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Given P and O convex compact setg in B* and R9, respectively, and % a con-
tinuous real valued function on P X {J, we conzider the following pajr of dual
problemz: PROBLEM [-~Minimize feathat /i P = @ — Rand f > Cav, Vex, x
max(y, /). ProprEM [T—Maximize g g0 that g: P % @ == R and g o Vex, ¥
Cav, min(u, g). Here Cav, iz the operation of concavification of a function with
respect to the variable p & P (for each fixed ¢ € 0). Similarly, Vex, is the operation
of convexification with roespeet te g 2 Q. Maxinmum and minimum are taken herc
in the partial ordering of pointwise cormnpatisen: f <5 g means f(p, g) =
2o, V(p, @) e P x Q. It is proved herc that both problems have the sarme
solution which is also the unique simultan=ous solution of the following pair of
funectional equationa: (i) f = Vex, max(u, f). (i) f = Cav, min(u, f). The
problem arises in pame theory, bur the praof hare iz purely analvtical and makes
no use of game-theoretical concepts.

1. InTRODUCTION

A certain problem in game theory gives rise to 2 pair of simultancous functional
equations involving the operations of concavification and convexification of a
funetion, Using game-theoretical arpuments and techniques it was proved in [1]
that this set of equations has a unique solution, It was pointed out by several
readers of [1] that the result, as a general result on functional cquations or on
convex programming, may be of some interest and should be provable without
any reference to game-theoretical ¢ontest or techniques, This is, in fact, done
in this paper in which we state and prove the result from first principles.

2. WNOTATIONE AND STATEMENT OF THE THEOREMS

Let P be 2 compact and convex set in the k-dimenstonal Euclidean space R®
Let Q be a compact and convex set in £° Let » be a continuous real-valued
function on P 3 (. The sets P and {J and the function # are given and fixed
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througheut the whole paper. We denote by F the set of all real-valued functions
on P e, F={f|f: P xQ@—R} Tnlesz zomething else is specificd,
the word *function” will mean an element of F; min{f| -~} will mean min
{feF| -, ete. A function f is said to be concaue with respcct to p (w.r.t. p)

i AF(By, @) + (1 — N J(Pa» @) < S + (1~ Xpe, ), for all py and py in P,
geQ, and Ae[0, 1. Similarly, f is said to be convex w.rt, ¢ if Af(p, q) +

(0 Z N 7(p, g2) = £t Mgy + (1 — Nge) for all peP, g, and gy in Q, and
Ae[0, 11

Dermvition. Let feF. The concavification of f is denoted by Cav, f and
is defined by

C}s’.v_f = min{g & F | g is concave w.r.t. pand g(p, ¢} = f(p. Q) V(P g} = P x O
The convexification of f is denoted by Vex, f and defined by
Vg:xf — max{g €F | g is convex wort. g and g(p, 9) < f( ) V(@) € P =Q}-

“min” and "max" always mean here a pointwise minimization and maximization,
respectively, of the functions under consideration.

In the notations of [2, p. 36] Vex,f is the convex hull of f, conv S when
f i viewed as a function of g only, for each p e P. Similarly for Cav, f. The
slightly different notations we uge here are somewhat more convenient when
one uses both operations simultanesusly on the same function of two variables,

If we copsider Cav,, and Vex, as two operations dual to each other, then the
following two problems may be considered as a pair of dual problems:

ProeLEM 1. Minimize f subjeet to

f= C;.v Vﬁx max(w, ). (2.1)
ProprEm II. Maximize g subject to

P = Vg.:z. Cgv min(x, g). (2.2)

Turcres 2.1. Both Problems I and IT have solutions and the lwo solutions
are equal.

TusoreM 2.2. The common solution of Eroblems I and II is alie a simulianeous
salution, and the only simultaneous selution, of the following two Sfunctional equations:

f = Vex max(u, f). (2.3)
£ = Cav min(w, /) (2.4)
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3. Proors

In this section we procecd in a sequence of steps that will lead to the proofe
of the two theorems.

