The Value of Two-Person Zero-Sum Repeated Games
with Lack of Information on Both Sides )

By JEAN-FrRANCOIS MERTENS and SHMUEL ZAMIR

Abstract: We consider repeated two-person zero-sum games in which each player has only partial
information about a chance move that takes place at the beginning of the game. Under some conditions
on the information pattern it is proved that lim v, exists, v, being the value of the game with n repeti-
n-*oo
tions. Two functional equations are given for which lim v, is the only simultaneous solutions. We
n— oo

also find the least upper bound for the error term |v, — lim v,

n—ow

Introduction

A game with incomplete information is a game in which one or more of the
players do not know the complete description of the game; for instance, they do
not know the other players’ utility functions or their strategic possibilities.
HarsaNYI proposes a model for such games. The present study is concerned with
what happens when such a game is played repeatedly. Though it is conceptually
motivated by HARSANYI’s theory, this paper is mathematically self-contained, and
familiarity with HARSANYI’s theory is not necessary to understand it.

HARsaNYI shows that, granted some conditions and postulates, games of in-
complete information are game-theoretically equivalent to certain games with
complete information, which he calls “Bayesian Games”. But when a game of
incomplete information is played repeatedly, the unknown parameters of the
game remain the same; they cannot change from stage to stage, be choosen again
and again at each stage, as would be the case if the “Bayesian Game” with com-
plete information was repeated. So, at each stage of the game, the players can
learn something about the parameters originally unknown to them but known
to the others, by watching which strategy the other players use.

Since quite many of these games are in fact repeated a large number of times,
AUMANN and MASCHLER [1967] began to study the often-repeated games with
incomplete information. In their attempt to find a suitable solution concept, they
suggested two alternative approaches [AUMANN and MASCHLER, 1968]. The first
is to consider the n-times repeated game I, and its value v, and then find out

1) This research was done during the visit of J. F. MERTENS to the Institute of Mathematics of the
Hebrew University of Jerusalem, March-April, 1970.
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lim v, if it exists. The second approach is to treat directly the infinitely repeated
n—+aoc

game I, and find its value v, when it exists.

In their first works on the subject, AUMANN and MASCHLER could not decide
which approach to prefer since in the class of games they treated, namely 2-person
0-sum with lack of information on one side, both lim v, and v, exist and are equal.

n-r o0

For games with lack of information on both sides, the situation was already quite
different. STEARNS has given a necessary and sufficient condition for the existence
of v, and an example constructed by AUMANN, MASCHLER, and STEARNS showed
that v, may not exist. But it was not known for that example whether lim ¢,
exists or not and still nothing could be said about the relation between the two
approaches mentioned above.

An indication to such a relation was given by Zamir [1970] where an example
was constructed in which v, does not exist while lim v, exists. The example of
ZAMIR [1970] does not belong to the class of games considered by STEARNS,
namely it was not assumed that only choice of the pure strategies in each stage is
told to the players. Nevertheless, that example led to the conjecture that in the
STEARNS case the situation is similar. The present paper proves this conjecture.
We prove that in a class of games which is larger than that treated in STEARNS,
lim v, exists and we give two functional equations for which lim v, is the only
simultaneous solution. An additional result is that the error term |v, — lim v,
is bounded by (K/,/7) and this is the best bound since it is achieved.

In view of these results, lim v, rather than v_, seems to be the suitable concept
of solution for a game of incomplete information repeated a large number of times.

1. The Game

In describing the class of games under consideration, let I' (p) denote the ordered
five-tuple (K,K*,K",p,A> where K = {1,...,k}. K* = {K],...,K}} and K" =
(KY,...,KI} are two partitions of the set K into disjoint sets. p = (p*,...,p"
is a probability distribution on K and A = (4*,...,4" is a vector of m x [
matrices of real numbers viewed as payoff matrices of 0-sum 2-person games.
The elements of A",re K will be denoted by (a})ie{l,...,m} = M,je{l,...,I} = L.

From I'(p) we derive a sequence of games {I,(p)}, n =1,2,.... I,(p) is the
n-times repeated game and is played as follows:

Stage-0. Chance chooses an element r of K according to the probability distri-
bution p. Then player 1 is informed of p and player II is informed of # where
reKin K>

Stage-1. Player I chooses i, in {1,...,m} (Player I's first stage pure strategy)
and player Il chooses j, in {1,..., [} (Player II’s first stage pure strategy). Both
players are informed of (i;,j;). Stage-1 is repeated again and again. In the h-th
stage, the players choose the pure strategies i, and j, respectively, then both are
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informed of (i,,j,). After the n-th stage player I receives —711— Y a;,; from player II,
h=1

where r is the element chosen by chance in stage-0.
a;,;, may be thought of as the payoff of player II to player I in the h-th stage
of the game. However, it is important to notice that at any stage 4 no player is

injn inin

informed directly of the payoff af, , at that stage. The division of Y af ; by n
h=1

gives actually an average payoff per stage and this enables us to compare payoffs
and values of I} (p) and I, (p) with n, % n,.

Special Cases

If k=ab where a and b are positive integers, we may replace K by
{@p)|a=1,...,a;=1,...,b}. The probability distribution p will then be written
as a probability matrix (r,,). Assume furthermore that K' = {K},...,K}} and
K" = {K¥,...,KI'} where K!={(&1),...,(0.,0)}; «=1,....,a and K} =
{(L,B),....(a,B)}; B =1,...,b. The class of games we get under these assumptions
we shall call the “dependent product games”. These games can be described as
foilows: Player I can be one of a different types I,,...,1, and player II can be
one of b different types 1I,,..., II,. At stage-0 chance chooses a pair of types
(2, #) in accordance to the probability distribution matrix (r,4). Player 1 is informed
of his type « and player II is informed of his type § and the game then proceeds
as described in the general case.

Notice that after stage-0 player I, (if chosen) will have the distribution

b
(Fags e sToup) / Y. r,s on the types of player II (and similarly for player IDs distri-
p=1

bution on the types of player I). This distribution is in general dependent of «
i.e. on the type of player 1. This explains the qualification “dependent” in the name
of these games.

If, moreover, there exist two probability vectors p = (p;,...,p,) and g =
(@y,-..,45) such that r,; = p,q, for « = 1,...,a; f = 1,...,b, we have then the
“independent” case in which the probability distribution of each player is inde-
pendent of his own type. These games we will call shortly “product games”; or,
when ambiguity might arise, “independent product games”. This is exactly the class
of games considered by AUMANN and MASCHLER [1967, 1968], and by STEARNS.

