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CHAPTER I

Basic Results on Normal Form Games

Non-cooperative games (or strategic games) are mainly studied through two models:

normal form orextensive form. The latter will be presented in ch. II. The former describes

the choice spaces of each player and the result of their common choices. This is evaluated

in terms of the players' von Neumann-Morgenstern utilities (i.e. the utility of a random

variable is its expected utility (von Neumann and Morgenstern, 1944, ch. I, 3.5)), hence

the following de�nition:

A normal form game is de�ned by a set of players I, strategy spaces Si
, i 2 I, and

realpay-o� functions F i
, i 2 I, on S =

Q
iS

i
.

It is �nite (or a bi-matrix game if #I = 2) if I and all Si
are �nite.

Under suitable measurability conditions one de�nes the mixed extension of a game

G = (I, (Si, F i)i∈I) as the game Γ = (I, (Σi, φi)i∈I) where Σ
i
is the set of probabilities on Si

and φi(σ) =
R
S
F i(s)

Q
i∈Iσ

i(dsi). Unless explicitly speci�ed (or self-evident) otherwise,

the following de�nitions are always used on the mixed extension of the game.

si is a dominant strategy of player i if F i(si, s−i) � F i(ti, s−i) for all ti in Si
, and

s−i 2 S−i =
Q

h�=iS
h
.

si is dominated (resp. strictly dominated) if there exists ti with F i(ti, s−i) > F i(si, s−i)
for some s−i

(resp. all s−i
) and F i(ti, �) � F i(si, �).

si is a (ε-)best reply to s−i
if F i(si, s−i) � F i(ti, s−i) (�ε) for all ti 2 Si

.

An (ε-)equilibrium is an I-tuple s such that for every i, si is a (ε-)best reply to s−i
.

A two-person zero-sum game (or: a matrix game if strategy sets are �nite) is a

normal form game with I= fI, IIg, SI = S,SII = T , F I = g = �F II. One de�nes then the

minmax v(g) = inft∈T sups∈S g(s, t) and the maxmin v(g) = sups∈S inft∈T g(s, t).
If they are equal the game has a value v(g).
s is an (ε-)optimal strategy for player I if g(s, t) � v(g) (�ε) for all t 2 T .

1. The minmax theorem

A minmax theorem gives conditions under which a two-person zero-sum game (S, T ; g)
has a value. We allow here the pay-o� function g to map S�T toR. All minmax theorems

in this paragraph will be derived from Theorem 1.6. Prop. 1.8 uses additional convexity

assumptions to weaken continuity requirements, and Prop. 1.17 applies the previous result

to the mixed extension of the game.

1.a. De�nitions and notations. We start by introducing basic de�nitions and nota-

tions.

Definition 1.1. A convex set is a convex subset of a vector space on the reals.

Definition 1.2. An admissible topologyon a convex set S is a topology such that,

for each n, and for every n � tuple x1, . . . , xn of points in S, the mapping φx1,...,xn from

the n � 1 dimensional simplex f p = (p1, . . . , pn) j pi � 0,
Pn

i pi = 1 g to S, that maps p

3



4 I. BASIC RESULTS ON NORMAL FORM GAMES

to
Pn

i=1 pixi, is continuous, when the simplex is endowed with its usual topology (i.e. the

topology induced by the Euclidian norm).

Definition 1.3. A convex topological space is a convex set endowed with an admiss-

ible topology.

Remark 1.1. Any convex subset of a linear topological (or: topological vector) space

is a convex topological space.

Remark 1.2. A compact space is not assumed to be Hausdor� (T2), unless explicitly
stated.

Definition 1.4. For a topological spaceS, a function f : S ! R[f�1g is upper se-
mi-continuous (u.s.c.) i� ff � xg is closed for every x. f is lower semi-continuous

(l.s.c.) i� (�f) is u.s.c.
Remark 1.3. On a completely regular space, the u.s.c. functions that are bounded

from above are the in�ma of a family of bounded continuous functions.

Definition 1.5. For a convex set S, f : S ! R is quasi-concave i� ff � xg is

convex for every x. f is quasi-convex i� (�f) is quasi-concave. f is concave (resp.

convex, a�ne) i� f(αx1+(1�α)x2) � αf(x1)+ (1�α)f(x2) (resp. �, =) whenever the
right hand member is well de�ned (0 < α < 1).

1.b. A basic theorem.

Theorem 1.6. (Sion, 1958) Assume S and T are convex topological spaces, one
of which is compact. Assume that, for every real c, the sets f t j g(s0, t) � c g and
f s j g(s, t0) � c g are closed and convex for every (s0, t0) 2 S � T . Then

sup
s∈S

inf
t∈T
g(s, t) = inf

t∈T
sup
s∈S
g(s, t) .

If S (resp. T ) is compact, then sup (resp. inf) may be replaced by max (resp. min), i.e. the
corresponding player has an optimal strategy.

Proof. Obviously, one always has

sup
s∈S

inf
t∈T
g(s, t) � inf

t∈T
sup
s∈S
g(s, t) .

Suppose therefore, in contrary to the theorem that, for some real number c,

sup
s∈S

inf
t∈T
g(s, t) < c < inf

t∈T
sup
s∈S
g(s, t) .

Assume, for instance, that S is compact. The sets At = f s 2 S j g(s, t) < c g form an

open covering of S; thus, there exist t1, . . . , tn such that the sets Ati (1 � i � n) cover S:
We can restrict T to the convex hull of the set T0 of points ti (1 � i � n) and work now

on the (n � 1)-simplex, using the admissibility of the topology. All our assumptions are

still valid. We can now do the same operation with the sets Bs = f t 2 T j g(s, t) > c g, so
that both S and T become simplices with vertex sets S0 and T0, and with the property

that, for any s 2 S, there exists t 2 T0 such that s 2 At and that, for any t 2 T , there
exists s 2 S0 such that t 2 Bs. We can further assume that S0 and T0 are minimal for

this property, eliminating eventually some additional points from S0 and T0.
Let si (1 � i � n) be the points in S0, and for each i, Ti = f t 2 T j g(si, t) � c g. The

sets Ti are compact convex, satisfy
Tn

i=1Ti = ;, and, by the minimality property, for every

j,
T

i�=j Ti 6= ;. The next lemma will show that this implies that
Sn

i=1Ti is not convex.



1. THE MINMAX THEOREM 5

Thus there exists t0 2 T such that, for all i, t0 /2 Ti: we have, for each i, g(si, t0) > c,
and thus, for each s 2 S, g(s, t0) > c. The same argument would show dually that there

exists s0 2 S such that, for each t 2 T , g(s0, t) < c; we thus have both g(s0, t0) < c, and
g(s0, t0) > c, the desired contradiction.

The replacement of sup by max is possible due to the upper semi-continuity of g(�, t)
on the compact set S (for each t 2 T ). �

To complete the proof, we shall thus prove the following lemma:

Lemma 1.7. Let Ti (1 � i � n) be compact convex subsets of a Hausdor� locally
convex topological vector space, such that T =

S
iTi is convex and such that, for every i,T

h�=iTh 6= ;. Then TiTi 6= ;.

Remark 1.4. For a simpler and more general result, cf. ex. I.4Ex.19 p. 48. Here the

only �sport� is to obtain theorem 1.6 using just the separation theorem � and in fact

only for polyhedra in �nite dimensional space.

Proof. The proof goes by induction on n. We assume that the lemma is proved up

to n � 1, and is false for n. Then
T

i<nTi and Tn are two disjoint compact convex sets,

and can therefore, by the Hahn-Banach theorem (cf. 1.e p. 8), be strongly separated by

a closed hyperplane, whose (compact convex) intersection with T we denote by T̃ . Let

T̃i = Ti \ T̃ ; the T̃i are compact convex, T̃n = ;, and Si<n T̃i = T̃ .
Further, for any j < n,

T
i/∈{n,j}Ti, which is convex, has, by assumption, a non-empty

intersection both with Tn and with
T

i<nTi, which lie on opposite sides of the hyper-

plane; therefore,
T

i/∈{n,j}Ti has a non-empty intersection with the hyperplane. ThusT
i/∈{n,j} T̃i 6= ;.
It follows by the validity of the lemma for n�1 that

T
i<n T̃i 6= ;, i.e. (

T
i<nTi)\ T̃ 6= ;;

this yields the contradiction. �

1.c. Convexity.

Proposition 1.8. Assume S is a compact convex topological space, T is a convex
set, and, for every real c, and for every (s0, t0) 2 S �T , the sets f s 2 S j g(s, t0) � c g are
closed and convex, and g(s0, t) is convex in t, and g < +1. Then

max
s∈S

inf
t∈T
g(s, t) = inf

t∈T
max
s∈S
g(s, t).

Proof. As in the proof of the theorem, we can reduce the discussion to the case

where T is a simplex with vertices (t1, . . . , tk) and where

sup
s∈S

inf
i
g(s, ti) < c < inf

t∈T
sup
s∈S
g(s, t) .

Then, for every s 2 S, the function g(s, �) is continuous on the interior of the simplex T ,
being convex. If tni are interior points, limn→∞ tni = ti, then, for every s, limn→∞ g(s, tni ) �
g(s, ti) by the convexity of g. Therefore, the sets Ai,n = f s j g(s, tni ) < c g, 1 � i � k,
n = 1, 2, . . ., form an open covering of S; extracting a �nite subcovering, we see that we

can replace T by some compact polyhedron T̃ contained in the interior of T : now we have

the continuity and convexity in t of f(t, s) for every s 2 S, and we can apply theorem 1.6

p. 4 to yield a contradiction. �



6 I. BASIC RESULTS ON NORMAL FORM GAMES

1.d. Mixed strategies.

Definition 1.9. A regular measure on a topological space X is a positive bounded

measure µ on the Borel sets (σ-algebra generated by the open sets) such that µ(A) =
supfµ(B) j B � A , B closed and compactg. Its support is the smallest closed subset

with negligible complement. The set of those measures which have total mass 1 is denoted

by ∆(X).

Definition 1.10. ∆(X) is endowed with the weak� topology de�ned as the weakest

topology for which the mapping µ 7! µ(f) =
R
fdµ is u.s.c. for all bounded u.s.c. f .

Definition 1.11. f : X ! Y is Lusin-measurable if 8ε > 0, 9K closed, compact

with µ(K) > 1� ε and f|K continuous.

Remark 1.5. The regularity of a measure is equivalent to the Lusin-measurability of

all Borel maps with values in separable metric spaces.

Proposition 1.12. ∆(X) is always T1, and is Hausdor�, resp. compact, resp. comple-
tely regular, if X is so. Further, if X is completely regular, the above de�nition coincides
with the usual one � using the integral of bounded continuous functions.

Proof. � For the T1 property, i.e. points are closed: If µ1 6= µ2, by regularity

there exists an open set O with µ1(O) > t > µ2(O) and µ2 does not belong to

W (µ1) = fµ j µ(O) > t g.
� For the Hausdor� property, assume µ1 6= µ2. Given a Borel set B with

µ1(B) > µ2(B), choose (regularity) two compacts C1 (included in B) and C2 (in
its complement) satisfying µ1(C1) + µ2(C2) > 1. Then there exist disjoint open

sets Oi, Ci � Oi, i = 1, 2 and real numbers αi, α1 + α2 > 1 with µi(Oi) > αi.

Thus the following are disjoint neighbourhoods: Vi(µi) = fµ j µ(Oi) > αi g.
� For the compactness, cf. ex. I.1Ex.10 p. 13.

� For the completely regular case, the above remark (sub 1.a p. 3) on u.s.c. func-

tions implies that it is enough to show that
R
f dµ = inff

R
g dµ j g continuous,

bounded and above f g. This in turn follows from the fact that f is Lusin-mea-

surable and from Dini's theorem. �

Proposition 1.13. (Dudley, 1968) If X is metrisable and separable, so is ∆(X)
with the metric d(µ, ν) = supf jµ(f)� ν(f)j j f Lipschitz with constant 1 and bounded
by 1 g. Moreover if X is complete, so is ∆(X).

For more properties, cf. App.9.

Fubini's Theorem 1.14. Given positive bounded regular measures µ1 and µ2 on two
topological spaces E1 and E2, there exists a unique regular measure µ on E = E1 � E2
such that µ(K1�K2) = µ1(K1)µ2(K2) for any closed compact subsets Ki of Ei, and then
for any non-negative µ-measurable function f on E1�E2,

R
E2
fdµ2 is µ1-measurable andR

fdµ =
R
dµ1

R
fdµ2.

Proof. For existence, extract an increasing sequence of closed compact subsets Cn
i

from Ei that carry most of the mass. Let µni be the corresponding restriction of µi. By

the validity of the theorem in the compact case (Mertens, 1986a, prop. 2), we obtain cor-

responding regular measures µn = µn1 
 µn2 on Cn = Cn
1 � Cn

2 � E. Clearly the µni are

increasing, so their limit µ is a regular measure on E for which our condition is easily

veri�ed. For any such µ, observe that the regularity of µ1 and µ2 imply then the validity
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of our product formula when the Ki are µi measurable. Hence the product E1 
 E2 of
the σ-�elds Ei of µi-measurable sets is contained in the µ-measurable sets and µ coincides

with the product measure there. It follows immediately that µ is uniquely determined on

closed compact subsets of E, since those have a basis of neighbourhoods (regularity) that
belong to the product of the Borel σ-�elds (compactness). Therefore (regularity again),

µ is unique. �

Remark 1.6. The above applied inductively yields the existence of a product also for

n factors, and the uniqueness proof remains identical, so the product is �associative�.

Proposition 1.15. The product of regular probabilities is a continuous map from
∆(X)�∆(Y ) to ∆(X � Y ).

Proof. For O open in X � Y and µ 2 ∆(X), f(µ, y) = µ(Oy) is l.s.c. on ∆(X)� Y :
choose K0 closed compact � Oy0

with µ0(K0) � µ0(Oy0
) � ε, then O1 and O2 open in X

and Y respectively with K0 � O1, y0 2 O2, O1�O2 � O, then:
lim inf

µ→µ0,y→y0

µ(Oy) � lim inf
µ→µ0,y→y0

µ(O1)1O2(y) � µ0(O1) � µ0(Oy0
)� ε.

So f(µ, y) =
Pn

i=1αi1U i up to a uniform ε, with αi > 0 and U i
open in ∆(X) � Y .

Hence (Fubini) (µ 
 ν)(O) =
R
f(µ, y)ν(dy) =

Pn
i=1αiν(U

i
µ) up to ε, and ν(U i

µ) is l.s.c.
on ∆(X)�∆(Y ) by our previous argument. �

Proposition 1.16. Let X and Y be topological spaces, with Y Hausdor�, µ be a
regular measure on X and f be a Lusin-measurable function from X to Y .

(1) The image of µ by f , µ Æ f−1, is a regular measure on Y . Further if f is conti-

nuous, the mapping f from ∆(X) to ∆(Y ): µ 7! µ Æ f−1 is continuous (and also
denoted ∆(f)).

(2) Let (Xk, ρk,�) be a projective system of Hausdor� spaces (ρk,� : Xk ! X� being the
continuous projection for * � k), with projective limit (X, ρk). Given a consist-
ent sequence of regular measures µk on Xk (i.e. with ρk,�(µk) = µ�) there exists a
unique regular measure µ on X with ρk(µ) = µk � the projective limit of the
sequence µk.

Proof. The �rst point is clear. For the second, cf. Bourbaki (1969, �4, n03, Théorème

2). �

In the sequel, we denote by Σ (resp. T ) the space ∆(S) (resp. ∆(T )), and by Tf

the space of all probability measures with �nite support on T (points in Σ are mixed

strategies, points in Tf mixed strategies with �nite support).

Proposition 1.17. Let S be a compact topological space, T any set. Assume that,
for each t, g(�, t) is upper semi-continuous in s. Then

max
σ∈Σ

inf
τ∈Tf

Z
g(s, t) d(σ 
 τ) = inf

τ∈Tf

max
σ∈Σ

Z
g(s, t) d(σ 
 τ).

Proof. Σ with the weak
�
topology is compact convex (1.12) and F (σ, τ) de�ned on

Σ�Tf by

F (σ, τ) =

Z
g(s, t)d(σ 
 τ) =

Z
T

dτ

Z
S

g(s, t)dσ =

Z
S

dσ

Z
T

g(s, t)dτ

is a�ne in each variable and upper semi-continuous in σ. We can therefore apply prop. 1.8

p. 5 to yield the equality. �
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Remark 1.7. With an appropriate rede�nition of regular measure the above remains

true even if S is countably compact instead of compact (Mertens, 1986a, pp. 243�246, and

remark 3 p. 247).

1.e. Note on the separation theorem. The Hahn-Banach theorem was used in

the �rst lemma, also in some exercises below, and in many other circumstances. Here

follows a short refresher.

In the following statements, E is a real topological vector space, all subsets considered

are convex, U denotes an open subset, and letters f linear functionals.

The basic result is

Proposition 1.18. If 0 /2 U , 9f : f(U) > 0 (f is then clearly continuous).

Proof. Apply Zorn's lemma to the open convex subsets disjoint from 0. �

The basic technique for separating two convex sets is to separate their di�erence from

zero. So

Proposition 1.19. If A \ U = ;, 9f : f(A) \ f(U) = ;.
[With obvious �re�nements�: B has an interior point, and A is disjoint from the in-

terior of B; also: 9f 6= 0, continuous, f(A) � 0 i� there exists a non-empty open convex
cone disjoint from A � cf. I.3Ex.12 p. 37 for the necessity of the interior point.]

One can always obtain an �algebraic� statement from the above by using the strongest

locally convex topology de�ned as follows: A is radial at x 2 A i� 8y 2 E, 9ε > 0: x+εy 2
A; then U is open i� it is radial at each of its points. So:

Proposition 1.20. If p is a sublinear functional (p(λx) = λp(x) for λ � 0, p(x) 2 R,
p(x+ y) � p(x) + p(y)), V a subspace, f : V ! R, f(v) � p(v) then 9f̄ : E ! R, f̄ � p,
f̄(v) = f(v) for v 2 V . (Apply 1.19 in E�R to the subsets U = f (x, ϕ) j ϕ > p(x), x 2 E g
and A = f (v, f(v)) j v 2 V g.)

Henceforth E will be locally convex, subsets closed, and linear functionals continuous

and non-zero.

Proposition 1.21. If 0 /2 A, 9f : f(A) � 1.

Proof. Apply 1.19, U being a neighbourhood of zero. �

Corollary 1.22. Finite dimensional convex subsets with disjoint relative interiors
[i.e., their interiors in the a�ne subspace they generate] can be separated.

Proof. It su�ces to separate from zero the di�erence D of their relative interiors.

E.g. by 1.20, we can assume E is spanned by D. If 0 is not in the closure of D, apply
1.21; otherwise D has non-empty interior and use 1.18]. �

Otherwise, to apply 1.21 one needs conditions for the di�erence B � C of two closed

convex sets to be closed. This is true if one is compact; more generally, AB =
T

ε>0 ε(B�b)
does not depend on the choice of b 2 B, and is called the asymptotic cone of B; then:

Proposition 1.23. If AB \AC = f0g, and B or C is locally compact, then B � C is
closed.

Proposition 1.24. Assume B and C are cones, one of them locally compact, and
B \ C = f0g. Then 9f : f(B) � 0, f(C) � 0.
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Taking for B the polar P 0 (= f b j hb, ϕi � 0 8ϕ 2 P g) of some closed convex cone
P in the dual, one obtains the alternative: either 9c 2 C � f0g, hc, ϕi � 0 8ϕ 2 P , or
9ϕ 2 P � f0g, hc, ϕi � 0 8c 2 C � and this alternative holds thus as soon as one of the
cones C,C0, P, P 0 is locally compact.

Proof. Apply 1.23 to B and C � b for b 2 B � f0g. �

Corollary 1.25. If in 1.24 both B and C are locally compact, and contain no straight
lines, then 9f : f(B n f0g) > 0 > f(C n f0g).

Proof. Indeed, D = B � C has then the same properties, which imply that the sets

f d 2 D j f(d) � 1 g, for f in the dual, form a basis of neighbourhoods of zero in D.
Choose then a f yielding a compact neighbourhood. �

Exercises.

The �rst series of exercises investigates the general properties of the value operator. For

short, we let, for any sets S and T , and any function g(s; t) (with values in R [ f+1g or in

R [ f�1g)
�v(g) = inf

τ∈Tf

sup
σ∈Σf

g(�; �); v(g) = sup
σ∈Σf

inf
τ∈Tf

g(�; �);

where g(�; �) =
R
g(s; t)d(�
 �) and we write v(g) when they are equal. We start for the record

with the obvious properties.

1. �v � v and both are positively homogeneous of degree one (i.e., �v(tg) = t�v(g) for
t � 0), monotone and invariant under translation by constant functions (i.e., �v(g+�) = �v(g)+�).
The latter two properties imply they are non-expansive, i.e. j�v(f)� �v(g)j � kf � gk with

kf � gk = sups,t jf(s; t)� g(s; t)j (and with the convention j1 �1j = 0).

2.

a. Under the assumptions of prop. 1.17 p. 7, the common valued asserted there equals �v(g).
We will then use the notation �(g) for f� 2 � j g(�; t) � �v(g) 8t 2 T g (and similarly for T (g)
under dual assumptions). �(g) is closed (hence compact), convex and non-empty.

b. If a decreasing net gα satis�es the assumptions of prop. 1.17, then

(1) g = lim gα does also

(2) �v(g) = lim �v(gα)
(3) If �α 2 �(gα) � or if only gα(�α; t) � �v(g) � "α8t 2 T , with "α ! 0 � then for any

limit point � of �α we have � 2 �(g).
(4) If � 2 Tf is "-optimal for g, it is also so for all gα with � su�ciently large.

Hint. 1 is obvious, and 2 and 3 follow from the fact that if fα is a decreasing net of real valued

u.s.c. functions on the compact space S converging to f , and σα s.t. fα(σα) ≥ λ− εα with εα → 0, then
f(σ) ≥ λ for any limit point σ. This follows in turn from the upper semi-continuity of the fα on the

compact space Σ, and from fα → f on Σ.

3. Continuity. Let S and T be compact. Denote by C the convex cone of real valued

functions on S � T , which are u.s.c. in s and l.s.c. in t. If fα is a net in C, let

'α0(s0; t0) = lim sup
s→s0

�
sup
α≥α0

fα(s; t0)

�
;

 α0(s0; t0) = lim inf
t→t0

�
inf

α≥α0

fα(s0; t)

�
:

De�ne the following concept of convergence on C: fα ! f i� 'α and  α converge point-wise to

f . Assume fα ! f .
a. Then 8t;9�0 : 'α(s; t) < +1; 8s 2 S and 8� � �0, and similarly for  .



10 I. BASIC RESULTS ON NORMAL FORM GAMES

b. The convergence is compatible with the lattice structure and with the convex cone struc-

ture:

(1) fα ! f and gα ! g imply fα ^ gα ! f ^ g, fα _ gα ! f _ g, and fα+ gα ! f + g.
(2) �α � 0; �α ! �, and fα ! f imply �αfα ! �f .

Hint. For 2, it su�ces to prove e.g. convergence from above, and hence to �x t0 ∈ T . Using

I.1Ex.3a, subtract then an appropriate constant to reduce (by (1) to the case where fα(s, t0) ≤ 0 ∀α, ∀s.
Let µα0 = infα≥α0λα: then µαϕα(s, t0) are u.s.c., ≥ λαfα(s, t0), and decrease to λf(s, t0).

c. Assume v(f) exists and fα ! f . Then

(1) �v(fα) and v(fα) converge to v(f).
(2) Any limit point of "α-optimal strategies for fα ("α ! 0) belongs to �(f).
(3) Any "-optimal strategy with �nite support for f is so for all fα (� su�ciently large).

Hint. Point 1 allows to use I.1Ex.2b p. 9.

d. If S and T are Hausdor� (or just �locally compact�, i.e., such that every point has a

basis of compact neighbourhoods), the convergence concept is topological � i.e., derives from a

�locally convex� Hausdor� topology on C.

Hint. Take as subbase of open sets the sets Vt,λ,K = { g ∈ C | g(s, t) < λ for s ∈ K } and

Ws,λ,K′ = { g ∈ C | g(s, t) > λ for t ∈ K ′ } with λ ∈ R, K and K ′ compact.

4. I.1Ex.3b shows that f i
α ! f i, �iα ! �i, �iα � 0 implies

Pn
1 �

i
αf

i
α !

Pn
1 �

if i. Even under

the best circumstances, the restriction to �iα � 0 cannot be dispensed with:

a. Let S = fs0g, T = [0; 1], f1(t) = 1t>0, f2(t) = t−1 for t > 0, f2(0) = 0: f1 and f2 belong
to C and are � 0, also �f1+ "f2 belongs to C for " > 0 but not for " = 0: we have a monotone

straight line whose intersection with C is not closed.

b. Consider gε = (1 � "f2)
2 = (1 � 2"f2 + "2f3): this is a nice curve in a �xed plane, with

this time gε 2 C for all " � 0. Yet v(gε) = 0 for " > 0, v(g0) = 1.

c. Nevertheless, prove that the intersection of C with a �nite dimensional a�ne function

space A is closed, and that on this intersection the convergence in C coincides with the usual in

A, if any di�erence of two functions in A is separately bounded (i.e., bounded in each variable,

the other being �xed).

5. To show that monotonicity and compactness in ex. I.1Ex.2 cannot be dispensed with:

a. Let S = N, T = f0g, gk = 1k: the gk are a sequence of positive continuous functions

converging weakly to zero (
P
gk � 1), yet v(gk) = 1 does not converge to zero.

b. On any in�nite compact Hausdor� space S, the above example can be reduplicated (thus:

gk continuous, kgkk = 1, gk � 0, gk(s) > 0) gn(s) = 0 8n 6= k).

Hint. Show that one can �nd in S two disjoint compact sets with non-empty interior, one of which

is in�nite, and use this inductively.

c. Even with monotonicity, one cannot dispense with compactness: e.g., S = N, gk(n) =
1n≥k.

d. Cf. also ex. II.2Ex.1 p. 84.
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6. Di�erentiability. We keep the notation of ex. I.1Ex.3. Denote by G the convex cone of

functions g having a non-ambiguous, u.s.c.-l.s.c. extension g(�; �) to ��T � i.e., g(s; �) < +1
is u.s.c. on S for each � , g(�; t) > �1 is l.s.c. on T for each �, andZ

g(s; �)�(ds) =

Z
g(�; t)�(dt) for each (�; �):

Let also V = f f 2 C j v(f) exists g.
For f 2 V , g 2 G, g|Σ(f)×T (f) 2 V (e.g. by theorem 1.6); denote the value of this game by

vf(g). We �rst deal with di�erentiability along straight lines, then along di�erentiable curves.

Comment 1.8. Theorem 1.6 p. 4 and prop. 2.6 p. 17 give su�cient conditions for f 2 V .
Ex. I.1Ex.7 p. 12 and ex. I.2Ex.1 p. 20 give su�cient conditions for g 2 G.

a. For f + "g 2 V , g 2 G, limε>→0[v(f + "g)� v(f)]=" = vf(g).

Hint. (cf. Mills, 1956). For τ ∈ T (f), σε an ε2-optimal strategy with �nite support in f + εg, one
has v(f + εg) ≤ f(σε, τ ) + εg(σε, τ ) + ε2 so (v(f + εg) − v(f))/ε ≤ g(σε, τ ) + ε. g ∈ G implies then

lim supε>→0(v(f+εg)−v(f))/ε ≤ maxσ̃ g(σ̃, τ ) where σ̃ ranges over the limit points of σε. Ex. I.1Ex.3b and

I.1Ex.3c p. 10 implies σ̃ ∈ Σ(f). Thus lim supε>→0(v(f + εg) − v(f))/ε ≤ minτ∈T (f) maxσ̃∈Σ(f) g(σ̃, τ ) =
vf(g).

b. If f + "g is real valued and satis�es the assumptions of theorem 1.6 for 0 � " � "0 (e.g.
is concave in s and convex in t), one does not need g 2 G: the above argument goes through in

pure strategies, interpreting in the result �(f) and T (f) as pure strategy sets.

Hint. Since Σ(f) and T (f) are compact convex, (f + εg)|Σ(f)×T (f) also satis�es the assumptions

of theorem 1.6. But f is constant on Σ(f)× T (f), so g|Σ(f)×T (f) satis�es them. Let now h = f + ε0g,
and use the arguments of I.1Ex.6a for f + εh, plus the above remark and homogeneity.

c. Assume that hε 2 V and (hε� h0)="! g 2 G, in the sense that, like in ex. I.1Ex.3 p. 9,

there exists, for each � and � , 'ε(s; �) u.s.c. in s and decreasing to g(s; �) and  ε(�; t) l.s.c. in t
and increasing to g(�; t) such that hε(s; �) � h0(s; �)+"'ε(s; �) and hε(�; t) � h0(�; t)+" ε(�; t).
Then

�
v(hε)� v(h0)

�Æ
"! vh0(g).

Hint. Argue like in I.1Ex.6a.

d.

� One can use in I.1Ex.6c the homogeneity as was done sub I.1Ex.6b, using the condi-

tions hε(s; �) � (1 � "A)h0(s; �) + "'ε(s; �) and hε(�; t) � (1 � "A)h0(�; t) + " ε(�; t)
(A arbitrary) instead of the above with A = 0, and obtaining then (v(hε)� v(h0))="!
vh0(g) � Av(h0) [since h0(�; �) is not necessarily de�ned, even on �h0 � Th0, one does

not obtain as sub I.1Ex.6b that this limit equals vh0(g �Ah0)].
� Similarly, I.1Ex.6b can be extended: if fε satis�es the assumptions of theorem 1.6 p. 4

for 0 � " < "0, and if for A su�ciently large, (fε� f0)="+Af0! g+Af0 (in the sense

of ex. I.1Ex.3), then [v(fε)� v(f0)]="! vf0(g).

e. In fact, closer inspection of the proof shows that much less is needed: assume fε(s; t) and
g(s; t) are real valued, such that fε(0 � " < "0) satis�es the assumptions of theorem 1.6, and

such that (letting O denote an open set):

8t; 8s0; 8Æ > 0; 9"0 > 0; 9O : s0 2 O � S; 9A > 0 : 8s 2 O; 8" < "0

[fε(s; t)� f0(s; t)]=" < g(s0; t) +A[max
x
f0(x; t)� f0(s; t)] + Æ

and the dual condition. Then g|S(f0)×T (f0) satis�es the assumptions of theorem 1.6, and

[v(fε)� v(f0)]="! vf0(g).
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Hint. Establish �rst the �rst statement, next that fε → f0 (ex. I.1Ex.3), next that there exist

ϕε,A(s, t) which are u.s.c. in s, decreasing in ε (ε→ 0) and A(A→ +∞), such that (fε(s, t)−f0(s, t))/ε+
Af0(s, t) − Av(f0) ≤ ϕε,A(s, t), and such that for t ∈ T (f0) lim ε→0

A→+∞
ϕε,A(s, t) ≤ g(s, t). Finally show

[v(fε)− v(f0)]/ε ≤ [fε(sε, t)− f0(sε, t)]/ε+Af0(sε, t)−Av(f0), for εA ≤ 1, t ∈ T (f0) and sε ∈ S(fε), and
argue as above.

Comment 1.9. Thus I.1Ex.6e is by far the �best� result, and I.1Ex.6c and I.1Ex.6d should

be applied only in cases where I.1Ex.6e is not applicable, a.o. because the mixed extension of

the game is not de�ned or lacks the proper u.s.c.-l.s.c. properties. The next exercise shows such

cases are bound to be very rare.

7. Let S and T be compact metric spaces, f a bounded real valued function on S�T such

that f(�; t) is u.s.c. for each t and f(s; �) l.s.c. for each s.
a. Show that f is Borel measurable. [Hence f(�; �) is unambiguous, also the assumptions

of prop. 2.6 p. 17 are satis�ed.]

Hint. Find an increasing sequence of functions converging point-wise to f , where for each function in
the sequence there is some partition of T with the function being constant in t on each partition element.

b. Show that f(�; �) is u.s.c. on � for each � 2 T and l.s.c. on T for each � 2 �.

Hint. Use Fubini's theorem and Fatou's lemma.

c. If measurability is known, I.1Ex.7b also follows without the metrisability assumption,

but assuming just strict semi-compactness (the closure of a subset is the set of limit points of

convergent sequences in the subset). Most compact subsets of topological vector spaces have this

property (Grothendieck, 1953).

8. Often, the result of ex. I.1Ex.6 strengthens itself in the following way. Assume e.g. we

are working on a �nite dimensional subspace of games, and we know (e.g. by ex. I.1Ex.1) that

the function v is Lipschitz on this subspace. Then we have: if a Lipschitz function f : Rn ! R

is such that f ′x(y) = limε>→0
�
f(x + "y) � f(x)

�
=" exists for all x and y, then f ′x(�) is Lipschitz

and is a �true� di�erential, i.e. F (y) = f(x+ y)� f(x)� f ′x(y) is di�erentiable at zero (with zero

di�erential: limε→0 sup0<‖y‖≤ε jF (y)j = kyk = 0).

9.

a. The Lipschitz condition in ex. I.1Ex.8 is necessary: on [0; 1]2, F (x; y) = x3y=(x4+ y2) is
analytic except at zero, is Lipschitz at zero: 0 � F (x; y) � 1

2 k(x; y)k, and has all its directional

derivatives zero (thus linear) at zero, yet F (t; t2) = 1
2 t: F is not di�erentiable at zero.

b. u.s.c.-l.s.c. functions occur quite easily, e.g. on [0; 1]2 : F (0; 0) = 0, F (x; y) = (y�x)=(y+
x).

c. The boundedness condition in I.1Ex.7b is really needed: even with separate continuity

(where the metrisability condition in ex. I.1Ex.7 become super�uous, cf. ex. I.2Ex.1 p. 20), de�ne

F on [0; 1]2 by F (0; 0) = 0, F (x; y) = xy=(x3+y3). Show that the mixed extension (which always

exists by I.1Ex.7a using just positivity), although being jointly lower semi-continuous (F being

so), is not separately u.s.c.

Show also that, for real valued measurable functions, boundedness of the function is equival-

ent to �niteness of the mixed extension (i.e., (absolute) integrability for every product probabil-

ity).
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10. Compactness of �(X) for compact X. (Mertens, 1986a)

Denote by C the convex cone of bounded l.s.c. functions on a compact space X and let

E = C � C. Denote by P the set of monotone functions on C satisfying

� p(tf) = tp(f) for t � 0 and

� p(f + g) � p(f) + p(g).

P is ordered in the usual way. Let M(X) be the set of minimal elements of P .
a. 8p 2 P , 9� 2M(X) : � � p.

Hint. Given α ≤ 0, f ≥ α and q ≤ p, one has p(f) ≥ q(f) ≥ q(α) ≥ −q(−α) ≥ −p(−α), hence the
set of possible values for q(f) is a bounded interval � use Zorn.

b. Any � in M(X) can be identi�ed with a positive linear functional on E satisfying:

�(f) = inff�(g) j g 2 C; g � f g:
Hint. µ̃ de�ned by the above right hand member satis�es i) and ii) and coincides with µ on C. Use

Hahn-Banach to get a positive linear functional ζ ≤ µ̃. This ζ is unique � otherwise µ would not be

minimal on C � hence, using again Hahn-Banach, coincides with µ̃.

c. M(X) is the set of regular Borel measures on X.

Hint. Follows from a Daniell-type extension:

If fn is an increasing sequence in C, µ(lim fn) = limµ(fn), (use Dini, cf. (Meyer, 1966, X.6) and

I.1Ex.10b). De�ne µ∗ on the set F of real bounded functions on X by µ∗(f) = inf{µ(g) | g ∈ C, g ≥ f }.
Then:

µ∗(f + g) ≤ µ∗(f ∨ g) + µ∗(f ∧ g)) ≤ µ∗(f) + µ∗(g)

and if fn is an increasing sequence in F , µ∗(lim fn) = limµ∗(fn).
De�ne L = { f ∈ F | µ∗(f) + µ∗(−f) ≤ 0 }. L is a vector space and µ∗ a linear functional on it.

Given O and U open in X, 1O and 1O∩U are in L, hence also 1O\U with: µ∗(O) = µ∗(O∩U)+µ∗(O \U),
hence for any subset A: µ∗(A) ≥ µ∗(A ∩ U) + µ∗(A \ U), so that any open U is µ∗-measurable, hence all
Borel sets also.

Finally since µ∗(A) = sup{µ(F ) | F ⊆ A, F closed }, and X is compact, µ∗ de�nes a regular Borel

measure (unique since equal to µ on open sets).

d. For all t > 0, the sets f� j � 2 �(X); �(1) = t g and f� j � 2 �(X); �(1) � t g are

closed and compact (Recall 1.12).

Hint. It su�ces to prove the compactness of the second set. Given an ultra�lter on it, let ϕ denote

its point-wise limit in the set of positive linear functionals on E. By I.1Ex.10a there exists ν ∈ ∆(X)
with ν ≤ ϕ on C: ν is a limit point in ∆(X).

2. Complements to the minmax theorem

This section gives a number of more specialised �how to use� tricks and other comple-

ments for the minmax theorem of sect. 1 � and its �usual� form (prop. 2.6 p. 17).

2.a. The topology on S. Since there is no Hausdor� requirement, prop. 1.17 just

asks that S be compact when endowed with the coarsest topology for which the functions

f(�, t) are u.s.c. This is equivalent (Mertens, 1986a, remark 1, p. 247) to ask that any

point-wise limit of pure strategies � i.e. of functions f(s, �) � be dominated (i.e., smaller

on T ) by some pure strategy. Using the �countably compact� version, this can even be

further weakened to: for any countable subset T0 of T , and any sequence si 2 S, there
exists s0 2 S such that, for all t 2 T0, lim infi→∞ f(si, t) � f(s0, t) (Mertens, 1986a, remark

3, p. 247).
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2.b. Lack of continuity: regularisation. Here we consider the case where the

u.s.c. or compactness condition is not met.

Definition 2.1. Let (Ω,A ) denote a measurable space, and Σ a class of probability

measures on (Ω,A ). The �support function� φF(σ) of a class F of extended real valued

functions on Ω is de�ned on Σ by

φF(σ) = inf
f∈F

Z
�

f dσ

where
R
�
denotes the lower integral (

R
�
f dσ = supf

R
h dσ j h � f, h measurable and

bounded from above g).
Definition 2.2. Let, for each measurable set B, FB = f f|B j f 2 F g. Denote by

co(F ) the convex hull of the set of bounded functions minorated by some element of F ,

and by m(F ) the �monotone (decreasing) class� generated by F : the smallest class of

functions containing F and containing the limit of every decreasing sequence in m(F ).
Let �nally D(F ) (or DΣ(F )) be such that:

D(F ) = f f bounded from above j 8σ 2 Σ, 9B 2 A : σ(B) = 1, f|B 2 m(co(FB)) g
D(F ) stands for the decreasing class generated by F .

Lemma 2.3. D(F ) � f g bounded above j
R
�
g dσ � φF(σ) 8σ 2 Σ g, with equality

if:

(1) all functions inF are σ-measurable and σ-a.e. bounded from above, for all σ 2 Σ,
(2) Σ contains every probability measure which is absolutely continuous w.r.t. some

σ 2 Σ.

Proof. We �rst show inclusion. It su�ces to show that

g 2 m(co(F )) )
Z
�

g dσ � φF(σ)

(applying then this result on some set B with σ(B) = 1). This follows from the stand-

ard properties of the lower integral (note that any decreasing sequence in m(co(F )) is
uniformly bounded above).

We turn now to the other inclusion. It will be su�cient to prove that, for bounded g
satisfying

R
�
g dσ � φF(σ) for all σ 2 Σ, one has g 2 D(F ), since, for any other g, one will

then have g_(�n) 2 D(F ) for all n, hence, g 2 D(F ), D(F ) being a monotone class. (In

fact, assume gn 2 D(F ) decreases to g; let σ(Bn) = 1, hn 2 m(co(FBn
)) : hn � gn|Bn

. For

B =
T

nBn, one has σ(B) = 1 and m(co(FB)) � [m(co(FBn
))]|B, so hn|B 2 m(co(FB))

and, for some constant K, hn|B � gn|B � K, so h = limk→∞ supn≥k hn|B 2 m(co(FB)) and
h � g|B.)

Fix now σ, and let g̃ 2 L∞(σ) stand for the (σ-)essential supremum of the measur-

able functions smaller than g. Note that, for any non-negative measure µ in L1(σ), i.e.
bounded and absolutely continuous w.r.t. σ:

R
g̃ dµ � inff∈F

R
f dµ since, by assumption,

(µ/kµk) 2 Σ.
Now, if µ 2 L1(σ) has a non-zero negative part µ−, consider the Hahn decompos-

ition µ = µ+ � µ−, µ+ � 0, µ− � 0, µ+(B−) = 0, µ−(B+) = 0, B+ and B− meas-

urable, B+ \ B− = φ. Fix f0 2 F (f0 � K µ-a.e.), and let fn = f+0 + n1B−; we

have fn 2 L∞(σ), fn � f0 2 F , and µ(fn) = µ(f+0 ) + nµ
−(B−) ! �1. There-

fore, if G = f g 2 L∞(σ) and bounded below j 9f 2 F : f � g g, we have, for all

µ 2 L1(σ),
R
g̃ dµ � infG

R
g dµ. Thus, g̃ belongs, by the Hahn-Banach theorem (1.e), to
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the σ(L∞, L1)-closed convex hull of G. Denote by Gc
the convex hull of G, and by Gc,m

the �monotone class� spanned by Gc
, i.e. the smallest class of functions containing Gc

and

such that fn 2 Gc,m
, fn decreasing to f , f bounded below imply f 2 Gc,m

(thus Gc,m

consists of those functions of m(Gc) which are bounded below). Note that Gc,m
is convex,

and Gc,m +L +
∞(σ) � Gc,m

.

Denote byH the image ofGc,m
in L∞(σ), i.e. the set of equivalence classes ofGc,m

. H is

still convex, H +L+∞(σ) � H, and fn 2 H, supn kfnkL∞ < +1 implies lim supn→∞ fn 2 H.

Indeed, if gn 2 Gc,m
belongs to the equivalence class of fn, if M = supn kfnkL∞, if

Bn = f s j gn(s) > M g, and if hn = (supk≥n gk) _ (�M), then hn decreases every-

where to some element h of the equivalence class lim supn→∞ fn, h is bounded below and

fh1 > Mg � B =
S

nBn. Since σ(B) = 0 and since hn � gn 2 Gc,m
, we have indeed

hn 2 Gc,m
and thus h 2 Gc,m

, so lim sup fn 2 H.

We have seen that g̃ belongs to the weak
�
, i.e. σ(L∞, L1)-closure of H. We will now

show that H is weak
�
-closed, so it will follow that g̃ is the equivalence class of some

element ḡ of Gc,m
: there exists ḡ 2 Gc,m

, ḡ � g except on a σ-negligible set.
We want thus to show that a convex subset H of L∞ is weak

�
-closed if (fn 2 H,

supn kfnkL∞ < +1 implies lim sup fn 2 H). By the Krein-Smulian theorem on weak
�
-

closed convex sets (Kelley et al., 1963, p. 212), since H is convex in the dual L∞ of the

Banach space L1, it is su�cient to show that the intersection of H with any ball is weak
�
-

closed: we can assume that supf∈H kfk∞ = R < +1. Further, it is su�cient to prove

thatH is τ(L∞, L1)-closed (Kelley et al., 1963, p. 154, Th. 17.1). But the Mackey-topology

τ(L∞, L1) is �ner than any Lp topology, hence a fortiori than the topology of convergence

in measure. (In fact, they coincide on bounded subsets of L∞, cf. ex. I.2Ex.12 p. 24). Since
this topology is metrisable, and since, from any sequence that converges in probability,

one can extract an a.e. convergent subsequence, it is su�cient to show that if a sequence

fn in H converges a.e. to f then f (= lim sup fn a.e.) belongs to H, which is our basic

property of H. Thus, for some ḡ 2 Gc,m
, and some measurable set B0 with σ(B0) = 1, we

have ḡ � g everywhere on B0.
Note now that, given a set G of functions, the union of the monotone classes generated

by all countable subsets of G is a monotone class (because a countable union of countable

subsets is still countable), and hence is the monotone class spanned by G. Thus ḡ belongs
to the monotone class spanned by a sequence gn 2 Gc

, and each gn is a convex combination
of �nitely many gn,i 2 G. Since gn,i 2 L∞(σ), there exists Bn,i 2 A with σ(Bn,i) = 1
such that gn,i|Bn,i

is bounded and A -measurable. Choose also fn,i 2 F , fn,i � gn,i: for

B = B0\(
T

n,iBn,i), we haveB 2 A , σ(B) = 1, gn,i|B is bounded, measurable and � fn,i|B:
thus gn|B 2 co(FB) and ḡ|B 2 m(co(FB)) with ḡ|B � g|B. Since such a construction is

possible for each σ 2 Σ, we have indeed g 2 DΣ(F ). �

Given a function g on S � T , let, for all τ 2 Tf, φτ(s) = lim sups′→s g(s
′, τ), and let

D(g) = Dfφτ j τ 2 Tf g. We de�ne similarly I(g) (I for increasing), reversing the rôles

of S and T and the order on the reals.

Proposition 2.4. Let S be a compact topological space, T any set. Assume, for all
t 2 T , g(�, t) 2 D(g). Then,

max
σ∈Σ

inf
τ∈Tf

Z
g(s, t)d(σ 
 τ) = inf

τ∈Tf

sup
σ∈Σ

Z
g(s, t) d(σ 
 τ) .
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Proof. Prop. 1.17 can be applied to the game φτ(s); one obtains pure strategies τ
because φτ(s) is convex in τ . The lemma yields then that the same optimal strategy σ
guarantees the same amount against g, hence the result. �

Comment 2.1. The convexity in τ of φτ(s) implies that the convexi�cation in the

de�nition of D will be super�uous: one would equivalently obtain D if, instead of using

m(co(F )), one just stabilised the set of functions fφτ j τ 2 Tf g under the lim sup of

sequences which are uniformly bounded from above.

Comment 2.2. When the pay-o� function g is uniformly bounded from above, as in

many applications, one does not even have to stabilise: one could equivalently just de�ne

G = f lim supn→∞φτn j τn 2 Tf g, and D = fh j 8σ 2 Σ, 9f 2 G : f � h σ-a.e. g. Indeed,
take f 2 m(co(FB)), f � h|B, σ(B) = 1. Then, clearly f belongs to the closure of co(FB)
for the topology of convergence in measure, i.e., since σ(B) = 1, the equivalence class of f
belongs to the closure of co(F ). Thus, f is the limit in measure of a sequence in co(F ),
hence the limit of a σ-a.e. convergent sequence fn 2 co(F ). Each fn is minorated by some

φτn, hence lim supn→∞φτn � h σ � a.e.. Since the pay-o� function is uniformly bounded

from above, the sequence φτn is also.

Comment 2.3. Further, in most actual applications (cf. exercises), the σ-a.e. aspect
in the de�nition of D is not needed. Thus this is the form in which the criterion is

most often used: show that, for each t 2 T , there exists a sequence τn 2 Tf such that

lim supn→∞φτn(�) � g(�, t) (and such that φτn(�) is uniformly bounded from above if g is
not).

Comment 2.4. Only the �obvious part� (monotone convergence theorem)of the lemma

was needed. The hard part shows that the above simple use of the monotone convergence

theorem (or of Fatou's lemma) is as powerful as the more sophisticated closure methods,

as used for instance in (Karlin, 1950). Indeed, any such closure method will only yield

functions satisfying, for all σ,
R
�
f dσ � infτ

R
φτ dσ.

2.c. Lack of compactness: approximation. When also S is not necessarily com-

pact, the previous ideas can be combined with an old idea going back to Wald (1950):

that compactness is not really necessary, only an appropriate form of precompactness (but

in the uniform topology) � and in fact a one-sided form, as was later observed.

Since, however, our typical assumptions are much weaker that a joint continuity of the

pay-o� function, the typical compactness that we have is not in the uniform topology, not

even a one-sided form, so we retain from this precompactness only the one-sided uniform

approximation by another game with compact (and not necessarily �nite) strategy space:

we will let the function φ vary with ε, and use compact subsets Σε of Σ.

Proposition 2.5. Assume that, for all ε > 0, there exists a compact convex subset
Σε of Σ, and a function φε : S �Tf ! R [ f�1g such that

(1) φε(s, τ) is u.s.c. in s and convex in τ
(2) for all t 2 T , g(�, t) 2 DΣε

fφε(�, τ) j τ 2 Tf g
(3) for all s 2 S, there exists σs 2 Σε such that g(s, τ) �

R
φε(�, τ) dσs + ε, for all τ .

Then

sup
Σ

inf
Tf

Z
g(s, t) d(σ 
 τ) = inf

Tf

sup
Σ

Z
g(s, t) d(σ 
 τ)

Proof. Apply prop. 1.8 p. 5 to φε on Σε� Tf; let vε, σε and τε be the corresponding
value and optimal strategies. By 2 and lemma 2.3, σε still guarantees vε against Tf in the
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game g. By 3, τε guarantees vε + ε against S in g. This being true for all ε, the value v
exists and σε and τε are ε-optimal strategies. �

Comment 2.5. Typically, one thinks of Σε as the set of probabilities on a compact

subset Sε of S.

Comment 2.6. The previous proposition was the particular case where σs was the
unit mass at s and φε was independent of ε.

Comment 2.7. Point 3 and the compactness of Σε, together with the upper semi-

continuity of φε, imply that any limit of functions g(s, �) on Tf is ε-dominated by some

function φε(σ, �).
Comment 2.8. This last condition (together with 2) is in principle su�cient, barring

some measurability problems: use �rst prop. 1.17 p. 7 to solve the game where player I's
strategy set is the set of all limits of functions g(s, �). Let σ0 be his optimal strategy in this

game and v the value. If one could select in a measurable way for each limit function a σ
such that φε(σ, �) ε-dominates the function, use this selection to map σ0 to some σ̃0 2 Σ,
which guarantees in the game φε at least v � ε. By 2, σ̃0 will also guarantee v � ε in g,
hence be an ε-optimal strategy in g.

Even without such a measurable selection, one might e.g. attempt to de�ne a mixed

strategy as some auxiliary probability space (here σ0), together with a map from there

to the strategy space (here an arbitrary, non-measurable selection), such that player I
guarantees himself v � ε in the sense of lower integrals.

2.d. Measurability: symmetric case. The right-hand member (and thus the left-

hand member) in the equality of the above propositions is not increased if Σ is replaced

by the space Σ̃ of all order preserving linear functionals of norm 1 on the cone of functions

on S generated by the functions g(�, t) and the constants. That is to say that quantity

is an unambiguous upper bound for any evaluation of the game (because symmetrically

player II's strategies are of most restricted type (�nite support)). Denote by TB the set

of all probability measures on some σ-�eld B on T , and let F (σ, τ) =
R
T
dτ
R
S
g(s, t) dσ,

where the integral on T is in the sense of a lower integral. Then

max
σ∈Σ

inf
τ∈TB

F (σ, τ) = inf
τ∈Tf

sup
σ∈Σ̃
F (σ, τ) .

Thus the possible discrepancy between upper and lower bound apparently depends more

on the order of integration than on the allowed strategy spaces.

Although those propositions are a basic tool in proving that a game has a value, the

above shows well why they do not assert per se that the game in question has a value:

the value might in general depend on the order of integration, or, in other terms, on the

greater or lesser generality of mixed strategies allowed for each player. The next proposi-

tions show some cases where this ambiguity can be relieved completely. (A less �complete�

(cf. ex. I.2Ex.11 p. 23) way of relieving it would be to add to the previous assumptions

some measurability requirement and use Fubini's theorem to obtain the minmax theorem

directly on the mixed extension). Obviously one would by far prefer to be able to dispense

with the hypotheses in the next theorem � cf. (Mertens, 1986a) for the importance of

this question, and why this would yield a completely �intrinsic� theorem.

Theorem 2.6. Assume S and T are compact, and g is real valued and bounded from
below or from above. Assume further that g(s, �) is lower semi-continuous on T for each



18 I. BASIC RESULTS ON NORMAL FORM GAMES

s 2 S, and g(�, t) is upper semi-continuous on S for each t 2 T . Then under any one of
the following three hypotheses:

(1) g is µ 
 ν measurable for any regular product probability on the Borel sets of
S � T ,

(2) one of the two spaces has a countable basis
(3) one of the two spaces is Hausdor�

one has:

sup
σ∈Σf

inf
t∈T

Z
g(s, t)dσ = inf

τ∈Tf

sup
s∈S

Z
g(s, t)dτ .

Further each player obviously has an optimal strategy in the form of a regular probability.

Proof. In case 1, prop. 1.17 p. 7 applied both ways, yields the existence of an up-

per value v̄, that player I can guarantee with a regular probability µ, and player II
with probabilities with �nite support, and of a lower value v, that player II can guar-

antee with a regular probability ν and player I with probabilities with �nite support.R
S
g(s, t) µ(ds) � ν̄ implies

R
T
ν(dt)

R
S
g(s, t) µ(ds) � v̄ and, similarly,

R
T
g(s, t) ν(dt) � v

implies
R
S
µ(ds)

R
T
g(s, t)ν(dt) � v. By the measurability and boundedness assumptions

of g, we can apply Fubini's theorem: v̄ �
R
T
dν
R
S
g dµ =

R
S
dµ
R
T
g dν � v. But, by their

very de�nition v � v̄ (they are sup inf and inf supof the game played in strategies with

�nite support): the proof is complete in this case.

Suppose now that 2 holds; we shall prove that in this case g is Borel so 1 applies.

Assume that T has a countable basis On, and de�ne:

fn(s, t) =

(
�1, for t /2 On

inft′∈On
f(s, t′), otherwise.

Then fn is Borel (since u.s.c. in s) and gn = maxk≤n fn is an increasing sequence converging
to f (since l.s.c. in t).

It remains to consider case 3. Hence assume T Hausdor�. We will �rst construct a

countable set of best replies. Let Tn = f τ 2 Tf j # Supp(τ) � n g. Denote by Φ0 the set of
continuous functions ϕ on T such that there exists s 2 S with f(s, �) � ϕ(�) on T . Since
v � infτ∈Tn

supϕ∈Φ0

R
ϕdτ , the following sets: Oϕ,k,n = f τ 2 Tn j

R
ϕdτ > v � 1/k g, form

for ϕ 2 Φ0 and each �xed n and k, an open covering of the compact space Tn. Denote by

Φk,n the indices of a �nite subcovering. Then Φ =
S

k,nΦk,n is a countable subset of Φ0,

such that v = infτ∈Tf
supϕ∈Φ

R
ϕdτ . We now reduce the situation to one where 2 applies.

If ϕi enumerates Φ, let us consider on T � T , d(t1, t2) =
P

i 2
−i jϕi(t1)� ϕi(t2)j / kϕik. d

de�nes a metrisable quotient space eT of T , such that, if ψ denotes the quotient mapping,

any ϕ 2 Φ can be written as g Æ ψ, for some g 2 Ψ, where Ψ denote the set of all g

continuous on eT , such that for some s 2 S, g Æ ψ(.) � f(s, .) on T . De�ne ef on S � eT byef(s,et) = supf g(et) j g 2 C( eT ), g Æ ψ(.) � f(s, .) g. Then we have:

v � inf
τ∈Tf

sup
ϕ∈Φ

Z
ϕdτ � inf

τ∈Tf

sup
g∈Ψ

Z
g Æ ψ(t)dτ(t) � inf

τ̃∈T̃f

sup
s∈S

Z ef(s,et)deτ (et).
Obviously ef is l.s.c. on eT for each s 2 S, and is the largest such function satisfyingef(s, ψ(t)) � f(s, t). Let h(s,et) = inff f(s, t) j t 2 ψ−1(et) g: to prove that ef is u.s.c. on

S, we will show that ef = h. This in turn follows from h(s, .) being l.s.c. on eT for each

s 2 S. In fact eT being metrisable, let eti be a sequence converging to et. Choose ti such that
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ψ(ti) = eti and f(s, ti) � h(s,eti)+1/i, and let t be a limit point of the sequence ti: we have
ψ(t) = et and h(s,et) � f(s, t) � lim inf f(s, ti) � lim inf h(s,eti) hence the required property.

We then use the result under case 2 for ef on S � eT . It follows that v � supσ∈Σf
inf t̃∈T̃R ef(s,et)dσ(s) � supσ∈Σf

inft∈T

R
f(s, t)dσ(s), since ef(s, ψ(t)) � f(s, t). This completes

the proof of the proposition. �

Remark 2.9. When g is continuous in each variable no further assumptions are

needed: either by using ex. I.2Ex.1 p. 20 to show that condition 1 is satis�ed or reducing

to 3, by using e.g. on S the coarsest topology for which all functions g(�, t) are continuous
(and going to the quotient space) (cf. ex. I.2Ex.11 p. 23 for an example showing that, even

with such assumptions, compactness on both sides is really needed).

We obtain now the analogues to propositions 2.4 p. 15 and 2.5 p. 16.

Proposition 2.7. Let S and T be compact. Assume g(s, �) and g(�, t) are bounded
from below and from above resp. for all (s, t) 2 S � T . Assume there also exists
f : S � T ! R, measurable for any regular product probability and bounded either from
below or from above, and such that,

f(s, �) 2 I(g) 8s 2 S
f(�, t) 2 D(g) 8t 2 T

Then g has a value, and both players have ε-optimal strategies with �nite support.

Proof. Is the same as the proof of theorem 2.6, but using prop. 2.4 instead of

prop. 1.17 �

Comment 2.10. One usually takes f to be (some regularisation of) g, cf. exercises.

With the same proof as above one obtains:

Proposition 2.8. Assume, for all ε > 0, there exist compact, convex subsets Σε and
Tε of Σ and T and functions φε : S � Tf ! R [ f�1g, ψε : Σf � T ! R [ f+1g,
fε : S � T ! R such that

(1) φε is u.s.c. in s and convex in τ ; ψε is l.s.c. in t and concave in σ;
(2) fε is measurable for any regular product measure, and bounded from below or

from above;
(3) for all s 2 S, there exists σs 2 Σε such that, for all τ 2 Tf,

g(s, τ) � φε(σs, τ) + ε
and, for all t 2 T , there exists τt 2 Tε such that, for all σ 2 Σf,

g(σ, t) � ψε(σ, τt)� ε ;
(4) fε(�, t) 2 DΣε

(φε) for all t 2 T and fε(s, �) 2 ITε
(ψε) for all s 2 S.

Then g has a value, and both players have ε-optimal strategies with �nite support.

Comment 2.11. Theorem 2.6 and propositions 2.7 and 2.8 imply that each player has

ε-optimal strategies that are safe against any type of mixed strategy of the other player

(even �nitely additive ones . . . ) no matter in what order the integrations are performed.

