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1. Problem Formulation and Qverview

This paper proposes a simple and tentative matheraatical description of multipolar
military stability that uses concepts of cooperative game theory. Its purpose is to
propose 2 plausible approach and to stimulate a discussion. At this stage, we do not
pretend to present here a complete theory of stability, The paper is the successor
to an eatlier approach by Avenhaus, Cao, von Stengel and Zamir (1992), where the
idea was to use game theory for analyzing stability not only quantitatively but also
conceptually: Game-theoretic solution concepts, like the caore for cooperative games,
or the Nash equilibrium for noncooperative games, are based on some notijon of
atability, which may snggest to consider the corresponding outcome as “stable” in
SOIMEe sefisea,

As the discussions throughout the symposium of the present proceedings volume
indicated, there iz a need to clarify what is actually meant by stability, The model
presented in the following is based on the simple operational definition that “na
participant has an incentive to attack another one”. Stability will not be defined as
a special instance of a game-theoretic solution concept, since for a starting point of
a discussion, as this paper is meant to be, this would be too technical. Game theory
will be used in a part of the model that defines the peaceful interaction of the
players as & cooperative game. In this game, the “power” of a player is the target of
& potential aggressor, who tries to increase his pawer by a successful military ackion,
and risks losing it {or part of it} by a defeat. This power is measured by the Shapley
value, which Is a suitable and nontrivial concept for this purpose.

The approach can be summarized as follows: A cooperative game of n players, rep-
resenting the nations among which stability is studied, describes their non-military
interactions. The game reflects the economic and political importanee of the indi-
vidual players as well as the rules of collective decision making, like in the security

* This research was supported in part by the German-TIsraeli Foundation for Research and Devel-
opment (GIF} and in part by the Volkswagen foundation. Jerome Bracken and Michel Rudni-
anski suggested an approach that takes into account gains as well 2z losses 2a possible outcomens
of 2 military conflict,
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council of the United Nations or in the European Parliament. In this game, the
power of a player may be represented by bis Shapley value. If a player (called at-
tacker) goes to war against another player (called defender), the outcome of the war
will change the game and thereby the power of each player. The situation is consid-
ered stable if no player can expect an increase in power from an attack. Thereby,
a war is assumed to have two possible outcomes, which change the game so that
the post-war power of the attacker will be larger if he is successful, and smaller if
be is pot. The mathematical expectation of the power of the attacker, determined
by the probability of winning, is then taken to determine hiz incentive of attack.
If this expectation iz not larger than his original power, the situation between the
respective players is considered as stable, otherwise it is unstable. Qverall stability
exists if the situaiion is stable for any pair of players, each taken as attacker and
defender.

At first glance, this concept of stability looks as if it were simply one of “pairwise
bipolar stability”, thereby not taking into account the multipelar situation with
more than two players. The Shapley value, however, does take into account all
possible coalitions. Furithermore, military coalitions may alse be incorporated as
natural extensions of the model. For simplicity, however, only pairwise confrontations
are considered at this first stage of the study, since the case of a single aggressor
seems to be the most frequent case actually observed.

Also, defensive alliances are not considered explicitly, but the likelihood of a collee-
tive reaction to an aggressive act may be taken into account implicitly. Ta illustrate
this, consider the question why a militarily strong nation normally does not try to
conguer 4 weak nation even if the risk of losing such a war is very smail. Why is it
beyond imagination in today’s peaceful Western Europe that, say, France invades
and annexes Luxembourg? Here, the political and military aspects are highly inter-
twined. First, the potential increase in power to Frasce would be very small, even
if the international community or other states would not react by military force. In
the model, the change in the game is such that the probability of winning would
have to be very high, say 95 percent, Second, even if the actual probability should
be that high in military terms, one might nevettheless argue that the sitnation is
stable becanse of the imponderabilities to the aggressor, since, with some chance, the
international community would react militarily and expel the invader. This could be
modeled by a reduced probability of winning that incerporates some estimate of the
likelihood of a collective military reaction of the other nations. In a chactic situation
among the states, where war gains are not likely to be undone by the interference of
stronger powers or alliances, the winning probability may very well be determined
mainly by military factors.