2. The Main Theorem

In order to state our main theorem let us introduce some more notations. Let
P denote the simplex:

k
Pz{p=(p1a---,Pk)!Pr20;l’= 1,,k’ Zpr= 1}
r=1
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For any two vectors a = (a*,...,d") and b = (b',...,b*) we denote by a= b the
k
vector (a'b', ...,d*b*) while a- b will denote as usual the scalar product Y, a'b".
r=1

Now, given I'(p) = {(K,K',K" p,A> as described in §1, we define for any
p € P two subsets of P:
I(p) = {oxpla=(a,...,0f;0" = 0;0-p=1 and:
ieK] and jeK! forsome p=o =o'},

O, (p) = {B*p| = (B"...Bp =0:f-p=1 and:
ieKY! and jeK, forsome n=f =p7}.

2.1)

It is clear from the definition (2.1) that for any p e P both IT; (p) and IT; (p) are
non-empty convex compact subsets of P. A function f(p) defined on P will be
called concave with respect to I (shortly: w.r.t. I) if for any p, € P, f(p) restricted
to IT; (p,) is concave. Similarly, f (p) will be called convex w.r.t. 11 if for any p, e P,
f(p) restricted to Iy (p,) is convex. Given any function g(p) on P we denote by
CEILV g(p) the minimal function f(p) which satisfies:

)f(p) = g(p)forallpeP
i) f(p) is concave w.r.t. I.

Similarly, we denote by Vgx ¢(p) the maximal function f(p) which satisfies:

) f(p) < g(p) forall peP
ii) f(p) is convex w.r.t. 1L

Denote by § and T the sets of mixed strategies of the players in any game A"
i.e. S and T are the sets of probability distributions on {1, ...,m} and on {1,..., I}
respectively. In analogy to the STEARNS caselet T; = {1,...,u}and Ty, = {1,...,v}
be called the sets of types of player I and of player Il respectively. Denote by
K the field generated by K' and by K™ the field generated by K".

Definition 1.

A one stage mixed strategy of player I is a K*-measurable vector o = (1, ..., 6"
withao'eS(r=1,...,k).

A one stage mixed strategy of player II is a K" -measurable vector t = (1%, ..., 1)
witht e T (r = 1, ..., k). The sets of one stage mixed strategies of the players will
be denoted by §* and T".

Definition 2.

A strategy o = (6%, ...,0% with 6" €8 (r = ,...,k) is called . non-separating
(shortly NS) if V i,j, ¢ = ¢’. Similarly for = = (¢, ..., %) with ©" € T. The sets of
NS strategies will be denoted by $* and T*.

Definition 3.
For any pe P we denote by 4(p) the game I (p) in which the players’ sets of
strategies are S$* and T* (rather than S* and T™). Let u(p) be the value of 4(p)
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(u(p) is well defined and is continuous on P). Finally, let v,(p) be the value of
I {p) which surely exists and is continuous since I, (p) is a finite O-sum 2-person
game. Now we are ready to state:

Theorem 2.1. (The main theorem).
lim v,(p) exists and it is the only simultancous solution of the functional

n—w

equations:

i) v(p) = Vex max {u(p),v()}

2.2)
ii) v(p) = Cav min {u(p),(p)}

3. A Basic Theorem

Before proving theorem 2.1, let us first prove a basic theorem that establishes
the possibility of using a posteriori probabilities as state variables in I (p).
Essentially, the theorem introduces a MARKOV property.

Before the m-th stage of the game both players remember the pure strategies
which have been chosen by both of them in previous (m — 1) stages: 4, =
[G1.j1)5 3 (im= 13m—1)]- A Will be called the m-stage history. We denote by 4,,
the set of all m-stage histories. In addition to 4,, each player remembers his type
as told to him in stage-0. Therefore, the information of each player before the
m-th stage is an element of T} x A, or Ty; x A, respectively. Since I, (p) is a game
with perfect recall we can without any loss of generality consider only behavioral
strategies. A behavioral strategy of player I is an n-tuple (f,...,f,) where f,
(m = 1,...,n) are functions f,: Ty x A,,— S or equivalently f,,: A,, — S". Simi-
larly, a behavioral strategy of player II is (gy,...,g,) where g, :A, — T"
m=1,...,n).

Given two strategies f = (f,...,f,) of player I and g = (g, ...,g,) of player 1I
which are being played and given an m-stage history 4,, we denote by p,, the con-
ditional distribution on K conditionally to 4,,, where the probability space is
K x A,,, with probability derived from p,f, and g.

The probability distributions {p,} are actually the “state variables” of the
game in the sense of theorem 3.1.

Lemma.

The game I,(p) has the same value as the following game: First I,_,(p)
(1 < m < n) is played, the players tell their (behavioral) strategies to the referee,
then the a posteriori probability p,, is told to both players by the referee and they
start playing I,_,.(p,). The payoff of the whole game is (m — 1)H, +
(n —m + 1)H,)/n where H  is the payoffin I,,_, and H, is the payoffin I,_ ., ;.

Proof.
The proof of the above theorem will be done in several steps.
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Proposition A.

The game I, (p) has the same value as I, (p) played as follows: First I, _,(p) is
played, say with the strategies o,_, and t,_;. The payoff is multiplied by
(m — 1)/n. Then a new lottery is performed: First nature chooses an element r
of K with the probability distribution p, tells the players their types and then
chooses a history 4,, € 4,, according to the conditional probability distribution
given r determined by p, 6,,_,; and 7, _,. 4,, is told to both players and then they
play another (n — m + 1) stages of the game and the payoffs are determined by
the subgame chosen in the last lottery, multiplied by 1/n, and added to the payoff
of the first part.

Remark.
It is not assumed that at stage m both players know ¢, _, and 7,,_;. Only nature
knows them.

Proof of Proposition A.

There is a one to one mapping of the sets of strategies of I, (p) into those of
Il (p), namely: Let f = (fi,....f,) be a strategy of player I in I (p) then the corre-
sponding strategy in I (p) is (fi, ..., f,,_ 1) for the first part and (f,,, ..., f,) for the
second. Since f; is a function from Ty x 4, to § it is a right strategy also in I} (p).

Now, the second lotiery of nature is constructed so that the expected payoff
for fand g in each stage of I, (p) is equal to the expected payoff in the same stage
in I}/ (p) for the corresponding strategies f' and ¢'.