Further, those mixed strategies are really �playable� in the sense that one can obviously

realise the mixing with a �nite number of coin tosses. That is why we say the game has

a value.
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2.e. Pure optimal strategies.

Definition 2.9. Call a function f de�ned on S � T concave-like (resp. convex-

like) if, for any α (0 < α < 1) and for any s1 and s2 (resp. t1 and t2), there exists

s0 (resp. t0) such that, for all t, f(s0, t) � αf(s1, t) + (1 � α)f(s2, t) (resp., for all s,
f(s, t0) � αf(s, t1) + (1� α)f(s(t2)).

Proposition 2.10. Assume, in addition to the hypotheses of prop. 1.17, that g is
concave-like (resp. convex-like). Then, any strategy in Σ (resp. Tf) is dominated by a
pure strategy. In particular the (ε-)optimal strategy σ (resp. τ) may be taken as a point
mass. In particular, if g is concave-like, there is an unambiguous value.

Proof. It is su�cient to prove the �rst statement. Induction on the number of pure

strategies used in a mixed strategy with �nite support shows immediately that any mixed

strategy with �nite support is dominated by a pure strategy. This proves the proposition

in case g is convex-like. If g is concave-like, consider a regular probability µ on S, and
a �nite subset T0 of T : for any ε > 0, there exists a probability µε,T0

with �nite support

on S, such that, for all t 2 T0,
R
S
g(s, t) dµε,T0

�
R
S
g(s, t) dµ � ε � this follows for in-

stance from the strong law of large numbers. But we know that µε,T0
is dominated by a

point mass, say at sε,T0
: for all t 2 T0, g(sε,T0

, t) �
R
S
g(s, t) dµ � ε. Let, for all t 2 T :

Sε,t = f s 2 S j g(s, t) �
R
S
g(s, t) dµ� ε g; thus the Sε,t are compact subsets of S, and we

have just shown that any �nite intersection of them is non-empty: therefore they have a

non-empty intersection. Let sµ 2
T

ε,tSε,t; we have, for all t 2 T : g(sµ, t) �
R
S
g(s, t) dµ;

the strategy µ is thus dominated by the pure strategy sµ. �

Comment 2.12. When g is both concave-like and convex-like, the above result is often
referred to as Fan's theorem (1953). One could have deduced prop. 1.17 from it.

Comment 2.13. Similarly, if g satis�es only the hypotheses of prop. 2.4, in addition to

being concave-like (resp. convex-like), then σ (resp. τ) may still be taken as a point mass.

Indeed, the above argument, taking µ as the optimal strategy σ, still yields that the sets
Sε,t = f s 2 S j f(s, t) � v̄ � ε g have non-empty �nite intersections (v̄ being the (upper)

value given in prop. 2.4). Therefore, the compact sets S̄ε,t = f s 2 S j φt(s) � v̄� ε g have
a non-empty intersection: let s0 2

T
ε,t S̄ε,t; then, for all t 2 T , φt(s0) � v̄. Therefore, for

all g 2 D(φ), g(s0) � v̄ and s0 is an optimal pure strategy.

Exercises.

1.

a. Let S and T be two topological spaces, g a real valued function de�ned on S � T , con-
tinuous in each variable separately. Then g is �-measurable for any regular probability measure

� on the Borel sets of S � T .

Hint. It is su�cient to consider the case of bounded g, and (regularity) of compact S and T , and
further that the topology on S (resp. T ) is the coarsest for which every function g(·, t) (resp. g(s, ·)) is
continuous.

Let F be any subset of T , and t0 in the closure of F : then there exists (Kelley et al., 1963, th. 8.21) a

sequence ti ∈ F converging to t0. Therefore,
∫
S
g(·, ti) dµ→ ∫

S
g(·, t0) dµ uniformly over every weakly (i.e.

σ(M,M�)) compact subset of the space M of all bounded regular measures on S (using Dunford-Pettis'

(e.g. Dunford and Schwartz, 1958, IV.8.11 and V.6.1) equi-integrability criterion for those subsets). Thus

the mapping φ from T to the space C(S) of continuous functions on S mapping t → g(·, t) is injective
and such that φ(F̄ ) = φ(F ) when C(S) is endowed with the topology κ(C(S),M) of uniform convergence

on σ(M,M�) compact subsets of M : φ is continuous, and φ(T ) compact.
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For any �xed probability µ ∈ M , and every f ∈ L1(µ), let ψ(f) ∈ C(T ) be de�ned by [ψ(f)](t) =∫
f(s)g(s, t) dµ(s). Since the measures f dµ form a σ(M,M�) compact subset of M when f ranges in

the unit ball of L∞(µ), ψ will, by Ascoli's theorem, map the balls of L∞(µ) into norm-compact subsets

of C(T ). Those being separable, and L∞(µ) being dense in L1(µ), ψ will map L1(µ) into a separable

subspace of C(T ), i.e. in a space Cµ(T ) of all continuous functions for some weaker pseudo-metrisable
topology on T .

Let Sµ = { s | g(s, ·) ∈ Cµ(T ) }, so that Sµ is a compact (pseudo) metric subset of S. Let s0
be any point in the support of µ; let Oα be the decreasing net of open neighbourhoods of s0, and
µα(A) = µ(A ∩Oα)/µ(Oα); we thus have limα

∫
g(s, t) dµα = g(s0, t) point-wise, and therefore weakly

since each integral is in the closed convex extension of φ(T ) which is weakly compact. Each approximand

being in ψ(L1(µ)) and thus in the weakly closed space Cµ(T ), we have g(s0, t) ∈ Cµ(T ); the support

of µ is thus contained in Sµ. Now Cµ(T ) is a polish space (cf. App.5) in the norm topology, and thus

its Borel subsets for the strong topology and for the weak topology coincide (cf. 5.f). Thus µ can be

considered as a measure on the Borel subsets of Cµ(T ) with the strong topology. This being polish, there
exists a norm-compact subset Kε of C

µ(T ) with µ(Kε) ≥ 1 − ε. The set Kµ
ε = { s | g(s, ·) ∈ Kε } is a

compact metric subset of S, with µ(Kµ
ε ) ≥ 1 − ε, and the functions g(s, ·), s ∈ Kε

µ, are equicontinuous

on T (Ascoli's theorem): the restriction of g to Kµ
ε × T is jointly continuous. For an arbitrary measure

µ on S × T , conclude by considering its marginal µ̃ on S.

b. The above proof showed in particular that, if furthermore S is compact, g bounded, and
� a regular measure on T , then

R
g(s; t)d� is continuous on S.

Hint. Apply the proof in case T is furthermore compact.

c. Deduce from I.2Ex.1a and I.2Ex.1b that, if S and T are compact, and g bounded and

separately continuous, the mixed extension g(�; �) is well de�ned, separately continuous, and

bi-linear.

Hint. Use Fubini's theorem.

d. If S and T are compact, and fα is a net of bounded separately continuous functions

decreasing point-wise to zero, the mixed extension fα(�; �) does also.

Hint. Use I.2Ex.1b.

e. Conclude from I.2Ex.1d that products of regular measures extend naturally to the �-�eld
generated by the limits of increasing nets of positive, separately continuous functions.

Hint. Consider �rst the case of S and T compact, and use the proof of Riesz's theorem (Kelley

et al., 1963, p. 127).

2. Can one replace �convex� in prop. 1.8 p. 5 by convex-like? (Possibly with additional

topological assumptions?)

3. Let S and T be compact metric spaces, g a bounded measurable function de�ned on

S � T , such that, if E = f (s0; t0) j g(�; t0) is not continuous in s at s0 or g(s0; �) is not con-

tinuous in t at t0 g, then, for each s0 and t0, the sets f t j (s0; t) 2 E g and f s j (s; t0) 2 E g
consist of at most one point (cf. ex. I.2Ex.1 and I.2Ex.4 for the measurability requirement).

For any (s0; t0) 2 S � T , let �1(s0; t0) = lim sups �=→s0 g(s; t0), �2(s0; t0) = lim inft �=→t0 g(s0; t). If

min(�1; �2) � g � max(�1; �2), then prop. 2.7 p. 19 applies, with f = g (using remark 2.3 p. 16).

For examples of this type, cf. (Karlin, 1950, examples 1, 2, 3 and remark 3). Even if this last

condition does not hold, prop. 2.7 still applies, with f = max(min(�1; �2), min(g;max(�1; �2)) (or
any f such that min(�2;max(g; �1)) � f � max(�1;min(g; �2)) ). The general game of timing of

class II (Karlin, 1959, Vol. II, ch.V, ex. 20) falls in this category.
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4. Let S and T be two topological spaces, g a real valued function on S�T , and denote by

E the set of points of discontinuity of g. If, for every (s0; t0) 2 S�T , the sets f s j (s; t0) 2 E g and
f t j (s0; t) 2 E g are at most countable, then g is measurable for any regular product probability

� 
 � on the Borel sets of S � T .

Hint. Remark that the set of points of discontinuity of a function is always a Fσ, a countable union
of closed sets.

5. Let S and T be both the unit interval with its usual topology. Let g be a bounded real

valued function on S � T , satisfying the condition of ex. I.2Ex.4, and such that for each t0 2 T ,
g(�; t0) is lower semi-continuous from the left in s: lim infs<→s0 g(s; t0) � g(s0; t0); for each s0 2 S,
g(s0; �) is upper semi-continuous from the left in t: lim supt<→t0 g(s0; t) � g(s0; t0); g(0; t) is lower

semi-continuous in t; and g(s; 0) is upper semi-continuous in s. Then prop. 2.7 p. 19 applies (with

f = g). Example 4 of (Karlin, 1950) is in this category.

6. Ex. I.2Ex.5 remains true when S and T are compact convex sets in Euclidian space, if

s < s0 (resp. t < t0) is understood coordinatewise, and if we require the lower semi-continuity

in t of g(s0; t) for all minimal s0 (those for which f s 2 S j s < s0 g is empty), and similarly for

the upper semi-continuity in s of g(s; t0). Those requirements of semi-continuity can be dropped

for those minimal s0 such that f(s0; t) is dominated. Similarly, prop. 2.7 applies to the general

silent duel (Restrepo, 1957) (even when the accuracy functions P (t) and Q(t) are only assumed

to be upper semi-continuous and left continuous (and with values in [0; 1], P (0) = Q(0) = 0)).

7. (Sion and Wolfe, 1957) Let S = T = [0; 1], and let

f(s; t) =

8><>:
�1 if s < t < s+ 1

2 ;

0 if t = s or t = s+ 1
2 ;

1 otherwise.

Show that supσ inft
R
f(s; t) d� = 1

3 and infτ sups
R
f(s; t) d� = 3

7 .

8. Let S = T = [0; 1], and let

f(s; t) =

(
0 for 0 � s < 1

2 and t = 0; or for 12 � s � 1 and t = 1 ;

1 otherwise.

Then f satis�es all conditions of theorem 1.6 except the upper semi-continuity in s at t = 1 and
sups inft f = 0, inft sups f = 1 (Sion, 1958). Let g(s; t) = tf(s; 1) + (1� t)f(s; 0); g(s; t) is linear
in t, satis�es all conditions of the theorem, except the upper semi-continuity in s for t > 1

2 and

sups inft g = 0, inft sups g =
1
2 .

9. Two Machine Gun Duel. (Karlin, 1959, Vol. II, pp. 225�.) Players I and II, possessing
quantities � and � of ammunition approach each other without retreat, using quantities �(ds) and
�(ds) of ammunition at a distance between s and s+ ds (

R∞
0 d� = �;

R∞
0 d� = �; � � 0; � � 0).

The probability of scoring a hit at a distance between s and s+ ds, given they are still alive in

this interval, is given by �(s)�(ds) and �(s)�(ds) respectively.
Strategies of the players are the measures � and �, and the pay-o� to player I is 1 if II is des-

troyed without I being destroyed, r in case of double survival, r′ in case both players are destroyed,
and �1 if I is destroyed without II being (�1 � r, r′ � 1). Assume that lim suph>→0 �(s+h) � �(s),

lim suph>→0 �(s+ h) � �(s), and that � and � are upper semi-continuous and bounded.
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a. Show that, whatever a player can guarantee against non-atomic strategies of the other

player, he can guarantee against any strategy of the other player (i.e. the �monotone class�, D(�),
generated by the non-atomic strategies contains all strategies).

Show that, if � and � are non-atomic, the probability that both players are still alive when

at a distance s apart, is given by Qµ̃(s)Qν̃(s), where Qµ̃(s) = exp(�~�(Is)), Qν̃(s) = exp(�~�(Is)),
Is =]s;1[, ~�(ds) = �(s)�(ds), ~�(ds) = �(s)�(ds). In particular, ~�i ! ~�0 implies Qµ̃i

(s)! Qµ̃0(s)
at every point of continuity of Qµ̃0. Further, Qµ̃ is a convex function of ~�.

Show that, if � and � have no common atom, the probability that both players are destroyed

is zero. If both are non-atomic, the probability that II is destroyed is P (~�; ~�) =
R∞
0 Qν̃(s)Qµ̃(ds).

Remark that P (~�; ~�) is continuous in one variable as soon as the other is non-atomic.

Show that, for any ~�, P (~�; ~�) is a convex function of ~�.
Show also that P (~�; ~�) = 1�Qµ̃(0�)Qν̃(0�)� P (~�; ~�), when one of both ~� and ~� is non-a-

tomic, and conclude that, for ~� non-atomic, P (~�; ~�) is a concave and continuous function of ~�.
For any bounded positive measure � on the real line, let, for every Borel A, �ε

+(A) = E(�(A��))
and �ε− = E(�(A + �)) where � is a random variable uniform on [0; "] (E is expectation). For

any �, �, we have P (�; �) = limε→0P (�; �ε−), P (�; �ε−) = limη→0P (�
η
+; �

ε−), both limits being

decreasing. The mappings � ! �ε
+ and � ! �ε− are linear and continuous for the weak topology

on � and the norm topology on �ε
+ (resp. �ε−).

Show �rst that this implies that R(�; �) = P (~�; ~�) is upper semi-continuous on the

product space, and concave in � for any � (and convex in � for any �). Show also that

it implies that whatever be � and �, P (~�; ~�) is the probability that II be destroyed. Since

I needs only to consider non-atomic strategies of II, he is faced with the pay-o� function

f(�; �) = (1 � r)P (~�; ~�) � (1 + r)P (~�; ~�) + r, which is concave and continuous in ~�, ~� being

non-atomic. Thus I has a pure optimal strategy, say ~�0 (prop. 1.8 p. 5). Similarly, II is faced with

the same pay-o� function, and thus has a pure optimal strategy, say ~�0.
Conclude that the game has a value, and both players have optimal strategies, and none of

those depend on r′.
b. The above solution is for the case of a �silent� duel: none of the players is informed in

the course of the game about the quantity of ammunition spent by the other player.

Conclude that the solution remains the same in the noisy duel.

c. Show also that both players have "-optimal strategies that have a bounded density with

respect to Lebesgue measure.

d. The above results remain a fortiori true if an additional restriction, say an upper bound

on the speed of �ring (as used by Karlin) is imposed on the strategy spaces (this restriction may

look natural in our interpretation of the model, but may be less natural in an interpretation e.g.

in terms of an advertising campaign). What do our results for the unbounded case imply about

the behaviour of the value in the bounded case when the bounds get large?

e. What happens to the above results when the accuracy functions � and � are not neces-

sarily bounded? (for instance, lims>→0 �(s) = lims>→0 �(s) = +1?)

10. Use the results of the present section (notably part 2.b)) to improve those of ex. I.1Ex.2�

I.1Ex.6 p. 9. In particular, the convergence concept should allow for convergence of the games

exp[�n(s� t)2] to the zero game, not only to the indicator of the diagonal.

11. (Kuhn, 1952, p. 118) Player I picks a number x in [0; 1], player II a continuous function

f from [0; 1] to itself with
R 1
0 f(t) dt = 1=2. The pay-o� is f(x). Thus, I's strategy space is

compact metric, II's strategy space is complete, separable and metric, and the pay-o� function

is jointly uniformly continuous. Nevertheless, if player I is restricted to mixed strategies with

�nite support, he can guarantee himself only zero, while otherwise 1=2 (and player II guarantees
himself 1=2 with a pure strategy).
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12. (Grothendieck, 1953) The Mackey topology �(L∞; L1) coincides on bounded subsets

of L∞ with the topology of convergence in measure.

Hint. One direction is given in the text in the proof of Lemma 2.3 p. 14. For the other, show �rst

that it is su�cient to prove that a uniformly bounded sequence that converges in measure converges

uniformly on weakly compact subsets of L1. To obtain this, just use Dunford-Pettis' equi-integrability

criterion.

The next series of exercises concerns applications of the minmax theorem � i.e. the separa-

tion theorem � to the problem of how to assign a limit to non-converging sequences, i.e. how to

de�ne the pay-o� function in an in�nitely repeated game.

13. Banach Limits. A Banach limit L is a linear functional on `∞, such that

L((xn)n∈N) � lim sup
n→∞

xn :

We will also write L(xn).
a. Show (cf. 1.20 p. 8) that Banach limits exist.

b. Banach limits are positive linear functionals of norm 1.

c. Banach limits can equivalently be de�ned as regular probability measures on the Stone-

�ech compacti�cation (Kelley, 1955, p. 152) �(N) of the integers, assigning probability zero to

N.

d. If C is a compact, convex subset of a locally convex Hausdor� space, and xn 2 C
for all n, there exists a unique L(xn) 2 C such that, for each continuous linear functional �,
h�;L(xn)i = L(h�; xni).

e. In particular, if Xn is a uniformly integrable sequence of random variables, there exists a

unique random variable X∞ = L(Xn) such that, for each measurable set A,
R
AX∞ = L(

R
AXn).

f. Similarly, if Xn is a sequence of r.v. with values in a compact convex subset C of Rk, there

exists a unique r.v. X∞ with values in C such that LEhXn; Y i = EhX∞; Y i for all Y 2 (L1)
k.

14. A separation theorem. (Meyer, 1973)

a. Let X be a compact convex subset of a locally convex vector space V . � will stand for

an arbitrary regular probability measure on X. Any � has a barycentre bµ 2 X (de�ned to be

such that, for any continuous a�ne functional u on X, u(bµ) =
R
u d� ). If u1 and u2 are two

u.s.c. concave functions on X, one of them bounded, show that their least upper bound in the

set of all concave functions is bounded and u.s.c. Show also (1.21 p. 8) that u1(bµ) �
R
u1d�.

Denote by �− the set of bounded concave functions u on X that are the least upper bound of

a sequence of u.s.c. concave functions, and let �+ = ��−. Show that the sequence can, without

loss, be assumed monotone, and that:

(?) u(bµ) �
Z
ud�

b. Let u 2 �−, v 2 �+, u � v. Show that, for all �, there exist u′ 2 �− and v′ 2 �+ such

that u � u′ � v′ � v and u′ = v′ a.e.

Hint. Let un u.s.c. concave and bounded increase strictly to u, and dually for vn and v. Let

An = {φ | φ a�ne continuous, un ≤ φ ≤ vn }. An decreases and is non-empty (1.21) and convex, so that

its closure Ān in L1(µ) is weakly closed and thus (boundedness) weakly compact. Let φ ∈ ⋂n Ān s.t.

‖φ− φn‖1 ≤ 2−n with φn ∈ An; thus φn → φ µ-a.e. Let u′ = lim infn→∞φn, v
′ = lim supn→∞φn. Note

further that u′ and v′ can be assumed to be in the cones Γ− and Γ+ for some metrisable quotient space

X̃ (consider the weak topology on V generated by the functions φn).
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c. Call a bounded function w on X strongly a�ne if, for any �, w is �-measurable and

w(bµ) =
R
w d�. Let u 2 �−, v 2 �+, u � v. Assume the continuum hypothesis, and show that

there exists a strongly a�ne w such that u � w � v.

Hint. By I.2Ex.14b), X can, without loss of generality, be assumed metrisable. The set of all prob-

abilities on X, being compact metric, has the power of the continuum. Let thus µα be an indexing of it by
the set of all countable ordinals (continuum hypothesis). Construct by trans�nite induction uα ∈ Γ− and

vα ∈ Γ+ such that α < β implies u ≤ uα ≤ uβ ≤ vβ ≤ vα ≤ v and uα = vα µα-a.e. (point I.2Ex.14b)).
Since all point masses εx are among the µα, the uα and the vα have a common limit w, which is strongly

a�ne by (-).

15. Medial limits (Mokobodzki). (cf. Meyer, 1973)

a. Show that, under the continuum hypothesis, there exist positive linear functionals ` (�me-

dial limits�) of norm 1 on `∞ such that, if xn is a convergent sequence, `(xn) = limn→∞xn, and
such that, for any uniformly bounded sequence of random variables Zn(!), `(Zn(!)) is measurable

and E[`(Zn(!))] = `[E(Zn(!))].
Show that ` can even be chosen so as to satisfy `(xn) = x∞ for any sequence xn converging to

x∞ in Cesàro's sense (or equivalently Abel's sense (cf. ex. I.2Ex.16 and I.2Ex.17)). This would,

in particular, imply that ` is translation invariant: `(xn) = `(xn+1).
Even stronger: one can choose ` such that, for any x 2 `∞, `(x) = `(�x), where �xn =

1
n

Pn
i=1xi.

Hint. Take X = [−1, 1]N. For any x ∈ /∞, let φ(x) = (x− x̄)/2. φ(X) is a compact convex subset

of X. Let Vn = { (t, x) | 1 ≥ t ≥ supi≥nxi , x ∈ X }, and Un the convex hull of −Vn and [−1, 0]× φ(X),
un(x) = max{ t | (t, x) ∈ Un }, vn(x) = min{ t | (t, x) ∈ Vn }.

Prove that un ≤ vn (show that [Vn+ (ε, 0)] ∩ [Un− (ε, 0)] = φ ). Let u = limn→∞ un, v = limn→∞ vn:
lim infi→∞xi ≤ u(x) ≤ v(x) = lim supi→∞xi, and x ∈ φ(X) implies u(x) ≥ 0. Apply ex. I.2Ex.14c to get

/ strongly a�ne u ≤ / ≤ v. Show that /(0) = 0, and extend / by homogeneity to a linear functional on

/∞. Show that / is positive, of norm 1, and satis�es, for any x ∈ /∞, lim infn→∞xn ≤ /(x) = /(x̄) ≤
lim supn→∞ xn. By homogeneity, one can assume that Zn is an X-valued random variable Z. The bary-
centre of the distribution µz of Z on X is the sequence (E(Zn)). The formula E[/(Zn(ω))] = /[E(Zn(ω))]
is thus equivalent to the strong a�nity of /.

b. Using ex. I.2Ex.13c, ` can be extended to all sequences xn such either (�x)+ or (�x)− is

`-integrable. Show that:

(1) if a sequence of random variables Xn(!) is bounded in L1, then `(Xn(!)) exists a.e. and
is in L1.

(2) if the sequence is uniformly integrable, then E[`(Xn(!))] = `[E(Xn(!))].
(3) in particular, if Xn(!) converges weakly in L1 to X(!), then `(Xn(!)) = X(!) a.e.
(4) if a sequence of random variables converges in probability to a real-valued random

variable X(!), then `(Xn(!)) = X(!) a.e.

16. Abelian theorems.

a. If xn 2 `∞, yn =
P

i pn,ixi, pn,i � 0,
P

i pn,i = 1, and if limn→∞ pn,i = 0, then

lim sup yn � lim supxn.

b. In particular, if also pn,i � pn,i+1, then lim sup yn � lim sup �xn.

Hint. Rewrite the yn as convex combinations of the x̄n, and use I.2Ex.16a.

c. In particular, lim supλ→0�
P

n(1� �)nxn � lim supn→∞ �xn, (the lim sup in Abel's sense is

smaller than the lim sup in Cesàro's sense.)
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d. Denote by Pα
t (0 � � � 1) the one-sided stable distribution of index � (Feller, 1966,

Vol. II, XIII.6) (i.e., with Laplace transform exp(�t�α)). Observe that
R∞
0 Pα

s (�)P β
t (ds) = P

αβ
t (�)

(subordination, e.g. (Feller, 1966, Vol. II, XIII, 7.e)). Given a bounded measurable function x(t)
on R+, let pα(x) = lim supt→∞

R∞
0 x(s)Pα

t (ds). Conclude from the subordination property and

from I.2Ex.16a that � � � ) pα(x) � pβ(x). In particular, p0(x) = limα→0 pα(x) is a well-de�ned
sublinear functional: more precisely p0(x + y) � p0(x) + p0(y), p0(�x) = �p0(x) for � � 0, p0 is
monotone, p0(1) = 1, p0(�1) = �1. And p0 2 �+ (cf. ex. I.2Ex.14), say on the unit ball X of L∞.

Comment 2.14. Observe that p0 is fully canonical, given the additive semigroup structure

and the multiplication by positive scalars on R+ � or equivalently, given the additive semigroup

structure and the topology. There is also a fully canonical way of transforming a problem of

limit of sequences to a problem on R+ (as a topological semigroup) (provided one uses on R+
only limits ` satisfying `(f(�t)) = `(f(t)) for all � > 0 and f bounded). This uses the Poisson

process: if Pt denotes the Poisson distribution on N at time t, map �rst the bounded sequences

xn to the function Pt(x) =
P

nPt(n)xn.

Comment 2.15. One might wish to add further requirements to a �uniform distribution� on

the integers L, like L(xn) � lim supλ→1(1 � �)
P

n�
nxn, or like the fact that quotient and rest

of a uniform random number upon division by k are also uniform and independent (given the

shift invariance which is guaranteed by any other requirement, the latter requirement amounts

to L(xn) = kL(yn) if (yn) is obtained from (xn) by inserting (k�1) zeros between two successive

values).

Comment 2.16. What type of limit operations do those considerations lead to? In particu-

lar, is there any relationship with the sublinear functional q(x) = lim supn→∞(1=lnn)(
Pn

i=1xi=i) ?
What is the relation between such Banach limits (i.e. satisfying L(x) � q(x)) and those for which

L(xn) = L(�xn)?
17. Hardy and Littlewood's Tauberian theorem. This provides a partial converse to

I.2Ex.16c. Assume the sequence xn is bounded from below. If limλ→1(1� �)
P

nxn�
n = ` exists,

then lim �xn = `.

Hint. By adding a constant, we can assume xn ≥ 0; and also / = 1 by normalisation.

Show that limλ→1(1 − λ)
∑∞
n=0xnλ

nP (λn) =
∫ 1

0
P (t) dt �rst for P (t) = tk, then for a polynomial,

then a continuous function, and �nally, for a bounded function whose set of discontinuities has Lebesgue

measure zero.

Apply this for P (t) = 0 (0 ≤ t ≤ e−1), P (t) = t−1 (t > e−1), λ = exp(−1/n).

3. The minmax theorem for ordered �elds

Definition 3.1. An ordered �eld K is a (commutative) �eld K together with a

subset of positive elements P such that: P is closed under addition and multiplication;

for any element x 2 K, one and only one of the following holds: x 2 P , x = 0, �x 2 P .
For two elements x and y of K, we write x > y i� x� y 2 P and similarly for �, <, �.

An ordered �eld is called real closed if it has no ordered algebraic extension. An

ordered �eld is contained in a minimal real closed �eld called its real closure (Jacobson,

1964, Th. 8, p. 285).

Ordered �elds arise naturally in studying the asymptotic behaviour of repeated games,

e.g. the �eld of Puiseux series or the real closure of the �eld of rational fractions in the

discount factor λ when studying the asymptotic behaviour of vλ for stochastic games.

Since because of those applications we will have to work with such real closed �elds we

will use related tools rather than remaining systematically with the elementary methods

of ordered �elds.
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Definition 3.2. A K-polynomial system (resp. linear) S is a �nite number of po-

lynomial (resp. linear) equations and inequalities (P = 0, P > 0, P 6= 0) with coe�cients

in K.

A semi-algebraic set in Kn
(K a real closed �eld) is a �nite (disjoint) union of

sets de�ned by a K-polynomial system. Observe that semi-algebraic sets form a Boolean

algebra (spanned by the sets fx j P (x) > 0 g where P is a polynomial).

A semi-algebraic function (correspondence) is one whose graph is semi-algebraic.

Theorem 3.3. (Tarski, cf. Jacobson, 1964, Th. 16, p. 312). Given a Q-polyno-
mial system S in n +m variables, there exists a �nite family of Q-polynomial systems
in n variables, Ti, such that for any real closed �eld K the projection on Kn of the se-
mi-algebraic set in Kn+m de�ned by S is the semi-algebraic set in Kn de�ned by the
Ti's.

Corollary 3.4. The projection on Kn of a semi-algebraic set in Kn+m is semi-alge-
braic. Equivalently one can also allow quanti�ers (over variables in K) in the sentences
de�ning semi-algebraic sets (besides any logical connectives).

Corollary 3.5. Images and inverse images of semi-algebraic sets by semi-algebraic
functions (correspondences) are semi-algebraic. The closure and the interior of semi-alge-
braic sets in Rn are semi-algebraic.

Corollary 3.6. If a semi-algebraic set in Kn+m de�ned by Q-polynomial systems
Si has a projection on Kn equals to Kn, then on every real closed �eld the semi-algebraic
set de�ned through the Si's has the same property.

Theorem 3.7. Let K̃ be an ordered �eld and K a sub�eld. If a K-linear system has
a solution in K̃, it has a solution in K.

Proof. Denote by Fi, i = 1, . . . , n the linear equalities and inequalities in m un-

knowns x1, . . . , xm and coe�cients in K. Note that for any x 2 K̃, x > 0, there exists

ε 2 K such that 0 < ε < x. Consider now a solution x0 = (x01, . . . , x
0
m) in K̃

m
: replace

any � (resp. �) sign in the Fi by �>� (resp. �<�) or �=� in such a way that x0 still be
a solution. Replace now any �>� (resp. �<�) in the conditions by �� ε� (resp. �� �ε�)
with ε > 0 in K in such a way that x0 still be a solution. Take any solution y1 in Km

of the equalities of the system. If y1 does not satisfy the inequalities, then there exists

γ 2 K̃ such that x1 = γy1+ (1� γ)x0 is still a solution, but one of the � (or �) becomes

an equality at x1. Repeat the procedure with x1. Since the number of inequalities de-

creases at every repetition, at some stage k, yk will satisfy the system, if only because no

inequalities are left. �

Remark 3.1. For a more elementary approach to the above and the next results,

cf. comments 3.7 and 3.8 after ex. I.3Ex.4 p. 29. For more powerful versions of the next

result, cf. sect. 4 ex. I.4Ex.4 p. 39 and I.4Ex.8 p. 41.

Theorem 3.8. Let A = (a�m) be an L �M -matrix with elements a�m in an ordered
�eld K. Then, there exists a unique element v of K and there exists x1, . . . , xL and

y1, . . . , yM in K such that x� � 0 8* 1 � * � L, PL
�=1x� = 1, ym � 0 8m 1 � m � M ,PM

m=1 ym = 1, and XL

�=1
x�a�m � v , 8m , 1 � m �M,XM

m=1
yma�m � v , 8* , 1 � * � L .
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Proof. Theorem 1.6 p. 4 implies the result to be true when K is the real number

�eld. Corollary 3.6 implies that it remains true for any real closed �eld. Hence that the

system of 2(L +M + 1) linear equalities and inequalities in (x�, ym, v) with coe�cients

in K has a solution in its real closure K̃ (with unique v). Theorem 3.7 implies it has a

solution in K. �

Exercises.

1. Farkas' lemma. A �nite system of linear equations and inequalities (on a vector space

on an ordered �eld) is inconsistent (i.e. has no solution) i� there is an inconsistency proof by a

linear combination.

Comment 3.2. This is understood modulo the usual rules for inequalities: equalities are

preserved after multiplication by any scalar, weak or strict inequalities are preserved (or change

sign, or turn into an equality) according to the sign of the scalar; and sums of equations and

weak and strict inequalities also follow the usual rules. An inconsistency proof mean that one

obtains in this way either 0 � 1 or 0 > 0.

Comment 3.3. One reason for allowing both weak and strict inequalities is to be able to

express frequent statements of the type �the system fi(x) � ai implies f(x) � a� in this language

as the inconsistency of the system �fi(x) � ai and f(x) < a�.

Comment 3.4. The other reason is that then the �dual� of the system fi(x) � ai; gj(x) > bj,
hk(x) = ck � i.e. the system expressing its inconsistency � is the system of the same formX

�ifi+
X

�jgj +
X

�khk = 0; �i � 0; �j � 0;X
�iai+

X
�jbj +

X
�kck � 0;X

�iai+
X

�jbj +
X

�kck +
X

�j > 0:

Comment 3.5. The duality terminology is justi�ed by the fact that the second dual of a

system is the system itself: let (eα)α∈A be the inverse images in our vector space E of a basis of

the �nite dimensional quotient of E by the map (f; g; h). Then the equalities in our dual system

translate to
P
�ifi(eα) +

P
�jgj(eα) +

P
�khk(eα) = 0 8� 2 A. Thus the second dual is of the

form
P
�ifi(x) +

P
�jgj(x) +

P
�khk(x) +

P
ui�i +

P
vj�j + w[

P
�iai +

P
�jbj +

P
�kck] +

r(
P
�iai +

P
�jbj +

P
�kck +

P
�j) = 0, with x =

P
xαeα, ui � 0, vj � 0, w � 0, r > 0. The

equation yields fi(x) + ui+wai+ rai = 0, gj(x) + vj +wbj + rbj + r = 0, hk(x) +wck + rck = 0,
thus fi(x) + (w + r)ai � 0, gj(x) + (w + r)bj � �r, hk(x) + (w + r)ck = 0. Let y = �x=(w + r)
(note w + r > 0): we have fi(y) � ai, gj(y) � bj +r=(w + r), hk(y) = ck: it expresses that there
exists x 2 E and " (= r=w + r) > 0 such that fi(x) � ai, gj(y) � bj + ", hk(y) = ck.

The lemma states then that a system is inconsistent i� its dual is consistent.

Hint. It su�ces to prove that, if the system is inconsistent, the dual has a solution. As seen sub 3.5

above, it su�ces to consider a �nite dimensional vector space over the �eld K. One gets easily rid of the

equations, replacing then by the pair of opposite weak inequalities � this leads in e�ect to the same dual

system. Make the system homogeneous by multiplying the right hand member by an additional variable

x0, and adding the inequality x0 > 0: the system and its dual remain equivalent to the original.

Take now advantage of the homogeneity to replace all inequalities gj(x) > 0 by gj(x) ≥ z, z ≥ 1.
Both systems are still equivalent, and are now of the form f̃i(x) ≥ 0, x0 ≥ 1, and

∑
λ̃if̃i(x) + x0 = 0,

λ̃i ≥ 0. Fixing a basis in the �nite dimensional vector space, the f̃i are given by a matrix F with elements

in the ordered �eld K (and also ãi ∈ K). We can assume K real closed (theorem 3.7 p. 27) and then,

for any �xed dimensions of F , uses Tarski's principle (cor. 3.6 p. 27): it su�ces to deal with real vector

space.

The system being inconsistent means that the subspace V = { (x0, f̃i(x))k−1
i=1 | x ∈ E } ⊆ Rk satis�es

V ∩ Q = ∅, with Q = (1, 0, 0, . . . ) + Rk+. This implies δ = d(V,Q) > 0: otherwise choose a sequence
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xn ∈ V , yn ∈ Q with ‖xn− yn‖ ≤ n−1 and ‖yn‖ minimal under those constraints. V and Q being closed

and disjoint implies ‖xn‖ ∼ ‖yn‖ → +∞. The minimality implies yn0 = 1. Extracting a subsequence, we
get that xn/ ‖xn‖ and yn/ ‖yn‖ converge, say to z, with z0 = 0, ‖z‖ = 1, z ∈ Rk+, and z ∈ V . Hence, for
n su�ciently large, xn− z ∈ V and yn− z ∈ Q contradict the minimality of ‖yn‖. Thus V is still disjoint

from the open convex set Qδ = { y | d(y,Q) < δ }. Separation yields then the result (1.19).

2. Strong complementarity. (Bohnenblust et al., 1950)

a. If strategy sets are �nite, there exists an optimal strategy pair such that every best reply

is used with positive probability.

Hint. Let (σ, τ ) be an optimal pair with maximal support, and assume w.l.o.g. that v(g) = 0 and

that g(σ, t0) = 0 = τ (t0). Thus, the system of linear inequalities in σ: [g(σ, t) ≥ 0]t∈T and σ ≥ 0 implies

g(σ, t0) ≤ 0; hence, by ex. I.3Ex.1 there exist λt ≥ 0 such that g(s, t0) +
∑
tλtg(s, t) ≤ 0 for all s ∈ S: i.e.

(1 + λ0, λ1, λ2, . . . )/1 +
∑
λt is an optimal strategy τ̃ of player II with τ̃(t0) > 0.

Alternative: reduce to a symmetric game (antisymmetric matrix A), and express by ex. I.3Ex.1 the

inconsistency of xA ≥ 0, x ≥ 0, xA + x > 0: this yields the existence of y ≥ 0, z ≥ 0, z �= 0 s.t.

A(y + z) + z ≤ 0. Make a scalar product with y + z.

b. Hence every pair in the relative interior of the optimal strategy sets has this property.

[In particular the barycentre, which has all the symmetries of the game.] And conversely every

pair with this property is a relative interior pair.

3. Examples.

a. In the game
�

x −x2

−1 0

�
, where player I chooses x 2 [0; 1] or Bottom, both players have

unique optimal strategies, and both have a best reply that is used with probability zero: �-

niteness of both strategy sets is essential, even for strong complementarity to hold for a single

player.

[Ex. I.4Ex.9 p. 42 provides a striking example, where both pure strategy sets are [0; 1], and
both players have unique optimal strategies, whose support is nowhere dense, while every pure

strategy is a best reply. Even better is the polynomial game st(t� s).]

b. The �Cobb-Douglas� cone C = f (x; y; z) j z2 � xy; x + y � 0 g � R3 is closed, con-

vex and disjoint from the straight line D = f(x; 0; 1)g, yet for any linear functional ' one has

'(C)\'(D) 6= ;: there is no hope to obtain anything like ex. I.3Ex.1 in the non-polyhedral case,

and the explicit use of the structure of Rk
+ is necessary at the end of that proof.

4. Structure of polyhedra. A (closed, convex) polyhedron is a �nite intersection of closed

half spaces (in a �nite dimensional vector space E over an ordered �eld K).
a. The projection (hence (�nite dimensionality) any a�ne image) of a polyhedron is a poly-

hedron (and clearly so are the inverse images).

Hint. The projection being from (x, y)-space to x-space, express by ex. I.3Ex.1 that x does not

belong to the image, obtaining thus furthermore a description of the inequalities of the projection as

those convex combinations of inequalities of the polyhedron which are independent of y. Alternatively,
eliminating one coordinate at a time is completely elementary.

b. The product of two polyhedra is a polyhedron.

c. The sum (hence the di�erence) of two polyhedra is a polyhedron. [Use I.3Ex.4a and

I.3Ex.4b]. So is the intersection.

d. De�ne the dual P 0 of a polyhedron P as f (a; b) 2 E∗ �K j ha; xi � b; 8x 2 P g. The
dual is a polyhedral cone (in E∗�K).

Hint. It su�ces to consider a non-empty polyhedron. Expressing then the inconsistency ofMx ≥ m
with ax < b yields (ex. I.3Ex.1), a = (y1, . . . , yk)M , b = (y1, . . . , yk)m− y0 for y ≥ 0; use now I.3Ex.4a.
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e. The convex hull of two polyhedra cannot be expressed as the set of solutions to a system

of linear inequalities � even allowing strict inequalities �: consider a line and a point. But the

closed convex hull of two polyhedra is a polyhedron: consider the intersection I.3Ex.4c of their

duals I.3Ex.4d. In particular, the convex hull of �nitely many compact polyhedra is a polyhedron

(cf. ex. I.3Ex.10d p. 35).

f. A polyhedral cone is de�ned by �nitely many inequalities Ax � 0. (If Ax � b, necessarily
b � 0, and Ax � 0). Conclude that a dual cone is of the form f (a; b) j aX1 � 0; aX2 � b g where
X1 and X2 are columns of vectors in E. [Note that (0;�1) is in the dual cone.]

g. The polyhedra are the sums of a compact polyhedron and a polyhedral cone.

Hint. I.3Ex.4c yields one direction. For the other, use I.3Ex.4f and ex. I.3Ex.1 to express the poly-

hedron as the set of vectors
∑
λix

1
i +
∑
µjx

2
j with λi ≥ 0, µj ≥ 0,

∑
µj = 1.

h. The compact polyhedra are the convex hull of their �nitely many extreme points, and

the polyhedral cones are spanned by �nitely many vectors [which can also be chosen extreme

(rays) if the cone contains no straight line]. [cf. I.3Ex.4g. Remove from the x2j the non-extremal

ones. Use I.3Ex.4a for the opposite direction.] In general, polyhedral cones can be decomposed

as the sum of a subspace (P \ (�P )) and of a pointed polyhedral cone (the quotient) � which

in turn has a unique decomposition in terms of extreme rays.

i. In Rn, show that for any convex set B(6= ;) which is the set of solutions of a (�nite or

in�nite) system of (weak or strict) linear inequalities, its asymptotic cone AB (cf. 1.22 p. 8) is a

closed convex cone, independent of b.

j.

i. The polyhedral cone in any decomposition as sub I.3Ex.4g of a polyhedron P is AP .

ii. To make the decomposition unique, one can specify the compact polyhedron, when P
contains no straight line, as the convex hull of the extreme points of P .

For x 2 P , de�ne the dual face F 0x of x as f (a; b) 2 P 0 j ha; xi = b g, and the face Fx of x as

f y 2 P j ha; yi = b; 8(a; b) 2 F 0x g.
k. Show that F 0x is the convex cone spanned by the vectors (Ai; bi) with Aix = bi if

P = fx j Ax � b g.
l. Show that Fx = f y 2 P j x+ "(x� y) 2 P for some " > 0 g.
m. Show that dim Fx + dim F 0x = dim E.

Hint. E.g., choose x as origin, and as basis vectors �rst e1, . . . , en ∈ Fx, with n = dimFx, then
f1, . . . , fk ∈ P with k+n = dim(P ), �nally g1, . . . , g�, with / = dimE−dimP . The inequalities of P in this

basis must have the form P = {∑iuiei+
∑
j vjfj+

∑
whgh | Au+Bv ≤ 1, Cv ≥ 0, w = 0 } where C has

full column rank � otherwise one would have (0, v, 0) ∈ Fx for some v �= 0. Thus dim{µC | µ ≥ 0 } = k,
so, by I.3Ex.4k, dimF 0

x = k + /. Alternatively, use induction on dimFx, starting with Fx = P .

n. P has �nitely many dual faces (I.3Ex.4k), hence by de�nition �nitely many faces. If one

adds ; as a face with P 0 as dual face, there is a lattice structure (stability under intersections).

(To preserve I.3Ex.4m count as dimension of the empty face 1 less than the dimension of the

minimal non-empty faces).

o. The faces of P are the sets of minimisers of linear functionals. Alternatively, they are

the intersections of P with a�ne subspaces, whose complement in P is convex.

p. The dual faces of P are the faces of P 0.

q. Think here for simplicity (in order not to deal with K-valued distances and Lipschitz

constants) of K as being the reals. The distances used on vector spaces are assumed to derive

from some norm.

If f is an a�ne map from a polyhedron P to a vector space, then f−1is Lipschitz as a

map from f(P ) to closed (convex) subsets of P , endowed with the Hausdor� metric d(S1; S2) =
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max [maxx∈S1 d(x; S2);maxx∈S2 d(x; S1)]. (All norms on �nite dimensional vector spaces are equi-

valent).

Hint. The statement is clearly equivalent to the Lipschitz character of the map f−1 from closed

subsets of P to closed subsets of f−1(P ), and this property is stable under composition. Assume thus

the kernel of f is 1-dimensional: P is a polyhedron in Rn × R, and f the projection to Rn. Consider

the R-valued functions on f(P ): ū(x) = sup{ y | (x, y) ∈ P }, u(x) = inf{ y | (x, y) ∈ P }. ū is the

minimum of a �nite number (possibly zero) of linear functions (look at the inequalities determining P ),
hence Lipschitz, and similarly u.

Comment 3.6. I.3Ex.4c immediately implies that two disjoint polyhedra can be strictly sep-

arated. Similarly, I.3Ex.4a, I.3Ex.4b and I.3Ex.4c are still true if some of the half spaces in the

de�nition of a polyhedron are allowed to be open � so two such generalised polyhedra P1 and
P2 that are disjoint can be separated by a linear function f with f(P1) \ f(P2) = ; (applying

ex. I.3Ex.1 to P1� P2 and f0g). However ex. I.3Ex.1 yields both those separations directly, with

the additional information that f can be selected to belong to the convex hull ofboth A1 and A2
(P1 = fx j A1x � b1 g, P2 = fx j A2x � b2 g).

Comment 3.7. The alternative argument of I.3Ex.4a, used for generalised polyhedra, yields

a quanti�er elimination algorithm for the logic having the linear inequalities as elementary sen-

tences, plus quanti�ers and propositional calculus (cf. remark after theorem 3.7 p. 27).

Comment 3.8. It also provides an elementary route to Farkas' lemma and the following

exercises, without relying on Tarski's theorem. (At the end of ex. I.3Ex.1 take the image of Q
under the quotient mapping by V , and apply I.3Ex.4a).

Comment 3.9. Walkup and Wets (1969) have shown that I.3Ex.4q characterises in fact the

polyhedra among all closed convex subsets.

5. Linear programming. Consider the general linear program v = supfxc j xA � b; x �
0 g where b and x are row vectors, c a column vector, and A a matrix [equality constraints can be

changed to a pair of inequality constraints, the sign of ��� inequalities changed, and unrestricted

variables x replaced by x+� x− to obtain this form]. [If E = ; : supE = �1; inf E = +1].
Consider also the �dual� program v = inff by j Ay � c; y � 0 g [note that from �rst principles

v � v] and the symmetric matrix game

M =

0@ 0 �A c
At 0 �bt
�ct b 0

1A
Apply the strong complementarity property in M (ex. I.3Ex.2):

a. First to the last strategy, to deduce that either there is an optimal strategy (x; y; t) with
t > 0 in which case v = v 2 R and x=t and y=t solve v = xc; xA � b, x � 0 and v = by, Ay � c,
y � 0 or v = v = +1, or v = v = �1, or v = +1, v = �1.

Hint. Note that v = +∞ is equivalent to sup{xc | xA ≤ 0, x ≥ 0 } = +∞.

b. Then to the other strategies, to obtain the strong complementarity relations for linear

programs (Tucker, 1956).

c. Consider a polyhedral game (Wolfe, 1956), i.e. player I and II's strategy sets are poly-
hedra X = fx j xC � c g and Y = f y j By � b g, and the pay-o� function is xAy. Let v and
v denote the inf sup and the sup inf respectively. Show that either v = v, and then there exist
optimal strategies if this value is �nite, or v = +1, v = �1.

Hint. The case is clear if X or Y or both are empty. Assume thus not. For given strategy y of

II, player I wants to solve the linear program maxx(Ay) sub xC ≤ c, whose dual is (there is no sign

restriction on x) min cv sub Cv = Ay, v ≥ 0, with the same value (cf. I.3Ex.5a) since X �= ∅. Thus y
guarantees this quantity to player II, and he wants to solve the program min cv sub Cv = Ay, v ≥ 0,
By ≥ b and play the corresponding y. Similarly player I wants to solve maxub sub uB = xA, u ≥ 0,
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xC ≤ c. Observe that those two programs are themselves dual [cf. I.3Ex.5d infra] and apply I.3Ex.5a.

[Note also that v and v in the sense of the dual programs are always the same as those for the game.]

d. In general, the �dual� of a linear program [v = max(xc), subject to a system of equal-

ity and inequality constraints] is the expression that v = minf r j xc > r and the system is

inconsistent g, where the condition is expressed by means of ex. I.3Ex.1 p. 28, assuming the sys-

tem itself to be consistent. Verify that this yields indeed the duals used sub I.3Ex.5a and I.3Ex.5c

above.

[It is this unveri�ed assumption that causes the possibility of v 6= v � as in (maxx sub

y � 1;�y � 1) � while the dual in the sense of ex. I.3Ex.1 always gives a full diagnostic about

the original system.]

e. In a polyhedral game, cf. I.3Ex.5c above, with �nite value v,

(1) the sets of optimal strategies ~X and ~Y of players I and II are polyhedra

(2) (Strong Complementarity) the face (ex. I.3Ex.4) ~F of X spanned by ~X (or by a point

in the relative interior of ~X) equals fx 2 X j xAy � v 8y 2 ~Y g � and similarly for

the face ~G of Y spanned by ~Y .

Hint. Use the dual programs of I.3Ex.5c above, together with ex. I.3Ex.4a for 1 and I.3Ex.5b above

for 2.

f. codimF̃(
~X) = codimG̃(

~Y ) [same notations as in I.3Ex.5e].

Hint. 2 implies that, if strategy sets are restricted to F̃ and G̃ resp., X̃ and Ỹ increase keeping

the same dimensions. Assume thus F̃ = X, G̃ = Y : in the a�ne spaces spanned by those sets, put the

origin at some interior optimal strategies: we get a new polyhedral game of the form By ≥ −1, xC ≤ 1,
with pay-o� = xAy + αy + xβ + γ; (0, 0) being optimal implies α = β = 0, so the pay-o� is xAy. Thus

X̃ = {x ∈ X | xA = 0 }, Ỹ = { y ∈ Y | Ay = 0 }, codim(X̃) = codim(Ỹ ) = rank(A).

6. von Neumann's model of an expanding economy. (Thompson, 1956) I is the set of
production processes (activities), J the set of commodities. The I�J matrices A and B describe

by aij (resp. bij) the input (resp. output) of commodity j corresponding to a unit intensity of

process i. One wants a stationary growth path, i.e., a growth factor �(� 0), an interest factor

r > 0, an intensity (row-)vector x � 0 and a price (column-) vector p � 0 such that

xB � �xA (the outputs of the current period su�ce as

inputs for the next period);

(xB � �xA)p = 0 (goods in excess supply carry a zero price);

x[Bp� rAp] � sup
x̃≥0

~x[Bp� rAp] (pro�t maximisation: Bp� rAp gives the

net pro�t from each activity at p and r)

This last condition yields thus immediately Bp � rAp and xBp = rxAp. We assume that A � 0,P
j aij > 0 (no free lunch), v(B) > 0 (there is some combination of activities by which every

good can be produced). We require �nally that the value of total input be non-zero � to avoid

the completely degenerate solutions �: xAp > 0.
a. The above requirements imply r = �, and are equivalent to: x(B � �A) � 0,

(B � �A)p � 0, xAp > 0, i.e.: f(�) = v(B � �A) = 0, with as optimal strategies (after

normalisation) x and p.
[Hence one could equivalently impose in addition (by ex. I.3Ex.2) x(B � �A) + pt > 0,

(�A�B)p+ xt > 0.]

b. The assumptions imply f(�) is decreasing, f(0) > 0 > f(+1) thus f� j f(�) = 0 g =
[�; �], 0 < � � � < +1.
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c. To show existence of a solution, show that a strongly complementary pair of optimal

strategies (ex. I.3Ex.2) at � (or at �) yields xAp > 0 (hence also xBp > 0).

Hint. Order the strategies with those used with positive probability �rst. The matrix B−λA takes

then the form
(
Q T
R S

)
, where Q is identically zero in A if xAp = 0. The strong complementarity property

yields x ( TS ) > 0: thus x still guarantees zero in B − (λ+ ε)A.

d. There exists at most min(#I;#J) solutions �.

Hint. Consider 2 solutions λ1 < λ2. For some j = j2, we have p2j > 0, xBj = λ2xAj > 0. Then

xBj > λ1xAj, and since x is still optimal at λ1, we have p1j = 0: any j1 must be di�erent.

e. Assume w.l.o.g. that the solutions (xi; pi) selected at �i satisfy the strong complement-

arity relations, and set, as in d),

J20 = f j j p2j > 0; x2Bj > 0 g; J21 = f j j p2j > 0; x2Bj = 0 g; J22 = f j j p2j = 0 g;
and similarly for J10 ; J

1
1 ; J

1
2 at �

1, and sets I10, etc. for player I (e.g., I
1
0 = f i j x1i > 0; Bip

1 > 0 g).
i. Show that, on Ik0 � Jk

0 , every row and every column contain some aij > 0, and aij = 0

elsewhere on (Ik0 [ Ik1 )� (Jk
0 [ Jk

1 ); k = 1; 2. Same conclusions for B if B � 0.

ii. Show that J10 [ J11 � J20 [ J21 � and similarly I20 [ I21 � I10 [ I11.
Hint. p1 is optimal in B − λ2A

iii. Show that J20 [ J22 � J12 � and I12 [ I10 � I22.

Hint. cf. I.3Ex.6d for J2
0 , use strong complementarity for J

2
2

iv. Deduce from the two last points that J10 [ J11 � J21 , I
2
0 [ I21 � I11.

v. Conclude from the above, putting the solutions �i in increasing order, and using an ap-

propriate ordering on activities and commodities, that A has the following structure: if there are

n roots �i, there exist n special blocs, any element to the left or below (or both) any special bloc

being zero, while in the special blocs every row and every column contains a positive element. If

B � 0, it has the same structure, with the same special blocs. The support of the ith solution is

the ith special bloc, together with everything to the left and below.

7. Examples on Exercise I.3Ex.6.

a. A = ( 0 11 0 ), B = ( 2 00 1 ) yields � =
p
2: the problem needs a real closed �eld.

b. #I = #J = n, aij = bij = 0 for i 6= j, aii = 1, bii = i: there are n solutions,

� = 1; 2; : : : ; n: the upper bound of ex. I.3Ex.6d is attained.

c. The following examples (with 2 goods) show that there is no extension to a continuum

of activities. In that case one represents simply the set of all feasible input-output vectors (x; y)
by a closed convex cone in R2�R2.

(1) First Example. xi � 0, yi � 0, x1(x2� y2) � y22, x1+ x2 � y1.

(2) Second Example. Replace the last inequality in example 1 by the stricter inequality

x1(x2+ y1) � y21.

Check that both examples describe convex (cf. below), closed cones C in (R2+)
2, which are com-

prehensive [(x; y) 2 C; x′ � x; y′ � y ) (x′; y′) 2 C], contain an interior point of R4+, say

Pε = (1; "(1+"); 1+"; ") (check for 2, after having veri�ed that C2 � C1), and o�er no free lunch

(x = 0) y = 0 � check for 1).

Their e�cient frontiers are described, for example 1 by replacing the last two inequalities

by equalities, and for example 2 by (0; 0; 0; 0) and fx1 = y1 � y2 > 0; x1x2 = y1y2; y2 � 0g,
which is thus not closed (cf. also ex. I.4Ex.12 p. 42 and I.4Ex.13 p. 43 for more classical, but

in�nite dimensional examples of a non-closed e�cient frontier) � for the closure, put a weak

inequality, and add x2 � 0. They describe a (one-to-one for example 2) map from e�cient inputs

(x1 > 0; x2 � 0 or (0; 0) for example 2 to e�cient outputs (y1 > y2 � 0 or (0; 0) for example 2 �
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in example 2, x1(y) = y1 � y2 > 0, x2(y) = y2 + y22=x1(y): x1(y) being linear, and y2=x convex,

we obtain indeed that for an average output, one needs less that the average input � hence

the convexity of the comprehensive hull. Use a similar argument for the convexity in the �rst

example.

Yet, for both cones C, there is no solution [�; �; p; (x∗; y∗)] 2 R�R�R2� C of �y∗ � �x∗,
hp; �y � �xi � 0, 8(x; y) 2 C, hp; y∗i > 0 (resp. hp; x∗i > 0) and (�; �) 6= (0; 0) (resp.

� = 0) � > 0).

Hint. λ ≤ 0 or µ ≤ 0 is trivial: µ < 0 ⇒ p ≤ 0 (free disposal of outputs), µ = 0 < λ ⇒ p ≤ 0
(free disposal and feasibility of strictly positive output), µ > 0 ≥ λ ⇒ y∗ = x∗ = 0 (no free lunch), and

λ < 0 = µ ⇒ y∗ = 0. Assume thus λ = 1, µ > 0. In example 1 (a fortiori example 2) y ≥ x implies

y1 = x1, y2 = x2 = 0. Thus µ > 1 implies y∗ = x∗ = 0. Also (free disposal) 〈p, y − µx〉 ≤ 0 implies p ≥ 0.
And in example 2 (a fortiori example 1) 〈p, y − x〉 ≤ 0 ∀(x, y) ∈ C implies then p1 = 0 (use Pε). Since
(Pε again) y2 − µx2 can be > 0 for µ < 1, it follows that p = 0 for µ < 1: in every case 〈p, y∗〉 = 0.

8. Bloc Decomposition. (Kemeny, cf. Thompson, 1956) Consider the matrix game

M =
�
O P
Q R

�
, in bloc decomposition, where the �rst bloc consists of zeros only.

a. If v(M) = 0, then player I has an optimal strategy carried by the �rst bloc i� v(P ) � 0,
and similarly for player II i� v(Q) � 0. Also v(P ) � 0 � v(Q)) v(M) = 0.

b. Denote by ~v(R) the value of R when players I and II are both restricted to optimal

strategies in Q and P respectively (compare ex. I.1Ex.6 p. 11).

Assume v(P ) � 0 � v(Q). Then player I has an optimal strategy in M that is not carried

by the �rst bloc only i� v(Q) = 0 and either v(P ) > 0 or ~v(R) � 0. (Use ex. I.3Ex.2 p. 29 for the

su�ciency of the condition). In particular, both players can use strategies in their second bloc

i� v(P ) = v(Q) = ~v(R) = 0.

c. Conclude from I.3Ex.8a and I.3Ex.8b that every optimal strategy in M is carried by the

�rst bloc i� v(P ) > 0 > v(Q).

9. Perron Frobenius theorem.

a. In ex. I.3Ex.6 p. 32, take for B a matrix P of transition probabilities (Pij � 0;
P

j Pij = 1)

and A = I: one obtains the existence of an invariant probability distribution. [One could rescale

such as to drop
P

j Pij = 1, cf. I.3Ex.9b.]

However, this does not require the strong complementarity, so a direct application of the

minmax theorem yields more:
b. Assume S is compact, and, 8s 2 S, Ps is a non-negative regular measure on S with

Ps(f) =
R
f(x)Ps(dx) continuous whenever f is continuous. Then there exists a probability

measure � on S with
R
Ps(A)�(ds) =

R
APs(1)�(ds), for all Borel A.

Hint. Apply prop. 1.17 p. 7 to the game where T is the space of continuous functions on S, and the

pay-o� is Ps(t)− t(s)Ps(1); consider the minimiser s0 of t.