The outlined approach has the following crucial components. First, there is the
peaceful interaction of the players modeled by a cooperative game. The game used
here, which will be explained technically in the second section, is defined — for the
sake of simplicity — as a weighted majority game, essentially describing a system of
voting. The Shapley value in this game counts how often the (weighted) vote of the
player iz erucial in reaching the required majority and thereby represents his power.
In this game, the “weight” of a player defizes his importance, as reflected by, for
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example, the gross national preduct of the respective nation, its geographic area,
population, cte.. It also reflects — in same admittedly vague way — factors such
as jnternational stature, or the political influence in the international commuunity,
for example a3 in a decision making body like the United Nations security council,
Thus, the game describes the status quo, which will be changed by a successful
or unzuccessful attack. In particular, the weight of the attacking player is assumed
to iterease (in some proportion to the weight of the vietim party) if the attack is
suceessful, and to decrease if it iz not. That is, the weights are redistributed after a
successinl or failed attack.

The second crucial part of the model concerns the probability of a successfu)
attack. For each attacker-defender pair, a threshold for this probability is easily
computed from the attacker’s Shapley values before and after a successful or failed
attack., For example, if, in the given game, the attacker bas a Shapley value of
0.2, which increases to 0.25 if he successfully attacks amother player, and drops
to 2ero if he loses, the sitnation between these two players is stable if, and only
if, the probability of winning does not exceed 0.8. Thege threshald probabilitiea
for a successful attack, for all pairz of players, form the cutput matrix of the game-
theoretic analysis. Usually, for a possible attack of & player with large weight against
8 player with small weight, this threshold is high. In ather words, the probability of
Winning has to be high in order to make the attack worthwhile. On the other hand,
dince a country of small weight may gain significantly from successfully attacking
one with a larger weight, the respective threshold is usually low (see the examples
in section 4). Thus, the military force structures, about which nothing has been said
g0 far, should be such that these eritical probabilities for a shiecessful attack are not
excecded, given the political environment. If follows that countries with large weight
sbould have larger forces, since there is more power to be protected, and countrjes
with less weight should have srnaller forces, in order to deny them the chance to
conquer the power of an important country.

In summary, the game-theoretic modal yields, for each pair of conceivable antag-
onists (players) in a multipelar international system, mutual threshold values for
the probability of a successful attack, based an the resulting gain or loss of power.
For the sake of stability, these threshold probabilities must not be exceeded by the
actual probabilities associated with the military forces of the respective pairs, which
tay be estimated based on political and military judgement. The latter may be
assisted by appropriate systems analyses using models such 28, for example, those
discussed in this volume by Huber and Schindler (1993) and by Hofmann, Tolk and
Schnurer (1993).

[n fact, the principal approach pursued here, of separating the nen-military from
the military aspects of stability, is along the same lines of what Huber and Schindler
(1993) discuss in thejr paper. However, they assume the stability threshold values for
the probabilities of a successful attack or defense as given, depending on the quality
of the non-military relations between the parties, and they estimate the force and
9perational parameters satisfying the threshold values,
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2. Cooperative Games and the Shapley Value

Consider i players that represent nations or states in a multipolar situation. Their
non-military interaction will be modeled by a cooperative game, which is a concept
technically known as an n-person game in characteristic function form with trane-
ferable utility. This concept, and other concepts relevant to the proposed approach,
such asz simple games, weighted majority pames, and the Shapley value, will be
explained in this section.

Let the players be identified by their numbers 1,... ,n and let N = {1,...,n}
be the playet set. A coalition is any subset § of }V, that iz, any set of players. A
eogperative game is a function v that as8igns to any coalition 5 a real number v(5),
with the standardization v(#) = 0. (The function v defined on the set of subsets of
N is also ealled the “characteristic function” of the game, in particular when it is
derived from a more detailed description as done by von Neumann and Morgenstern
(1944), who introduced this concept and many others in their fundamental work
on game theory.) The interpretation of v(5), which may be called the worth of the
caalition 5, is 3 measure of what the players in & can achieve together on their own
when they form a ecalition independent of the ather players, In particular, v{{i}) is
what a single player i can achieve by himself, his individual worth. For a coalition
of two or more players, nothing is said about haw this coalition is formed, in what
way the players come o an agreement, or how likely it is that they join to form a
coalition at all. The key point is that »(5) is realized only by the agreement and
caoperation of all members of 5. The worth v(8) of the coalition § iz an aggregate
figure, that is, a single pumber, and not a tuple of numbers giving to every player
from the coalition an individual “payoff, If the coalition § forms, the total worth
u(5) can be =plit in any way among the members of § (therefore, v is sometimes
also called a transferable utility game). The manner in which the members of §
should split »(.5) among themselves (if the coalition S forms) is not part of the data
of the game but rather of the solution concept.