In order to prove proposition A, it is now sufficient to show that if some strategy
f of player I in I,(p) guarantees some payoff M, in I, (p), then f’ guarantees also
M in I} (p). Indeed, the dual result for player II will then follow, and an applica-
tion of the minimax theorem in I, (p) will complete the proof.

Since player II can now be assumed to know f’, he knows the conditional
distribution as a function of r with which nature chooses 4,,€ A4,, at stage m. But
then all the information (type and history) he got in the first (m — 1) stages,
becomes completely irrelevant at stage m, since the second part of the game is
determined by the new choice of nature, the probability distribution of which
he knows independently of this information. So, player II can do no better against
f' than with some strategy ¢'. But then the payoff is the payoff resulting from
fand g, which is by assumption > M.

So Proposition A is proved.

Proposition B.

v,(p) — the value of I,,(p) — is also the value of the following game I(p):
First I,,_,(p) is played, say with mixed strategies o,,_, and 1,,_,, the payoff is
multiplied by (m — 1)/n. Then a new lottery is performed: First, nature chooses a
history 4,, € A,, according to the probability induced on 4,, by p, 6,,_;,and 7,,_;.
This history is told to both players, then nature chooses r € K according to the
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conditional probability on K given 4,, as determined by p, 7,,_, and 7,,_ ;. Both
players are told their types and then they play another (n — m + 1) stages of the.
game where the payoffs are determined by the game choosen in the last lottery
of nature, multiplied by 1/n, and added to the payoff of the first part.

Proof of Proposition B.

The only difference between I}/ (p) and I’ (p) is in the order in which nature choo-
ses the game and the history and tells it to the players. This order is obviously
irrelevant since the players have nothing to do in between. (The joint probability
of game and history is the same in both cases).

Proof of the Lemma.

Propositions-A and B show that the minimax theorem is valid in I}’ (p). There-
fore, we can assume from now on that in I}, (p), before stage m, both players know
P

In I (p), both players can then obviously forget the history A, told by nature
before the m-th stage, remembering only the conditional probability p, on K
given this history. So, in I,"(p) we can assume that nature only chooses a p,,
according to the distribution induced by p, 6,,_,, and 7,,_; on {p,,}, tells the p,,
to both players and then chooses a game according to p,,. But this choice of p,,
can surely be done in the following way: Nature — or the referee — watches the
moves of both players in the first m — 1 stages, and announces p,, as computed
from them knowing p, ¢,,_,, and 7,,_,. This completes the proof of the lemma.

Theorem 3.1.

I,(p) has the same value as the game in which at each stage m the a posteriori
probability p, is told to both players, and the payoff corresponding to that stage
is determined by a new lottery on K according to p,,.

Proof.
The theorem is proved by applying the lemma again and again.

4. Proof of Theorem 2.1.

Let p,, be the a posteriori probability distribution on K before the m-th stage
and let ¢ = (07,...,0% and © = (1',...,7%) be the two mixed strategies played
by the players at stage-m. The expected payoff at that stage will be H, (o,7) =

k

Y. Pho” A" (% is the transposition of 7). The a posteriori probability after stage-m
r=1

will be p,.; from which each player will calculate conditional a posteriori
probability given his type.

Lemma 1.

)0 is NS=p, ., eIl (p,) < A posteriori probability of II is unchanged after
the m-th stage.
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ii) T is NS = p,.,, €T (p,) <= Aposteriori probability of I is unchanged after
the m-th stage.
This proposition is an immediate consequence of the definitions.

Lemma 2.,
Let p =) i,p, where p,elli(p), 4, =0, (h=1,...,p), and Y A, = 1, then
h=1 [

player I has a type dependent lottery on the set {1, ..., u} such that:

i) The total probability of h (h = 1,...,0) is A,.

i) The conditional probability distribution on K given the outcome h is p,
th=1,...,u.

Proof.

Let p,=o,%p (h=1,...,u). Since the components of «, corresponding to
the same set K', are the same; we write o, shortly as (a7, ..., o). The required
lottery on {1,...,u} is v, = (5,75, ...,74) for type p(p = 1,...,u) where: y} = A,08;

f n
h=1,.,up=1,..,uClearly,, >0andalso:p = Y A,p, = Y, (04 *p) =
r=1 K=t

u u " t
(Z lhah>*p, hence, (1,...,1) = Y A, = (Z YL Y yﬁ) which shows that
h=1 h=1 h=1 h=1

7, (p = 1,..., ) are probability distributions. To show (i) set p'* = ) p, then the
ieK}
u u
total probability of the outcome h is Y p@y =2, Y pPuf = 4,(p- o) = 4
p=1 p=1
as required. To prove (i) note that since the lottery depends only on the type
it is clear that the distributions given the types are unchanged which means
that the resulting distributions on K are in IT; (p). It suffices to prove therefore,
that Prob {re K,|h} = pf’. In fact:
(2) ol () ) o
Prob {re K} |h} = Zp (p’:f:h _r )h ho— g gp = o)
14 ))p “h

p

So the lemma is proved.

In what follows, we work on © = K x L x M, where L = {1,...,[} and
M = {1,...,m} stand for the pure strategy choices of both players at stage m.

Expectation with respect to the variables v,p ... will be denoted by E, ,...(+).
Let M and L be the o-fields on 2 generated by the factors M und L respectively.
The strategies ¢ = (¢, ...,06%) and 7 = (¢%,...,7") played at stage-m together
with p,, define a probability measure on Q. We shall be mainly interested in the
expectation: E; ;(|p,(r|M x.L) — p,(r)]) where i and j are the variables of M
and. L respectively. This is the same as E(|py+ () — pu(r)).

Lemma 3.
Let o = (,...,0) = 6(p,) = {8;(p.)}, i€ M be an optimal strategy of player I
in 4(p,). For any © = (¢!, ...,7") we have
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Hm(O',‘C) = u(pm) ZC E ‘pm+1 pm(r)l) (41)
reK
where ¢, = max |a}(p)|, aj(p) = ) s, (p)aj; .
Jp i
Proof.
Let 7 be defined by:
T=7=Ypht"; r=1,...k. 4.2)
pekK

By its definition T in NS and hence, a strategy of player II in 4(p,).
Now, if o = {s;}, '= {t}}, T = {1,}, ie M, je L, re K, we have

. . Lt
Pt 1 Tif) = Plusits /Y phasit? = / PRtf = P (4.3)
pek

pek J

lpm+1(rl.’j) - pm(r)' = lt;‘/tj - llpm(r)

S0: E(|pps1 (1) = pmlP) l)—ZIr'/r 1]py(r) prob (j).