10.
a. Carathéodory. Any point in the convex hull of a subset S of Rn is a convex combination

of n+ 1 points of S.

Hint. For k = 1, . . . , n, let
∑n+m
i=1 λix

i
k = ak,

∑n+m
i=1 λi = 1 be the equations: if m > 1, there are

more equations than unknowns, so the set of solutions λ meets the boundary miniλi = 0 of the simplex.

Proceed by induction.

b. Fenchel. Assume S has at most n components, then n points su�ce.

Hint. Assume p is interior to the simplex {x1, . . . , xn+1}, xi in S. Consider the re�exion of this sim-

plex in p (i.e., yi = 2p− xi) and the cones Ci based at p with vertices (y1, . . . , yi−1, yi+1, yn+1).
⋃n+1

1 Ci
contains S and one point of S belongs to the boundary of some Ci.
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c. (cf. ex. I.3Ex.14 p. 37). Carathéodory extends to continuous averages: For a convex sub-

set C of Rn, the expectation of any integrable C-valued random variable belongs to C.

Remark 3.10. Since C is not necessarily measurable for the distribution � of X, the above

statement is preferable to one that involves the barycentre of measures on C.

Hint. Assume the expectation b /∈ C, and separate: for a linear functional ϕ we have ϕ(b) ≥
α = supx∈C ϕ(x). But ϕ(b) = E(ϕ(X)), so a.s. ϕ(X) = α = ϕ(b): X is carried by the convex set

C1 = {x ∈ C | ϕ(x) = ϕ(b) }. Proceed by induction on the dimension. More precisely the proof shows

that

• the expectation belongs to the relative interior of the convex hull of the support of the distri-

bution,

• this relative interior is included in C.

d. The convex hull of a compact subset of Rn is compact (use I.3Ex.10), just as is in general

the convex hull of �nitely many compact convex subsets.

11. Linear programming and polyhedral games� continued. Consider the program:

maximise xb sub xA � c, x � 0, and its dual: minimise cy sub Ay � b, y � 0. Assume v 2 R.
a. The solution sets X and Y are polyhedra, and have an extreme point.

Hint. Ex. I.3Ex.5a p. 31 yields X �= ∅, Y �= ∅. Ex. I.3Ex.4c p. 29 that they are polyhedra. The

constraints x ≥ 0, y ≥ 0 ensure the existence of an extreme point (ex. I.3Ex.4j p. 30).

b. The pairs of extreme points (x; y) of X and Y are the feasible points such that, for some

subsets I of the rows and J of the columns, one has AIJ non-singular and xI = cJ(AIJ)−1,
yJ = (AIJ)−1bI, xi = 0 for i =2 I, yj = 0 for j =2 J (denoting by xI; yJ; AIJ, etc � � � the restrictions
to the corresponding sets of indices). And then v = cJ(AIJ)−1bI. (The empty � empty matrix
is non-singular by convention, and then v = 0 as an empty sum).

Hint. Optimality for such a pair (x, y) follows from xb = cy. If x = 1
2 (x

1+x2), xk feasible (k = 1, 2),
then xki = 0 (i /∈ I) and xk,IAIJ = cJ, hence xk = x by the independence of the rows of AIJ. Simi-

larly y is extreme. Conversely, for an extreme pair (x, y), let I1 = { i | xi > 0 }, J1 = { j | yj > 0 },
I2 = { i | Aiy = bi }, J2 = { j | xAj = cj }: I1 ⊆ I2 and J1 ⊆ J2. Further the rows of A

I1J2 and the columns

of AI2J1 are linearly independent by the extremality of x and y resp., cf. supra. Extend thus I1 (resp. J1)

to a basis I (resp. J) of the rows (resp. columns) of AI2J2. Conclude that AIJ is itself non-singular.

c. Particularise I.3Ex.11b to a characterisation of the extreme points of a polyhedron
P = fx j xA � b g.

Hint. Rather than �rst trying to �nd a system of coordinates � using the extreme points � where

P ⊆ Rn+, a more direct approach uses ex. I.3Ex.4m p. 30 and ex. I.3Ex.10 p. 34.

d. (Shapley and Snow, 1950)If A is a matrix game with value v, a pair of optimal strategies

is an extreme pair i�, for some subsets I and J of rows and columns, one has, writing ~B for the

adjoint of B = AIJ, and 1I, 1J, for appropriate vectors of ones, that 1J ~B1I 6= 0, and xI = 1JB̃
1JB̃1I

,

yJ = B̃1I

1JB̃1I
. And then v = det(B)=(1J ~B1I).

Hint. Assume �rst v > 0. Then ξ = x/v and η = y/v are the solutions of the dual programs

minimise ξ ·1 sub ξA ≥ 1, ξ ≥ 0, and maximise 1·η sub Aη ≤ 1, η ≥ 0. Apply I.3Ex.11b to those, and

that M−1 = [M̃/det(M)]. For other v, reduce to v > 0 using that adding a constant c to the entries

of A does not change the solutions x and y, and adds c to v; and that, if M ′ is obtained by adding c
to all entries of M , then 1·M̃ ′ = 1·M̃ , det(M ′) = det(M) + c[1·M̃ ·1]. Those equations follow from the

previous case for completely mixed matrices M with v > 0: indeed, the determinant is clearly an a�ne

function of c, i) either geometrically, as a volume of a parallelepiped, this volume being clearly bounded

by K(1 + |c|), and the determinant being polynomial; ii) or analytically, subtracting the �rst column

from the others and expanding. Since v = v0 + c, the equation for v yields then that 1M̃1 must be a

polynomial of degree 0 in c, hence constant. Therefore the constancy of x and y yields that of 1M̃ and
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of M̃1. Those equations for the adjoints and determinants being proved on an open subset of matrices,

and being polynomial, hold everywhere.

Comment 3.11. The procedure used in the �rst sentence of the hint is the e�cient way to

solve a matrix game by linear programming.

e.

i. f c j v(b; c) > �1g = f c j 9x � 0; xA � c g is a polyhedral cone P , independent of b �

cf. ex. I.3Ex.9a p. 34. Similarly P = f b j �v(b; c) < +1g.
ii.

A. v(b; c) and v(b; c) are convex in b, concave in c, and non-decreasing.

B. v(b; c) is positively homogeneous of degree one (with 0�1 = 0) in c for b 2 P and in b for
c 2 P .
C. on �P � P ; v 2 R; on P � P c, v = �1; on P

c � P , v = +1; on P
c � P c, �v = +1 and

�v = �1.

iii. on P � P , v is piecewise bi-linear in the sense that there exist subdivisions of P and P
into �nitely many simplicial cones, such that the restriction of v is bi-linear on any product of
two such cones.

Hint. By I.3Ex.11b, for �xed pair (I, J), v is bi-linear. I.3Ex.11b is applicable because of I.3Ex.11a.

This formula is applicable as long as the corresponding vectors x and y are feasible, which translates into
a �nite system of homogeneous linear inequalities in b and another one in c. The union over all possible

(I, J) of those lists of linear functionals cuts up P into �nitely many polyhedral cones, add the coordinate

mappings to those lists to be sure each of those cones is pointed. A further subdivision (e.g. barycentric)

yields then simplicial cones. Similarly for P .

iv. For some K > 0, v is, on P �P , Lipschitz in c with constant K kbk and in b with K kck.
(Use I.3Ex.11eiii).

f. The results of I.3Ex.11e remain verbatim true for the inf sup v and the sup inf v of the
polyhedral games of ex. I.3Ex.5c p. 31.

Hint. Rewrite the primal-dual programs of the hint of ex. I.3Ex.5c in the form used in the present

exercise, replacing y and x by di�erences of non-negative vectors y1 − y2 and x1 − x2, and equations by

pairs of opposite inequalities.

g. Those results still remain true, except the monotonicity, if the strategy polyhedra of the
polyhedral games have the most general presentation X = fx j xC1 � c1; xC2 � c2; xC3 = c3 g
and similarly for Y .

Hint. Rewriting the constraints in the standard way yields xC ≥ c, where c = (c1,−c2, c3,−c3) is a
linear function of the vector c = (c1, c2, c3).

h. Allow now further the pay-o� function of the polyhedral game to be bi-af�ne rather than
bi-linear, i.e. of the form (1; x) A (1; y). Then �v is piecewise bi-linear and concave convex in
(A0,·; c) and (A·,0; b) respectively.

Hint. Introduce uj and vi as additional parameters of the strategies of I and II, �xed by constraints

to the values A0,j and Ai,0 respectively: the pay-o� becomes u0v0+
∑
j≥1ujyj+

∑
i≥1 vixi+

∑
i,j≥1xiAijyj

and apply g).

Comment 3.12. In the case of polyhedral games, the solution set may have no extreme

points. Their analogue would be minimal faces, i.e. faces which are an a�ne subspace.

Comment 3.13. This case includes the general linear programming model (without restric-

tions), by taking a one-point polyhedron for one of the players.
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12. To illustrate the need for the internal point conditions in the separation theorems (cf.

1.19 above), even without continuity requirements and with the best other conditions, consider

the following example:

a. Denote by E = R[x] the vector space of polynomials in x with real coe�cients, ordered by

the positive polynomials being those whose coe�cient of highest degree is positive. The positive

cone P satis�es P [ (�P ) = E, P \ (�P ) = f0g � i.e. the order is total, yet, any non-negative

linear function is zero.

b. Deduce that, on any ordered �eld extension of the reals, there is no positive (i.e; non-

negative non-null) linear functional.

c. Show more generally, in part by the above argument, that this still holds for any ordered

�eld extension K of an ordered �eld K (viewed as an ordered K-vector space).

13. (Weyl, 1950) Give a direct proof of theorem 3.8 p. 27.

14. Jensen's inequality.
a. Let f be a convex function from Rn to R[f+1g, and X an integrable random variable

on (
;A ; P ) with values in Rn. Then
R
∗ f(X(!))P (d!) � f(E(X)). (Recall that

R
∗ denotes

lower integral, cf. 2.b p. 14.

Hint. Reduce �rst to the case where E(X) = 0 � and where X is not carried by any strict subspace.

In Rn×R, consider then the convex set C = { (x, t) | t ≥ f(x) } and any point (0, α) with α < f(0): both
are disjoint, there exists thus a linear functional ϕ and λ ∈ R such that ϕ(x) + λt ≥ λα for (x, t) ∈ C (if

C = ∅ there is nothing to prove), and ‖ϕ‖+ |λ| > 0. Note that λ ≥ 0, and if λ > 0 then f(x) ≥ α− 1
λϕ(x)

yields the desired inequality. So one can assume λ = 0, i.e. f(x) < ∞ ⇒ ϕ(x) ≥ 0. But since X is not

carried by any strict subspace, E(X) = 0 yields that P{ω | ϕ(X(ω)) < 0 } > 0, hence f(x) = +∞ on a

set of positive (inner) measure: the inequality will also hold, as soon as one obtains an integrable bound

for f−(x): for this, reduce again �rst to the case where zero is in the interior of {x | f(x) < +∞}, and
separate as above.

Comment 3.14. For C convex, let f(x) = 0 for x 2 C, = +1 otherwise, and obtain thus

ex. I.3Ex.10c p. 35. The same shows there would be no gain in allowing f to be de�ned only on

a convex subset of Rn.

b. Conditional versions.

Comment 3.15. For conditional versions, we need somewhat stronger measurability require-

ments � e.g., even in the framework of ex. I.3Ex.10c, we do not know whether, for an integrable

random variable X with values in a convex set C and B � A , E(X j B) 2 C with inner (or

even just outer) probability one. Thus:

i. Assume B � A , X is an integrable random variable on (
;A ; P ) with values in Rn,
and g(!; x) maps 
�Rn in R [ f+1g, is convex in x for each !, and is �-measurable, � being
the distribution of the random variable (!;X(!)) on (
;B) 
 (Rn, Borel sets). Assume also
g−(!;X(!)) is integrable. Then E[g(�; X(�)) j B](!) � g[!;E(X j B)(!)] a.s.

Hint. Show �rst that g(ω,X(ω)) is measurable, so both conditional expectations are well de�ned.

Let then (as in ex. II.1Ex.9 p. 60) µ(dx | ω) be a regular version of the conditional distribution of X given

B, chosen such that
∫ ‖x‖µ(dx | ω) < +∞ everywhere. Show that the measurability conditions on g

assure that E(g(·, X(·)) | B)(ω) =
∫
g(ω, x)µ(dx | ω) a.e. � and that the right-hand side is everywhere

well de�ned. By (A),
∫
g(ω, x)µ(dx | ω) ≥ g(ω, y(ω)), with y(ω) =

∫
xµ(dx | ω)(= E(X | B)(ω) a.e.).

ii. The measurability requirement on g can always be relaxed without changing the conclu-
sion by adding to B all negligible subsets of (
;A ; P ). Show however that one cannot add, on

�Rn, all negligible subsets of the distribution of (!;X(!)) in (
;A )
 (Rn; Borel sets). (The
�argument� �just replace 
 by 
�Rn with that distribution� does not work.)

Hint. Consider some g taking only the values 0 and +∞.
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iii. Show that the convexity assumption on g sub I.3Ex.14bi can be weakened to: g(!; x) has
a convex restriction to some convex set Cω, where, for some (and then for any) regular version
�(dx j !) of the conditional distribution of X given B, a.e. Cω has �(dx j !)-outer measure 1.

Hint. In the proof of I.3Ex.14bi, you must have shown that, a.e. g(ω, x) is µ(dx | ω)-measur-
able, so

∫
g(ω, x)µ(dx | ω) =

∫
Cω
g(ω, x)µ∗(dx), with µ∗(dx) being the trace of µ(dx | ω) on Cω,

(µ∗(B ∩ Cω) = µ(B | ω)). Apply thus (A) with (Cω, µ∗) as probability space, modifying g to +∞
outside Cω.

Comment 3.16. Versions like I.3Ex.14bi above will be needed in(ch. IX, sect. 2. A version

with varying Cω (like in I.3Ex.14biii) will be used in lemma 2.16 p. 283. For versions with values

in in�nite dimensional spaces (e.g. lemma 2.4 p. 275), one has to impose lower-semi-continuity of

the convex function, to use the Hahn-Banach theorem. Corresponding conditional versions (like

in the use of lemma 2.4 in lemma 3.4 p. 284) can often be obtained by the same technique as

above (regular conditionals) � e.g. in the present case, because a (Bochner) integrable random

variable with values in a Banach space has (a.e.) its values in a separable subspace, which is pol-

ish. (Other techniques involve using the same proof as in the unconditional case � e.g. when the

convex function is already the upper bound of a countable family of continuous linear functionals

�, or conceivably relying on versions of the martingale convergence theorem, approximating B

by an increasing sequence of countable partitions Bn, e.g. such that E(g(X) j B) is bounded on

each partition element, and using the lower semi-continuity in the right-hand side).

15. Real valued convex functions.

a. A real valued convex function on a polyhedron is u.s.c.

b. On the space of continuous, real valued convex functions on a compact polyhedron, the
topologies of point-wise convergence and of uniform convergence coincide.

Hint. Prove �rst, using the idea of I.3Ex.15a � plus compactness � that if fα → f point-wise,

then (fα− f)+ converges uniformly to zero. So one can assume fα ≤ f . Next, by Dini's theorem, gβ → f
uniformly, where gβ denotes the increasing �ltering family of all maxima of �nitely many a�ne functions
which are strictly smaller than f . Thus we can assume that f > 0, and it su�ces to show that fα ≥ 0 for
α ≥ α0. Let fα(xα) ≤ 0. Then with b an interior point, and yα = (1− ε)xα+ εb, we have fα(yα) ≤ εf(b).
Choose ε > 0 such that f(x) > εf(b) ∀x, and subtract εf(b) from f : we have f > 0, fα(yα) ≤ 0, and yα
is bounded away from the boundary. Thus, for M = maxx f(x), we can set ϕα the convexi�cation of the

function which is zero at yα and M elsewhere: ϕα ≥ fα so lim inf ϕα ≥ f > 0, and the ϕα are Lipschitz,

since yα is bounded away from the boundary. Conclude.

c. De�ne the �lower topology� on the space of convex R-valued functions on a convex set C
by the neighbourhood system Vε(f) = f g j "+g � f g. Show this de�nes a topology. Prove that,
if C is a compact, convex polyhedron and if a net of convex functions fα converges point-wise to
an u.s.c. function f , then fα ! f in the lower topology.

Hint. We claim that εα = maxp∈C[f(p)− fα(p)] converges to zero. We can prove this by induction

on the dimension, and hence assume that the maximum on the boundary converges to zero. Hence, if the

claim were not true we would have at least for some subnet, pα in the interior, and fα(pα) ≤ f(pα)− 3ε
for some ε > 0 (and hence f is �nite everywhere � hence bounded). Extracting a further subnet, we

can assume pα → p∞. Denote by f the (convex) extension by continuity of f from the interior to the

boundary [i.e., f(p∞) = limα→∞ f(pα)]. Let g be the (continuous) convexi�cation of the function with

value f(p∞)− 2ε at p∞, and f elsewhere. Denote by q∞ some interior point with g(q∞) < f(q∞)− ε: we
have q∞ = tq + (1 − t)p∞, with 0 < t < 1, q interior, and tf(q) + (1 − t)[f(p∞) − 2ε] < f(q∞) − ε. Let
qα = tq+(1−t)pα : qα → q∞, by convexity fα(qα) ≤ tfα(q)+(1−t)fα(pα) ≤ tfα(q)+(1−t)f(pα)−3(1−t)ε,
and the right-hand member converges to tf(q) + (1 − t)f(p∞) − 3(1 − t)ε, hence for α su�ciently large

fα(qα) ≤ tf(q) + (1 − t)[f(p∞) − 2ε] < f(q∞) − ε. But the sequence qα → q∞ being compact in the

interior, is included in some compact, convex polyhedron P in the interior of C. On P , the functions fα
and f are continuous, hence fα → f implies that fα → f uniformly on P (by I.3Ex.15b), contradicting

our inequality which implies that, for α su�ciently large, fα(qα) < f(qα)− ε.
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4. Equilibrium points

Theorem 4.1. (Nash, 1950)(Glicksberg, 1952) Let S1, . . . , Sn be compact topolo-
gical spaces, F 1, . . . , F n continuous real valued functions on

Qn
i=1S

i. Then, using regular
probability measures for mixed strategies, there exists an equilibrium point.

The same result holds true in pure strategies if the sets Si are compact convex
subsets of locally convex linear spaces and if, for every i and every real α, the sets
Aα(sj)j �=i = f si j F i(s1, . . . , sn) � α g are convex.

Proof. There is no loss in assuming the Si
to be Hausdor�: �rst map Si

to its com-

pact Hausdor� image S
i
in the space of continuous Rn

-valued functions on
Q

j �=iS
j
do the

proof on the S
i
, and �nally extend the resulting σi

on S
i
to regular probability measures

σi
on Si

� such extensions always exist. Let Σi
be the (convex) set of all regular prob-

abilities on Si
, endowed with the (compact) topology of weak convergence. Let Φi

be the

real valued function de�ned on Σ =
Q

iΣ
i
by Φi(σ1, . . . , σn) =

R
∏

j S
j F

id
Q

j σ
j
. Obviously,

Φi
is multilinear. It is continuous by 1.15 p. 7. So Σ1, . . . ,Σn

and Φ1, . . . ,Φn
satisfy the

conditions of the second part of the theorem. Thus there remains only to prove it.

Let T be the best reply correspondence:

T (s1, . . . , sn) =
Y

i=1
f s̃ 2 Si j F i(s1, . . . , si−1, s̃, si+1, . . . , sn)

= max
s∈Si

F i(s1, . . . , si−1, s, si+1, . . . , sn) g .

We know that T (s1, . . . , sn) is a non-empty, compact and convex subset of S =
Q

iS
i
.

Further the continuity of the F i
ensures that T has a closed graph (i.e., G = f (s, t) 2

S2 j t 2 T (s) g is closed in S2). By Fan's �xed point theorem (Fan, 1952) (cf. also Glicks-

berg (1952), and ex. I.4Ex.17 p. 47), the mapping T has a �xed point. This �nishes the

proof. �

Exercises.

1. Symmetric equilibria.
a. (Nash, 1951) In the �nite case, prove the existence of an equilibrium invariant under all

symmetries of the game, i.e., permutations of the player set accompanied by one-to-one mappings
between the pure strategy sets of corresponding players, leaving the pay-o� functions (or merely
the best reply correspondence) invariant.

Hint. Let X be the set of symmetric n − tuples of mixed strategies (i.e., invariant under all above

symmetries of the game). Prove that X is convex, compact and non-empty. Show that the set of best

replies to a point in X intersects X (consider its barycentre).

b. Under the conditions of theorem 4.1 p. 39, assume that Si = S and F i(s1; : : : ; sn) =

F θ(i)(sθ(1); : : : ; sθ(n)) for all i and all � permutation on f1; : : : ; ng. Prove that there exists a sym-

metric equilibrium. (Use Fan's theorem on �(�) = f� j F 1(�; �; : : : ; �) � F 1(�′; �; : : : ; �); 8�′ g).

2. Under the assumptions of theorem 4.1, show that, if for some player i, F i is �strictly con-

cave-like�, i.e. any convex combination of two distinct pure strategies of him is strictly dominated

by one of his pure strategies, then he uses a pure strategy in any equilibrium point.

3. Let S and T be two compact topological spaces, f(s; t) a continuous real valued function

on S � T . Deduce the minmax theorem for f(s; t) from theorem 4.1.

4. The manifold of Nash equilibria. (Kohlberg and Mertens, 1986)
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a. We assume �nite strategy sets Si, and keep the notations of theorem 4.1. Let �i = RS

(space of pay-o� functions of i), then � =
Q

i�
i is the space of games. Let also E = f (G; �) 2

� � � j � is an equilibrium of G g (the equilibrium graph). Denote by L the one-point com-

pacti�cation of a locally compact space L, and by p : E ! � the continuous extension of the
projection p : E ! � with p(1) =1. Prove that p is homotopic to a homeomorphism (under a
homotopy mapping 1 to 1 and E to �).

Hint. Let T i =
∏
h �=iS

h; reparameterise Γi, the set of all Si × T i-pay-o� matrices Gis,t by

Gist = G̃is,t+gis with
∑
t G̃

i
st = 0; letting zis = σis+

∑
t∈T iGis,t

∏
j �=iσ

j
tj, (G̃, z) can be viewed as belonging to

Γ. Show that (G, σ) → (G̃, z) is a homeomorphism φ from E to Γ (let vi = min{α |∑s∈si(zis−α)+ ≤ 1 },
then σis = (zis − vi)+ and gis = zis − σis −

∑
t∈Ti

G̃is,t
∏
j �=iσ

j
tj). Then pt(G, σ) = (G̃, tz + (1 − t)g), and

pt(∞) = ∞, is the desired homotopy; for the continuity at ∞, show that
∥∥z − g

∥∥ ≤ ∥∥G̃∥∥ + 1 in the

maximum norm.

b. Deduce that the number of equilibria is generically �nite and odd.

5.

a. Assume the sets Si are �nite, and the functions F i have values in an ordered �eld K. If

N > 2, assume K is real closed. Show that theorem 4.1 p. 39 remains valid, the �i being a vector

(pi1; : : : ; p
i
#Si) 2 K#Si

such that pis � 0 and
P

s∈Si pis = 1.

Hint. cf. sect. 3 p. 26.

Comment 4.1. This implies the result of sect. 3 (cf. ex. I.4Ex.3).

b. In the following three-person game with integral pay-o�s (I chooses the rows, II the

columns, III the matrix): �
0; 0; 0 2; 1; 2
1; 2; 2 0; 0; 0

� �
2; 0; 1 1; 1; 0
0; 1; 1 0; 0; 0

�
there is a unique equilibrium with irrational pay-o�.

Hint. Consider the golden number as probability of the �rst strategy, and as pay-o�.

c. The symmetric three-person game�
0; 0; 0 2; 1; 2
1; 2; 2 0; 0; 0

� �
2; 2; 1 0; 0; 0
0; 0; 0 1; 1; 1

�
has 9 di�erent equilibria, of which 3 are symmetric, 4 are pure and 2 are completely mixed with

the same pay-o�.

6. Under the assumptions of theorem 4.1 or of ex. I.4Ex.5, show that the support of �i is

contained in the closed set of pure best replies:

f s 2 Si j
Z
∏

h�=iS
j

F i(s1; : : : ; si−1; s; si+1; : : : ; sn) d
Y

h�=i
�h =

max
s̃∈Si

Z
∏

h�=iS
h

F i(s1; : : : ; si−1; ~s; si+1; : : : ; sn) d
Y

h�=i
�h g :

In particular, the �h (h 6= i) are �equalising� for all pure strategies which are in the support of

�i.

7. Linear complementarity problem. This concerns the computation of equilibria of bi-

matrix games and related problems in operations research (cf. Lemke and Howson (1964) for

corresponding algorithms).
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a. Reduction to symmetric games. Let (A;B) be a bi-matrix game. Add constants to the

pay-o�s such as to have maxxminy xAy > 0, maxyminxxBy > 0, (i.e., each player can guarantee

himself a positive amount). Denote by (S; St) the symmetric game

�
0; 0 A;B
Bt; At 0; 0

�
. Show that

there is a one-to-one correspondence between equilibria of (A;B) and symmetric equilibria of

(S; St).

b. Let T = K � S, for some constant matrix K larger than the pay-o� x S x of any sym-

metric equilibrium x of S. In terms of T , the symmetric equilibria of S are characterised by the

linear complementarity problem, denoting by z a symmetric equilibrium strategy x divided by

xT x:

Tz = ~1 + u; z � 0; u � 0; hz; ui = 0

�~1� being a column of ones. Show that our assumption on K can be rewritten in terms of T as:

Tz+� z− = ��~1; � � 0) z = ��~1:
c. Denote by S the class of n�n-matrices S such that, for some non-negative, non-singular

diagonal matrix D, one has

z � 0; z 6= 0) zt(SD)z > 0:

i. Show that, if D1 and D2 are non-negative, non-singular diagonal matrices, then S 2 S )
D1SD2 2 S , and St 2 S .

ii. S contains all sums of a positive de�nite matrix, a non-negative matrix and an anti-

symmetric matrix.

iii. For T 2 S , the condition sub I.4Ex.7b is satis�ed.

iv. For T 2 S , let F : x! Tx+�x−. Show that F (Rn) contains the interior of the positive
orthant.

Hint. Use I.4Ex.7ci to perform a rescaling from the result of I.4Ex.7b.

d. A direct approach, compare with ex. I.4Ex.4. For T 2 S , the map F : x! Tx+�x− (with
F (1) =1) is of degree one (homotopic to the identity); in particular F (Rn) = Rn.

Hint. For Ft : x→ (1−t)x+tF (x) to be a homotopy, one needs that ∀M, ∃K : ‖x‖ ≥ K ⇒ ‖Ft(x)‖ ≥
M, ∀t ∈ [0, 1]. By homogeneity (and extracting subsequences), this is equivalent to Ft(x) = 0 ⇒ x = 0,
i.e. to [x ≥ 0, xtx = 1, Tx ≥ (xtTx)·x] ⇒ xtTx > 0 or equivalently x− = (T + λI)x+, λ ≥ 0 ⇒ x = 0,
which clearly holds for T ∈ S . More generally, this holds for all matrices in the connected component

of I in the open set of matrices M satisfying Mx+ = x− ⇒ x = 0. [Same argument: Prove openness dir-
ectly, and use semi-algebraicity to deduce the equivalence of connectedness with pathwise connectedness,

and the existence of �nitely many connected components]. Show that there is more than one connected

component (consider −I, at least for n odd.).

e. By rescaling, I.4Ex.7b implies that if Fi(z) < 0; 8i implies zi < 0; 8i, and if F (z) = 0
implies z = 0, then F (z) = a has a solution whenever ai > 0; 8i. Verify that the condition

x− = (T + �I)x+, � � 0) x = 0 sub I.4Ex.7d above is weaker.

f. The above existence result remains true over any ordered �eld.

8. Let K be a real closed �eld. Call a subset A of K� bounded if there exists m 2 K such

that, for all x 2 A, x = (x1; : : : ; x�), for all i (1 � i � `), jxij � m. Call a semi-algebraic subset

of K� closed if it can be described using only weak inequalities (i.e. � or �).
Assume each set Si is a closed bounded semi-algebraic subset of K�i, which is a union of

closed algebraic subsets Ai
j ( j = 1; : : : ; ni). Assume the restriction of each F i to

Qn
i=1A

i
ji
(for

all ji: 1 � ji � ni) is a polynomial in the coordinates with coe�cients in K. Show that the

game has an equilibrium point in algebraic strategies, i.e. mixed strategies with �nite support,

the weights of the distinct points in the support being in K (i.e. as in ex. I.4Ex.5).
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Hint. Use �rst cor. 3.6 p. 27 to reduce the problem to the case K = R. Show then that the as-

sumptions of theorem 4.1 p. 39 are satis�ed, so that there exists an equilibrium point in mixed strategies

µ1, . . . , µn. Note then that the restriction of µi to Aij intervenes only through a �nite number of its

moments, so (ex. I.3Ex.10 p. 34) each µi may be taken with �nite support (with at most N points, N
depending only on the number of Aij's and on the degrees of the polynomials appearing in the F j's �
this is needed to justify the use of Tarski's theorem).

9. (Gross, 1957) Let S = T = [0; 1], and let f(s; t) =
P∞

n=0 2
−n[2sn� (1� s

3)
n� ( s3)

n][2tn�
(1� t

3)
n� ( t3)

n]. Show that f(s; t) is a rational pay-o� function without singularities on the unit

square, i.e. can be written as the ratio of two polynomials with integer coe�cients in s and t,
the denominator of which vanishes nowhere in the unit square.

Show that the value of the corresponding two-person zero-sum game is zero, and that both
players have the Cantor distribution C(x) as unique optimal strategy.

Hint. Note that C(x) is the unique monotone solution of C(x) + C(1− x) = 1 and C(x) = 2C(x3 ).
Deduce that, for any continuous real valued function h(x),

∫ 1

0
[2h(x)−h(1− x

3 )−h(x3 )] dC(x) = 0. There
only remains to show the uniqueness of the solution. Let µ be any optimal strategy of player I. Then∫ 1

0
f(s, t)µ(ds) is an analytical function of t (integrate the series term by term) that has to vanish on the

(in�nite) support of the Cantor distribution: it vanishes everywhere. Thus
∫ 1

0
f(s, t) µ(ds) µ(dt) = 0 =∑∞

0 2−n(µn)2, so that, for all n,
∫ 1

0
[2sn − (1− s

3 )
n− ( s3 )

n] µ(ds) = µn = 0. This determines inductively
in a unique way all moments

∫ 1

0
sn µ(ds) (n ≥ 1), and thus the distribution µ itself.

Comment 4.2. This shows that the solution may be a singular continuous distribution.

Glicksberg and Gross (1953) show how to construct rational games over the square whose solu-

tions are purely atomic and have dense support. In view of the importance of the possibility

of reducing to mixtures with �nite support in the proof of ex. I.4Ex.8, it is not surprising to

�nd (Glicksberg and Gross, 1953) the following example of a rational game over the square with

transcendental value, which therefore de�nitely excludes the possibility of an algebraic solution

of rational games.

10. Let S = T = [0; 1], and f(s; t) = (1 + s)(1 + t)(1� st)=(1 + st)2.
Show that the value of the corresponding two-person zero-sum game is 4=�, and that each

player's optimal strategy is given by the cumulative distribution function on [0; 1]: F (x) =
4
π arctan

p
x.

11. Can you get similar results to ex. I.4Ex.8 that would include Karlin's 1959 �Generalised

Convex Games� and/or �Bell-shaped Games�.

12. Bertrand Competition. Two �rms compete in price over the sale of a product. As-

sume that production costs are zero (if only by subtracting mentally a constant from prices).

Assume the demand D(p) at any price p � 0 satis�es 0 � D(p) < +1, and lim supq<→pD(q) �
D(p) � lim supq>→pD(q) for p > 0. Typically the demand is decreasing, which implies those rela-

tions. We also assume that demand is not identically zero in a neighbourhood of zero. The �rm

announcing the lowest price serves the whole demand, at that price. If the announced prices are

equal, consumers decide indi�erently what share of their demand to allocate to each �rm. Pro�t

is pd, if p is the announced price and d the demand served, and �rms want to maximise expected

pro�ts.

a. Show that (0; 0) is a Nash equilibrium.

b. Let G(p) = maxq≤p qD(q). Show that G(p) is continuous, except possibly at p = 0.

c. Show that f p j pD(p) < G(p) g is a countable union of disjoint intervals, open on the

right.

d. For any Nash equilibrium, denote by �i the expected pro�t of player i, and by Fi(p) the
probability that his announced price is � p, i.e. Fj(p) = �j([p;+1[).
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i. Show that, if �1 = 0 or �2 = 0, we have only the equilibrium sub I.4Ex.12b.

Henceforth we assume �1 > 0, �2 > 0.
ii. Show that �1 < +1 and �2 < +1.

iii. Show that Fi(p) � �jH(p); 8p, with H(p) = 1=G(p) (i 6= j).

iv. Let Tj = f p j Fi(p) = �jH(p) g. Show that Tj is closed, except possibly at zero, and

that �j(Tj) = 1.

e. Show that T1 = T2(= T ).

Hint. The complement of T1 is a countable, disjoint union of open intervals ]αk, βk[, (with possibly

β1 = +∞), plus either {0} or [0, β0[. On ]αk, βk[ � and on ]0, β0[ � we have F1(p) = F1(βk) ≤ π2H(βk)
(with F (∞) = H(∞) = 0 by convention), and π1H(p) > F2(p) ≥ F2(βk) = π1H(βk). Thus

π2H(p) > F1(p) hence ]αk, βk[∩T2 = ∅. And certainly 0 /∈ T1, 0 /∈ T2.

f. Show that any Nash equilibrium is symmetric (thus �1 = �2 = �, �1 = �2 = �,
F1 = F2 = F ).

Hint. Let H̃(p) = sup{H(q) | q ∈ T, q ≥ p }, with sup(∅) = 0. By I.4Ex.12d and I.4Ex.12e,

Fi(p) = πjH̃(p). And Fi(0) = 1.

g. Show that any Nash equilibrium (other than (0; 0)) is nonatomic.

Hint. By I.4Ex.12f every atom is common to both players, and is > 0. Use then Bertrand's �under-

cutting� argument.

h. Conclude that either T = [a;+1[ with a > 0 or T =]0;+1[. In particular, let

G(p) = G(p) for p > 0, G(0) = limε>→0G("), then F (p) = 1 ^ (G(a)=G(p)) for some a � 0

with 0 < � = G(a) < +1.

i. Conclude that, for the existence of equilibria 6= (0; 0), one needs both G(1) =1 � i.e.

lim supp→∞ pD(p) = +1 � and G(0) < +1 � i.e. lim supp→0 pD(p) < +1.

j. Show that, for any F (p) as sub I.4Ex.12h, one has

(1) (pD(p))F (p) � �; 8p � 0 and

(2) �f p j (pD(p))F (p) < � g = 0.

Hint. For the second point, use I.4Ex.12c.

k. Deduce from I.4Ex.12j that the condition sub I.4Ex.12i is also su�cient: any such F is

an equilibrium, hence the equilibria di�erent from (0; 0) are under that condition in one-to-one

correspondence with the pro�t levels � > 0, � � lim supp→0 pD(p).
In particular, if possible pro�ts are bounded in this market, there is a unique equilibrium,

(0; 0), which involves strategies that are dominated by every other strategy. The next exercise

considers better behaved examples of the same situation.

13. Variations on Bertrand Competition.

a. Players I and II choose respectively x and y in [0; 1], and get respectively as pay-o�s

f(x; y) = y2x=(2x2+ y2) and f(y; x).
i. The pay-o� is continuous, even Lipschitz.

ii. Show that (0; 0) is the unique Nash equilibrium.

Hint. Observe that, for y > 0 �xed, f(x, y) decreases after its maximum at y/
√
2 < y. Do not forget

any type of mixed or mixed versus pure equilibrium.

iii. Yet those strategies are dominated by every other strategy: for any other mixed strategy

of the opponent any other mixed strategy of the player is strictly better than the equilibrium

strategy.
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b. Show that, in any game with continuous pay-o� function on compact metric strategy
spaces, there is some equilibrium whose strategies are limits of undominated strategies. [In par-
ticular, the above example of Bertrand's �undercutting� argument is probably the best known
case of a limit of undominated points being dominated, cf. also ex. I.3Ex.7 p. 33.]

Hint. Show that each player has a strategy with full support. Show that the perturbed game where

each player's choice is played with probability 1 − ε, (independently of the other players), while a �xed

strategy with full support is played otherwise �, satis�es the usual conditions for existence of equilibria.

Then let ε→ 0.

c. Show that no example like sub I.4Ex.13a is possible with polynomials � or more gener-
ally with separable pay-o�s f(x; y) =

Pn
1 gi(x)hi(y) (when the gi and hi are continuous functions

on compact strategy spaces): there cannot exist a unique equilibrium which is dominated by
every other strategy.

Hint. The requirement implies the equilibrium is pure � say (x0, y0). Subtract f(x0, y) from player

I's pay-o� f(x, y), and similarly for II's pay-o�s: this preserves the separability, and the equilibria: we

have now, with ϕy(x) = f(x, y), ϕy(x0) = 0, ϕy0(x) = 0, ϕy(x) ≥ 0, and ‖ϕy‖ > 0 for y �= y0 (if ‖ϕy‖ = 0,
(x0, y) would be another equilibrium, since ψx0(y) = 0). The functions ϕy vary in a �nite (n)-dimensional
space, where all norms are equivalent, and where the unit sphere is compact: construct thus a new game

with I's pay-o� function G(x, y) = [ϕy(x)]/ ‖ϕy‖, for y �= y0, and take for strategy space of player II the
closure of those functions (for computing player II's pay-o�, points in the closure are sent to y0). Do

now the same with the pay-o� function of II. The new game is still continuous (on compact strategy

spaces), but now since maxxG(x, y) = 1, ∀y, player I's minmax pay-o� is > 0 (strategy with full sup-

port). Hence an equilibrium of this game assigns zero probability to x0 and to y0 (G(x0, y) = 0). By the

separability, the equilibrium can be chosen with �nite support (ex. I.3Ex.10 p. 34). Reconstruct from this

an equilibrium of the original game, with same support.

d. Let F1(x; y) = y[x3 � (1 + 2y)x2 + (2y + 1
2y
2)x], F2(x; y) = F1(y; x) ((x; y) 2 [0; 1]2) be

the pay-o� functions of players I and II. As polynomials, the pay-o�s are a bi-linear function of

the �rst 3 moments (�1; �2; �3) (�
i =

R 1
0 x

i�(dx)) of the strategy � of I, and of (�1; �2; �3), given
by the pay-o� matrix: 0@

�1 �2 �3

�1 0; 0 2;�1 1=2; 1
�2 �1; 2 �2;�2 0; 0
�3 1; 1=2 0; 0 0; 0

1A
where (�1; �2; �3) and (�1; �2; �3) are to be selected in the compact convex �moment space� C in

R3 given by

C = f (�1; �2; �3) j �22 � �1�3; (�1� �2)
2 � (1� �1)(�2� �3)together with 0 � �3 � 1 g

Show that indeed C = f
R 1
0 (x; x

2; x3)�(dx) j � 2 �([0; 1]) g.
Hint. A direct proof may go by characterising by hand the supporting a�ne functionals, hence the

extreme rays of the cone of third degree polynomials which are non-negative on [0, 1].
Alternatively, write a polynomial as At·X � all vectors being column vectors, with A the vector of

coe�cients and X the successive powers of the variable x. Then AtXXtA is the square of a polynomial,

hence non-negative; since µ is carried by [0, 1], this remains true if XXt is multiplied by powers of x
and/or of 1 − x, yielding a matrix Y . Thus the expectation of Y is positive semi-de�nite. Hence the

validity of the inequalities.

Conversely, observe �rst that on C, we have 0 ≤ µ3 ≤ µ2 ≤ µ1 ≤ 1; and that {µ ∈ C | µ2
2 = µ1µ3 }

is the set of convex combinations of (0, 0, 0) and a point on the curve (x, x2, x3) � and similarly for the

other inequality and the point (1, 1, 1). Conclude that the whole of C belongs to the convex hull of the

curve.

More generally, the converse may go by showing that the polynomials we considered span indeed the

cone of polynomials non-negative on [0, 1]: polynomials who are non-negative on [0, 1] can be factored in

a product of quadratic factors which are everywhere non-negative, and of linear factors which are of the
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form (x+ a) or (a+ 1− x) for a ≥ 0. Decompose the quadratic factors as sums of two squares, and the

linear factors into the sum of the constant non-negative polynomial a (a square) and either x or 1 − x:
our whole polynomial is now rewritten as a sum of products of a square with powers of x and of 1− x.

e. Show that the game de�ned sub I.4Ex.13d has a unique Nash equilibrium, (0; 0), while
strategy 0 is dominated by 1, with strict inequality for all strategies of the opponent di�erent
from the equilibrium strategy.

Hint. The dominance is clear. The statement does not depend on the factor y in F (x, y). Let

ϕy(x) = F1(x, y)/y. For y > 0, ϕ′
y(0) > 0, ϕ′

y(y) < 0, there is a local maximum x(y) in ]0, y[, with
ϕy(x(y)) > ϕy(y). Also ϕy(y) − ϕy(1) ≥ 0 � thus x(y) < y is the global maximum. By symmetry,

conclude that there is no equilibrium where one player's strategy is pure and �= 0. And if the pure

strategy is zero, since it is as good a reply as 1, it means the opponent also uses zero with probability

one. Thus there only remains to consider equilibria where no player uses a pure strategy. For any such

strategy of II, player I's pay-o� function is of the form Ax3 + Bx2 + Cx, with A > 0, C > 0: thus

if the maximum is not unique, it is a set of the form {x0, 1} with 0 < x0 < 1. Thus also II uses a

mixture on {y0, 1} with probabilities q and 1 − q, with 0 < y0 < 1, 0 < q < 1: in player I's pay-o�
we have B = −1 − 2(qy0 + 1 − q). On the other hand, since I is indi�erent between x0 and 1, we have
Ax3+Bx2+Cx = (x−x0)2(x−1)+ constant, hence B = −1−2x0. Thus x0 > y0 � and dually y0 > x0.

f. In

�
x; 0 �x2; x 0; 0
0; 1 0; 0 1; 0

�
player I also has to choose x 2 [0; 1] if he selects the top row.

This game also has a unique Nash equilibrium, where player I uses a dominated strategy. Further

the game is �almost strictly competitive�: the unique equilibrium strategies are also dominant

strategies in the game where each player would instead try to minimise his opponent's pay-o� �

thus we are as close to the zero-sum situation and to �nite games as one could possibly get (cf.

I.4Ex.13g and I.4Ex.13h)). But the game no longer has the �avour of Bertrand's �undercutting�,

player II's strategy is not dominated (cf. I.4Ex.13b and I.4Ex.13g), and the dominating strategy

of player I is no longer strictly better for every strategy di�erent from the equilibrium strategy

(cf. I.4Ex.13i).

Remark 4.3. As de�ned by Aumann (1961a), �almost strictly competitive� means:

� equilibrium pay-o�s in (g1; g2) and (�g2;�g1) are the same

� the sets of equilibria in (g1; g2) and (�g2;�g1) intersect.
Then there exists (s; t) such that s realises maxsmin g1 and minsmax g2 (and similarly for t). s is
not a dominant strategy.

g. If player I has a �nite strategy set, his set of undominated mixed strategies is closed and is

a union of faces. Indeed, if � is dominated, say by ~�, then any convex combination ��+(1��)�
(0 < � < 1) is also dominated by �~� + (1 � �)� . Thus, in a �nite dimensional vector space

ordered by an arbitrary positive cone, the set of admissible points of a compact polyhedron is a

union of faces (Cf. Arrow et al., 1953).

h. In the zero-sum situation, say under the assumptions of Theorem 2.6 p. 17, there always
exist undominated optimal strategies.

Hint. Under those assumptions, show that every strategy is dominated by an undominated strategy.

(Use Zorn's lemma or an equivalent).

i. If player II's strategy set is �nite, player I's is compact, and the pay-o� continuous, and
if there is an equilibrium where I's strategy is dominated by another one which is strictly better
for every strategy of II di�erent from the equilibrium strategy, then there is another equilibrium.

Hint. Since player I maximises, the dominating strategy will then dominate a neighbourhood of his

equilibrium strategy. Apply then I.4Ex.13b, only II's strategy has to be perturbed.

14. (Dasgupta and Maskin, 1986) Let Si = [0; 1] for all i and let F be a �nite family of

one-to-one continuous mappings from [0; 1] to [0; 1]. Let A(i) = f s j 9j 6= i; 9f 2 F : sj = f(si) g.
Assume that F i is continuous on {B(i) for all i, with B(i) � A(i).
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a. De�ne Gn as the initial game restricted to Si
n = f k=n j k = 0; 1; : : : ; n g for all i and

let �n be a corresponding equilibrium such that �n converges (weak�) to �� and F i(�n) converges

to some F i, i = 1; : : : ; n. Prove that there are at most countably many points si such that

F i(si; ��−i) > F i. (Prove �rst that for such an si one has � −i(f s−i j (si; s−i) 2 Ai g) > 0 and that

this implies: 9j 6= i, 9f 2 F , �j(f(si)) > 0).

b. Assume moreover
Pn

i=1F
i u.s.c. and that each F i satis�es, for all si 2 Bi(i):

9� 2 [0; 1] such that for all s−i with s = (si; s−i) 2 B(i), � lim infti↗siF
i(ti; s−i) + (1 �

�) lim infti↘siF
i(ti; s−i) � F i(s). Prove that �� is an equilibrium with pay-o� F .

c. Extend the result to Si compact convex in some Rm.

d. Consider the two-person symmetric game with

F 1(s1; s2) =

(
0; if s1 = s2 = 1;

s1; otherwise.

(Note that F 1+ F 2 is not u.s.c. at (1; 1)).

15. Fictitious Play. (Robinson, 1951) �Fictitious play� is the procedure where each player

chooses at every stage a best reply against the distribution of his opponent's past choices. We

prove here that, for zero-sum games, the frequency of moves converges to the optimal strategies.

Given an m � n real pay-o� matrix A, write Ai for the row i and Aj for the column. Call

admissible a sequence (�(t); �(t)) in Rn�Rm, t 2 N satisfying:

(1) infj �j(0) = supi�i(0).
(2) 8t 2 N;9i : �(t+ 1) = �(t) +Ai, with �i(t) = supk �k(t).
(3) 8t 2 N;9j : �(t+ 1) = �(t) +Aj, with �j(t) = infk�k(t).

Say that i (resp. j) is useful in (t1; t2) if there exists t in N with t1 � t � t2 and �i(t) = supk �k(t)
(resp. �j(t) = infk�k(t)).

a. Prove that if all j are useful in (s; s+ t) then:

sup
j
�j(s+ t)� inf

j
�j(s+ t) � 2t kAk :

De�ning �(t) as supi�i(t)� infj �j(t), prove that if all i and j are useful in (s; s+ t), then:

�(s+ t) � 4t kAk :
b. Prove by induction that for every matrix A and " > 0, there exists s in N such that

�(t) � "t for all t � s and all admissible sequences.

Hint. Let r be such that µ′(t) ≤ εt for all t ≥ r and all admissible sequences associated to a

(strict) submatrix A′ of A � with corresponding µ′. Prove that if i is not useful in (s, s + r) one has
µ(s+ r) ≤ µ(s) + εr. Finally given t = qr + s with s < r, let p be the largest integer ≤ q such that all

i, j are useful in ((p− 1)r+ s, pr+ s), and 0 if this never occurs. Show that µ(t) ≤ µ(pr+ s) + ε(q − p)r
and conclude.

c. Prove that for all admissible sequences:

lim
t→∞(supi

�i(t)=t) = lim
t→∞(infj

�j(t)=t) = v(A)

(where v(A) is the value of A).

16. (Shapley, 1964) Consider �ctitious play in the following two-person game: S1 = S2 =
f1; 2; 3g

F1 =

0@a1 c2 b3
b1 a2 c3
c1 b2 a3

1A F2 =

0@�1 1 �1
�2 �2 2
3 �3 �3

1A
with ai > bi > ci and �i > �i > i for all i.
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a. Assume the �rst choice is (1; 1). Prove that after a sequence of (1; 1) a sequence of (1; 3)
will occur followed by a sequence of (3; 3) then of (3; 2); (2; 2); (2; 1) and (1; 1) again.

b. Denote by r11 the length of a sequence of (1; 1) and by r13 the length of the following

sequence of (1; 3). Show that r13 � r11(a1 � c1)=(a3 � b3) and deduce inductively, if r′11 is the
length of the next sequence of f1; 1g that:

r′11 �
Y

i

�
ai� ci

ai� bi

��
�i� i

�i� �i

�
r11:

c. Deduce that the empirical strategies do not converge. Furthermore, no subsequence

converges to the (unique) equilibrium pair.

17. On �xed points. Note that the quasi-concavity assumption in theorem 4.1 p. 39 was

not used in its full force � only the convexity of the best reply sets was used. But even this is

too much: given an upper semi-continuous correspondence T from a compact convex set S to

itself, the condition for T to have a �xed point should be purely topological. This is the aim of

the present exercise. In fact, it will be more convenient to argue in terms of a compact Hausdor�

space X (e.g. the graph of T ), together with two (continuous) maps f and g from X to S (e.g.,

the two projections). We look then for a solution of f(x) = g(x), and the best reply sets are the

sets f−1(s).
We assume also that S is Hausdor�, that f is onto and that ~Hq(f−1(s)) = 0 for all q � 0

and s 2 S, where ~H denotes reduced �ech-cohomology with coe�cients in a module G (Spanier,

1966). We express this condition shortly by saying that f is (G)-acyclic, this is a purely topolo-

gical condition on the best reply sets, satis�ed as soon as each of them is contractible (homotopy

invariance). Similarly we call an upper semi-continuous correspondence � from X to S acyclic

if the projection from its graph to X is so, i.e., if 8x 2 X, ~Hq(�(x)) = 0 and �(x) 6= ;.
a. Prove that, when S is a �nite dimensional convex set, there exists a solution (of

f(x) = g(x)).

Hint. Denote by ∂S the boundary of S, and let ∂X = f−1(∂S). Apply the Vietoris-Begle mapping

theorem (Spanier, 1966, VI.9.15) to f : X → S and to f : ∂X → ∂S to conclude by the ��ve lemma�

(Spanier, 1966, IV.5.11) and exactness (Spanier, 1966, V.4.13) that f : (X, ∂X) → (S, ∂S) is an iso-

morphism in �ech-cohomology. If f(x) �= g(x) for all x, construct (as in Spanier, 1966, IV.7.5) a map

f̃ : X → ∂S which is homotopic to f . Conclude to a contradiction.

b. To show that acyclic maps are the �right� class of maps for this problem, prove that if
f : X ! Y and g : Y ! Z (all spaces compact) are (G)-acyclic, so is g Æ f .

Hint. Clearly g ◦ f is onto. Let S = g−1(z) : H̃q(S) = 0. Since f as a map from X̃ = f−1(S) to S
is acyclic, f∗ : H̃q(S) → H̃q(X̃) is an isomorphism (cf. a)): H̃q(X̃) = 0 for all sets X̃ = (g ◦ f)−1(z).

c. A continuous a�ne map f on a compact convex subset X of a Hausdor� topological
vector space is acyclic to f(X).

Hint. Use the above mentioned contractibility criterion.

d. Assume S is a compact convex subset of a topological vector space, such that points of
S are separated by continuous a�ne functionals on S � shortly henceforth: a compact convex
set. Prove that there exists a solution.

Hint. By the separation property on S and compactness of X it su�ces to show that (p ◦ f)(x) =
(p ◦ g)(x) has a solution for every continuous a�ne map p : S → Rk. Use I.4Ex.17b and I.4Ex.17c to

show that p ◦ f and p ◦ g satisfy the conditions sub I.4Ex.17a.
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e. If S is a retract of a compact convex set Y , there exists a solution.

Hint. The assumption means that there are continuous maps i : S → Y and r : Y → S such that

(r ◦ i)(s) = s, ∀s ∈ S. Let then X̃ = { (x, y) ∈ X × Y | f(x) = r(y) }; denote by p1 and p2 the two

projections, and apply I.4Ex.17d to f̃ = p2 and g̃ = i ◦ g ◦ p1.
At this stage we have a purely topological statement. To see that those are the right assump-

tions, note that the statement remains true, but without additional generality, if g is replaced

by an acyclic correspondence � from X to S. Slightly more generally, since f−1 is an acyclic

correspondence from S to X, we have:
f. Let Xi (i = 0; : : : ; n) be compact Hausdor� spaces, with X0 = Xn being a retract of a

compact convex set. Let �i(i = 1; : : : ; n) be (G)-acyclic correspondences from Xi−1 to Xi. Then
their composition � has a �xed point x 2 �(x). [(�1 Æ �2)(x0) =

S
x1∈Γ1(x0)

�2(x1)].

Hint. Let Yj = { (x0, . . . , xj) ∈
∏
i≤jXj | xi ∈ Γi(xi−1) for 0 < i ≤ j }, with projection fj to Yj−1.

Then the fj are acyclic, hence I.4Ex.17b so is their composition f : Yn → X0. Let also g : Yn → Xn(= X0)
denote the projection to the last coordinate, and apply I.4Ex.17e.

This proof shows, in other words, that the class of correspondences which are the composition

of a (G)-acyclic correspondence with a continuous map is stable under composition.

g. Reverting to our context of games, use Künneth's formula (Spanier, 1966, VI.Ex.E) to

show that, if G is a �eld, the best reply correspondence will be acyclic if and only if any best

reply set B of any single player satis�es ~Hq(B) = 0.

Comment 4.4. The above appears as the �correct� formulation for this type of �xed point

theorem. Nevertheless, one sees that the crux of the problem lies in the case where S is an

n-dimensional compact convex set; and there the assumption on f is only used to ensure that

the map f∗ from ~Hn(S; @S) to ~Hn(X; @X) is non-zero (and hence that f is not homotopic to a

map to @S). This assumption is much too stringent for that, and other much more �exible tools

are available to prove such things (e.g., homotopy invariance of f∗). But for proving existence

of (pure strategy) Nash equilibria, this is already a reasonably good tool.

18. Knaster-Kuratowski-Mazurkiewicz Theorem. Consider the n-simplex � with its
faces Fi = fx 2 � j xi = 0 g (i = 0; : : : ; n). Let Ci be closed subsets, with Fi � Ci,

S
iCi = �.

Then
T

iCi 6= ;.
Hint. Let fi(x) = d(x,Ci), f(x) =

∑n
0 fi(x), ϕ(x) = (fi(x)/f(x))ni=0 : ϕ is a continuous map from

∆ to ∂∆, with ϕ(Fi) ⊆ Fi. View now ∆ as the unit ball: the map x→ −ϕ(x) is a continuous map from

∆ to itself without �xed point. Apply ex. I.4Ex.17

Comment 4.5. Observe that the last part of the proof also shows that the sphere is not a

retract of a compact convex set (otherwise x! �x contradicts ex. I.4Ex.17).

19. Deduce lemma 1.7 p. 5 from I.4Ex.18.

Hint. Select the extreme point ei of ∆ in
⋂
j �=iTj.

20. Also the continuity assumption in theorem 4.1 p. 39 was not the right one � even in

the more general framework of ex. I.4Ex.17: it is su�cient to assume for each player i that his
pay-o� function F i is upper semi-continuous on

Q
j S

j, and is, for each �xed si 2 Si, continuous

in the other variables jointly � and, if one wants a mixed strategy version, like theorem 4.1, and

not a pure strategy version like ex. I.4Ex.17, to assume furthermore that F i is bounded and the

Si strictly semi-compact (ex. I.1Ex.7c p. 12), or F i continuous in si using ex. I.2Ex.1c p. 21.

Hint. Write shortly S for Si, T for
∏
j �=iS

j, F : S × T → R for F i. Let R = { (s, t) | F (s, t) =
maxs̃∈S F (s̃, t) }. Show that R is closed under the above assumptions. This yields the pure strategy

version of ex. I.4Ex.17. For the mixed strategy version, upper semi-continuity and boundedness imply

that the mixed extension is well de�ned. Use then the stated exercises.
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21. Teams. A team problem (game with �nite strategy spaces where all players have the
same pay-o� function) has �nitely many equilibrium pay-o�s.

Hint. It su�ces to show that there are �nitely many pay-o�s to completely mixed equilibria. Show

that, at such an equilibrium, the gradient of the pay-o� function is zero, and use Sard's theorem (e.g.

Milnor, 1969, p. 16) to deduce that the set of completely mixed equilibrium pay-o�s has Lebesgue measure

zero. The semi-algebraicity of this set (cor. 3.4 p. 27) implies it is a �nite union of intervals.

22. Games with pay-o� correspondence. (Simon and Zame, 1990) Consider an N
person game with strategy spaces Si and a correspondence Q from S to RN . Assume each Si

compact Hausdor�, Q non-empty compact convex valued and u.s.c. (3). Prove the existence of

a Borel selection q of Q such that the game (Si; i = 1; : : : ; N ; q) has an equilibrium.

Hint. For any �nite game (Siα �nite and included in Si and qα an arbitrary selection of the graph

of Q above Sα) choose equilibrium strategies µα = (µiα). Let µα and qαdµα converge weakly (along some

ultra�lter re�ning the increasing net of all �nite subsets Siα) to µ and ν and note that ν is absolutely

continuous w.r.t. µ. Let q be µ-measurable with qdµ = dν. Then µ{ s | q(s) /∈ Q(s) } = 0; otherwise
choose a, b ∈ Q and x ∈ QN such that V = { s | 〈q(s), x〉 > a > b > 〈t, x〉, ∀t ∈ Q(s) } has positive

measure. Use then the regularity of µ and Urysohn's lemma to get a contradiction. Change q on a set

of µ measure 0 to get a Borel selection and let us still write q for the mixed extension. Show (as above)

that T i = { si ∈ Si | qi(si, µ−i) > qi(µ) } has µi measure 0. To get an equilibrium we �nally modify q as
follows: let p[i] be a selection of Q minimising i's pay-o� and de�ne

q(s) =

{
p[i](s), if si ∈ T i, sj /∈ T j, j �= i;
q(s), otherwise.

Note that qi(µ) = qi(µ) and qi(·, µ−i) = qi(·, µ−i) on Si\T i. Finally on T i, since Q u.s.c. implies p[i]i l.s.c.
one has: qi(ti, µ−i) = p[i]i(ti, µ−i) ≤ lim infα p[i]i(tiα, µ−iα ) ≤ lim infα q

i
α(tiα, µ−iα ) ≤ lim infα q

i
α(µα) ≤ qi(µ).