A simple game i2 a cooperative game where the worth v(§) of any coalition §
is either 0 or 1. A simple game can be thought of as a decision making system; a
coalition 5 may be either sufficient to pass & resolution (if w(5) = 1, in which casze
it is a winning coalition) or not (if v($) = 0, in which case it is a loging coalition).
A particular instance is a weighted majority game where each player i {for example,
a party in a parliament) has a certain nonnegative weight w; (for example, number
of seats), and a certain quota ¢ € [0,1], for example ¢ = 1/2, of the total vote is
needed to pass a resolution. That is, if the fotal weight w(5) of a coalition § is
defined by w(8) = ez ux, then S is a winning cealition (v{8) = 1) if it has a
majarity with w(8) > g- w(N), otherwise a loging coalition (v(5) = 0).

There are a number of “solution concepts” that have been suggested for coop-
erative n-person games. One of them iz the Shepley value introduced by Shapley
(1953). It is a way to distribute the worth v(V) of the whole coalition to the players,
resulting into a value ¢(i) for every player i, with T;on ¢(i) = o(N). Starting from
certain plausible properties which are to be satisfied by 4, it has been proved by
Shapley (1933) that the value ¢(:) of a player iz the ezpected marginal pontribution
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of player i to the worth of a coalition, assuming a certain probability distribution op
the possible ways in which a coalition can be formed. More precisely, suppose there
is a random order of the players given by & permutation = of the set N ,» where m(i)
is the position of player ¢ (for example, if n = 5 and the order of the players is 5§, 2,
1, 3, 4, then x(5) = 1, m(2) = 2, x(1} = 3, 7(3) = 4 and x(4) = 5), and assume
that the players enter a room in this order. At a certajn moment, the players in the
room form a coalition § which has the worth #(5), Each player i who enters the
room encounters the coalition b.(d) of the players whe came before him, given by
be(i) = {j € N | #(j) < w(i}}. The entering player, joining the coalition, is thea
given the increase in worth due te his contribution, that is,

v(be(i) U {i}) = v(ba(5)).

In thizs process, the permutation x is taken at random, with the uniform distribution
on the set S5, of all permutations of N. The Shapley value (i) for player { is then
the expectation of this number,

80 = 5 5= (s(6eli)u (iD= o5,

The Shapley value is uniquely defined for any cooperative game,

For example, in the weighted majority game with three players of the weights
(w1, w2, w3) = (2,1,1), and with the majority quota g = 2/3, player 1 s a “veto”
player that is required for any winning coalition, but can not form a winning coalition
on his own. The Shapley values (#(1), $(2), $(2)) are given as (2/3,1/6,1/6) since
the marginal contribution of player 1 is 1 (that his, he is “pivotal” in getting the
majority) in any permutation except those where he is in the first position. In simple
games, the Shapley value counts the number of times a player is pivotal (normalized
so that the sum of the Shapley values of the players is v{N) = 1). In weighted
majority games, this may substantially differ from the proportion of the weights,
reflecting closely the “power” of the respective player (or party in a parliament). As
a measure of power, the Shapley value is a convincing and quite applicable concept;
see, for example, Roth (1988),

3. The Model

As mentioned in the introduction, a coeperative game with n players shall modei
the following situation: Each player represents a nation or state ag the smallest
acting entity; “stability” shall be studied only among players. The game represents
a non-military tnteraction of the players, econemiczlly and politically, and it should
reflect the “importance” of a player in some senge, in particular in acting with other
players. This game is changed by a war, where the conceivable gain of a successful
attack iz greater economic and political influence, and a loss of it in caze the attack
fails.

For simplicity, the game is assumed to be a weighted majority game, with the
weight w; of player 2 reflecting his importance (for example, gross national product,
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population, number of seats in an international institution or a similar figure}. The
concept of “voting” suggests a politically rather than economically determined in-
teraction, captured by the decision making mechaniem in the status rquo situation.
As mentioned, the Shapley value in a voting game measures the relative power of a
player in the sense of “how often” he casts the crucial vote. This iz of course a sim-
plistic way of thinking of international interaction, but it iz at least a first approach
since the Shapley values of vating games can be quite interesting (see Roth (1928)).

If player ¢ attacks another player j, then this war results in a change of the weights:
If the attacker wins the war, one may think of his weight being increased from w; to
w; + w; since the defender’s weight is conquered, or it could be w; + 0.6w; (or some
other combination of the weights) to account for war losses and lack of cooperation
with the conquered nation. The defender, who lost, may be assumed to have zero
weight afterwards. This may, conceivably, be thought of as the unly “gain” of the
attacker (in a very destructive war), i.e., a change of w; to zero and w; staying
the same. An unsuccessful attack (a lost war) may leave the defender’s weight w;
unchanged {or reduce it to 0.7w;, for example), and the attacker’s weight may be
changed to era (by his losing all political influence, for example). A less harmful
outcome o the attacker may be modeled by his weight being decreased by the
defender’s, frota w; to w; — w; (or to zero, regpectively, if this pumber is negative),
50 in this case only the weight of the defender is at stake.