Dencte by F; the sct of feasible functions for Problem I (i.e., functions
satisfying (2.1} and by F; the set of feasible functions for Ptroblem II (i.c.,
functions satisfying {2.2)).

PropesitioNn 3.1, Fy s 4 and Fy + 4.

Proof. Let m and M be, respectively, the minimum and the maximum of u
on P xQ Letfy=Mand g, = mthen f, & F, and gy e F, .
Denote p = inf{f | f=F} and & = sup{p | g e Fp}

ProposiTION 3.2, veF and 7eF;.
Proof. For any feF, one has
= Cgv Vex max(u, f) = C%v Vgx max(u, 2).
8

Hence

inf{f | fe P} = C;av fo max(u, ¥),

which proves 2 € F; . The second statement, # €5, , i= proved similarly.

CoroLLaRy 3.3, v = min{f|fel} and ¢ = max{g | gcF.}, and hence v
and T qre the solutions of Frablems I and I1, respectively.

ProrosiTiON 3.4,

L~

= C‘gv V;ax max(u, ¥), (3.1}

and
T = Vgx Cgv min(u, 7). (3.2)

Proof,  Assume that for (p,, go) s P x [ we had
2(Po1 go) = (Cav Vex(u, ) (fo, o) -+ & where e > 0.
Diefine o by

o @) =g ) —e i (5 9) ={py, %)
= op q) if (£ g) %= (2o, o)
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Clearly, Cav, Vex, max(u, 2) = Cav Vex max{u, ¢); hence,

2o go) = o, 9o} — ¢ = (Cpv Vex max(u, 2)) (Fo , 40)

(3.3)
= (Cav Vex max(x, 2)) (Po fo)-

For (P! q) = (Po ' qD) we have

wp. @) = #p, ) = (Cav Vex max(u, o)) (£ @) 34
& (Cav Vex mazx{z, ¥)) (2, 9)- =

(3.3) 2nd (3.4) imply that & Fy, in contradiction to the definition of ¢ sincc
w(Pa > @) = (o s o) Thiz proves (3.1). Statement (3.2) is proved similarly.

Lemma 3.5. For any jeF, each of Cav,Vex,f and Vex, Cav,f s both
coneave w.r.t. p and convex W.rt. q.1

© Proof. Let us prove this for Cav, Vex,f. The proof for Vex, Cav, [ is
obtained in the same way using the obvious duality between Cav, and Vex,,
min and max.

Clearly Cav, Vex, f is concave W.r.t. p| to see that it iz also convex w.r.t g
we first notice that for any fixed 2

(Cav Vex f)(p, 4) = Sup(MVex e 9 + (1 — D(Vex f)pe s 0
VLA LA + (L —Apa =p, p1eF, pre P (3.5)

(Vex, f)(p:, 4) is clearly convex (w.rt. g). The convex combination of two
convex functions is convex, and the Sup of convex functions is again a convex
function. It follows from (3.5) that for cach p, (Cav, Vex, f)(#, ¢) is convex
w.r.t. g. This completes the proof of the lemina.

CoroLLARY 3.6. Each of v and © is both concave w.r.t. p and convex w.r.t. g

LemMa 3.7.
U= V;zx max(z, ©), (3.6)

F = Cgv min(x, 7). (3.7
Proof. By (3.1) we have
T = Cgv V;ax max(y, v) = V‘;ex max(i, 7).

! Roferring to [2, p. 349] again, we claim that both Cav Vex f and Vex Cav f arc con-
cave—convex funetions on P ¥ 0,
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On the other hand, 2 = max(n, ¢) and 2 iz convex w.r.t. g implies v = Vex,
max(w, ¢), hence g = Vex, max(x, ¢) which is {3.6). The dual statement (3.7) is
proved in the same way.

Define now two sequences of functions {u,} and {i7,} by 4, = — o0 and &, ==
o, and

¥nyy = Cav Vex max(x, u,) n=1 2. (3.8)
PR
iy = Vgx C‘}v min(x, i,) n=1,2,.. (3.9)

ProrosITiON 3.8, {w,} is an increasing sequence, uniformly converging to a
finite continuous function u. {7,} is 3 decreasing sequence uniformly converging
to a finite continyous limit #,

FProof. Using (3.8) and (3.9) it is casily proved by induction that {u,} i=
increasing f#@,} is decreasing |y, | < K, and | &, | S K, » = 1, 2,..., where
K is such that | u(p, q)) == KV(p, ) e P » Q.