CHAPTER II

Basic Results on Extensive Form Games

1. The Extensive Form

The extensive form is the most commonly used way to describe or to de�ne a game.

We give here a rather general description with some typical variants. The aim is among

others to have �nite extensive forms, e.g. for repeated games (cf. comment 1.3 below), so

as to be able to de�ne them e�ectively in this way. The �exibility is also needed to de-

scribe the solutions of some repeated games with incomplete information as the solutions

of auxiliary �nite games (ch.VIII, sect. 2 p. 361; also ex.VIIIEx.2 p. 393).

1.a. De�nitions.

Definition 1.1. An extensive form game consists of

(1) a player set I = f1, . . . , Ig;
(2) a space of positions Ω;
(3) a signal space A and a function α from Ω to (probabilities on) A;
(4) a partition (Ai)i∈I of A;
(5) an action space S and a function q from Ω�A� S to (probabilities on) Ω;
(6) for each i, a pay-o� function gi from Ω∞

to R;

(7) an initial position ω1.

Of course, when dealing with probabilities sub 3 and 5, appropriate precautions will

have to be taken, cf. 1.c below. Also when there are no probabilities, the factor A in 5 is

redundant.

Each player i 2 I has to decide what action s 2 S to choose when he is told a in Ai
,

i.e. to de�ne a function σi
from Ai

to S. The game is then played as follows: at stage n,
an will be chosen according to α(ωn), and if it belongs to Ain, the next position ωn+1 will

be chosen according to q(ωn, an, σ
in(an)). In other words, if an belongs to A

i
, player i has

the move: in that case, he is told the signal or message an and nothing else: he does not

remember his past information or his past choices and not even the stage n itself, if they

are not explicitly included in the message. He selects then an action sn as a function of

this signal and the new position ωn+1 is selected using q(ωn, an, sn). Each player i receives
at the end of the game the pay-o� gi(ω1, ω2, . . . ). In some sense, each player i decides
at the beginning of the game on σi

� �the program of his machine� � and the game

then proceeds purely automatically. σi
is called player i's pure strategy. Signals (in the

deterministic case) are often identi�ed with their inverse images in the set of positions

called information sets.

Some variants.

(1) When ω1 is chosen at random, add an additional initial state ω0, and extend q
and α appropriately.

(2) Often a set of terminal positions is needed, where the game stops. This can

be formalised by leaving those positions �xed under q, whatever be the action s

51
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in S. Conversely, if after a position only one sequence of positions is possible, we

can replace it by a terminal position.

(3) Usually, for any signal a in A, only a (non-empty) subset of actions in S is

allowed. This can be taken care of either by allowing in the de�nition for an

S-valued correspondence on A and then de�ning q only on the relevant set �

or by keeping the above de�nition and extending q and g outside this set in a

proper way � say by duplication: any additional move is equivalent to some �xed

strategy. But the second trick cannot be used when discussing perfect recall and

behavioural strategies (cf. below): indeed, if one does not inform the player of

which duplicate was used, one looses the perfect recall property, and if one does,

one introduces in the new game additional behavioural strategies, which are not

behavioural strategies of the original game, but mixed (or �general�) strategies

(cf. below for the terminology). Hence in those cases we will write S for the

S-valued correspondence on A, i.e., its graph in A� S (thus: Sa for its value at

a). q is then de�ned on Ω� S.
(4) Another formulation that leads to deterministic signals: take Ω∗ = Ω � A and

de�ne q∗ from Ω∗ � S to probabilities on Ω∗
using �rst q and then α. α∗

is

then the deterministic projection from Ω∗
to A, or simply a sub σ-�eld C on Ω∗

.

The partition (Ai)i∈I becomes then a C -measurable partition Ω∗
i of Ω∗

, and σi
C -measurable on Ω∗

i .

Let Ω′ = Ω � A � S (or Ω � S in case of variable action sets), and denote by Ω′
n the

nth copy of Ω′
. Let H∞ =

Q∞
1 Ω

′
n be the set of plays, while the set H of histories is the

set of (�nite, possibly empty) initial segments of plays.

Remark 1.1. There is no need to allow, like sub 3, for position-dependent sets of

possible signals, or similarly for variable sets of possible new positions. Indeed, the trans-

ition probabilities q and α describe already in some sense what is possible, so one would

add a new primitive concept which duplicates to a large extent the information already

available in the model. Further, here there is no problem in using the full containing space

A (or Ω), extending the transition probability q in an arbitrary way when its arguments

are not feasible.

The only drawback is that we will in general not have a meaningful de�nition of a

set of feasible plays, since it will depend on this �containing space� A. The set can be

de�ned meaningfully only when all probabilities in the model are purely atomic: then one

should de�ne the set as consisting of those plays such that each of their initial segments

has positive probability under some strategy vector. Hence, in the general de�nition below

of linear games and of (e�ectively) perfect recall, we will have to avoid using this concept

of feasible play.

1.b. Finite case. Here we consider games where there are �nitely many di�erent

(feasible) plays. As de�ned above, a pure strategy for i is a mapping from Ai
to S. A

mixed strategy will be a probability distribution on those. A behavioural strategyis

a mapping from Ai
to probability distributions on S. Finally, a general strategywill be

a probability distribution on the (compact) set of behavioural strategies. (For the solution

of such games, cf. ex. II.1Ex.3 p. 57).

An I-tuple of (general) strategies de�nes a probability distribution on plays. Two stra-

tegies of a player are equivalent if they induce the same distribution on plays whatever

be the strategies of the other players. The normal form of the game associates to
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every strategy vector the corresponding vector of expected pay-o�s (normal form in pure

strategies, in mixed �, in behavioural �, in general �).

The above de�nition of the extensive form does not exclude that a play may produce

twice the same message. There could even be two identical positions at two di�erent

stages along the same play. We call the game linear (Isbell, 1957) (for player i) if, a.e. for
every strategy vector, every message of player i occurs at most once along every play. (All

the games that we will study in this book will be linear; however, some �nite, non-linear

games will occur as auxiliary games to solve a class of repeated games with incomplete

information (cf. ch. VIII). The term �linear� is related to the following property:

Theorem 1.2. (Isbell, 1957)In a linear game (for player i), every general strategy
of i is equivalent to a mixed strategy.

Proof. In fact, given a behavioural strategy τ of player i, we will construct a mixed

strategy inducing the same probability on plays, whatever be the other players' strategies.

Let µ be de�ned on each pure strategy σ by:

µ(σ) = Prµ(σ) =
Y

ai∈Ai
τ(ai)fσ(ai)g .

It is then clear that, given any strategies of the other players, the probability of the cor-

responding sequence of moves in S will be the same under τ and µ. Obviously, the same

result holds for general strategies, taking the expectation w.r.t. to τ . �

To see the need for the assumption �linear�, cf. ex. II.1Ex.2 p. 56. For a more general

case, cf. ex. II.1Ex.10d and II.1Ex.10e p. 63.

The game is said to have (e�ectively) perfect recall for player i if (knowing the pure
strategy he is using), he can deduce from any signal he may get along some feasible play,

the sequence of previous messages he got along that play. (All the games we will study

will have e�ectively perfect recall). Observe that a game with e�ectively perfect recall for

i is necessarily linear for i. In other words, for having perfect recall, every message must

in particular recall both the last message and the last action, while, for having e�ectively

perfect recall, it is su�cient that the player be able to reconstruct the last message, in

that case, he can also, knowing his pure strategy, reconstruct his last action, and so on:

this shows inductively that he can do as well as if he remembered also his past actions.

Formally we have:

Theorem 1.3. (Dalkey, 1953) In a game with e�ectively perfect recall for player i,
his pure strategy set is essentially the same (i.e. except for duplication) whether or not
he recalls, in addition to his current information, his own past signals and moves.

Proof. A pure strategy of player i when he recalls his own past signals and choices

is of the form: fsn = σ(a1, . . . , an; s1, . . . , sn−1)g for n � 1, where (a1, . . . , an) denotes the
sequence of signals from Ai

he has heard, (s1, . . . , sn−1) is the sequence of his past choices
in Si

and sn in Si
is the move to be chosen. De�ne, by induction on the number n of

signals previously heard, a strategy φ that depends only on the current signal: roughly, for
each initial signal a in Ai

, s1 = φ(a) = σ(a). Inductively, given a signal a, deduce from a
and φ the previous signals, say a1, . . . , an, and let φ(a) = σ(a1, . . . , an, a;φ(a1), . . . , φ(an)).
Whatever be the strategy of the other players, the pure strategy φ results in the same

probability distribution on plays as the pure strategy σ, hence the proof is complete. �

For more details and/or more generality, cf. ex. II.1Ex.14 p. 72.
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Comment 1.2. Observe that, since the set of strategies φ is clearly smaller than the

set of strategies σ by our construction, several strategies σ will be mapped to the same

strategy φ. This is the duplication of strategies mentioned above.

Comment 1.3. From our previous de�nitions, it appears that, for a game with e�ect-

ively perfect recall, we need a very large space of positions, essentially H. But it follows

from the above that, to specify a game with e�ectively perfect recall, it is su�cient to

describe each player's incremental information every time he has to play. This can be

arbitrary, in particular does not have to remind him his last move. This is the way we

will describe all our models in this book from ch. IV on: the signal a 2 Ai
will be player i's

incremental information. (I.e., his true signals, in the previous general model, are �nite

sequences in Ai
.) Therefore we will still be able to use small (�nite) sets of positions.

The main advantage of games with perfect recall is the following.

Theorem 1.4. (Kuhn, 1953) In a game with perfect recall for player i, general,
mixed, and behavioural strategies are equivalent for i.

Proof. By theorem 1.2 p. 53, it is enough to represent any mixed strategy µ by a

behavioural strategy τ . In fact, given µ, probability distribution on pure strategies, com-

pute �rst, for every initial signal a1 (cf. ex. II.1Ex.8 p. 59), the marginal distribution µa1

on �strategies after a1�, compute then from µa1
the marginal distribution τa1

of s1, and the

conditional distribution µa1,s1 on �strategies for the future� given s1. Continue then with

µa1,s1 as before with µ. �

As a corollary, by Dalkey's theorem, one can also study games with e�ectively perfect

recall by using behavioural strategies in the corresponding game with perfect recall.

A game is said to have perfect information if the position at each stage in a feasible

play determines all the previous positions along the play and moreover the signal determ-

ines the position. In other words, when he has to play, each player knows the whole past

history.

Theorem 1.5. (Zermelo, 1913) In a game with perfect information, there exists an
equilibrium in pure strategies.

Proof. The proof is very simple using backwards induction: Replace each posi-

tion that is followed only by terminal positions, by a terminal position with, as pay-o�,

the pay-o� corresponding to an optimal choice of action of the player having the move at

that position. �

1.c. A measurable set up. We consider now a game where the spaces Ω, A and

S are measurable as well as the partition (Ai)i∈I, the graph S and the map g; α and q
are transition probabilities. A pure strategy, say for player i, is then a measurable se-

lection from S de�ned on (Ai,A i). Similarly, a behavioural strategy will be a transition

probability from (Ai,A i) to (S,S ), assigning probability one to S. Note that there is

no adequate measurable structure on those sets, hence it is more appropriate to de�ne a

mixed strategy as a measurable selection from S de�ned on (X i � Ai
, X i 
 A i) where

(X i,X i, Qi) is an auxiliary probability space. One similarly de�nes general strategies as

transition probabilities from (X i � Ai
, X i 
 A i) to (S,S ) assigning probability one to

S.

Proposition 1.6. An I-tuple of general strategies induces a unique probability dis-
tribution on plays.
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Proof. Use Ionescu Tulcea's theorem (Neveu, 1970, prop.V.1.1) with (Ω�A�S)∞,
then show that (Ω� S)∞ has probability one. �

Hence, the normal form will be well de�ned (so one can speak of equilibria) e.g.

as soon as g is bounded from below or from above. And, since for each x 2
Q

iX
i

we also have a vector of strategies, the corresponding pay-o� g(x1, x2, . . . ) is also well

de�ned, and, by the cited theorem, it will be a measurable function on
Q

iX
i
, with

g(Q1, Q2, . . . ) =
R
g(x1, x2, . . . )

Q
i∈I dQ

i
.

It also follows that the de�nition of the equivalence of strategies extends to this case.

In particular, if general strategies are shown to be equivalent to mixed strategies (cf.

ex. II.1Ex.10d p. 63) a strategy vector is an equilibrium i� no player has a pro�table pure

strategy deviation.

Definition 1.7. A game has (e�ectively) perfect recall for player i if, (for every
pure strategy of i), there exists a measurable map ϕ from Ai

to (Ai�Si)[ fιg such that,

for every strategy vector of i's opponents a.s.: ϕ(a) = ι means that a is the �rst signal to
this player, otherwise ϕ(a) is the previous signal to him and the action he took upon it.

(For a justi�cation of this de�nition, cf. ex. II.1Ex.12 p. 64).

Theorem 1.8. Assume player i has perfect recall and (S,S ) is standard Borel (cf.
App.6). Every general strategy of player i is equivalent to a mixed strategy and to a
behavioural strategy.

Proof. To prove the inclusion of general strategies in the set of mixed strategies,

represent (S,S ) as [0, 1] with the Borel sets; then a general strategy yields a family of cu-

mulative distribution functions Fx,a(s) jointly measurable in x, a and s (ex. 1 p. 61). The
perfect recall assumption implies there is a measurable map n(a) (ex. II.1Ex.10 p. 61) from
Ai to N that increases strictly along every play. Let then un be an independent sequence

of uniform random variables on [0, 1], and de�ne µ(u, x, a) = minf s j Fx,a(s) � un(a) g: µ is
a mixed strategy with as auxiliary space the product (X i,X i, Qi)� ([0, 1],B, λ)N, where
λ denotes Lebesgue measure on the Borel sets B of [0, 1]. And Pr(µ � s j x, a, past)
= Pr(un(a) � Fx,a(s) j x, a, past) = Fx,a(s), so µ induces clearly the same probability

distribution on plays as the general strategy.

The proof of the second part is given in ex. II.1Ex.10 p. 61. �

Actually, the above is the proof of a di�erent statement, cf. ex. II.1Ex.10d.

Ex. II.1Ex.10a and II.1Ex.10b give a full proof of theorem 1.8; part II.1Ex.10a being

there only to justify the �clearly� in the last sentence of the proof above.

Comment 1.4. When Ai
is countable (cf. also ex. II.1Ex.14, comment 1.28 p. 73), a

behavioural strategy can be identi�ed with a point in [S∗]Ai, denoting by S∗
the set of

probability distributions on S. The σ-�eld S induces a natural σ-�eld on S∗
(requir-

ing that the probability of every measurable set be a measurable function on S∗
), and

hence on [S∗]A
i

. Thus general (resp. mixed) strategies are naturally de�ned as probability

distributions on [S∗]A
i

, resp. SAi

. Those de�nitions are clearly equivalent to the former

(without any standard Borel restrictions): given a probability distribution P on [S∗]A
i

, use

([S∗]A
i

, [S ∗]A
i

, P ) as (X i,X i, Qi) � this also reduces to the former case how to de�ne the

probability distributions induced on plays by those new strategies �; conversely, given

(X i,X i, Qi) there is an obvious measurable map to ([S∗]A
i

, [S ∗]A
i

) de�ning a P (and si-

milarly for mixed strategies). It is clear that this transformation preserves the probability
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distribution induced on plays. This probability distribution is clearly the average under P
of the distributions induced by the underlying behavioural (resp. pure) strategies. Thus

we are led back � at least for linear games (cf. ex. II.1Ex.10c p. 63) � to the general

concept (ch. I) of a mixed strategy as a probability distribution over pure strategies, and

the corresponding normal forms.

Comment 1.5. When A is countable, and topologies on Ω and S (often: discrete

topologies) are given for which q and α are continuous, the induced mapping from pure

strategies (SA
with the product topology) to plays (product topology) will be continu-

ous too, so that continuity properties of g translate immediately into the same (joint)

continuity properties of the normal form pay-o� function (and compactness of S yields

compactness of SA
).

Exercises.

1.

a. Show that a game as de�ned in 1.a p. 51 can also be represented by a deterministic one

� i.e. � and q functions � by adding nature as player zero (which uses a �xed behavioural

strategy).

Comment 1.6. This modi�cation is frequently useful in speci�c situations, because it allows

to have a smaller and more manageable set of (feasible) plays, by giving variable actions sets to

nature as well as to the other players.

b. Observe that, in such a game with moves of nature, one can always redraw the tree such

that the game starts with a move of nature, and is deterministic afterwards, i.e. the only ran-

domness is in the selection of the initial position. (Use theorem 1.4 p. 54 � or its generalisation

sub ex. II.1Ex.10 p. 61 below � for player zero, getting a mixed strategy for him.)

c. Similarly, one can also redraw the tree such as to let nature postpone as much as pos-

sible its choices (thus histories of the form (a1; s1; a2; s2; a3; s3; : : : )), by obtaining this time a

behavioural strategy for player zero.

Comment 1.7. This transformation is often important: e.g. in ch.VIII, it will reduce a class

of games with symmetric information to stochastic games.

2. (Isbell, 1957) In the two-person zero-sum game of Figure 1, show that:

root

b

b

b

b

b

0 0

1

1

1 1

0 0 0

I II I

Figure 1. A non-linear Game

� by randomising (1=2; 1=2) between (3=4; 0; 1=4; 0; 1) and (0; 3=4; 1=4; 1; 0) player I can
guarantee 9=16.



SECT. 1 . EXERCICES 57

� he cannot guarantee more than 1=2 with mixed strategies.

� he cannot guarantee more than 25=64 with behavioural strategies.

3. Polynomial pay-o� functions.

a. Prove that, in a game with �nitely many di�erent feasible plays, the pay-o� is polynomial

in behavioural strategies.

b. Show that any polynomial pay-o� function on a product of compact, convex strategy
polyhedra can be obtained in this way.

Hint. Reduce �rst to the case of strategy simplices. Show then how to construct a sum, and reduce

thus the problem to the case of the same pay-o� function to all players, which is a single monomial.

See ex. I.4Ex.8 p. 41 to show that such games have ��nite� solutions.

4. An n-dimensional moment problem.
a. Let P (x) be a polynomial, with P (x) > 0 for x > 0. Show that, for n su�ciently large,

all coe�cients of (1 + x)nP (x) are positive.

Hint. The binomial formula yields the n-step distribution of a random walk. Use the corresponding

asymptotic approximations. In a more elementary fashion, factor �rst P into linear and quadratic factors

of the form x+ q and (x− p)2+ q, with q > 0, so as to reduce the problem to P (x) = (x− p)2+ q, p > 0,
q > 0, which can then be handled in a fully elementary way, remaining within the realm of second degree

equations.

b. Let P (x1; y1;x2; y2; : : : ) be a polynomial, homogeneous in each pair (xi; yi)(1 � i � k).
Assume P > 0 whenever xi � 0; yi � 0, xi + yi > 0 for all i. Show that, for n su�ciently large,
all coe�cients of [

Q
i(xi + yi)

n]P (x; y) are positive.

Hint. Induction on k. For �xed values xi ≥ 0, yi ≥ 0 for i ≥ 2 (xi + yi > 0), apply II.1Ex.4a

to the resulting polynomial in x1/y1. By continuity of the coe�cients, they will still be positive in the

neighbourhood of z = { (xi, yi) | i ≥ 2 }; use compactness.
c. Let the polynomial P be positive on �k = fx 2 Rk+1

+ j Pxi = 1 g. Then there is a
homogeneous polynomial T of degree d, where every possible monomial of degree d has a positive
coe�cient, and with P (x) = T (x) for x 2 �k. If P is homogeneous, then T = [

P
ixi]

nP .

Hint. Make �rst P homogeneous by multiplying each monomial by the appropriate power of
∑
xi;

add then ε[1 −∑ixi] for ε > 0 su�ciently small (compactness), such as to have P (x) > 0 on the unit

cube. Obtain now Q(x, y) by replacing in P (x) every xhi by x
h
i (xi+yi)

di−h, where di is the maximal power
of xi in P : for x ∈ ∆k, yi =

∑
j �=ixj, Q(x, y) still equals the original P (x). Apply II.1Ex.4b to Q(x, y),

and let R(x, y) = [
∏
i(xi+ yi)n]Q(x, y): we still have R = P on ∆k, and all terms of R are non-negative,

hence this remains so when replacing all yi by
∑
j �=ixj and expanding to obtain T (x), which is clearly

homogeneous, say of degree d. And the coe�cients of xdi are necessarily strictly positive. So if some other
coe�cients are still zero, multiplying T by an appropriate power [(k − 1)d] of

∑
xi will make them all

positive. For the last sentence, set n equal to the di�erence in degrees: the two polynomials are then

equal on Rk+1
+ , hence are identical.

d. Let K be a compact convex polyhedron in Rn (cf. ex. I.3Ex.4 p. 29) de�ned by the in-
equalities fi(x) � 0 (i = 1; : : : ; k), where the fi are a�ne functionals. Any positive polynomial
function P on K can be written as a sum with positive coe�cients of all monomials of some
degree d in f1; : : : ; fk.

Hint. If K is a singleton, take d = 0. Since K is compact, the fi separate points. Let

f = (fi)ki=1 : R
n → Rk: f(K) is the intersection of Rk+ with an a�ne subspace, say with equations

ϕi(y) = 0 (i = 0, . . . , h). The ϕi are not all linear, otherwise f(K) would be unbounded. Assume thus

ϕ0(y) = 0 is of the form
∑
µiyi = 1. Using this, one can make all other ϕi (i = 1, . . . , /) linear. Com-

pactness of f(K) implies it can be separated from
∑
yi ≥ M , which implies (e.g. ex. I.3Ex.1 p. 28) that

adding some linear combination of the ϕj (j ≥ 1) to ϕ0, one can assume µi > 0, i = 1, . . . , k. Since the
fi separate points, P can be rewritten as a polynomial Q in the fi(x): Q is a polynomial on Rk, > 0 on
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f(K). Adding a polynomial L
∑
i≥1[ϕi(y)]

2 for L su�ciently large will not a�ect the values on f(K), but
will make Q > 0 on { y ∈ Rk+ |∑µiyi = 1 }. Apply now II.1Ex.4c.

e. Same statement as sub II.1Ex.4d, but if K is a product of compact polyhedra Kj, one
can use a sum with positive coe�cients of all monomials which are separately for each j of degree

dj in the f
j
i .

Hint. Remember from the proof of II.1Ex.4d that for each Kj (#Kj > 1) we have a relation∑
iµ
j
if
j
i = 1 with µji > 0. Make sure that indeed all possible monomials have strictly positive coe�cient.

Comment 1.8. Observe those results remain true in some sense for arbitrary �nite dimen-

sional compact convex sets: the polynomial function is still strictly positive in some neighbour-

hood, squeeze a compact convex polyhedron (or a product) in this neighbourhood, containing the

given compact set in its interior. One obtains thus a similar representation, with a �nite number

of a�ne functionals which are strictly positive on the given compact convex set. Hence it also

extends to compact convex sets in topological vector spaces, de�ning the polynomial functions

as the algebra generated by the continuous a�ne functionals. In particular, if C is a compact

convex set in a Hausdor� locally convex space E, then any linear functional on the polynomial

functions on E which is non-negative on all �nite products of continuous a�ne functionals which

are positive on C, is a non-negative Radon measure on C. [! A little additional exercise has to

be made, for E = Rn, to be sure to prove the result for polynomial functions on E and not just

on C.]

Comment 1.9. It would be interesting to know, even for applications like sub II.1Ex.6 be-

low, what polynomial functions have such a representation when asking only for non-negative

coe�cients.

5. Rational pay-o� functions. Consider a �nite game � i.e. 
, A and S are �nite �

with a privileged position !0, from where play remains in !0. Assume that any pure strategy

vector, and starting from any position, has a positive probability of eventually reaching !0.
a. Prove that the expected time for reaching !0 is uniformly bounded, over all behavioural

(hence also general) strategies (and all possible starting points).

Hint. By �niteness, there exists ε > 0, and n0 < ∞ such that for any pure strategy vector, and

any starting point, ω0 is reached before n0 with probability > ε. Consider a behavioural strategy vec-

tor: by �niteness of the action space S, there is for each a ∈ A an action with probability ≥ (#S)−1.

The probability that the corresponding pure strategy vector be played for the �rst n0 stages is therefore

≥ (#S)−n0. Thus the probability of reaching ω0 in that time is ≥ ε(#S)−n0 = δ > 0, whatever be the
starting point and the behavioural strategy vector.

b. Assume a pay-o� function is given over 
, zero at !0, and that the pay-o� of the game
on 
∞ is obtained as the sum of the stage pay-o�s. Prove that the pay-o� is a rational function
of the behavioural strategies, with a denominator that vanishes nowhere.

Hint. Denote by P the transition probability of the resulting Markov chain on Ω, by u(ω) the

pay-o� function on Ω, and let Vω denote the expected pay-o� starting from ω. Then V = u + PV
(u, V column vectors). The equation and the column of P corresponding to ω0 can be deleted, since

u(ω0) = V (ω0) = Pω0(�{ω0}) = 0. II.1Ex.5a implies then that the series
∑
Pn is summable, so I −P has

non-zero determinant.

6. Rational pay-o� functions. The converse. Conversely, show that any normal form

game, where each player i has a product of compact convex polyhedra (Ki
a)a∈Ai as pure strategy

space, and where the pay-o� function F is rational with non-vanishing denominator, arises from

some game as sub II.1Ex.5, where Ai is the set of i's signals, where his available actions at a 2 Ai

are the extreme points v of Ki
a, and where the pay-o� to any behavioural strategy vector �

i,a
v

(�
i,a
v � 0,

P
v �

i,a
v = 1) is given by F [(

P
v �

i,a
v �v)a∈Ai,i∈I].
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Hint. Assume w.l.o.g. that #Ki
a > 1 for all (i, a), and that the corresponding set of a�ne con-

straints f i,ac (x) ≥ 0 satis�es � multiplying each of them by the corresponding µc (cf. II.1Ex.4d) �, that∑
c f
i,a
c (x) = 1 identically. Denote by Ci,a the set of constraints f i,ac of Ki,a, and by V i,a its set of extreme

points.

Use a common denominator P for all players' pay-o� functions. Since it does not vanish, it can be

assumed strictly positive, hence in the form sub II.1Ex.4e above. Further, multiplying it � and the

numerators �, by a positive constant, we can assume the coe�cient of each term is strictly smaller than

the coe�cient of the corresponding term in the expansion of [
∏
a∈Ai,i∈I(

∑
c∈Ci,a f i,ac )]d = Q(f). Thus

this denominator can be written as 1 − (Q(f)− P (f)) = 1 − R(f), where R(f) =
∑
m pmm(f), m runs

through all monomials of Q(f), and 0 < pm < 1 for all m. Let f i,ac (v) = qi,av (c) : qi,av (c) ≥ 0, and∑
c∈Ci,a qi,av (c) = 1. Then, for a mixed action λ ∈ ∆(V i,a) we have f i,a(λ) =

∑
v∈V i,aλ(v)qi,av (= qi,aλ ) is

a probability distribution on Ci,a, and any monomial m has the form Bn
∏
i,a,c[qλ(c)]

ni,a
c = mn(λ) where

n = (ni,ac ) satis�es niac ≥ 0,
∑
c∈Ci,aniac = d, and when Bn =

∏
i,aBnia, Bnia denoting the number of

distinct orderings of a set containing ni,ac objects of type c for all c ∈ Ci,a.
Represent also the numerators as

∑
numm(f), with um ∈ RI

n � if necessary by increasing d. Fix

an ordering on I, and one on each Ai, obtaining thus an ordering on A =
⋃
i∈IA

i. Take the successive

signals a in this order, repeating the whole sequence d times. Every choice of v ∈ V i,a is followed by a

move of nature selecting c ∈ Ci,a with probability qi,av (c). At the end of those d·(#A) stages, count as
outcome the number of times nc each c has occurred � de�ning a monomial mn. It is clear that, with
behavioural strategies λi,a, Pr(mn) = mn(λ). At outcome mn, give umn

as pay-o� (zero pay-o� at all

previous positions) and use pmn
as probability of returning to the origin ω1, 1 − pmn

as probability of

going to the cemetery ω0.

Comment 1.10. Observe that, since each period has a �xed number d�(#A) of stages, and
since pm < 1 for all m, one could as well � correcting the pm's � view this as a discounted

game with small discount factor.

Comment 1.11. Observe also that behavioural strategies �ia have no in�uence on history

except through their image in Ki,a.

Comment 1.12. This provides an extensive form for the game in ex. I.4Ex.9 p. 42.

7. Linear games.

a. Consider a game as sub ex. II.1Ex.6, where every return is only to the origin !1, and
where in addition every information set is met only once in between two returns. Then the

pay-o� is a ratio of multilinear functions in the behavioural strategies. Conversely, every ratio

of multilinear functions on a product of simplices, where the denominator never vanishes, is

obtained in this way. (It is not clear whether this extends � as in ex. II.1Ex.6 � to compact

convex polyhedra instead of simplices.)

b. Any game with compact convex strategy spaces and continuous pay-o� functions which
are ratios of multilinear functions has a pure strategy equilibrium.

Hint. Prove quasi-concavity and use ex. I.4Ex.20 p. 48.

c. The assumption sub II.1Ex.7b is much stronger than needed for the argument: it would

su�ce e.g. that each player's pay-o� function be the ratio of a numerator which is concave in

his own strategy and of a positive denominator which is linear in his own strategy, and even this

linearity can be weakened to concavity (resp. convexity) if the numerator is � 0 (resp. if this

player's minmax value is � 0).

d. The above yields �equilibria in behavioural strategies� for many games, even without the

assumption of perfect recall. Observe however that this assumption is needed to conclude that

those are indeed equilibria, via a short dynamic programming argument in each player's tree (cf.

ex. II.1Ex.8 below).

8. The natural tree structure.
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a. One can de�ne the sets of (�feasible�) plays H∞ (and hence histories H) such that, if the

game has perfect recall for player i, his information sets have a natural tree structure (and such

that the �a.s.� clause in the de�nition of perfect recall becomes super�uous).

b. For an arbitrary game, de�ne the tree of the game by adding an outside observer � a

dummy player � who is told (and remembers) everything that happens in the game. Consider

his tree. This is H, with its natural partial order.

9. Conditional probabilities. Assume (E;E ); (X;X ) and (Y;Y ) are measurable spaces,

with Y separable and separating, and with (X;X ) standard Borel (cf. App.6). Consider a

transition probability P from E to X (denoted Pe(dx)), and a measurable function g from E�X
to Y .

a. There exists a transition probability Q from E�Y to X (denoted Q(dx j e; y)) such that,
for each e 2 E, and for every positive measurable function f on X,

R
f(x)Q(dx j e; y) composed

with g, is a version of the conditional expectation EPe(f j Fe) of f under Pe given the �-�eld Fe

spanned by g(e; �).

Hint. Show �rst that, for each bounded measurable function f on X, there exists a measurable

function f̃ on E × Y such that f̃ ◦ g(e, ·) = EPe
(f | Fe)(.) Pe-a.e., ∀e ∈ E. To this e�ect, let Yn be

an increasing sequence of �nite measurable partitions of Y that spans Y , and let Fn
e , f̃

n(e, y) be as-

sociated with Yn instead of Y . Since Fn
e increases to Fe, the martingale convergence theorem implies

f̃(e, y) = lim infn→∞ f̃n(e, y) will do, provided we know existence of the f̃n: this reduces the problem to

the case where Y = {y1, . . . , yk} is �nite, corresponding to a measurable partition B1, . . . , Bk of E ×X.

Set then f̃(e, y) =
∑k
i=11y=yi

∫
Bi
fPe(dx)/Pe(Bi) (with 0/0 = 0). Measurability of f̃ will then follow (by

composition) if we know that
∫
h(e, x)Pe(dx) is measurable for any bounded measurable function h on

E ×X, cf. (hint of) II.1Ex.9b for this.

Identify now (X,X ) with [0, 1] and the Borel sets, and select for each rational r ∈ [0, 1], f̃r ≥ 0 as

above, using 1[0,r] for f (and f̃1 = 1). Let F (x, e, y) = infr>x f̃r(e, y). Clearly F is measurable, 0 ≤ F ≤ 1,
and for each (e, y), F is monotone and right continuous in x: this de�nes then the transition probability

Q(dx | e, y). Show that
∫
f(x)Q(dx | e, y) composed with g is indeed a version of EPe

(f | Fe)(y) �rst
for f = 1[0,α], then for indicators of �nite unions of intervals, then by a monotone class argument for

indicators of Borel sets, then for any positive Borel function.

b. For such a Q, and for a positive measurable function f on X �E � Y ,
R
f(x; e; y)Q(dx j

e; y) is well de�ned, and measurable on E � Y , and one hasZ �Z
f(x; e; y)Q(dx j e; y)

� �
(Pe Æ g−1e )(dy)

�
=

Z
f(e; x; g(e; x))Pe(dx)

where PeÆg−1e is the distribution of g(e; x) on Y; x being distributed according to Pe, and is itself
a transition probability.

Hint. Establish the result �rst for f(e, x, y) = 1B(x)1C(e)1D(y), then for �nite unions of such rect-

angles, then (monotone class) for measurable indicator functions, then for all positive measurable func-

tions.

c. f (e; y) j Q(fxjg(e; x) = yg j e; y) = 1 g is measurable, and has for each e probability one

under Pe Æ g−1e .

Hint. Show �rst that the graph G of g is measurable: with the same partitions Yn as sub II.1Ex.9a,

the Gn =
⋃
A∈Yn

A × g−1(A) are measurable and decrease to G (recall Y is separating). Apply then

II.1Ex.9b to the indicator function f of G.

Comment 1.13. We also proved along the way the following two lemmas, the �rst at the

end of II.1Ex.9a and the second as a restatement of II.1Ex.9b:
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(1) If F (e; x) is, for each e 2 E, monotone and right continuous in x, with 0 � F (e; x) �
F (e; 1) = 1, then measurability of F on (E;E ) for each �xed x is equivalent to joint

measurability of F , and is still equivalent to F de�ning a transition probability from

(E;E ) to [0; 1].
(2) A transition probability Pe from (E;E ) to (F;F ) can equivalently be viewed as a

transition probability from (E;E ) to (E�F;E 
F ). A measurable function induces a

transition probability. The composition of transition probabilities is a transition prob-

ability. The composition of a transition probability with a measurable function equals

its composition with the induced transition probability.

10. Su�ciency of mixed and behavioural strategies. We want to prove theorem 1.8

p. 55.

a.

i. The perfect recall assumption allows in particular to compute a measurable function n(a),
with n(�) = 0, n(a) = 1 + n('(a)): n is the �stage for player i�.

Let (Sn;Sn) be the n
th copy of i's action space Si. Denote by (Ak;Ak) the subset of A

i where

n(a) = k, and by 'n : An ! An−1 � Sn−1 the restriction of '. Allow i's behavioural strategies
Pn, as probabilities on (Sn;Sn), to depend not only on (An;An), but also on the whole pastQ

t<n(At�St;At�St), as well as on the auxiliary probability space (X;X ; P ) in case of general

strategies. At the end, one can always use the maps 'n to rewrite them if so desired only as

functions of An (with an arbitrary probability on S outside
S

nAn); but in this way, we can

forget the maps 'n.

This class of strategies of player i is not the most general one, there is no reason not to

allow him to use an auxiliary probability space at every stage. De�ne thus a generalised strategy

of player i as a sequence (Xn;Xn;Pn−1)∞n=1, where (Xn;Xn) is a measurable space, and Pn a

transition probability from
Q
1≤t≤n[(St−1;St−1)�(Xt;Xt)�(At;At)] to (Sn;Sn)�(Xn+1;Xn+1)

(S0 = f0g).
Comment 1.14. The general strategies correspond then to the case where Xn = f0g for

n > 1, behavioural strategies to Xn = f0g; 8n; and mixed strategies by de�nition to general

strategies where (X1;X1; P0) is the unit interval with the Borel sets and Lebesgue measure, and

where the transition probabilities become measurable functions �n from (X1;X1)�
Q

t≤n(At;At)

to (Sn;Sn).

Comment 1.15. The correspondence we will establish between general(ised) strategies,

mixed strategies and behavioural strategies will be completely independent of the surround-

ing game and depends only on the sequence of spaces At and St. Hence our freedom to modify

the game below.

Comment 1.16. Generalised strategies make sense only for games with perfect recall: they

would turn any other game into a game with perfect recall (cf. also ex. II.1Ex.14 p. 72).

ii. There is no loss in pooling all opponents of i together, including nature, as a single
player, who is always informed of the whole past history, and uses a behavioural strategy.

Hint. Denote by H1 (resp. H2, H3) the sets of histories ending with an ω ∈ Ω (resp. a ∈ A, s ∈ S).
For the new game Γ̃, let Ω̃ = H, Ãi = Ai. Note a (= last a) is a measurable function on H2, let

Ãopp = H \ { ω̃ ∈ H2 | a(ω̃) ∈ Ai }, Ã = Ãi ∪ Ãopp, and de�ne ã by ã(ω̃) = ω̃ for ω̃ = Ãopp, ã(ω̃) = a(ω̃)
otherwise. The set of actions S̃i of player i equals S, and let S̃1 = A, S̃2 = S and S̃3 = Ω be the sets

of actions of the opponent corresponding to H1, H2 and H3. The map q̃ is de�ned in the obvious way.

Set S̃opp = S̃1 × S̃2 × S̃3 × {1, 2, 3} to have a single action space for the opponent � only the relevant

component will be used. (One could similarly use now S̃ = S̃i×S̃opp, but we have to preserve the property

that S̃i is standard Borel.) To make sure the opponent uses a behavioural strategy, include in the above

construction the selection by any player j �= i of a point in one of his auxiliary spaces as a move in the

game, if he uses a mixed (or a general) strategy, so all those choices appear in the space H of histories,
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hence in Ãopp. Use the product of all auxiliary spaces, in order to stay with a single action space for the

opponent. Observe �nally there is a Borel map from the space of all such plays to plays of the original

game: for legal plays, s̃ with index i ∈ {1, 2, 3} can occur only at time equal to i mod 3, and s only at time
2 (mod 3). On this subset, keep st and replace s̃t by its coordinate i. Map the (measurable) remainder

to some given play. This map is such that, if a strategy vector of the original game is transformed in the

obvious way to a strategy pair in the new game, the map will transform correctly the induces probability

distributions on histories.

Comment 1.17. Note we did not change the sets Ai and Si in the construction, hence also

not the sets of strategies of player i. We can now view the set of histories as the set of se-

quences (~s1; ~s2; : : : ; ~st; st+1; ~st+2; : : : ), with a map � from the set H of all such �nite sequences h
to Ai [ foppg. If �(h) = opp, the opponent picks the next point ~s using a transition probability

that depends on the whole h, otherwise player i picks the next s as a function of his own past

history. � maps the empty sequence to �opp�, and depends only on the last coordinate of the

sequence since, if it is s, or if ~s with index 2 f2; 3g, it is mapped to �opp�, while otherwise ~s is
already an element of A.

iii. Let (Tn;Tn) be the set of possible �histories between player i's stage n� 1 and stage n�.
The opponent's strategy (and the rules of the game) yields a sequence of transition probabilities
Qn from

Q
t<n(Tt�At�St;Tt
At
St) to (Tn�An;Tn�An). (Observe Q1 is just a probability

on T1�A1).

Hint. We have now a natural player partition (H0, Hi) of H. We drop tildes. The opponents'

strategy is now a transition probability R from H0 to H, where the S0 coordinate is just appended to

the history. Complete R1 in a transition probability R from H to H by sending all points in Hi to

themselves. By Ionescu-Tulcea's theorem, iterative use of R induces a transition probability R̃ from H
to (H)∞, hence to the space (T,T ) = Hi ∪ H∞. Take (Tn,Tn) to be a copy of (T,T ). De�ne Qn �

using the given map q from Hi to Ai � in the following way: if tn−1 ∈ H∞, tn = tn−1 and an is any given

point in Ai; otherwise use R̃ from (tn−1, sn−1) (which belongs to H0) to Tn. Q1 is de�ned by applying R̃
to the empty sequence. Again, like at the end of II.1Ex.10aii, note that the set of plays of the previous

game is the set of all sequences in [Si ∪ S0]∞ where every element of Si has a predecessor in the subset

S00 of S0 where α �= opp. And obtain an appropriate measurable map from the set of plays in our new

game to that set: the set being measurable in [S0 ∪ Si]∞, it su�ces to get an appropriate measurable

map to the latter. (Be careful again not to use conditions like �if tn extends tn−1�, since such sets are not

necessarily measurable given absence of separability and separateness.)

b. We keep the notations and de�nitions from II.1Ex.10a. Assume the spaces (Sn;Sn) are
standard Borel. For every general(ised) strategy, there exists both a mixed strategy and a beha-
vioural strategy such that, for every (Tn;Tn; Qn)

∞
n=1, the induced probability on

Q
n(Tn�An�Sn)

is the same.

Hint. (1) Set (Yn,Yn) =
∏
t≤n [(Xt+1,Xt+1)× (St,St)× (At,At)], Y0 = {0}, and fn the pro-

jection from Yn to Sn. De�ne the transition probability Rn from (Yn−1,Yn−1) × (An,An) to
(Yn,Yn) from Pn (2 p. 61), R1 is induced by P0, P1 and the identity on A1.

(2) Denote by Y 0
n the trivial σ-�eld on Yn, and by Y k

n ⊇ Y k−1
n a separable sub σ-�eld of Yn mak-

ing fn : (Yn,Y k
n ) → (Sn,Sn) and Rn+1 : (Yn,Y k

n )× (An+1,An+1) → (Yn+1,Y
k−1
n+1 ) measurable.

Indeed, if R is a transition probability from (E×F,E ×F ) to (G,G ) and G is separable, there

exists separable sub σ-�elds E0 and F0 of E and F for which R is still a transition probability:

denote by Gi a sequence generating G , by Bij ∈ (E ⊗ F ) the inverse images by R(Gi | e, f)
of the rational interval Ij and by Ei,j,k × Fi,j,k a sequence of (E × F )-measurable rectangles
generating a σ-�eld containing Bij: span E0 (resp. F0) by the Eijk (resp. Fijk). It follows that
the σ-�elds Y ∞

n spanned by the Y k
n are separable, and for those the Rn are still transition

probabilities and the fn measurable.
(3) Let now Ỹn be the quotient of Yn by the equivalence relation y ∼ y′ if they belong to the

same elements of Y ∞
n . The Y ∞

n can still be viewed as a separable σ-�eld on Ỹn, for which the

atoms are the singletons. And Rn and fn are already de�ned on the quotients Ỹn. In short,

we can now assume the σ-�elds Yn are separable, and separate points of Yn. And similarly for
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the (An,An), we can construct a measurable map pn to a space (Bn,Bn) which is separable

and separating, and such that Rn is a transition probability from (Yn−1,Yn−1) × (Bn,Bn) to
(Yn,Yn).

(4) If Z is a separable and separating σ-�eld on Z, then (Z,Z ) can be identi�ed with a subset of

the Cantor set C = {0, 1}∞, endowed with its Borel sets C � a standard Borel space � by the

map z  → (1Zi
(z))∞i=1, where Zi denotes a sequence that generates Z (the subset being endowed

with the trace σ-�eld). And any measurable map f from (Z,Z ) to [0, 1] can be extended to C:
indeed, this holds, by de�nition of the trace σ-�eld, for indicator functions, therefore for their
convex combinations the step functions, hence if fn is a sequence of step functions converging

to f , with extensions fn, let f = lim infn→∞ fn.
(5) Using 4, we can view the Yn and the Bn as subsets of Y n and Bn which are copies of ([0, 1],B);

the maps fn have an extension to Y n, and the transition probabilities Rn can be viewed as

transition probabilities from Yn−1 × Bn to Y n, assigning outer probability one to Yn. Thus to
show that the Rn too have also an extension Rn as transition probabilities from Y n−1 ×Bn−1

to Y n, it su�ces (by 4) to show that the space (M,M ) of probability measures on [0, 1] is a
standard Borel space (in the weak�-topology) � which is obvious, as a compact metric space

�, and to use 9.e).

(6) We can thus think of all (Yn,Yn) and (Bn,Bn) as being copies of ([0, 1],B). Introduce for each
n a copy (Un,Un, λn) of ([0, 1],B, λ), λ being Lebesgue measure, and replace Rn by a measur-

able map hn from (Yn−1,Yn−1)×(Bn,Bn)×(Un,Un) to (Yn,Yn) (cf. proof of theorem 1.8 p. 55).

Composition of the ht (t ≤ n) and of fn yields a description of the strategy by Borel maps gn
from

∏
t≤n[(Bt,Bt) × (Ut,Ut)] to (Sn,Sn). Since

∏∞
n=1(Un,Un, λn) is itself Borel isomorphic

to ([0, 1],B, λ), we can as well think of gn as Borel maps from ([0, 1],B) ×∏t≤n(Bt,Bt) to
(Sn,Sn): this (together with the pn : An → Bn) is the mixed strategy.

(7) Check that, in each of the previous steps, the probability distribution induced on
∏
n(Tn×An×

Sn) did not change.

There only remains therefore to replace the mixed strategy by a behavioural strategy:

(8) Use now ex. II.1Ex.9 p. 60 inductively for n = 1, 2, 3, . . .; using (An,An)× [
∏
t<n(At× St,At×

St)]× for (E,E )(= (En,En)), (Sn,Sn) for (Y,Y ), the mixed strategy σn for g, ([0, 1],B) for
(X,X ), Pn for P with P 1 = λ and yielding Q(B | e, y) for Pn+1 and Pe ◦ g−1

e as transition

probability P
n
from (En,En) to (Sn,Sn).

(9) The sequence Pn forms the required behavioural strategy. Check that here too the probability

distributions induced on plays are una�ected.

Comment 1.18. In particular, when games with perfect recall are presented in terms of in-

cremental information (remark 1.3 after Theorem 1.3), this proof shows that the correspondence

between behavioural, mixed and general(ised) strategies is completely independent of the game

� it depends only on (Ai;Ai) and (Si;Si). It also shows that, in terms of mixed strategies, there

is no need to remember past actions.

c. Show, without drastic modi�cations in the proof, that the above remains valid if the �set

of dates for player i�, instead of N is allowed to be any countable well-ordered set.

d. Consider a �countably linear� game for player i, i.e. there exists a countable measurable

partition of (Ai;Ai) such that each partition element is met at most once along any play. Prove

like in 2 p. 62 that general strategies for i can be replaced by mixed strategies.

e. If Ai is countable, and the game is linear for i, then every general strategy for i is equi-
valent to a probability distribution over pure strategies (without any standard Borel restriction

on the action sets Si
a).

Hint. Construct �rst a probability distribution overX×∑i = X×(∏a∈AiSia
)
, treating the di�erent

factors Sia as conditionally independent given X.

f. Show the above results remain valid with variable action sets, provided player i has a
behavioural strategy (resp. a pure strategy). (Apply the result with the embedding space S,

then modify the obtained strategy where it is not carried by S.)



64 II. BASIC RESULTS ON EXTENSIVE FORM GAMES

g. Show that, without any assumption on the game, a generalised strategy can always be

represented by (X;X ; x1; P; �), where x1 is the initial state in the auxiliary space (X;X ), P
is a transition probability from (X;X )� (Ai;A i) to (X;X ), and � is a measurable map from

(X;X ) to (Si;S i) (such that 8x;8a, P [�−1(Si
a) j x; a] = 1).

11. Best Replies.

a. Still in the context of ex. II.1Ex.10a p. 61, even the concept of a generalised strategy is

not necessarily satisfactory as a concept of reply (say in the de�nition of an equilibrium). In-

deed, for a reply, the game and the strategies of the others � i.e. (Tn;Tn; Qn)
∞
n=1 � are given,

so every time player i has to randomise according to Pn, the full probability measure on the

conditioning space is known. It becomes then more natural to require the measurability of Pn

only with respect to this measure and maybe also to require equalities to hold only a.e.

b. Assume Q is a �P -transition probability� from a probability space (E;E ; P ) to a standard
Borel space (F;F ), i.e. 8A 2 F , Qe(A) is P -measurable and P -a.e. 2 [0; 1], Qe(F ) = 1 P -a.e.,
and if Ai 2 F is a disjoint sequence, then P -a.e.

P
iQe(Ai) = Qe(

S
iAi). Show that there exists

a unique probability P �Q on the product, satisfying (P �Q)(A � B) =
R
AQe(B)P (de); 8A 2

E ; 8B 2 F , and that there exists a transition probability Q, with P �Q = P �Q.
Hint. E.g., �x a lifting (cf. ex. II.1Ex.15 p. 73) M on L∞(E,E , P ), view F as a compact metric space

with its Borel sets, de�ne Qe(ϕ) = M[Qe(ϕ)] for every continuous function ϕ on F , and use Riesz's theorem
(cf. also ex. II.1Ex.16 p. 75).

c. The above would e.g. allow to use, in �general replies�, P -transition probabilities from

the past to (Sn;Sn) � but shows that it would not matter � the same probability distributions

on histories will be generated as with true strategies.

d. Show that such probability distributions have the property that the conditional distri-

bution on Tn�An given the past is given by Qnand that the conditional distribution on Sn given

{the past and Tn�An} depends only on An�
Q

t<n(At�St), i.e., Sn and
Q

t≤nTt are conditionally

independent given An �
Q

t<n(At � St), and clearly any reasonable concept of reply of player i
has to lead to distributions on histories having those two properties.

e. Conversely, show that any distribution on histories having those two properties can be

generated by a behavioural strategy of player i (use II.1Ex.11b). There is thus no need to look

for a concept of reply wider than the concept of strategy.

12. The de�nition of perfect recall.

a. Justifying the measurability assumption.

i. The de�nition of a game with perfect recall for i given in 1.c p. 54 seems completely un-

satisfactory; the conceptually correct de�nition is: for every feasible a 2 Ai (i.e., occurring along

some feasible play), there exists a unique pair '(a) = (�(a); �(a)) 2 Ai � Si [ f�g such that,

for any feasible play where a occurs, either this is the �rst move of i along the play and then

(�(a); �(a)) = � or the previous move of i was �(a) at �(a). The maps � and � are then comple-

tely de�ned by the model, and are in no sense primitive data, hence their measurability should

follow from assumptions on the primitive data of the model. To give a precise meaning to the

above notion of �feasible play�, reduce �rst, as in ex. II.1Ex.1a p. 56, the game to a deterministic

one, by adding a player 0. Feasible plays are then all those compatible with the restrictions on

action sets, and with the given initial state.

ii. Denote by Ai
0 the feasible part of Ai, and assume the game has perfect recall in the

above sense, i.e., the map (�; �) is well de�ned on Ai
0. If (Ai

0;A
i
0) is separable and separated,

and (Si;S i) is standard Borel, then (�; �) is measurable, and (Ai
0;A

i
0) is a Blackwell space, i.e.

isomorphic to an analytic subset of [0; 1] (cf. App.6).
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Hint. (1) Show that one can always replace Ω by X =
⋃
n≥0S

n � the measurable maps of

the model induce the required measurable maps from X × S to X, from X to A and from

X to Ω � hence from (X)∞ to pay-o�s (which in fact factorises through S∞). Note X is

standard Borel by our assumptions. Similarly, since (A0,A0) is separable and separated, it can

be identi�ed with a subset of ([0, 1],B), cf. ex. 4 p. 63, hence with ([0, 1],B) itself since the

statement involves only A0 which is una�ected. Extend the measurable partition (Ai)i∈I to a

measurable partition of [0, 1]. Assume thus (A,A ) standard Borel.

(2) Let θ be the above map from X to A. Let ψ : X×S∞ → A∞ be de�ned by ψ(x, s1, s2, s3, . . . ) =
(θ(x), θ(x, s1), θ(x, s1, s2), . . . ): ψ is a measurable map between standard Borel spaces, so its

graph G ⊆ X × (A× S)∞ is measurable, hence standard Borel.

(3) Given a Borel set B in Ai × S(⊆ A × S), B̃ = G ∩ [X × B × (A × S)∞n=1] is Borel in the

standard Borel space G. Let T : G → [N \ {0}] ∪ {+∞}: T (g) = min{n ≥ 1 | an ∈ Ai }, with
min ∅ = +∞, for g = (x; a0, s0; a1, s1; . . . ). T is measurable. Thus f(g) = aT (g) for T (g) < ∞,

f(g) = �out� for T (g) = +∞ is also measurable, as composition: thus, B = f(B̃) \ {�out�} is

analytic. And B = (β, σ)−1(B).
(4) Thus the inverse image of any Borel set of Ai × S is analytic. The same holds for the inverse

image of ι � just drop in the above argument the �rst factor X ×A×S. Our map (β, σ) from
Ai0 to (Ai × S) ∪ {ι} is such that the inverse image of any measurable set is analytic: Ai0 is

analytic and, by the separation theorem for analytic sets (3.h), (β, σ) is measurable.

1
2

1
2

Ia

Ib

Ic

Figure 2. The need for separating

σ-�elds.

iii. The assumption sub II.1Ex.12aii that A is

separating is crucial: consider the one person game

with A = X consisting of 4 points:

iv. The separability assumption is also crucial:

otherwise consider the same structure, but where ini-

tially nature picks a point in [0; 1], in period 1 player I
observes the Borel �-�eld, and in period 2 he remem-

bers only the �-�eld generated by the singletons.

Comment 1.19. It follows that the measurability assumption on (�; �) is indeed a correct

generalisation of the de�nition to cases where A is possibly not separated or separating � while

still remaining in a framework with unambiguous set of feasible plays. (Possibly one has to

reduce �rst A to some subset A0, and similarly 
 to its feasible subset 
0 (with an appropriate

separable sub �-�eld), in such a way that, with A0 and 
0, all assumptions of the model are still

valid, that all strategies remain strategies, and that now A and 
 are Blackwell spaces, and each

of their points if feasible.) Observe that, with this de�nition, we can not only, as in 1 p. 65 above,

identify 
 with X, but also A (or rather A0) with X � A being a sub �-�eld. The canonical

map ' from (X;Ai) to (X;Ai
S ) is then always well de�ned, whatever be the game, and the

whole perfect recall assumption is about its measurability. Still equivalently, it could be phrased

in terms of an increasing sequence of �-�elds of player i in H∞.

We consider now how to extend the de�nition to the general model, with moves of nature,

where, as mentioned before, there is no well de�ned set of feasible plays. We will therefore require

the map ' to be de�ned a.e., and also only to be true a.e. � in order not to have to reduce �rst

A to some subset A0, as above, and to have a de�nition independent of the set of feasible plays

used.

Observe that, if there exists a strategy Ituple or pro�le, there exists a behavioural strategy

pro�le, and that a set of plays which is negligible for every behavioural strategy pro�le is negli-

gible for every strategy pro�le. So in the following, �a.s.� will mean �a.s. for every (behavioural)

strategy pro�le�.

b. The General Case.
i. For every separable sub �-�eld B of H∞, any given set of measurable maps 'i : Ai !

S
i
= [(Ai � S) \ S] [ f�g, and for every sequence of (general) strategies, there exist separable
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sub �-�elds ~A and ~O on A and 
 such that B is included in the corresponding product �-�eld,

such that all measurability assumptions of the model are still satis�ed with the �-�elds ~A and
~O, such that all given strategies are still strategies, and such that the 'i are still measurable.

Hint. Observe that any element of a product σ-�eld belongs to a product of separable sub σ-�elds.
Start then with separable sub σ-�elds A0 and O0 on A and Ω such that B is included in the corresponding

product σ-�eld, such that the Ai are measurable, as well as the maps gi and the set S ⊆ A× S. De�ne
inductively An+1 ⊇ An and On+1 ⊇ On as separable sub σ-�elds making all maps ϕi and all transition

probabilities (those of nature and of the players) measurable when using An and On on the image.
⋃
nAn

and
⋃
nOn answer the question.

ii. Prove that the following conditions on a measurable map 'i : Ai ! S
i
, de�ned a.e. on

Ai (i.e., 'i is well-de�ned along a.e. play) are equivalent, letting, for ! 2 H∞, T i
n(!) = inff t >

T i
n−1(!) j at(!) 2 Ai g (and T i

0 = 0, inf(;) = +1):

� 8B 2 S i
; 1B Æ 'i(aT i

n+1
) = 1B(sT i

n
) a.s. 8n � 1 and 'i(aT i

1
) = f�g a.s.

st is the pair in St � (A� S)t)

� 8C 2 S i
S i
such that (s1; s2) 2 C ) s1 6= s2; 1C(sT i

n
; 'i(aT i

n+1
)) = 0 a.s.

8n � 1; and 'i(aT i
1
) = f�g.

Call such a function 'i a recall function, and say then that player i has perfect recall. Prove
also that, given a recall function for each player in I0 � I, the set of plays where all those recall
functions are well de�ned and exact has outer probability one for every strategy vector.

Hint. Observe that II.1Ex.12bi remains valid if the ϕi are only de�ned a.e. � except that then,

for the separable sub σ-�elds, ϕi will be de�ned a.e. only for the strategies in the prescribed sequence.

Use this, and that when A i is separable and separating, {ω | ϕi(aT i
n+1

) = sT i
n
} is measurable, and has

probability one by the �rst condition.

iii. Given an extensive form, for which there exists a strategy Ituple, assume !1 2 ~
 � 
 and
~A � A are such that the restriction to ~
 and ~A is also an extensive form, i.e. the outer probability

of ~A is one for every ! 2 ~
 and the outer probability of ~
 is one for every (!; s) 2 ~
� S
�
. Then

if i has perfect recall in �, he also has in ~�.

Hint. Show �rst that the behavioural strategy pro�le of Γ̃ are the restrictions of those in Γ � us-

ing that a behavioural strategy is a measurable map to the standard Borel space of probabilities on S,
that measurable maps to a standard Borel space can always be extended, and that the set where such

an extension is not a strategy is measurable, so that the extension can be replaced there by the given

strategy pro�le of Γ. Show then that, for any strategy pro�le, the set of plays of Γ̃ is a subset with outer

probability one of the set of plays of Γ, and de�ne ϕ̃i as an appropriate restriction of ϕi.

iv. The converse of II.1Ex.12biii holds if ~A is universally measurable (cf. 4.d) in A, or if
(A;A ) is standard Borel.

Hint. In the �rst case, there is no need to extend ϕ̃; in the second case, as reminded sub 3 p. 65, ϕ̃
has an extension ϕ (with values in S ⊆ A× S) to some Borel subset of A containing Ã.

Comment 1.20. II.1Ex.12biii and II.1Ex.12biv show thus that the de�nition of perfect re-

call is, as required, essentially independent of the surrounding space (�essentially� because of

the small restrictions in the converse � which seem unavoidable). The de�nition is also �exible

enough to include all cases studied sub II.1Ex.12a p. 64, without having to restrict �rst arti�cially

the sets A and 
 to appropriate subsets A0 and 
0.

