures associated with the
collection of non-rigid and non-solid PS limit groups determine those “generic”
specializations that factor through and are taut with respect to the various PS
resolutions PSHG H Res, but fail to be valid PS statements with respect to the
(fixed) proof system because certain specializations that are required to be rigid
or strictly solid actually factor through flexible quotients of the corresponding
rigid or solid limit groups. As in the minimal rank case, “generic” specializations
that factor through the PS resolutions PSHGH Res can fail to be valid PS
statements in other ways as well.

In particular, we need to collect all the test sequences that factor through
the PS resolutions PSHGH Res, and for which for at least one of the tuples
(h3(n), gj(n), hi(n),wy, pn, a) there exists some specialization g7(n) so that the
(combined) specialization (g3 (n), h3(n), g7 (n), hi(n), wn,pn, a) factors through
(at least) one of the limit groups W P(HG)?. Recall (Definition 1.26) that the
collection of all these test sequences factors through a (canonical) collection
of Left PS limit groups LeftPSi,...,LeftPS,,. Each Left PS limit group
LeftPS,;is in fact a graded formal closure of the graded resolution PSHG H Res,
GFCI(PSHGH Res). Clearly, no specialization

(Tv (hig%)v ) (h?j(ps)vgi(ps))v hévwovpma)

that factors through the resolution PSHG H Res, and which is a valid PS state-
ment with respect to our fixed proof system, factors through one of the LeftPS
limit groups LeftPSy,...,LeftPS,, and their associated resolutions.
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To a valid PS statement we have added additional variables, so that their
specializations are supposed to be primitive roots of the specializations of pegs
of abelian groups that appear in the graded formal closures associated with
the groups WPHGH, in order to demonstrate that the given sets of closures
(specified by the proof system) form a covering closure (for the specializations
given by the proof statement). This demonstration remains valid if the orders
of the specializations of the variables that are supposed to be primitive roots are
prime to the indices of the finite index subgroups associated with the (finitely
many) closures. The demonstration may fail to be valid if the orders of these
specializations are not prime to the order of the finite index subgroups. To check
if this failure occurs for a generic specialization of a P.S resolution, PSHGH Res,
we construct Root PS limit groups and resolutions, precisely as we did in the
minimal rank case (Definition 1.27). We denote the Root PS limit groups,
RootPS, and the Root PS resolutions, RootPSRes.

No specialization (r, (h%,g1),..., (hfl(ps) , gcll(ps)), h§,wo,po,a) that factors
through the resolution PSHGH (a virtual proof), and which is a valid PS
statement with respect to our fixed proof system, factors through one of the
RootPS limit groups RootPSi, ..., RootPS,, and their associated Root PS
resolutions.

“Generic” specializations that factor through the P.S resolutions PSHGH Res
can fail to be valid PS statements also if there exist additional rigid or strictly
solid specializations of the limit groups W PHG (g1, h1,w, p, a) that are not spec-
ified by the given proof statements. As in the minimal rank case, the “generic”
specializations for which there exists a “surplus” in rigid or families of strictly
solid specializations are collected in Extra PS (graded) limit groups and graded
resolutions (Definition 1.28). We denote the Eztra PS limit groups associated
with the graded PS resolution PSHGH Res, ExtraPSy,. .., ExtraPS).

The extra PS limit groups collect all the “generic” specializations (i.e., all
the test sequences) of the PS limit groups PSHGH for which there exist rigid
or strictly solid families in addition to those specified by the generic special-
izations. For a general specialization of the PS limit groups PSHGH, i.e.,
a specialization which is not necessarily “generic”, it may as well be that the
additional rigid or strictly solid specializations, collected by the extra P.S limit
groups, do become flexible or do coincide with the rigid or strictly solid families
of the various specializations (g7, hg, wo, po)-

In the minimal rank case, we collected all the specializations that factor
through one of the Extra PS resolution, in which such a “collapse” of the
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additional rigid and strictly solid families occurs, in a canonical collection of
Collapse Extra PS (graded) limit groups and their associated (Collapse Extra
PS) graded resolutions (Definition 1.29). In the general case, the analysis of
the specializations that factor through one of the extra PS resolutions, in which
such a “collapse” of the additional rigid and strictly solid families occurs, and
the construction of the associated Collapse Extra PS (graded) limit groups and
their Collapse Extra PS (graded) resolutions, is more involved, and so is the
iterative procedure for the analysis of the set T(p). Hence, mostly for presenta-
tion purposes, in this section we present the construction of the Collapse Extra
PS limit groups and their associated graded resolutions, and the iterative pro-
cedure for the analysis of the set Th(p), in (the special) case all the limit groups
WPHG are rigid. The approach we use in the rigid case can be somewhat
generalized; however, the general case of general rigid and solid W PHG seems
to be considerably more involved and is treated in the next paper in the sequel.

For the rest of this section we assume that all the limit groups W PHG asso-
ciated with one of the paths associated with our fixed proof systems are rigid
limit groups. In this case the analysis of the set T5(p) is conceptually similar to
the procedure presented in the minimal rank case, combined with the iterative
procedure for the construction of the tree of stratified sets (in the general case)
presented in the second section.

Let ExtraPSRes be one of the extra PS graded resolutions associated with
one of the extra PS graded limit groups ExtraPS;. Note that by construction,
ExtraPSRes is a graded closure of the PS resolution PSHG H Res with which
we started the analysis. In case the groups WPHG are all rigid, we will say
that a specialization that factors through and is taut with respect to the extra
PS graded resolution ExtraPSRes is collapsed if the variables added for each
of the additional rigid specializations (i.e., the ones that were not specified by
the proof statement) satisfy one of the following:

(1) A specialization of the variables added for one of the additional rigid

specializations becomes flexible.

(2) A specialization of the variables added for one of the additional rigid spe-

cializations becomes equal to one of the rigid specializations specified by
the proof statement, i.e., one of the specializations gjl- in the specialization

(’U,7’U77"7 (hfvg%)v sty (h?/(ps)vgllz(ps))v h(1)7w07p0)~

After defining the finitely many possibilities for collapse forms, we collect all
the test sequences of specializations that are collapsed specializations in finitely
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many closures of the resolution PSHG H Res we have started with, which we call
Generic Collapse Extra PS (graded) resolutions, and the remaining collapsed
specializations in finitely many graded limit groups, which we call Collapse Eztra
PS (graded) limit groups.

We start by collecting all the test sequences that factor through an Extra P.S
resolution, and for which each of the extra rigid specializations (i.e., those that
are not specified by the (virtual) proof statement) satisfies the conditions of
one of the possible collapse forms. These test sequences factor through finitely
many Generic Collapse Extra PS limit groups and resolutions. The definition
of the Generic Collapse Extra PS resolutions (Definition 3.4 below) is general
and does not depend on the graded limit groups W PHG being rigid or solid.

Definition 3.4: Let ExtraPSRes be one of the Extra PS graded resolutions
associated with one of the Extra PS graded limit groups FxtraPS;. Note
that by construction, ExtraPSRes is a graded closure of the PS resolution
PSHGH Res with which we started the analysis. With the Extra PS resolution
we associate all its possible collapse forms.

Let ExtraPSRes(u,v,r,(h%,g1),..., (h?j(ps),gi(ps))7 hi,w,p,a) be an Extra
PS resolution. We look at the entire collection of test sequences that factor
through the Extra P.S resolution.

From the collection of all test sequences, we look at those graded test se-
quences for which each specialization of the sequence satisfies the conditions of
one of the (finitely many) possible collapse forms associated with the extra P.S
resolution. The collection of all these (graded collapse) test sequences factors
through a (canonical) collection of mazimal Generic Collapse Extra PS limit
groups:

GenericCollapseExtraPSy, . ..,GenericCollapse ExtraPS;.

The analysis of graded formal limit groups presented in section 3 of [Se2]
associates (canonically) with each Generic Collapse Extra PS limit group
GCollapseExtraPS a graded formal Makanin-Razborov diagram, and each
such graded formal resolution is in fact a one-level graded resolution, which
is a graded formal closure of the graded resolution PSHGH Res,

GFCI(PSHGHRes).

We call each such graded formal closure a Generic Collapse Extra PS (graded)
resolution.



Vol. 150, 2005 DIOPHANTINE GEOMETRY OVER GROUPS V; 137

Definition 3.5: Let ExtraPSRes be the Extra PS (graded) resolutions asso-
ciated with the PS resolutions PSHG H Res that appear in the taut Makanin—
Razborov diagram of a PS limit group PSHGH. With each of the Extra PS
resolutions we associate all its possible collapse forms.

The resolutions ExtraPSRes are graded closures of the PS resolution
PSHGHRes with which we started the analysis, so with the resolutions
ExtraPSRes we can associate their canonical collection of graded auxiliary
resolutions and limit groups (Definition 2.1). Note that if a rigid or strictly
solid specialization of the graded auxiliary limit group associated with an Ex-
tra PS resolution, ExtraPSRes, extends to a specialization of ExtraPSRes
that satisfies the conditions of one of the collapse forms associated with it, the
extended specialization has to satisfy a (fixed) system of equations associated
with the specific collapse form.

Also, note that since the parameter subgroup < hy,w,p > does not change
with an action of the auxiliary modular group, if a strictly solid specialization
of the auxiliary limit group extends to a specialization of ExtraPSRes which
is collapsed, then the corresponding extensions of all the specializations of the
auxiliary limit group that are in the same strictly solid family are all collapsed.
This last observation allows us to apply the iterative procedure for the construc-
tion of the tree of stratified sets, to get a sieve procedure in case all the graded
limit groups W PHG are rigid.

We go over all the (finitely many) graded auxiliary resolutions and all
the (finitely many) collapse forms associated with the Extra PS resolutions,
EztraPSRes. Given a graded auxiliary limit group and a collapse form, we
look at all the rigid or strictly solid specializations of the given graded auxiliary
limit group that extends to specializations of ExtraPSRes which satisfy the
system of equations associated with the specified collapse form associated with
the associated resolution ExztraPSRes.

By our standard method presented in section 5 of [Sel], the collection of (ex-
tended) specializations of ExtraPSRes that restricts to rigid or solid special-
izations of the given auxiliary limit group, so that the extended specializations
satisfy the system of equations associated with a specified collapse form, factor
through a canonical (finite) collection of maximal limit groups, which we call
Collapse Extra PS limit groups and denote

CollapseExtraPSy,...,CollpaseExtraPSy.

Note that by construction, each Collapse Extra PS limit group is a proper quo-
tient of the limit group associated with the extra PS resolution, ExtraPSRes,
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with which we started.

The PS limit groups PSHGH and their associated PS resolutions, together
with the non-rigid, Left, and Root PSS limit groups and their associated graded
resolutions, the Extra PS resolutions, the Generic Collapse Extra PS resolu-
tions, and the Collapse Extra PSS limit groups, enable us to generalize the main
principle that was used in the procedure for quantifier elimination under the
minimal (graded) rank assumption, to the case in which the graded limit group
WPHG is all rigid. As in the minimal rank case, we show that if a valid PS
statement factors through one of the resolutions PSHG H Res, then either there
exists a valid PS statement that factors through one of the (non-Generic) Col-
lapse extra P.S limit groups and their associated graded auxiliary resolutions,
or there exists a “generic” valid PS statement, i.e., a test sequence of valid P.S
statements that factor through the PS resolution PSHGH Res. This principle
does not depend on the graded limit groups W PHG being rigid.

THEOREM 3.6: Let PSHGH Res be the PS resolutions that appear in the taut

Makanin—Razborov diagram of a PS limit group PSHGH . Suppose that there

exists a valid PS statement (r,(h2,g}),..., (hi(ps),gll,(ps)), h},wo,po,a) which

factors through the PS limit group PSHGH. Then one of the following holds:
(1) There exists a test sequence of specializations

(’Un, Tyn (h%(n)v g% (n))v tees (h?l(ps) (n)v gi(ps) (n))v ha (n)v Wn, Po, a))
that factor through the completion of one of the PS resolutions
PSHGH Res (note that the specialization py of the defining parameters
p are fixed along the entire test sequence), which restricts to a sequence
of valid PS statements (with respect to our fixed proof system)

((h% (n)vgi (n))v tety (hZ(ps) (n)v gi(ps) (n))v hy (n)v Wn, Po, a))

(2) The valid PS statement factors through one of the (non-Generic) Collapse
Extra PS limit groups associated with the multi-graded auxiliary limit
groups that are associated with the Extra PS resolutions ExtraPSRes.

Proof: Similar to the proof of Theorem 1.33. |

As in the minimal rank case, Theorem 3.6 reduces the analysis of the set
T>(p) to the set of specializations of the defining parameters P =< p > for
which there exists a test sequence of valid PS statements that factor through
the various resolutions PSHGH Res.
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PROPOSITION 3.7: Let PSHGH Res be one of the (non-trivial) PS graded res-
olutions. Let T'SPS(p) be the set of specializations pg of the defining parameters
P =< p >, for which there exists a test sequence of specializations

(vnv T'n, (h% (TL)7 g% (’I’L)), LR (hZ(ps) (TL)7 gi(ps) (TL))7 hl (n)v Wn, Po, a))
that factor through the completion of the PS resolution PSHGH Res,
Comp(PSHGH Res), and restricts to valid PS statements

((h%(n)vg% (n))v B (h?i(ps) (n)vgllx(ps) (n))v hy (n)vwnvpov a))

Then TSPS(p) is in the Boolean algebra of AE sets.

Proof: Identical to the proof of Proposition 1.34. |

Asin the minimal (graded) rank case, at this stage we have all the tools needed
for showing that the set T»(p) is in the Boolean algebra of AFE sets (in case all the
groups WPHG are rigid). By construction, if py € T5(p) then there must exist
a valid PS statement of the form (ro, (h?,9i),..., (hz(ps),g},(ps)Lh(l),w07p07a)
that factors through one of the PSS resolutions PSHGH Res constructed with
respect to a proof system of depth 2.

By Proposition 3.7, the sets T'SPS(p) associated with the various PS resolu-
tions PSHGH Res, i.e., the sets of specializations pg of the defining parameters
P =< p >, for which there exists a test sequence that factors through a PS res-
olution, PSHGH Res, and restricts to valid PS statements, is in the Boolean
algebra of AE sets. By Theorem 3.6, if there exists a valid PS statement
that factors through a PS limit group, PSHGH, then either there exists a
test sequence that factors through (at least) one of the PS resolutions associ-
ated with it, and restricts to valid PS statements, or there must exist a valid
PS statement that extends to a specialization of one of the PS resolutions,
PSHGH Res, and this extended specialization restricts to a specialization that
factors through one of the graded auxiliary limit groups associated with one of
the extra PS resolutions ExtraPS Res, that is associated with the PS resolu-
tion, PSHGH Res, and the extended specialization factors through one of its
associated (non-Generic) Collapse Extra PS limit groups.

We continue with each of the (non-Generic) Collapse Extra PS limit groups
associated with the various PSS resolutions PSHGH Res. Given a (non-Generic)
Collapse Extra PS limit group, we apply the procedure for the analysis of quo-
tient resolutions, presented in the general step of the procedure for the con-
struction of the tree of stratified sets (in the previous section). The output of
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this general step is a finite collection of anvils and their associated developing
resolutions.

Exactly as we did with each of the PS resolutions PSHG H Res, we associate
(canonically) with each developing resolution its Non-Rigid, Left, and Root PS
resolutions, Extra PS resolutions, and Generic Collapse Extra PS resolutions.
With each graded auxiliary limit group associated with an Extra PSS resolution,
we further associate its Collapse Extra PS limit groups. By Proposition 3.7, the
sets of specializations py of the defining parameters P =< p >, for which there
exists a test sequence that factors through any of the developing resolutions,
and restricts to valid PS statements, are in the Boolean algebra of AE sets. By
Theorem 3.6 applied to the (finite) collection of the (non-Generic) collapse extra
PS limit groups, if there exists a valid PS statement that can be extended to
a specialization which factors through a Collapse Extra PS limit group, then
either there exists a test sequence that factors through one of the developing
resolutions associated with it, and restricts to valid PS statements, or there
must exist a valid PS statement that extends to a specialization that factors
through one of the associated (non-Generic) Collapse Extra PS limit groups.

Continuing iteratively with a procedure similar to the one used to construct
the tree of stratified sets (in the previous section), we obtain a terminating
iterative procedure by the proof of Theorem 2.10, which is identical to the proof
of theorem 4.12 of [Sed]. The iterative procedure we have constructed has to
terminate with either a rigid limit group with respect to the defining parameters
P =< p >, or a solid limit group in which the subgroup WP =< w,p > is
contained in the distinguished vertex group in the associated graded abelian
JSJ decomposition.

By iteratively applying Proposition 3.7 to the various developing resolutions
constructed along the iterative procedure, the sets of specializations py of the
defining parameters P =< p >, for which there exists a test sequence that fac-
tors through any of the developing resolutions constructed along the terminating
procedure, and restricts to valid PS statements, are in the Boolean algebra of
AE sets. By Proposition 3.3, the set of specializations py of the defining pa-
rameters P =< p >, for which there exists a valid PS statement that can
be extended to a rigid or strictly solid specialization of the terminating rigid or
solid PSS limit groups, is in the Boolean algebra of AE sets. The entire set Ta(p)
is precisely the set of specializations py of the defining parameters P =< p >
for which there exists a valid PS statement that factors through one of the PS
limit groups, PSHGH, we started with. Hence, the set T5(p) is a finite union
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of sets that are in the Boolean algebra of AE sets, so the set Th(p) is in the
Boolean algebra of AFE sets, and the proof of Theorem 3.2, in case all the graded
limit groups W PHG are rigid, is completed. |

4. Core resolutions

In the first section we have shown that an EAFE set is in the Boolean algebra
of AE sets, assuming the limit groups associated with it are of minimal rank.
The procedure used to analyze the structure of an EAF set in the minimal rank
case, presented in the first section, is combined from two iterative procedures.
The first iterative procedure constructs the tree of stratified sets, from which a
finite collection of proof systems is obtained, and the second is a sieve procedure
for finding those specializations of the defining parameters for which there exists
a valid proof statement which is in the form of one of the proof systems derived
from the tree of stratified sets. In the second section, we combined concepts
and techniques used in the minimal rank case, with the iterative procedure for
validation of an AE sentence presented in section 4 of [Se4], to generalize the
iterative procedure for the construction of the tree of stratified sets to general
EAF sets.