The operations of Cav,, Vex,, max, and min preserve or diminish the
modulus of uniform continuity; therefore w,, #, have the same modulus of
uniform continuity as #. It follows that both sequences converge uniformly to
finite continuous funetions which we denote by » and &, respectively; u, T and
7, | &

Prorosrrron 3.9,
(3.10)
(3.11)

=
AW
| om

=

FPraof. From (3.8) we pet at the limit ¥ = Cav, Vex, max(u, ), which
implies ¥ e F, , and hence # > v by the definition of . (3.11) is proved in the
SAME Way.

ProrosiTioNn 3.10.

=g, (3.12)
F=70 (3.13)
Proof. Let us firet prove by induction that #, < ¢ In fact, = —o0 < p

(since p is finite) and

(¥p = ?) = Hpy = Cg.v Vex max(u, u,) = C;:Lv Vex max(u, ¢} = 2
2 2

it follows that ¥ = lim, ., #, = v which when combined with {3.10) yvields
(3.12). A similar proof applics for (3.13).
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Levma 3.11. 9=¢%.

Proof. Let 8 = maX(pqgerxo (TP q) — w(p, q)). This maximum ig attmined
eince T znd v are continuous and P x 0 is compact.
Assume that the lemma is false, ie., 3 =0 Let

D={p eP xQ|o(p 9 — el 9 =3
Clearly, D is compact, so let (o, 7o) be an extreme point of D. It is nat possible
that both

max{u(py , do)s Yo go)} = (V‘fx max{, ¥}) (Po s 90}

and
min{u{py , go)s (g, do)y = (Cg.v min{u, 7)) (Po» o)
because then (3.6) and (3.7) would be inconsistent]
{3‘6) = @(Pn. 90) = max{“(?on QD)S y(PO! Qo)} = ?(PU 1 gﬂ) ; “(,’Pu H qu)r
(3.7) = (2o go) = min{u(fq . qo)r 7{Po Q‘u)} = Bpg, go) = wWFo . Goh

which is impossible since 3Py, g} = ¥(Po» go) -+ 8 = u(py, qu)- We conclude
that at least one of the operations Vex, in (3.6) and Cav, in (3.7) is nontrivial
at (g » go) Aseume for instance that Vex, is not trivial, i.e., if wesst w = max(z, ¥)
then, using Caratheodory's theorem , We have

sl

(Vex (p, 9)) (Po > 90) = Ei Ag(py s 4)s

241

where \; =0, 3,3 A =1 Z:ﬂ Mg = 4o, and at least for one 4, ¢; ¥ ¢p - Then

£+1

A+l
2Py, G) = (V‘?x wip, ) (Po. ge) = ‘21 Aao(po s ) 2 ‘s;i A(Po s 4i)

Aleo since ¥ is convex w.r.t. g (Corollary 3.6);

841
F(Po» Go) = ;,1 APy s 4i)-

Henee
2+1
§ = T(Pg» do) — 2P0, G0) = ;1 (B (P 5 ¢) — 2P0 s 22

This implies that 3(p, , @) — vy, g) =8fori=1..,5+ 1, since otherwise
one would have (py, @) — 2{fo, ge) =8 for some i, which is impessible. We
ger therefore (po, g)e D for =120, 8 +1, Ti'5 (Po» 8) = (B0, Qo) and
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far at least one 1 (py, ;) 7= (Py, go)- This contradicts the fact that (p,, g;) is
an exireme point of L. We conclude that D is a compact set with no extreme
points, therefore, D = ¢, a contradiction that proves § < 0. The other case
(when Cav, in (3.7) is not trivial) is treated in the same way and this completes
the proof of the lemma.