But prob (j) = tj
so we get:

E(Ipm-l-l pm(r)l) - melt; - Ej! (44)
j
Now, the expected payoff H,,(c,7) is:
H, (0,0 =Y pod ¥ =Y poAT+ Y peAF ~7). (4.5)
rekK r r

7 is NS and o is optimal in 4(p,,); therefore, the first term is at least u(p,,).
Now:

mo A7 (7" —f)l <2 LN = Gl = Y 6 E(Pus1 () = Pa()]). (by (44))
r J r
Inserted in (4.5), this completes the proof of lemma 3.

Lemma 4.

& £ TaE(puit) - i) < 7—— e /7~ p) Vf‘l (46

where 4 = max ag -

Proof.
Obviously, the sequence p,,(r) is a martingale; therefore,

E( z::l(PmH(r) - pm(r))2> = E(pn+1(r) — (r))z < pr(l _ p,.)

and by HOLDER’s inequality:

E( Y~ pnes® = ) = [E( S L nas () — p)?),
m=11 m=1 N

and hence, the first inequality. The second inequality is a simple majorization.
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Let
y(p) = lim inf v,(p)
#(p) = lim sup v,(p).
Lemma 5.

The v,(p), n = 1,2, ... are continuous functions on P which have uniformly
the LIpSCHITZ property, i.¢., the LIPSCHITZ constant can be assumed to be inde-
pendent of n. So #(p) and v(p) also have this LIPSCHITZ property.

Proof.
Such a common LiPSCHITZ constant is 2 4.

Lemma 6.
Let f(p) be any function on P such that f(p) < Cav min {#(p),f(p)} then for

anypoePandforanys > Otherearepleﬂl(po)(l <i<pandi; >0 4 =1
such that Z Aipi = po and f(pg) — & < Z A;min {u(p,),f(p)}.
1 1

Proof.

The proof is straightforward by CARATHEODORY’s theorem, since I7,(p,) is
(¢ — 1) dimensional. (The involvement of ¢ is necessary since f(p) is not assumed
to be continuous).

Proposition 4.1.
i) 2(p) = Vex max {u(p),u(p)}

i) o5(p) < Czllv min {u(p),v(p)} .

Proof.

We shall prove only the first inequality; the second will follow by duality con-
siderations. To prove (i), we shall show that for any & > 0 we can find N s.t. for
any n > N player I has a strategy in [ (p) that guarantees him Vgx max {u(p),

@7

v(p)} — & This will imply (i) since lim inf v, (p) is the highest payoff that player I
can guarantee as n — oo (up to an g).

Define &(p,n) = w(p) — v, ()"

Given ¢ > 0, let N,(¢) be such that n > N,(g) = max d(p,n) < —;— (Since the
peP

d(p,n) are uniformly LipsCHITzian, by lemma 5, they converge uniformly to zero.)
AN? 64
Define N = N{(g) = max {k (—3—8——> ,N (&) T}

Take now a game I, (p) for n > N, and cousider its equivalent game described
in theorem 3.1. Let f = (f,, ..., f,) be the following strategy of player I : At stage-m
play optimally in A(p,,) as long as u{p,) = v(p,), and start playing an optimal
strategy in the remaining game as soon as u(p,,) < v(p,,)
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Let mg = min {m|u(p,) < v(p,)}. By lemma 3, the expected payoff resulting
from the above strategy is at least:

1 {Z u(py) — ZZC E( IP:H Pi(”);) + (- mo)(Q(Pmo) _'5(17;110:” - mo)}~
4.8)

Since up to stage-m, player I is playing NS,we have by lemma 1 p,, eH 1 (p) for
m=1,...,mg, hence,

—I-E(Z u(po) + (n — mo)v(p,, )> >Vex max {u(p),v(p)}

NI

by lemma 4, the second term in (4.8) is at most 4 -—. As for the last term

in (4.8) we have: ﬁ
n—m r- M) .
E( n 0 5(pmoan - mO)) < z [maxo(p9n - l)]P(mo = l)
i=1 r
+ Mie) En: [max é(p,n — i)]p(m, = i)

n n~Ni+1 r
{(by definition of N, (g):)

<_s_+ Ni(s) 24 <_g_+_g_
-3 n -3 3
We conclude that the above described strategy guarantees player I the quantity
(4.8) which is > Vex max {u(p),v(p)} — & This completes the proof of propo-
tion 4.1.

Proposition 4.21).
v(p) and v,(p); n = 1,2, ... are concave w.r.t. I; o(p) and v,(p); n = 1,2, ...
are convex w.r.t. II.

Proof.

Since the maximum of two convex functions is convex, and the minimum of
two concave functions is concave, it is sufficient to prove the proposition for
v,(p). By duality considerations it is sufficient to prove the concavity only.

Assume on the contrary that there exist p0 eP, pell(p)) (1 <i<y), and

Ji =0, Z) —lsuchthatlel—po andZ/ L(7;) > v,(p,)- Let us show that

player-1 can guarantee himself the quantity Z/Iiu,,(pi) in I}(po)- The way to do
1

this is to make the lottery described in lemma 2, after the initial move of chance,

') This proposition for games with lack of information on one side is proved by AUMANN and
MASCHLER [1968], p. 74].
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but before the first stage of the game. Then, if the outcome of the lottery is i
(1 < i < p), he should play optimally in I, (p,). Now, assume a fortiori that player
II knew the outcome of this lottery. Then after the lottery, the situation is exactly
as if both players started playing I, (p;), so player I can guarantee himself v,(p,),

u
and thus in average Y 4,v,(p,).
1

Proposition 4.3.
Let f be any function on P such that f(p) < Vex Cav min {u(p), f(p)}. Define
II I

3(p,m) = (f(p) — v,(p))" then é(p,n) < —i—ZcM /p"(1 — p") in particular we
have then f(p) < v. \/VT reK

Proof.
Obviously, this set of functions f has a largest element, for which the equality
flp) = Vgx Cav min {u(p),f(p)} must hold. We can and do assume that we are
; :
dealing with this f. Let §4(p,n) = —i—z ¢, /P (1 — p); it is sufficient to prove