In the third section we considered a special case of EAFE sets, the case in which
all the groups WPHG associated with an EAFE set along the tree of stratified
sets are rigid, for which the techniques used in the procedure for validation of
an AF sentence can be used in order to get a sieve procedure that is similar
in concept to the sieve procedure used in the minimal rank case. However, the
techniques used in the procedure for validation of a sentence presented in [Se4]
do not seem to be sufficient in order to construct a sieve procedure for a general
EAF set. In order to construct a general sieve procedure, we will need several
additional tools and notions. In this section we present some of the needed
tools, and in the next paper in the series we use these tools to construct the
sieve procedure for a general FAFE set.

To construct the iterative procedure for validation of an AFE sentence,
presented in section 4 of [Sed], we needed to present geometric and induced
resolutions (see section 3 of [Se4] for these notions). We start this section with
the definition of the main object introduced in this section, a core resolution
of a resolution Res(t,v,a) and its complexity.

Definition 4.1: Let Res(t,v,a) be a a well-separated resolution and let
Comp(Res)(u,t,v,a) be its completion. Let C'Res(r,v,a) be a geometric sub-
resolution of the completed resolution Res(u,t,v,a). We say that the resolution
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CRes(r,v,a) is a core resolution of the subgroup < v,a > in the completion
Comp(Res)(u,t,v,a), if the resolution CRes(r,v,a) is a firm subresolution of
the subgroup < r,v,a > ([Se4], definition 3.9), i.e., it has the following proper-
ties:

(i) The rank of the resolution CRes(r,v,a), rk(CRes(r,v,a)), is equal to the
rank of the subgroup < r,v,a > with respect to the completed resolution
Comp(Res)(u,t,v,a).

(ii) There exists a firm test sequence for the subgroup < r,v,a >.

(iii) Let A4,..., A, be all the non-cyclic pegged abelian groups that appear
along the completed resolution Comp(Res)(t,v,a), let peg,...,pegm be
the pegs of the abelian groups Ay, ..., A,,, and let {peg;, ¢}, ... ,qj—i ™, be
an arbitrary basis for the collection of the subgroups A;,...,A,,. Then
for any set of integers {(S;,n;)}, where né >2and 0 < sj- < n;'-, there
exists a firm test sequence {t,,v,,a} of the subgroup < t,v,a > so that
for every index n, the specialization of each of the pegs peg; is an element
h;, and the specialization of each of the basis elements qj— is hﬁ' where

i
i =wub - n! + s’ for some positive integer u}.

We denote a core resolution, Core(< v,a >, Res(t,v,a))(r,v,a). In exactly
the same way we define a graded core resolution and a multi-graded core res-
olution. Since a core resolution is, in particular, a geometric subresolution,
we set the complexity of a core resolution to be its complexity as a geometric

subresolution (definition 3.2 in [Se4]).

A (graded, multi-graded) core resolution is generally not unique, but given a
well-separated resolution Res(t,v,a) and a subgroup < v, a > of its correspond-
ing limit group, there always exists a core resolution of the subgroup < v,a >,
simply the completion Comp(Res)(u,t,v,a) itself. However, in general, picking
the completion of the ambient resolution as a core resolution for a given sub-
group is not “economical”, i.e., its complexity is going to be much larger than
the complexity of other core resolutions that can be associated with the same
subgroup. Hence, we continue by modifying the procedure for the construction
of the induced resolution, presented in section 3 of [Se4], to get a procedure for
the construction of a core resolution.

The construction of a core resolution is composed from two iterative pro-
cedures. The procedure used for the first part is essentially identical to the
iterative procedure used to construct the induced resolution. In the second part
we use an iterative procedure that either reduces the rank of the resolution con-
structed in the first part, or alternatively, shows that the resolution constructed
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in the first part is a firm subresolution, hence it is a core resolution. For pre-
sentation purposes, we present the second step of the construction in case none
of the abelian decompositions associated with the various levels of the resolu-
tion Res(t,v,a) with which we started contains QH vertex groups, and then
generalize the construction to an arbitrary (well-separated) resolution.

Let Comp(Res)(t,v,a) be a completed well-separated resolution and let
< v,a >< Rlim(t,v,a) be a subgroup of the limit group Rlim(¢,v,a). With
each level of the completed resolution Comp(Res)(t,v,a), there is associated
a (possibly trivial) free decomposition and abelian decompositions of the fac-
tors. We denote the decompositions associated with the various levels of the
completed resolution Comp(Res)(t,v,a) by A1,..., A, and the canonical epi-
morphisms between consecutive levels we denote by 7y, ...,7,—1. Furthermore,
each vertex group in these decompositions which is neither quadratically hang-
ing nor abelian is embedded into the next level by the canonical epimorphisms
between consecutive levels.

For the first part of the construction of a core resolution of the subgroup
< w,a > in the completed resolution Comp(Res)(t,v,a) we use a finite iterative
procedure, which is essentially identical to the first step in the construction of
the induced resolution, presented in section 3 of [Sed]. We start by describing
its first step.

(i) Using standard Bass—Serre theory, the subgroup < v,a >< Rlim(t,v,a)
inherits a decomposition A; with abelian and trivial edge groups from the
decomposition A;. Note that if < v,a > intersects a conjugate of a QH
vertex group in the decomposition A; in a subgroup of finite index, then
the intersection appears as a QH vertex group in the inherited decom-
position A;. If < v,a > intersects a conjugate of a QH vertex group in
the decomposition A; in a non-trivial subgroup of infinite index, then by
([Se4], 1.4) the intersection gives rise to a free factorization (and a possible
free factor) in the decomposition A; of the group < v,a >.

(ii) Suppose that the free decomposition inherited by the subgroup < v,a >
from the decomposition A is

<v,a>=Fix<vp,a>% <vg > %% U >,

where Fi is a free group which is the free product of free factors con-
tributed by subgroups of infinite index in QH vertex groups in Ay, and
cyclic subgroups generated by Bass—Serre generators associated with loops
with trivial stabilizer in Aj; < v1,a > is the connected component that
contains the vertex stabilized by Fj, =< ay,...,ay > itself.
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We continue with each of the factors < vy,a >, < wvs >,..., < vy > sep-
arately. We will denote each of these factors by V;. Each factor V; inherits
an abelian splitting A} from the decomposition A;. Each edge e in A}
that connects two non-Q H, non-abelian vertex groups is composed from
a couple of edges e; and ey that are adjacent and are both in the orbit
of the same edge e’ in the Bass—Serre tree corresponding to the graph of
groups Ay of Comp(Res)(t,v,a). Furthermore, ¢’ connects a non-abelian
vertex group to an abelian vertex group in the decomposition A;.

Let A be the abelian vertex group that stabilizes the common vertex
v of e; and es in the Bass—Serre tree corresponding to the decomposition
A;. There exists a (unique) element a € A that is mapped to the identity
element by 11, and conjugates the vertex adjacent to v in e, to the vertex
adjacent to v in e;. We modify the factor V; by adding to its generators the
element a. We act in the same way on the factor V;, in case an abelian ver-
tex group in Al is connected to two non-QH, non-abelian vertex groups,
which are necessarily in the same orbit of a non-(QQ H, non-abelian vertex
group in the graph of groups A;. Repeating this operation for all the
edges connecting two non-Q H, non-abelian vertex groups in the decom-
position A! of the factor V;, and for all couples of edges connecting an
abelian vertex group to two non-QH non-abelian vertex groups in A}, we
get a subgroup Vi < Comp(Res)(t, v, a), so that V; < Vi, (Vi) = m (Vh),
and in the decomposition Ai inherited by V; from the decomposition Ay,
which is a “folding” of the decomposition A of V;, a non-Q H, non-abelian
vertex group is connected only to QH vertex groups and to abelian vertex
groups and not to any other non-Q H, non-abelian vertex groups. Further-
more, an abelian vertex group in Ai is connected to at most one non-Q H
non-abelian vertex group as it is in the decomposition A;.

As we did with a general well-separated resolution (definition 2.2 in [Se4]),
we associate a decomposition (:)11 with the decomposition All, by cutting
each of the punctured surfaces that correspond to QH vertex groups in
Ai along the collection of disjoint, non-homotopic (non-boundary paral-
lel) s.c.c. which are the pre-images of the s.c.c. along which each of the
QH vertex groups in the ambient resolution Comp(Res)(t,v, a) is cut. As
we did in completing a general well-structured resolution ([Se2], definition
1.12), we modify the factor Vi by adding Bass—Serre elements so that each
connected punctured subsurface in the decomposition (:)i that is connected
to a non-QH vertex group in (:)i will be connected to a unique non-QH
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vertex group, and get a subgroup V; with corresponding graphs of groups
Al and ©1.

As in the construction of the completed resolution of a well-separated
resolution, every connected component in the decomposition (:)11 that con-
tains a non-Q H vertex group contains a unique non-@) H, non-abelian ver-
tex group, and (possibly) few abelian vertex groups all connected (only) to
the (unique) non-@QH, non-abelian vertex group in their connected com-
ponent. All the QH vertex groups in a connected component in (:)i are
also connected only to the (unique) non-Q H, non-abelian vertex group in
that connected component.

Since Comp(Res)(t,v,a) is a completed and well-separated resolution,

all the (conjugating) Bass—Serre elements we have added to the factor 1%
are naturally mapped to elements of the completed resolution Rlim/(t,v, a),
and the subgroup V; obtained after adding the Bass-Serre generators is
naturally mapped into the completed limit group Rlim(t,v,a) (note that
it is not necessarily embedded). Since (the image in Rlim(t,v,a) of) the
conjugating (Bass—Serre) elements that we added are mapped to the iden-
tity element by the map 7, the addition of these elements does not change
the image of the map ny, i.e., 51 (Vi) = i (V;).
With each factor V; and each connected component in the decomposition
O! that contains a non-QH vertex group, we associate a subgroup J¢ and
continue to the second level of the completed resolution Comp(Res)(t, v, a)
with each of the subgroups J¢ separately.

For each index i, and each connected component (indexed by s) in (:)11,
we set J! to be the image under the canonical epimorphism 7; of the
fundamental group of the corresponding connected component. Note that
the Bass—Serre elements, and the elements from abelian vertex groups
that were added to the various factors V;, do not change the images of the
factors V; under the epimorphism 7.

As we did in part (i), for each of the subgroups J! we use standard Bass—
Serre theory to get a decomposition Agi’s), inherited by the subgroup J¢
from the decomposition A, associated with the second level of the com-
pleted resolution Comp(Res)(t,v,a). From the decomposition Agi’s)7 the
subgroup J¢ inherits a free decomposition and an abelian decomposition
of each of the factors. We add elements for each edge connecting two
non-Q H, non-abelian vertex groups in the abelian decompositions of the
different factors as we did in part (i), and conjugating elements corre-
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sponding to boundary components of QH vertex groups in one of the
abelian decompositions of the different factors using the corresponding
decomposition ©4"°) associated with A" as we did in part (iii). With
each factor of J¢ we associate finitely many subgroups M, (i,5,j) correspond-
ing to the different connected components in the decomposition OQ’S) ex-
actly in the same way we associated the subgroups J! with the factors V;
in part (iv). We continue to the third level of the completed resolution
Comp(Res)(t,v,a) with the subgroups M(; , ;) associated with each of the

%) separately, analyze the

connected components of the various graphs 0,
decompositions inherited by each of the subgroups M(; , ;) from the the
abelian decomposition A3 associated with the third level of the completed
resolution Comp(Res)(t,v,a), add additional elements according to parts
(ii) and (iii), and subsequently continue to the next levels of the completed

resolution Comp(Res)(t,v,a).

The first step in the iterative procedure used in the first part of the construc-
tion of the core resolution constructs a resolution Res(u,v,a) of the subgroup
< wv,a >< Rlim(t,v,a) by going through the levels of the completed resolution
Comp(Res)(t,v,a) and applying steps (i)—(v) above.

To start the second step in the iterative procedure used for the first part
of the construction of the core resolution, we set I Resi(u,v,a) to be the sub-
group of the completed resolution Comp(Res)(t,v,a) generated by the differ-
ent factors V; and their images in the lower levels of the completed resolu-
tion Comp(Res)(t,v,a) obtained by steps (i)—(v) above. Defining the subgroup
IResi(u,v,a) < Rlim(t,v,a), we start going through the levels of the com-
pleted resolution Comp(Res)(¢,v,a) starting with the subgroup IRes; (u,v,a),
instead of the subgroup < v,a > with which we started in the first step.

IRes;(u,v,a), being a subgroup of Rlim(t,v,a), inherits a decomposition
from the abelian decomposition A; associated with the first level of the com-
pleted resolution Comp(Res)(t,v,a). Let this decomposition be IA;. Since the
subgroups < v,a > and I Res; (u,v, a) differ only in the stabilizers of the unique
non-abelian, non-Q H vertex group in each connected component of the various
decompositions (:)li associated with the decompositions Ai of the factors V;, if
the graph of groups IA; is not combinatorially similar to the graph of groups
A; then one of the following occurs:

(1) In the free decomposition IA; inherited by the subgroup IRes;(u,v,a)

from the graph of groups Aj, either the number of factors is dropping, or
the rank of the free factor corresponding to Bass—Serre generators of loops
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with trivial edge stabilizers and free factors contributed by infinite index
subgroups of QH vertex groups in ©; is dropping. In this case, each of
the factors V; of < v,a >, and the subgroups V; associated with it, are
subgroups of a factor in the free decomposition of I Res (u, v, a) inherited
from A;.

(2) The number of factors and the rank of the free group corresponding to
Bass—Serre generators of loops with trivial edge stabilizers and free factors
contributed by infinite index subgroups of QH vertex groups in the free
decomposition inherited by I Res (u, v, a) from A remain identical to their
values in the free decomposition inherited by the subgroup < v,a > from
the decomposition A;. In this case, each of the factors V; of < v,a > is
a subgroup of a unique factor in the free decomposition of IA; inherited
by IRes;(u,v,a) from A;.

The combinatorics of the graph of groups IA; is strictly smaller than
the combinatorics of the graphs of groups Ai in correspondence, i.e., for at
least one of the factors in the decomposition A, the combinatorics of its
corresponding graph of groups is strictly smaller than the combinatorics of
the corresponding graph of groups in Ai, i.e., either the number of edges
and vertices is smaller, or the genus or the (absolute value of the) Euler
characteristic of some of the QH vertex groups is smaller.

Applying steps (i)—(v) to the subgroup I Res;(u,v,a), we set I Ress(u,v,a) to
be the subgroup of the completed limit group Rlim(t,v, a), generated by the dif-
ferent factors of the subgroup I Res;(u, v, a) and their images in the lower levels
of the completed resolution Comp(Res)(t,v,a) obtained in the second step of
the iterative procedure, i.e., obtained by performing steps (i)—(v) above start-
ing with the subgroup IRes;(u,v,a) < Rlim(t,v,a). Defining the subgroup
IRess(u,v,a) < Rlim(t,v,a), we say that the procedure for the construction
of the induced resolution terminates if IRess(u,v,a) = IResi(u,v,a). Oth-
erwise, we perform the third step of the iterative procedure for constructing
the induced resolution by going through the levels of the completed resolution
Comp(Res)(t,v,a), starting with the subgroup IRess(u,v,a) instead of the
subgroups < v,a > and IRes;(u,v,a) with which we started in the first two
steps.

In the general step, we say that the iterative procedure used in the first
part of the construction of the core resolution terminates if I Res,(u,v,a) =
IRes,_1(u,v,a). Otherwise, we continue to the next step by applying steps
(i)—(v) starting with the subgroup IRes,(u,v,a) < Rlim(t,v,a).
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LEMMA 4.2:

(i) The various ranks of the resolutions constructed along the iterative pro-
cedure used in the first part of the construction of the core resolution is a
non-increasing sequence.

(ii) The iterative procedure used in the first part of the construction of the
core resolution terminates after finitely many steps.

Proof: Part (ii) is identical to lemma 3.3 in [Se4]. To prove part (i), note that
by construction, at each step j of the iterative procedure, the terminal free group
of the resolution constructed in the j-th step of the procedure, IRes;(u, v, a), is
an image of the terminal free group of the resolution constructed in step j — 1
of the procedure, IRes;_1(u,v,a). ]

A core resolution is a geometric subresolution, hence the output of the first
part of the procedure needs to be a completed resolution.

LEMMA 4.3: Let IResf(u,v,a) be the terminal resolution obtained by the above
procedure. Then IRes¢(u,v,a) is a geometric subresolution of the completed
resolution, Comp(Res)(t,v,a).

Proof: Identical to lemma 3.4 of [Se4]. |

The first part of the construction of the core resolution is essentially identical
to the construction of the induced resolution. The resolution obtained by the
iterative procedure used in this part, IRes(u,v,a), is a geometric subresolution
of the completed well-separated resolution Comp(Res)(t,v,a) with which we
started. Hence, if IRess(u,v,a) is a resolution of minimal rank, it is a core
resolution. However, in general it is not a firm subresolution, hence it cannot
serve as a core resolution. To get a firm subresolution, we usually need to modify
the resolution IRes(u,v,a) by sequentially reducing its rank. We do that by a
sequentially “fill-in” of various abelian and QH vertex groups associated with
the resolution Comp(Res)(t,v,a), and related to the resolution IRes(u,v,a),
in a way that does not increase the ranks of the obtained resolutions, and so that
if the entire sequence of “fill-in” operations does not manage to eventually reduce
the rank of the obtained resolution, then it is guaranteed that the resolution
IResf(u,v,a) with which we started the second step is a firm subresolution, so
it can be taken as a core resolution.

Before presenting the second part of the construction of a core resolution, we
present two preliminary iterative procedures. The first preliminary procedure
fills in inefficient QH vertex groups, and the second preliminary procedure adds
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pegs to the abelian vertex groups in the various abelian decompositions associ-
ated with the various levels of a given induced resolution. As we will see in the
sequel, the iterative procedure we use for the second part of the construction of
a core resolution takes care of these two operations, so the preliminary proce-
dures are not really necessary for the construction of the core but they may be
of importance for other purposes.

Since the construction of the core resolution involves (only) the completion
of a well-separated resolution (and not the resolution itself), to save notation
in the sequel, we will assume that the resolution Res(t,v,a) we started with is
a completed resolution, i.e., we will assume that Comp(Res)(t, v, a) is identical
to Res(t,v,a).