13. A converse to Exercise II.1Ex.12a.

a.
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i. Show that, under the assumptions of ex. II.1Ex.12a p. 64, one obtains a stronger form of

perfect recall: the �a.s.� quali�cations do not only hold for every strategy vector of the players,

but even for every (pseudo-) strategy vector of players that would be fully informed about the

whole past (i.e., in some sense, �whatever players do� instead of �whatever be their strategies�.)

Comment 1.21. The purpose of the present exercise is to show that, in this form, the state-

ment is an equivalence.

ii. If (A;A ) is separable (and separated), and if a subset R of players has perfect re-

call in the strong a.s. sense as above, there exist measurable restrictions on the actions of

nature � i.e. measurable subsets 
0 of 
, C of 
0 � A and K of 
0 � A � S � 
0, such
that !1 2 
0, �(Cω) = 1, 8! 2 
0 and such that (!; a; s; !′) 2 K ) (!; a) 2 C, (a; s) 2 S,

and 8(!; a; s) : (!; a) 2 C; (a; s) 2 S ) qω,a,s(Kω,a,s) = 1 � for which every feasible play (cf.

ex. II.1Ex.12ai p. 64) exhibits perfect recall for all players in R [in the sense that, for some meas-

urable functions 'i (i 2 R) from a subset ~Ai of Ai to f (a; s) 2 S j a 2 ~Ai g [ f�g (which coincide

with the given functions on their common domain), 'i(at) is the previous pair (a; s) encountered
by i along that play (or � if none), for any at 2 Ai occurring along that play]. (Outside 
0, one
can use the original restrictions, if any).

Actually, to avoid hiding any �perfect recall� type of assumptions, we will assume the strong

�a.s.� property only for �pseudo-strategy vectors� which are transition probabilities depending

only on current state and signal.

To make the de�nition of perfect recall non-vacuous, we also assume that there exists at least

one (pseudo-)strategy vector �0 for the game � which can then be assumed to be behavioural.

The proof itself of the above statement is given sub II.1Ex.13b below.

iii. The following example shows the above strong form of perfect recall to be de�nitely

stronger than the de�nition: Nature picks x1 in [0; 1] with Lebesgue measure. Player II chooses
x2 in [0; 1] after having observed x1; then player I chooses x3 after having observed a = x2 + �
(mod 1), where the noise � is uniformly distributed on [�"; "]. Later player I has to move again,

and will be reminded of (a; x3), except if x3 = x1, in which case he gets a blank signal.

Clearly player I has perfect recall in this game, but not according to the strong variant of

the de�nition. (The only purpose of player II's presence, instead of letting player I just move

after nature, without information, is to prevent an objection that by interchanging the ordering

of the moves (cf. ex. II.1Ex.1c p. 56) one would obtain perfect recall in the strong sense).

iv. It follows that the only relaxation involved in our de�nition of perfect recall vis-à-vis

the strong de�nition of ex. II.1Ex.12a lies in restricting (for the de�nition of �a.s.�) the players to

use only true strategies � which seems natural enough not to require further justi�cation, and

is indeed su�cient for the proof of Kuhn's theorem.

b. General revision exercise � � La méthode des épluchures �. We turn now to the proof of

the statement sub II.1Ex.13aii. Actually, it is often more convenient to formulate a game already

with restrictions on the moves of nature so the transition probabilities only have to be de�ned on

the relevant sets. We therefore allow those, and require the sets 
0; C and K to be co-analytic

� and will construct smaller measurable sets 
0; C and K for which every feasible play exhibits

perfect recall.

Sub II.1Ex.13c below some required lemmas are given, and it is shown how to reduce the

problem to the case where the spaces A and 
 are standard Borel, where ' is de�ned on the

whole of A, and where the sets 
0; C and K are Borel.

The central iteration of the proof is given in part II.1Ex.13d, and the �nal argument sub

II.1Ex.13e.

c. Preliminaries. We �rst reduce (sub II.1Ex.13ci, II.1Ex.13cii, II.1Ex.13ciii) to the standard

Borel case.
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i. If A is not separating, pass to the quotient � all assumptions remain valid, and meas-

urable restrictions with the quotient induce such with the original.

ii. Choose a separable sub-�-�eld O0 on 
 such that

� the pay-o� function is still measurable on the in�nite product

� the sets 
0, C and K are still co-analytic.

� the transition probability � to (A;A ) is still measurable

� the given pseudo-strategy is still a transition probability from C to S.

Hint. Use that the transition probabilities are to separable spaces, that a measurable subset of a

product is generated by countably many products of measurable sets, and that a Souslin scheme involves

only countably many measurable sets.

Similarly, let now On+1 be a separable sub-�-�eld containing On and such that qω,a,s(A) is
On+1
A 
S -measurable 8A 2 On. The �-�eld O∞ spanned by

S
nOn is then a separable sub-

�-�eld on 
 for which all assumptions remain true. Conclude that we can also assume (
;O) to
be separable and separated.

iii. A and 
 can now be viewed as subsets of standard Borel spaces ~A and ~
. Using 9.a and

9.e, select a measurable extension of the pay-o� function to ~
∞; S
�
, ~
0, ~C and ~K as measurable

or co-analytic extensions of S, 
0, C and K in ~A�S, ~
, ~
� ~A, ~
� ~A�S� ~
; ~� as a transition

probability from ~
 to ~A, ~q as a transition probability from ~
 � ~A � S to ~
, ~� as a transition

probability from ~
� ~A to S, ( ~Ai)i∈I as a measurable extension of the player partition, and �nally

( ~'i)i∈R as Borel maps from ~Ai to S
�
\ [ ~Ai� S] [ f�g.

iv. Before continuing we need 4 lemmas:

A. Let D = f (!; a) 2 ~
� ~A j ~�ω,a(S
�
a) = 1 g. D is a Borel set containing C. We will de�ne stra-

tegies in the enlarged game as transition probabilities from D to S, such that S
�
has probability

1.

� Note �rst that the restriction of any strategy in the enlarged game is a pseudo-strategy

in the original; conversely, any strategy � of the original game is such a restriction (con-

sider any Borel extension ~� , and let ��ω,a = ~�ω,a if ~�ω,a(S
�
a) = 1, ��ω,a = ~�ω,a otherwise).

� To construct (by Ionescu Tulcea's theorem) the probability distribution Pτ̃ induced on

plays ( ~H∞ = (~
� ~A�S)∞) in the enlarged game by a strategy ~� in that game, extend

�rst ~� in an arbitrary Borel way on (~
 � ~A) n D. Denote also Pτ the probability dis-

tribution induced on H∞ = f (!t; at; st)
∞
t=1 j (!t; at) 2 C; (at; st) 2 S; !1 = !1 g by the

restriction � of ~� to the original game � i.e. to C.

Show that, for any measurable set B in ~H∞, Pτ̃(B) = Pτ(B \H∞).

Hint. Since the right hand member is also a measure on H̃∞, it su�ces to show equality

on generators. Hence we can by induction assume that equality holds for all measurable B1

in the product of the �rst n factors and prove that Pτ̃(B1 × B2) = Pτ(B1 × B2 ∩ H∞) for

measurable B2 in Xn+1 � this is elementary.

� In particular Pτ̃ depends only on � , not on its extension.

� It follows also that the negligible subsets of H∞ are the traces of the negligible subsets

of ~H∞ (negligible: of probability zero for every Pτ � resp. Pτ̃). And universally meas-

urable � in particular analytic (4.d.1) � subsets of ~H∞ are negligible i� their trace on

H∞ is so.

� Call a subset X of ~
� ~A�S � ~
 negligible (and similarly for the original space), if for

all n
Q

t<n(
~
 � ~A � S)t � (X � ~An+1 � Sn+1) �

Q
t>n+1(

~
 � ~A � S) is negligible. It

follows that such an analytic X is negligible i� its trace on 
 � A � S � 
 is so. The

same holds for subsets of ~
, of ~
� ~A, and of ~
� ~A� S.
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B. The set � of probability distributions over plays (~
� ~A�S)∞ induced by (pseudo)-strategies

is Borel. So the corresponding sets of feasible distributions on ~
; ~
� ~A; ~
� ~A�S; ~
� ~A�S� ~

� which are the union over t � 1 of the marginals of � on the relevant factor of the set of plays,
are analytic. (Thus, the negligible subsets of one of those sets are those which are negligible for
every feasible distribution).

Hint. Like in ex. II.1Ex.11d and II.1Ex.11e p. 64 and by II.1Ex.13civA p. 68 Π consists of those

distributions on the standard Borel set of plays such that (α) the marginal on Ω1 is the unit mass at

ω1 (a closed subset); (β) (at, st) ∈ S
� ∀t � a Borel condition; (γ) the conditional probabilities of nature

are correct � i.e., given the factors X1, X2, X3, . . . require that for every n, and a countable generating

family of Borel sets A in
∏n

1 Xt and B in Xn+1, one has µ(A × B) =
∫
A
r(B)dµ (denoting by r the

speci�ed transition probability of nature) � this is again a countable set of Borel conditions; (δ) the
required conditional independence conditions hold for the (�pseudo-�) players � i.e. st is independent of
the past given (ωt, at). Use ex. II.1Ex.9 p. 60 to show that, if X,Y and Z are standard Borel, the set of

probability distributions on X × Y × Z such that X and Y are conditionally independent given Z is a

Borel set (take as parameter space E the space of all probabilities X × Y × Z). So this condition too

determines a Borel subset. Finally (ε), the conditional distribution σ of st given (ωt, at) is the same for
all t. For this it is su�cient to show that the set of pairs of distributions P,Q on X × Y (X,Y standard

Borel) that have the same conditional on Y given X is a Borel set. By ex. II.1Ex.9 p. 60, there exists

a conditional probability of Y given X for 1
2 (P + Q), denoted by R(dy | x, P + Q), which is jointly

measurable in X and (P +Q). The condition is then that, for measurable subsets X1 of X and Y1 of Y ,∫
X1
R(Y1 | x, P + Q)P (dx) = P (X1 × Y1),

∫
X1
R(Y1 | x, P + Q)Q(dx) = Q(X1 × Y1). For X1 and Y1 in

countable generating sub-algebras, one gets in this way a countable family of equations, both members

of which are Borel functions of (P,Q). Hence lemma II.1Ex.13civB.

C. An analytic subset X of ~
� ~A�S� ~
 is negligible i� the analytic set f (!; a; s) j ~qω,a,s(X) >
0 g is so.

Hint. 9.f.

D. An analytic subset of ~
� S
�
is negligible i� its analytic projection on ~
� ~A is.

Hint. Clearly the projection is analytic, and the condition su�cient. Consider thus an analytic sub-

set X of Ω̃× S
�
, with analytic projection Y on Ω̃× Ã, and assume Y is not negligible: for some strategy

τ̃ , and for some t, Pτ̃((ωt, at) ∈ Y ) > 0. By 7.j, there exists a universally measurable map s from Y
to S, with (y, s(y)) ∈ X ∀y ∈ Y . So there exists a Borel subset B of Y , such that the restriction of s
to B is Borel measurable, and such that Pτ̃((ωt, at) ∈ B) > 0. Let s̄(ω, a) be the unit mass at s(ω, a)
for (ω, a) ∈ B, s̄(ω, a) = σ̃(ω, a) on D \ B and consider the behavioural strategy s̃ = 1

2 s̄ +
1
2 τ̃ : it has

probability 2−t of playing like τ̃ before t and like s̄ at t, so Ps̃((ωt, at, st) ∈ X) ≥ 2−tPτ̃((ωt, at) ∈ B) > 0:
X is not negligible.

E. An analytic subset X of ~
� ~A is negligible i� the analytic set f! j ~�ω(X) > 0 g is so.
Hint. 9.f.

F. Negligible analytic subsets of ~
� ~A� S � ~
, etc. are contained in negligible Borel sets.

Hint. Use II.1Ex.13civB p. 69 and 4.d.3.

G. For any negligible analytic subset N of ~
� ~A�S� ~
, there exist Borel restrictions 
0 � ~
0,

C0 � ~C, K0 � ~K such that (!; a) 2 C0) ~�ω,a(S
�
a) = 1, and K0 \N = ;.

Remark 1.22. It follows that, with those restrictions, the extended model (i.e. with �)
is a true extensive form, with Sa 6= ; for every feasible a, and with ~� an everywhere de�ned

pseudo-strategy.

Hint. Let C̃1 = C̃ ∩D, and add to N the complements of K̃, of C̃1 × S × Ω̃ and of Ω̃0 × S̃
� × Ω̃0,

obtaining thus Ñ . C̃1 is still co-analytic, as a Borel subset of the co-analytic C̃, and all sets added are

negligible by II.1Ex.13civA p. 68. So Ñ is a negligible analytic subset. Apply then II.1Ex.13civF p. 69 to
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get K1 Borel disjoint from Ñ and with negligible complement, next II.1Ex.13civC p. 69 to get that the

Borel set B1 = { (ω, a, s) ∈ Ω̃× S̃ | q̃ω,a,s(K1) < 1 } is negligible, so its analytic projection P1 on Ω̃× Ã is

(II.1Ex.13civD p. 69) also negligible, hence (II.1Ex.13civF) disjoint from a Borel set C1 ⊆ C̃1 with negli-

gible complement, so �nally, by II.1Ex.13civE p. 69, Ω1 = {ω | α̃ω(C1) = 1 } is a Borel set with negligible

complement � and clearly included in Ω̃0. Let nowK2 = { (ω, a, s, ω′) ∈ K1 | ω, ω′ ∈ Ω1, (ω, a) ∈ C1 } and
continue inductively, obtaining decreasing sequences of Borel sets Kn, Cn, Ωn with α̃ω(Cn) = 1 ∀ω ∈ Ωn,
(ω, a) ∈ Cn ⇒

[
σ̃ω,a(S̃a) = 1 and s ∈ S�a ⇒ q̃ω,a,s(Kn) = 1

]
, (ω, a, s, ω′) ∈ Kn+1 ⇒ ω′ ∈ Ωn. Denote their

intersection K0, C0,Ω0. Observe ω1 ∈ Ω0 because Ω0 has negligible complement.

v.

A. If we obtain a system of restrictions as in II.1Ex.13civG p. 69 where the perfect recall rela-

tions implied by the ~'i are exact for every feasible path, the same will be true for the traces of


0; C0 and K0 on the original spaces 
 and A, so the result will be proved [restricting also ~'i to

( ~'i)−1i (S [ f�g)].
B. Because such restrictions are measurable, it remains true (as in ex. II.1Ex.13civA p. 68) that

analytic subsets of K0; C0, etc., or the space of feasible paths are negligible i� their trace on

the original model is negligible. (And recall from ex. II.1Ex.12 p. 64 that, when A is separable,

'i(aTn+1) = (aTn; sTn) with probability one.)

C. Therefore, we can henceforth assume II.1Ex.13civG p. 69 has been applied a �rst time, say

with N = ;, so we are in a true extensive form model (
0; C0;K0; ~A, ( ~Ai)i∈I; S; S
�
; ~q; ~�; ( ~'i)i∈R),

which is fully standard Borel, and where (pseudo-) strategies are de�ned everywhere on C0 �

in particular Sa 6= ; 8(!; a) 2 C0. Similarly ~'i is now de�ned on the whole of ~Ai, ~� on 
0, ~q on

(C0� S) \ (
0� S
�
).

We can therefore henceforth drop the � and the superscripts 0, and will iteratively impose

smaller and smaller restrictions, using each time without further reference II.1Ex.13cvB above

and II.1Ex.13civG p. 69� without writing new superscripts.

D. Let 
i = f! j �ω(A
i) = 0 g and remove

S
i


i � Ai from C. If 
 � Ai is negligible, remove

it also. For i 2 R, let also Ai
0 = ('i)−1 (�), Ai

n+1 = ('i)−1(Ai
n � S), Ai∞ = Ai nSnA

i
n. The A

i
n

are Borel, and Ai∞ negligible � remove 
 � Si∈RA
i∞ from C: now Ai =

S
nA

i
n. De�ne thus

inductively the Borel map hi on Si = (Ai� S)\S by hi(a; s) = (hi('i(a)); a; s) � with hi(�) = �
to initialise. And let f i(a) = hi('i(a)).

d. The main iteration. The rest of the proof is to be done for all i 2 R in succession. So i is
�xed henceforth.

i. Let M =
S

n≥0(S
i)n � where every sequence (including the empty) is preceded by �: hi

and f i map Si and Ai into the standard Borel space M .

De�ne �rst inductively the increasing sequences of analytic (9.f) subsets Dn
1 � ~Dn

1 � 
,

Dn
2 � C, Dn

3 � (
� S) \ (C � S) with D0j =
~D0j = ;, Dn

2 = Proj(Dn
3), D

n
1 = f! j �ω(D

n
2) > 0 g,

Dn+1
3 = [(
�Si)\(C�S)][f (!; a; s) j qω,a,s(D

n
1) > 0 g, ~Dn

j = Proj(f(!; a; s; !′) 2 K j !′ 2 Dn
1g);

(j = 1; 2; 3). Like in the proof of II.1Ex.13civD p. 69, observe that, by induction, for every initial

probability distribution � on Dn
j , there exists a pseudo-strategy vector � such that, starting with

� and following � , player i will have to play with positive probability before stage n+ 1 � and

conversely, if � assigns probability zero to Dn
j , then for any � , player i will not have to play

before stage n+ 1.
(�) In particular, by the same trick, for any non-negligible analytic subset of Dn

j , there exists a

pseudo strategy vector � under which �rst this subset will be hit with positive probability, and

next player i will with positive probability have to play at most n stages later.

It follows also that when stronger restrictions 
, C and K are imposed, the new Dn
j are just

the restrictions of the old ones (while the ~Dn
j may shrink).
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ii. De�ne now inductively Borel functions  j from ~Dn
j toM , with  3(!; a; s)= (f i(a); a; s) on

D13,  2(!; a) = f i(a) on D12,  2(!; a) =  3(!; a; s) if a =2 Ai and (!; a; s) 2 ~Dn
3 ,  1(!) =  2(!; a)

for (!; a) 2 ~Dn
2 ,  3(!; a; s) =  1(!

′) for !′ 2 Kω,a,s \ Dn−1
1 � all the time imposing further

restrictions (
; C;K).

Hint. Assume by induction the ψj are already de�ned with the above properties on the D̃
n
j . Consider

Q(ω,a,s)(B) = qω,a,s[Dn1∩ψ−1
1 (B)] for any Borel set B inM , and prove thatN = { (ω, a, s) | Qω,a,s �= 0 and

Qω,a,s is not concentrated on a single point } is analytic. [Dn1 is the projection of a Borel set H in Ω×[0, 1].
The set of probabilities µ on Ω× [0, 1] such that µ(H) > 0, and such that the image of µ|H by ψ1 ◦ π (π
being the projection) is not concentrated on a single point, is Borel, as the inverse image by a Borel map of

the Borel set of positive measures onM which are not concentrated on a single point. Thus it is standard

Borel, so has an analytic projection in the space of probabilities on Ω: (using 7.j) N is the inverse image

of this analytic set by the measurable 9.e map q]. By (∗) and by the properties of ψ on the Dnj , it follows
that N is negligible, so can be neglected. Now qω,a,s(Dn1 ) > 0 ⇒ Q(ω, a, s) is concentrated at a single

point, say g(ω, a, s). For any Borel set B inM , g−1(B) = { (ω, a, s) | qω,a,s[Dn1 ∩ψ−1
1 (B)] > 0 } is analytic.

So its complement g−1(Bc) is analytic too, so both are Borel in the analytic set g−1(M) (3.f). Thus g is
a Borel function on its domain. Therefore N = { (ω, a, s, ω′) ∈ (g−1(M)×Dn1 ) ∩K | g(ω, a, s) �= ψ1(ω′) }
is analytic, as a Borel subset of an analytic set, and clearly negligible: we neglect it too. To obtain that g
coincides with ψ3 on D

n
3 , it su�ces now to obtain that qω,a,s(D1

n) > 0, a ∈ Ai ⇒ g(ω, a, s) = (f i(a), a, s).
Let thus N = { (ω, a, s) ∈ g−1(M)∩D1

3 | g(ω, a, s) �= ψ3(ω, a, s) }: it is (Borel in) analytic, and, by (∗) and
the properties of ψ, negligible. Neglecting it, we can use g to extend ψ3 to D

n+1
3 . Consider now the ana-

lytic set G = { (ω, a,m) | a /∈ Ai, ∃s : (ω, a, s) ∈ Dn+1
3 , ψ3(ω, a, s) = m }; then N = { (ω, a) | #Gω,a > 1 }

is analytic: viewing M as [0, 1], one has N =
⋃
r∈Q{ (ω, a) | ∃m > r, (ω, a,m) ∈ G } ∩ { (ω, a) | ∃m <

r, (ω, a,m) ∈ G }. For the same reason, there exist, using 7.j, two universally measurable functions s1
and s2 de�ned on N , with (ω, a, si(ω, a)) ∈ Dn+1

3 and ψ3(ω, a, s1(ω, a)) �= ψ3(ω, a, s2(ω, a)). As in (∗),
construct now a strategy vector that reaches N with positive probability, in N plays Borel modi�cations

of s1 and s2 with positive probability each, and afterwards reaches player i with positive probability in

n+1 steps: this is impossible, so N is negligible. Neglecting it, we obtain that G is the (analytic) graph

of a function g from { (ω, a) ∈ Dn+1
2 | a /∈ Ai } to M , so g is Borel (3.f). This de�nes thus ψ2 on the

whole of Dn+1
2 � there is clearly no problem of compatibility. To de�ne now ψ1 on D

n+1
1 , use the same

argument as used above for ψ3 on Dn+1
3 � only view, for the proof of analyticity, α as a transition

probability from Ω to Ω × A instead of to A; and notice also that there is no problem of compatibility.

Finally, to extend the domains of de�nition to the D̃n+1
j , notice that ψ1 has a Borel extension to the

whole of Ω (9.a). Then { (ω, a) ∈ Dn+1
2 | ψ1(ω) �= ψ2(ω, a) } is (Borel in) analytic, and clearly negligible

since for those ω, αω(Dn+1
2 ) = 0. Neglecting it, we have ψ1(ω) = ψ2(ω, a) on ProjDn+1

3 . Similarly,

{ (ω, a, s, ω′) ∈ K | ω′ ∈ Dn1 , ψ1(ω′) �= ψ1(ω), a /∈ Ai or ψ1(ω′) �= (ψ1(ω), a, s), a ∈ Ai } is analytic, and is

now also negligible, since for those, qω,a,s(Dn1 ) = 0 (because if qω,a,s(Dn1 ) > 0, then both ψ1(ω) = ψ2(ω, a)
and ψ3(ω, a, s) = ψ1(ω′) for ω′ ∈ Kω,a,s ∩Dn1 ). Neglecting it too �nishes the induction.

iii.
A. Once this induction is over, consider (with the new restrictions 
; C;K), the increasing se-

quences of analytic sets Dn
j and ~Dn

j , and denote by Dj and ~Dj their union. The functions  j are

well de�ned on ~Dj (� Dj) � show they are Borel.

Hint. Functions with analytic graph on an analytic space are Borel.

B. We have now that D3 = [(
�Si)\(C�S)][f (!; a; s) j (!; a) 2 C; (a; s) 2 S; qω,a,s(D1) > 0 g,
D2 = ProjC(D3), D1 = f! j �ω(D2) > 0 g, and ~Dj = Projf(!; a; s; !′) 2 K j !′ 2 D1g. And

 1 : ~D1 ! M is Borel such that, for (!; a; s; !′) 2 K, !′ 2 D1,  1(!
′) =  1(!) if a =2 Ai and

 1(!
′) = ( 1(!); a; s),  1(!) = f i(a) if a 2 Ai.

e. End of the proof: last iteration.

i. Using II.1Ex.13cvD p. 70, show that Proj[(
�Ai)\C] � D1 and that if D1 6= ;, !1 2 D1.
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ii. Show that, if !1 2 D1,  1(!1) = �, and that, along every feasible play, as long as !t

remains in ~D1,  1(!t) is the correct sequence of past (an; sn) (n < t; an 2 Ai). Thus player i can

receive incorrect messages (from 'i, or from  1) only on feasible paths that have �rst left ~D1,

next reentered D1 (using II.1Ex.13ei) � which they can do only by �rst passing through ~D1nD1.
iii. Denote by H∞ the (standard Borel) space of feasible plays. Let � : H∞ � N ! M ,

where �(h; t) denotes the correct sequence of past (an; sn) (n < t, an 2 Ai): � is Borel. Let

E = f (h; t) j �(h; t) 6=  1(!t); !t(= !t(h)) 2 ~D1 g: E is (Borel in) analytic. Do now inductively

for t = 3; 4; 5; : : : the following, with as inductive assumption f (h; n) 2 E j n < t g = ; [for t = 3,
this follows from II.1Ex.13eii].

iv. Let Nt = f!t(h) j (h; t) 2 E g: Nt is analytic (App.6) and, using II.1Ex.13eii and the

inductive assumption, Nt � ~D1 nD1. Thus L = f (!; a; s; !′) 2 K j ! 2 Nt; !
′ 2 D1 g is analytic,

and negligible (because L = f (!; a; s; !′) 2 L j qω,a,s(D1) = 0 g [ f (!; a; s; !′) 2 L j (!; a) 2
D2; �ω(D2) = 0 g since Nt \D1 = ;): neglect it. The inductive assumption is now satis�ed for

t+ 1.

v. At the end of the iterations, E = ;; since Proj[(
 � Ai) \ C] � D1, this implies that 'i

recalls the correct last information to player i along every feasible play.

14. E�ectively perfect recall. Assume player i has e�ectively perfect recall, and Ai is

countable. Then every generalised strategy (cf. ex. II.1Ex.10ai p. 61) of player i is equivalent to
a probability distribution over pure strategies.

Comment 1.23. Since generalised strategies allow the player to recall all his past signals and

moves, the statement is a strong way of expressing both that the terminology �e�ectively perfect

recall� is justi�ed, and that there is nothing more general than the usual mixed strategies for

such games. Also, applied to pure strategies, it yields Theorem 1.3 p. 53.

Comment 1.24. Player i being �xed, we will systematically drop the superscript i, and write

for instance A for Ai.

a. Equivalence of generalised strategies and distributions over policies. Call policy a pure

strategy of �ctitious player i who would recall his past signals. Thus the space of policies is

� =
Q∞

n=1

�Q
a∈An

Sa

�∏
t<nAt

(with the corresponding product �-�eld), letting An denote the n
th

copy of A.
Prove the equivalence, for Ai countable.

Hint. Given a generalised strategy (Xn,Xn, Pn−1)∞n=1, where Pn is a transition probability from∏
1≤t≤n(St−1 × Xt × At) to Sn × Xn+1, with S0 = {0}, construct by induction probabilities Qn

on Yn = X1 × ∏nt=1

[∏
a∈kt

(St,a×Xt+1)
]∏

s≤tAs
for n = 0, . . . ,∞. [Using Qn−1, Pn and the map

hn : Yn−1 × ∏t≤nAt → ∏
t≤n(St−1 × Xt × At). Treat the factors corresponding to di�erent elements

of
∏
t≤aAt as conditionally independent.] Use Ionescu Tulcea's theorem again to obtain Q∞ on Y∞. Take

then the marginal distribution of Q∞ on Θ forgetting the factors Xt.

b. A ��-completely mixed� behavioural strategy of the opponents. Given a probability distri-
bution � over �, there exists a behavioural strategy vector �µ of the opponents such that, for each
general strategy � of the opponents there is a �-negligible subset Nτ of � such that 8� =2 Nτ , 8n,
8(a1; : : : ; an) 2 An, Pθ,τ(a1; : : : ; an) > 0) Pθ,τµ(a1; : : : ; an) > 0. (P (a1; : : : ; an) is the probability
that the n �rst signals received by i are a1; : : : ; an in this order.)

Hint. Let Θτa1,...,an
= { θ | Pθ,τ(a1, . . . , an) > 0 }. If τk are behavioural strategies, and τ =

∑
2−kτk,

prove that Θτ ⊇ ⋃
kΘ

τk. Deduce that there exists a behavioural strategy τµ,a1,...,an
such that

Θτµ,a1,...,an
a1,...,an = µ- ess sup{Θτa1,...,an

| τ behavioural strategy } and again that there exists τµ such that

∀n, ∀(a1, . . . , an), ∀τ behavioural strategy, Θτa1,...,an
⊆ Θτµ

a1,...,an µ-a.e. Extend this conclusion to gen-

eral strategy vectors τ using Fubini's theorem on the product of (Θ, µ) and the auxiliary spaces of the

opponents. Let �nally Nτ =
⋃

{α∈⋃nA
n}
[
Θτα \Θτµ

α

]
.
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c. A measurable recall function. There exists a universally measurable function � : ��A!
A[f�g such that, 8� 2 �, Pσ,τµ-a.e. one has �(�; a1(!)) = � and �(�; an+1(!)) = an(!) for n � 1.

(� denotes the pure strategy space �i of player i � thus
Q

a∈ASa. And an(!) is the n
th signal

received by player i.)

Hint. Use von Neumann's selection theorem (7.j) on the measurable set

G = { (σ, f) ∈ Σ× (A ∪ {ι})A | Pσ,τµ
-a.s. : f(a1(ω)) = ι, f(an+1(ω)) = an(ω) ∀n ≥ 1 }

[Show G =
⋂

(a,a′)∈A2

n≥1

([{σ | Pσ,τµ
(an+1 = a and an = a′) = 0 } × (A ∪ {ι})A] ∪ [Σ × { f | f(a) = a′ }]),

still intersected with a similar term for a1.]

d. End of the proof.

i. De�ne inductively universally measurable maps �n : � � A ! (A [ f�g)n+1 � using

�(�; �) = � � by �0(�; a) = a, �n+1(�; a) = h�(�; �n(�; a)), �n(�; a)i (where h ; i stands for

concatenation). Let Bn = (�n)−1(An+1) universally measurable, and de�ne inductively univer-

sally measurable maps �n : � ! � with [�n+1(�)] (a) = �n+1[�
n(�n(�); a)] if (�n(�); a) 2 Bn,

= [�n(�)](a) otherwise. Let �nally [�∞(�)](a) = limn→∞[�n(�)](a) if, for all su�ciently large n,
[�n(�)] (a) =2 Bn, [�∞(�)] (a) = [�1(�)] (a) otherwise. Show �∞ is universally measurable too.

ii. Show by induction over n that 8� , 8� =2 Nτ , 8k � n � 1, Pσk(θ),τ and Pθ,τ coincide on

histories up to an (the nth signal to i) � including for k =1.

Hint. Assume the statement for n. Then ∀a ∈ An, ∀θ /∈ Nτ, ∀k ≥ n− 1, (Pθ,τ(a) =) Pσk(θ),τ(a) >
0 ⇒ θ ∈ Θτµ

a ⇒ αn−1(σk(θ), an) = a, so (σk(θ), an) ∈ Bn−1 \
⋃
m≥nBm, and [σk(θ)](an) = θn(a) ∀k ≥ n.

Conclude.

iii. The image distribution of � by �∞ is the required distribution on �.

Comment 1.25. Observe that the map we obtained from � to �∞(�) is neither canonical,
nor linear: �∞ itself depends on �, through � and hence �µ.

Comment 1.26. The proof shows that the apparently weaker de�nition of �e�ectively per-

fect recall� that for each pure strategy � of i and every behavioural strategy vector � of the

opponents, there exists a corresponding recall function �σ,τ of player i, is already su�cient: use

�σ for � (cf. II.1Ex.14b p. 72) to obtain that �σ can be selected independently of � .

Comment 1.27. What is the �right� de�nition of �e�ectively perfect recall� when Ai is stand-

ard Borel? I.e., that would be equivalent to the present de�nition for Ai countable, and for which

the present result would generalise for (Si;S i) standard Borel. (For part II.1Ex.14a p. 72, one

can use ex. 7 p. 63).

Comment 1.28. Because of this theorem, one can treat as (linear) games with countable

Ai � and hence use remarks 1.4 and 1.5 p. 55 � a number of situations where the true signals

do not fall in a countable set, e.g. because they are in fact the full past history of signals and

moves � and Si is not necessarily countable. This applies in particular to all games as modelled

according to remark 1.3 p. 54.

In the next 5 exercises, we �x a complete probability space (
;A ; P ).

15. Liftings. A lifting % is a homomorphism of rings with unit from L∞(
;A ; P ) to

L∞(
;A ; P ) such that %(f) 2 f (recall the points of L∞ are equivalence classes in L∞).
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a. There exists a lifting.

Hint. Call �linear lifting� a positive linear map from L∞ to L∞ such that M(f) ∈ f and M(1) = 1.
Clearly every lifting is linear. We �rst show the existence of a linear lifting. Consider the family of pairs

formed by a sub σ-�eld B (containing all null sets) and a linear lifting M on L∞(Ω,B, P ), ordered by

(B1, M1) ≤ (B2, M2) i� B1 ⊆ B2 and M2 extends M1. The family is non-empty (trivial σ-�eld), and the order
is inductive, i.e. any totally ordered subfamily (Bα, Mα) is majorated: indeed, either there is no countable
co-�nal set of indices, and then B∞ =

⋃
αBα is a σ-�eld, with an obvious linear lifting M∞, or there is one,

say αi� let then B∞ be the σ-�eld spanned by
⋃
αBα, and M∞(f) = limU Mαi

[E(f | Bαi
)], where U is an

ultra�lter on the integers: M∞ is again a linear lifting on B∞, by the martingale convergence theorem. So,

by Zorn's lemma, there exists a maximal pair (B, M). If A ∈ A \B, construct a linear lifting extending M
on the σ-�eld spanned by B and A. Hence the existence of a linear lifting M. Let then R denote the set

of all linear liftings M′ such that [M(f)](ω) = 1 implies [M′(f)](ω) = 1 for all ω and every indicator function

f . R is clearly convex; to prove its compactness in RΩ×L∞ it su�ces to show that for any limit point M̃,
M̃(f) ∈ f for all f . By linearity and positivity (which implies uniform continuity), it su�ces to do this

for indicator functions, say f = 1A. Then {ω | [M(f)](ω) = 1 } = A a.e., so M̃(f) ≥ f a.e., and similarly

M̃(1 − f) ≥ 1 − f a.e., hence the result. So by Krein-Milman, R has an extreme point M̃. M̃ is then still

extreme in the convex set of all linear liftings: if a convex combination of two linear liftings belongs to

R, each one does. Hence M̃ is a lifting: for f ∈ L∞, 0 ≤ f ≤ 1, let Tf : L∞ → L∞ : g  → M̃(fg)− M̃(f)M̃(g),
T 1(g) = M̃(g) + Tf(g), T 2(g) = M̃(g)− Tf(g). An immediate computation shows the T i are linear liftings,
with M̃ as average. By extremality, Tf = 0, i.e. M̃(fg) = M̃(f)M̃(g). By linearity, this extends then to all f .

b. L∞ is a complete lattice: i.e., if (fα)α∈A is a uniformly bounded decreasing net in L∞,
it has a greatest lower bound: ess infα∈A fα in L∞.

Hint. Consider infi fαi
, where the sequence αi is chosen such that infi

∫
fαi
dP = infα

∫
fαdP .

c. For a lifting %, and for f = ess infα∈A fα, one has [infα∈A %(fα)] 2 f .
Hint. The left-hand member is ≥ M(f) and ≤ infi M(fαi

), and both those bounds are measurable

with the same integral. Use again completeness.

Remark 1.29. A lifting maps indicator functions to indicator functions, hence induces a

map from subsets to subsets.

d. If 
 is a Hausdor� space, and P a regular probability, call a lifting strong if %(f) � f̂ on

the support of P for all f 2 L∞, where f̂(!) = lim supV ∈Vω
1

P (V )

R
V fdP , and where Vω denotes

the decreasing net of all open neighbourhoods of !.

Observe (regularity) that f̂ is, outside the atoms of P , the smallest u.s.c. function majorating

f a.e. on SuppP , so it is equivalent to require that %ω(f) � f(!) for f u.s.c. and ! 2 SuppP , or
still that U � %(U) for every open subspace U of SuppP .

Assume there is a sequence of compact metric subsets Kn such that P (
S

nKn) = 1. Then
any (linear) lifting % is a.e. equal to a strong (linear) lifting �%.

Hint. Let N =
⋃
nNn ∪ �

⋃
nKn, where Nn = {ω | ∃f ∈ C(Kn) : Mω(f̄) �= f̄(ω), where f̄(ω) = f(ω)

for ω ∈ Kn, = 0 else }. Nn, hence N , is negligible, by the separability of C(Kn). For ω in N ∩ Supp(P ),
let M̄ω be an extreme point (Krein-Milman) of the non-empty (Hahn-Banach) set of all positive linear

functionals p on L∞ satisfying p(1O) = 1 for every open set O containing ω. By the same argument as

sub(1), M̄ω is multiplicative. Let M̄ω = Mω elsewhere: M̄ is a lifting, a.e. equal to M. Remains to show that

for O open, ω ∈ O ∩ (Kn \Nn), Mω(O) = 1: this follows from the de�nition of Nn, selecting f ∈ C(Kn)
with 0 ≤ f ≤ 1O and f(ω) = 1.

Remark 1.30. Regular probabilities on most classical function spaces satisfy the above as-

sumption (cf. e.g. Edwards, 1965), even when compact subsets are not metrisable.

e. A lifting % on (
; A; P ) operates on a Baire-measurable map f with relatively compact

values in a completely regular space E by h(%(f)) = %(h Æ f) for every continuous function h on

E. Prove the following:
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i. Existence and uniqueness of %(f).

ii. %(f) depends only on the equivalence class of f (i.e., all g such that, 8h; h Æ g = h Æ f
a.e.), and belongs to it.

iii. %(f) is Borel-measurable, and the image measure on the Borel sets is regular.

Remark 1.31. Thus, if E is a product (so f is a �stochastic process�), %(f) is a �separable

modi�cation�.

iv. If fα are such maps to spaces Eα, and f :
Q

αEα ! E is continuous, %(f ÆQα fα) =
f ÆQα(%(fα)).

One way to prove II.1Ex.15eiii and II.1Ex.15eiv is by the following two points:

v. % de�nes a map from 
 into the (compact) space of characters S of L∞. The map is by

de�nition Baire-measurable. For the induced probability �P on S, use II.1Ex.15b p. 74 to show

that any closed set with empty interior is contained in a closed Baire set with measure zero and

also that the closure of an open set is open (i.e., the space is hyperstonian). Deduce that �P is

�completion regular�: the completion of �P on the Baire �-�eld is a regular probability on the

Borel sets. Hence the map % is Borel measurable, and induces a regular probability.

vi. A map f as in II.1Ex.15e induces an algebra-homomorphism from the space of continu-

ous functions C(E) into C(S), hence by transposition a continuous map from S to E. %(f) can
equivalently be de�ned as the composition of this map with the map % from 
 to S.

16. Regular conditional probabilities.

a.
i. Let u be a positive linear map from C(K) to L∞(
;A ; P ), where K is compact. Assume

u(1) = 1. Then there exists a transition probability Q from (
;A ; P ) to (K;B), where B is the
Borel �-�eld on K, such that, for each !, Qω is a regular Borel measure on K, and such that
Q(f) 2 u(f) 8f 2 C(K).

Hint. Let Qω(f) = [M(u(f))](ω) for f ∈ C(K), and use Riesz's theorem. For C compact in K,

denote by fα the decreasing net of all continuous functions ≥ 1C, and use II.1Ex.15c p. 74 to prove the

measurability of Qω(C) � so Qω has indeed the required properties.

ii. Those Q's have the additional property that, if fα is a decreasing net of u.s.c. functions
converging to f , then Q(f) = ess infαQ(fα).

Hint. Observe that Q(fα) ≥ M(Q(fα)).

iii. Using II.1Ex.15e p. 74, one can even require Q to be a Borel-measurable map to �(K),
inducing a regular image measure.

b. Conversely, it is clear that any such transition probability Q de�nes in this way a unique

u � but it is more instructive to follow the longer route:

i. P and Q determine uniquely a probability distribution P 
 Q on (
;A ) 
 (K;B) �
which has P as marginal.

ii. For any probability distribution R on (
;A ) 
 (K;B) having P as marginal, let

u(f) = ER(f j A ) for any f 2 C(K): this is the required u.

iii. Although, given u, many Q's will satisfy the requirements of II.1Ex.16a, they will all
induce the same R.

Hint. By II.1Ex.16aii, for two such Q's, Q1 and Q2, one will have Q1(f) = Q2(f) a.e. for any positive
Borel function f on K.

II.1Ex.16aii yields also that:
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iv. Those R's � being in one-to-one correspondence with their restriction to product sets

� are exactly the positive measures on (
;A ) with values in the space of regular Borel measures

on (K;B), such that [R(A)](K) = P (A).

c. Conclude that, for any Hausdor� topological space K, with its Borel �-�eld B, and
any measurable space (
;A ), any probability R on the product whose marginal distribution on
(K;B) is regular can be decomposed into its marginal P on (
;A ) and a regular conditional
(in the sense of II.1Ex.16aiii) Q on (K;B) given (
;A ).

Hint. If R(Ω × B) is regular, so is R(A × B) for each A ∈ A . Consider �rst the case K compact;

for arbitrary K, use the regularity of R(Ω×B) to �nd a Kσ carrying this measure.

Comment 1.32. In typical applications, Q becomes a behavioural strategy. The equivalent

R is sometimes called a distributional strategy.

d. In the same setup, with K compact, conclude also that any probability measure on

A 
Ba � where Ba denotes the Baire �-�eld, spanned by the continuous functions � has a

(clearly unique) regular extension to A 
B.

17. Convergence of transition probabilities.

a. Tychono�'s theorem yields that the point-wise convergence topology (with the weak�

topology on L∞) is compact on the set of u's de�ned sub II.1Ex.16b.

b. De�ne, for regular transition probabilities Q from (
;A ; P ) to (K;B) (i.e., 8!, Qω

is a regular Borel probability, and 8B 2 B, Qω(B) is measurable), the convergence concept

Qα ! Q i� Qα
ω(f) ! Qω(f) �(L∞; L1), 8f 2 C(K) � i.e., i� 8f 2 C(K), 8A 2 A ,R

AQ
α
ω(f)P (d!)!

R
AQω(f)P (d!). Conclude that this convergence concept derives from a com-

pact Hausdor� topology on (equivalence classes of) Q's.

c. If K is metrisable, this topology is also strictly semi-compact (ex. I.1Ex.7c p. 12). If in

addition A is separable, the topology is metrisable.

18. Operator interpretation of Liftings.

a.

i. The assumptions sub II.1Ex.16a imply that u 2 L (C(K); L∞), i.e. u is a (norm)-conti-

nuous linear map from C(K) to L∞.

ii. For any such map u, there exists a kernel Q � i.e., 8!;Qω is a regular Borel measure on
K, and 8B 2 B, Q·(B) is measurable �, such that kQωk � kuk 8!, Q·(f) 2 u(f) 8f 2 C(K),
and the marginal on K of jP 
Qj is a regular Borel measure.

Hint. Proceed as sub II.1Ex.16ai. For the last point, which corresponds to II.1Ex.16aii, de�ne

R+ = [P ⊗ Q]+, R− = [P ⊗ Q]−, u+(f) as the Radon-Nikodym derivative of µ+(B) =
∫
B×K fdR

+

with respect to P and similarly for u−(f). u+ and u− are positive linear maps from C(K) to L∞, with

u = u+ − u−. Hence we get Q+ and Q−, each one verifying II.1Ex.16aii, and, by the linearity of the

lifting, Q = Q+ −Q− � so P ⊗Q+ + P ⊗Q− ≥ |P ⊗Q|.
iii. Since the converse to II.1Ex.18aii is obvious (cf. hint above), we get an isometry between

L (C(K); L∞) and a space L
[C(K)]′
∞ of equivalence classes of kernels satisfying the properties sub

II.1Ex.16aii. We use this notation because the space of regular Borel measures can be seen as the

dual [C(K)]′ of C(K), and a kernel as a bounded (�scalarly�-) measurable map with values in this

space (in fact, even Pettis-integrable when taking the space of bounded universally measurable

functions on K as dual of the space of regular measures) (or again, using II.1Ex.15e, as a Borel

map to [C(K)]′, with regular image). The equivalence classes are derived from the norm, where

kQk = supf kQ·(f)k∞ j f 2 C(K); kfk � 1 g.
b.
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i. Any kernel Qω with supω kQωk < 1 de�nes a continuous linear functional 'u on the

space L
C(K)
1 of (equivalence classes of) Bochner-integrable functions with values in C(K) � by

'u(f) =
R
fd(P 
Q). And k'uk � supω kQωk.

Hint. Bochner-integrable functions f are such that ‖f − fn‖ → 0, for measurable step functions

fn with values in C(K), and where ‖g‖ =
∫ ∗ ‖g(ω)‖P (dω) (where ∫ ∗ denotes the upper integral). De-

duce (Egorov), by selecting ‖f − fn‖ summable, that one can have in addition ‖fn(ω)− f(ω)‖ → 0
P -a.e., so in particular f is measurable on Ω ×K, and similarly Qω(f(ω)) is measurable and ‖f(ω)‖ is

even integrable since ‖f(ω)‖ ≤ ‖fn(ω)‖ + ‖f(ω)− fn(ω)‖. Since ‖Qω‖ ≤ K < ∞, we have then also

|Qω(f(ω))| ≤ K ‖f(ω)‖, so Qω(f(ω)) is integrable. Let then ϕu(f) =
∫
Qω(f(ω))P (dω): linearity is obvi-

ous, and |ϕu(f)| ≤
∫
K ‖f(ω)‖P (dω) = K ‖f‖, so ‖ϕu‖ ≤ K. We have then also ϕu(fn) =

∫
fnd(P ⊗Q)

for all n, hence the fn form a Cauchy sequence in L1(P⊗Q), that converges point-wise to f : f ∈ L1(P⊗Q),
so ϕu(f) =

∫
fd(P ⊗Q).

ii. Any continuous linear functional ' on L
C(K)
1 de�nes a continuous linear map u : C(K)!

L∞, with kuk � k'k.

Hint. u(x) ∈ L∞ : L1 → R, f  → ϕ(xf).

iii. The maps sub II.1Ex.18bi and II.1Ex.18bii (under the identi�cation sub II.1Ex.18a

above of u and Q) de�ne an isometry between [L
C(K)
1 ]′ and L (C(K); L∞).

Hint. u
(A) → ϕ

(B) → u is obviously the identity. That ϕ
(B) → u

(A) → ϕ is also, is su�cient to check on step

functions, hence on functions 1A·x (A ∈ A , x ∈ C(K)). The isometric aspect follows then because we

have shown (using also II.1Ex.18aii) that all maps decrease the norm.

iv. The isometries sub II.1Ex.18aiii and II.1Ex.18biii, given II.1Ex.18ai, allow to view (equi-

valence classes of) transition probabilities as a subset of the dual of L
C(K)
1 . Show that the

topology introduced sub II.1Ex.17 p. 76 is the weak� topology.

c.

i. Any Banach space E can be viewed isometrically as a subspace of a space C(K), taking
for K the unit ball of the dual (Banach Alaoglu).

ii. Deduce from the above (and the Hahn-Banach theorem) the existence of (canonical) iso-

metries between (LE
1 )

′, LE′
∞ and L (E;L∞). [LE′

∞ is the set of equivalence classes of bounded maps
f from 
 to E′, which are scalarly measurable in the sense that, 8x 2 E, hf(!); xi is measurable,
(or, which are Borel-measurable with regular image), and with kfk = sup‖x‖≤1 khf(!); xik∞.]

Hint. Consider the barycentre of Qω.
A direct proof, from II.1Ex.15 p. 73, is just as easy, considering the embeddings L1 → (x·L1) of L1

into LE1 , for all x ∈ E.

Show that those spaces are also isometric to the space B(L1; E) of continuous bi-linear func-
tionals on L1� E.

iii. Show that LE
1 is isometric to the completed tensor product L1
̂E [for z 2 E 
 F ,

kzk = inffPn
i=1 kxik � kyik j xi 2 E; yi 2 F;

Pn
i=1xi
 yi = z g].

Hint. The �step functions� are dense in L1⊗E. Also LE1 is complete by the usual argument: if fn is
a Cauchy sequence, extract a subsequence with

∑
n ‖fn+1 − fn‖ <∞ (cf. hint sub II.1Ex.18bi p. 77). So

both spaces can be viewed as a completion of the step functions: it su�ces to prove there is an isometry

on step functions.
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iv. So the only additional information we got in the case of E = C(K) is that 8 ~f 2 LE′
∞

there exists f 2 ~f [with kf(!)k � k ~fk 8! and] which is �scalarly well integrable� even when

taking as dual of E′ all bounded universally measurable functions.

Show also (cf. II.1Ex.18aii p. 76) that when E = C(K), our isometries are also isomorphisms

of complete Banach lattices. And an additional isometry is obtained with the space of measures

on 
�K whose absolute value has a regular projection on K and a projection on 
 majorated

by ��P for some � > 0. Observe �nally that, if K is metrisable, kQk = k(kQωk)k∞.

v. Extend II.1Ex.18cii and II.1Ex.18ciii above to the case where E is a locally convex space.

(Then LE
1 is endowed with the semi-norms p(f) =

R ∗
p(f(!))P (d!), for every continuous semi-

norm p on E. And the polars of the neighbourhoods of zero in E are the equicontinuous subsets

of E′, which play therefore the rôle of the balls above).

19. Strassen's Theorem. Assume (
; A; P ) complete, and for each ! let pω be a sublinear

functional (i.e., pω(�x) = �pω(x) and pω(x+ y) � pω(x)+ pω(y) for � � 0, x; y 2 E) on a Banach

space E, which is bounded � supω sup‖x‖≤1 pω(x) < 1 � and weakly measurable � pω(x) is

measurable 8x 2 E. Let also �p(x) =
R
pω(x)P (d(!)), and assume further that either E is separ-

able, or P is a regular Borel probability on the Hausdor� space 
, such that P (
S

nKn) = 1 for

appropriate compact metric subsets Kn, and pω(x) is upper semi-continuous 8x 2 E.
Then any linear functional �' on E which is majorated by �p can be written as �'(x) =R

'ω(x)P (d!), where ' is a bounded, Borel-measurable map to E′ with the weak� topology,
having a regular image measure, and satisfying 'ω(x) � pω(x) everywhere.

Hint. De�ne p̃ on LE1 (ex. II.1Ex.18c p. 77) by p̃(f) =
∫
pω(f(ω))P (dω). Identifying E with the

constant functions in LE1 , p̃ extends p̄. By the separation theorem 1.20 p. 8, take an extension ϕ̃ of ϕ̄
with ϕ̃ ≤ p̃: then (ex. II.1Ex.18cii p. 77) ϕ̃(f) =

∫
ϕω(f(ω))P (dω) in particular, for x ∈ E and A ∈ A

we get, with f = x1A,
∫
A
ϕω(x)P (dω) ≤

∫
A
pω(x)P (dω), hence ϕω(x) ≤ pω(x) a.e. If E is separable, use

a dense sequence to �nd that, outside a negligible set, ϕω(x) ≤ pω(x) ∀x ∈ E, and use the separation

theorem to rede�ne ϕω on this negligible set such as to have the inequality everywhere. In the other

case, assume by (ex. II.1Ex.15d p. 74) that ϕ was obtained by a strong lifting M: then we obtain ∀x, ∀ω:
ϕω(x) = M(ϕω(x)) ≤ M(pω(x)) ≤ pω(x), the last inequality because pω(x) is u.s.c. and the lifting is strong.

20. The Blackwell-Stein-Sherman-Cartier-Fell-Meyer-Ionescu-Tulcea Theorem.

(Ionescu Tulcea and Ionescu Tulcea, 1969)
a. Let X and Y be two compact Hausdor� spaces, ' : X ! Y a continuous map, S � C(Y )

a convex cone such that 1 2 S and f; g 2 S ) min(f; g) 2 S . Let � and � 6= 0 be regular non
negative measures on X and '(X) respectively, such that

R
X(f Æ')d� �

R
Y fd� 8f 2 S . Assume

�(Y nSnKn) = 0 for appropriate compact metric subsets Kn. Then there is a Borel-measurable

map � : y 7! �y from Y with the �-measurable sets to the space M+(X) of non-negative regular
Borel measures on X with the weak� topology, such that � has a regular image measure by �
with �(B) =

R
�y(B)�(dy) for every Borel set B, and �y(f Æ ') � f(y), 8y 2 '(X), 8f 2 S .

Hint. Letting λy = 0 for y /∈ ϕ(X) we can assume ϕ onto. Let then py(f) = inf{h(y) | h ∈
S , h ◦ϕ ≥ f } for f ∈ C(X), and p̄(f) =

∫
Y
py(f)µ(dy). Observe (regularity of µ) that p̄(f) ≥ ν(f), and

apply Strassen's theorem (λy ≥ 0 follows from λy(f) ≤ py(f) for f ≤ 0).

b. For any Borel-measurable map � : ! 7! �ω from a complete probability space (
;A ; P )
to �(X), where X is a Hausdor� Kσ, such that P has a regular image measure by �, let
�P (B) =

R
�ω(B)P (d!) for every Borel set B. Then �P is well de�ned, and �P 2 �(X).

Remark 1.33. The theorem is II.1Ex.20a. II.1Ex.20b is a comment on it � c.f. e.g. the

proof of the claim in theorem 1.2 p. 111 below for an example of its use.

Remark 1.34. A classical case of this theorem is where ' is the identity and more speci�cally

X = Y is compact, convex in some locally convex space, and S is the cone of concave functions.
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This case is closely related to the concavi�cation operators to be encountered later in ch.V and

VI.

Another is the following, which gives the �right form� (i.e. as in ex. II.1Ex.9 p. 60, except for

the parameterisation by an auxiliary measurable space) of ex. II.1Ex.16 p. 75.

21. Disintegration of measures. Let ' : X ! Y be a continuous map between Hausdor�
spaces, � 2 �(X); � = '(�) (1 p. 7). Assume that �(

S
nKn) = 1 for appropriate compact metric

subsets Kn. Then there is a Borel measurable map � : y 7! �y from Y with the �-measurable

sets to M+(X) with the weak� topology such that �y 2 �(X) for y 2 '(X), Supp�y � '−1(y)
8y 2 Y , and � has a regular image measure on �(X) by �, with �(B) =

R
Y �y(B)�(dy) for every

Borel set B.

Hint. For X compact, this follows straight from ex. II.1Ex.20 p. 78, with S = C(Y ). The only

problem here is to preserve the measurability properties of λ in the generalisation. By regularity, there

is no loss to assume the sequence Kn to be disjoint, and that ∀nKn ⊆ ϕ(X), with µ(Kn) > 0; λy can
then be de�ned separately on each Kn, selecting an arbitrary point mass in ϕ−1(y) for y ∈ ϕ(X)\⋃nKn,
and setting λy = 0 for y /∈ ϕ(X). After replacing X by ϕ−1(Kn) and renormalising µ (9.b.2 p. 428), this

reduces, the problem to the case where ϕ is onto, and Y is compact metric.

Similarly select a disjoint sequence of compact subsets Xn of X, with αnνn = ν|Xn
, νn ∈ ∆(Xn),

αn > 0,
∑
nαn = 1, Xn = Supp νn. Repeating the above argument, we can assume that ϕ(

⋃
nXn) = Y ,

and hence that X is the disjoint union of the Xn. Finally let µn = ϕ(νn), fn = αn dµn/dµ:
∑
n fn = 1

a.e. Use Lusin's theorem to �nd disjoint compact subsets Yk of Y , with µ(
⋃
k Yk) = 1, and such that

f : y  → (fn(y))∞n=1 is continuous from Yk to ∆(N). Repeating our �rst argument, it su�ces to work on

each Yk separately � hence we can further assume f : Y → ∆(N) is continuous. Fix now a strong lifting

M on (Y, µ). Observe On = { y | fn(y) > 0 } is open, and that µn and µ are mutually absolutely conti-

nuous on On, while µn vanishes outside. So M is still a strong lifting on (On, µn), and extends thus to a

strong lifting Mn on (Ōn, µn). Since ϕ(Xn) = Ōn [because Xn = Supp νn], use the compact case mentioned
above to construct, with Mn, a regular conditional λn from Ōn to ∆(Xn). Let λ̄n(y) = λn(y) for y ∈ On,
λ̄n(y) = νn for y outside On: now λ̄n is µ-measurable from Y to ∆(Xn). Use ex. II.1Ex.15e p. 74 to let

λ̃n = M(λ̄n) � in particular, λ̃n(y) = λn(y) for y ∈ On. Since also f = M(f), ex. II.1Ex.15e yields that
the map y  → [f(y), (λ̃n(y))n∈N] from (Y, µ) to ∆(N)×∏n∆(Xn) with the Borel sets is measurable, with

a regular image measure. Since the map β, (µn)n∈N)  → ∑
nβnµn from ∆(N) ×∏n∆(Xn) to ∆(X) is

continuous, it follows that the composition y  → λy =
∑
n fn(y)λ̃n(y) =

∑
n fn(y)λn(y) is measurable

from (Y, µ) to ∆(X) with the Borel sets, with a regular image measure [and even satis�es λ = M(λ)]. It
clearly satis�es our requirements.

22. Games with almost perfect information. (Birch, 1955) Consider a game where

the position at each stage in a feasible play determines all the previous positions along the play,

i.e. the history. An history h induces a subgame if for any feasible play consistent with h, any
signal ai to some player i on this play after (and including) h, will identify h. A game has almost

perfect information for player i if every history where he is playing induces a subgame, as well

as the histories ending by one of his moves.

Show that a game with �nitely many plays has an equilibrium where the players who have

almost perfect information use pure strategies.

2. In�nite Games

2.a. In�nite games with perfect information. These games can be described as

follows. We are given a set Ω (with discrete topology). Player I chooses a point ω1 in Ω
and this choice is told to player II who now selects some ω2 in Ω. ω2 is then announced

to player I who chooses ω3 and so on. Hence both players play sequentially knowing all

previous moves. The game Γ corresponds thus to an in�nite tree (with perfect inform-

ation), that we identify with H =
S

n≥0Ω
n
, set of histories or positions, with Ω0 = f;g.

H∞ = Ω∞
is the set of plays. We shall write � for the natural partial order on H [H∞
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where h � h′ i� h′ extends h, and a base of open sets in H∞ (for the product topology) is

given by the sets fh′ 2 H∞ j h � h′ g, h 2 H. As for the pay-o�, we are given a real valued

function g on H∞. A pair of pure strategies (σ, τ) in Σ�T (i.e. mappings from H to Ω)
induces in a natural way (h1 = σ(φ), h2n+1 = (h2n, σ(h2n)), h2n+2 = (h2n+1, τ(h2n+1))), a
point h∞ = (ω1, ω2, . . . , ωn, . . . ) in H∞ and we de�ne γ(σ, τ) = g(h∞). Given h in H, the

subgame starting from h is played like Γ, I (resp. II) moving �rst if h has even (resp.

odd) length and the play h∞ induces the pay-o� g(h, h∞), (where (h, h∞) is h followed

by h∞). H(σ) is the set of positions that can be reached if player I plays σ and H∞(σ) is
the corresponding set of plays. H ′ � H is a I-sub-tree i� there exists σ of player I with
H(σ) � H ′

. We then say that σ is compatible with H ′
.