ComrorLarY 3.12.  There is at most one function in the intersection Fy m F,

Progf. TFollows from Proposition 3.11 and the definjtions of v and o.
Note now that by our definitions: 1, = Cav, Vex, .

ProrosiTioN 3.13. &= .
Proof. Let f = Vex, u. Since u = Vex, u, we have
(_.gv min(u, f} = Cgvf = C;w Véax =y .
Hence by Lemma 3,5
V;tx Cg.v min(x, f) = V:x ((.ﬁav V;cx u) = C;av V;ex U= \ch @ = f.

So feF; and therefore &2z f — Vex, w. But since 7 is concave w.rt. p we
have also ¥ 2= Cav, Vex, x = g, .

Lemma 3.14. If u #n Problem I and IT is replaced by U — max(u, u,), then
the two new problems will have the same solutions as the original problems.

Progf. Let us keep the same notations for the new problems using capital U
and ¥ instead of » and v, respectively. So for instance the solutions of the new
probleme I and IT are I and ¥, respectively. By Proposition 3.10

im[J, =%  and lim &, = F. {3.14)

The lemma states I == g and ¥ = #. T'o prove this observe first that
U, = Cg.v V;:x IJ = Cﬂav V;x max{y, i) = Hy .
Assumnc that U, = u,., then
Uprr = Cg.v Vg:x max(L7, [7,) = Cgv Véex max{max(e, ), Ynes)-

Binee wn,, = t (Proposition 3.8) we get

Unpp = Cav Vex max(¥, ¥n.n) = ¥nya -
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We have thus proved that

Up=21; n=12.. (3.15)
It follows from this that

V=1im{, =limy, =17

T prove the second part of the lemma, namely, V¥ = #, it is clearly sufficient
to show that [T, = &, for # = 1, 2,.... Thiz we prove by induction on n: U, =
fHy = oo. Assume U, = @, then

Upn = Vex Ciav min{U, T7,)
= V;:x C}?v min{max{(u, u,), ii,)
== Vg.x Cg.v max[min(u,,), min(x, 7,)].
Since by Propositions (3.8) and (3.13) #, = 7 = &, , We get
Upir = Vgx Cjz,w max(y, , min(w, &,)]. (3.16)
‘We claim that
Cgv max[y, , minu, #,)] = C;w min(u, #,). (3.17)

In fact, if we denote the function on the left side by f and that on the right
by g, then obviously f is concave w.r.t. p and f = min(y, &,;). Bince clearly
f = ¢ we need only show that g = , and this is done by the following:

£ 2 Vex Cav min(u, i) = @py 272 th
By (3.16) and (3.17} we ger finally
UH+I. = Vgx Cgv min(x, @,) = Hnpy s

which completes the induction step and hence the proof of the lemma.

Proof of Theorem 2.1. 8o far we know that Problems I and IT have solutions
@ and 7, respectively {Corollary 3.3), such that 7 < y (Lemma 3.11). It remaing
to prove 7 = v. We do that as follows: By Lemma 3.14 and Proposition 3.13
we get ¥ = ¥ = [J; = @, - Iterating this procedure of replacing » by max(u, )
we get T4y, U2 H,, and 50 on. In general 9 =y, , » ==1,2,... Hence
7 == lim u,, = v, and our proof iz completed.

Proof of Theorem 2.2. Denoting by v the common solution of problems I
and JI (i.e., ¥ = & = ) we have by Lemma 3.7 that 2 is a simultaneous zolution
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of (2.3) and (2.4). To prove that this is the only solution let f be any solution of
both (2.3) and (2.4). It follows from the equations that f iz both concave w.r.t. p
and convex w.r.t. ¢; hence,

f= Cgv ngx max({x, ), {3.18)

f= Vgx Cg.v min(w, f). (3.19)
Equation (3.18) implies feF, and, consequently, f 3= v = v, while (3.19)
imples f e F and, consequently, f & § = v. This completes the proof.

Remark. In [1] the systermn (2.3) and (2.4) was solved for a few numerical
cxamples. In many cases the problem can be reduced to solving the differential
cquations defining the points (p, g) for which f(p, ¢) = u(p, q).
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