Definition 4.4: Let IResy(u,v,a) be the terminal resolution obtained by the
iterative procedure used in the first part of the construction of the core resolu-
tion. Let @ be a QH vertex group in the abelian decomposition associated with
one of the levels of the resolution IRess(u,v,a). By construction, @ is a finite
index subgroup of a QH vertex group ( in the completed resolution Res(t, v, a)
with which we started. With the QH vertex group @ there is an associated
surface S, and with the QH vertex group Q there is an associated surface S
that is finitely covered by S. The resolutions IRes¢(u,v,a) and Res(t,v,a)
are well-separated, so with S and S there is an associated collection of non-
homotopic disjoint s.c.c. that are mapped to the identity in the next levels of
the corresponding resolutions.

We say that the QH vertex group @ (or the corresponding surface S) of
IResf(u,v,a) is inefficient if it is not of minimal rank and one of the following
conditions hold:

(i) The rank of the free group dropped from the Q H vertex group ) is strictly
bigger than the rank of the QH vertex group dropped from the QH vertex
group Q.

(ii) The number of connected components in the surface S after cutting it
along its associated collection of s.c.c. is strictly bigger than the number of
connected components of the surface S after cutting it along its associated
collection of s.c.c.

We start the second part of the construction of the core resolution by a se-
quential “fill” of inefficient surfaces (QH vertex groups). By the way inefficient
surfaces are defined, each time we fill an inefficient surface, the rank of the
associated (geometric) resolution strictly decreases.

We start the second part of the construction of the core resolution with the
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resolution obtained by the first part of the construction, IRess(u,v,a). If the
resolution IResy(u,v,a) contains no inefficient surfaces (QH vertex groups),
we do not change the resolution IRes(u,v,a) and continue with it to the next
iterative procedure used in the second part of the construction of the core res-
olution. Suppose @ is an inefficient QH vertex group in one of the levels of
the resolution I'Res¢(u,v,a) and let Q be the QH vertex group that contains
@ in the resolution Res(t,v,a) with which we started the procedure. With
the (completed) resolution IResy(u,v,a) we naturally associate the subgroup
< u,v,a > that is generated by the limit groups associated with the various
levels of IRess(u,v,a). By the construction of the resolution IRess(u,v,a),
the subgroup < u,v,a > is naturally a subgroup of the limit group Rlim(t,v,a)
associated with the (completed) resolution Res(t,v,a).

Let < ¢,u,v,a > be the subgroup generated by the subgroups < u,v,a > and
Q in the limit group Rlim(t,v,a). At this point, we apply the procedure used
in the first part of the construction to the limit group < ¢,u,v,a > and the
resolution Res(t,v,a) we started with (i.e., we construct the resolution induced
by the subgroup < ¢, u,v,a > from the resolution Res(t,v,a)). Let the obtained
(geometric) resolution be FiRes(s,v,a).

PROPOSITION 4.5: The rank of the resolution FiRes(s,v,a), obtained by fill-
ing the QH subgroup Q, is strictly smaller than the rank of the resolution
IResf(u,v,a) with which we started the second step.

Proof: The terminal free group of the resolution IRess(u,v,a) is naturally
mapped into the terminal free group of the resolution FiRes(s,v,a). Since the
QH vertex group Q is obtained from the QH vertex group @ by adding finitely
many elements which are roots of elements in (), the terminal free group of the
resolution FiRes(s,v,a) is generated by the image of the terminal free group
of the resolution I Res(u,v, a) in addition to finitely many roots of elements in
that image. Hence, the rank of the resolution F'iRes(s,v,a) is bounded by the
rank of the resolution IRess(u,v,a).

The QH vertex group @ is inefficient. If the rank of the free factor dropped
from it in the resolution IRess(u,v,a) is strictly bigger than the rank of the
free factor dropped from the QH vertex group Q in the resolution Res(t,v,a),
then by the above structure of the terminal free group of FiRes(s,v,a), the
rank of that terminal free group is strictly smaller than the rank of the terminal
free group of IRess(u,v,a).

Let S be the surface associated with the QH vertex group ) and let S be
the surface associated with the QH vertex group Q S finitely covers S , and
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with each of them there is an associated collection of s.c.c. that are mapped to
the identity in the next levels of the resolutions IRess(u,v,a) and Res(t,v,a)
in correspondence.

Suppose that the ranks of the free factors dropped from @ and Q are identical.
In that case, the number of connected components of the surface S after we cut
it along its associated collection of s.c.c. is strictly bigger than the number of
components of S after we cut it along its associated collection of s.c.c. Let
Ci,...,Cp be the subgroups associated with the various components of the
surface S. Let q1,...,qq € Q be elements that conjugate distinct couples of
components of the surface S in the Q H subgroup Q For each 4, let C; and C(;
be the subgroups of < u,v,a > associated with the two components conjugated
by the element ¢; € Q Since the groups C; intersect ¢;Cj(;)q; ! non-trivially,
the rank of the image of the subgroup < Cj,¢;Cj(;) qi_1 > in the terminal free
group of the resolution FiRes(s,v,a) is strictly smaller than the sum of the
ranks of the images of C; and Cj(;) in the terminal free group of the resolution
IResf(u,v,a) with which we started the second step.

Let v be the map from the subgroup H =< (4, .. .,C;,Q > into the ter-
minal free group of the resolution FiRes(s,v,a), and suppose that the ranks
of the terminal free groups of the resolutions IRess(u,v,a) and FiRes(s,v,a)
are identical. Then the rank of the free group v(H) is equal to the rank of the
image of the subgroup < Ci,...,Cy > in the terminal free group of the resolu-
tion IResy(u,v,a), which is the sum of the ranks of the images of the various
subgroups C} in that terminal free group. Since, in addition, the rank of the sub-
group v(< Cy, ¢:Cj;) q;l >) is strictly smaller than the sum of the ranks of the
images of C; and C}(;) in the terminal free group of I Resy(u,v,a), v(H) admits
a free decomposition v(H) = v(q) * - - * v(qq) * ¥(H1), and since for some in-
teger n, ¢ € Q, v(q1)" € V(<< @2, qe, Hy >,q7" < @2y qa, HL > @1 >).
But clearly, if G =< a > *B and the element a is of infinite order, then
< B,a"'Ba >= B x a~!Ba, hence for every n > 1, a"® ¢< B,a"'Ba >, a
contradiction. ]

If the resolution FiRes(s,v,a) contains no inefficient QH vertex groups, we
replace the resolution I'Ress(u,v,a) by the resolution FiRes(u,v,a) and pro-
ceed to the next iterative procedure used in the second step of the construction
of the core resolution. If the resolution FiRes(s,v,a) contains an inefficient
QH vertex group @, we “fill” this inefficient surface precisely as we filled an
inefficient surface in the resolution IRes(u,v,a), obtained by the first part of
the construction. We continue iteratively by filling inefficient QQ H vertex groups
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in the previously obtained resolutions. Since, by Proposition 4.5, each filling
of an inefficient QH vertex group strictly decreases the rank of the obtained
resolution, this (filling) iterative procedure terminates after finitely many steps,
which enable us to replace the resolution IRes¢(u,v,a) by the obtained reso-
lution, and continue to the next iterative procedure used in the second step of
the construction of the core resolution.

Let IRes.(u,v,a) be the resolution obtained by iteratively filling inefficient
QH vertex groups. The resolution IRes.(u,v,a) is a geometric subresolution
of Res(t,v,a) by construction, but in general it may not be a firm subresolu-
tion. The second preliminary procedure adds pegs to abelian vertex groups in
the abelian decompositions associated with the various levels of the resolution
IRes.(u,v,a).

Suppose that the resolution I Res.(u, v, a), obtained by filling inefficient QH
vertex groups in the resolution I'Res¢(u,v,a), constructed in the first part of
the construction of the core resolution, is not of minimal rank. In the second
preliminary procedure we add pegs of abelian subgroups intersected non-trivially
(i.e., in a subgroup that is not contained in the cyclic subgroup generated by the
peg) by the subgroup associated with the resolution I Res.(u,v,a) iteratively.

(1) We start by adding the pegs of abelian subgroups associated with the top
level of the resolution Res(t,v,a) that are intersected non-trivially by the
subgroup associated with the resolution I Res.(u, v, a).

(2) We construct the resolution induced from the resolution Res(t,v,a) by
the subgroup generated by the subgroup associated by the resolution
IRes.(u,v,a) and the additional pegs, and denote the obtained resolution
IRes1(u,v,a). Since the pegs we added are either roots of elements that
belong to the subgroup associated with IRes(u,v,a), or they commute
with (non-trivial) elements in the subgroup associated with I Res.(u, v, a),
the rank of the obtained resolution I Res;(u,v,a) is bounded by the rank
of the resolution I Res.(u, v, a)

rk(IResi(u,v,a)) < rk(IRes.(u,v,a)).

(3) If rk(IRes1(u,v,a)) < rk(IRese(u,v,a)), we start the second step of the
procedure with the resolution IResi(u,v,a), so we may suppose that
rk(IRes1(u,v,a)) = rk(IRes¢(u,v,a)). In this case, if a peg that was
added to the subgroup associated with the resolution I Res,(u,v,a) is not
a root of an element of this subgroup, then the additional peg has to be
mapped into a free generator in the terminal free subgroup of the ob-
tained (induced) resolution I Res;(u,v,a), and the subgroup generated by
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the collection of those additional pegs is mapped into a free factor (of the
same rank) in the terminal free subgroup of I Resi(u,v,a).

Let Ay be the abelian decomposition associated with the top level of
the resolution Res(t,v,a). In the free decomposition IA;, inherited by
the subgroup I Res;(u,v,a) from Ay, either the number of factors is drop-
ping, or the rank of the free factor corresponding to Bass—Serre generators
of loops with trivial edge stabilizers and free factors contributed by infinite
index subgroups of QH vertex groups is dropping, or the number of free
factors and the rank of the free factor corresponding to Bass—Serre gener-
ators with trivial edge stabilizers and free factors contributed by infinite
index subgroups of QH vertex groups are identical to the corresponding
number and rank in the abelian decomposition inherited by the subgroup
(associated with) I Res.(u,v,a) from A;.

In case the number of free factors and the rank of the above free factor in

IA; are identical to the corresponding number of factors and rank in the
abelian decomposition inherited by the subgroup IRes.(u,v,a) from the
abelian decomposition Ay, the complexity of the graph of groups IA;, in-
herited by the subgroup I Res;(u,v,a) from Ay, is bounded by complexity
of the graph of groups inherited by IRese(u,v,a) from A; in addition to
the number of abelian groups for which we have added a peg and this peg
is not a root of an element in the subgroup associated with I Res.(u, v, a).
Note that the number of those abelian groups is bounded by the rank of
the resolution I Res.(u,v,a), rk(IRes.(u,v,a)).
We continue as in steps (1) and (2), by adding all the pegs of abelian sub-
groups associated with the top level of the resolution Res(t, v, a) that are
intersected non-trivially by the subgroup associated with the resolution
IRes1(u,v,a), and constructing the resolution induced from the resolu-
tion Res(t,v,a) by the subgroup generated by the subgroup associated by
the resolution IRes;(u,v,a) and the additional pegs, and denote the ob-
tained resolution I Ress(u, v, a), and continue iteratively. By construction,
the ranks of all the obtained resolutions, which we denote I Res, (u, v, a),
satisfy

rk(IResy(u,v,a)) < rk(IRes,_1(u,v,a)) < rk(IRes.(u,v,a)).

If at some step n, rk(IResy(u,v,a)) < rk(IResy,—1(u,v,a)), we start the
second step of the procedure with the resolution IRes,,(u,v,a), hence we
may assume that the ranks of the obtained resolutions IRes,(u,v,a) do
not decrease along the iterative procedure.
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The subgroup generated by the pegs that were added to the subgroups
associated with the resolutions

IResc(u,v,a), [Res1(u,v,a),...,IRes,—1(u,v,a),

that are not a root of an element in the subgroup associated with the
preceding resolution, is mapped isomorphically onto a free factor (of the
same rank) in the terminal free subgroup of the obtained (induced) reso-
lution I Resy(u,v,a). In the free decomposition inherited by the subgroup
IRes,(u,v,a) from Ay, the abelian decomposition associated with the top
level of Res(t,v,a), either the number of factors is dropping, or the rank of
the free factor corresponding to Bass—Serre generators of loops with trivial
edge stabilizers and free factors contributed by infinite index subgroups
of QH vertex groups is dropping, or the number of free factors and the
rank of the free factor corresponding to Bass—Serre generators with trivial
edge stabilizers and free factors contributed by infinite index subgroups
of QQH vertex groups are identical to the corresponding number and rank
in the abelian decomposition inherited by the subgroup IRes,—_1(u,v,a)
from A;. In case the number of free factors and the rank of the above
free factor in the abelian decomposition inherited by IRes,(u,v,a) from
A are identical to the corresponding number of factors and rank in the
abelian decomposition inherited by the subgroup IRes,_i(u,v,a) from
the abelian decomposition Aj, the complexity of the graph of groups in-
herited by the subgroup I Res,(u,v,a) from Ay is bounded by complexity
of the graph of groups inherited by I Res,—1(u,v,a) from A; in addition to
the number of abelian groups for which we have added a peg and this peg is
not a root of an element in the subgroup associated with I Res,—1(u, v, a).
Since the total number of those abelian groups that are added to the entire
sequence of resolutions [ Res.(u,v,a), [Resi(u,v,a),...,[Res,(u,v,a) is
bounded by the rank of the resolution IRes.(u,v,a), the sequence ter-
minates after a finite time, i.e., we obtain a resolution IRes,(u,v,a) for
which if the subgroup associated with it intersects a (conjugate of an)
abelian vertex group in the graded abelian decomposition associated with
the top level of Res(t,v,a), then this intersection contains the peg of the
abelian subgroup.

At this point we continue by adding pegs to abelian subgroups associated
with the second level of the resolution Res(t, v, a) that are intersected non-
trivially by the subgroup associated with the resolution I Res,,(u, v, a), and
continue iteratively as we did in part (4). Note that after adding pegs of
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abelian subgroups associated with the second level of Res(t,v, a), we may
need to add pegs of abelian subgroups associated with the top level of
Res(t,v,a) as well. Since eventually, either the rank of an obtained reso-
lution decreases or the complexity of the abelian decompositions inherited
by the obtained resolutions from the abelian decomposition associated
with either the top level or the second level of the resolution Res(t,v,a)
decreases, the iterative procedure for adding pegs to abelian subgroups
associated with the top two levels of the resolution Res(t,v,a) terminates
after finitely many steps. Continuing to the next levels of the resolution
Res(t,v,a), we finally obtain a resolution, which we denote I Res,(t,v,a),
for which if a conjugate of an abelian vertex group associated with one
of the levels of Res(t, v, a) intersects non-trivially the subgroup associated
with the obtained resolution I Res,(u,v,a), then this intersection contains
the peg of the abelian subgroup.

The iterative procedure for the addition of pegs terminates after a finite
number of steps with a resolution, I Res,(u,v,a). To the obtained resolution
IRes,(u,v,a) we apply the procedure for filling inefficient QH vertex groups,
and if an inefficient vertex group was indeed filled, we apply the procedure
for adding pegs once again, until we obtain a resolution, which we still denote
IResp(u,v,a), that does not contain any inefficient QH vertex groups, and
for which if a conjugate of an abelian vertex group associated with one of the
levels of Res(t,v,a) intersects non-trivially the subgroup associated with the
obtained resolution I Res,(u, v, a), then this intersection contains the peg of the
abelian subgroup. However, the obtained resolution IRes,(u,v,a), which is a
geometric subresolution by construction, is not necessarily a firm subresolution.
To modify the resolution IRes,(u,v,a) (or equivalently the induced resolution
IResf(u,v,a)) in order to obtain a firm subresolution, we use an iterative proce-
dure that is aimed at sequentially reducing the rank of the obtained resolutions.
The iterative procedure we present either reduces the rank after finitely many
steps, or guarantees (after finitely many steps) that the resolution I Resy(u, v, a)
(or the resolution I Ress(u,v,a)) is indeed a firm subresolution. Unlike the pro-
cedure for the addition of pegs, the procedure used in the second part of the
second step of the construction of the core resolution starts from the bottom
level of the resolution Res(t,v,a) and iteratively climbs towards its top level.

(1) The terminal level (which we denote by ¢) of the resolution Res(t,v,a) is
a free group Fy, x F', hence we start the procedure from the level above the
terminal one (level {—1). According to the construction of an induced res-
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olution, the subgroup associated with the resolution I Res,(u, v, a) inherits
a (possibly trivial) free decomposition from each of the levels of the reso-
lution I Resp(u,v,a), and it is mapped to a subgroup associated with each
of the levels. In particular, in accordance with the free decomposition in-
herited by the subgroup associated with the resolution I Res,(u,v,a) from
the levels that lie above the ¢ — 1 level, the image of the subgroup asso-
ciated with I Resy(u,v, a) in the subgroup associated with the ¢ — 1 level
of the (completed) ambient resolution Res(t,v,a), G*~', admits a free de-
composition when mapped into the ¢ —1 level, G¢=! = Hf_l % -*Hf(_[l_l).
We treat the factors H{Fl in parallel.

We fix a system of generators of Hffl, Hf*1 =< hffl, PN hf@lfl’i) >. If
no (non-trivial) subgroup of the factor H!™' fixes a vertex in the Bass—
Serre tree associated with the ¢ — 1 level of the resolution Res(t,v,a) with
which we started, we leave the factor H ffl unchanged. Suppose that a
(non-trivial) subgroup of H f71 fixes a vertex in the abelian decomposition
associated with the ¢ — 1 level of the resolution Res(t,v,a).

Let T;_1 be the Bass—Serre tree corresponding to the abelian decompo-
sition associated with the ¢ —1 level of the ambient resolution Res(t,v,a),
and let A H be the graph of groups inherited by Hf_l from its action
on the Bass—Serre tree T;_;.

Definition 4.6: Suppose that the abelian decomposition A ,¢-1, inherited by

Hf_l from its action on the Bass—Serre tree Ty_1, contains a couple of QH

vertex groups, 1, @2, that satisfy the following conditions:

(i)

(i)

@1 is a finite index subgroup in a subgroup @] that is conjugate to a QH
vertex group in the abelian decomposition associated with the ¢ — 1 level
of the ambient resolution Res(t,v,a), and @2 is a finite index subgroup
in a subgroup @) that is conjugate to a QH vertex group in the abelian
decomposition associated with the ¢ — 1 level of the ambient resolution
Res(t,v,a), and @] is conjugate to @ in the limit group associated with
the ¢ — 1 level of the ambient resolution Res(t,v,a).