The game Γ is open, closed, Gδ, . . . , Borel, when g is the indicator function of an

open, closed, Gδ, . . . , Borel subset W of H∞.
In this framework, the game is determined if one of the players has a winning pure

strategy; i.e. either player I can force h∞ to be inW (there exists σ such that H∞(σ) �W )

or player II can force h∞ to belong to its complement W c
.

The �rst result is

Proposition 2.1. (Gale and Stewart, 1953) Open and closed games are determ-
ined.

Proof. Assume �rst W is open. Suppose that player I has no winning strategy

in Γ. This implies that, for every ω1, there exists ω2 such that player I has still no

winning strategy in the subgame starting from (ω1, ω2) (i.e. in which a play h∞ in-

duces a pay-o� g(ω1, ω2, h∞)). This de�nes inductively, for every n and every position

h2n+1 = (ω1, . . . , ω2n+1) a move ω2n+2 such that player I has still no winning in the sub-

game following ω1, . . . , ω2n+2. De�ne τ to be a strategy of player II that makes the above

choice of fω2n+2gn≥0. Then τ is winning. Otherwise, for some σ, (σ, τ) would generate a

play h∞ in W . W being open, there exists n in N such that (h2n+1, h
′
∞) belongs to W for

every h
′
∞ in H∞, contradicting the choice of ω2n+2.

Similarly, ifW is closed and player II has no winning strategy, there exists a �rst choice
ω

′
1 of player I such that player II has still no winning strategy in the subgame following

ω
′
1. Reversing the rôle of the players implies that this subgame is open, hence determined

so that player I has a winning strategy σ′ for it. It follows then that σ de�ned by: play

ω′
1 then use σ′, is a winning strategy for player I in the original game. �

Remark 2.1. The above result can be written in the following equivalent way: Given

W closed in H∞, let W≺ = fh 2 H j 9h′ 2W, h � h′ g. Let Li(W ), i = I, II, be the set of
positions from where player i can force the set W . If ; 2 Li(W ), then Li(W ) is included
in W≺

and is a i-winning sub-tree, i.e., every strategy compatible with Li(W ) is winning.

Proposition 2.2. (Gale and Stewart, 1953) Under the Axiom of Choice, there
exists an undetermined game.

Proof. Take Ω = f0, 1g. Note �rst that, for each σ of player I, the cardinality of the

set H∞(σ) is ℘(@0). In fact, player II can follow on his stages any sequence of 0 and 1; on
the other hand, one obviously has #T � ℘(@0). Let us now construct a winning set W .

Let α be the least ordinal such that there are ℘(@0) ordinals less than α. We can thus

index the players' strategies as σβ, τβ with β 2 f γ j γ < α g. Choose y in H∞(τ0) and then

x in H∞(σ0) with x 6= y. Inductively, if yγ and xγ have been chosen for γ < β < α, the
set fxγ j γ < β g has less than ℘(@0) elements hence H∞(τβ) n fxγ j γ < β g is not empty.
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Choose yβ in it. Similarly H∞(σβ) n f yγ j γ � β g is not empty and we take xβ in it. We

now claim that the sets X = fxβ j β < α g and Y = f yβ j β < α g are disjoint. Assume

not and let xβ = yγ. If γ � β (resp. γ > β), we have a contradiction by the choice of x
(resp. y). Choose �nally W with Y �W and W \X = φ. Consider now σ in Σ. Then σ
corresponds to some index, say β. By construction, there exists a play xβ in H∞(σβ)\X
hence a strategy τ of player II inducing against σ a play in X. player I has no winning

strategy, moreover the maxmin (supinf) is 0. Similarly, player II has no winning strategy

and the minmax is 1. �

Prop. 2.1 has been gradually extended to larger classes of games. The more general

result is (Martin, 1975, 1985):

Theorem 2.3. Borel games are determined.

We �rst introduce some notations and de�nitions.

Given a tree H, we denote also by [H] the corresponding set of plays (that was also

previously denoted H∞).
(H�, π, φ) is a covering of the tree H if

(1) H�
is a tree, π is a mapping from [H�] to [H] and φ a mapping from Σ�

(resp. T �
) to Σ (resp.T ) such that π and φ commute in the following sense:

if h 2 [H(φ(σ�))], there exists h� 2 [H�(σ�)] with π(h�) = h, and similarly for τ �.

Lemma 2.4. Let (H�, π, φ) be a covering of H and W � [H]. If the game
(H�, π−1(W )) is determined, so is the game (H,W ).

Proof. In fact, let σ�
be a winning strategy in (H�, π−1(W )) and let

σ = φ(σ�). If h is a play in [H] compatible with σ, there exists, by 1, a play h�

in [H�] compatible with σ�
and with image h. Since h� belongs to π−1(W ), σ is

winning. �

The idea of the proof of the theorem is roughly to prove inductively that one

can construct, for any Borel set W , a covering with π−1 (W ) closed. In fact, we

need to work with more speci�c coverings. An n-covering is a covering that

satis�es moreover:

(2) For all k, if h|k denotes the restriction of h to H̃k (histories of length at most k)
and similarly for strategies, then π(h�)|k depends only on h|k and φ(σ�)|k depends
only on σ�

|k.
(3) H̃n = H̃�

n and φ(σ�)|n = σ∗|n, and similarly for τ ∗.

We can now de�ne a projective limit of n-coverings by the following

Lemma 2.5. Given H0, assume that, for every integer k, (Hk+1, πk+1, φk+1) is an
(n + k)-covering of Hk. Then, there exists H� and, for each k, a (n + k)-covering
(H�, π�k, φ�k) of Hk such that, for all k and all h� in [H�]:

π�k(h�) = πk+1 Æ π�k+1(h�) .

Proof. By hypothesis, one has, for * � k, H̃�
n+k = H̃

k
n+k. De�ne then H

� =
S

k H̃
k
n+k,

hence H�
is also a tree. For h� in [H�], we de�ne π�k(h�) as follows: by composing

the mappings π and φ, one has, for * � k, an n-covering (H�, πk�, φk�) of Hk
. Let us

now choose h� in [H�] such that h�|n+� = h�|n+� and put π�k(h�) = lim�→∞πk�(h�). Si-

milarly, for σ�
in Σ�

, choose, for each *, σ�
in Σ�

that coincides with σ�
on H̃�

n+� and let
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φ�k(σ�) = lim�→∞φk�(σ�). It is easy to see that (π�k, φ�k) are well-de�ned and (H�, π�k, φ�k)
satis�es the requirements. �

Given a tree H, W � [H] is standard if, for every integer n, there exists a n-covering
(H�, π, φ) of H such that H−1(W ) is clopen (open and closed) in [H�]. Theorem 2.3 will

then follow from prop. 2.1 and the following lemma.

Lemma 2.6. A closed set is standard.

Proof of the Theorem. In fact, assuming this result, we �rst prove by induction

that Borel sets are standard. Let Σ1 be the class of open sets and, for every countable

ordinal α let Πα = fW j W c
is in Σα g, Σα = fW j W is a countable union of sets

in
S

β<αΠβ g. Assume that for all trees, all W in Πβ, β < α are standard, and let

W = [Wk with Wk in Πβk with βk < α. Given n, let (T1, π1, φ1) be an n-covering of H
such that H−1

1 (W1) is clopen. Let now (T2, π2, φ2) be an (n + 1)-covering of T1 such that

π−12 Æπ−11 (W2) is clopen and so on inductively. Using then lemma 2.5, one gets (H�, π�, φ�)
being an n-covering of H for which every H�−1(Wk) is clopen and hence π�−1(W ) is open
in [H�]. Just note that the complement of a standard set is standard, hence Borel sets

are standard. Lemma 2.4 proves then the theorem. �

Proof of the Lemma. Let W closed in [H] and k an integer. A position h� 2 H�

corresponds to a position h in H except at stages 2k + 1 and 2k + 2 where: ω�
2k+1 =

(ω2k+1, HI), HI being a I-sub-tree starting from (ω1, . . . , ω2k+1). ω
�
2k+2 is either of the

form: (ω2k+2, h0, ui), u being an history in H with even length extending (ω1, . . . , ω2k+2)
and belonging to HI nW≺

(in this case, the moves after stage 2k+2 have to extend u), or
(ω2k+2, h1, HIIi) where HII is a II-sub-tree of HI contained in W≺

(the moves from 2k + 2
on have then to respect HII). Note that since W is closed this set of choices is non-empty

(prop. 2.1). π is obviously the natural projection on H and, by de�nition, h� belongs to
π−1(W ) if (ω1, . . . , ωn) 2 W≺

for all n, hence if ω�
2k+2 can be written as (�, h1, �i), so that

H−1(W ) is clopen. It is easily seen that H�
is a tree; there thus remains to de�ne φ.

(1) Consider �rst Σ�
. On H̃2k, σ coincides with σ�

. Assume now σ�(ω1, . . . , ω2k) =
(ω2k+1, HI) and consider the HI game starting from (ω1, . . . , ω2k+1) where W

c
is

winning. This game being open, is determined.

(a) If player I has there a winning strategy, say σ′, let him use it until the (�-

nite) stage where an even history h in HInW≺
is reached. Consider now the

corresponding position h� in H�
with π(h�) = h and ω�

2k+2 = (ω2k+2, h0, hi)).
This history is compatible with σ�

and I plays now inH (after h) by following
σ�

in H�
after h�.

(b) Otherwise, (ω1, . . . , ω2k+1) 2 LII(W ). At every history h in H, either there

exists h� in H�
with ω�

2k+2 = (ω2k+2, h1, LII(W )i) and π(h�) = h, then σ fol-

lows σ�
at h�; otherwise this means that, at some stage, the partial history

h′ is no longer in LII(W ). This implies that, after h′, player I can force W c

and we use the construction above (1a).

(2) For τ � in T �
, φ(τ �) = τ is de�ned as τ � on H̃2k. Consider now, given

(ω1, . . . , ω2k+1), the game starting from this history where II is winning i� he

reaches an even history h for which there exists a I-sub-tree, say HI(h), satisfying
τ �(ω1, . . . , ω2k, (ω2k+1, HI(h)) = (ω2k+2, h0, hi). Note that in this game, the set V
of winning plays of I is closed. Consider again two cases:
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(a) If player II has a winning strategy in this game, he uses it to reach

h = (ω1, . . . , ω2�), then follows τ � from (ω1, . . . , (ω2k+1, HI(h)), (ω2k+2, h0, hi))
on.

(b) Else (ω1, . . . , ω2k+1) 2 LI(V ). Obviously τ �(ω1, . . . , (ω2k+1, L
I(V ))) is of the

form (ω2k+2, h1, HIIi) by the de�nition of the previous game. τ follows then

τ � as long as h is the image of some possible h�. If not, this means that h
is no longer in LI(V ) so that, after h, II has a winning strategy and we are

back to (2a).

It is now easy to check that φ is well-de�ned and (H�, π, φ) is a k-covering of H. �

Remark 2.2. The theorem states that, if W is a �Borel property�, the negation of the

in�nite sentence �9ω1 8ω2 9ω3 8ω4, . . . such that W � is the sentence �8ω1 9ω2 8ω3 9ω4, . . .
such that [not W ]�. It yields thus an extension of the usual rule of negation to in�nite

sentences. Hence the interest of logicians in this question (cf. e.g. Moschovakis, 1980).

2.b. Comments: In�nite Games without Perfect Information. Without the

previous perfect information assumption the analysis is much harder and only very partial

results are available.

Γ is the game with perfect recall described as follows: S and T are �nite sets and

both players choose at stage n independently moves sn and tn in S or T . ωn = (sn, tn)
in Ω = S � T is then announced to both and they proceed to the next stage. g is a real

bounded measurable function on (H∞,H∞) (with the product σ-algebra induced by the

discrete topology on each factor). Strategies are de�ned as mappings from H to ∆(S)
or ∆(T ) and the pay-o� if given by γ(σ, τ) = Eσ,τ(g). By the minmax theorem (e.g.

prop. 1.17 p. 7) and remark 1.5 p. 56 we have immediately:

Lemma 2.7. If g is l.s.c., the game has a value, and player II has an optimal strategy.

Remark 2.3. This implies in particular that, if g = 1W with W open or closed, the

game has a value (note nevertheless that one player may not have a winning strategy).

One can go one step further to obtain (Blackwell, 1969) (cf. also Orkin (1972b) for an

extension to the Boolean algebra generated by the Gδ's):

Proposition 2.8. If W is a Gδ, the game has a value.

Proof. Note �rst that W is a Gδ in H∞ i� there exists a subset Y of H such that

h∞ belongs to W i� hn belongs to Y for in�nitely many n in N (i.e. h∞ hits Y in�nitely

often). For any position x in H, denote by v̄(x) the minmax of the subgame Γ(x) starting
from x (and v̄ = v̄(;)).

We now introduce Γ′(x) as the subgame starting from x and with pay-o� v̄(y), where
y is the entrance position in Y after x. Formally, let θx(h∞) = min(fn j 1 � n <
1, (x, hn) 2 Y g[f1g). Then the pay-o� of Γ′(x) is f with f(h∞) = 1n<∞v̄(x, hn) where
n = θx(h∞). It is clear that f is l.s.c. hence the previous lemma implies that Γ′(x) has a
value v′(x) and player II has an optimal strategy τ ′(x). Let us �rst remark that:

(1) v′(x) � v̄(x) 8x 2 H
(consider the following strategy for player II in Γ(x): play according to τ ′(x) until Y is

reached; if Y is reached at position y, play then an ε-optimal strategy in Γ(y)).
Let us prove now that player I can guarantee v̄, so that Γ has a value, namely v̄. Let

εm = ε/2m+1, and de�ne inductively σ as follows: Play ε0-optimally in Γ′(φ) until Y is

reached. If this happens at position y1, play then ε1-optimally in Γ′(y1) until Y is reached
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again. If this occurs at y2, play ε2-optimally in Γ′(y2) and so on. Given σ and any τ in

T , de�ne a sequence of pay-o�s fρmg by: ρ0 = v̄ and ρm = v̄(ym) if ym is de�ned (i.e. if

h∞ hits Y at least m times) and 0 otherwise. Then we have:

(2) Eσ,τ(ρm+1 jHm) � ρm� εm
whereHm is the σ-algebra generated by (y1, . . . , ym) on H∞. This is clear if ρm = 0. Oth-
erwise, after the position ym, player I was playing εm optimally in Γ′(ym), meaning that his

pay-o�, which is precisely ρm+1, has a conditional expectation greater than v′(ym) � εm,
hence the inequality (2), using (1). Taking expectation and summing in (2), we obtain:

Eσ,τ(ρm) � ρ0� (ε1+ � � �+ εm) � v̄ � ε .
Since 0 � ρm � 1 and ρm is 0 unless Y is hit m times, this implies that:

Pσ,τ(Y is hit m times) � v̄ � ε
and letting m!1 yields

�(3) Pσ,τ(Y is hit in�nitely often) = Pσ,τ(h∞ 2W ) � v̄ � ε .
Exercises.

The games in ex. II.2Ex.1�II.2Ex.3 are as in sect. 2.b.

1. Counterexample in approximation. (Orkin, 1972a)(cf. also ex. I.1Ex.4 p. 10 and

I.1Ex.5 p. 10). Let S; T = f0; 1g, 
 = S � T . De�ne Y
′
n = f! 2 
 j 9i � n with !i = (1; 1) g

and Z = f! 2 
 j ti = 0 8i g. Show that the game with (closed) winning set Yn = Y
′
n [ Z is

determined with value 0 and player II has a winning strategy. Prove that the game with winning

set Y =
S

n≥1Yn has value 1, and player I has a winning strategy. Y is the union of an open and

a closed set, hence both a Gδ and an Fσ. (This shows that one can not use an approximation

argument like in ex. I.1Ex.2 p. 9 to prove the previous result by using open sets � or dually.)

2. (Orkin, 1972b) Take S; T = f0; 1g, 
 = S � T . The winning set is Z = X [ Y
with X = f! j !n = (0; 0) for in�nitely many n and !n = (1; 1) for in�nitely many n g and

Y = f! j !n = (0; 0) for at most �nitely many n and !n = (1; 1) for at most �nitely many n g.
X is a Gδ and Y an Fσ. Show that the following is a winning strategy for I: he chooses 1 as long
as II chooses 0, and reverses his behaviour just after II is doing so.

3. A Gδ game. (Orkin, 1972b) 
 = S�T = f0; 1g2. As soon as I chooses 1, the game ends
and player I wins if player II chooses 1 at that move and looses otherwise. If player I always plays
0, he wins i� player II chooses in�nitely often 0 (cf. the related �Big Match�, ch.VII, ex.VIIEx.4
p. 346). Show that the value of the game is 1 but player I has no optimal strategy.

Hint. An ε-optimal strategy (due to Blackwell) of player I is as follows: take N > 1/ε; let Nj = 2jN ,

j = 1, . . . and divide the play into successive blocs of length Nj. On each bloc j, player I selects a stage

nj uniformly distributed on this bloc and plays 1 at this stage i� the previous nj − 1 moves of player II
in this bloc were 1. Otherwise, he plays always 0 on this bloc.

4. Non-zero-sum Borel Games (Mertens & Neyman). (cf. Mertens, 1986b) We con-

sider games with perfect information like in sect. 2.a p. 79.

a. Prove that, if the pay-o� function g is Borel, the game has a value (consider the level

sets).

b. Note that, if g takes �nitely many values, the players have optimal strategies and they

can even be improved such as to remain still optimal at any position.
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c. Assume now a set I of players (of whatever cardinality) and that each pay-o� function

gi satis�es II.2Ex.4a and II.2Ex.4b. De�ne, for each i, f�j(i), j 2 Ig to be a strategy vector as

improved sub II.2Ex.4b in the two-person zero-sum game (i; {fig) with pay-o� gi. Let �nally

� i be de�ned as: play �i(i) as long as the other players do so and switch to �i(j) if player j
deviates. This induces a pure equilibrium.

d. Deduce the existence of pure "-equilibria for bounded Borel pay-o� functions.

5. The second separation theorem. (after Blackwell, 1967a) [For notations and de�ni-

tions below, cf. App.1 and 2.a.]

Let P be a paving on a set X, with Pc � Ps. Given Cn 2 Psc, there exists a sequence

Bn 2Psc, Bn � Cn, which forms a partition of
S

nCn.
a. There is a loss in assuming P to be a (�-)�eld.

Hint. Use the stability of the Souslin operation (Ps = Pss) � which implies immediately

Ps = Psσ = Psδ since clearly Pσ ⊆ Ps, Pδ ⊆ Ps: B = P ∩ Psc is thus a σ-�eld, with P ⊆ B
(assumption Pc ⊆ Ps), hence Ps ⊆ Bs ⊆ Pss = Ps.

b. Let An = Cc
n = {Cn have the Souslin scheme An =

S
σ∈NN

T
k∈NP

n
σk

with Pn
σk

in the

boolean algebra P , and where �k denotes the initial segment of length k of � 2 NN. Set

Pn
σ0

= X (�0 = ;). For x 2 X, de�ne the game �x with players n 2 N each picking an integer

in the following order: 1,1,2,1,2,3,1,2,3,4,1,2,. . . At any stage t, denote by ht(n) the sequence of
past choices of player n. The game continues until at some stage t, x =2 Pn

ht(n)
for some player n,

who is then declared the loser. The sets Ln of plays where player n loses are disjoint open sets

in NN. Let L0 = (
S

n≥1Ln)
c, and observe L0 = ; for x =2 A =

T
nAn.

Let A
′
n = fx j player n can avoid losing in �x g

A
′′
n = fx j player n cannot force a loss upon his opponents in �x g.

Show that:

(1) An � A
′
n

(2) A
′
n \A

′′
n = A

(3) A
′
n [A

′′
n = X

(4)
S

nA
′′
n = X (if everyone forces a loss upon his opponents, one will lose . . . )

(by 2 and 3, this is equivalent to
T

nA
′
n = A).

(5) A
′
n and A

′′
n belong to Ps.

Hint. E.g., for A
′′
n, the set of x such that the opponents have a joint strategy τ that forces the

closed set L0 ∪ Ln, i.e. such that, for any �nite history h, either h is not compatible with τ , or no

opponent has lost along h. Observe the set of histories is countable, hence the set of strategies can

be viewed as NN: our condition on the pair (τ, x) is thus the intersection over countably many his-

tories h of conditions �either τ belongs to some clopen set or x belongs to some set in the �eld B�:

{(τ, x)} =
⋂[(

Ki×X
) ∪ (NN×Bi

)]
with Ki clopen, Bi ∈ B. Use now the projection property � or,

to keep the proof fully self contained, write the corresponding Souslin scheme: A
′′
n =
⋃
τ∈NN

⋂
k∈NQ

n
τk
,

with Qnτk
=
⋂{Bi | i ≤ k, σ ∈ Ki ⇒ σk �= τk } ∈ B.

c. Set now Bn = (A
′
n)

c \Ti<n(A
′′
i )

c to �nish the proof.

6. Borel sets via games. (Blackwell, 1981) Let H =
S

n≥0N
n. X � H is a stop rule

if for all in�nite sequences h∞, there exists a unique x in X with x � h∞. Given a stop rule
X, a function on X whose values are intervals of R and a real number u, consider the game
G(X; f; u) with perfect information on 
 = N where I plays �rst and wins if u 2 f(!1; : : : ; !k)
where (!1; : : : ; !k) is in X. Let B(X; f) the set of u's for which I wins. Prove that the family B
of all B(X; f) is the �-algebra of Borel sets on R.
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Hint. Note that B includes intervals. Prove that B is stable by countable unions and intersections.

(Consider the extended game where I or II chooses �rst which game G(Xn, fn, u) to play.) For the con-

verse note that B(X, f) is analytic (as in ex. II.2Ex.5) but G(X, f, u) is clopen hence by prop. 2.1 p. 80,

B(X, f) is coanalytic and use 3.h.

7. Analytic sets via games. (Dellacherie, 1980) Let X be a compact metric space.

C �P(X) is a capacitance if

(1) A 2 C ; A � B ) B 2 C
(2) An % A and A 2 C ) 9n;An 2 C .

De�ne a game GA with perfect information as follows: I chooses C1 with A 2 C1, II chooses
A1 � A, A1 2 C1, I chooses C2 with A1 2 C2,. . . and so on. II wins if

T
n
�An � A, where �An is the

closure of An. Let D be the family of sets A where II wins in GA. Prove that D is the family A
of analytic subsets of X.

Hint. (1) A ⊆ D .

(a) Let �rst A =
⋂
n

⋃
mK

n
m, K

n
m compact increasing in m for �xed n. Given C1 with A ∈ C1

there exists m1 with A ∩K1
m1

= τ (C1) in C1. Given C2 with τ (C1) ∈ C2, there exists m2

with τ (C1) ∩K2
m2

= τ (C1,C2) ∈ C2. Since ∩Ki
mi

⊆ A, τ is winning.

(b) D is stable by continuous functions: let C ′ = {B | f(B) ∈ C } and de�ne, if τ ′ is win-
ning for A′, f(A′) = A, τ (C1) = f(τ ′(C ′

1)), τ (C1,C2) = f(τ ′(C ′
1,C

′
2)) and so on. Since

f(∩Kn) = ∩f(Kn), Kn compact, τ is winning for A.
(c) Any analytic set can be obtained as f(A), f continuous, A like sub 1a � 3.e.

(2) D ⊆ A.
Let A be in D and τ a winning strategy for II. Note that the class of sets that cannot be

written as
⋃
nBn, Bn ⊆ τ (Cn), Cn capacitance containing A, is a capacitance, hence does not

contain A. Thus A =
⋃
n τ (Cn) for some sequence Cn. Similarly, for each ω1 in N, the family

of sets, that cannot be written as
⋃
nBn with Bn ⊆ τ (Cω1,Cn) for capacitances Cn containing

Aω1 = τ (Cω1), does not contain Aω1. De�ne then two mappings from �nite sequences in N to

capacitances and subsets of A such that, writing ωk for the �rst k terms of some ω in NN:

(a) Aωk
= τ (Cω1, . . . ,Cωk

)
(b) Aωk

=
⋃
nAωk,n with A∅ = A.

Deduce that
⋂
k Āωk

⊆ A (τ is winning); hence, by 2b, A =
⋃
ω

⋂
kAωk

=
⋃
ω

⋂
k Āωk

. Hence A
is analytic (Souslin scheme) (3.b).

8. Topological games and the Baire property (Choquet, Christensen, Saint Ray-

mond). (Choquet, 1969; Saint-Raymond, 1983) Given a topological space X consider the game

with perfect information G where I chooses a non-empty open set U1, then II chooses a non-empty

open set V1 � U1, then I picks U2 � V1 and so on. II wins in G if
T

nVn 6= ;. Say that X is of

type B (resp. A) if I cannot win in G (resp. II wins).
De�ne similarly G′ with moves Un and (Vn; xn), Un, Vn open, xn in X, Un � Vn � Un−1, where

II wins if the sequence xn has an accumulation point in
T

nVn, and G
′′
with moves (Un; xn) and

Vn, Un, Vn open, xn in Un and Vn−1 � Un � Vn 3 xn, where II wins if
T

nVn 6= ;. We introduce

similarly types B′, . . . A
′′
.

Observe that property A (resp. A′, A′′) always implies property B (resp. B′, B′′), and that

A′′ ) A′ ) A, B′′ ) B′ ) B.

a. The following spaces are of type A
′′
: complete metric spaces, locally compact Hausdor�

spaces, products of spaces of type A
′′
.

b. Prove that X is of type B if and only if X is a Baire space.

Hint. If X is not Baire, let U be a non-empty open set U ⊆ ⋃nFn, Fn closed sets with empty

interior. Let σ(φ) = U , σ(V1, . . . , Vn) = Vn \ Fn, then σ is winning. If σ is winning, σ(φ) = U1 is of �rst

category. In fact de�ne I1 = {1}, U1
1 = U1 and recursively a maximal family of non-empty open sets

(Uni , V
n−1
i )i∈In

with:

(1) (Uni )i∈In
are pair-wise disjoint.

(2) ∀i ∈ In+1∃j ∈ In, V n+1
i ⊆ Unj .
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(3) U1
i1
⊇ U2

i2
⊇ · · · ⊇ Unin implies Unin = σ(V 1

i2
, . . . , V n−1

in
).

(4) Uni ⊆ V n−1
i

Let thenWn =
⋃
i∈In

Uni and show inductively thatWn is dense in U1: Assume it is true for n and let

W be open and disjoint from Wn+1; let in ∈ In with W ∩ Unin �= ∅. This determines a unique (i1, . . . , in)
by 3 and V n = W ∩ Unin, Un+1 = σ(V 1

i2
, . . . , V n−1

in
) contradicts the maximality of the family. Finally⋂

Wn = ∅ since if it contains a, a is compatible with a play of σ and σ is winning.

c. A metrisable space is of type A′′ i� it is topologically complete.

Hint. It su�ces to show that if X is of type A′′, X is a Gδ in its completion (E, d).
Show there exists a family of indices I··· and open sets O··· in E constructed inductively by:

(1) ω1 ∈ I , . . . , ωn+1 ∈ Iω1,...,ωn
.

(We shall write ω for such a compatible sequence and ω(n) for the �rst n terms).

(2) Oω(n),ωn+1 ⊆ Oω(n), X ∩ (
⋃
ωn+1

Oω(n),ωn+1) = X ∩Oω(n), d(Oω(n)) < 2−n.
(3)
⋂
nOω(n) is a point of X.

Fix a well ordering on each I and de�ne inductively Aω1 =
⋃
θ1<ω1

Oθ1, Aω(n),ωn+1 = Aω(n) ∪
(
⋃
θn+1<ωn+1

Oω(n),θn+1), then Bω(n) = Oω(n) \Aω(n) and Xn =
⋃
ωBω(n), Y =

⋂
nXn. Note that X ⊆ Xn

hence X ⊆ Y . On the other hand for every ω(n), the Bω(n),ωn+1 are included in Bω(n) and disjoint,

so that Y =
⋃
ω

⋂
nBω(n) ⊆ ⋃ω⋂nOω(n) ⊆ X. It su�ces to show that Xn is a Gδ in E. Since E is

metric proceed by localisation: C ⊆ E is a Gδ i� for every open covering (Fi) of C, C ∩ Fi is a Gδ.
(Use an open covering Gj of ∪Fi, �ner than Fi and locally �nite. Each C ∩ Gj is the intersection of

a decreasing sequence Gj,n of open subsets of Gj. Let Ωn =
⋃
jGj,n since Gj is locally �nite one has⋂

nΩn =
⋃
j

⋂
nGj,n =

⋃
jC ∩Gj = C).

The proof then follows by induction.

d. (Hausdor�) Deduce that: if X is topologically complete and f an open continuous

mapping in a metrisable space, f(X) is topologically complete.

e. If X separable is of type B it is of type B′.

Hint. Let (an) be dense in X, and given σ′ in G′, let σ(V1, . . . , Vn) = σ′((V1, a1), . . . , (Vn, an)). If τ
wins against σ, ∩Vn contains an accumulation point of (an), hence σ′ is losing against (Vn, an).

f. A Hausdor� space X is a Namioka space if for all compact Y , all metrisable Z and all f
from X �Y to Z, separately continuous on X and Y , there exists a dense Gδ of X, A, such that

f is continuous at each point of A� Y .
Prove that if X is of type B′, X is a Namioka space.

Hint. Else one can assume Z = [−1, 1] (consider the function d(f(x, y1), f(x, y2)) on X × (Y × Y )),
and, using II.2Ex.8b, that on an open set W the oscillation of F : x  → f(x, ·) is > δ. Let for each

k ≥ 1, (P kj )j≥1 be a dense sequence in Pk, the set of real continuous functions on [−1, 1]k. De�ne σ by

σ(φ) =W and σ((V1, x1), . . . , (Vn, xn)) = Un+1 = Vn\
⋃
j+k≤nCk,j with Ck,j = {x | ‖F (x)− ϕk,j‖ ≤ δ/3 }

and ϕk,j(y) = P kj (f(x1, y), . . . , f(xk, y)). Since the diameter of F (Ck,j) is less than 2δ/3, Ck,j has an
empty interior in W , hence Un+1 �= ∅. Let (Vn, xn)n≥1 be winning against σ. Write x∞ for an accu-

mulation point of (xn) in
⋂
nVn. Let φ : Y → [−1, 1]N, φ(y) = (f(xn, y))n. Since φ(y) = φ(y′) implies

f(x∞, y) = f(x∞, y′) there exists ϕ continuous on the compact set φ(Y ) with F (x∞) = ϕ ◦ φ hence

by Urysohn's theorem a continuous function ψ on [−1, 1]N that coincides with ϕ on φ(Y ). Let ψk on

[−1, 1]k de�ned by ψk(u1, . . . , uk) = ψ(u1, . . . , uk, 0, 0, . . . ) and πk the projection of [−1, 1]N on [−1, 1]k.
By uniform continuity of ψ there exists k with ‖ψ − ψk ◦ πk‖ ≤ δ/12. Choose j with ‖ψk − P kj ‖ ≤ δ/4,
then ‖F (x∞)− ϕk,j‖ ≤ δ/3 hence x∞ ∈ Ck,j, hence x∞ /∈ ⋂nVn.

9. Games without value. (Davis, 1964) Consider a game with perfect information where

player I chooses a �nite sequence in 
 = f0; 1g, then II chooses a point in 
, then I a �nite

sequence and so on. Given W in 
∞, player I wins if the play belongs to W .
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a. Prove that I wins i� W contains a perfect set.

Hint. If σ is winning, the set of plays consistent with σ is a perfect set in W .

Conversely, let P be perfect in W . Given h in H =
⋃
nΩ

n, f(h) = {x ∈ Ω∞ | h ≺ x } has an empty

or perfect intersection with P . Deduce that Q = {h ∈ H | f(h, 0) ∩ P and f(h, 1) ∩ P are perfect } is

non-empty and induces a winning I-sub-tree.

b. Show that player II wins i� W is countable.

Hint. If W is countable = {wn}n∈N, player II can force a play with wn /∈ f(h2n), ∀n.
Show that if II has a winning strategy he has also a winning strategy that depends only on the

position at stage n (and not on the history: sequence of previous positions).

Thus, if τ is winning, for each w in W , there exists N such that n ≥ N implies w /∈ f(wn, τ (wn)).
Denote by N(w) the smallest such N , and let Wk = {w ∈ W | N(w) ≤ k }. Note that for any h in Ωk,
f(h) ∩Wk contains at most one point hence Wk is �nite.

10. An operator solution proof of prop. 2.8. (Blackwell, 1989) For each function u in

U , i.e. de�ned on H with 0 � u � 1 and each position x let �(u;x) be the game starting from

x and with pay-o� u(y) where y is the entrance position in Y after x. Note that �(u;x) has a
value, say Tu(x); this de�nes an operator T from U to itself.

Show T has a �xed point u∗ and u∗(;) is the value of the original Gδ game, say �(;).
Hint. For each countable ordinal α de�ne uα in U by:

u0 ≡ 1, uα+1 = Tuα, and if α is a limit ordinal uα = inf{uβ | β < α }.
To prove that I can guarantee u∗(∅) let him play optimally in a sequence of games Γ(u∗; ym) (cf. the proof
of prop. 2.8 p. 83). For II, prove inductively that for any countable ordinal α any position x and any

ε > 0, he can obtain uα(x) + ε in Γ(x) (play �rst optimally in some Γ(uβ;x) then obtain uβ(y) in Γ(y)).

3. Correlated equilibria and extensions

We follow here roughly the approach of Forges (1986a).

3.a. Correlated equilibria. A correlation device c (for the player set I) is a prob-
ability space (E, E , P ) together with sub σ-�elds (E i)i∈I of E . The extension Γc of a game

Γ by c is the game where �rst nature selects e 2 E according to P , next each player i 2 I is
informed of the events in E i

which contain e, then Γ is played (every player remembering

all along his information about e).
A correlated equilibrium of Γ (Aumann, 1974) is a pair (c, equilibrium of Γc).

In such a correlated equilibrium, each player i 2 I has a private probability space

(X i,X i, Qi) to do his own randomisation (cf. sect. 1); one can replace E by its product

with all X i
's, such as to reduce mixed (resp. general) strategy correlated equilibria to pure

(resp. behavioural) strategy correlated equilibria. Further, if the action sets are standard

Borel and Γ is countably linear, ex. II.1Ex.10d p. 63 allows to reduce correlated equilibria

in general strategies to the pure strategy case. Similarly, if the game is linear and A is

countable, the method of ex. II.1Ex.10e p. 63 [with (E, E i) instead of (X,X )], reduces
behavioural strategy correlated equilibria (hence, by the above, also general strategy cor-

related equilibria) to the pure strategy case. (One cannot use directly the statement of

ex. II.1Ex.10e, since the set of signals of Γc is not countable.)

Henceforth we assume Γ is a linear game with countable signal space (recall

ex. II.1Ex.14, comment 1.28 p. 73).

Theorem 3.1. The correlated equilibria of Γ have distributions on the space (Σ,S )
=
Q

i(Σ
i,S i) of pure strategy I-tuples of Γ. This set C of distributions is convex.
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c1α

c2
1� α

Figure

3. Convexity

of the Correla-

ted Equilibria

Proof. According to remark 1.4 p. 55, pure strategy correlated

equilibria can now also be seen as an Ituple of measurable maps σ̂i
from

(E, E i, P ) to i's pure strategy space (Σi,S i) in Γ. Hence the �rst

sentence.

Convexity follows from the fact that a lottery between two correla-

ted equilibria yields again a correlated equilibrium, with device: �

Definition 3.2. C is called the set of correlated equilibrium

distributions. C0 is the set of corresponding pay-o�s. A canon-

ical correlated equilibrium is one where c = ((Σ,S ), (S̃ i)i∈I, P ) �

where (Σ,S ) =
Q

i∈I(Σ
i,S i) and S̃ i

is the σ-�eld on Σ spanned by S i
�, and where

the equilibrium strategies are the projections from Σ to Σi
(i 2 I). (The corresponding

devices c are called canonical correlation devices). Thus canonical correlated equilibria

can be identi�ed with their distributions.

Theorem 3.3. (Aumann, 1974) C is the set of canonical correlated equilibria.

Proof. The maps σ̂i of the previous proof allow to take equivalently as correlation

device (E � Σ, E � S , (E i � S̃ i)i∈I) with the probability induced by P and the maps

σ̂i, and the projections to Σi
as equilibrium. Thus each player i is told by the device

some σi 2 Σi
, plus some additional information about ω, and he uses the recommended

σi
. Hence he would a fortiori still be in equilibrium if he were only told σi

� with less

information, he has less strategies to deviate to. So the marginal on (Σ,S , (S̃i)i∈I) is a
canonical correlated equilibrium. �

Theorem 3.4. C is weak�-closed if the action sets of Γ are separable metric spaces
and each pay-o� function gi(σi, σ−i) is bounded and continuous on Σ.

Proof. Σ is now also a separable metric space; the result follows then (cf.

ex. II.3Ex.1d p. 96) from the fact that P 2 C can be equivalently characterised byR
Σϕ(σi)[gi(σi, σ−i) �gi(τ i, σ−i)]P (dσ) � 0, 8τ i 2 Σi, 8i 2 I, and for every bounded,

positive continuous function ϕ on Σi
. �

Corollary 3.5. If Σ is �nite, C is a compact, convex polyhedron.

Proof. In that case, the above system of linear inequalities in P becomes �nite, tak-

ing into account that any positive ϕ is a positive linear combination of the (�nitely many)

indicator functions of singletons. �

Remark 3.1. The correlated equilibrium concept is purely non-cooperative � it does

not require any binding commitments, and players could build for themselves, during the

pre-play communication stage, a device that would make the required randomisation and

signal to each player, once he has left the room and this stage is over, his recommended

strategy.

Remark 3.2. The assumption that the player remembers throughout the game his

signal from the device � even in a game without perfect recall � �ts completely with the

standard interpretation for such games: it is the player (the �strategist�) who is sitting

in the room, and gets the signal from the device. Afterwards he gives his instructions

(including the signal if he wishes) to all his agents manning the di�erent information

sets. In the same spirit, and with the same motivation, is the classical assumption that

each player knows what pure (or behavioural) strategy he uses � cf. e.g. the de�nition

of e�ectively perfect recall.
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Remark 3.3. In another interpretation, E stands for the set of all states of the world

� including therefore the strategies σi(e) players are going to use in the game �, and E i

stands for player i's private information (which includes σi(e)). The �Harsanyi doctrine�
requires that each player's subjective probability on E be the conditional distribution de-

rived from a common prior P given his private information E i
. From individual decision

theory, each player maximises the expectation (with his subjective probability) of his util-

ity function. It follows that (E, (E i)i∈I, P, (s
i)i∈I) is a correlated equilibrium (Aumann,

1987).

3.b. Multistage games, extensive form correlated equilibria. Here we assume

the game Γ under consideration is amultistage game. Intuitively, at each period, players

play simultaneously, and they have e�ectively perfect recall. The easiest way to formalise

this is to use a framework like that of sect. 1, except that now A =
Q

i∈IA
i
, S =

Q
i∈IS

i
.

Thus, at position ωn, a vector of signals (ain)i∈I is selected according to αωn
, each player

i is told his signal ain and selects then his action sin � then ωn+1 is selected according to

qωn,an,sn.

Since the game has e�ectively perfect recall, we can use remark 1.3 p. 54, and assume

that ai contains just incremental information (it does not even have to contain the date,

which the player knows by looking at the length of the sequence of past signals).

It is easy to see how to rewrite such a game in the general formalism of Section 1,

subdividing each period into I sub-periods where players play in turn (so all results and

de�nitions of sect. 1 remain applicable). For the present problem, physical time is crucial

however (cf. ex. II.3Ex.3 p. 96), and is more convenient to handle in the present formalism.

For the need for e�ectively perfect recall, cf. ex. II.3Ex.6 p. 98.

[In the context we are going to deal with � correlation and communication � the dif-

ferences between the general de�nitions of perfect recall sub II.1Ex.12b p. 65 and II.1Ex.13

p. 66 would conceivably matter, since the former apparently relies on players using inde-

pendent strategies. And it is not clear what (intermediate?) form would be the �right�

one. However, introducing as we do here e�ectively perfect recall as incremental informa-

tion avoids such di�culties, and the su�ciency of mixed strategies in all extended games

follows directly from ex. II.1Ex.10a and II.1Ex.10b p. 61 � one can stop at 7 p. 63, cf.

also comment at the end of II.1Ex.10b p. 62].

An autonomous device a (for the player set I) is a probability space (E, E , P ) to-
gether with random variables mi

n with values in a message space (M i,M i). The extension
Γa of Γ by a is the game where �rst nature selects e 2 E according to P , then before

each stage n each player i is informed of mi
n(e). Formally Γa is the multistage game with

(Ω̃, Ã ) = (Ω,A )
(E, E )
N, with an initial position ω̃1 added, from which nature selects

(by α̃) the point (ω1, e, 1) (ω1 deterministically, e according to P ). The e coordinate is

preserved throughout the game, while every selection by q of a new state ω is accompanied

by a unit increment in the last coordinate. We have (Ãi, Ã i) = (Ai,A i)
 (M i,M i)
N,
where at (ω, e, n), the �rst coordinate is selected according to αω, and the second is

(mi
n(e), n).
An extensive form correlated equilibrium of Γ is a pair (a, equilibrium of Γa). In

such an extensive form correlated equilibrium, each player i 2 I has a private probability
space (X i,X i, Qi) to do his own randomisation (cf. sect. 1); one can replace E by its

product E with all X i
's, adding at every stage xi to the current message mi

n; so as to

obtain an equivalent behavioural strategy equilibrium. Further one can use ex. II.1Ex.10d
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p. 63 if the action set (Si,S i) is standard Borel, or the method of ex. II.1Ex.10e p. 63 if

the set Ai
is countable, to obtain an equivalent pure strategy equilibrium.

As in sect. 3.a p. 88, we assume henceforth Γ has countably many signals, and obtain:

Theorem 3.6. The extensive form correlated equilibria have distributions on the
space (Σ,S ) =

Q
i∈I(Σ

i,S i) of pure strategy I-tuples of Γ. This set E of distributions is
convex. (E0 will denote the set of pay-o�s corresponding to E).

Proof. Now there are also countably many �nite sequences of signals, and recall

from sect. 1 that pure strategies depend only on past signals � so one can still view the

pure strategy space as a countable product of the action spaces. In particular, the pure

strategy correlated equilibrium yields measurable maps σ̂i
n from E to Σi

n = (Si
n)
∏

m≤nAi
m.

The rest of the proof is the same as before. �

A canonical extensive form correlated equilibrium is one where the device

a = [Σ,S , P ; (σ̂i
n)n∈N,i∈I, (Σ

i
n)n∈N,i∈I] where σ̂

i
n are the projections, and where the equi-

librium strategies are the identity maps from messages to Σi
n. They are identi�ed with

their distributions P .

Theorem 3.7. E is the set of canonical extensive form correlated equilibria.

Proof. As for theorem 3.3 p. 89. �

Comment 3.4. In fact, as well as for correlated equilibria, to get a truly canonical

representation, without redundancies, one should still eliminate duplicate strategies from

Σ � i.e. identify any two equivalent pure strategies of Σi
� it is useless for the device

to tell the player what to do in case he has deviated from previous recommendation;

this irrelevant (and potentially dangerous) information should be deleted for a canonical

device.

Theorem 3.8. E is weak�-closed if the action sets of Γ are separable metric spaces
and each pay-o� function gi(σi, σ−i) is continuous on Σ and bounded.

Proof. The proof of theorem 3.4 p. 89 has to be slightly modi�ed: P 2 E can be

equivalently characterised by the system of inequalities:Z
[gi(σ̂)� gi(σi(σ̂i), σ̂−i)]P (dσ̂) � 0

where σi
n is a continuous map from σ̂i

1 � � � σ̂i
n to probabilities over a �xed (i.e., depending

only on σi
) �nite subset of Σi

n. Indeed, by Lebesgue's dominated convergence theorem,

the same inequality will still hold if the σi
n are just Borel instead of continuous � because

when stabilising under point-wise limits the continuous maps from a separable metric

space to a simplex one obtains all Borel maps. Hence the inequality is true whenever

the σi
n are Borel maps from σ̂i

1 � � � σ̂i
n to Σi

n taking only �nitely many values. Since any

measurable map to a separable metric space is a point-wise limit of measurable maps

taking only �nitely many values, another use of Lebesgue's theorem yields the inequality

whenever the σi
n are Borel maps from

Q
k≤nΣ

i
k to Σi

n. Then it expresses that, in the

extended game Γa, player i has no pro�table pure strategy deviation, i.e. P 2 E. The

result follows, since all our linear inequalities are obviously weak
�
-continuous. �

Corollary 3.9. If Σ is �nite, E is a compact, convex polyhedron.

Proof. In this case, characterise E by the same set of inequalities as above, but

where σi
is an arbitrary map from

Q
k≤nΣ

i
k to Σi

n. �
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3.c. Communication equilibria. We still assume Γ a multistage game. But here

we want the device not only to send messages to the players before every stage (�sun-

spots�), but also to receive information from them, such as to embody the most general

communication possibilities (e.g., letters given to a notary to be delivered at a later date,

conditional to a speci�c event, to a speci�c subset of players). We still want the device

to be completely outside the original game: it receives no direct information whatsoever

about what is going on in the game, only through the players.

Thus, we think of the following scenario: At each stage n, �rst players receive their
signal in Γ, then send some input to the device, then the device selects a vector of messages

to the players, �nally players choose an action in Γ (an illegal input by some player or an

absence of input will be treated as a �xed input). Formally, we introduce the following:

Definition 3.10. A tuple d = fE, E , e1, [(H i
n,H

i
n)i∈I, (M

i
n,M

i
n)i∈I, Pn]n∈Ng is called a

communication device. Here e1 2 E is the initial state of the device, H i
n the space of

inputs of player i at stage n andM i
n the space of messages to him, while Pn is a transition

probability from (E, E )

N

i∈I(H
i
n,H

i
n) to (E, E )


N
i(M

i
n,M

i
n) that selects, given the

current state en and the current inputs hin, the current messages mi
n and new state en+1.

Definition 3.11. The extension Γd of Γ by d is the induced multistage game between

players in I. Observe however one could also consider it as a multistage game with I + 1
players, the last being the device, which has

Q
i∈I(H

i
n,H

i
n) as space of signals Adevn andQ

i∈I(M
i
n,M

i
n) as action space S

dev
n � and uses the generalised strategy (cf. ex. II.1Ex.10ai

p. 61) (E, E , e1, (Pn)n∈N) (give him zero pay-o�).

[It is easily seen that any generalised strategy can be written in the above form, taking

for E the space of all �nite histories of internal choices, inputs and messages.]

Definition 3.12. A communication equilibrium of Γ is a pair (d, equilibrium of

Γd).

Definition 3.13. A communication device is standard if (H i
n,H

i
n) = (Ai

n,A
i
n),

(M i
n,M

i
n) = (Si

n,S
i
n).

Definition 3.14. A standard communication equilibrium is one where the

device is standard, and the equilibrium strategies are the identity maps. It is identi-

�ed with the corresponding (generalised) strategy of the standard device.

Theorem 3.15. Every communication equilibrium is equivalent to (induces the same
probability distribution on plays as) a standard communication equilibrium.

Proof. Given the communication device, and the equilibrium strategies of the play-

ers, we describe the construction of the new (and �larger�) standard device informally as

follows (to avoid heavy notation, that would only obscure things). Think of the play-

ers' strategies as personal devices (which remember all their past choices, inputs, and

outputs), that would do all randomisations and computations for the player: the player

would just have to instruct it at each stage of the signals he gets from the underlying game,

to receive a recommended input to be sent to the central device, and of the message from

the central device, to receive a recommended action to be taken in the underlying game.

Certainly the player cannot deviate pro�tably, given such a setup, from being truthful to

his own device and following its recommendations, since otherwise the composition of his

deviation strategy and of his personal device would describe a pro�table deviation from

the given communication equilibrium. Assume now that he connects directly his personal
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device to the central device, such that the personal device sends inputs directly to the

central device, without even informing him, and receives directly the messages from the

central device, without informing him either. Then he has even less moves to deviate

to (he can no longer act as a middleman between his personal device and the central

device), and less information � so certainly he has no pro�table deviation. The central

device together with all connected personal devices can now be seen as one single big

standard device, to which players report truthfully their signals, and of which they follow

the recommended actions. To construct formally the big device, just take care that the

simultaneous randomisations in the di�erent personal devices are done independently of

each other; and take as state space the space of all �nite histories of inputs, outputs, and

internal choices of both the central device and all personal devices. �

Comment 3.5. Now we have really an (I+1)-person multistage game, since the sets of

signals and actions of all (I+1)-players are �xed, and no longer variable as in the general

de�nition. And the communication equilibria are the equilibria of this game, while the

standard communication equilibria are those where the strategies of the original I players
are the identity maps.

Comment 3.6. To write the multistage game, we have however to subdivide the stages

of the original game � each stage has to be subdivided at least in 3. Actually, to de�ne

properly the relevant probabilities by Ionescu-Tulcea's theorem, it is more convenient to

subdivide stage t into t1 < t2 < t3 < t4 < t5:

� at t1, nature chooses the ai and informs the players

� at t2, the players report to the device

� at t3, the device selects its new internal state and sends its messages to the players

� at t4, the players take an action in the game

� at t5, a new position is chosen by nature.

Corollary 3.16. If the spaces (Si,S i) are standard Borel, or if the sets Ai are
countable, then

(1) it su�ces to consider pure strategy deviations by the players to determine the
standard communication equilibria

(2) standard communication equilibria have a representation in the form of a mixed
strategy [with auxiliary space ([0, 1], λ)] for the device � in the countable case
(��rst canonical representation�), in the form of a probability distribution over

Σ̂ =
Q

n∈N(
Q

a∈An
S
∏

t<nAt

n,a ), the space of pure standard devices (�joint pure stra-

tegies� of the players).

Proof. Use ex. II.1Ex.10e p. 63 in the countable case, and ex. II.1Ex.10d p. 63 in the

standard Borel case � for the players to obtain 1, and for the device (the (I+1)th player)
for 2. �

Corollary 3.17. If the spaces (Si,S i) are standard Borel, standard communication
equilibria have a second canonical representation in the form of a behavioural strategy for
the device, i.e. a sequence of transition probabilities Pn from (

Q
t<nSt)�An to Sn (carried

by Sn,an).

Proof. Use ex. II.1Ex.10a and II.1Ex.10b p. 61 for the device. �

Standard communication equilibria in (�rst or second) canonical representation are

called canonical communication equilibria (possibly with quali�er ��rst� or �second�).
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De�ne D as the set of generalised strategies of the device in standard communication

equilibria in the general case � in the standard Borel case, use the second canonical

representation, and in the countable case, the �rst canonical representation.

Denote by D0 the set of corresponding pay-o� vectors.

Theorem 3.18. D is convex (not in the second canonical representation).

Proof. A random selection between two generalised strategies is again a generalised

strategy. �

Theorem 3.19. In the countable case, if the spaces (Si,S i) are separable metric
spaces, D is weak�-closed, if each player's pay-o� function gi is continuous and bounded

over Σ̂.

Proof. Use cor. 3.16.1 p. 93, and argue as in theorem 3.8 p. 91. (Note the additional

action sets Ai
of the player � for his inputs to the device � are also separable metric.) �

Corollary 3.20. If Σ is �nite, D is a compact, convex polyhedron.

Proof. Note Σ̂ is then also �nite, as well as the strategy sets of the players in the

canonical Γd. Then as in cor. 3.9 p. 91. �

3.d. Finite games. Here we assume Σ �nite, and use Corollaries 3.5, 3.9 and 3.20.

We now want to construct even nicer such �nite devices, that are in particular independent

of the particular equilibrium selected.

Theorem 3.21. For each �nite game there exists:

(1) A universal autonomous device, whose output is, in period zero a public integer
and I private random variables uniform on a �nite set A, all (I+1) of those inde-
pendent; and in each of the following periods, a sequence of independent, public
random variables, uniform on A. With this device, all extensive form correlated
equilibria of the original game become feasible as pure strategy (Nash) equilibria
of the extended game.

(2) Similarly, a universal correlation device.
(3) A universal communication device, which is a �nite automaton all whose signals

are public, and with which all communication equilibria of the original game be-
come feasible as Nash equilibria of the extended game � alternatively one could
use a randomising automaton, and pure Nash equilibria. The �rst alternative
may require the game to have rational pay-o�s.

Remark 3.7. In particular, there is no speci�c problem with those concepts of �bar-

gaining about the device�, it is just the general problem of bargaining about (Nash)

equilibria that one reencounters.

Proof. The set of possible signals from the device to the players being �nite, one

could select an independent random permutation of this �nite set for each day and each

player; the device could then announce publicly every day the whole vector of encoded

signals, provided it informs each player privately before the start of play of his sequence

of decoding keys. In this way, all devices give an independent and uniformly distributed

sequence of public signals from the start of the game on � the only private information

is, as in a correlated equilibrium, before the start of play.

The device could even select an independent set of such keys for each extreme point

of the polyhedra of communication equilibria or of extensive form correlated equilibria �
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and simulate each of the extreme points in parallel independently, giving as single output

every period the whole vector indexed by the extreme points. In the case of extensive

form correlated equilibria, the players can very well be told initially their keys for all ex-

treme points, since the irrelevant keys will just give them information independent of the

true game and of the extreme point they want to play. But in the case of communication

equilibria, they should receive only the relevant decoding keys. In that case however,

they can be given each an additional �nite set of inputs to the device, to be used at

stage 1, by which they inform the device of which extreme point they want to play. Each

player receives the decoding key relative to the extreme point he announced; his inputs

are transmitted as is to the sub-device simulating that extreme point, and for the other

sub-devices the �rst input is always selected as a �ctitious input for him. So � even if, in

a game with incomplete information, all this communication happens after players know

their true types � they have no incentive to deviate from announcing the right extreme

point to the device, assuming all others do so. Once the device knows the extreme point,

it gives to each one his decoding key (together with his stage 1 output). Those decoding

keys can now themselves be encoded, as before with the key for this encoding being given

before the start of the game, to preserve the property that from stage 1 on, all the device's

announcements are public, independent and uniform.

For correlated equilibria, it su�ces to simulate independently and in parallel the

devices corresponding to each of the extreme points. All this can be realised by a �xed,

�nite automaton containing a �xed, �nite lottery mechanism � and the required �nite

sets of input buttons and output signals for each player. With this universal (for the game

in question) device, all extreme point equilibria can be realised.

Use now ex. II.3Ex.2 p. 96 to add to it a coin tossing mechanism, by which it will output

publicly, at the start of the game, a sequence of one's, deciding each time independently

with probability 2−n
to stop (2n larger than the number of extreme points) � which it

signals by appending a zero: we still have a �nite automaton, and now players can use

the number of 1's in the sequence to select an extreme point with whatever probability

distribution they want. Thus, for each game, there is a �xed, �nite automaton which is a

universal communication device or autonomous device.

Finally, for the communication device, one can now use the possibility of inputs by

the players to the device to make all outputs of the device public, and to dispense with

the need for a lottery mechanism in the device, having the players themselves input their

decoding keys to the device, and generate the required randomness by a jointly controlled

lottery mechanism (ex. II.3Ex.5) � at least when the parameters of the game are rational.

There is no problem for the sequence of 0's and 1's needed to select the extreme point:

players successively choose simultaneously at random a 0 or a 1, and the device just re-

transmits to each the sum mod 2: after a �nite number of trials, players will know the

corresponding integer, hence the corresponding extreme point, and will transmit this to

the automaton. After that, players have to generate the �nite lottery required by the

device: if this is rational, it can be replaced by a �nite lottery over a bigger number of

events, say n, with equal probability: the players pick to this e�ect a uniform number in

Zn, the machine uses the sum. �

Exercises.

1. A direct proof of existence of correlated equilibrium (�nite case). (Hart and

Schmeidler, 1989) Consider a two-person zero-sum game G where player I chooses a point s in
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S =
Q
Si, player II chooses a triple (i; ri; ti), i 2 I, ri; ti 2 Si and the corresponding pay-o� is

hi(s−i; ri)� hi(s−i; ti) if si = ri and 0 otherwise.

a. Prove that, if v(G) � 0, an optimal strategy of I induces a correlated equilibrium.

b. Prove then that, given any mixed strategy y = (yi(ri; ti)) of player II, player I can get 0.

Hint. By ex. I.3Ex.9 p. 34, given non-negative numbers a�m, /,m ∈ M , there exists α ∈ ∆(M)
such that, for any β in RM, φ(α, β) =

∑
�α�
∑
m a�m(β� − βm) = 0. Take then, for i �xed,

a�m = yi(ri, ti), α� = xi(ri), β� = hi(s−i, ri), βm = hi(s−i, ti) and deduce that x de�ned by x(r) =
∏
ix
i(ri)

gives 0 in G.

c. (Peleg, 1969) Consider now the following game �: the set of players is N and each

player's strategy set is f0; 1g. The pay-o� function is given by

gi(s) =

(
si; if

P
j s

j <1 (�nitely many ones);

�si; otherwise.

Prove that there exists no Nash equilibrium.

Hint. Use the zero-one law.

Let s(j) in S de�ned by si(j) = 1 i� i � j. De�ne P1 with support on the s(j)'s by

P1(s(j)) = (1=j) � 1=(j + 1) and P0 product of its marginals on the Si's with P0(s
i = 1) = 1=i.

Prove then that (P0+ P1)=2 is a correlated equilibrium.

d. The above method also yields the existence of correlated equilibria for continuous pay-o�

functions on compact strategy spaces.

Hint. Either use a direct approximation, or let player II choose a triple of a player i, a strategy

s0 ∈ Si and a continuous non-negative function ϕ on Si, with pay-o� [hi(s−i, si)− hi(s−i, s0)]ϕ(si). Note
that in step II.3Ex.1a, prop. 1.17 p. 7, which uses strategies with �nite support for player II, reduces the
problem to one with �nite strategy spaces. Continuity of the pay-o� function is used to pass from the

non-pro�tability of step-function deviations to that of arbitrary deviations.