ﬁreK

that for any ¢ > 0, player I can guarantee f(p) — ,(p,n) — & (since I,,(p) is a finite
game he has an optimal strategy and can thus also defend f(p) — J,(p,n)). Look
at the equivalent game to I,(p) described in theorem 3.1. For any ¢ > O consider
the following strategy of player 1: As long as u(p,) = f(p,), play optimally in

A(p,) at stage-m. If u(p,,) < f(p,,) then consider the p,, , and 4, of lemma 6 for %

Now, make the lottery described in lemma 6, after which the a posteriori
probability distribution is one of the {p,,,}, say p,,; then play optimally in
A(p,,,) at stage-m. By this strategy, the expected payoff at stage-m is (by lemma 3)
at least:

- lfu(pm) Zf(pm) : u(pm) - Z crE(lpm+1(r) - pm(r)l)2 f(pm) - Z CrE‘ply’n+1 - prml

— ifu(p,) < f(p,), and h is chosen (by argument similar to that used in proposi-
tion 4.2.):

U@mp) = L ¢ E(Prs 1 () = PurIDIR) 2 WDwt) = X E(Prs 1 () — pur|B) 1)

where w(p) = min {u(p),f(p)}.

Denote by p,,(r) the random variable p,,(r|h). If we take expectations with
respect to K, we get:

- & ~
Zz‘hw(pm,h) - zcrE(lpm+1(r) - pm(r)D 2f(pm) - —n— - Z crElpm+l(r) - pm(r)‘ .
Let us define in the first case p,,(r) = p,(r). Then the sequence

(pl(r)sﬁl(r)a apm(r)9ﬁm(r)7pm+ 1(7'), e 7pn(r))
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is also a martingale, and in any case, the expected payoff at stage-m is at least

o) = = = 2 E(pr () = Bal)])-

{ . .
Let us now prove that f(p,) -+ e & f(B,) + L’;l-a,f(p,,,ﬁ) + %8, ... 18 a

n
m— 1 - m ...
pa to f(P,) + —e it is trivial

in the first case, and in the second case it follows immediately from (lemma 6):

@) = < T 24 f (Bp). For the steps from f(5,) + -6 0 f (s 1) + = it
h

follows from the fact that, since player I plays NS at p,.. P+ 1 € I (7,,) and since
fis convex w.r.t. 1L

So we have E(f(p,)) = f(p) —

submartingale. For the steps from f(p,) +

m— 1

e. Thus the expected payoff at stage-m is

at least f(p) — Ln——n_—l—s - % — 3 ¢E(Pm+ 1 (r) — P(r)])The expected payoff over

v

the whole game is then (by lemma 4) at least f(p) — 8o (p,n) — -i-( y %) £ >

m=1

flp) — do(p,n) — —;— which completes the proof of the proposition.

Corollary.
u(p) = o(p) = lim v, (p).
Proof.
Follows from (4.7) (ii), propositions 4.2 and 4.3.
Definition.
Let us define v(p) = lim v,(p).
Theorem 4.4.

Consider the inequalities:
(@) f(p) = Cav Vex max {u(p),f(p)}

B f(p) < V%S‘ c%v min {u(p)./(2)}

Then
(A) v(p) is the smallest solution of («) and the largest solution of (f).
(B) In particular v(p) is the only solution of the system {(x),(8)}.
{C) v(p)} is the only solution of the system:

(@) g(p) = Vexmax {u(p),g(p)}
3
(8) g(p) = C?V min {u(p),g(p)} -
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Proof.
(A) and (B) follow immediately from propositions (4.1), (4.2), and 4.3 (with its
dual). As for (C), since v(p) is convex w.r.t. II v(p) < Vex max {u(p),v(p)}.
IX

Together with (A), this implies that »(p) is a solution of {(«),(8")}. Uniqueness
follows then from (B).

Theorem 4.5. (The Error term)

1 1 I
——=2¢/00 = p) < 0,p) ~ vlp) < —= /P (L — p,)
ﬁrsK ﬁ reK
where the ¢, are defined for player I in an analogous way as the ¢, were defined
for player 1.

Proof.
Follows immediately from proposition 4.3 and theorem 4.4.

Remarks.

1) In the case where there are only two games, with lack of information on one
side, we can get a somewhat better bounds, if we are a little more careful in lemma 3;
in fact, define

C,(p) = max |aj(p)

C/p(l —p)

Jn
2) In ZaMIR [1969], p. 6, the following example is given of a case where there
are only two games, with lack of information for player 1I:

» € = max(C,(p) + C;(p)).

Then v(p) — v,(p) < , and similarly for a lower bound.

3| —1

4
31 1
p ) )

L—-p
21 2

In this case, u(p) = v(p) = 0, v,(p) = 0, and we can show that, for p = 3, the
error term is bigger than 75 % of the upper bound given here. (For n = 1, the error
term is even actually equal to the upper bound). The method is similar to that of
ZAMIR [1969].

5. Existence and Uniqueness of the Solution of Equations (2.2)

In this section we will study somewhat more carefully the equations (2.2).
We want to show that, for any continuous function u on the simplex, there exists
a continuous function v = @(u) on the simplex, such that theorem 4.4 remains



The Value of Two-Person Zero-Sum Repeated Games 53

valid. That is, we want to dispense in theorem 4.4 with the assumption that the
function u arises from some game.

Denote by C the space of all continuous functions on the simplex; by U, the
subset of C consisting of those functions which are the “u-function” of some
two-person zero-sum game with incomplete information. Denote by ¢ the mapping
¢:U—-C,p:u— @)= v In the whole of this paragraph, C is endowed with
the topology of uniform convergence.

Proposition 5.1.
a) U is a vector lattice ') which contains all the affine functions.
b) In particular, U is dense in C.

Proof.

a) 1) U contains the affine functions.
k

k

Letu = ay + Y a;p; = Y, (a; + ao)p;. Then u is obviously the “u-function” of
1 1

the game where A' = (a, + a,).

ANueU= —uel.

If u arises from the game with matrices (4%, ..., 4%, then —u arises from the
game with matrices [—(A4'), —(4?%,..., —(4%/], where the prime denotes
transposition.

3)uelU,A>20=JuecU,

If u arises from (4%, ..., 4"), then Au arises from (A4, ..., 1 4%).

YHuelU,uyelU=u, +uel.