The QH vertex group @} (hence also @) is not of minimal rank, i.e.,
there exists a s.c.c. on S] (the surface associated with @) that is mapped
to the trivial element in the next level of the resolution Res(t,v,a).

In this case we say that the abelian decomposition A,¢—1 contains a reducing
QH couple.

If the abelian decomposition A .1 contains a reducing QH couple, Qy
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and @2, we set the subgroup H; to be the subgroup generated by Hffl7
the QH vertex groups @} and @ that contain ()1 and @ as subgroups
of finite index, and an element in the limit group associated with the ¢{—1
level of the ambient resolution Res(t,v,a) that conjugates Q] to Q5. We
set H] to be the limit group associated with the resolution induced by
the subgroup H; from the ambient resolution Res(t,v,a). Since the QH
vertex groups ()] and @} are not of minimal rank, and since ¢); and Q2
are not conjugate in the subgroup Hf_l with which we started, and Q]
and Q% are conjugate in H/, it is not difficult to see that the elements we
have added reduce the rank of the obtained group, i.e.,

rk(H!) < rk(H™h)

in case there exists a reducing QH couple in A —1. In this case we replace

the factor H{Fl by H!, and repeat part (2) of the construction with the
newly obtained subgroup H f_l.

Suppose that the abelian decomposition A -1 does not contain a re-
ducing QH couple. Let n,—1 be the map from the limit group associated
with the ¢ — 1 level of Res(t,v,a) to the (free) limit group associated
with the (terminal) ¢ level of Res(t,v,a). Let to € Ty—1 be its base
point, and let Ty_; be the finite subtree of Ty_; spanned by the points
to, hffl(to)7 R hf(?q,i) (to). We further increase the finite subtree Ty_1.
To each vertex stabilized by a @QH subgroup in the finite subtree Ty
we add edges connected to the various boundary components of the QH
subgroup (an edge for each orbit of edges in A -1, that is connected to
the QH vertex group under the action of the S;Jbgroup Hffl), and the
vertices connected to these edges (note that these new vertices are sta-
bilized by non-abelian, non-QH vertex groups (in T;_1), and that since
Hf_l is f.g. we have added only finitely many edges and vertices). We
denote the obtained finite subtree T; ;. To continue our treatment of the
factor H; ! we need the notions of floating and absorbed surfaces.

Definition 4.7: Let ) be a QH vertex group in the finite tree T, ; and let
S be its associated surface. Since the ambient resolution Res(t,v,a) is well-
separated, the image of the Q H vertex group ( in the next level of the resolution
Res(t,v,a) is non-abelian. We say that @ is a floating QH vertex group (S is
a floating surface) with respect to the geometric subresolution I Res,(u,v,a), if
@ does not intersect the subgroup H{Fl in a subgroup of finite index, and (at
least) one of the three conditions hold:
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The QH vertex group @ is not of minimal rank, i.e., there exists a s.c.c.
on the surface S that is mapped to the trivial element in the limit group
associated with the next level of the ambient resolution Res(t,v,a).
None of the vertex groups that are adjacent to @ in T ; intersects non-
trivially the subgroup H{™' (see Definition 4.7 for an absorbed surface).
The QH vertex group @ is of minimal rank, and for every vertex group V'
in T, ; that is adjacent to @ in T, ; and intersects Hf_l non-trivially,

rk(ne—1 (< HENV,Q >)) > rk(ne—1 (HE LN V).

We say that @ is an absorbed vertex group (S is an absorbed surface) if it is

not floating.

In case there is no reducing QH couple, we set H; to be the subgroup
generated by the factor H f_l and one of the following if it exists:

An abelian vertex group in the finite tree T,Z’_1 that is intersected non-
trivially by the factor H fﬁl, but is not contained in it.

An absorbed QH vertex group in the finite tree T, ; (with respect to the
subgroup H{ ') that is not contained in H! ' (see Definition 4.7 for an
absorbed surface).

An (abelian) edge group E in the finite tree T, ; that is not contained in
H!™' and is adjacent to a non-abelian, non-QH vertex group V in T} ,
that is intersected non-trivially by Hf_l, for which

rk(ne_1(< H'NV,E >)) <rk(ne_(H 7PN V).

An element vy € V', vy ¢ Hffl, where V' is a non-abelian, non-QH ver-
tex group in the finite tree T ; that is intersected non-trivially by the
subgroup H f_l, for which there exist two edge groups Fy, Fs that are ad-
jacent to V in the finite tree T; ; and are not conjugate in the subgroup
Hf_l, so that vy conjugates Fy to Es in the limit group associated with
the ¢ — 1 level of the ambient resolution Res(t,v,a), and

rk(ne_1(< H7' 0 V,vg >)) < k(e (HT'NV)).

We further set H] to be the subgroup associated with the resolution
induced by the subgroup H;. Since H; is generated by Hffl, the absorbed
QH vertex groups in T, , with respect to Hffl, abelian vertex groups
that are intersected non-trivially by H fﬁl, and additional elements that
do not increase the ranks of the corresponding vertex groups, the rank of
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H! is bounded by the rank of H !, rk(H!) < rk(H! '). Furthermore,
both groups, H} and Hffl, inherit free decompositions from the abelian
decompositions associated with their corresponding actions on the Bass—
Serre tree Ty 1, and both the number of factors as well as the rank of the
additional free group in the abelian decomposition associated with H; (the
Kurosh rank) are bounded by the number of factors and the corresponding
rank in the abelian decomposition associated with H f_l.

If H! is identical to H/™', we have concluded our treatment of the
factor Hf_l. Otherwise, we replace the factor Hf_l by H] and repeat
the construction of a subgroup H; associated with the newly obtained
subgroup Hffl. In constructing H; we do not change the finite subtree
T;g,l, but the number of (orbits of) edges connected to QH vertex groups
in Tg,l may increase, and with it the finite subtree I;_,. From I:Il we
further construct the subgroup H; that is associated with the resolution
induced by H; from the ambient resolution Res(t,v,a), and repeat our
treatment of the subgroup Hj.

Since in each step we either reduce the rank of the obtained subgroup or
we add a new edge group, an abelian vertex group or absorbed QH vertex
group from the finite tree 7;_, to the subgroup associated with Hf*17 or
we add an element that conjugates two edge groups in T;_, that were
not conjugate previously, we conclude our treatment of the factor Hffl
after finitely many steps. If the ranks of at least one of the factors Hffl
strictly decreased by the iterative procedure, we replace the resolution
IResy(u,v,a) with the resolution induced by the subgroup generated by
the subgroup associated with I Res,(u, v, a) and the newly obtained factors
Hf_l, .. ,Hf(_ll_l) and denote the obtained resolution I Resy—1(u,v,a). In
this case, rk(IRes;—1(u,v,a)) < rk(IResp(u,v,a)), and we continue by
starting the second step of the construction of the core resolution with
the resolution I'Res;_1(u,v,a) (instead of IResy(u,v,a)). If none of the
ranks of the various factors H f71 decreases, we continue by analyzing the
next ¢ — 2 level of the resolution I Resy(u,v,a).

The iterative procedure presented in part (2) concludes our treatment of
the various factors H. ! of the subgroup G*~! = H{ 1x.. -*Hﬁ&l_l), which
is the image of the subgroup associated with the resolution I Resy(u, v, a)
in the subgroup associated with the ¢ — 1 level of the ambient reso-
lution Res(t,v,a). We continue by iteratively increasing the index m,

and analyzing the various factors of the image of the subgroup G/~™ =
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Hf’m Kok Hf&Tm)7 which is the image of the subgroup associated with
the resolution IResp(u,v,a) in the subgroup associated with the ¢ —m
level of the ambient resolution Res(t,v,a), according to the procedure
presented in part (2).

Suppose that we analyzed all the images of the subgroup associated
with the resolution IRes,(u,v,a) in the subgroups associated with all
the levels below the ¢ — m level of the ambient resolution Res(t,v,a),
Gt .. GF* ) and suppose that the rank of the obtained resolu-
tion did not decrease along these levels. In accordance with the free
decomposition inherited by the subgroup associated with the resolution
IResp(u,v,a) from the levels that lie above the ¢ — m level, the image of
the subgroup associated with IRes,(u,v,a), G*~™, admits a free decom-
position when mapped into the £ —m level, G*~™ = Hf*m X% Hf&’fm).
We treat the factors Hf_m according to the procedure presented in part
(2).

We start by fixing a system of generators of Hf’m7

l—m __ l—m /—m
HE ™ =< b B>

If no (non-trivial) subgroup of the factor H ™™ fixes a vertex in the Bass—
Serre tree associated with the ¢ —m level of the resolution Res(t,v,a) with
which we started, we leave the factor Hf*m unchanged. Suppose that a
(non-trivial) subgroup of Hffm fixes a vertex in the abelian decomposi-
tion associated with the ¢ — m level of the resolution Res(t,v,a).

Let Ty, be the Bass—Serre tree corresponding to the abelian decompo-
sition associated with the ¢ —m level of the ambient resolution Res(t, v, a),
and let A Hi= be the graph of groups inherited by Hf_m from its action
on the Bass—Serre tree Ty_,,. If the abelian decomposition A H contains

a reducing QH couple, Q1 and @, we set the subgroup H; to be the sub-
group generated by Hffm, the QH vertex groups ()] and @)} that contain
1 and Q4 as subgroups of finite index, and an element in the limit groups
associated with the ¢ —m level of the ambient resolution Res(t, v, a) that
conjugates Q] to Q5. We set H] to be the limit group associated with
the resolution induced by the subgroup H; from the ambient resolution
Res(t,v,a). Since the QH vertex groups @} and @, are not of minimal
rank, and since )1 and @2 are not conjugate in the subgroup H f*m we
started with, and Q) and Q% are conjugate in HY,

rk(H!) < rk(H™™)
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(i)

(iii)

in case there exists a reducing Q@ H couple in A H In this case we replace
the factor H:~™ by H!, and start the second part of the construction of the
core resolution, with the resolution induced from the ambient resolution
Res(t,v,a), by the subgroup generated by the newly obtained subgroup
Hffm, and the subgroup associated with the resolution IRes,(u,v,a).
Note that the rank of the obtained induced resolution is strictly smaller
than the rank of the resolution IRes,(u,v,a) with which we started the
second step.

Suppose that the abelian decomposition A .- does not contain a re-
ducing QH couple. Let 1y_,, be the map from the limit group associated
with the ¢ —m level of Res(t, v, a) to the (free) limit group associated with
the (terminal) ¢ level of Res(t,v,a). Let V be a non-abelian, non-Q H ver-
tex group in Ty_,, and let M <V be a subgroup. Note that V', hence M,
are naturally embedded into the subgroup associated with level ¢ —m + 1
in Res(t,v,a). We denote by rk(ne_m (M)) the rank of resolution obtained
by starting with the subgroup M and applying the iterative procedure for
the construction of the core resolution (restricted to the bottom m levels).
Note that we can apply the procedure restricted to the bottom m levels,
by our induction hypothesis.

Let tg € Ty_,, be its base point, and let Ty_,, be the finite subtree
of Ty_,, spanned by the points tg, h‘ifm(to), ceey hf,(*[fm’i)(to). We further
increase the finite subtree T;_,,. To each vertex stabilized by a QH sub-
group in the finite subtree Ty we add edges connected to the various
boundary components of the QH subgroup (an edge for each orbit of
edges connected to the QH vertex group (in A - ) under the action of
the subgroup H'~™), and the vertices connected to these edges (note that
these new vertices are stabilized by non-abelian, non-Q H vertex groups
in Ty_,,). We denote the obtained finite subtree T) , . We set H; to be
the subgroup generated by the factor Hf*m and one of the following if it
exists:

An abelian vertex group in the finite tree Té_m that is intersected non-
trivially by the factor H f_m but is not contained in it.

An absorbed QH vertex group in the finite tree T, (with respect to the
subgroup H!~™) that is not contained in H/™™ (see Definition 4.7 for an
absorbed surface).

An (abelian) edge group E in the finite tree T;_,, that is not contained in
H f_m and is adjacent to a non-abelian, non-QH vertex group V in T
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that is intersected non-trivially by Hf’m, for which
Pk (< HE™ AV, B >)) < k(e (HZ™ V).

An element vy € V, vg ¢ Hf’m7 where V' is a non-abelian, non-QH ver-
tex group in the finite tree 7;_, that is intersected non-trivially by the
subgroup H ffm, for which there exist two edge groups Fy, Fs that are ad-
jacent to V' in the finite tree T;_, , and are not conjugate in the subgroup
Hf_m, so that v conjugates F; to E» in the limit group associated with
the ¢ — m level of the ambient resolution Res(t,v,a), and

rk(e—m(< HE™ OV, 0 >)) < vk m(HT™ NV)).

We further set H; to be the subgroup associated with the resolution
induced by the subgroup H;. Since H; is generated by H f_m, the absorbed
QH vertex groups in Tj , with respect to H'™™, abelian vertex groups
that are intersected non-trivially by Hf_m7 and additional elements that
do not increase the ranks of the corresponding vertex groups, the rank of
H! is bounded by the rank of H!™™, rk(H!) < rk(H!™™). Furthermore,
both groups H] and Hffm inherit free decompositions from the abelian
decompositions associated with their corresponding actions on the Bass—
Serre tree Ty_,,, and both the number of factors as well as the rank of the
additional free group in the abelian decomposition associated with H; (the
Kurosh rank) are bounded by the number of factors and the corresponding
rank in the abelian decomposition associated with H!~™.

If H! is identical to H{ ™ we have concluded our treatment of the
factor Hf*m. Otherwise, we replace the factor Hf*m by H/, and repeat
the analysis of the resolution induced by the (newly obtained) subgroup
Hffm from the ambient resolution Res(t, v, a), according to parts (2) and
(3), without changing the finite tree T, .

Since in each step we either reduce the rank of the obtained subgroup,
or we add a new edge group, an abelian vertex group or absorbed QH
vertex group from the finite tree T, , to the subgroup associated with
H!™™ or we add an element that conjugates two edge groups in T}
that were not conjugated previously, we conclude our treatment of the
factor Hf’m after finitely many steps. If the ranks of at least one of
the factors H ffm strictly decreased by the iterative procedure, we replace
the resolution I Res,(u,v,a) with the resolution induced by the subgroup
generated by the subgroup associated with IRes,(u,v,a) and the newly
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obtained factors Hf*m7 .. H f&Tm)7 and denote the obtained resolution
IRes;_m(u,v,a). In this case, rk(IRes¢—m(u,v,a)) < rk(IResp(u,v,a)),
and we continue by starting the second step of the construction of the core
resolution with the resolution IRes;_,,(u,v, a) (instead of I Res¢(u,v,a)).
If none of the ranks of the various factors H f71 decreases, we continue by
analyzing the next (¢ — (m + 1)) level of the resolution I Res,(u,v,a).
The iterative procedure used for the second part of the construction of the
core resolution terminates after finitely many steps. Using it we obtain a ge-
ometric subresolution of the ambient resolution Res(t,v,a), which we denote
IRess(u,v,a), that is set to be either the resolution I Res(u,v,a) obtained by
the first part of the construction, in case the procedure used for the second part
of the construction of the core resolution has not reduced the rank of the resolu-
tion it has constructed, or it is the resolution constructed by the procedure used
in the second part of the construction of the core resolution, in case this reso-
lution is of strictly smaller rank than the resolution I Ress(u, v, a), constructed
by the procedure used in the first part of the construction. The obtained reso-
lution I Ress(u,v,a) is a geometric subresolution of Res(t,v,a) by construction;
in addition, it is guaranteed to be a firm subresolution by the following theorem,
hence it may serve as a core resolution, Core(< v,a >, Res(t,v,a)).

THEOREM 4.8: The resolution IResg(u,v,a), obtained by the procedure for
the construction of a core resolution, is a firm subresolution of the resolution
Res(t,v,a).

Proof: From the two parts of the construction of the core resolution, we obtain
a geometric subresolution of the ambient resolution, Res(t,v,a), that we de-
note I Resgsec(u,v,a). We set the resolution IResg(u,v,a) to be the resolution
IRessec(u,v,a) in case rk(IRess..) < rk(IResy), and IResf(u,v,a) in case
rk(IRessec) = rk(IResy). Furthermore, if rk(IResse.c) = rk(IResy), then for
any specialization of the ambient resolution Res(t,v,a), the specialization of
the terminal free group of the resolution IResge.(u,v,a) is obtained from the
specialization of the terminal free group of the resolution I'Ress(u, v, a) by suc-
cessively adding elements that do not increase the rank. Hence, if k(I Ressec) =
rk(IRess) and IResgec(u,v,a) is a firm subresolution, so is the resolution
IRes¢(u, v, a) which is set to be the resolution I Ress(u, v, a) in this case. There-
fore, to prove Theorem 4.8, it is enough to prove that the resolution obtained
by the procedure for the construction of a core resolution, I Ress.(u,v,a), is a
firm subresolution.
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We first prove that I Ressec(u, v, a) is a firm subresolution We start by proving
it in case the ambient resolution, Res(t, v, a), is a one-level resolution, and the
associated abelian decomposition contains no QH vertex groups. We continue
by proving it for ambient resolutions, Res(t,v,a), for which the abelian decom-
positions associated with their various levels contain no ) H vertex groups, and
then we generalize the proof to arbitrary ambient resolutions.

LEMMA 4.9: Suppose that the ambient resolution, Res(t,v,a), contains a single
level, and the abelian decomposition associated with that level contains no QH
vertex groups. Then the resolution I Resg..(u,v,a), obtained by the procedure
for the construction of a core resolution, is a firm subresolution of the resolution
Res(t,v,a).

Proof: Let H' be the subgroup associated with the resolution I Resse.(u, v, a),
and let T" be the Bass—Serre tree corresponding to the abelian decomposition
associated with the single level of the ambient resolution Res(t,v,a). In case
the ambient resolution contains a single level, only parts (1) and (2) of the
procedure used for the second part of the construction of a core resolution are
applied along the iterative procedure.

Suppose that no (non-trivial) subgroup of H'! fixes a vertex in the Bass—Serre
tree T'. Then there exists a test sequence of the ambient resolution Res(¢,v,a),
so that the corresponding sequence of specializations of the subgroup H' are
bi-Lipschitz equivalent to the action of H' on the Bass—Serre tree T. Hence,
the rank of each specialization of H' (from the test sequence) is equivalent to
the rank of H!, which implies that IResge.(u,v,a) is a firm subresolution of
Res(t,v,a).