Comment 3.8. In whatever way one uses such a method, one will need the upper semi-con-

tinuity of hi(s−i; si)� hi(s−i; s0) on S (player I's strategy space in the �ctitious game), for each

i and s0 2 Si. (Observe also that this is exactly what is needed for the upper semi-continuity of

the best reply correspondence). This is equivalent to hi(s−i; si) = f i(s−i; si) + gi(s−i), where f i

is u.s.c. on S and continuous in s−i for each si. gi does not a�ect Nash equilibria or correlated

equilibria, and we know existence of Nash equilibria for f � ex. I.4Ex.20 p. 48 �, at least in the

compact metric case. (And note that the continuity assumption in II.3Ex.1d implies one can

reduce the problem to the compact metric case, e.g. by Stone-Weierstrass.) Thus re�nements of

this method are unlikely to yield existence of correlated equilibria under much wider conditions

than those known for the existence of equilibria.

2. (Blackwell, 1953)

a. Prove that, for � � 1
n , �m = �(1 � �)m−1 and z in the simplex of Rn, there exists a

partition of f1; 2; : : : ;m; : : :g, say Ni, i = 1; : : : ; n with
P

m∈Ni
�m = zi.

b. Prove that if �m is any other probability de�nition with the same property as �m above

sub a), and if � = 1
n , then

P
n≤N �m �Pm≤N �m for all N .

c. Prove that, if, along every play, player i moves at most once, with at most n actions, then

any mixed (or behavioural) strategy of i is equivalent to a countable mixture of pure strategies

with weights �m and � = 1
n .

3.

a. Prove in the following game that (2; 2) is an extensive form correlated equilibrium pay-o�

but not a correlated equilibrium pay-o�.
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Figure 4. Extensive form Correlated Equilibria are not Correlated Equilibria

⊇

Figure 5. Necessity of the timing structure

b. Consider the multistage game of �gure 5.

Show that (2; 2) is a communication equilibrium. It is no longer so if the information is given

at once at time t = 1. This shows the additional structure of multistage games � i.e., the time

function � is essential for this concept.

4. (Forges, 1990a)

a. In a correlated equilibrium of two-person zero-sum game with �nite strategy sets, the

conditional probability over the opponent's actions given a pure strategy having positive prob-

ability is an optimal strategy of the opponent.

b.

0@1
3

1
3 0

1
3 0 0
0 0 0

1A is a correlated equilibrium of the game

0@ 0 0 1
0 0 �1
�1 1 0

1A, while every convex

combination of pairs of optimal strategies with p(2; 2) = 0 satis�es p(1; 1) � 1
2 .

c. The pay-o� to any communication equilibrium in a two-person zero-sum game is the

value.

5. De�ne a general jointly controlled lottery over a �nite set of alternatives A as a �nite

game � with elements of A instead of pay-o� vectors � together with an n-tuple of strategies
such that no player can a�ect the resulting probability distribution on A by unilateral deviation.

a. Show that this implies that knowledge of his own action gives a player no information

about the outcomes in A.
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b. Show that general joint lotteries can only generate algebraic, hence countably many,
distributions on A (and with two players only rational ones).

Hint. Use ex. I.4Ex.21 p. 49.

c. Show that any rational distribution on A can be realised by an n-player lottery for any
n � 2, which is fully symmetric in players and strategies, and where no proper coalition can
a�ect the outcome.

Hint. Let k be the smallest common denominator of the probabilities: it su�ces to select a uniform

point in Zk. Each player does and the results are added.

d. General joint lotteries which are stable against deviations by proper sub-coalitions (like
in II.3Ex.5c) yield rational probability distributions.

Hint. For a0 ∈ A, use the minmax theorem for the games between one player and the opposing

coalition with as pay-o� 1 if a0, 0 otherwise.

6. Consider a multistage game:

At stage 1 players I and II play the following game with incomplete information, player I
being informed:

⊇

Figure 6. Stage 1 of the multistage game

At stage 2, player I plays in the game of Figure 7, where the pay-o� of player II is identically
⊇ ⊇

Figure 7. Stage 2 of the multistage game

0.
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a. Show that the following distribution P on moves at time 1:

0BB@
` r

TT 1=9 2=9
TB 5=9 5=18
BT 2=9 4=9
BB 1=9 1=18

1CCA (TB is T if �;B if �)

with player I choosing a at t = 2, de�nes an extensive form correlated equilibrium if the players

do not recall their signal at stage 2 (but perfect recall of actions is still assumed).

b. Add a third player playing at stage 1, informed of the chance move. His pay-o�s are

independent of a; b; c. De�ne 9 strategies as follows: strategy 0 correspond to the above game

and gives him pay-o� 0. Strategy �T` de�nes a pay-o� xαT� for III if (�T`), �1 otherwise, with
expectation zero under P and pay-o� 0 for I and II, and similarly for all seven other outcomes.

Add �nally a dummy player with pay-o� 1 if I chooses a and III uses 0, and 0 otherwise. Show

that no extensive form correlated equilibria (with perfect recall) achieves the pay-o� obtained

by P .

c. Prove the same result for communication equilibria.

Hint. Compute �rst the conditional distributions on (T/, Tr,B/,Br) given α and β, and show that

for any other conditional distributions, player III would deviate. Show that if the posteriors on / com-
puted by player I given his signals are requested to be in [1/3, 2/3], P is the only correlated distribution

compatible with the above conditionals. Check �nally that with these conditional distributions player I
will have an incentive to lie about his type.

Comment 3.9. It is clear that any extensive form correlated equilibrium would still be one

(in terms of the induced distribution of plays) if the players did not recall previous messages �

let just the device repeat them. So if this modi�cation of the de�nition would not increase the set

of equilibrium pay-o�s, for games with perfect recall, it might have given a plausible extension of

the de�nition to games without perfect recall. The above example (which has probably generic

variants) shows this is de�nitely not so. Even in the most standard cases, it yields pay-o�s

that are not even communication equilibrium pay-o�s: the most basic incentive constraints are

violated. Hence the reason for sticking in the de�nition of multistage games to the perfect recall

assumption: although technically one could do with much less, it is the only framework where we

feel for the moment completely comfortable with the assumption of perfect recall of past signals

� indeed, the justi�cation in remark 3.2 p. 89 no longer applies; on the other hand, parallelism

with the correlated equilibrium situation is an additional reason for maintaining perfect recall of

past signals.

The example shows also that a variant applicable to any extensive form game, where the

device would send a separate signal to every agent � i.e., correlated equilibria of the agent

normal form �, would a fortiori be too large. This is an additional reason (besides ex. II.3Ex.3

p. 96) for sticking for the time being to the framework of multistage games.

7. Protocols and correlated equilibria. (Barany, 1992)

a. Let #I = 4, Si �nite, S =
Q
Si and E a �nite set endowed with a partition fEsgs∈S and

projections Proji : E ! Si with Proji(e) = si if e 2 Es.

We describe here a procedure (protocol) of communication between the players according to

which a point e in E will be chosen uniformly at random in E, each player being only informed

of Proji(e). Moreover the probabilities are the same under non-detectable deviations.

(1) Recall that any subset of at least 2 players can generate in a non manipulable way a

discrete random variable X (say, the choice at random of a permutation of a �nite set)

that is common knowledge (ex. II.3Ex.5 p. 97). (Note that with 4 players there exists a

sequential procedure of binary communications where at the end only I and II know X:
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let III and IV choose XIII resp. XIV and inform I and II � who check that the signal is

the same and then use XIII ÆXIV).
(2) For all i and all j, let �i (resp. �i,j, resp. ) be a permutation of E chosen at random

and known by �i (i.e. I � fig) (resp. fi; jg, resp. fI; IIg). Let also f be chosen at

random in E and known by fIII; IVg.
⊇ ⊇

Figure 8. The Protocol

At stage 1, I is informed of the following messages: �II,III Æ �I and �II,IV Æ �I from
II, �II,III Æ �I from III, �II,IV Æ �I from IV. A similar procedure is applied to each player

i = II; III; IV.
At stage 2, III receives �I,IV Æ  from I and �II,IV Æ  from II (and symmetrically for

IV).
At stage 3, I receives �II,IV Æ (f) from III and �II,III Æ (f) from IV (and dually for

II).
At stage 4, I receives ProjI Æ�−1

II,III from II and III, II gets ProjII Æ�−1
I,IV from I and IV,

III obtains ProjIII Æ�−1
II,IV from II and IV, and IV is told ProjIV Æ�−1

I,II by I and II. The

chosen point is e = (f). Note that each player i knows Proji(e), that at each stage

the players can check detectable deviations (i.e. false messages). Show that the above

procedure answers the question.

b. Deduce that in any game with at least 4 players and rational pay-o�s any correlated

equilibrium distribution can be realised as a Nash equilibrium in the game extended by �nite

pre-play communication with recording (i.e. each player has a move (STOP) that reveals all past

events).

8. Communication equilibria and correlated equilibria in games of information

transmission. (Forges, 1985) Let G be a two-person game with incomplete information (cf.

sect. 4 p. 131), with (�nite) types set K for player I and (�nite) actions set S for player II. The
types sets of player II and the actions sets of player I are assumed to be singletons. The game

GM obtained by allowing player I to send a message in M to player II after the choice of nature
is thus a �game of information transmission�. Let q be a canonical communication equilibrium

of G (described by a transition probability q from K to S).
There exists a correlated equilibrium of GM (associated with a �nite set M) that induces the

same conditional distributions on S (given k 2 K) than q.

Hint. (1) Let P be the product probability distribution induced by q on SK:

P (f) =
∏

k
q(f(k) | k).

Let M0 be a copy of K × A. We �rst de�ne a correlation device for GM0, which transmits

σ0 ∈ MK
0 to player I and τ0 ∈ SM0 to player II. The device selects a permutation π0 of M0,
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uniformly and independently of f . Let then
f̃(k) = (k, f(k)), k ∈ K
σ0 = π0 ◦ f̃
τ0 = ProjS ◦π−1

0

Let Q0 be the induced probability distribution over K × MK
0 × SM0. Q has the following

properties:

(a) τ0 ◦ σ0 is independent of σ0 and of τ0; τ0 ◦ σ0)(k) is independent of (τ0 ◦ σ0)(/) if k �= /.
(b) Q0((τ0 ◦ σ0)(k) = s) = q(s | k) ∀k ∈ K, ∀s ∈ S
(c) Q0(k | σ0(k) = m, τ0) = pkq(τ0(m) | k)/∑� p

�q(τ0(m) | /), i.e., the posterior probability
distributions over K derived from the communication equilibrium and from the present

scheme are the same.

(d) Q0(τ0(m) = s | σ0) = q(s | k) if m = σ(k), k ∈ K.

(2) The previous scheme can be completed so as to deter player I from sending m /∈ σ(K). Let M
be a �nite set (of at least #(K×A) elements). Let the correlation device choose M0 uniformly

in M and s ∈ S according to some ρ ∈ ∆(S), independently of all previous choices. De�ne

σ ∈MK by σ(k) = σ0(k) ∀k ∈ K and τ ∈ SM by

τ (m) = τ0(m) if m ∈M0

= s if m /∈M0.

The correlation device only transmits σ (resp. τ) to player I (resp. II). In particular, player I
does not know M0. Let Q denote the induced probability over K ×MK × SM. Then:

• properties 1a�1d still hold with Q, σ, τ instead of Q0, σ0, τ0
• π and the size ofM can be chosen so that Q(τ (m) = s | σ) = 1

#K

∑
k q(s | k) ifm /∈ σ(K):

let ρ(s) = 1
#M−#M0

[
#M
#K

∑
k q(s | k)−#K

]
with #M ≥ maxs

[
(#K)2∑
k q(s)k)

]
9. Universal mechanisms and communication equilibria. (Forges, 1992)

The previous result can be generalised to an #I-person game G with incomplete information

(#I � 4). Let Ki (resp. Si) be player i's �nite set of types (resp. actions).
a. Let q be a canonical communication equilibrium in G (described by a transition probab-

ility from K =
Q

iK
i to S =

Q
iS

i). Let us extend G by two stages of pre-play communication

after the choice of nature.

Stage 1: Every player i sends a public message in a copy Li of Ki (let L =
Q

iL
i).

Stage 2: Every player i sends a message in M j = L � Sj to every player j in Ii =
fi+ 1; i+ 2; i+ 3g (mod I).

The correlation device �rst selects uniformly, independently of each other, the bijections

i : Li ! Ki (i 2 I) and independently of this choice, f 2 SK according to the probability

distribution induced by q (cf. ex. II.3Ex.8). Let  = (i)i∈I, let g be de�ned by g Æ  = f and let

gi = Proji Æg (where Proji is the projection on Si).

Given gi 2 (Si)L, the device chooses �ij 2 (M j)L and � i 2 (Ai)M
i
(i 2 I; j 2 Ii) exactly

as (�0; �0) given f in ex. II.3Ex.8. The strategy for i is, after receiving (i; �ij; � i) (and ki), to
announce i(ki) then to send �ij(`) to j 2 Ii if ` is the message at stage one. Finally if at least

two messages received by i coincide, say to mi, he plays � i(mi).
Check that the above mechanism is in fact an equilibrium.

Hint. Note that the information during the pre-play communication phase is non-revealing, and

that given τ i(mi) = si it is the same as in the initial communication scheme. Moreover to announce

/
i �= γi(ki) and to play si �= si is the same as using k

i
= (γi)−1(/

i
) and si in the communication scheme.

Comment 3.10. The above mechanism is universal (i.e. independent of the game G) and
does not require recording (compare with the previous ex. II.3Ex.7).
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Comment 3.11. 3 players su�ce if an alarm is allowed or messages in [0; 1] can be used.

(Inform player j of a code (in [0; 1]) on L�M j while i knows only its restriction to the graph of

�ij, j 2 Ii).
b. Deduce that if the pay-o�s are rational in G, any communication equilibrium distribution

can be obtained as a Nash equilibrium of the game extended by pre-play communication (after

chance's move).

4. Vector pay-o�s

In this paragraph, we consider an analogue due to Blackwell (1956a) of the minmax

theorem for matrix games with vector pay-o�s. Let (S,Σ) and (T,T ) be two-measura-

ble spaces, φ a measurable mapping from (S,Σ) � (T,T ) into the set of all probability

distributions on Euclidian space Rk
having �nite �rst order moments. At any stage n

(n = 1, . . .), player I chooses a point sn in S and II chooses simultaneously a point tn
in T ; a point xn in Rk

is then chosen at random according to the distribution φ(sn, tn),
independently of all other choices.

Both players may get, at every stage, some information, which � for I � includes at

least xn (and all xi, i � n). Let x̄n = 1
n

Pn
1 xi.

Definition 4.1. A set C in Rk
is approachable for a player if he has a strategy σ

such that, for each ε > 0, there exists an integer N such that, for every strategy τ of his
opponent,

Prσ,τ( sup
n≥N

δn � ε) � 1� ε and sup
n≥N

Eστ(δn) � ε

where δn = d(x̄n, C).

Definition 4.2. A set C in Rk
is excludable for a player if, for some ε > 0, the set

C̄ε
is approachable for that player, where C̄ε = fx j d(x,C) � ε g.
Remark 4.1. A set C is approachable i� its closure C̄ is.

Denote by f(s, t) the barycentre (mean value) of φ(s, t), and assume the φ(s, t) have
second-order moments uniformly bounded by K. Denote also by P (resp. Q) the set of
one-stage mixed strategies of I (resp. II) (i.e. probabilities on (S,Σ), resp. (T,T )). For

any p 2 P , denote by R(p) the convex hull of f
R
S
f(s, t) dp j t 2 T g.

Theorem 4.3. Let C be any closed set in Rk. Assume that, for every x /2 C, there is
a p ( = p(x)) 2 P such that the hyperplane through y(x) (a closest point in C to x), and
perpendicular to the line segment (x, y) separates x from R(p). Then C is approachable
by I with the strategy f = (fn)n∈N, where

fn+1 =

(
p(x̄n) if n > 0 and x̄n /2 C,
arbitrary otherwise.

With that strategy, one has

E(δ2n) � 4K/n and Pr( sup
n≥N

δn � ε) � 8K/ε2N.

Proof. Assume I uses the above described strategy. Let yn = y(x̄n) and un = x̄n�yn.
The de�nition of f implies that (note that un = 0 if x̄n 2 C):
(1) E(hun, xn+1i j x1, . . . , xn) � hun, yni ; and :
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(2) δ2n+1 � kx̄n+1� ynk2 = kx̄n� ynk2+ 2hx̄n� yn, x̄n+1� x̄ni+ kx̄n+1� x̄nk2

Since

x̄n+1� x̄n = (xn+1� x̄n)/(n+ 1) = ((xn+1� yn)� (x̄n� yn))/(n+ 1) ,

one gets from (2), taking conditional expectations and using (1):

(3) E(δ2n+1 j Fn) � (1� 2/(n+ 1)) δ2n + wn/(n+ 1)2

with Fn the σ-�eld spanned by x1, . . . , xn, and wn = E(kxn+1� x̄nk2 j Fn). Note that

E(wn) � 2E kxn+1k2+ 2E kx̄nk2 � 4K .

We claim that, for any sequence of random variables satisfying (3), where wn � 0 and
δn are Fn-measurable and where E(wn) � 4K, one has

E(δ2n) �
4K

n
and Pr( sup

n≥N
δn � ε) �

8K

ε2N
.

Let �rst en = E(δ2n/4K)); from (3), en � (1 � 2/n)en−1 + 1/n2. It is readily checked

that this implies, by induction for n � 2, that en � 1/n (which, by the way, obvi-

ously holds for n = 1). So E(δ2n) � 4K/n. This implies in particular that δn con-

verges in probability to zero. To show that it converges to zero with probability one, let

Zn = δ2n + E
�P∞

n wi/(i+ 1)2 j Fn

�
. Replacing, in (3), (1� 2/(n+ 1)) by 1, one sees that

(3) implies E(Zn+1 j Fn) � Zn; thus Zn is a positive supermartingale, and

E(Zn) � E(δ2n) + 4K
X∞

n+1
1/i2 � 4K/n+ 4K/n = 8K/n .

The supermartingale convergence theorem implies then that Zn goes to zero with prob-

ability one � and a fortiori δn, since 0 � δ2n � Zn. More precisely, we get from Doob's

maximal inequality for supermartingales (Neveu, 1970, prop. IV.5.2) that

Pr(9n � N : Zn � ε) � E(ZN)/ε �
8K

εN
,

and thus the result follows. �

Comment 4.2. The approaching player has to know only x̄n and not x1, . . . , xn at

stage n.

Comment 4.3. Theorem 4.3 obviously remains true under the condition that, for any

x /2 C, there is a sequence pi 2 P such that

lim
i→∞

sup
z∈R(pi)

hz � y(x), x� y(x)i � 0 .

(Choosing, at stage n, a pi such that this supremum is � δ/n2, where δ is some small

positive number, and increasing K by δ).

Corollary 4.4. For any p 2 P , R(p) is approachable by I using the constant strategy
fn = p.

For any q 2 Q, denote by T (q) the closed convex hull of f
R
T
f(s, t) dq j s 2 S g.

Theorem 4.5. Let C be a closed convex set in Rk, and assume that the game with
pay-o� function hu, f(s, t)i has a value v(u) for all u in Rk such that infx∈Chu, xi > �1.
Then:

(1) C is approachable by I i�, for all q 2 Q, T (q) \ C 6= φ;
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(2) if T (q0) \ C = φ, then C is excludable by II (using the constant strategy q0);
(3) the condition of remark 4.3 above is necessary and su�cient for approachability

of C.

Proof. The second statement follows right away from the previous corollary. There

remains only to be shown that, if the condition of remark 4.3 is not satis�ed, there

exists a q0 such that T (q0) \ C = φ. Let x0 /2 C be such that the condition fails,

and let u = y(x0) � x0. Then there exists ε > 0 such that, for each p 2 P ,
infx∈R(p)hu, xi < minx∈Chu, xi � ε =M . Thus v(u) �M and therefore there exists q0 2 Q
such that maxx∈T (q0)hu, xi �M + ε/2 = minx∈Chu, xi � ε/2. The result follows. �

Comment 4.4. The condition on having a value will be automatically satis�ed for in-

stance if S and T are compact and f(s, t) is continuous in each variable (cf. remark after

theorem 2.6 p. 17). If the u's such that infx∈Chu, xi > �1 have non-negative coordinates

for instance, one may even use propositions 2.4 p. 15 or 2.7 p. 19 to establish the existence

of a value.

Comment 4.5. Theorem 4.5 implies that any convex set is either approachable or

excludable. This is analogous to the usual minmax theorem which in e�ect states the

same thing for sets of the form [a,+1[ or ]�1, a] in R1.
Corollary 4.6. Under the hypotheses of theorem 4.5, a convex set C is approachable

i�, for all u,

v(u) � inf
x∈C

hu, xi
Even without those hypotheses, this condition is, for convex C, equivalent to the su�cient
condition of approachability (theorem 4.3 p. 102) if v(u) stands for the sup inf value of the
game, and its negation equivalent to a su�cient condition for excludability if v(u) stands
for the inf sup value of the game.

Exercises.

1. (Blackwell, 1956a) Assume f(s; t) is continuous in each variable, S and T compact.

Any closed set in R1 is either approachable or excludable.

Hint. Let v and v′ be the values of the games with pay-o� functions f(s, t) and f(t, s) respectively.
Prove that a closed set C is approachable i� [v′, v] ∩ C �= φ in case v′ ≤ v and [v, v′] ⊆ C in case v ≤ v′,
and that C is excludable otherwise: in R, any closed set is either approachable or excludable.

2. (Blackwell, 1956a) In R2, there are sets neither approachable nor excludable.

Hint. Consider A =
(
(0, 0) (0, 0)
(1, 0) (1, 1)

)
and the set C = { (1/2, x2) | 0 ≤ x2 ≤ 1/4 } ∪ { (1, x2) | 1/4 ≤

x2 ≤ 1 }.
(1) To show that C is not excludable, consider the strategy of I of playing row 2 for n stages and

continuing for the next n stages with either row 1 or row 2 according to whether (1/n)
∑n

1 x2(i)
is smaller or larger than 1/2 (show that x̄(2n) ∈ C).

(2) To show that C is not approachable, observe that II may play, at each stage i, column 1 or 2
according to whether x̄1(i) is larger or smaller that 3/4.

(3) De�ne a set to be weakly approachable (by I) if for each ε > 0, there exists an integer N and

for all n ≥ N a strategy σn of I such that for all τ of II: Pσn,τ(δn ≤ ε) ≥ 1−ε and Eσn,τ(δn) ≤ ε.
Prove that if a closed set D intersects the graph of any increasing function f from [0, 1] to [0, 1]
with f(x)− f(y) ≤ x− y, it is weakly approachable by I, and that otherwise the closure of its

complement is weakly approachable by II.
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3. Assume S and T are �nite. Show theorem 4.3 p. 102 remains valid if the �(t) only have
�nite moments of order 1.

Hint. Use a truncation method.

4. A strong law of large numbers for martingales. Assume that f(s; t) = 0. Then
any strategy pair approaches f0g. (Thus, if Xn is a martingale with E[(Xn+1�Xn)

2 j Fn] � K,
then Xn=n! 0 a.s.)

Hint. Let II choose both s and t and apply theorem 4.3 p. 102, or ex. II.4Ex.3 if S and T are �nite.

5. The same theorems hold if I, instead of being informed at each stage of xn, is informed
of f(sn; tn) � for instance he is informed of the moves of both players in the extensive form.

Hint. Let I use the same strategy, with f(sn, tn) replacing xn, and use ex. II.4Ex.4.

6. Under the assumptions of theorem 4.3 p. 102, E
�
supn≥N Æn

�
� 4

p
2K=N .

Hint. Only the last inequality of the theorem is needed.

7. Bayes strategies. (Hannan, 1957; Blackwell, 1956b) � (cf. also Luce and Rai�a, 1957,
App. A.8.6) Let S and T be �nite, k = 1, and let I be informed, after every stage, of II's pure
strategy choice. If fn denotes the frequency used by II in the �rst n stages, and if �(q) denotes,
for any probability q on T , the quantity maxs

R
t f(s; t) dq, de�ne then I's regret rn at stage n

to be the di�erence between �(fn) and his average actual pay-o� up to stage n. Then, I has a
strategy in the in�nitely repeated game such that, for any strategy of II, rn goes to zero, more
precisely rn is of the order of 1=

p
n.

Hint. Take the actual pay-o� as �rst coordinate of a vector pay-o�, having #T additional coordin-

ates that count the number of times every column is used.

8. (Mertens, 1980) Consider a game in normal form. Let for any T � I:

vα(T ) = fx 2 RT j 9� 2 �(
Y

i∈T
Si) : 8� 2 �(

Y
i/∈T

Si); 8i 2 T
Z
∏

iSi

Fi(s) d� d� � xi g;

vβ(T ) = fx 2 RT j 8� 2 �(
Y

i/∈T
Si);9� 2 �(

Y
i∈T

Si) : 8i 2 T
Z
∏

iSi

Fi(s) d� d� � xi g:

a. Show that always vα � vβ.

b. For any � 2 RI, � � 0, let vλ(T ) be the value of the two-person zero-sum game having

as players T and {T and, as pay-o� function,
P

i∈T �iFi. Show that

vβ(T ) = fx 2 RT j 8� 2 RI; � � 0
X

i∈T
�ixi � vλ(T ) g :

c. Give an example where vα 6= vβ.

d. Consider the repeated game, where, after every stage, any coalition T is informed of the

pay-o�s accruing to its members in that stage. Denote by vnα, v
n
β the corresponding �character-

istic functions� vα and vβ when the game is repeated n times, with the average pay-o� as pay-o�

function � and similarly for v∞α and v∞β . Show that vnβ = v∞β = v∞α � vnα.

e. Superadditivity. (Aumann, 1961b) Deduce from II.4Ex.8d that, for any game, vα(T ) and
vβ(T ) are convex and, if T1 \ T2 = �, then

vα(T1)� vα(T2) � vα(T1 [ T2); and vβ(T1)� vβ(T2) � vβ(T1 [ T2):





CHAPTER III

The Beliefs Space

In this chapter we give a formal treatment to the basic concepts of models with incom-

plete information, namely beliefs, types, consistency of beliefs, common knowledge, etc.

Given a parameter space K, we �rst construct the Universal Beliefs Space Ω. A point ω in

Ω, which we call a state of the world consists (in addition to the value of the parameters)

of the speci�cation of the �state of mind� of each of the players (i.e. the probabilities

generated by beliefs on K, beliefs on these beliefs and so on.) We study the mathematical

structure and properties of Ω, introducing the notion of beliefs subspace which is closely

related to the concept of common knowledge. We next de�ne the concept of consistent

beliefs as beliefs which can be derived as conditional probabilities from some common

prior distribution, given each player's private information. We characterise the consistent

states of the world (i.e. states of the world in which the players' beliefs are consistent). An

approximation theorem is then presented stating roughly that any incomplete information

situation can be approximated by one in which there are �nitely many potential types

of each player. In the last section we discuss models and strategic equilibria of games

with incomplete information, based on the structure of the beliefs space developed in this

chapter.

1. The universal beliefs space

When considering a situation involving a �nite player set I facing some uncertainty

about a space K (which we refer to as the space of states of nature), one is naturally led

to handle in�nite hierarchies of beliefs: Adopting a Bayesian approach, each player

will base his decision on some subjective beliefs (i.e. probability measure) on K. Since

the outcome is determined not only by the player's own actions but the other players'

actions as well, and those are in�uenced by their beliefs on K, each player must also have

beliefs on other players' beliefs on K. By the same argument he must have beliefs on other

players' beliefs on his own beliefs on K, beliefs on other players' beliefs on his beliefs on

their beliefs on K, etc. Thus it seems unavoidable to have an in�nite hierarchy of beliefs

for each player. These hierarchies are linked together by the fact that each belief of a

player is also the subject of beliefs for the other players. The object of this section is to

construct the space of these hierarchies.

1.a. States of the world and types.

Theorem 1.1. (1) Given a Hausdor� space K and a player set I there ex-
ists a Hausdor� space Θ(K) and a homeomorphism δK from Θ(K) to ∆(K �
[Θ(K)]#I−1) such that, letting Θi(i 2 I) denote a copy [cf. 4] of Θ(K) and
δi : Θi ! ∆(K �

Q
j �=iΘ

j) the corresponding copy [cf. 4] of δK, the following
property holds:

(P ): Given topological spaces (Σi)i∈I and K̃, and continuous maps σi from Σi

to ∆(K̃ � Qj �=iΣ
j) and f : K̃ ! K, there exists a unique I-tuple of (say

107
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universally measurable) maps Θi(f) from Σi to Θi such that the following
diagrams (i 2 I) commute � and those Θi(f) are continuous:

Σi
σi

������������! ∆(K̃�
Q

j �=iΣ
j)

Θi(f)

????y f

????y
????y Θj(f)

Θi
δi

������������! ∆(K�Qj �=iΘ
j)

(2) Property (P ) characterises the spaces Θ(K) and maps δK: If satis�ed by topo-

logical spaces Θ̃i and continuous maps δ̃i � including that the right hand arrow
maps regular measures to regular measures � (even just when the Σi are as-
sumed Hausdor�, the σi and f homeomorphisms, and uniqueness is only used
within the category of continuous maps), then the Θi(idK) : Θ̃

i ! Θi are canon-
ical homeomorphisms.

(3) Let #Θi
−1 = 1, and de�ne inductively maps pin, q

i
n and spaces Θi

n by the commut-
ativity of (all i 2 I, and n � �1, but using the lower part of the diagram only
for n � 0):

Θi
δi

������������! ∆(K�Qj �=i Θj )

pin+1

????y idK

????y
????y pjn

Θi
n+1 = ∆(K�Qj �=i Θj

n )

qin+1

????y idK

????y
????y qjn

Θi
n = ∆(K�Qj �=iΘ

j
n−1)

Then the (Θi
n, q

i
n) form a projective system with limit Θi and qinÆpin = pin−1. Fur-

ther the maps pin are onto and have continuous selections rin (i.e. pin Æ rin = idΘi
n
):

De�ning inductively sin by the commutative diagrams (n � 0, si0 arbitrary):

Θi
n+1 = ∆(K�

Q
j �=i Θj

n )

sin+1

x???? idK

x????
x???? sjn

Θi
n = ∆(K�Qj �=iΘ

j
n−1)

� so one gets inductively qin Æ sin = idΘi
n−1

� one can then de�ne rin as the

projective limit [i.e. rin−1 = r
i
n Æ sin].

(4) The �copies� sub 1 are in the following sense: Given bijections ϕi : {fig ! #I�1,
there exists a unique system of homeomorphisms hi : Θ(K) ! Θi such that the
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following diagrams commute:

Θ(K)
δK������������! ∆(K�[Θ(K)]#I−1)????yhi idK

????y
????y ψi

Θi
δi������������! ∆(K�

Q
j �=i Θj )

with ψi(θ1, . . . , θ#I−1) = (hj(θϕi(j)))j �=i.
And the top line of the diagram is constructed by a projective limit as sub 3.

Proof. Recall that the space ∆(X) of regular probability measures with the weak
�

topology is Hausdor� if X is so (1.12 p. 6), and that a product of Hausdor� spaces is

so. One de�nes thus inductively a projective system of Hausdor� spaces Θi
n and con-

tinuous projections qin by the lower part of the �rst diagram sub 3 � using 1 p. 7 to

show that the maps are well de�ned and continuous. This de�nes a Hausdor� limit Θi
,

together with projections pin to Θi
n. Hence the diagonal maps in the upper part of that

diagram associate to every θ 2 Θi
a projective system of regular probabilities on the

spaces X i
n = K�

Q
j �=iΘ

j
n, hence (2 p. 7) a regular probability δ

i(θ) on the projective limit

X i = K �
Q

j �=iΘ
j
� such that the upper part of the diagram also commutes. To show

the continuity of δi, observe that the topology on ∆(X i) is the weakest topology for which
the integrals of bounded l.s.c. functions f are l.s.c.. Adding a constant, we can assume

f � 0, and hence the limit of an increasing sequence of positive linear combinations of

indicators of open sets � which can further be approximated from inside by a �nite union

of basic open sets. Those are of the form fx j x� 2 U� 8* � *0 g with U� open in X i
�.

By continuity of the projection maps from X i
�0 to X

i
�, it su�ces to take fx j x�0 2 U�0 g

as basic open sets. By the same argument, �nite unions of such sets are again of this

form. The result follows then from the de�nition of the topology on ∆(X i
�0) and from the

continuity of pi�0+1.
To establish that δi is a homeomorphism, consider the map g : ∆(X i) ! Θi

: g : µ 7!h
µ Æ

�
ψi

n

�−1i
n≥0

, where ψi
n : X

i ! X i
n is the natural projection from X i

to X i
n. The map

g is well de�ned and continuous to
Q

n∆(X i
n) =

Q
nΘ

i
n (by 1 p. 7). And commutativity

of the diagram sub 3 yields that qin+1([g(µ)]n+1) = [g(µ)]n � so g(µ) 2 Θi
. There remains

thus only to show that δi and g are inverse to each other: g Æ δi being the identity is

obvious from the de�nitions, while for δi Æ g: let θ = g(µ) (i.e. θn = µ Æ (ψi
n)

−1
), µ̄ = δi(θ).

Then, by de�nition of δi, µ̄ is the only point in ∆(X i) with µ̄ Æ (ψi
n)

−1 = θn 8n. But µ is

another such point, so µ = µ̄: δi Æ g = id∆(Xi).

We have constructed our spaces Θi
and homeomorphisms δi, such that the �rst part

of 3 holds � and the remaining part (from �Further . . . � on) is now obvious, as well as

4. So there only remains to establish property (P ), and then to prove point 2.

De�ne thus continuous maps ϕj
n inductively by the commutativity of the diagrams

(n � 0) (using 1 p. 7)

Σi
σi

������������! ∆(K̃�Qj �=i Σj )

ϕi
n

????y f

????y
????y ϕj

n−1

Θi
n = ∆(K�Qj �=iΘ

j
n−1)
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qin Æϕi
n = ϕi

n−1 also follows inductively, so (ϕi
n)n≥−1 = ϕi = Θi(f) : Σi ! Θi

is well de�ned

and continuous. The required commutative diagram follows now by going to the limit

in the above. Finally uniqueness of the Θi(f) follows by taking the composition of the

diagram with that sub 3: by induction, all pin Æ (Θi(f)) are uniquely de�ned.

2 is immediate: if ϕi
and ψi

denote respectively Θi(idK) from Θ̃i to Θi
(using property

(P ) for the space Θ) and from Θi
to Θ̃i

(using the property for Θ̃), then ϕi Æ ψi
yields a

commutative diagram

Θi
δi

������������! ∆(K�
Q

j �=iΘ
j)

ϕi◦ψi

????y idk

????y
????y ϕj◦ψj

Θi
δi

������������! ∆(K�
Q

j �=iΘ
j)

so ϕi Æ ψi
is the identity, by the uniqueness part of property (P ), since the identity also

makes the diagram commute. Similarly ψiÆϕi
is the identity � using now uniqueness for

Θ̃i
. So Θi(idK) is a (canonical � uniqueness) homeomorphism. �

Comment 1.1. A reinterpretation of the result is the following: consider the category

whose objects are systems S = [(Σi, δi)i∈I,K]�where the Σi
andK are topological spaces

and δi : Σi ! ∆(K �
Q

j �=iΣ
j) continuous maps � and where a morphism σ : S̃ ! S con-

sists of continuous maps σi : Σ̃i ! Σi
and σ̄ : K̃ ! K such that the following diagrams

commute for all i 2 I

Σ̃i
δ̃i

������������! ∆(K̃�
Q

j �=iΣ̃
j)

σi

????y σ̄

????y
????y σj

Σi
δi

������������! ∆(K�
Q

j �=iΣ
j)

which includes the requirement, if S is not Hausdor�, that the Borel measure µ Æ [σ̄ �Q
j �=iσ

j]−1 is regular for every µ 2 ∆(K̃ �
Q

j �=i Σ̃
j). The fact that this is a category is

immediate. Then Θ is a covariant functor from the category of Hausdor� spaces and con-

tinuous maps to the category of systems. And the system ΘK is characterised by the fact

that, for any system S̃, any continuous map σ̄ : K̃ ! K extends to a unique morphism σ
(= [(Θi(σ̄))i∈I, σ̄]) from S̃ to ΘK.

Comment 1.2. In a similar vein, point 4 of the theorem incites to study the functor

Θ as a contravariant functor of player sets: a map ϕ : I1 ! I2 de�nes continuous maps

hi : Θ
ϕ(i)
2 ! Θi

1 such that

Θi
1

δi2������������! ∆(K�
Q

j �=iΘ
j
1)

hi

x???? idK

x????
x???? ψi

Θ
ϕ(i)
2

(δi2,idΘ2
ϕ(i))

������������! ∆(K�Qj∈I2
Θj
2)

commutes, with ψi : (θj)j∈I2 7! [hj(θϕ(j))]j∈I1\{i}
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Theorem 1.2. (1) IfK is separable metric, compact, completely regular, K-ana-
lytic, K-Lusin, Zcδ in a compact, analytic, Lusin, Polish, quasi-Radon, τ -Radon,
or countably Radon space, then so is Θ(K).

(2) In property (P ), if the spaces Σi and K̃ are compact and non-empty, and the
maps σi and f onto, then so is Θi(f).

(3) (a) If f : K1 ! K2 is one-to-one, or an inclusion (of a closed subset, of a Z -
subset, of a Zcδ-subset), so is Θ(f) : Θ(K1)! Θ(K2).

(b) If K1 � K2, then Θ(K1) =
T

nAn, with A−1 = Θ(K2), and An+1 = f θ 2
Θ(K2) j (δ(θ))[K1 � (An)

#I−1] = 1 g (in the sense of inner measure if neces-
sary).

(c) If K1 is K-analytic, and f : K1! K2 is onto, so is Θ(f).

Comment 1.3. For the de�nitions, cf. App.3, App.5 and App.9.

Proof. Point 1 follows from the fact that each of those categories of spaces is stable

under countable products, closed subspaces, and the operation X ! ∆(X) (cf. a.o. 3.a
and 9.c, 10.a, 10.b) and from theorem 1.1.3 p. 108.

2: Assume �rst just that the spaces are K-analytic, and let Θ̄j = [Θj(f)](Σj) � Θj
:

the Θ̄j
are non-empty and K-analytic, δi maps Θ̄i

into ∆(K�Qj �=i Θ̄
j) � ∆(K�Qj �=iΘ

j)

(9.b.2), and the map is onto using 9.b.3 � hence it is a homeomorphism since δi itself
is one (theorem 1.1, part 1): we have reduced the problem to the case where f is the

identity, the σi
homeomorphisms, and the Θi(f) inclusions. It follows then, inductively

using 9.b.3 in the �rst diagram of theorem 1.1 part 3, that pin(Θ̄
i) = Θi

n � which implies

in turn, by de�nition of the projective limit topology (theorem 1.1 part 3), that Θ̄i
is

dense in Θi
. Hence, in the compact case, Θ̄i is also compact, and being dense, equals Θi

.

3. Given f : K1! K2, observe from part 3 of theorem 1.1 that for inductively de�ned

continuous maps ϕi
n, the following diagram commutes:

Θi(K1)
δi1������������������������������������! ∆[K1�

Q
j �=iΘ

j(K1)]?????????????y
Θi(f)

&pin ∆(idK1
×∏j �=i p

j
n−1).

Θi
n(K1) = ∆[K1�

Q
j �=iΘ

j
n−1(K1)]????yϕi

n f

????y ϕj
n−1

????y
Θi

n(K2) = ∆[K2�
Q

j �=iΘ
j
n−1(K2)]

%pin ∆(idK2
×∏j �=i p

j
n−1)-

f

?????????????y
Θj(f)

?????????????y
Θi(K2)

δi2������������������������������������! ∆[K2�
Q

j �=iΘ
j(K2)]

Indeed, induction in the central part of the diagram de�nes uniquely the (continuous)

maps ϕi
n. By induction again, they yield commutativity of:

Θi
n(K1)

qin������������!Θi
n−1(K1)

ϕi
n

????y
????yϕi

n−1

Θi
n(K2)

qin������������!Θi
n−1(K2)

Hence they de�ne a unique � and continuous � map ϕi : Θi(K1)! Θi(K2) between the

projective limits, such that pin Æ ϕi = ϕi
n Æ pin for all n. So, using also part 3 of theorem
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1.1, we get commutativity of:

Θi(K1)
δi1������������! ∆[K1�

Q
j �=i Θj(K1) ]����� &pin idK1

????y pjn−1

????y��� Θi
n(K1) = ∆[K1�

Q
j �=iΘ

j
n−1(K1)]�����ϕi

????yϕi
n f

????y ϕj
n−1

????y��� Θi
n(K2) = ∆[K2�

Q
j �=iΘ

j
n−1(K2)]????y %pin idK2

x???? pjn−1

x????
Θi(K2)

δi2������������! ∆[K2�
Q

j �=i Θj(K2) ]

This yields the commutativity of:

Θi(K1)
δi2������������! ∆(K1�

Q
j �=iΘ

j(K1)]

ϕi

????y f

????y
????y ϕj

Θi(K2)
δi2������������! ∆(K2�

Q
j �=iΘ

j(K2)]

Indeed, if for some point in Θi(K1), the two paths yielded two di�erent measures on

K2�
Q

j �=iΘ
j(K2), the projections (by idK2

�Qj �=i p
j
n) on K2�

Q
j �=iΘ

j
n(K2) would already

be di�erent for some n (uniqueness of projective limits for regular probability measures),

contradicting the commutativity of the previous diagram. Hence, by the uniqueness part

in property (P ), we have ϕi = Θi(f), thus establishing our full diagram.

If now f is one-to-one, an inclusion (of a closed subset, or of a Zcδ-subset), or onto,

the same induction that de�nes the ϕi
n shows, using 9.b that the ϕi

n have the same prop-

erty � in the onto case, using also the K-analyticity of the Θi
n(K1), which follows e.g.

from that of Θi(K1) (point 1) and the onto character of pin (part 3 of theorem 1.1) by

3.a. Hence the conclusion for (3a), going to the projective limit (by our above diagrams)

Θi(f) : Θi(K1)! Θi(K2).
For (3b), observe that, by (3a) and 2.b, Θi

1 � Θi
2 is such that δi induces a homeo-

morphism between Θi
1 and fµ 2 ∆(K2 �

Q
j �=iΘ

j
2) j µ(K1 �

Q
j �=iΘ

i
1) = 1 g. It follows

then inductively that Θi
1 � An, hence Θi

1 � A∞ =
T

nAn. On the other hand, it is by

de�nition clear that δi maps A∞ onto ∆(K1� (A∞)#I−1) (hence homeomorphically). So

by our diagram above, it follows inductively that pin(A∞) = Θi
n(K1): the image of some

point in A∞ by [∆(idK2
�Qj �=i p

j
n−1)] Æ δin is by the induction hypothesis some element

of ∆(K1�
Q

j �=iΘ
j
n−1(K1)) � remember f and ϕj

n−1 are inclusions � i.e. of Θi
n(K1), (or

rather its image by ϕi
n). Since the ϕi

n are inclusions, it follows that, for θ 2 A∞, the
sequence (pin(θ))

∞
n=−1 is a consistent sequence in the Θi

n(K1), hence stems from some point

in Θi(K1) � so A∞ = Θi(K1).
Remains only to prove (3c). We start with some preliminaries. Given continuous maps

fi : Xi ! Y (i = 1, 2; all spaces Hausdor�), the �bered product of f1 and f2 is the space
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Z = f (x1, x2) 2 X1 � X2 j f1(x1) = f2(x2) g (together with the projections p1 and p2 to
X1 and X2). Let also ∆(fi) denote the induced map between regular probabilities, etc.

Then we claim:

The map (∆(p1),∆(p2)) from ∆(Z) to the �bered product of ∆(f1) and ∆(f2) is onto.

(The map is clearly into since ∆(f Æ g) = [∆(f)] Æ [∆(g)]). We �rst reduce the prob-

lem to the case of compact spaces. Assume thus this case solved, and �x µi 2 ∆(Xi)
with [∆(fi)](µi) = ν. Take Ki compact in Xi, with µi(Ki) � 1 � ε; let νi be the image

by fi of µi|Ki
, with hi = dνi/dν: we have

R
hidν � 1 � ε with 0 � hi � 1, so with

h = min(h1, h2) we have
R
hdν � 1 � 2ε. Let then gi = (h/hi) Æ fi : Xi ! [0, 1], and

σi(B) =
R
Ki∩B

gi(x)µi(dx): then σi � µi has compact support, and [∆(fi)](σi) = hdν.
Continuing in the same way with the measures µ̄i = µi � σi, we see that we can write

µi =
P∞

k=1α
kµki , where µ

k
i 2 ∆(Xi) has compact support, [∆(fi)](µ

k
i ) = ν

k
, and αk > 0.

Hence if we get λk 2 ∆(Z) with [∆(pi)](λ
k) = µki , λ =

P
kα

kλk will solve the problem.

Assume thus Xi = Supp(µi) and Y = Supp(ν) are compact. We now show how to reduce the

problem to the case where Y is in addition metrisable: denote by A the increasing �ltering

family of all separable closed sub-algebras of C(Y ) that contain the constants. For α 2 A,
denote also by Yα the corresponding (compact metric) quotient space, with ϕα : Y ! Yα
as quotient mapping, and Zα � X1�X2 the �bered product of ϕα Æ f1 and ϕα Æ f2. Since
Yα is metrisable, there exists by assumption λα 2 ∆(Zα) with [∆(pi)](λα) = µi. Since

(Zα)α∈A are a decreasing �ltering family of compact sets, with Z as intersection, any limit

point λ of the λα will belong to ∆(Z), and is mapped to µi by ∆(pi).
So assume Y compact metric. By ex. II.1Ex.21 p. 79, let λiy be a measurable map

from (Y, ν) to ∆(Xi) (observe fi is onto) with the Borel sets, such that the image meas-

ure of ν on ∆(Xi) is regular, with Supp(λiy) � f−1i (y) 8y and µi(B) =
R
Y
λiy(B)ν(dy)

for every Borel set B. λ1 and λ2 can be constructed with the same strong lifting L �

hence λi = L(λi) yields (ex. II.1Ex.15e p. 74) that (λ1, λ2) is a measurable map from

(Y, ν) to ∆(X1) � ∆(X2) with the Borel sets, such that the image measure of ν is reg-

ular. By the continuity of the product of two measures � from ∆(X1) � ∆(X2) to

∆(X1 � X2) (1.15 p. 7), we obtain that, with λy = λ1y 
 λ2y, λ is a measurable map

from (Y, ν) to ∆(X1 � X2) with the Borel sets, inducing a regular image measure �

in particular, by ex. II.1Ex.20b p. 78, λy(B) is measurable for every Borel set B, and,
with

R
λy(B)ν(dy) = σ(B), σ 2 ∆(X1 � X2). Using Z for the Borel set B, we have

λy(Z) = 1 8y, hence σ(Z) = 1, so σ 2 ∆(Z). Finally, with B = p−1i
˜(B), B̃ Borel in Xi,

we obtain λy(B) = λiy
˜(B), hence σ(B) =

R
λiy

˜(B)ν(dy) = µi ˜(B) : [∆(pi)](σ) = µi. This

proves the claim.

For (3c), consider the commutative diagram (cf. above):

Θi
n+1(K1)

q1
n������������!Θi

n(K1)

ϕi
n+1

????y
????yϕi

n

Θi
n+1(K2)

q2
n������������!Θi

n(K2)

Such a diagram corresponds by de�nition to a continuous map ψn = ϕi
n+1 � q1n from

Θi
n+1(K1) to the �bered product Zn of q2n and ϕi

n. It su�ces to prove that those maps

ψn are onto: indeed, given then θ2 in Θi(K2), let θ
2
� = pi�(θ

2) so θ2� = q2�(θ
2
�+1), and

assume by induction we have already θ1� 2 Θi
�(K1) for * � n, with ϕi

�(θ
1
�) = θ2� and
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q1�−1(θ
1
�) = θ

1
�−1. Then (θ2n+1, θ

1
n) 2 Zn, hence the surjectivity of ψn will yield the existence

of θ1n+1 2 Θi
n+1(K1) with ϕ

i
n+1(θ

1
n+1) = θ

2
n+1 and q

1
n(θ

1
n+1) = θ

1
n: we obtain a full sequence

(θ1n)
∞
n=−1, i.e. a point θ1 2 Θi(K1) with, 8n, pin(θ1) = θ1n, so (ϕi

n Æ pin)(θ1) = pin(θ2) 8n �

hence by our diagram in the beginning of the proof of (3), [Θi(f)](θ1) = θ2.
We will prove the surjectivity of ψn by induction. So assume n � 0, and ψn−1

is onto. Let X i
n = Ki �

Q
j �=iΘ

j
n(Ki), also gn = f �

Q
j �=iϕ

j
n : X

1
n ! X2n, and

hin = idKi
�
Q

j �=i q
j
n : X

i
n+1! X i

n. In the commutative diagram:

X1n
h1
n−1

������������!X1n−1

gn

????y
????ygn−1

X2n
h2
n−1

������������!X2n−1
the surjectivity of ψn−1 on each of the factors Θj(j 6= i) separately yields that of the

induced map χn = gn�h1n−1 from X1n to the �bered product Pn of h
2
n−1 and gn−1. And, by

our diagram in the beginning of the proof of (3), proving the surjectivity of ψn amounts

to prove that in the diagram:

∆(X1n)
∆(h1

n−1)

������������!∆(X1n−1)

∆(gn)

????y
????y∆(gn−1)

∆(X2n)
∆(h2

n−1)

������������!∆(X2n−1)

the induced map from ∆(X1n) to the �bered product of ∆(h2n−1) and ∆(gn−1) is onto.

But this is the composition of ∆(χn) with the map from ∆(Pn) to the �bered product of

∆(h2n−1) and ∆(gn−1). The �rst is onto by 9.b.3 [K-analyticity of X1n follows from point

1 of the present theorem, the onto character of pin, theorem 1.1 part 3, and 3.a], and the

second by our above claim. �

Comment 1.4. Compactness is clearly necessary in point 2, e.g.,K-analyticity, to gen-

eralise at the same time point (3c), would be far insu�cient. Consider for example any K-

analytic set K, on which there exists a non-constant continuous function. Then there is a

proper Z -subset, say Z, so by (3a) Θi(Z) is a Z -subset of Θi(K): let Θ̄i
0 = Θi(K)nΘi(Z),

Θ̄i
n+1 = (δi)−1(∆(K �Qj �=i Θ̄

j
n)). Observe that, using inductively 9.b.2, the Θ̄i

n are Zcδ-

subsets of Θi(K). Further Θ̄i
1 � Θ̄i

0�must clearly be disjoint from Θi(Z)�, so by induc-

tion the Θ̄i
n form a decreasing sequence. Let Θ̄i =

T
n Θ̄

i
n: clearly δ

i(Θ̄i) = ∆(K�
Q

j �=i Θ̄
j),

further the Θ̄i
areZcδ-subsets of Θ

i(K), strictly included in it, and non-empty e.g. because

they contain (induction again) Θi(K n Z).
Comment 1.5. The previous comment implies in particular that the homeomorph-

ism between Θ̄i
and ∆(K �

Q
j �=i Θ̄

j) is far from su�cient to characterise the spaces

Θi(K) � even when the Θ̄i
are restricted to be (nice � Zcδ) subsets of Θ

i(K). There

is a di�erent sense in which too it is insu�cient and this even with all spaces com-

pact: one can have, with K compact, compact spaces Θ̄i
and homeomorphisms σi

from Θ̄i
to ∆(K �

Q
j �=i Θ̄

j), without Θ̄i
being in any sense homeomorphic to Θi(K).

For instance, let X1 = [0, 1], Xn+1 = ∆(Xn), q1 : X2 ! X1 maps to the barycentre,
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qn = ∆(qn−1) : Xn+1 ! Xn for n > 1. Obviously the Xn are compact metric, and the

qn continuous and onto (induction). Let X be the projective limit (compact metric), with

projections pn onto Xn. For x 2 X, the pn+1(x) de�ne a projective system of probabilities

on the Xn(n � 1), hence a probability δ(x) 2 ∆(X). The map δ is clearly one-to-one,

continuous, and onto, so a homeomorphism from X to ∆(X) by compactness. Let then,

for I = f1, 2g,#K = 1, Θ̄i = X, with δi a copy of δ, δi : Θ̄i ! ∆(K � Θ̄j) (i 6= j). So

our Θ̄i, δi have all required properties for the one-point space K, still are in no sense

homeomorphic to the one-point space Θi(K).

We prove now that property (P ) still holds when the maps are only assumed measur-

able. Actually, our solution does not seem exactly right, since we have to restrict slightly

the class of topological spaces considered: it would be more natural to investigate, for

given spaces, for which class of maps the property still holds, rather than, for a given

measurability concept, what class of spaces can be used.

Theorem 1.3. Assume that in property (P ), the spaces Σi and K̃ are quasi-Ra-
don (10.a), and the maps σi and f universally measurable. Then there exist uni-
que maps Θi(f) making the diagram commutative in the sense that for every Borel

set B in K �
Q

j �=iΘ
j such that B̃ = [f �

Q
j �=iΘ

j(f)]−1(B) is σi(si) measurable,

[σi(si)](B̃) = [δi[(Θi(f))(si)]](B). Those Θi(f) are universally measurable � so the dia-
gram is unrestrictedly commutative (even for all universally measurable B).

Proof. Is the same as in theorem 1.1, proving inductively that the ϕj
n are univer-

sally measurable (and uniquely de�ned) � using 10.a.5, 9.d.1, 10.a.4 and again 9.d.1 at

every step of the induction. Then by induction, we must have pin Æ Θi(f) = ϕi
n for all n:

Θi(f) is thereby uniquely de�ned, and its universal measurability follows by writing it as

the composition (9.d.1) of the inclusion of Σi
as the diagonal of (Σi)∞ and the universally

measurable
Q

nϕ
i
n : (Σ

i)∞ !Q
nΘ

i
n (9.d.1) � together with the remark that a universally

measurable map is still universally measurable to every subspace of the image space that

contains the range. Commutativity of the diagram follows now for every Borel set B of

the form (idK �
Q

j �=i p
j
n)

−1(B̃) with B̃ Borel, hence by a monotone class argument for all

Borel sets (clearly any open set belongs to this monotone class, being a union of basic

open sets). This extends then immediately to the universally measurable B's. �

Comment 1.6. In particular, if two quasi-Radon spaces are �universally measurably

isomorphic�, one obtains a similar isomorphism between their corresponding systems:

thus, the (Θi(K), δi)i∈I and their �universally measurable structure� (all universally meas-

urable maps to and from all topological spaces) are uniquely determined by the universally

measurable structure of K: in some sense, the solution is �purely� measure theoretic.

Also, one encounters often the variant of property (P ) where the map f is replaced

by a transition probability. Then

Theorem 1.4. Assume in property (P ) that K is quasi-Radon, f is a continuous map
to ∆(K), and the maps σi are continuous. Then there are unique (in the same sense as in
theorem 1.3) continuous maps Θi(f) making the diagram commutative, where the right
hand arrow is interpreted as β Æ [∆(f �Qj �=iµ

j ÆΘj(f))], with the barycentric map β as

in 10.a and µj : Θj ! ∆(Θj) mapping every point to the unit mass at this point.

Proof. By the continuity of the product of probabilities (1.15 p. 7), and 10.a.6 (the

spaces are quasi-Radon as in theorem 1.2, point 1), the proof is now as in theorem 1.1
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p. 107 with the modi�ed interpretation of the right hand arrow. Only some more care is

required for the proof that qin Æ ϕi
n = ϕi

n−1 also follows inductively. �

Comment 1.7. With K̃ = ∆(K),Σi = Θi(∆(K)), and f the identity one obtains

the canonical continuous map from Θi(∆(K)) to Θi(K). So in the general case, when f
has values in ∆(K) and all maps are universally measurable, one still obtains the result,

assuming all spaces are quasi-Radon: Θi(f) is universally measurable from Σi
to Θi(K),

and obtained by composing the map from Σi
to Θi(∆(K)) obtained in Theorem 1.3 with

the canonical map above from Θi(∆(K)) to Θi(K). Of course, a direct de�nition, like in

theorem 1.4, is also possible.

Comment 1.8. In the line of the remark after theorem 1.1, there is a category of

quasi-Radon spaces, with universally measurable transition probabilities as morphisms;

indeed, f : X ! ∆(Y ) and g : Y ! ∆(Z) compose as g � f = β Æ (∆(g)) Æ f (5.d and 5.f).

Remark 1.7 shows then that Θi
is a (covariant) functor from this category to the category

of quasi-Radon systems with universally measurable morphisms.

Corollary 1.5. (1) If K is countably Radon, or analytic, then for any other
countably Radon or analytic topology on K with the same Borel σ-�eld or the
same Bu, one obtains another countably Radon or analytic topology on Θ(K),
with the same map δ, and with the same Borel σ-�eld or same Bu.

(2) Assume K is countably Radon, or analytic.
Let (Σi,Si) and (Ω,A ) be measurable spaces, together with a transition

probability Q from (Ω,A ) to K with the Borel sets, and transition probabilities
σi from (Σi,Si) to (Ω,A )�

Q
j �=i(Σj,Sj). Then there exists a unique system of

measurable maps Θi(Q) from (Σi,Si) to Θi(K) with the Borel sets such that the
diagrams of property (P ) commute.

(3) The measurable space Θi(K) with the Borel sets is uniquely characterised by the
above property.

Proof. Apply the above, and 10.b � including remark 1.7 p. 116. �

In view of theorem 1.1 p. 107 we refer to Θ as the universal type space. It is

determined by K and I only. The space Θi
is called the type set of player i.

We de�ne now the space Ω by: Ω = K �Qi∈IΘ
i
. This space is called the universal

beliefs space and its elements are called states of the world.

The de�nition of Ω and the basic property of the type space: Θi
homeomorphic to

∆(K �
Q

j �=iΘ
j), are the formal expression of Harsanyi's approach in modelling games

with incomplete information namely: A state of the world consists of a state of nature

together with a list of types; one for each player. A type of a player de�nes a joint

probability distribution on the states of nature and the types of the other players.

Note that our construction is based on some implicit assumptions on the players' be-

liefs: The subject of each player's beliefs are the states of nature and the beliefs of the

others. He `knows' his own beliefs. Second, the de�nition of the projections ϕi
n implies

that each level of player i's beliefs is compatible with his lower levels beliefs and he be-

lieves that this is so for all players and so on. An alternative approach is to make the

player's beliefs be on the states of nature and all lower levels beliefs, including his own.

If we do so then the above mentioned coherency conditions become explicit restrictions

on the �admissible� beliefs. This is done in ex. IIIEx.2 p. 141.



1. THE UNIVERSAL BELIEFS SPACE 117

Given θ 2 Θi
, let θ̄ = δi(θ) � εθ 2 ∆(Ω) � where εθ is the unit mass at θ. Recall

that the product of regular probabilities is a continuous map (1.15 p. 7): the map θ 7! θ̄
is continuous. So is the projection map θi : Ω ! Θi

, and hence also the map ω 7! θ̄iω
from Ω to ∆(Ω). θi(ω) or (θ̄iω) is referred to as the type of player i at !. Note that

if ω̃ 2 Supp(θ̄iω) then θ̄
i
ω̃ = θ̄iω. In words: at any state of the world, each player knows his

own type.