Let u; arise from (A", ..., 4%, with pure strategy sets M; = {1,...,m;} for
player I and L; = {1,...,1;} for player I1. Then u, + u, arises from (B?, ..., B",
where B" (1 < h < k) is an m;m, x [, [, matrix, with elements

B 1 X L PN
b(il,iz),(j1,jz) = apl; + af? ((i,i)e M x M,,(j1,j2)e Ly x Ly).

iy, iy,02

SYueU=u*eU.

It is sufficient to add a last row of zeroes to each of the matrices A° — (u arises
from (4%, ..., A*) — in order to get the matrices (4J, ..., 4%) from which u* arises.

These five points achieve the proof of (a).

(b) is a consequence from (a) and from the STONE-WEIERSTRASS theorem for
lattices %), since the affine functions are clearly separating.

Proposition 5.2.
¢ U — C has a unique monotone extension ¢ :C — C — or: a unique con-
tinuous extension ¢:C — C; this extension is monotone and of norm 1

lle(S) = e@ll <1 /- gl).

1y A vector space which is a lattice.
%) See for instance “Real and Abstract Analysis” by Hewrrt and STROMBERG, Springer-Verlag,
N.Y,, Inc., 1965. Theorem (7.29), p. 94.
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Proof.

¢ : U - Cismonotoneand of norm 1. Indeed, monotonicity follows immediately
from theorem 4.4 (A). The fact that ¢ is of norm 1 follows from monotonicity
and from the fact that, if ¢ is any constant, @(u + ¢) = ¢(u) + ¢ — which is also
a trivial consequence of theorem 4.4. Therefore, the fact that U is dense in C
(proposition 5.1) gives immediately the proposition.

Theorem 5.3.
Theorem 4.4 remains true for any u e C, with v replaced by ¢ ().

Proof.
Since the operators Cav, Vex, max, and min used in the several equations of
I i

theorem 4.4 are continuous with respect to the supremum norm, and since ¢ is
continuous with respect to that norm, we have immediately that

(1) ow)(p) = VIeIX max {u,(u)}
2) ew)(p) = CzIw min {u, @ u)} .

In particular, ¢(u) is a solution of
(1) @(w)(p) = Cav Vex max {u, ¢ u)}.
I n

If we prove it is the smallest solution of (1), then we can achieve the proof of
theorem 5.3 in the same way as we proved theorem 4.4.

So, let / be any solution of (1), and let (u,) be an increasing sequence in U con-
verging uniformly to u (this exists by proposition 5.1). Then fis a fortiori a solution
of f(p) = Cav Vex max {u,,f}, and so, by theorem 4.4, (A), f(p) = ¢(u,)(p). But,

1 n

by the continuity of ¢, ¢(u,) = @(u), and so f > ¢(u). This completes the proof
of theorem 5.3.

Theorem 5.4. (An approximation procedure for ¢(u)).
Define
vy = — @, by = +00, v,.; = Cav Vexmax {u,v,}, B,,, = Vex Cavmin {u,7,}.
1 I 1 1
Thenv, < v,01 < Dy = Uyyq = -, and both (y,) and (8,) converge uniformly

to o (w).

Proof.
Since u is continuous on a compact set, it is uniformly continuous, and it is

easy to check that the operators min, max, Vex and Cav preserve the modulus
IT 1

of uniform continuity. Therefore, both sequences (v,),=.... and (7,),-,, . are
equicontinuous, and obviously bounded: so they are compact in the uniform

topology.
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Let us prove v, < v,,;. It is obviously true for n =0. If v then

v, = Cav Vex max {u,1,_} < Cav Vexmax {u,0,} = v,+
B It

Let us prove v, < @(u). It is obVlously true for n = 0. If v,_, < @(u), then

v, = Cac Vex max {u,v,_,} < Cav Vex max {u,¢(u)} < ¢@(u) (by theorem 5.3).
I )it
Let v = lim v,: this limit is umform by the compactness of the sequence. Then

n— oo

nl——m

v = Cav Vex max {u,v}, and v < ¢(u). Theorem 5.3 implies, therefore, that
1 I

v = @(u); v, converges uniformly to ¢(u). The same argument applies to the se-
quence o,,.

Corollary 5.5.

If u 1s a continuous function on the simplex, then both Cav Vex u and Vex Cav u
1 )i )i {
are convex w.r.t. IT and concave w.r.t. 1.

Proof.
Define v = Vexu Then ¢(v) = Vex max {v,¢(v)}. Since both v and ¢(v) are

CONnvex w.r.t. H max {v,0()} is also therefore, ¢ (v) = max {v,0 ()} : ¢(¥) = v.
But ¢(v) = Cav min {v,¢(v)} = Cavv = Cav Vexu. Since ¢(v) is convex w.r.t.
I I I 1
11, it follows that Cav Vex u is also. From this follows the corollary.
1 I

Remark 1.

On alternative set-ups for this paper.

The results of this paper can be obtained by several other approaches. Let us
sketch here some of them.

a) (i) If player I can guarantee f(p) (up to an &), then he can also guarantee
Cav Vex max {u(p),f(p)}. The proof of this is completely similar to that of Pro-

I 11 ’

position 4.1, using also Proposition 4.2. A dual statement is valid for player II.

(i) Define a sequence v, and a sequence &, as in theorem 5.4. Then applying
the above property inductively it follows that player I can guarantee each of the
v, and therefore he can also guarantee v = lim v,. Similarly, player II can guarantee

v = lim v,. Furthermore, v = Cav Vex max {u v} and ¥ = Vex Cav min {u,7}.
1 n I
(iti) From these two equations and the fact that v < 7 one derlves thaty =7

(as in MERTENS and ZAMIR, theorem 4.2). .

b) (i) The first point is as in (a).

(it) Define. v = lim infv, and & = limsupv,. Player I can guarantee v and
player II can guarantee v. So replace fin the first point by v (and by 7 in the dual
statement for player II).

(iii) The third point is again identical to the third point of (a).

This is the way used by MERTENS and ZaMir. The first two points are essentially
equivalent to Proposition 4.1 and 4.2. A third approach would be:
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(i) Prove directly corollary 5.5.

(ii) Using this and theorem 5.4, prove theorem 5.3 [through MERTENS and
ZAMIR, theorem 4.2.].

(iii) Prove Proposition 4.3 and deduce the required result by applying it to
both players.

Remark 2.