Suppose that there are non-trivial subgroups of H' that fix vertices in the
Bass—Serre tree T'. In this case H' inherits a free decomposition from its action
on the Bass—Serre tree T: H' = By * --- x B,, * F,, where each of the factors
B; inherits a (possibly trivial) abelian decomposition with non-trivial abelian
edge groups from its action on the tree T. Furthermore, the canonical map
from the limit group associated with the top level of the ambient resolution,
Res(t,v,a), to the limit group associated with its terminal (second) level, maps
each of the factors B; onto a free group D;, which is a subgroup of the terminal
free group of the ambient resolution, Res(t,v,a). Since IRessec(u,v,a) is a
completed resolution, H' naturally contains a subgroup isomorphic to M =
Dy x .- x Dy, x Fy, where each of the subgroups D; is a subgroup of a vertex
group in the Bass—Serre tree T'.
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Then there exists a test sequence of the ambient resolution Res(t,v,a), so
that the corresponding sequence of specializations of the subgroup M < H!
are isomorphic to M. Hence, the rank of each of the specializations of H'
is equivalent to the rank of the subgroup M, which is equivalent to the rank
of IResge.(u,v,a); this implies that I Resge.(u,v,a) is a firm subresolution of
Res(t,v,a). |

An argument similar to the one used to prove Lemma 4.9 allows us to prove
Theorem 4.8 for ambient resolutions for which their associated abelian decom-
positions contain no QH vertex groups.

LEMMA 4.10: Suppose that the abelian decompositions associated with the var-
ious levels of the ambient resolution, Res(t,v,a), contain no QH vertex groups.
Then the resolution I Resge.(u, v, a), obtained by the procedure for the construc-
tion of a core resolution, is a firm subresolution of the resolution Res(t,v,a).

Proof: Let H = H' be the subgroup associated with the obtained resolu-
tion IResgec(u,v,a), and let T} be the Bass—Serre tree corresponding to the
abelian decomposition associated with the top level of the ambient resolution,
Res(t,v,a). The subgroup H' inherits an abelian decomposition from its ac-
tion on the Bass—Serre tree 77, an abelian decomposition that gives rise to a
free decomposition: H' = B} x---x By, * Fy,. Each of the factors B} is mapped
into the limit group associated with the second level of the ambient resolution
Res(t,v,a), and we denote its image HJ2 Setting T5 to be the Bass—Serre tree
corresponding to the abelian decomposition associated with the second level of
the ambient resolution Res(t,v,a), each of the subgroups HJ2 inherits an abelian
decomposition from its action on the Bass—Serre tree Ts, an abelian decompo-
sition that gives rise to a free decomposition of the subgroup H]2 Each of the
factors Bj2- in the free decomposition of H]2 is naturally mapped into the limit
group associated with the third level of the ambient resolution Res(t,v,a), and
we denote its image H ]3 Continuing inductively, by going down through the lev-
els of the ambient resolution Res(t, v, a), we obtain the set of subgroups H f_m
of the limit group associated with the ¢ — m level of the ambient resolution
Res(t,v,a), m =0,....0 —1,7=1,...,qi—m, and the factors in the free de-
compositions the subgroups Hffm inherit from their action on the Bass—Serre
tree Ty, which we denote Bffm.

We prove that the obtained resolution I Resge.(u, v, a) is a firm subresolution,
by going through the levels of the ambient resolution Res(t,v,a) from bottom
to top, and showing inductively that the resolutions induced by the subgroups
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H f*m associated with the corresponding level are indeed firm subresolutions of
the ambient resolution Res(t,v,a).

The subgroups associated with the bottom level, Hf, are subgroups of the
terminal free group of the ambient resolution, Res(t,v,a), and the resolutions
induced by them from the ambient resolution, Res(t, v, a), are trivial, so these
are indeed firm subresolutions of Res(t,v,a). According to Lemma 4.9, the
resolutions induced by the various subgroups associated with the ¢ — 1 level,
Hf’l7 from Res(t,v,a) are firm subresolutions of Res(t,v,a).

Suppose that the resolutions induced by the various subgroups Hffmﬂ from
the ambient resolution Res(t, v, a) are firm subresolutions, and let Hf_m be one
of the factors in the free decomposition inherited by the image of the subgroup
associated with the resolution I Resgsec(u, v, a) in the limit group associated with

the ¢ — m level of the ambient resolution Res(t,v,a).

Suppose that no (non-trivial) subgroup of Hffm fixes a vertex in the Bass—
Serre tree Ty_,,. Then there exists a test sequence of the ambient resolution
Res(t,v,a), so that the corresponding sequence of specializations of the sub-
group Hf_m are bi-Lipschitz equivalent to the action of H]’f]_m on the Bass—Serre
tree Ty_,,. Hence, the rank of each specialization of H ;;—m is equivalent to the
rank of H]’f]_m7 which implies that the part of IRessec(u,v,a) corresponding to
the factor Hf*m is a firm subresolution of Res(t,v,a).

Suppose that there are non-trivial subgroups of Hffm that fix vertices in the
Bass—Serre tree T;_,,,. In this case Hf_m inherits a free decomposition from its
action on the Bass—Serre tree Ty_,,: Hf_m = Bf‘m X% Bf*m x I, where
each of the factors Bﬁ_m inherits a (possibly trivial) abelian decomposition with
non-trivial abelian edge groups from its action on the tree T;_,,. Furthermore,
the canonical map from the limit group associated with the ¢ — m level of the
ambient resolution, Res(t,v, a), to the limit group associated with its £ —m + 1
level maps each of the factors Bﬁ*m onto a subgroup H ,f*m*l. Since by our
inductive assumption, the resolution induced by each of the factors H,ffmﬂ is a
firm subresolution, each of the factors H £7m+1 is mapped onto the terminal free
group of the resolution induced by the various factors Hﬁ_m"‘l, which we de-
note Dﬁ_m"‘l. Since I Resg.(u,v,a) is a completed resolution, H]’f]_m naturally
contains a subgroup isomorphic to M = D= «.. .« DL-m+ « F | where each
of the subgroups Dﬁ_mH is contained in a vertex stabilizer in the Bass—Serre
Ti_m-

Then there exists a test sequence of the ambient resolution Res(t,v,a), so
that the corresponding sequence of specializations of the subgroup M < Hf_m
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are isomorphic to M. Hence, the rank of each of the specializations of H f’m
is equivalent to the rank of the subgroup M, which is equivalent to the rank
of the resolution induced by the subgroup H f*m from the ambient resolution
Res(t,v,a), which implies that the resolution induced by the subgroup Hffm
is a firm subresolution of Res(t,v,a). By induction on the various levels of the
ambient resolution Res(t,v,a), the resolution I Resge.(u,v,a) is a firm subreso-
lution of the ambient resolution Res(t,v,a). |

In Lemmas 4.9 and 4.10 we proved Theorem 4.8 in case the abelian decomposi-
tions associated with the various levels of the ambient resolution Res(t,v,a) con-
tain no QH vertex groups. To prove Theorem 4.8 in the general case we use the
combinatorial properties of (quadratic) test sequences (definition 1.5 in [Se2]),
together with the arguments used to prove Lemmas 4.9 and 4.10. As in analyz-
ing the resolution I Ressec(u,v,a) in case the ambient resolution, Res(t,v,a),
contains no QH vertex groups, we analyze the resolution I Resgse.(u, v, a) induc-
tively from bottom to top, starting with the factors associated with the ¢ — 1
level of the ambient resolution Res(t,v,a).

Let Hf_l be a factor in the free decomposition inherited by the subgroup
associated with the resolution I Resgsec(u, v, a), from the abelian decompositions
associated with all the levels of the ambient resolution Res(¢,v,a) that lie above
the £ —1 level. Let Ty_; be the Bass—Serre tree associated with the £ —1 level in
the ambient resolution, Res(t,v,a), and let A +—1 be the abelian decomposition
inherited by Hf_l from its action on Ty 1. Lét Hf_l =< hf_l, . .,hf&{lyi) >
be a fixed generating set for Hffl, let to € Ty_1 be its base point, and let Tg,l
be the finite subtree of Ty _; spanned by the points g, hffl (to),---, hf«&lfl,i) (to)-
Recall that along the construction of the resolution I Resg,.(u, v, a) we increased
the finite subtree Ty_1. To each vertex stabilized by a QH subgroup in the finite
subtree Ty_1, we added edges connected to the various boundary components
of the QH subgroup that correspond to orbits of edges in the graph of groups
(Aj¢-1), and the vertices connected to these edges (note that these new vertices
are stabilized by non-abelian, non-Q H vertex groups in Ty_1). We denoted the
obtained finite subtree T,_,.

By lemma 1.4 of [Se4], from the abelian decomposition associated with the
¢ — 1 level of the ambient resolution Res(t,v,a), the factor Hffl inherits an
abelian decomposition that we (still) denote A ,;¢-1, in which all the (non-trivial)
edge groups are edge groups in the Bass—Serre tree T,_1, and the vertex groups
are either abelian or QH vertex groups in Ty_1, or they are contained in non-
QH, non-abelian vertex groups in Ty_;.
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If the finite subtree T;_, contains no floating QH vertex groups, the resolution
induced by the subgroup H fﬁl is firm by the argument used to prove Lemma, 4.9.
Suppose that the finite subtree T;_, contains a floating QH vertex group. Let
Q@ be a QH vertex group in the abelian decomposition associated with the ¢ —1
level of the ambient resolution Res(t,v,a), let ©¢g be the abelian decomposition
obtained from the abelian decomposition associated with the ¢ — 1 level of the
ambient resolution Res(t,v,a) by collapsing all the edges except those that are
connected to the QH vertex group (), and suppose that the free decomposition
inherited by the factor H ™' from O is a non-trivial free decomposition of
Hf’l (cf. lemma 1.4 in [Sed]), which implies that some conjugates of the QH
vertex group @ are floating QH vertex groups in the finite tree T}_,.

Recall that, given a test sequence of the resolution Res(t,v,a), a quadratic
test sequence is associated with the QH vertex ). A quadratic test sequence
is presented in definition 1.5 of [Se2]. According to this definition, with the
surface S associated with the QH vertex group @), we associate a collection of
non-homotopic, non-boundary parallel s.c.c. by, ..., b, so that S\U{b1,...,b,} is
a disjoint union of three-punctured spheres and once-punctured Md&bius bands,
and another collection of non-homotopic, non-boundary parallel s.c.c. di, ..., d;
so that each of the curves d; intersects non-trivially at least one of the curves
bj, and the collection of curves bq,...,bq,d1,...,d: fills the surface S. Let
©1,...,9q be the automorphisms of () that correspond to Dehn twists along
the s.c.c. by, ..., by, and 1, ...,4; be the automorphisms of () that correspond
to Dehn twists along the s.c.c. dy, ..., d;. To construct a quadratic test sequence,
we define the following sequences of automorphisms of the Q H vertex group @,
{Vn, T}, iteratively. We set 7y = id., and vy to be

1 1 1
Ulzwflowgzo---o¢ft.

For every index n > 1 we define 7, to be

n n n

— Mo
Th =1 Oy’ 0oyt oy

and
W o
Up =" ohy® o---0tt oy,
The automorphisms {v,,7,} naturally extend to automorphisms of the limit
group Rlimy—_1(t,v,a) associated with the ¢ — 1 level of the ambient resolution
Res(t,v,a), and we set the sequence of homomorphisms \,,: Rlim,_1(t,v,a) —

F}, to be a sequence of homomorphisms of the form

)\n:,unog‘oi"0993710"'0992710Vn
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where i, is @a homomorphism obtained from a composition of the automorphisms
associated with the other parts of the abelian decomposition associated with the
(—1 level of the ambient resolution Res(t, v, a), and the (canonical) epimorphism
n¢—1 from the group associated with the ¢ — 1 level of Res(t,v,a) to the free
group associated with the (terminal) ¢ level.

The decomposition of the QH vertex group @ along the collection of s.c.c.
bi,...,by can naturally be extended to a decomposition of the limit group
Rlimg_1(t,v,a), associated with the ¢ — 1 level of the ambient resolution
Res(t,v,a). Let Gg be the Bass—Serre tree corresponding to this decomposition
of Rlimy_1(t,v,a). Before analyzing the image under the homomorphism A,, of
the factor H f_l, An(H f_l), in the terminal free group of the ambient resolution
Res(t,v,a), we analyze the action on the tree Gg of the image of the factor
Hf_l under the automorphism v, of Rlime—i(t,v,a).

ProOPOSITION 4.11: Let [';, be the graph of groups inherited by the subgroup
vn(HS™Y) from its action on the Bass-Serre tree G, and let T, be the free
decomposition of v,,(H f_l) obtained from the graph of groups I';, by collapsing
all the edges with non-trivial stabilizers. The free decomposition I, of v,(H!™")
naturally transfers to a free decomposition (still denoted ")) of H:™'. Then
there exists a test sequence with corresponding sequence of automorphisms,
{(Tn,vn)}, for which there exists an index ng, so that for every index n > no,
the free decompositions inherited by H{Fl from T, are identical to the free
decomposition inherited by Hffl from the decomposition ©¢ (according to
lemma 1.4 in [Sed]).

Furthermore, the test sequence can be chosen so that in the limit action of the
group Rlimy_1(t,v,a) on a real tree Y, obtained from the sequence of actions of
Rlim(t,v,a) on the Bass—Serre tree G¢ via the automorphisms vy, the action
of the subgroup Hf_l on the real tree Y contains orbits of only discrete and
IET components.

Proof: Let A, -1 be the free decomposition inherited by H, =1 from the de-
composition 6@1 according to lemma 1.4 of [Se4]. By our assumptions, Ao
is a non-trivial free decomposition of Hffl. L
Recall that the collection of s.c.c. bi,...,b, and dy,...,d; are chosen to fill
the surface S associated with the QH vertex group ). By the way a test
sequence is defined, larger and larger (finite) sets of elements in the subgroup
Hffl, that are either hyperbolic with respect to the abelian decomposition
©¢ or are conjugate to non-boundary parallel elements in the QH subgroup
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@, are guaranteed to be mapped by the automorphisms v, to elements that
act hyperbolically on the Bass—Serre tree Gg which corresponds to the abelian
decomposition obtained from O¢, by decomposing the QH subgroup @ along
the disjoint, non-homotopic collection of s.c.c. by,...,b,. Furthermore, the axis
of the image of such elements under the automorphisms v,, when acting on G is
composed from high powers of elements that are conjugate to the s.c.c. by, ..., b,
and dy, ..., d: (see the construction of test sequences in definition 1.20 in [Se2]).

The subgroup Hffl inherits an abelian decomposition from the decomposi-
tion O¢ of the ambient limit group Rlime_1(t,v,a). Let M, ..., M; be those
vertex groups in this decomposition that can be conjugated into infinite in-
dex subgroups of the QH vertex @), and are not free product of conjugates of
boundary subgroups in Q.

By the work of P. Scott [Sc], every subgroup of a surface group is geometric,
i.e., every subgroup of a given surface group is the fundamental group of a
subsurface of a finite cover of the given surface. Since the collection of curves
bi,...,bg,dy,...,d; fills the given surface S (with fundamental group @), the
collection of lifts of these curves fills any given finite cover of S.

Since the subgroups My, ..., M, are of infinite index in conjugates of the QH
vertex group @, and they are not free products of boundary subgroups in @, each
is the fundamental group of a corresponding proper subsurface in some finite
cover of the surface S. Let X; be the cover of the surface S that is associated
with the subgroup M;, and let S; C X; be the proper subsurface (not necessarily
connected) with fundamental group M;. Since S; is a proper subsurface, and
its fundamental group is not a free product of boundary subgroups in @, S; has
boundary components ci, ..., c that are non-boundary parallel in X;.

Since ci, ..., c!, are non-boundary parallel in X;, they represent non-boundary
parallel curves on the surface S, hence they intersect non-trivially some of the
s.c.c. b1,...,bq,dx,...,d; (that fill S). Therefore, by the construction of a test
sequence, for some index ni, and for every index i, 1 < i < s, each of the curves
Un,(ch), ... vn, (c) intersects non-trivially all the s.c.c. bi,..., by, dy,. .., d;.
Hence, again by the construction of a test sequence, there exists some index
ng, so that for every couple of indices ¢ and j, the collection of curves v, (cé)
and bi,...,b, fills the surface S, so their lifts fill the cover X;. This implies
that for every index i, 1 < i < s, vy, (M;) contains no non-trivial elliptic ele-
ments in acting on the tree G, which is the Bass—Serre tree that corresponds
to the abelian decomposition obtained by cutting the @QH subgroup @ along

the collection of s.c.c. bi,...,b;. Hence, I'} is precisely A1, ie., the free
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decomposition inherited by H! ! from ©¢ according to lemma 1.4 of [Se4].

Once the free decompositions inherited by the subgroups Mj, ..., M, from the
decompositions I', = are identical to those guaranteed by lemma 1.4 of [Se4], by
choosing the powers that define the next automorphisms {(7,, ti,,)} in our test
sequence to be large enough, we guarantee that all the next free decompositions
I, are identical to the free decomposition I'y,,. By the combinatorial properties
of a quadratic test sequence (presented in detail in [Se2]), a limit action obtained
from the test sequence we constructed contains orbits of only discrete and IET
components, and the proposition follows. |

Suppose that the (non-trivial) free decomposition inherited by the subgroup
H!™! from the abelian decomposition ©¢ according to lemma 1.4 of [Sed] is
Hf_l = Byx-- % B, xFs, where Fj is a free group. Since the surface @ is floating,
we can modify the homomorphism g of the ambient limit group Rlim(¢,v,a), so
that for every index i, 1 <17 < ¢, u(b;) cannot be conjugated into the subgroup
H ffl NV, for every vertex group V that is adjacent to the QH vertex group
@ in the finite subtree T;_,. Since by Proposition 4.11 there exists a sequence
of automorphisms { (74, tn)}, for which there exists some index ng, so that for
every index n > ng the free decomposition I'}, of H, f_l is identical to the free
decomposition Hf_l = By x--- % By, x Fs, then the sequence of automorphisms
{(Tn, pn)} can be extended to a test sequence of the two bottom levels of the
ambient resolution Res(t,v,a), so that for every n > ny,

A (HEY) = M\p(By) # -+ % Ap(Br) % An(Fl),

where \,, maps F isomorphically onto A, (F;), which clearly implies that the
given test sequence is firm with respect to the entire subgroup H, f_l. By iter-
atively adding the QH vertex groups in the abelian decomposition associated
with the ¢ — 1 level of the ambient resolution Res(t,v,a), we get that the res-
olutions induced by the various subgroups H'~" are indeed firm subresolutions
of Res(t,v,a).