The original pre-war game has a certain Shapley value ¢. Denote by ¢ the
Shapley value of the new game resulting from a successful attack of ¢ against j and
by ¢ the Shapley value of the game resulting from the failure of such an attack.
Then, if player ¢ attacks player j, the Shapley value for player i after he wins 1s
é.(i) and after he loses is ¢(i). If the probability of winning iz p, then the attacker’s
expected Shapley value is péy(s) + (1 — p)du(i). Tt is assumed that player 7 has an
incentive of attack (so there is 2 lack of stability) if this expectation ia greater than
hiz original Shapley value ¢(i), which is equivalent to

5> $(i) — du(d)
$uli) ~ (i)

Plausible assumptions may be requited to guarantee that ¢;; is well defined and is
between 0 and 1, such as “winning" is better than “losing” or that the status quo
is not worse than “losing”.

One may ask whether it is reasonable to take mathematical expectations of the
Shapley values as the decision criterion for a “promising attack”. Alternatively, one
could use an expected utility attached to the Shapley values, or in addition to the
expectations, the variances. As a basic model, however, it is reasonable to assume
that the Shapley value is linear in the probabilities since it is itself an expectation
(the expected marginal contribution to the worth of the random coalition that the
player may join) of which an expectation can be taken again.

Clearly, this model iz not confined to only two outcomnes of a war. In fact, a
probability distribution with any number of outcomes can be assumed to maodel
the risk underlying an attack. However, the restriction to victory or defeat only
characterizes the distribution by a single probability p of winning for any pair (3,7)

= c‘j
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Table 1: Maximal probabilities for a successful attack tolerable in a stable situation
based on the Shapley value for a voting game with weights 8,5,1,1,1,1 for
players 1 to 6 and majority quota ¢ = 1/2.

attacker 3 delonderJ ! 2 44,5,6
| — (1.615 0.285
2 0.067 — 0.500
3,4,5,6 0.067 0.667 0.667

of attacker and defender, for which a critical threshold is given by e, which is easy
to grasp and computed from the games alone,

4. Examples

In thiz section, a simplified example of a multipolar situation will be discussed
with some variations, although not with all of those mentioned in the previous
section. There are six players, one large, one intermediate and four small. These
are represented, in a simple weighted majority game, by the weights 8, 5 and 1,
respectively, so one can think of a parliament with 17 seats with the seats for the
six players given by 8, 5, 1, 1, 1, 1. If the majority quota is ¢ = 1 /2, then at least 9
votes are required to reach a majority, The Shapley values in this game are given by
2/3 for the large player and by 1/15 for every other player, including the one with
5 geats, The normalized weights of the players are 0,470, 0.294, 0.059, 0.059, 0.059,
0.059, whereas their Shapley values are 0.667, 0.067, 0.067, 0.067, 0.067, 0.067, That
is, the large player has a fraction of 0.470 of the vetes but a Shapley value of 0.667
since he needs only one additional player to form a winning cealition. On the other
hand, the player with 5 voles, that is, a fraction of 0.294, has the same Shapley value
of 0.067 as any one of the singie-vote players with a vote fraction of 0.059, since he
has no more power than a small player in being pivotal for 2 winning coalition.

If player i attacks player j, the change of weights for the game is assumed as
follows: If i wing, his weight will be increazed from wy to w; + w; and that of the
defender reduced from w; to 0. If the attacker ¢ loses the war, then hiz weight is
reduced to w; — w; (or to zero if this number is negative), and the weight w; of
the defender will be unchanged — he will not be particularly rewarded for having
defeated the attacker. The resulting critical probabilities ¢;; (rounded to three digits)
for a successful attack are given in Table 1.

If player 1 successfully attacks player 2 or one of the players 3 to 8, his Shapley
value will rise to 1 (which is not shown in Table 1) since he then has the absolute
majority of vates. If the attack is unsuccessful, however, his weight will be reduced
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Table 2: Maximal probabilities for a suceessful attack for the game of Table 1, bui
with majority queta ¢ = 2/3.

attacker selonder s 1 2 3,4,5,6
1 - 0.333 0.000
z 0.333 — 0.444
3,4,5,6 0.061 0.067 0.867

to 3 respectively to 7, with new (lower) Shapley values of 0.133 and 0.533 (again
not shown), which leads to the dizplayed critical probabilities of c1z = 0.615 and
e1a = 0.285. The second figure is much lower than the first, since the rizk to the
attacker is smaller becanse of the rule that an attacker only loses the weight of the
defender if the attack fails. So for the situation to be stable, player 1 should not
have too many forces to be able to attack one of the small players successfully. On
the other hand, any of the small players i = 2,... ,6 gets the absolute majority if he
succeeds in an attack on player 1, and only risks that his own Shapley value goes to
gero if the attack fails. This results in the small critical probabilities of & = 0.087
in the first column.