1t is quite easy to see that several other limiting procedures such as discounting,
lead to the same limit with a similar error term. In fact, now that we have the ex-
istence and uniqueness of v = ¢ (u) for each continuous u (theorem 5.3), Proposi-
tion 4.3 applies immediately to each of the other cases, with a slight variation in
the computation of the error term. For instance:

a) Discounting. For 0 < f < llet Hy(p) = E Y B — ﬁ)”H,,+1>, where H,, ,
0

is the payoff at stage n + 1. Then H,(p) is the payoff function of what we might
call the discounted game.

One can think of this game as if there was a stopping time 7', with a geometric
distribution such that at each stage n there is a probability § of stopping at that
stage, given that no stop occured before. T is independent of the game and is
not told to the players. Then H(p) can be looked upon in either of the two foilow-
ing ways: either the players get as payoff the payoff they received at stage T
exactly (not the accumulated payoff) — or the players get as payoff their accumu-
lated payoff up to stage T, divided by , the expected number of stages in the game

r{t —p) f
Thus as § — 0 we get (using also the dual inequality) v (p ) — p(p) with an error
term of the order of magnitude 1/./1/f which is the analogue of 1/ﬁ

b) A Variant of (a) might be to give the players as payoff their accumulated
payoff up to time T, divided by the actual number of stages in the game — this

means Hy(p) = (Z gl — /3)"ni1 A, )‘—— then one gets:

Let v,(p) be the value of this game. Then v;4(p) = v(p) —

n41
vg(p) = v(p) — Zc VP -p) Bo/n
1- ]
(1-8 —
> v(p) — Pl - !

l—ﬁr

With the same interpretation for 1/f, the analogy is again striking (\/7?/ 1—pfis
essentially constant when g — 0).

This shows really that our results remain essentially unchanged for any
reasonable concept of an “often repeated game”.
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6. Examples

In this last section let us find v(p) for some examples. The examples are what
we called product games. In these games our representation leads to the usual
one used by AUMANN and MASCHLER [1967] and STEARNS.

By rescaling probabilities and payoffs in a compensating mannet, it can be
shown that any game of the type we considered in this paper is strategically
equivalent to such a product game and even one with uniform probabilities.
Indeed, if the original game were expressed in our usual notation, the matrices
B for the equivalent game would be given by the equations:

BY=p-v- Z PrAx
keKFn KY
where an empty sum is zero.

Ttus shows that our restriction to examples of the product type is not a severe
restriction. Indeed, this transformation permits to reduce each game, for fixed p,
to a product game, and thus to compute its solution — for each fixed p. But it
makes it not possible to see the dependence of the solution on p. We owe this
remark to the referee. p will denote from now on the probability distribution
assigned by player II to the types of player I and g is the probability distribution
of player I on the types of player II. The game will be denoted by I} (p,q), its value
by v,(p,q), limv,(p,q) = v(p,q) and u(p,q) will be the value of 4(p,q), the game

n—x

in which both players play NS.
The equations (2.2) which determine v(p,q) are now:

i) v(p,q) = Vexmax {u(p,q),v(p,q)}

ii) 0(p,q) = Cav min {u(p,q),5(p,q)} (6.1)

In the following examples, there are two types of each player, so p and g are
one dimensional and the functions can be described on the unit square. Even in
this simple case, we do not have in general an explicit solution of equations (6.1).
However, it turns out that the most useful result is lemma 6 of § 4 which for this
case says:

1) u(p,q) < v(p,q) = v(p,q) is linear in the p direction.

i) u(p,q) > v(p,q) = v(p,q) is linear in the g direction.

So we can describe v(p,q) by giving only the locations (p,q) on the unit square
on which v(p,q) = u(p,q).

We will write shortly p’ for 1 — p and ¢’ for 1 — g¢.

{6.2)

Example 1
The first example is that considered in AUMANN and MASCHLER [1967], in which
Cav Vexu(p,q) #+ Vex Cavu(p,q) and hence v_ (p,q) does not exist. The matrices

D q q p
are as follows:
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q q

BERE —1{0 | 2
~1l2 1o i1 lol 2

p
112 o0 1lo] 2
“1]12 1o —1lo |2
o] 2 ~112 1o
“1{0 ]| 2 11210

p/
“1]lo | 2 1210
1lol 2 il21o

The functions u(p,q) and v(p,q) are given in the following diagrams.

i
2p+ 2qj—4pq
|

2p+2q-4pq’

2p'+2q"-4pY

2p'+2q-4p'q

3-V8
<] O:’T”OZ

Fig. 1: u(p,q) of example 1

It turns out that v(p,q) = limv,(p,q) = Cav Vex v(p,q) as shown in Figure 2.
n— o P

q
The thick lines are the lines on which v(p,q) = u(p,q). On the regions defined
by these lines v(p,q) is linear in the directions described by the arrows (according

to whether u(p,q) > v(p,q) or u(p,q) < v(p,q)).
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e} 1 1 3 1
: ¢ + q

2p
L
P

T —t-2{p+q-4pq)
. |
2 B
3
4

2p
1

p

Fig. 2: Cav Vex u(p,q) = v(p,q) of example 1
» q

So this example happens to be somehow a special case, namely, lim v, coincides
with of the two bounds Cav Vex u and Vex Cav u. The second example does not
have this property. P €@’

Example 2.
q q
0 00| O 1 1-1 1 -1
g -1 1 1 |-1 0] 0|10 7}O0
-1 1 -1 1 0ol o0|0]O
P 0] 0|0, 0 1 -1 |—-1 1

Pp—qiq—plp—q9|q—p
Here A(p,q) =

g -p|lp—4qd|p—q|qd—p

The functions u(p,q), Cav Vex u(p,q) and Vex Cav u(p,q) are given in Figures 3

P q q P
to 5. Notice that all the functions under consideration are symmetric with respect
— 1 1
top=sand g =3
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¢} 1
q
P-q p-g
a-p q-p
L
2
q-p q-p’
p-q p-a
!
P
Fig. 3: u(p,q) of example 2
0 4 1 3 {
% 2 4 g
4pq-p-q | 4pq-p-q'
L
g
1 - L -q
ir a 7 g
3L
4
4p'q-p"-q | 4p'q-p-0'
1
P

Fig. 4: Cav Vex u(p,q) of example 2
P q

To find v(p,q) we proceed through the following steps:

‘1. On the segment (0,3) — (4,3) (4 — B on the fig. of Vex Cav) Cav Vex =
Vex Cav = u, so this must also be the value of v on this segment.