Analyzing the resolutions induced by the various subgroups Hffl from the
ambient resolution Res(t,v,a), to complete the proof of Theorem 4.8, i.e., to
show that the entire resolution I Resg..(u,v,a) is a firm subresolution, we con-
tinue the analysis of the resolution IResg..(u,v,a) by climbing through the
levels of the ambient resolution Res(t,v,a) as we did in proving Lemma 4.10,
and for each level we use the same argument used in the analysis of the factors
HL ]

Given a well-separated completed resolution Res(t,v,a), and a subgroup
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< v,a > of the limit group Rlim(t,v,a) associated with this resolution, the
procedure for the construction of a core resolution enables us to start with the
resolution induced by the subgroup < v,a > from the resolution Res(t,v,a),
and modify it sequentially by reducing the ranks of the obtained resolution
to get a firm geometric subresolution of the resolution Res(t,v,a), which can
be taken to be a core resolution, Core(< v,a >, Res(t,v,a))(r,v,a). Natu-
rally, the procedure used for the construction of a core resolution generalizes
to the construction of a (graded) core of a (well-separated) graded resolution,
which we denote GCore(< v,a >, GRes(t,v,p,a))(r,v,a), and to the construc-
tion of a (multi-graded) core of a multi-graded resolution, which we denote
MGCore(< v,a >, MGRes)(r,v,a). Note that in the graded and multi-graded
cases, the second part of the construction of the core resolution either reduces
the sum of the rank of the terminating free factor and the number of the ter-
minating factors of the resolution IRes(u,v,a) obtained in the first part (i.e.,
reduces the Kurosh rank of the free decomposition associated with its terminal
limit group), or it proves that it is indeed a firm subresolution, hence may serve
as a (graded, multi-graded) core resolution.

Also, note that, unlike ungraded resolution, in analyzing the set of specializa-
tions that factor and are taut with respect to a completed graded or multi-graded
resolution, MG Res, it is possible that the restrictions of certain specializations
to some levels of the multi-graded resolution, M G Res, cannot be obtained from
the restrictions of the same specializations to the successive (lower) levels of the
resolution, using the associated (multi-graded) modular automorphisms. This
phenomenon arises since there are specializations of (graded, multi-graded) solid
limit groups that do not factor through any flexible quotient of the solid limit
group (after applying an element of the associated modular groups), but still
they are not strictly solid specializations of the solid limit group, hence they are
assumed to factor through (the limit group associated with the completion of)
a resolution associated with at least one of the flexible quotients of the given
solid limit group (see definitions 1.4 and 1.5 in [Se3]).

However, the Kurosh rank of the restriction of such specialization to the
subgroup associated with the core of such resolution MG Res is at most the
Kurosh rank of the constructed core. This observation is needed in proving
certain inequalities on the complexity of the core resolution (see Theorems 4.18
and 4.19).

In the procedure for the construction of the tree of stratified sets, we were
able to bound the complexity of multi-graded resolutions by the complexity of
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multi-graded resolutions produced in previous steps of the iterative procedure.
In the general sieve method, presented in the next paper in the sequel, we will
need similar bounds on the cores of the constructed multi-graded resolutions.
To state these bounds, we first need to present the complexity of a (graded,
multi-graded) core resolution, which is a slight modification of our definition of
the complexity of a resolution (cf. Definition 2.2).

Definition 4.12: Let Res(t,v,a) be an (ungraded) well-separated completed
resolution and let Core(< v,a >, Res(t,v,a)) be a core resolution. We set the
complexity of the core Core(< v,a >, Res(t,v,a)),

Cmplz(Core(< v,a >, Res(t,v,a))),

to be the complexity of the core Core(< v,a >, Res(t,v,a)), viewed as an
induced resolution ([Se4], definition 3.2). Unlike the ungraded case, in case the
ambient resolution is multi-graded (or graded), we need to slightly modify the
complexity of the core.

Let MGRes(t,v, P,Ry,...,R4,a) be awell-separated completed multi-graded
resolution and let M GCore(<v,a>, MGRes(t,v,P,Ry,...,R4,a)) be a (multi-
graded) core resolution. Let Q1,...,Q be the QH subgroups that appear in
the core MGCore(< v,a >, MGRes(t,v,P,Ry,...,Rq,a)). Each QH vertex
group @); is a subgroup of finite index in a QH vertex group in the ambient
(multi-graded) resolution, so with each QQ H we associate the (punctured) surface
S; that is associated with the QH vertex group of the ambient resolution that
contains ;. With each (punctured) surface S; we may associate an ordered cou-
ple (genus(S;), |x(S;)]). We will assume that the QH subgroups @1, ..., Qmn are
ordered according to the lexicographical (decreasing) order of the ordered cou-
ples associated with their corresponding surfaces. Let rk(MGCore) be the rank
of the free factor in the free decomposition associated with the terminal limit
group of the core, MGCore(< v,a >, MGRes(t,v,P,Ry,...,Rq,a)), and let
factor(MGCore) be the number of factors it is terminating with (i.e., the num-
ber of factors in the free decomposition inherited by the terminal subgroup of the
multi-graded core from the free decomposition of the terminal subgroup of the
ambient multi-graded resolution). Note that rk(MGCore) + factor(MGCore)
is precisely the Kurosh rank of the free decomposition associated with the ter-
minal limit group of the core MGCore. Let Abrk(MGCore) be the abelian
rank of the core resolution (see definition 1.14 of [Se4]).

We set, the complexity of the multi-graded core

MGCore(< v,a >, MGRes(t,v,P,Ry,...,R4,a)),
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denoted Cmplaz(MGCore), to be

Cmplz(MGCore) = (rk(MGCore) + factor(MGCore),
(genus(S1), |x(S1)D), .., (genus(Sm), |x(Sm)|),Abrk(MGCore)rk(MGCore)).

On the set of core resolutions we can define a partial order. Let M GCore; and
MGCore; be two (multi-graded) core resolutions. We say that

Cmplz(MGCorey) = Cmplz(MGCores)
if the tuples defining the two complexities are identical. We say that
Cmplaz(MGCorey) < Cmplaz(MGCores)
if:
(1) rk(MGCorey) + factor(MGCore;) is smaller than
rk(MGCores) + factor(MGCores),

(2) the above numbers are equal and the tuple

((genus(S1), IX(SDD; - -, (genus (S, ), IX(Sm, )

is smaller in the lexicographical order than the tuple

((genus(S7), IX(SDD), - .-, (genus(S3,,), [X(Sh, 1),

(3) the above numbers and tuples are equal and
Abrk(MGCore;) < Abrk(MGCores),
(4) the above numbers and tuples are equal and
rk(MGCorey) < rk(MGCores).

To get bounds on the complexity of core resolutions of the multi-graded reso-
lutions constructed along our quantifier elimination iterative procedure, we need
to study some basic properties of the core resolution. These properties of the
core resolution seem to be basic tools for analyzing Diophantine sets in general.

THEOREM 4.13: Let MGResy(v,Ry,...,Rm, P,a) be a well-separated com-
pleted multi-graded resolution containing two levels and a unique quotient map
between the two limit groups associated with the two levels, and let Ay be
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the graph of groups with fundamental group Rlim(v, P,a) associated with the
top level of MG Resy, where Ry,...,R,,, P are the non-QH, non-abelian ver-
tex groups in the graph of groups Ai. Let MGResy(t,v,L1,..., Ly, P,a) be
a well-separated completed resolution of a limit group Rlim(t,v, P,a), so that
there is an embedding v: Rlim(v, P,a) — Rlim(t,v, P,a) that maps each of the
subgroups Ry, ..., Ry, P into a conjugate of one of the subgroups L;.

Since the multi-graded resolution MGRes;(v,R1,...,Rm, P,a) is well-
separated, with each QH vertex group in its associated multi-graded abelian
decomposition, A1, there is an associated collection of s.c.c. that are mapped to
the trivial element in the terminal level of the resolution

MGRes; (v, Ry, ..., Rn, P, a).

Each QH vertex group in Ay naturally inherits a sequence of abelian de-
compositions from the multi-graded resolution MG Ress(t,v, Ly, ..., Ly, P, a).
Suppose that for every such QH vertex group @, this sequence of multi-graded
abelian decompositions is compatible with the collection of s.c.c. on () that are
mapped to the trivial element in the terminal level of the multi-graded resolution
MGResy(v,Ry,...,Rm, P,a).

Then the multi-graded resolution M GRess(t,v, L1, ..., Ly, P,a) can be modi-
fied (without changing the Diophantine set associated with its completion) to
a well-separated multi-graded resolution M GRess(u,t,v,Lq,...,L,, P a), so
that:

(i) Every specialization of the limit group Rlim(t,v, p, a) that can be extended
to a specialization that factors through the (limit group associated with
the) completion of the multi-graded resolution MGResy, Comp(MGRes,),
can be extended to a specialization that factors through the completion of
the multi-graded resolution M GRess, Comp(MG Ress), and vice versa,
i.e., the Diophantine sets associated with the completions of M G Ress and
MGRess are identical.

(ii) Let (v, p,a) be a specialization of the limit group Rlim(v, p, a) that factors
through and is taut with respect to the resolution MG Res,. Suppose
that (v,p,a) can be extended to a specialization (t,v,p,a) of the limit
group Rlim(t,v,p,a) that factors and is taut with respect to the resolution
MGResy. Then (t,v,p,a) can be extended to a specialization (u,t,v,p,a)
that factors and is taut with respect to the resolution M G Ress, i.e., the
part of the modular block associated with the resolution, M G Ress, that
projects to the modular block associated with the resolution, M G Res,
can be “lifted” to the modular block associated with MG Ress.
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Furthermore, there exists a core for M G Ress,
MGCore(< v, P,a >, MGRess),

produced by modifying the above procedure for the construction of a (multi-
graded) core resolution, that has the following properties:
(iii) The complexity of the multi-graded core is bounded by the complexity of
the multi-graded resolution M G Res; :

Cmplz(MGCore(< v, P,a >, MGRes3)) < Cmplz(MGRes,).
(iv) If these complexities are equal, then the structure of the core,
MGCore(< v, P,a >, MGRess),

is identical to the structure of the multi-graded resolution M G Res1, i.e.,
the core has one level, and the abelian decomposition associated with
this one level has the same structure as A, the abelian decomposition
associated with MG Resy.

Proof: Since (the taut structure of) the multi-graded resolution M G Ress is
“compatible” with the multi-graded resolution M G Res;, the rank of the induced
resolution, IndRes(< v, P,a >, MG Ress), is bounded by the rank of the multi-
graded resolution M GRes;, and

rk(IndRes(< v, P,a >, MGRess)) + factor(IndRes(< v, P,a >, MGRess))
<rk(MGRes;) + factor(MGResy).

Applying the iterative procedure for the construction of the core resolution to
the subgroup < wv,P,a > and the multi-graded resolution MGResy, we
obtain a multi-graded core, MGCore(< v,P,a >, MGRess). By construc-
tion, the sum of the rank and the number of factors of this core is bounded
by the sum of the rank and the number of factors of the induced resolution,
IndRes(< v, P,a >, MGRes,), and if the two sums are equal, then the second
part of the construction was not applied, i.e., the multi-graded core and the
induced resolution are identical. Hence

rk(MGCore(< v, P,a >, MGRess))+ factor(MGCore(< v, P,a >, MGRess))
<rk(MGRes1) + factor(MGResy).
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If

rk(MGCore(< v, P,a >, MGRess))+ factor(MGCore(< v, P,a >, MG Ress))
< rk(MGResy) + factor(MGResy),

then we set the core to be the output of the procedure,
MGCore(< v, P,a >, MGRes>),

and set the multi-graded resolution M G Ress to be the multi-graded resolution
MGRess, and the theorem follows. Hence, we may assume

rk(MGCore(< v, P,a >, MGRess))+ factor(MGCore(< v, P,a >, MGRess))
=rk(MGRes,) + factor(MGResy).

In this case, the multi-graded core constructed by our iterative procedure,
MGCore(< wv,P,a >,MGRess3), is identical to the induced resolution,
IndRes(< v, P,a >, MGRess).

Suppose that the multi-graded abelian decomposition Ay, associated with
the multi-graded resolution MG Resy, contains no surviving Q H vertex groups
(see Definition 1.8 for the notion of a surviving surface). In this case, we set
MGRes3 to be the resolution MGRess; and modify the core,
MGCore(< wv,p,a >,MGResy), which is in fact the induced resolution,
IndRes(< v,p,a >, MGRess). We replace the part of the induced resolu-
tion which is the subresolution induced by the free factor that is dropped in
the resolution M GResy, by the image of that factor in M GResy. The modi-
fied resolution is a firm geometric subresolution of M G Res, that contains the
subgroup < v,p,a >, since the previously constructed core,

MGCore(< v,p,a >, MGRes,),

is a firm geometric subresolution, and its Kurosh rank is identical to the Kurosh
rank of the original resolution, M GRes;. Hence, we set the modified resolution
to be the core resolution, MGCore(< v,p,a >, MGRess).

Suppose that MG Res; contains a QH vertex group. Since we assume that
the core contains no surviving surface, its complexity is strictly bounded by the
complexity of the resolution M G Res; by our analysis of taut homomorphisms of
maximal rank, presented in section 2 of [Se4]. If M G Res; contains no @ H vertex
groups, the complexity of the core is bounded by the complexity of MG Res,
and in case of equality their structures are identical.
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Suppose that the multi-graded abelian decomposition A; of M G Res; contains
a surviving QH vertex group. In this case, we modify the resolution MG Ress
in a somewhat different way than we did in the minimal rank case (section 1
in [Se4] and in this paper), so that the corresponding Diophantine set will not
change (as well as the projection of the associated modular block as indicated
in the statement of the theorem).

Let @ be a surviving vertex group in A; and let Q be a QH vertex group in
an abelian decomposition associated with one of the levels of M G Ress, so that
@ is mapped isomorphically onto Q, and Q is not mapped isomorphically onto
a @ H vertex group in an abelian decomposition associated with a level that lies
above the level to which Q belongs in the multi-graded resolution M G Resy. We
vary the multi-graded resolution by “pushing down” a QH vertex isomorphic
to Q, which is set to be the image of the QH vertex @), and is mapped (in the
new resolution) to (the image in the new resolution of) the image of the QH
subgroup @ in MGResy, i.e., we push down a QH vertex group which is set
to be the image of the QH subgroup @ in the new resolution. The image of
this new subgroup in the next level is set to be the image of the QH subgroup
Q@ in the multi-graded resolution MG Res;. We leave the levels below the QH
vertex group Q unchanged, and change the order of the QH vertex groups
that lie above Q into which the QH vertex group ¢ is mapped. We repeat
this “pushing down” operation for a maximal collection of surviving Q H vertex
groups ; in the abelian decomposition A;, that are mapped isomorphically
onto non-conjugate QH vertex groups Q ; in the various levels of MG Resy. We
denote the obtained resolution M GRess(u,t,v,Ls,..., Ly, P,a).

Q. %\/ /

| == Z -Q

By construction, since we have only changed the order of the appearance of cer-
tain QH vertex groups in modifying the resolution M G Res,, the Diophantine
sets associated with the subgroup (¢,v,p,a) and the (limit groups associated
with the) completions of the resolutions MGResy and MGRess are identi-
cal. Furthermore, the part of the modular block associated with MG Res, that
projects to the modular block associated with M G Res; can be “lifted” to the
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modular block associated with M G Ress (part (ii) in the claim of the theorem).
With the multi-graded resolution MG Ress we associate a core,

MGCore(< v, P,a >, MGRess),
by applying our algorithm for the construction of a core resolution. If

rk(MGCore(< v, P,a >, MGRes3))+ factor(MGCore(< v, P,a >, MGRes3))
< rk(MGResy) + factor(MGResy),

the theorem follows. Suppose

rk(MGCore(< v, P,a >, MGRes3))+ factor(MGCore(< v, P,a >, MG Ress))
=rk(MGRes;) + factor(MGResy).

We modify the core, MGCore(< v,p,a >, MGRes3), which is in fact the in-
duced resolution, IndRes(< v,p,a >, MGRess), as we did in case there are
no surviving surfaces. We replace the part of the induced resolution, which is
the subresolution induced by the free factor that is dropped in the resolution
MGResy, by the image of that factor in MG Ress. The modified resolution is a
firm geometric subresolution of M G Ress that contains the subgroup < v,p,a >,
since the previously constructed core, MGCore(< v, p,a >, MG Ress), is a firm
geometric subresolution, and its Kurosh rank is identical to the Kurosh rank of
the original resolution, M GRes;. Hence, we set the modified resolution to be
the core resolution, MGCore(< v,p,a >, MG Ress).

If there are no two surviving QH vertex groups in A; that are mapped
onto conjugate QH vertex groups in MG Ress, or, more generally, if every
two surviving QH vertex groups in A; that are mapped onto conjugate vertex
groups in M GRess belong to the same factor in the abelian decomposition A;
of MGRes;, the bound on the complexity of the obtained core (by the com-
plexity of M G Res;) follows by our analysis of taut homomorphisms of maximal
rank ([Se4], section 2). Otherwise, every two surviving QH vertex groups (q
and @ in A; that do not belong to the same factor in Ay, and are mapped
isomorphically onto conjugate QH vertex groups in MG Ress must belong to
different factors in the free decomposition associated with the terminal level of
the core MGCore(< v, P,a >, MGRes3). Let @1 and Q2 be such surfaces. In
this case we replace the subgroup < v, P,a > by the subgroup G generated by
< v, P, a > and the element that conjugates Ql to Qg in the subgroup associ-
ated with the resolution M G Ress. We repeat this operation for all such couples
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of surviving surfaces until we obtain a group Gs. Note that by adding such a
conjugating element, we may increase the rank of the core of the corresponding
subgroup by at most 1, but we necessarily reduce the number of terminating
factors by at least 1.

At this point we look at the core, MGCore(Gs, MGRess), obtained by our
procedure for the construction of a core resolution. By construction

rk(MGCore(Gs, MGRes3)) + factor(MGCore(Gs, MGRes3))
<rk(MGRes;) + factor(MGResy),

and if the inequality is strict the theorem follows. If

rk(MGCore(Gs, MGRes3)) + factor(MGCore(Gs, MGRes3))
=rk(MGRes1) + factor(MGResy),

then the core, MGCore(Gs, MGRess), is just the induced resolution,
IndRes(Gs, MG Ress).