With the same weights, the game changes drastically if the majority quota is raised
to ¢ = 2/3, where at least 12 or more of the 17 seats are required for a majority.
The Shapley values for the first three players are then given by 8/15, 1/3 acd 1/30,
respectively, so the Shapley values for all players are approximately 0.533, 0.333,
0.033, 0.033, 0.033, 0.033. In particular, the Shapley value for the second player in
comparison to one of the small players is ten times larger here, which also makes
him an interesting target for an attack by one of the small players, represented by
the low critieal probability of £33 = 0.067, which is shown, among the other figures,
in Table 2.

An interesting entry in this table is certainly o3 = 0 which makes stability im-
possible. This is due to the fact that for 4 = 2/3, the games with weights 8, 5, 1,
1,1,1and 7, 5,1, 1, 1, 1, where the second represents the game after player 1 lost
an attack, have the same Shapley value for all players, so player 1 does not risk
anything by an attack.

In order to avoid such an effect, a “stability-increasing measure” would be to
punish an attacker { who failed more heavily, by net only subtracting the weight w;
of the defender j from his weight w; but also reducing that weight to, say, half its
previous value, L.e., w; is replaced by w;/2 — w; after { loses his attack against j.
The new game with this assumption produces Table 3.

Whereas this naw rule does not change the critical probabilities for a small player,
who in any case would lose all his weight after a lost attack, it drastically enhances
the stability between a large player as a potential attacker and & small defender.
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Table 3: Maximal probabilities for a successful attack for the game of Table 2 (with
¢ = 2/3) where an attacker who lost has a reduciion in weight irrespective
of the defender’s weight.

defender j
m 1 2 3,4,5,6

1 — 0.533 0.0933
2 0.333 —_ 0.583
3,4,5,6 0.061 0.067 0.667

The desira.bly high critical pruba.blhty of €13 = 0.933 would be increased further if &
losing attacker were to lose all his weight. Examples 2 and 3 demonstrate the critical
assumptions about the effects of a won or lust war on the weights in the game.

Table 4: Shapley values of the countries represented in the European Parliament,
regarded as a weighted majority game with majority quota g = 1/2 and
¢ = 2/3, respectively.

weights Shapley value

country seats fraction|q =1/2 ¢ =2/3
Germany 99 0.175 | G.181 0.178
Great Britain, France, Italy 87 0.133 | 0.162 0.182
Spain 64 0.213 | 0.117  0.106
The Netherfands 1 0.055 | 0.045 0.044
Belgium, Greece, Portugal 25 0.044 { 0.037 0.039
Denmark 16 0.028 | 0.025 0.029
Ireland 15 0.026 0.(?25 -0.029
Luxembourg é 0.011 | 0.009 0.010

Finally, Table £ lists the Shapley values for the countries in the European parlia-
ment, which iz regarded as a weighted majority game. Each country has a eertain
number of seats (shown in decreasing order) which are taken as weights. Two games
are considered, for the majority quota g = 1/2 and ¢ = 2/3, respectively. Note
that in both cases, the Shapley values are similar to the relative proportion of the
weights. This can be expected from the probabilistic interpretation of the $hapley
value in & weighted majority game if there is a Jarge number of players, none of
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which is by himself close to a majority. However, the Shapley value is sensitive to
slight variationz of the data since they may change the winning cealitions. For ex-
ample, if g = 2/3, then two thirds of the total number {567) of votes are 378 votes,
but maere than these, that is, 379 votes, are required to reach a majerity according
to the definition of a weighted majority game. If the quata is changed so that 378
votes suffice, the Shapley values change very little except for Denrmark and Ireland,
which no longer have the stame Shapley value of 0,029, but 0.032 and 0.023 instead,
The reason is that then Denmark is pivotal in joining a coalition with playerz of
weighte 99, 87, 64, 31, 25, 25, 25 and 6 but. Ireland is not. This illustrates that any
quantitative output of the suggested model, like the Shapley values or the criticat
probabilities {which are not shown for this example), should always be subjected to
a sensitivity analysis.
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