2. On(0,0)(and so on the four extreme points) we have Cav Vex = Vex Cav = u,
so again this must also be the value of v there.
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[N

-

(2p-1)q

B

(2p-1)q

(2p’-1)q

2p'-tiq’

Fig. 5: Vex Cav u(p,q) of example 2
q e

3. On the diagonals we have u > Vex Cav (except in the center, and, of coursg,
on the extreme points), so certainly u > v there.

4. On the sides (0,0) — (1,0), (except the end points) we have u < Cav Vex and
so certainly 4 < v. We conclude that the line on which v = u (in the first quarter)
starts at (0,0) and lies between the diagonal and the side (0,0) — (3,0).

S. The second line on which » = u which contains (0,1} — (3,3) (see 1) must
continue beyond (4,%) but not as far as (3,1) otherwise convexity in the g direction
is violated. Let the endpoint of this segment be (&,2), G < & < 4).

6. At any point on which v = u, v is differentiable in both variables jointly if u
itself is. (This last property is general, provided the line is not parallel to the axes).

qiq-q}

]
P-q'+ig~q)Vo"p
p*2qq"
prE+q
3 /
3
] 4
3t qalq-q) -:/8
! 1
4
p

Fig. 6: v(p,q) of example 2

g
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After the above considerations, we let p = f{(g) be the line between the diagonal
and the side on which v = u. Then we write v(p,q) in terms of f by linearity con-
siderations. 6. gives, then, a differential equation for f(g). The solution of this
equation happens to be p = 2q¢’. From this we find (by convexity arguments)
the parameter ¢ (which happened to be 3). Finally, we write again the differential
equation from p =32 to p =1 and find p = § + g for < q < 2. The resulting
v(p,q) is given in Figure 6.

As in the previous example, thick lines are the locations on which v = u and
the arrows denote the directions of the linearity of v.

One can check that the v(p,q) we get is indeed a solution of (6.1). This is done
easily and so the problem is solved. Notice that in this example v(p,q) = lim v,(p,q)
is almost everywhere different from Cav Vex u and from Vex Cav u.

Example 3.
q q
0] o 1 |—1
p
1] -1 010
P—q q-—7p
A(I’fQ): .
~-pq9-0q | ~pqg—-rq
- 1 ol o
P 0 0
e

The function u(p,q) is given in Figure 7.

0

ol

Fig. 7: u(p,q) of example 3
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Cav Vexu and Vex Cav u are obtained by quite tedious calculations and since
they are not very important here, we do not give them. (They can be found in
MERTENS and ZAMIR.) We will just remark that Cav Vexu s Vex Cav u almost
everywhere.

The solution of the equations for v{p,q) is made by considerations similar to
those made in the previous example. The problem is reduced to one differential
equation of the line on which » = u. (See Figure 8.)

Fig. 8: v(p,q) of example 3

Let g = f(p) be the equation of the line AB of Figure 8; then ¢’ = f(p') is the
equation of CD. These two lines and the two segments CE and F B are the lines
on which v(p,q) = u(p,q). The values of v on the whole square are obtained by
linearity in the directions of the arrows.

It can be shown by inspection of the figures that f(p) < 1, f(1) = &. So f(p)
is the solution of the following equation:

(1 =27(p) — flp) — f1 — p))

2(1 = p)(1 —p = f(1 — p)
with0 < p < 1,f(0)=0,f(1) = %

This equation we could not solve explicitly. Of course, it can be solved numeri-
cally. From the equation we could deduce that f(p) is a transcendental function
since all the derivatives at p = 1 are 0 and the same for the derivatives at p = 0,
except the first, which is 3.

The above equation can be transformed to any one of the two following systems
of two ordinary differential equations by the substitutions:

fp)=
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p=5n e0=9(5) se-1-2-p.
vo = (L), -1 -2
A U (t) + o) ~l<t<1
VOO e e U =0 gl1)= 1
oW1 =0 for n=2
o) = 0t o0 V(=4
e™(1)=0
V(=0 =o(0)

B) dlogy 14+t t+y
dlogep 1—tt—¢
dlog(l —t) + dlog(l + 1)

dlogy dlog e

Acknowledgements

J. F. MERTENS is indebted to R.J. AUMANN, who spent hours introducing him
to this subject, in a long series of conversations, in the spring and summer, 1969.
He wishes, here, to express all his thanks.

References

AUMANN, R. J,, and M. MAscHLER: Repeated Games with Incomplete Information. A survey of recent
results. Report to the U. S. Arms Control and Disarmament Agency, Washington, D. C. Final report
on contract ACDA/ST-116, prepared by Mathematica, Princeton, N. J., September, 1967, Chapter
111, pp. 287 —403.

— : Repeated Games with Incomplete Information. The Zero-Sum Extensive Case. Report to the U. S.
Arms Control and Disarmament Agency, Washington, D. C. Final report on contract ACDA/ST-
143, prepared by Mathematica, Princeton, N. J,, November, 1968. Chapter 11, pp. 25— 108.

Harsanyl, J. C.: Games with Incomplete Information Piayed by ‘Bayesian’ Players. Parts I, 1I, 111
Management Science, Vol. 14, n°: 3, 5, 7.

MERTENS, J. F., and S.ZaMmirR: The Value of Two-Person Zero-Sum Repeated Games with Lack of
Information on Both Sides. Research Program in Game Theory and Mathematical Economics,
Research Memorandum No. 61, July, 1970, Institute of Mathematics, The Hebrew University of
Jerusalem, Jerusalem, Israel.

STEARNS, R. E.: A Formal Information Concept for Games with Incomplete Information. Report to
the U. S. Arms Control and Disarmament Agency, Washington, D. C. Final report on contract
ACDA/ST-116, prepared by Mathematica, Princeton, N. J., September, 1967. Chapter 1V, pp.
405 —433.

ZAMIR, S.: On the Relation Between the Values of Finitely and Infinitely Repeated Games of In-
complete Information. Research Program in Game Theory and Mathematical Economics, Research
Memorandum No. 43, January, 1969, Institute of Mathematics, The Hebrew University of Jerusalem,
Jerusalem, Israel.

— : The Inequivalence Between to Two Approaches to Repeated Games with Incomplete Information.
Research Program in Game Theory and Mathematical Economics, Research Memorandum No. 55,
April, 1970, Institute of Mathematics, The Hebrew University of Jerusalem, Jerusalem, Israel.

Received November, 1970 (revised version June, 1971)