As in case there are no surviving surfaces, we replace the part of the induced
resolution (which is the subresolution induced by the free factor that is the
free product of the (free) factor that is dropped in the resolution MG Res;
with the free factor generated by the new elements we have added to get the
subgroup G¢) by the image of that factor in MG Ress. The modified resolution
is a firm geometric subresolution of MG Ress that contains the subgroup G,
hence contains the subgroup < v,p,a >, since the previously constructed core,
MGCore(Gs, MGRess), is a firm geometric subresolution, and its Kurosh rank
is identical to the Kurosh rank of the original resolution, M G Res;. Hence, we
set the modified resolution to be the core resolution,

MGCore(< v,p,a >, MG Ress).
Furthermore, by our analysis of taut homomorphisms of maximal rank,
Cmplz(MGCore(Gs, MGRess)) < Cmple(MGRes;)

and the theorem follows. [ |

Given a one-level multi-graded resolution associated with a variety, Theorem
4.13 bounds the complexity of the core of a multi-graded resolution associated
with a Diophantine set contained in the given variety, assuming the resolution
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associated with the Diophantine set is compatible with the resolution of the
variety. In a similar way, given a Diophantine set, a multi-graded resolution
associated with it, and a core of that multi-graded resolution, it is possible to
use that core to bound the complexity of the core of a multi-graded resolution
associated with a Diophantine set that is contained in the given Diophantine
set, assuming the multi-graded resolution associated with the new (smaller)
Diophantine set is compatible with the multi-graded resolution associated with
the given Diophantine set.

THEOREM 4.14: Let
MGResy(v,R1,...,Rmn,P,a) and MGRess(t,v,L1,...,Ly,, P a)

be multi-graded resolutions that satisfy the assumptions of Theorem 4.13
and let < y,a > be a subgroup of the limit group Rlim(v,P,a). Let
MGCore(< y,a >, MGRes;) be a given multi-graded core resolution of the
subgroup < y,a > in the multi-graded resolution M G Res; .

Then the multi-graded resolution MGRess(t,v,Ly,...,Ly,,P,a) can be
modified to a well-separated multi-graded resolution

MGRess(u,t,v,Ly,...,Ly, P,a):

(i) The Diophantine sets associated with the completions of M GRes, and
MG Ress are identical.

(ii) Let (y,a) be a specialization of the limit group Rlim(y,a) which can be
extended to a specialization that factors and is taut with respect to the
resolution MG Resy. Suppose that (y,a) can be extended to a special-
ization that factors and is taut with respect to the resolution M GRess.
Then (y,a) can be extended to a specialization that factors and is taut
with respect to the resolution M G Ress, i.e., the part of the modular block
associated with the resolution, M G Ress, that projects to the projection
of the modular block associated with the resolution, M G Res,, can be
“lifted” to the modular block associated with MG Ress.

Furthermore, there exists a core for MGRess, MGCore(< y,a >, MGRess),
produced by modifying the above procedure for the construction of a (multi-
graded) core resolution, that has the following properties:

(iii) The complexity of the multi-graded core is bounded by the complexity of
the given core of the multi-graded resolution M G Res :

Cmpla(MGCore(< y,a >, MGRes3))
< Cmplz(MGCore(< y,a >, MGResy)).
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(iv) If these complexities are equal, then the structure of the core
MGCore(< y,a >, MGRes3) is identical to the structure of the given
core of the multi-graded resolution M G Res1,

MGCore(< y,a >, MGRes;)

(i.e., the core has one level, and the abelian decomposition associated with
this one level has the same structure as the abelian decomposition associ-
ated with the given core of MGRes;, MGCore(< y,a >, MGResy)).

Proof: Let GG; be the image of the subgroup corresponding to the core,
MGCore(< v,a >, MGRes;), in the group < t,v, P,a >. The argument used
to prove Theorem 4.13 applied to the core, MGCore(G1, MGRessy), proves
Theorem 4.14. |

Given a one-level multi-graded resolution associated with a Diophantine set,
and a core associated with the given resolution, Theorem 4.14 bounds the com-
plexity of the core of a multi-graded resolution associated with a Diophantine set
contained in the given Diophantine set, assuming the resolution associated with
the new (smaller) Diophantine set is compatible with the resolution associated
with the given Diophantine set.

In analyzing Diophantine sets, we will need a bound not only on the complex-
ity of the core associated with an entire resolution, but also on the complexity
of a core associated with a resolution composed from some successive levels in
a compatible ambient resolution.

THEOREM 4.15: Let
MGResy(v,R1,...,Rm,P,a) and MGRess(t,v,L1,...,Ly,, P a)

be well-separated completed multi-graded resolutions that satisfy the assump-
tions of Theorem 4.13, and let < y,a >< Rlim(v, P, a). Suppose that the multi-
graded resolution MGRess(t,v, L1, ..., Ly, P,a) has( levels, let 1 < iy < iz < ¢,
and let MGRess(t,v,Ly,..., Ly, P,a) be the multi-graded resolution composed
from levels iy, ..., iy of the multi-graded resolution

MGRess(t,v,Ly,...,Ly, P,a).

Then the multi-graded resolution MGRess(t,v,Ly,...,Ly,,P,a) can be
modified to a well-separated multi-graded resolution

MGRes4(u,t,v,Ly,...,Ly,, P,a),
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so that:
(i) MGRes3 and MG Res, satisfy properties (i) and (ii) of Theorem 4.14.
(ii) If MG Ress contains a single quotient map, then M G Res, is identical to
MGRess3.
Furthermore, there exists a core, MGCore(< y,a >, MGRes,), that has the
following properties:
(iii) the complexity of the multi-graded core is bounded by the complexity of
the corresponding core of the multi-graded resolution M G Res :

Cmplz(MGCore(< y,a >, MGResy))
< Cmplz(MGCore(< y,a >, MGResy)).
(iv) If these complexities are equal, then the structure of the core,

MGCore(< y,a >, MGRes,), is identical to the structure of the cor-
responding core of the multi-graded resolution M G Res,

MGCore(< y,a >, MGResy).
(v) If the complexities are equal, then the (ambient) multi-graded resolution
MGResy(t,v,L,...,L,, P a)
can be modified to a well-separated multi-graded resolution
MGRess(u,t,v,Ly,...,Ly,, P,a)

so that MG Resy and MG Ress satisfy properties (i) and (ii) of Theorem
4.14, and for which there exists a core, MGCore(< y,a >, MGRess),
that has the same structure as the corresponding core of the multi-graded
resolution MG Res1, MGCore(< y,a >, MGRes1).

Proof: Parts (i)—(iv) follow by the argument used to prove Theorem 4.14.
Suppose that the complexities, Cmplz(MGCore(< y,a >, MGRes4)) and
Cmplz(MGCore(< y,a >, MGResy)), are equal. To prove part (v), suppose
that using the construction employed in the proofs of Theorems 4.13 and 4.14,
the multi-graded resolution MG Ress(t,v,L1,..., Ly, P,a) can be modified to
a well-separated multi-graded resolution M GRes;(u,t,v,Ly,...,L,, P,a) that
satisfies parts (i) and (ii) in Theorem 4.14, and

Cmplz(MGCore(< y,a >, MGRess))
< Cmplz(MGCore(< y,a >, MGResy)).



184 Z. SELA Isr. J. Math.
If

rk(MGCore(< y,a >, MGRess)) + factor(MGCore(< y,a >, MGRess))
<rk(MGCore(< y,a >, MGResy)) + factor(MGCore(< y,a >, MGResy)),

then by construction, the multi-graded resolution MG Ress is identical to the
multi-graded resolution MG Resz, so
rk(MGCore(< y,a >, MGRes3)) + factor(MGCore(< y,a >, MGRes3))
<rk(MGCore(< y,a >, MGRess)) + factor(MGCore(< y,a >, MGRes3))
<rk(MGCore(< y,a >, MGRes;)) + factor(MGCore(< y,a >, MGResy))

and part (v) follows in this case. Hence, for the rest of the argument we may

assume

rk(MGCore(< y,a >, MGRess)) + factor(MGCore(< y,a >, MGRess))
=rk(MGCore(< y,a >, MGRes)) + factor(MGCore(< y,a >, MGResy)).

Since MG Ress is composed from a “block” of consecutive levels of the multi-
graded resolution MG Ress, every surviving (QH vertex group in the multi-
graded abelian decomposition associated with the core

MGCore(< y,a >, MGRes)

with respect to the multi-graded resolution MG Ress is also a surviving QH
vertex group with respect to the multi-graded resolution M GRes,. Therefore

Cmplz(MGCore(< y,a >, MGResy))
< Cmple(MGCore(< y,a >, MGRess;))
< Cmplz(MGCore(< y,a >, MGResy))

and part (v) of the theorem follows. |

If we restrict Theorem 4.15 to a single level of the multi-graded resolution
MG Ress, we are able to bound the complexity of the core of each of the multi-
graded abelian decompositions associated with the various levels of a multi-
graded resolution in terms of the complexity of the core of M GRes;.

COROLLARY 4.16: Let

MGResy(v,Ry,...,Rm,P,a) and MGRess(t,v,L1,...,L,, P, a)



Vol. 150, 2005 DIOPHANTINE GEOMETRY OVER GROUPS V; 185

be well-separated completed multi-graded resolutions that satisfy the assump-
tions of Theorem 4.13 and let < y,a >< Rlim(v, P,a). Let O4,...,0,; be the
multi-graded abelian decompositions associated with the various levels of the
multi-graded resolution M G Ress(t,v,Ly,..., Ly, P,a). Then either:
(i) The multi-graded resolution MGRess(t,v,L1,...,L,,P,a) can be
modified to a well-separated multi-graded resolution

MGRess(u,t,v,Ly,...,Ly,, P,a),

so that MG Resy and MG Ress satisfy properties (i) and (ii) in Theorem
4.14, and for which there exists a core, MGCore(< y,a >, MGRess),
that has the same structure as the core of the multi-graded resolution
MGResy, MGCore(< y,a >, MGRes).

(ii) For every abelian decomposition, ©;, associated with a level of the multi-
graded resolution, MGRess(t,v, L1, ..., Ly, P,a), the complexity of the
core associated with that level, MGCore(< y,a >, ©;), satisfies

Cmplz(MGCore(< y,a >,0;)) <Cmple(MGCore(< y,a >, MGResy)).

As in the iterative procedure used for the construction of the tree of stratified
sets, resolutions of maximal complexity play an essential role in the general sieve
procedure.

Definition 4.17: Let
MGResy(v,R1,...,Rn,P,a) and MGRess(t,v,L1,...,Ly,, P a)

be well-separated completed multi-graded resolutions that satisfy the assump-
tions of Theorem 4.13 and let < y,a >< Rlim(v,P,a). We say that the
multi-graded resolution MG Ress(t,v, L1, ..., Ly, P,a) is a resolution of max-
imal complexity, if the multi-graded resolution M GRes2(t,v,L1,..., Ly, P, a)
can be modified to a well-separated multi-graded resolution

MGRess3(u,t,v,Ly,...,Ly, P,a),

so that MG Ress and M GRess satisfy properties (i) and (ii) in Theorem 4.14,
and for which there exists a core, MGCore(< y,a >, MGRes3), that has
the same structure as the given core of the multi-graded resolution M G Res,
MGCore(< y,a >, MGResy).

In case the core MGCore(< y,a >, MGRess3) has the same structure as the
core MGCore(< y,a >, MGResy), we call the part of the core that includes
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the edge groups and the abelian and QH vertex groups, the formed part of
the (maximal complexity) core resolution.

Maximal core resolutions and their properties play an essential role in the
sieve procedure presented in the next paper in this sequel. One of their main
properties is the fact that only maximal core resolutions can “cover” maximal
core resolutions.

THEOREM 4.18: Let MGResy(v,Ry,...,Rm, P,a) be a well-separated com-
pleted multi-graded resolution containing a single level with corresponding limit
group Rlim (v, P,a), so that the subgroups R1, ..., Ry, P are the non-abelian,
non-QQH vertex groups in the multi-graded abelian decomposition associated
with

MGRes; (v, Ry, ..., Rn, P, a),

and let < y,a >< Rlim (v, P,a). Let
Rlims(t,v, My, ..., My, P,a) and Rlims(w,t,v,L1,..., Ly, P,a)

be limit groups for which:

(1) There exists an embedding p: Rlimi(v, P,a) — Rlimz(t,v, P,a) that
maps each of the subgroups Ry,...,R,, into a conjugate of one of the
subgroups M;.

(2) There exists a homomorphism v: Rlims(t,v, P,a) — Rlims(w,t,v, P,a)
that embeds naturally the subgroup < v, P,a >, and maps each of the
subgroups My, ..., Mg into a conjugate of one of the subgroups L;.

Let MGRess(w,t,v,Ly,...,Ly,P,a) be a multi-graded resolution of
the limit group Rlims(w,t,v,Ly,...,Ly, P,a), so that the resolutions
MGResy(v,Ry,...,Rm, P,a) and MGRess(w,t,v,Lq,...,L,, P,a) satisfy the
assumptions of Theorem 4.14. Then either:

(i) The resolution MG Ress(w, t,v,L1,..., Ly, P,a) can be modified to a reso-
lution MGRess(u,w,t,v,Ly,...,L,, P,a), so that MG Ress and M GResy
satisfy properties (i) and (ii) of Theorem 4.14. Furthermore, there exists
a core, MGCore(< y,a >, MGResy), that has smaller complexity than
the (given) core, MGCore(< y,a >, MGResy).

(ii) The multi-graded resolution MG Ress is of maximal complexity. There
exist (multi-graded) closures of M G Ress:

Cli(MGRess),...,Cl.(MGRess),
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that are all not of maximal complexity (i.e., satisty part (i) of the theorem),
and resolutions in the taut multi-graded Makanin—Razborov diagram of
Rlimg(t, v, ]\417 ceey Md7 P7 a),

MGRes?(t,v, M,..., My, P,a),..., MGRes>(t,v, My, ..., My, P,a),

that are all compatible with the resolution MGResi(v,R1,..., Rn, P, a)
(i.e., satisfy the assumptions of Theorem 4.14), and all are of maximal
complexity, so that:

(1) The Diophantine set (of specializations of the subgroup < y,a >)
associated with the completion of MGRess is contained in the
union of the Diophantine sets associated with the completions
of the closures, Cly (M GRess), . ..,Cl.(MGRess3), and the Diophan-
tine sets associated with the maximal complexity resolutions,
MGRes?,..., MGRes®.

(2) Let (yo,a) be a specialization of the limit group Rlim(y,a) that can
be extended to a specialization that factors and is taut with respect
to the resolution M G Res;. Suppose that (yo,a) can be extended to a
specialization that factors and is taut with respect to the resolution
MGRess. Then either (yo,a) can be extended to a specialization
that factors and is taut with respect to one of the given closures of the
resolution MGRess, Cli(MGRess),...,Cl.(MGRess), or (yo,a) is
contained in at least one of the Diophantine sets associated with the
maximal complexity resolutions, MGRes?, ..., MGRes?.

Proof: If MGRess is not a resolution of maximal complexity, part (i) of
the theorem holds, hence we may assume that MGRess is a resolution of
maximal complexity. MGResz(w,t,v,Ls,...,Ly,, P,a) is a multi-graded res-
olution of the limit group Rlims(w,t,v,P,a), and there is a homomorphism
v: Rlims(t,v, P,a) — Rlimg(w,t,v, P,a) that maps the subgroups M, ..., My
into conjugates of the subgroups Ly, ..., L,. Hence, every specialization of the
subgroup Rlimaz(t, v, P, a) which can be extended to a specialization that factors
through the multi-graded resolution MG Ress, and for which the correspond-
ing specialization of the subgroup < v, P,a > factors and is taut with respect
to the multi-graded resolution MG Res;, factors and is taut with respect to
at least one of the resolutions in the taut multi-graded Makanin-Razborov dia-
gram of the limit group Rlims(t, v, P,a) that are compatible with the resolution
MGResy(v,Ry,...,Rm, P,a).
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We look at the collection of all the test sequences that factor through the
resolution M G Ress, and for which the corresponding specializations of the sub-
group < v, P,a > factor through and are taut with respect to the resolution
MGRes;. The specializations of the subgroup Rlims(t,v, P,a) corresponding
to the specializations of each such test sequence factor and are taut with respect
to at least one of the resolutions in the multi-graded taut Makanin-Razborov
diagram of Rlims(t,v,M,..., My, P,a) that are compatible with the multi-
graded resolution MG Res;. Hence, by passing to appropriate subsequences,
we can assume that the specializations of the subgroup Rlims(t,v, P,a) cor-
responding to such a test sequence of Rlims(w,t,v, P,a) factor and are taut
with respect to a fixed resolution in the multi-graded taut Makanin—Razborov
diagram of Rlims(t,v, My, ..., M, P,a), and this resolution is compatible with
MGRes;.

With each test sequence of M G Ress for which the corresponding specializa-
tions factor and are taut with respect to M GRes;, and for which the corre-
sponding specializations of Rlims factor and are taut with respect to a (fixed)
multi-graded resolution M G Res?, which is a resolution in the taut multi-graded
Makanin—-Razborov diagram of Rlims(t,v, My,..., My, P,a), we apply the tech-
niques used for the construction of formal solutions (section 1 of [Se2]), and
associate (canonically) a finite collection of closures of the multi-graded reso-
lution MG Ress, and with each such closure we further associate a map from
the completion of MGRes? into this closure. We further apply the techniques
used for the construction of graded and multi-graded formal limit groups, and
associate with the entire collection of such test sequences of M G Res3 a finite col-
lection of closures of the multi-graded resolution M G Ress that by construction
forms a covering closure, and with each such closure we further associate a map
from the completion of one of the corresponding resolutions that appear in the
taut multi-graded Makanin-Razborov diagram of Rlims(t,v, My, ..., My, P, a),
MGRes?, into this closure.

If all the resolutions M GRes? that are mapped into the closures of MG Resj
are of maximal complexity, part (ii) of the theorem follows. Hence, we may
assume that at least one of the multi-graded resolutions MG Res? is not of
maximal complexity, i.e.,

Cmple(MGCore(< y,a >, MG Res?))
< Cmplz(MGCore(< y,a >, MGResy)).
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Suppose

rk(MGCore(< y,a >, MGRes?)) + factor(MGCore(< y,a >, MGRes?))
=rk(MGCore(< y,a >, MGResy)) + factor(MGCore(< y,a >, MGResy)).
Since M G Ress is of maximal complexity, every QH vertex group in the abelian
decomposition associated with the core, MGCore(< y,a >, MGRes?), is a
surviving surface with respect to the resolution MG Ress, hence it must be a
surviving surface with respect to the resolution MG Res?. So the multi-graded
resolution MGRes? has to be of maximal complexity as well, a contradiction.
Therefore, we may assume

rk(MGCore(< y,a >, MGRes?})) + factor(MGCore(< y,a >, MGRes?))
<rk(MGCore(< y,a >, MGRes1)) + factor(MGCore(< y,a >, MGResy)).
Let G; be the image of the subgroup associated with the core of MG Res? in a
corresponding closure of MG Ress. At this point, we apply our iterative proce-
dure for the construction of the core resolution, to construct the multi-graded
core, MGCore(G;,Cl(MGRes3)), where CI(MGRess3) is the corresponding
(multi-graded) closure of MG Ress. If

rk(MGCore(G;, CI(MGRes3))) + factor(MGCore(G;, Cl(MG Ress)))

<rk(MGCore(< y,a >, MGRes:)) + factor(MGCore(< y,a >, MGResy)),

then since < y,a >< G;, we may associate with the core,
MGCore(G;,Cl(MGRess3)),
a corresponding core,
MGCore(< y,a >,cl(MGRes3)),

for which

rk(MGCore(< y,a >,cl(MGRes3)))

+ factor(MGCore(< y,a >, cl(MGRess)))
< rk(MGCore(< y,a >, MGResy)) + factor(MGCore(< y,a >, MGRes))
and part (i) of the theorem follows for that closure of MG Ress.
Hence, for the rest of the argument we may assume that

rk(MGCore(G;, CI(MGRes3))) + factor(MGCore(G;,Cl(MGRes3)))

>rk(MGCore(< y,a >, MGResy)) + factor(MGCore(< y,a >, MGResy)).
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In this case, for every test sequence that factors through the given closure
Cl(MGRes3) and is firm with respect to the subgroup G;, the correspond-
ing specializations of the limit group Rlims(t,v, P,a) cannot factor through the
multi-graded resolution MG Res?. Hence, they must factor through another res-
olution in the taut multi-graded Makanin—Razborov diagram of Rlims(t,v, P, a)
that is compatible with the multi-graded resolution M GRes;. Therefore, we

2

may omit the resolution MG Res?,

and the corresponding map from its com-
pletion into the closure Cl(MGRess), from our list of such closures and maps.
Repeating these alterations for all the multi-graded resolutions MG Res? in the
taut multi-graded Makanin-Razborov diagram of Rlims(t,v, P,a) that appear
in our list, we either construct a core, MGCore(< y,a >,Cl(MGRes3)), which
is not of maximal complexity, or we are left with resolutions M GRes? which

are all of maximal complexity, so part (ii) of the theorem holds. |

Remark: Note that in analyzing the set of specializations that factor and are
taut with respect to a completed multi-graded resolution, M G Res, it is possible
that the restrictions of certain specializations to some levels of the multi-graded
resolution, M G Res, cannot be obtained from the restrictions of the same spe-
cializations to the successive (lower) levels of the resolution, using the associated
(multi-graded) modular automorphisms. This phenomenon arises since there are
specializations of (graded, multi-graded) solid limit groups that do not factor
through any flexible quotient of the solid limit group (after applying an element
of the associated modular groups), but still they are not strictly solid special-
izations of the solid limit group, hence they are assumed to factor through a
resolution associated with at least one of the flexible quotients of the given solid
limit group (see definitions 1.4 and 1.5 in [Se3]).

However, the Kurosh rank of the restriction of such specialization to the
subgroup associated with the core of such resolution MGRes is at most the
Kurosh rank of the core. This is needed in order to allow us to drop resolutions,
MGRes?, that are not of maximal complexity and their map into closures of
the multi-graded resolution M G Ressz (while proving Theorem 4.18), in case the
Kurosh rank of the image of the subgroup associated with the core of MG Res?
in MGRes3 exceeds the Kurosh rank of the core in MG Res?.

In addition to the natural “covering” property of maximal core resolutions,
presented in Theorem 4.18, we need a correspondence between maximal core
resolutions, and maximal core resolutions containing two parts, the top obtained
by enlarging the parameter subgroups to include the formed part of the core
resolution, and the bottom obtained using the original parameter subgroups.
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THEOREM 4.19: Let
MGResy(v,R1,...,Rm,P,a) and MGRess(t,v,L,...,Ly,, P a)

be multi-graded resolutions that satisfy the assumptions of Theorem 4.13, let
< y,a >< Rlim (v, P,a), and suppose that MG Resz(t,v, L1, ..., Ly, P,a) is of
maximal complexity.

Then either there exists a multi-graded core, MGCore(< y,a >, MGRes2),
that has strictly smaller complexity than the core, MGCore(<y,a>, MGRes;),
or there exist a collection of closures of the resolution M GRess with strictly
smaller complexity cores, Cly (M GRess), ...,Cl.(MGRes,y), and a collection of
multi-graded resolutions

MGResi(t,v,Ly,...,L,,P,a),..., MGRes(t,v,Ly,..., Ly, P,a)

of the limit group Rlims(t,v,Ls,...,L,,P,a) that satisfy the following
properties:

(1) Each resolution MGRes? is compatible with the resolution MG Res;
(i.e., the two resolutions satisfy the assumptions of Theorem 4.13).

(2) Each resolution MG Res? is of maximal complexity.

(3) Each resolution M GRes? is composed from two parts: the top,
T™ GRes?, being a resolution in the taut multi-graded Makanin—Razborov
diagram of the limit group Rlims(t,v, P,a) with respect to the parame-
ter subgroups Ly,...,L,, P and the formed part of the core resolution,
MGCore(< y,a >, MGRes;), and the bottom part being a one-level reso-
lution of the terminal limit group of the top T M GRes? that has the same
structure as the formed part of the core, MGCore(< y,a >, MGResy).

(4) The Diophantine set (of specializations of the subgroup < y,a >)
associated with the completion of MG Resy is contained in the union
of the Diophantine sets associated with the completions of the closures,
Cli(MGRessy),...,Cl.(MGRes3), and the Diophantine sets associated
with the maximal complexity resolutions, MGRes?, ..., MG Res>.

(5) Let (yo,a) be a specialization of the limit group Rlim(y,a) which can be
extended to a specialization that factors and is taut with respect to the
resolution MG Res,. Suppose that (yo,a) can be extended to a special-
ization which factors and is taut with respect to the resolution M GRess.
Then either (yo, a) can be extended to a specialization that factors and is
taut with respect to one of the given closures of the resolution M G Ress,
Cli(MGRessy),...,Cl.(MGRessy), or it is contained in the Diophantine
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sets associated with at least one of the maximal complexity resolutions,
MGRes?, ..., MGRes>.

Proof:  We start with the collection of multi-graded resolutions of the
limit group Rlims(t,v,Lq,...,L,, P,a) that are composed from two parts:
the top is a resolution in the multi-graded taut Makanin-Razborov diagram of
Rlims(t,v, P,a) with respect to the subgroups Li,...,L,, P and the formed
part of the core, MGCore(< y,a >, MGRes; ), that we denote TM GRes. The
bottom is a resolution in the taut multi-graded Makanin-Razborov diagram of
the terminal rigid or solid (multi-graded) limit group of T'M G Res with respect
to the subgroups L, ..., Ly, P, that we denote BM G Res.

By Theorem 4.18, either there exists a core, MGCore(< y,a >, MGRes,),
which has strictly smaller complexity than the core,

MGCore(< y,a >, MGRes1),

or there exists a collection of closures of M G Resy with strictly smaller complex-
ity cores, Cly(MGRess),...,Cl.(MGRess), and a collection of multi-graded
resolutions,

MGResi(t,v,Ly,...,Lyn, Pa),..., MGRes(t,v,Ly,..., Ly, P,a),

from the list described above, that are all of maximal complexity, compatible
with the resolution MGRes; (i.e., the resolutions satisfy the assumptions of
Theorem 4.13), and properties (4) and (5) hold for the union of the collections
of closures of MG Ress, and the maximal complexity resolutions M GRes?.

Since each of the multi-graded resolutions, M GRes?, is of maximal complex-
ity, we can modify the bottom parts of each of these resolutions, BM GRes?, as
we did in analyzing maximal complexity resolutions along the proof of Theorem
4.13, to be a single-level (multi-graded) resolution that has the same structure
as the formed part of the core, MGCore(< y,a >, MGRes;), and the theorem
follows. ]

Given a well-separated resolution Res(t,v,a) and a subgroup < v,a > of
its corresponding limit group Rlim(t,v,a), we presented an iterative procedure
for the construction of a core resolution, Core(< v,a >, Res(t,v,a)), and used
the algorithm to prove some basic properties of core resolutions, which play an
essential role in the general sieve procedure presented in the next paper in the
sequel.
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The core resolution, Core(< v,a >, Res(t,v,a)), is embedded in the (com-
pleted) ambient resolution Res(t,v,a). However, its terminal free group is not
embedded “discretely” into the resolution Res(t,v,a), i.e., the image of the ter-
minal free group of a core resolution can intersect a QH vertex group in the
ambient resolution, in a subgroup of finite index, or it can inherit a cyclic decom-
position from an abelian vertex group in the ambient resolution. To guarantee
the termination of the sieve procedure, we need the core resolutions we study to
be “comparable” (metrically) with their embeddings in the ambient resolutions.
Hence, we need to prevent “indiscrete” embeddings of the terminal free group
of the core resolutions we study. To achieve that we present penetrated core
resolutions.

Definition 4.20: Let Res(t,v,a) be a well-separated (completed) resolution,
and suppose we fix an order on the various QH and abelian vertex groups in
each of the levels of the resolution Res(t,v,a).

Let < v,a > be a subgroup of Rlim(t,v,a), the limit group associated with
the resolution Res(t,v,a). We say that a core resolution,

Core(< v,a >, Res(t,v,a)),

is a penetrated core resolution, if the abelian decompositions induced by the
core from its embedding into the ambient resolution are identical to the abelian
decompositions associated with it, i.e., the embedding of the core resolution
into the ambient resolution does not contain a finite index subgroup of a QH
vertex group which is not a QH vertex group in the core itself, and every
abelian decomposition inherited by the core from its embedding into the ambient
resolution is the natural image of (parts of) abelian decompositions associated
with the core itself.

In short, we say that a core resolution is a penetarted core resolution if the
core resolution is identical to the resolution induced by its image (subgroup) in
the ambient resolution.

The algorithm for the construction of a core resolution presented in the be-
ginning of this section actually constructs penetrated core resolutions (the res-
olution IRessec(u,v,a) constructed by the procedure), since it is based on the
iterative procedure for the construction of the induced resolution. However, its
final output, and the modification of this algorithm used for the construction
of core resolutions that satisfy the inequalities of Theorems 4.13-4.19, does not
give penetrated core resolutions in general.
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Along the sieve procedure, we use penetrated core resolutions only in case the
(multi-graded) resolutions in question are of maximal complexity. Hence, for
the purposes of the sieve procedure, we present a process that extends a core
resolution to a penetrated core resolution, in case the resolution in question is
of maximal complexity (Definition 4.17).

Let MGResi(v, Ry, ..., R, P,a) be a well-separated completed multi-graded
resolution containing a single level, and let A; be the graph of groups with
fundamental group Rlim(v,Ry,..., Ry, P,a) associated with the single level
of MGResy, where Ry, ..., R,,, P are the non-Q H, non-abelian vertex groups
in the graph of groups Ay. Let < y,a >< Rlim(v,R1,...,Rn,P,a). Let
MGRess(t,v,Ly,...,L,, P,a) be the completion of a resolution of a limit group
Rlim(t,v,L1,..., Ly, P,a), so that there is an embedding v: Rlim(v, P,a) —
Rlim(t,v, L1, ..., Ly, P,a) that maps each of the subgroups Ry,..., R, into a
conjugate of one of the subgroups L;. Suppose that the resolutions MG Res;
and MG Ress satisfy the assumptions of Theorem 4.13, that the resolution
MGRess is of maximal complexity (Definition 4.17), and that the resolution
MGRess is composed from two parts, the top, TMGResy, being a multi-
graded resolution in the taut (multi-graded) Makanin—Razborov diagram of the
limit group Rlim(t,v, L1, ..., Ly, P,a) with respect to the parameter subgroups
Ly,...,L,, P and the formed part of the core, MGCore(< y,a >, MGRes,),
and the bottom being a one-level resolution that has the same structure as the
formed part of the core, MGCore(< y,a >, MGCorey).

PROPOSITION 4.21: Let Pen M GCore(< y,a >, MG Ress) be the resolution in-
duced by the subgroup associated with the core, MGCore(< y,a >, MGRes1),
from the multi-graded resolution M G Resy. Then:

(i) PenMGCore(< y,a >, MGRessy) is a penetrated core resolution.

(ii) Every QH vertex group that appears in

PenMGCore(< y,a >, MGRes,),

and not in the core, MGCore(< y,a >, MG Ress), is of minimal rank.
(iii) The images of the subgroup < y,a > in each of the limit groups associated
with the various levels of the resolution M G Ress inherit abelian decompo-
sitions from the abelian decompositions associated with the various levels
of MG Res». In particular, these abelian decompositions of the images of
the subgroup < y,a > give rise to (possibly trivial) free decompositions.
Hence, the subgroup < y,a > inherits a (possibly trivial) free decompo-
sition, H * Fy (where F} is a free factor) from the abelian decomposition
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(iv)

associated with the first level of MG Ress. The image of the subgroup
H, << y,a > in the limit group associated with the second level of
MGRess inherits a (possibly trivial) free decomposition, Hy * Fy (where
F, is a free factor), from the abelian decomposition associated with the
second level of MG Res,. Iteratively, the image of H;_ in the limit group
associated with the i-th level of M G Resy inherits a (possibly trivial) free
decomposition, H; x F; (where F; is a free factor), from the abelian de-
composition associated with the i-th level of MG Resy. Let J;(y, a) be the
subgroup H;x F;x---x Fy. Then for every level ¢, except the bottom level,
the natural maps 7;: Rlim(y,a) — J;(y,a) and n;: Ji(y,a) = Jix1(y, a)
are isomorphisms.

No QH vertex group that appears in PenMGCore(< y,a >, MGRess),
and not in the core, MGCore(< y,a >, MGRess), belongs to the bottom
two levels of the penetrated core, Pen M GCore(< y,a >, MGRess).

The subgroup associated with the m-th level of the resolution,
PenMGCore(< y,a >, MGRess), inherits a free decomposition from the
abelian decompositions associated with all the levels of the ambient
resolution Res(t,v,a) that lie above the m-th level. Let Pen,, be one
of the factors in this free decomposition of the limit group associated
with the m-th level of PenMGCore(< y,a >, MGResy). Then either
there exists a (multi-graded) core, MGCore(< y,a >, MGRess), that is
not of maximal complexity, or there exists a test sequence of
Res(t,v,a) which is firm with respect to the penetrated core,
PenMGCore(< y,a >, MGRess), for which the sequence of specializa-
tions of the subgroup Pen,, corresponding to the given test sequence con-
verge into a (possibly trivial) action of this subgroup on a real tree Y. The
action of the group Pen,, on the real tree Y is either trivial or it is faithful
and geometric, and it is composed from finitely many orbits of discrete
and IET components. Furthermore, the free decomposition induced by
the subgroup Pen,, from this action is precisely the free decomposition it
induces from the abelian decomposition associated with the m-th level of
the resolution M G Ress.

Proof: MGCore(< y,a >, MGRess) is a core resolution, hence it is a firm geo-

metric subresolution of the multi-graded resolution MG Ress. The resolution,

PenMGCore(< y,a >, MGRess), is a resolution induced by the subgroup asso-
ciated with the core, MGCore(< y,a >, MGRes,). Hence, it is a firm geometric
subresolution of the multi-graded resolution M G Res,. Since it is an induced res-
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olution, the abelian decompositions associated with its various levels are induced
from the abelian decompositions associated with the various levels of the multi-
graded resolution MG Ress. Therefore, PenMGCore(< y,a >, MGRess) is a
penetrated core resolution, and we get part (i) of the proposition.

Let M be the limit group associated with the formed part of the core
MGCore(< y,a >, MGRess). Since the penetrated core,

PenMGCore(< y,a >, MGRess),

is a firm subresolution, for every level i of PenMGCore(< y,a >, MGRes-2),
except the bottom two levels, the map 7; from the limit group associated with
the i-th level to the ¢ + 1-th level of PenMGCore(< y,a >, MGResy) is an
isomorphism that fixes the subgroup M elementwise, and we get part (iii) of the
proposition. In particular, every QH vertex group in an abelian decomposition
associated with one of the levels of PenMGCore(< y,a >, MGResz), except
the two bottom levels, is necessarily of minimal rank (otherwise, the maps n;
are not isomorphisms), and we get part (ii) of the proposition.

To prove part (iv), note that if there exists a Q H vertex group @) that appears
in PenMGCore(< y,a >, MGRes2), and not in the core,

MGCore(< y,a >, MGRess),

and @ belongs to one of the bottom two levels of the penetrated core,
PenMGCore(< y,a >, MGRess), then necessarily

rk(PenMGCore(< y,a >, MGRess))
+ factor(PenMGCore(< y,a >, MGRes3))
<rk(MGCore(<y,a>, MGResy))+ factor(MGCore(< y,a >, MGRes3))—1,

which clearly implies that the core, MGCore(< y,a >, MGRess), is not a firm
subresolution of the multi-graded resolution MG Ress, a contradiction to our
assumptions.

Part (v) follows, since the penetrated core is a firm subresolution by part
(i), and by the construction of test sequences presented in the proof of Propo-
sition 4.11 that guarantee that the action of each of the subgroups Pen,, on
their corresponding real trees contain only discrete and IET components, and
that the abelian decompositions obtained from these actions are precisely the
abelian decompositions which the subgroups Pen,, inherit from the abelian de-
compositions associated with the corresponding levels of the ambient resolution
MGRess. ]
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Finally, under the assumptions of Proposition 4.21, we call the resolution,
PenMGCore(< y,a >, MGRes2), the penetrated core resolution of the sub-
group < y,a > in the maximal complexity resolution M GRes,.

[Sel]
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[Se3]

[Sed]
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