1.b. Beliefs subspaces. The universal beliefs space Ω consists of all possible inform-

ational con�gurations regarding K. Any private or �public� information about K may

restrict the conceivable states of the world to a subset of Ω containing all the beliefs of

all players. This motivates the following de�nition.

Definition 1.6. A beliefs subspace (BL-subspace) is a non-empty subset Y of Ω
which satis�es:

8ω 2 Y , θ̄iω(Y ) = 1 8i
A point of a BL-subspace Y can be written as ω = (k; θ1(ω), . . . , θi(ω), . . . ). The set

θi(Y ) is the type set of player i in the BL-subspace Y . Clearly Ω itself is a BL-subspace.
The following are examples of BL-subspaces corresponding to well known classes of

games.

(1) Games with complete information.

For �xed k 2 K let Y = fωg where ω = (k; εω, . . . , εω), and εω is the measure

on Y assigning unit mass to ω. This is a usual situation of complete information.

(2) Games with a random move to choose the state of nature.

For k1 and k2, two distinct elements in K, let

Y = fω1, ω2g
ω1 = (k1; (p, 1� p), . . . , (p, 1� p))
ω2 = (k2; (p, 1� p), . . . , (p, 1� p))

Here there is only one type of each player: (p, 1� p) which assigns probability p
to ω1 and (1� p) to ω2. This is a situation in which a random move chooses the

state of nature k1 or k2 with probabilities (p, 1� p).
In the following examples there are two players, I and II and the elements of

K are �games� denoted by G1, G2, . . . or G12, G22, . . . etc.
(3) Games with incomplete information on one side.

Y = fω1, . . . , ωKg where for k = 1, . . . ,K,

ωk =
�
Gk; εωk

, (p1, . . . , pK)
�

That is, the game Gk 2 fG1, . . . , GKg is chosen according to the probability vec-

tor p = (pk)k∈K. Player I is informed which game was chosen and player II is
not.

(4) Games with incomplete information �on 112 sides� (cf. ex. VIEx.8 p. 318).

Y = fω1, ω2, ω3g where

ω1 =
�
G1; (1/3, 2/3, 0), (1, 0, 0)

�
ω2 =

�
G1; (1/3, 2/3, 0), (0, 1/2, 1/2)

�
ω3 =

�
G2; (0, 0, 1), (0, 1/2, 1/2)

�
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To see the main feature of this BL-subspace assume that the actual state of the

world is ω2. While player I knows that the game is G1, he is uncertain about the

�state of mind� of player II; whether he knows that it is G1 (state ω1) or his beliefs
are (1/2, 1/2) (state ω2). Player I assigns to these two possibilities probabilities

1/3 and 2/3 respectively.

(5) Incomplete information on two sides: the independent case.

Y = fω11, ω12, ω21, ω22g where

ω11 =
�
G11; (1/2, 1/2, 0, 0), (1/3, 0, 2/3, 0)

�
ω12 =

�
G12; (1/2, 1/2, 0, 0), (0, 1/3, 0, 2/3)

�
ω21 =

�
G21; (0, 0, 1/2, 1/2), (1/3, 0, 2/3, 0)

�
ω22 =

�
G22; (0, 0, 1/2, 1/2), (0, 1/3, 0, 2/3)

�
Player I can be of two types: I1 = (1/2, 1/2, 0, 0) or I2 = (0, 0, 1/2, 1/2) while
player II can be either of type II1 = (1/3, 0, 2/3, 0) or II2 = (0, 1/3, 0, 2/3).
Note that each player knows his own type. An equivalent description of this

informational structure is the following: Chance chooses a pair of types from

fI1, I2g � fII1, II2g according to the probability distribution:

� II1 II2
I1 1/6 1/6
I2 1/3 1/3

�
If the selected pair of types is (Ir, IIs), each player is informed of his type (only)

and then they proceed to play the game Grs
. Note that in this representation

the types of the players are chosen independently.

(6) Incomplete information on two sides: the dependent case.

Y = fω11, ω12, ω21, ω22g where

ω11 =
�
G11; (1/2, 1/2, 0, 0), (1/3, 0, 2/3, 0)

�
ω12 =

�
G12; (1/2, 1/2, 0, 0), (0, 1/7, 0, 6/7)

�
ω21 =

�
G21; (0, 0, 1/4, 3/4), (1/3, 0, 2/3, 0)

�
ω22 =

�
G22; (0, 0, 1/4, 3/4), (0, 1/7, 0, 6/7)

�
This situation can be interpreted and represented in the same way as the previous

example with the joint probability on types being:

� II1 II2
I1 1/10 1/10
I2 1/5 3/5

�
Thus, unlike the previous example, the types of the two players are not inde-

pendent.

(7) Incomplete information on two sides: the inconsistent case.

Consider a variant of the previous example in which the second type of player

II is II2 = (0, 1/5, 0, 4/5) instead of (0, 1/7, 0, 6/7). With this modi�cation the

players' beliefs can no longer be viewed as conditional distributions, given each

player's type, derived from some prior joint distribution on fI1, I2g � fII1, II2g.
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Such situations of incomplete information are called inconsistent cases (cf. ex-

ample in the next section).

The following are some general constructions of beliefs subspaces.

(1) Any union of beliefs subspaces is one.

(2) In particular, the union Ωf of all �nite beliefs subspaces.

(3) Any countable intersection of beliefs subspaces is one.

(4) Any intersection of closed beliefs subspaces is one.

(5) In particular, 8ω 2 Ω there is a smallest closed beliefs subspace containing ω. It
is obvious how to �construct� it directly (by possibly trans�nite induction . . . ).

(6) (a) As a cautionary remark, observe that one could also use in 4 above �separ-

ately closed�, in the sense that a subset is separately closed if the inverse

image of every point in any factor Θi(i 2 I) is closed. One obtains thus also
an analogous statement to 5, but associating with every ω 2 Ω a typically

smaller BL-subspace.
(b) In the same vein, one could also de�ne a concept of �topological

BL-subspace� by requiring that 8ω 2 Y , 8i 2 I, Supp(θ
i
ω) � Y . Clearly, topo-

logical BL-subspaces are closed under arbitrary unions and intersections. In

particular, for every ω 2 Ω there is a smallest topological BL-subspace con-
taining it � which should be (typically) even smaller than the one obtained

sub 6a.

(7) Given Ω0 � Ω, let Ωn+1 = fω 2 Ωn j θ
i
ω(Ωn) = 1 8i 2 I g. Then Ω∞ =

T
nΩn is a

beliefs subspace. It is the subspace where Ω0 is �common knowledge�.

(a) Ω∞ is the maximal (cf. 1) beliefs subspace contained in Ω0.
(b) When Ω0 is closed, or a Gδ, (or Borel, or universally measurable, or has any

of the properties mentioned in theorem 1.2 part 1 p. 111), then so is Ω∞.
(c) Observe that the above generalises theorem 1.2 part 3b p. 111. Cf. also

ex. IIIEx.3 p. 142 for another application.

(8) Let Ω0 = fω 2 Ω j ω 2 Supp(θ
i
ω) 8i 2 I g.

(a) If Ω is metrisable, then Ω0 is a Gδ in Ω. Indeed, for a metric space E, the
set f (e, µ) 2 E �∆(E) j d(e, Supp(µ)) � ε g is closed.

(b) In particular by 6b and Theorem 1.2 part 1 p. 111, if K is separable metric,

then Ω∞ is a Gδ.

Comment 1.9. It is the beliefs subspace where it is common knowledge that

no player believes a neighbourhood of the true state to be impossible. Consider an

interpretation of Ω as a model for modal logic, where (Borel) subsets of Ω would

correspond to propositions, and where Bi(p) � player i believes p � would be

interpreted as θiω assigns probability one to the (Borel) set p. Observe that, when
p is a closed set, Bi(p) is one too. Restricting the model to Ω∞ corresponds then

to require the beliefs-operators to be knowledge operators on closed sets. (One

could also restrict propositions to the Boolean algebra generated by the closed

sets.) (Thus, independently of the class of subsets to which one restricts proposi-

tions, there is a variant concept of Bi(p) �behind the scenes�, which is that player

i assigns probability one to some closed subset of p.)

Other examples will be given in the next section.
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2. Consistency and common knowledge

The types of the players at a given state ω are probability distributions (beliefs) on

Ω. A natural question is: Can these be conditional probability distributions derived from

some prior probability on Ω given the players' types?

Definition 2.1. A probability distribution Q 2 ∆(Ω) is consistent if for all i 2 I
and every Borel set B of Ω;

(1) Q(B) =

Z
Ω

θ̄iω(B)Q(dω)

In words: Q is consistent if it equals the average (according to Q) of each of the beliefs
θ̄iω. The following lemma proves that de�nition 2.1 indeed captures the intuitive meaning

of consistency.

Lemma 2.2. If Q 2 ∆(Ω) is consistent then for all i 2 I, and for any Borel � or
universally measurable subset A of Ω,

(2) θ̄iω(A) = Q(A j T i)(ω) Q-a.e.

where T i is the sub σ-�eld on Ω generated by θi and the Borel � or universally measurable
� σ��eld on Θi.

Proof. We have to prove that for any measurable set A in Ω and for any B 2 T i
:Z

B

θ̄iω(A)Q(dω) =

Z
B

1AQ(dω) .

The right hand side is equal to Q(A\B) so that the equation will follow from (1) (applied

to the measurable set A \ B) if we show that 1B(ω)θ̄
i
ω(A) = θ̄

i
ω(A \ B) for any B 2 T i

.

This follows from the fact that θ̄i is constant on the support of θ̄iω, so that the full support
is either in B or disjoint from B. �

Comment 2.1. If K is completely regular, it su�ces already that equation (1) be sat-

is�ed for bounded continuous functions instead of Borel sets. Indeed, since the completely

regular spaces are the subspaces of compact spaces, Θi
and hence Ω are then completely

regular too, so the equation passes from continuous functions to indicator functions of

compact sets (regularity of Q and θ̄iω), and then to Borel sets (regularity of Q).

Comment 2.2. Equation (1) remains valid with non-negative universally measurable

functions instead of the Borel set B.

Denote by P the set of all consistent probabilities on Ω.

Theorem 2.3. The set P is closed and convex in ∆(Ω).

Proof. Convexity of P is obvious � equation (1) is linear. Let thus Pα 2 P con-

verge to P 2 ∆(Ω). Let µ(B) =
R
θ̄iω(B)P (dω). Observe that, for any compact set C,

µ(C) = inffµ(Ō) j Ō closure of an open set O containing C g. Indeed, since Ω is T2 and
C compact, the intersection of those sets Ō equals C � so the θ̄iω(Ō) form a decreasing

net of u.s.c. functions converging to θ̄iω(C) (regularity of θ̄iω), hence, by the regularity of

P , µ(Ō) decreases to µ(C).
By the upper semi-continuity of θ̄iω(Ō), lim supα

R
θ̄iω(Ō)Pα(dω) �

R
θ̄iω(Ō)P (dω), i.e.,

lim supαPα(Ō) � µ(Ō). But also lim inf Pα(O) � P (O) � P (C). Hence P (C) � µ(Ō)
for every Ō, so P (C) � µ(C) for every compact set C. The regularity of P implies then

P = µ. �
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Corollary 2.4. All topological properties of K mentioned in theorem 1.2.1 p. 111
are inherited by Ω and by P .

Proof. By theorem 1.2.1, they are inherited by Θi
� and by ∆(K), by countable

products and by closed subspaces. Therefore they are also inherited by Ω = K �
Q

iΘ
i
,

hence by ∆(Ω), hence by the closed subspace P of ∆(Ω). �

In general, a BL-subspace will fail to have a consistent distribution.

Example 2.3. Consider a situation of two players each of which has two types. The

BL-subspace Y has four points corresponding to the four possible couples of types:

Y =

�
11 12
21 22

�
At each point of Y (an entry of the matrix), the �rst digit denotes the type of player I
and the second is that of player II. Similarly we denote the subjective probabilities of the

players by:

For I:

� II1 II2
I1 p1 1 � p1
I2 p2 1 � p2

�
For II:

� II1 II2
I1 q1 q2
I2 1 � q1 1 � q2

�
It is easily veri�ed that there is a consistent distribution i� q1(1 � p1)/[p1(1 � q1)] =
q2(1� p2)/[p2(1� q2)].

Examples on BL-subspaces (continued).

(1) If K is a separable metric space, or is analytic, so is P (cor. 2.4). Hence P has

a countable dense sequence (Pn)
∞
n=1. By theorem 2.3, P∞ =

P∞
1 2−nPn belongs

to P . Further Supp(Pn) � Supp(P∞). Since the sequence Pn is dense, we obtain

Supp(P ) � Supp(P∞)8P 2 P : The set of supports of consistent probabilities has

a maximal element (Supp(P∞)), say S. Even for general K, one can always de�ne

S as [f Supp(P ) j P 2P g.
(2) For any P 2 P , Supp(P ) is a (closed) BL-subspace. This can be combined with

the constructions of sect. 1.b, like 2, 3, 4, or 8a � to yield other BL-subspaces.
(3) A variant of 5 p. 119 becomes now available, assuming K compact: For every

decreasing net of supports of consistent probabilities, the intersection contains a

minimal such set (using compactness of P).

(4) Given Ω0 as in example 7 p. 119, and P 2P , if P (Ω0) = 1, then P (Ω∞) = 1.
(5) With Ω0 as in example 8a p. 119, and P 2P , one has P (Ω0) = 1.
(6) Combining all the above, let S0 = S \Ω∞, with Ω∞ as in example 8a p. 119, and

S as in example 1 above. Then S0 is a canonical BL-subspace, with P (S0) = 1,
8P 2 P , and expresses common knowledge of both consistency of beliefs and

that nobody believes a neighbourhood of the true state to be impossible.

(7) Assume K is standard Borel. So by Corollary 1.5 p. 116 the Borel spaces Θi
K are

uniquely determined, and are standard Borel too.

(a) By ex. II.1Ex.9 p. 60, there exists for every player i a Borel measurable

transition probability qi(dk j θ) from
Q

j Θ
j
to K, such that for every

θi 2 Θi
, and every non-negative Borel function f on Ω,

R
Ω
f(ω)θ(dω) =R �R

f(k, θ−i, θi)qi(dk j θ−i, θi)
�
θi(dθ−i) � i.e. qi is the conditional probab-

ility on K given θ, under the distribution θi. Indeed, use E = Θi
, Y =

Θ−i(=
Q

j �=iΘ
j), X = Y �K, and g the projection. And since g(e, x) is onto
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8e 2 E, we can obtain in II.1Ex.9c p. 60 that Q(fx j g(e, x) = y g j e, y) = 1
8e, 8y, by modifying Q on the negligible set. Therefore Q can be viewed as

a transition probability from E � Y to K.

(b) It follows that qi is also, 8P 2 P , a version of the conditional probability

on K given θ 2
Q

j Θ
j
. In particular, Ω0 = f θ j qi = qj8i, j g is a Borel set

with P (Ω0) = 1 8P 2P .

(c) Thus, the corresponding beliefs space Ω∞ is a Borel subset of
Q

iΘ
i
, with

P (Ω∞) = 1 8P 2P , and there is a Borel measurable transition probability

q from Ω∞ to K which is a version of the conditional probability on K givenQ
iΘ

i
under every P 2P , and under every θ

i
ω, 8i 2 I and 8ω 2 Ω∞.

(d) In the two player case, one could do a bit better: Modify q1 by setting it

equal to q2 on Θ10�Θ2, where Θ10 = f θ1 j θ1(Ω0) = 1 g. Do then the same with

q2 and Θ20. (Instead of iterating the procedure, into the trans�nite?), one

can now choose for Ω0 the set Θ
1
0�Θ20, and obtain then a similar product set

Θ1∞�Θ2∞ for Ω∞. Using remark 1.2 p. 110, one can now symmetrise the situ-

ation under permutations of the players, and obtain a single Borel set Θ∞,
which has probability one under any θ 2 Θ∞, such that Θ∞�Θ∞ has prob-

ability one under every P 2P , and a single Borel transition q(dk j θ1, θ2) on
(Θ∞�Θ)[ (Θ�Θ∞), which is symmetric in (θ1, θ2), and is the conditional

probability under any P 2P and under θ 2 Θ∞. And when K is �nite, one

could further symmetrise under all permutations of K.

Comment 2.4. Are there any canonical results in this vein? E.g., does the union

of such beliefs spaces cover the set S? Is there a canonical such beliefs space � even

replacing Borel-measurability by universal-measurability, or by µ-measurability for every

consistent prior and for each belief in the beliefs space?

Comment 2.5. The above is frequently used, in the context of sect. 4 below. In that

case, to every k 2 K there corresponds a game (pay-o� functions) gk. Averaging them

under such a common conditional q yields a model where one has a single game for every

I-tuple of types. If further the (consistent) joint distribution is absolutely continuous onQ
i∈IΘ

i
w.r.t. some product measure � then it is a.c. w.r.t. the product of its margin-

als �, one can, using f(θ) for its density with respect to the product of the marginals,

replace every every game gθ by f(θ)�gθ. In this way, one obtains a model (information

scheme as below) where furthermore all players' private signals are independent. It would

seem worthwhile to check what such transformations yield for the corresponding canonical

consistent distributions (theorem 2.5 part 2 below).

Information Schemes. In games with incomplete information, the information

structure is de�ned by an information scheme, I , that consists of a probability space

E = (E, E , Q) and sub σ-�elds E i
(for each i in I), with a measurable mapping kE from E

to the spaceK of states of nature. The sub σ-�eld E i
describes the information of player i.

The following theorem states that any information scheme has a canonical representation

as a consistent probability measure on Ω. Denoting by k the canonical projection from Ω
to K we have:

Theorem 2.5. Assume an information scheme I such that kE is Borel-measurable
and Q has a regular image measure µ.

(1) Then there exists a Q-measurable map ϕ from (E, E ) to Ω with the Borel sets
such that:
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(a) (k Æ ϕ)−1(B) = (kE)
−1(B) Q-a.e., for every Borel subset B of K.

(b) Q Æ ϕ−1 2P [or just: 2 ∆(Ω)].
(c) θ̄i(ϕ(e))(B) = (Q[ϕ−1(B) j Ei])(e) Q-a.e., for every Borel subset B of Ω and

all i 2 I.
(2) If ϕ̃ is another such map, then ϕ−1(B) = ϕ̃−1(B) Q-a.e., for every Borel set B of

Ω. (In particular, Q Æ ϕ−1 is uniquely de�ned).
(3) Assume there exists K0 � K with µ(K0) = 1 such that points of K0 are separated

by some sequence of µ-measurable sets. Then:
(a) Point 2 implies that ϕ̃ = ϕ Q-a.e.
(b) In (1a) one can require k Æ ϕ = kE.
(c) One can further require that θ̄i(ϕ(e)) is E i-measurable.

Proof. During the proof of (1) and (2) we will assume E i
contains all negligible

subsets of (E, E , Q). We start with the following:

Lemma 2.6. Let ϕ and ϕ̃ two random variables on a probability space (Ω,B, P ) with
values in a measurable space (S,S ).

(1) Assume S is completely regular and S the Borel σ-�eld, the distributions of ϕ
and ϕ̃ are regular, or just τ -smooth (cf. 10.a) and that for every real bounded
continuous function f on S, f Æ ϕ = f Æ ϕ̃ a.e. Then the same holds true for any
real Borel function f .

(2) AssumeS separable and separating and that for every T 2 S , ϕ−1(T ) = ϕ̃−1(T )
a.e., then ϕ = ϕ̃ a.e. If A � B is such that every element of B is a.e. equal to
some element of A then there exists ϕ̄ which is A -measurable and is a.e. equal
to ϕ.

Proof. 1. Going to the Stone-�ech compacti�cation, one can assume the image space

is compact. One obtains then �rst, by a monotone class argument, that f Æ ϕ = f Æ ϕ̃
a.e. for every Baire function f . So the distributions coincide on the Baire σ-�eld, hence
(regularity) on all compact sets, � since those have a basis of open Baire neighbourhoods,

hence (regularity) on all Borel sets. Let P be this distribution. For K compact, let On be,

as just said, an open Baire set withK � On, P (OnnK) � n−1; let K̂ =
T

nOn: K̂ is a Baire

set with K � K̂, P (K̂ nK) = 0. Hence ϕ−1(K) =a.e. ϕ
−1(K̂) =a.e ϕ̃

−1(K̂) =a.e. ϕ̃
−1(K).

so we still have ϕ−1(C) = ϕ̃−1(C) a.e., for every Kσ-set C. The same conclusion follows

now in the same way for Borel sets, approximating them by regularity from inside by

Kσ-sets. Hence the result.

2. Let Tk be a sequence of generators of S , and neglect the points where, for some

k, ϕ−1(Tk) 6= ϕ̃−1(Tk). Now (ϕ, ϕ̃)−1(Rk) = φ with Rk = [Tk � {Tk] [ [{Tk � Tk]. SinceS
kRk is the complement of the diagonal in S � S, the �rst assertion follows. For the

second, reduce to the case where (S,S ) is a subset of [0, 1] with the Borel subsets and

approximate ϕ uniformly by a sequence of step functions ϕn and let ϕ̄ = lim inf ϕn. �

For the theorem, we �rst reduce the proof of (1) and (2) to the case where K is com-

pact. Find a sequence Cn of disjoint compact subsets of K with µ(
S

nCn) = 1. Denote by

K̄ the (locally compact) disjoint union of the Cn, and by K̂ its one-point compacti�cation.

For point (2), observe �rst that ϕ (and ϕ̃) can be modi�ed on a null set such as to have

values in Ω⋃
nCn

� ΩK, by theorem 1.2 part 3b p. 111. Indeed, assume ϕ has already been

modi�ed such as to have values in [(
S

kCk)� (An)
I], then, taking for B the latter subset

in 1c, we get that θ̄iϕ(e)(B) = 1 a.e. � hence the induction step. Next, since K̄ is a Zc-set
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in K̂, ΩK̄ is a Zcδ set (theorem 1.2 part 3a p. 111 in the compact space (theorem 1.2

part 1) ΩK̂, hence K-Lusin (3.d, 3.e). Hence the map from ΩK̄ to Ω⋃
nCn

is continuous,

one-to-one and onto (theorem 1.2 parts 3a and 3c p. 111). Therefore ϕ and ϕ̃ still have

the same properties when viewed as maps to ΩK̄ by (9.b.4 and 9.b.3). And clearly kE can

be viewed as K̄-valued. Finally, theorem 1.2 part 3a allows to assume that the values are

in ΩK̂ and in K̂.

For point 1 of theorem 2.5, our assumptions are clearly still satis�ed with K̂ instead

of K. Obtaining thus an appropriate ΩK̂-valued ϕ, and letting B0 = fω 2 ΩK̂ j kω 2 K̄ g,
Bn+1 = fω 2 Bn j θ̄iω(Bn) = 1 8i g, then, by theorem 2.5 parts 1a and 1c and inductively,

we get Q(ϕ−1(Bn)) = 1 8n, hence, after modifying ϕ on a null set, ϕ : E ! ΩK̄ =
T

nBn

(theorem 1.2 part 3b). So, by theorem 1.2 part 3a, composing ϕ with the continuous

one-to-one map from ΩK̄ to ΩK will yield the desired result. Hence, for parts 1 and 2 of

the theorem we can assume K compact.

We now start the proof of 1. Let L be a lifting on (E, E , Q); and let k̄ = L(kE)
(ex. II.1Ex.15e p. 74). Then, by the above lemma, we have k−1

E (B) = k̄−1(B) Q-a.e., for
every Borel set B. So it su�ces to prove 1 with k̄ instead of kE � i.e., we can assume

that kE = L(kE). Assume, for n � �1, that ϕn = (kE, (t
i
n)i∈I) : E ! Ωn = K �QiΘ

i
n is

well-de�ned, and Q-measurable, such that ϕn = L(ϕn) � hence ϕn is measurable to the

Borelσ-�eld, withQÆϕ−1
n 2 ∆(Ωn), by (ex. II.1Ex.15eiii p. 75) �, and such that tin(e)(B) =

E[(ϕi
n−1)

−1(B) j Ei](e) Q-a.e., for every Borel subset B of X i
n−1 = K�

Q
j �=iΘ

j
n−1, � where

ϕi
n = ProjXi

n
Æϕn. Assume �nally that ϕn−1 = ProjΩn−1

Æϕn, where ProjΩn−1
= idK �

Q
i q

i
n.

Map then Q to its image on (E, Ei) � X i
n and apply II.1Ex.16c to this image measure,

yielding an Ei-measurable map tin+1 to Θi
n+1 = ∆(X i

n), such that tin+1 = L(t
i
n+1). Then

ϕn+1 = (kE, (t
i
n+1)i∈I) : E ! Ωn+1 satis�es ϕn+1 = L(ϕn+1) by ex. II.1Ex.15eiv p. 75. By

de�nition tin+1(e)(B) = E[(ϕi
n)

−1(B) j Ei](e) Q-a.e. for every Borel set B of X i
n. In partic-

ular, for B Borel in X i
n−1, and h

i
n : X

i
n ! X i

n−1 the projection, we have

[qin+1(t
i
n+1(e))](B) = t

i
n+1(e)[(h

i
n)

−1(B)]

= E[(hin Æ ϕi
n)

−1(B) j Ei](e)
= E[(ϕi

n−1)
−1(B) j Ei](e) = tin(e)[B] Q-a.e.

So, as maps into∆(X i
n−1), for every continuous linear functional ψ, we have ψÆqin+1Ætin+1 =

ψ Æ tin Q-a.e. Hence, by the Stone-Weierstrass theorem, the same holds true for any

continuous function ψ on ∆(X i
n−1). Therefore, by ex. II.1Ex.15ei and II.1Ex.15eii p. 75

L[qin+1 Æ tin+1] = L(tin) = tin. But by ex. II.1Ex.15eiv, L(qin+1 Æ tin+1) = qin+1 Æ L(tin+1) =
qin+1 Æ tin+1. So tin = qin+1 Æ tin+1, and hence ϕn = ProjΩn

Æϕn+1. This �nishes the in-

duction step. So we have 8i, ti(e) = (tin(e))
∞
−1 an E i

-measurable map to (Θi
, Borel

sets) � by the relation tin−1 = qin Æ tin and because the Borel σ-�eld of Θi
is gen-

erated by the projections pin (since every closed set F equals
T

n p
i
n(F ) by de�nition

of the product topology). Also ti = L(ti) by ex. II.1Ex.15eiv p. 75, and so similarly

ϕ = (kE, (t
i)i∈I) = L(ϕ) : E ! Ω. In particular, those maps are Borel measurable with

Q Æϕ−1 2 ∆(Ω). Further, for every Borel set B in X i
n, with ψ

i
n the projection from X i

to

X i
n, we have t

i(e)[(ψi
n)

−1(B)] = E[(ϕi)−1[(ψi
n)

−1(B)] j Ei](e) Q-a.e. By our above remark

concerning the Borel σ-�eld on a projective limit, we obtain thus by a monotone class

argument that [since ti(e) = δi(θiϕ(e))], for every Borel set B in X i
,

δi(θiϕ(e))[B] = E[(ϕi)−1(B) j Ei](e) Q-a.e.
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i.e., θ̄iϕ(e)(B) = E[ϕ−1(B) j Ei](e) Q-a.e., for every set B = Θi � B̃, with B̃ Borel in X i
.

Or, since θiϕ(e) is Ei-measurable, we get, for any Borel sets B1 in Θi
and B2 in X

i
that

θ̄iϕ(e)(B1�B2) = 1θi
ϕ(e)

∈B1
�θ̄iϕ(e)(Θi�B2) = 1θi

ϕ(e)
∈B1

E[ϕ−1(Θi�B2) j Ei](e)
= E[1θi

ϕ(e)
∈B1

�1ϕ(e)∈Θi×B2
j Ei](e) = E[ϕ−1(B1�B2) j Ei](e) Q-a.e.

By additivity, the same formula remains then true for �nite disjoint unions of sets B1�B2,
and then by a monotone class argument we still get

θ̄iϕ(e)(B) = E[ϕ−1(B) j Ei](e)
for every set B in the product of the Borel σ-�elds on Θi

and on X i
. Now, θ̄iϕ(e), as

the composition of the continuous map ω 7! θ̄iω (cf. supra) and of the map ϕ satisfying

ϕ = L(ϕ), is a map from (E, Ei) to ∆(Ω) with the Borel sets that satis�es θ̄iϕ(e) = L[θ̄
i
ϕ(·)](e)

and has a regular image measure (ex. II.1Ex.15eiii and II.1Ex.15eiv p. 75). This one has

a barycentre P̄ 2 ∆(Ω) since, by 10.a.2, the compact space Ω is quasi-Radon. I.e.,

for every Borel set B in Ω, θ̄iϕ(e)(B) is measurable and
R
θ̄iϕ(e)(B)Q(de) = P̄ (B). Also

Q Æ ϕ−1 = P 2 ∆(Ω), i.e., for every Borel set B, P (B) =
R

E(ϕ−1(B) j Ei)dQ. Similarly,

for A 2 E , let P̄A(B) =
R
A
θ̄iϕ(e)(B)Q(de) and PA(B) =

R
A

E(ϕ−1(B) j Ei)dQ: since P̄A � P̄
and PA � P , both are regular measures, which coincide by our previous formula on the

product of the Borel σ-�elds on Θi
and on X i

. By regularity, this implies that they coin-

cide on all compact sets � since those have a basis of open neighbourhoods belonging to

the product σ-�eld �, and hence on all Borel sets. Thus, for every Borel set B in Ω, we
have that Z

A

θ̄iϕ(e)(B)Q(de) =

Z
A

[E(ϕ−1(B) j Ei)]dQ 8A 2 E .

This means the two measurable functions are equal a.e.: hence 1c p. 123. By 1c we

have, for B Borel, P (B) = Q(ϕ−1(B)) =
R

E(ϕ−1(B) j Ei)dQ =
R
θ̄iϕ(e)(B)Q(de) =R

θ̄iω(B)P (dw). Since also P 2 ∆(Ω), this yields 1b: point 1 is fully proved.

For point 2, denote by pn the projection from Ω to Ωn. Assume that ϕ−1[p−1n (B)] =
ϕ̃−1[p−1n (B)]Q-a.e., for every Borel set B in Ωn. [By 1a, this inductive assumption holds for

n = �1]. Then by 1c we obtain that θ̄iϕ(e)(p
−1
n (B)) = θ̄iϕ̃(e)(p

−1
n (B)) Q-a.e., for every such

B. Let thus Pe = θ̄
i
ϕ(e)Æp−1n , P̃e = θ̄

i
ϕ̃(e)Æp−1n , both 2 ∆(Ωn): then Pe(B) = P̃e(B) Q-a.e., 8B

Borel. Hence for every continuous linear functional ψ on ∆(Ωn) we have ψ Æ Pe = ψ Æ P̃e

Q-a.e., so, by Stone-Weierstrass, this remains true for every continuous function ψ on

∆(Ωn). Take now a continuous function F on Ωn+1 = K�
Q

iΘ
i
n+1 � it is, by Stone-Wei-

erstrass again, approximated by linear combinations of functions F = f0 �
Q

iψi, where

f0 2 C(K) and ψi is continuous on Θi
n+1 = ∆(X i

n). Hence F Æpn+1Æϕ = f0(kE Æϕ)�
Q

iψi

(ProjXi
n
(P i)) � here the argument of ψi equals ProjXi

n
(P i) = ProjXi

n
(θ̄iϕ(e) Æ p−1n ) = θin+1(e).

Since ψi Æ ProjXi
n
is continuous on ∆(Ωn), we obtain equality a.e. when replacing ϕ by ϕ̃.

So F Æ pn+1 Æ ϕ = F Æ pn+1 Æ ϕ̃ Q-a.e., for every F 2 C(Ωn+1). Therefore, by the lemma,

ϕ−1[p−1n+1(B)] = ϕ̃
−1(p−1n+1(B)) Q-a.e., for every Borel set B in Ωn+1. This completes the

induction. It follows that, 8n, 8F 2 C(Ωn), (F Æ pn) Æ ϕ = (F Æ pn) Æ ϕ̃ Q-a.e. Since the

functions F Æ pn are dense in C(Ω) (Stone-Weierstrass), the lemma yields us �nally that

ϕ−1(B) = ϕ̃−1(B) Q-a.e., for every Borel set B in Ω. This proves point 2.
As for 3, we �rst prove the following claim:

Under the assumptions of 3, there exists a sequence of disjoint compact metric subsets
Kn of K such that µ(

S
nKn) = 1.
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Let Ck be a sequence of disjoint compact subsets of K0, with µ(
S

kCk) = 1 � hence

we can assume K0 =
S

kCk. Let also Mn be the sequence of µ-measurable sets. Then

Mn \ Ck di�ers from some Baire subset Bn,k of Ck by a negligible set Nn,k. Let fk,i be a
sequence of continuous functions on Ck that generates all Bn,k(n = 1, 2, . . . ). Let also Ck,j

be a sequence of disjoint compact subsets of Ckn(
S

nNn,k) with µ(
S

jCk,j) = µ(Ck). Then

the points of Ck,j are separated by the sequence of continuous functions fk,i(i = 1, 2, . . . ),
so Ck,j is metrisable, and µ(

S
k,jCk,j) = 1.

So let, L =
S

nKn. Then L is Lusin (e.g., 5.f), so ΩL � ΩK is Lusin too (points 1 and 3

of theorem 1.2 p. 111). Further, as observed in the beginning of the proof of the theorem,

ϕ (and ϕ̃) can be modi�ed on a null set such as to have values in ΩL � and similarly kE

can be assumed to have values in L. The result follows then from point 2 of lemma 2.6

p. 123 (separability is by de�nition � App.5). This �nishes the proof of theorem 2.5 �

Comment 2.6. To facilitate the interpretation of 1a and 2 of theorem 2.5 p. 122,

if ϕ and ϕ̃ are two Borel measurable functions from a probability space to a Hausdor�

space X, which have regular image measures and are such that, for every Borel set B,
ϕ−1(B) = ϕ̃−1(B) a.e., then the distribution of (ϕ, ϕ̃) on X�X endowed with the product

of the Borel σ-�elds is the restriction to this σ-�eld of some regular measure carried by

the diagonal.

Comment 2.7. If there exists a strong lifting for (K,µ) (ex. II.1Ex.15d p. 74), one can

replace 1a p. 123 by k Æ ϕ = kE. Indeed, composing this lifting with the map kE yields a

lifting on a sub σ-�eld of (E, E ), which can then be extended to a lifting L for (E, E , Q)
[cf. (proof of) II.1Ex.15a p. 74]. For this lifting, one will have L(kE) = kE a.e. � they

di�er only on the negligible set where kE takes values outside the support of µ. Hence

one obtains, at the end of the construction, that k Æ ϕ = kE Q-a.e.. Changing the K-

coordinate of the map ϕ on the exceptional set yields then the result. But the condition

in (II.1Ex.15d p. 74) for the existence of a strong lifting is (cf. above claim) equivalent to

the condition of theorem 2.5.3 p. 123 � where our direct argument yields more.

Comment 2.8. One can always, at the end of the construction, change the K-

coordinate of ϕ and set it equal to kE � obtaining thus a map ϕ̄. However in the

conclusions ϕ̄−1
is then restricted to the product of the Borel σ-�eld on K and that onQ

i∈IΘ
i
.

The notion of BL-subspace is closely related to that of consistency and common know-

ledge. In the remainder of this section we study these relations. In doing this we shall

consider from now on only �nite BL-subspaces, and assume that all beliefs θ̄iω we use

have �nite support, i.e., we restrict ourselves to the space Ωf of Example 2 p. 119.

Definition 2.7. A BL-subspace Y is consistent if there is a consistent distribution

P with Supp(P ) = Y .

Definition 2.8. A state of the world ω 2 Ω is consistent if it belongs to some

consistent BL-subspace � i.e., to Ωf \ S.
Lemma 2.9. If ω is consistent then ω 2 Supp(θ̄iω) 8i 2 I.

Proof. Let ω 2 Y and P 2 P such that Supp(P ) = Y . Since P (ω) > 0 and

ω 2 T i(ω) = f ω̃ j θi(ω̃) = θi(ω) g it follows that θ̄iω(ω) = P (ω j T i(ω)) > 0. �

The term �common knowledge� is often used in game theory (including in this book)

in an informal sense: Something is common knowledge among the players if every player
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knows it, every player knows that every player knows it, every player knows that every

player knows that every player knows it, etc. The most intuitive way to think of a common

knowledge event is as an event which is announced (or shown) publicly. A formal de�ni-

tion of common knowledge was provided in (Aumann, 1976): A measurable space (Y,Y )
of states of the world is given together with sub σ-�elds Y i

of Y , one for each player. An

event A is common knowledge at ω if there exists B 2 Ti∈IY
i
with ω 2 B � A.

In our model which is a model of beliefs, the natural analogue for �player i believes A�

at ω is θ
i
ω(A) = 1. And he would �know� A if further ω 2 A. In particular �player believes

A� does not necessarily imply that A is true. And of the �knowledge� operator as de�ned

is somehow pathological, since when a player believes A, he has no way to know whether

he actually knows it. This is because we did not impose any consistency conditions on

the players' beliefs. To illustrate this consider the following BL-subspace.

Example 2.9. In a two-player situation let Y = fω1, ω2, ω3g where
ω1 = (k1; (1, 0, 0) , (0, 1, 0))

ω2 = (k2; (1, 0, 0) , (0, 1, 0))

ω3 = (k3; (1, 0, 0) , (0, 1, 0))

If the true state of the world is ω3 then player I �believes� that the state of nature is

k1, player II �believes� that it is k2 while the true state of nature is k3. This extremely

inconsistent beliefs system which can be found in the universal BL-space does not make

sense as a usual knowledge system. Nevertheless we can use this notion of �beliefs� to

derive what each player i believes to to be �common knowledge�.

For ω 2 Y and i 2 I de�ne: Ci
ω,1 = Supp(θ̄iω), and inductively for r = 1, 2, . . .

Ci
ω,r+1 = C

i
ω,r [

�[
ω̃∈Ci

ω,r

[
j

Supp(θ̄jω̃)
�
.

The interpretation of this sequence is straightforward: According to player i's beliefs at ω,
any BL-subspace containing the state of the world, (which he generally does not know),

must contain all states which he believes are possible, that is Ci
ω,1. Furthermore, it must

contain all states considered possible by some player in any of the states in Ci
ω,1. This is

Ci
ω,2, and so on. Denote the union of this sequence by Ci

ω. This is, according to player

i's beliefs at ω, the minimal BL-subspace containing the real state of the world but in

fact it may not contain it. However it is a BL-subspace and if Y is a BL-subspace then
Ci

ω � Y for all i and for all ω in Y . For ω 2 Ω denote by Y (ω) the smallest BL-subspace
containing ω.

Lemma 2.10. If ω is consistent then:

(1) ω 2 Ci
ω = Y (ω) for all i.

(2) There exists a unique consistent probability Pω with Supp(Pω) = Y (ω).

Proof. 1. is obvious: Since Ci
ω is a BL-subspace, and contains ω by lemma 2.9, it

contains Y (ω). And as observed above, Ci
ω � Y (ω) always.

2. For any ω let T i(ω) = f ω̃ j θi(ω̃) = θi(ω) g. For any Q 2 P we have by the

consistency that for any j and any ω̃ 2 Supp(θ̄iz), Q(ω̃) = θ̄
j
z(ω̃)Q(T

j(z)), hence:

Q(z) > 0 and ω̃ 2 Supp(θ̄jz) =)
Q(ω̃)

Q(z)
=
θ̄jz(ω̃)

θ̄jz(z)
> 0
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So by induction, if Q(ω) > 0 then Q(ω̃) is uniquely determined and > 0 8ω̃ 2 Ci
ω,r

� hence 8ω̃ 2 Ci
ω = Yω. Take now any Q 2 P which contains ω in its support, then

Supp(Q)\Y (ω) is non-empty since it contains ω (by (1)) hence Q(Y (ω)) > 0. The required
consistent Pω is

�(3) Pω(ω̃) =

(
0 for ω̃ /2 Y (ω)
Q(ω̃)/Q(Y (ω)) for ω̃ 2 Y (ω)

Comment 2.10. In view of the last lemma it makes sense to think of the consistent

distribution Pω on Y (ω) as a prior distribution, not only because it is so mathematic-

ally speaking, but also because it is considered `common knowledge' by all players: each

player can �rst compute Y (ω) � as Ci
ω �, and then compute Pω and test for consider-

ing by checking whether Pω is consistent and whether Yω = Supp(Pω), using just his own

knowledge θiω. The key point in the proof of lemma 2.10 p. 127 is that a consistent state

is in the support of each player's beliefs (lemma 2.9 p. 126). When this is not satis�ed for

a certain player, he may reach a wrong conclusion (in his test) that the current state is

consistent, but his subjective probability of committing such a �type II� error is always

zero. And he can never reach the wrong conclusion that the state is inconsistent when

it is in fact consistent (�type I� error). The following examples show various types of

(`objective') errors which may be committed by the players when ω /2 Supp(θ̄iω).

Example 2.11. Consider a BL-subspace of two players each of which has two types

thus

Y =

�
11 12
21 22

�
The subjective probability of each player on the types of the other player are given by:

� II1 II2
I1 (1, 3/5) (0, 0)
I2 (2/3, 2/5) (1/3, 1)

�
This is to be read as follows: Player II1 assigns probability 3/5 to the state 11 and 2/5
to the state 21. Player I2 assigns probability 2/3 to the state 21 and 1/3 to the state 22,
etc. If the actual state of the world is ω = 12, then Supp(θ̄Iω) = f11g and Supp(θ̄IIω) = f22g.
Both players will �nd the BL-subspace f11, 21, 22g with the (only) consistent probability

(1/2, 1/3, 1/6). So both players will conclude that the state is consistent, committing type

II error. However each player assigns to this event zero subjective probability. Note that

in spite of its being inconsistent, the state ω = 12 led both players to the same `consist-

ent' space Y (ω) = f11, 21, 22g. The next example shows that this is not guaranteed in an

inconsistent state.

Example 2.12. Consider the previous example with di�erent subjective probabilities:

� II1 II2
I1 (1, 1) (0, 0)
I2 (0, 0) (1, 1)

�
If ω = 12, player I will �nd the �consistent� CIω = f11g with probability Q(11) = 1 while

player II will �nd CIIω = f22g with Q(22) = 1.
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Example 2.13. A BL-subspace Y consists of 20 states with four types of player I and
�ve types of player II. With the same notation as in the previous examples Y is given by:

0BB@
II1 II2 II3 II4 II5

I1 (0, 0) (1, 3/5) (0, 0) (0, 0) (0, 0)
I2 (1/3, 1) (2/3, 2/5) (0, 0) (0, 0) (0, 0)
I3 (0, 0) (0, 0) (0, 1/2) (1/4, 1/2) (3/4, 1/3)
I4 (0, 0) (0, 0) (0, 1/2) (1/4, 1/2) (3/4, 2/3)

1CCA
If the actual state of the world is ω = 13, player I �nds CIω = f21, 22, 12g with the consist-

ent probability distribution Q = (1/6, 1/3, 1/2) hence he will mistakenly conclude that the

state is consistent. Player II on the other hand will �nd CIIω = f33, 34, 35, 43, 44, 45g with
no consistent Q on it. He will therefore correctly conclude that the state is inconsistent.

Note that ω /2 Supp(θ̄iω). Unlike in previous examples player II reaches a correct negative

conclusion despite of ω /2 Supp(θ̄IIω) but this is just a matter of accident.

Example 2.14. Consider the following BL-subspace with 16 states and four types for

each of the players I and II.

0BB@
II1 II2 II3 II4

I1 (1, 3/5) (0, 0) (0, 0) (0, 0)
I2 (1/3, 2/5) (2/3, 0) (0, 0) (0, 0)
I3 (0, 0) (0, 1/2) (3/5, 1/2) (2/5, 1/3)
I4 (0, 0) (0, 1/2) (3/7, 1/2) (4/7, 2/3)

1CCA
If the state of the world is ω = 13, it is inconsistent and we expect player I to come

to this conclusion. In fact he will compute CIω = f11, 21, 22, 32, 33, 34, 42, 43, 44g but no
consistent distribution on it. (To see that: by lemma 2.2 p. 120, any consistent Q must

have Q(11) = 0 since θ̄IIω(11) = 0 but also Q(11) > 0 since θ̄Iω(11) > 0). So player I will in
fact conclude that the state of the world is inconsistent. On the other hand player II will
compute CIIω = f33, 34, 43, 44g with consistent distribution Q = (1/4, 1/6, 1/4, 1/3) on it

and mistakenly conclude that the state is consistent.

3. An approximation theorem

Most incomplete information models in the game theory literature, including most ex-

amples in this book, consist of �nite BL-subspaces. In fact any consistent BL-subspace
can be approximated by a �nite consistent BL-subspace. This is the content of the fol-

lowing theorem:

Theorem 3.1. The probabilities in P with �nite support are dense in P .

Proof. We �rst consider the case in which K is a compact metric space. 1) Let Q
be a consistent probability on Ω = K �

Q
iΘ

i
. Let Km and C i

m be increasing sequences

of measurable �nite partitions of K and Θi
respectively, with diameter of each partition

element less than 1/m. Let Em be the following information scheme: ω is chosen according

to Q, each player i is informed of the atom of C i
m that contains θi(ω) and the state of

nature is some given element of the atom of Km containing k(ω). Denote by Qm the ca-

nonical consistent probability associated to this information scheme (theorem 2.5 p. 122).

We shall prove that Qm converges weakly to Q.
2) We �rst need a preliminary lemma. Recall that given a random variable X from

a probability space (B,B, P ) to some compact metric space C with the Borel σ-�eld, we
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can consider the conditional distribution of X given a sub σalgebra A � B as transition

probability from (B,A ) to C (cf. ex. II.1Ex.16c p. 76).

Lemma 3.2. Let Xm be a family of random variables from a probability space
(B,B, P ) to some compact metric space and let Bm be an increasing sequence of sub
σ-algebras converging to B∞. Assume that Xm converges a.e. to some X∞ and let Pm

denote the conditional distribution of Xm given Bm. Then a.e. Pm converges weakly to
P∞.

Proof. Let F be a countable dense subset of continuous functions on C. For f in

F let Ym = f(Xm), Y m = supn≥mYn, Y m = infn≥mYn. Y m is a decreasing sequence

converging a.e. to Y∞ = f(X∞). Let Zm = E(Y m j Bm). Zm is a bounded super-

martingale which converges a.e. to some Z. Note that Z̄ � Y = E(Y∞ j B∞) a.s. since
E(Y m j Bm) � E(Y∞ j Bm) a.s. and this last term converges a.e. to Y . Similarly Z � Y
a.e. But by the supermartingale property E(Z � Z) � E(Zn� Zn) = E(Y n� Y n), which
tends to zero by the dominated convergence theorem. Hence Z = Z = Y a.e. Hence

E(f(Xm) j Bm) converges a.e. to E(f(X∞) j B∞) and the result follows. �

3) Let ϕm
be the map of theorem 3.3 p. 123 corresponding to Em, from Ω to itself, and

let ϕm
n be the composition of ϕm

with the projection pn from Ω to Ωn = K �QiΘ
i
n. Note

that ϕm
n converges (as m ! 1) a.e. to pn, inductively, since it is true on K, and by the

previous lemma the conditional distribution of ProjXi
n
Æϕm

n given C i
m (i.e. the projection

on Θi
n+1) converges a.e. to the conditional distribution of ProjXi

n
Æpn given C i

∞ (which is

precisely pin+1Æθi(ω) = θin+1(ω) � indeed the σ-�eld C i
generated by all C i

m is a separable

sub σ-�eld of the Borel σ-�eld on a compact metric space and has the points as atoms,

hence it is the Borel σ-�eld on Θi
(App.6)). It follows that ϕm

converges Q-a.e. to the

identity on Ω and hence the claim.

4) For a general compact K note �rst that for any continuous function f on Ω there

exists a metrisable quotient space K̃ of K such that if p denotes the induced map from Ω
to ΩK̃ (i.e., p = [gn�

Q
iΘ

i(g)] where g is the quotient map), then f factorises through p
(use that continuous functions on a product of compact sets can be approximated by poly-

nomials in continuous functions on the factors and that continuous functions on the space

of probabilities on a compact set S can be approximated by polynomials in the integrals

of �nitely many continuous functions on S). Next, given continuous functions f1, . . . , fn
on Ω, construct such a metrisable quotient K̃ with the above property valid for all fj,

and use the previous case on K̃ to �nd a consistent approximation with �nite support Q̃ε

on ΩK̃ approximating the image p(Q) up to ε w.r.t. the integral of each fj. Finally, lift

the K̃ coordinates in the support of Q̃ε back to K to get Qε ( = [*�
Q

iΘ
i(*)](Q̃ε) where

* is the lifting map � any map having the right values and de�ned on the �nitely many

points in K̃ that have positive probability under Q̃ε) on Ω.
5) In the general case, let �rst Kn (n = 1, . . .1) be a sequence of disjoint compact

subsets of K with Q(L) = 1 for L =
S

nKn. Observe that Ω together with Q can be

viewed as an information scheme for L � by modifying the projection map to K on a

null set �, so theorem 2.5 p. 122 yields that it is represented by some consistent prob-

ability Q on ΩL � ΩK. Q is then also a good representation for this information scheme

when viewed as with values in K � i.e., the map ϕ still satis�es conditions 1a, 1b and 1a

of theorem 2.5 if the range space is K. But Q itself with the identity map also satis�es

them, hence by part 2 of the theorem we have Q = Q � i.e., Q(ΩL) = 1. So we can
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assume K =
S

nKn. Denote by K the disjoint union of the Kn: then as observed in the

proof of theorem 2.5 p. 122, ΩK and ΩK are K-Lusin, and the induced map f from ΩK to

ΩK is continuous, one-to-one, onto, and a Borel isomorphism, so ∆(f) is also continuous

and onto: Q can be viewed as a consistent probability on ΩK (formally, the one obtained

from theorem 2.5 p. 122 by viewing the information scheme as having values in K). And

by the continuity of ∆(f), it su�ces now to prove the result on ΩK: we can assume K
is a disjoint union of compact sets Kn � in particular locally compact, with one-point

compacti�cation K̂. Since ΩK � ΩK̂ (point 3a of theorem 1.2 p. 111), Q can be viewed

as a consistent probability for K̂, assigning probability zero to the point at in�nity �1�.

Then our previous construction yields indeed the desired result: taking care in part (4)

to add to our sequence of continuous functions the indicators of the Kn yields that no

point of K is identi�ed with 1 under the quotient mapping; if we further choose in (2)

the singleton f1g as an element of every partition Km, we obtain indeed that 1 is not

in the support of any of the approximands. �

Comment 3.1. Cf. (Mertens and Zamir, 1985) for a proof that the set of �nite beliefs

subspaces is dense in the space of all closed beliefs subspaces, with the Hausdor� topology.

4. Games with incomplete information

4.a. The model. The objective of this chapter is to suggest a mathematical struc-

ture for the beliefs space in a situation of incomplete information involving several players.

It is clear however that the main purpose of this structure is its application to games.

Let us therefore conclude by showing brie�y how this beliefs space is used in modelling

games with incomplete information. To de�ne a game we obviously have to add a

few more ingredients to our model: Each player i in I has an action set Si
(without loss

of generality this may be assumed to be independent of player i's type. One can achieve

this by taking as Si
the product of the type dependent action set over all types). For i in

I and ω in Ω there is a utility function uiω which is a real valued function de�ned in the

product of the action sets; S =
Q

i∈IS
i
. Given any �nite BL-subspace Y , we �rst de�ne

a vector pay-o� game ΓY in which:

� The player set is I.
� The strategy set Σi

of player i is the set of mappings σi : Y ! Si
which are

θi-measurable.

� The pay-o� to player i resulting from the strategy pro�le σ = (σi)i∈I is the vector

pay-o�: Ui(σ) = (Uθi(σ))θi∈Θi (i.e. a pay-o� for each type θi) where

Uθi(σ) =

Z
uiω(σ(ω)) dθ̄

i(ω).

Note that Uθi is θ
i
-measurable as it should be. Although this is not a game in the usual

sense, the concept of equilibrium can be de�ned in the usual way, namely:

Definition 4.1. The strategy pro�le σ = (σi)i∈I is an equilibrium in ΓY if for all ω
in Y and for all i in I,

Uθi(ω)(σ) � Uθi(ω)(σ̃
i, σ−i) holds for all σ̃i 2 Σi,

Comment 4.1. Note that the above game is an I-person game in which the pay-o�

for player i is a vector with a number of coordinates equal to #Θi
. It is easily seen that

as far as equilibria are concerned, this game is equivalent to an ordinary
Q

i∈I#Θi
-person

game in which each �player� θi 2 Θi
selects an action in Si

and then nature selects his {fig
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partners, one from each Θj
, j 6= i, according to the distribution θi on Y . (This is a �Selten

game�, cf. (Harsanyi, 1968b, sect. 15, p. 496)). We can also de�ne an I-person game with

the above strategy sets where the pay-o� function for player i is Ū i = Σθi∈ΘiγθiUθi where

for each θi 2 Θi
, γθi is a strictly positive constant. Clearly, independently of the constants

γθi used, this game has the same equilibria as the vector pay-o� game (and hence the

corresponding Selten game).

For a consistent BL-subspace one has the following theorem, which permits, in looking

for equilibria, to replace the normal form game by an equivalent extensive form game,

called its standard form by Harsanyi.

Theorem 4.2. (Harsanyi, 1968b) Let Y be a consistent BL-subspace of Ω. Let
Q be a consistent probability distribution whose support is Y . Then the game ΓY is
equivalent to the following extensive form game:

� A chance move chooses ω 2 Y according to Q, then each player i 2 I is informed
of his type θi(ω).

� Each player i 2 I chooses an action si 2 Si and receives a pay-o� U i
θi(ω)(σ).

Proof. Follows from the de�nitions and the fact that Supp(Q) = Y . �

The above theorem is especially appealing if one recalls that when Y is minimal con-

sistent then there is a unique consistent probability distribution P on it.

4.b. Two-person zero-sum case. Now we start moving beyond considering the

purely topological or even measure-theoretic aspects of beliefs, to richer structures, more

intimately tied to game-theoretic applications. Indeed, the canonical homeomorphism

between Θi
and ∆(K �

Q
j �=iΘ

j) endows Θ with a canonical convex structure � which

comes in addition to the canonical convex structure on P . Further, given such a con-

vex structure, one can consider various convex cones of continuous functions on spaces

like K �Qj Θ
j
� e.g. those functions which are jointly concave in the θ-vector, those

which are separately convex, or one of the above with the further requirement of being

independent of K. And, according to ex. II.1Ex.20 p. 78, each such convex cone yields an

ordering on the space of probability measures on this product � hence orderings on the

spaces Θ and P . In addition, given such orderings, one can de�ne other cones � and

hence other orderings, etc. � by putting monotonicity requirements (possibly in addition

to the concavity requirements) on the continuous functions.

The game-theoretic signi�cance of some of those constructs appears already in (one-

shot) games with incomplete information � which is our subject in this section � and

much more seems to appear in the repeated case, which is the subject of ch.V and VI.

But all this is still clearly at a very exploratory stage � one might argue that we will

know (a �rst) part of what is to be understood only when we will be able to develop

fully ch.VI for general �entrance laws� (and in turn such general entrance laws in ch.VI

are needed for the simplest case in ch. IX) �, and a lot remains to be clari�ed, even for

one-shot zero-sum games with �nite strategy sets. Some insight however can already be

gained from what follows.

We assume here that the state space K and the strategy spaces S and T of players

I and II respectively are compact, and that the pay-o� function gk(s, t) on K � S � T
is jointly continuous. (The reason for going beyond �nite S and T is that in the next

chapter we will want to apply those results to the discounted games.)

We �rst consider an auxiliary family of games, indexed by P in P and corresponding

to the �canonical information scheme�. For each P in P a (one-stage) zero-sum game
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[g,P] is now de�ned as follows: �rst a triple (k, θI, θII) is chosen in Ω according to P. Next

θi is told to player i and �nally each player selects simultaneously a move s in S (resp. t in
T ). The resulting pay-o� is then gkst. (The above description is known by both players).

We shall prove here some properties of [g,P].

Proposition 4.3. [g,P] has a value vg(P) and both players have, for all ε > 0, ε-
optimal strategies with a �nite support consisting of pure strategies taking �nitely many
values. They also have ε-optimal strategies which are continuous behavioural strategies
with support in a �xed, �nite subset of their strategy space. Moreover both players also
have optimal strategies that are regular transition probabilities from Θ to S (resp. T ).

Note that the above statement indicates that [g,P] has a value in an unambiguous

sense.

Proof. We still denote by Pi
the marginal of P on Θi

, space of types of player i. As
mixed strategy space of the players we consider the compact (cf. ex. II.1Ex.17 p. 76) space

Σ (resp. T ) of regular transition probabilities from ΘI (resp. ΘII) to S (resp. T ). The

pay-o� is then in L∞(Ω � S � T, P � σ � τ) and its expectation Eσ,τ,P(g) = γ(σ, τ) is a
bi-linear separately continuous (by ex. II.1Ex.18b p. 76 � recall that a jointly continuous

function on a product of two compact spaces can also be viewed as a continuous map

from one of the factors into the Banach space of continuous functions on the other factor)

function on Σ � T . Theorem 1.6 p. 4 implies the existence of a value and of optimal

strategies.

By the same property of jointly continuous maps, one can now �nd a �nite subset S0
of S and a Borel map ϕ : S ! S0 such that jgk(s, t)� gk(ϕ(s), t)j � ε on K � S � T . The
image by ϕ of player I's optimal strategy is then clearly ε-optimal, and is carried by S0.

For the second part consider σ 7! γ(σ, τ) as a mapping from S0-valued transition

probabilities, endowed with convergence in probability, to the space RT , with uniform

convergence (where T is the set of behavioural strategies of player II), and note that

this mapping is continuous. It is then possible to obtain from our previous σ, an ε-
approximation in probability by a step function (resp., by a continuous function), say

σε, which will be ε-optimal. Finally remark that σε can be written as a �nite convex

combination of pure strategies, hence the claim. �

We now study vg(P) as a function of P on P . Recall (theorem 2.3 p. 120 and cor. 2.4

p. 121) that this set of consistent probabilities is closed and convex.

Proposition 4.4. vg(P) is continuous and a�ne on P .

Proof. Let us �rst prove continuity. Denote by σ = fσ(θ) j σ(θ) 2 ∆(S), θ 2 Θ g,
an ε-optimal strategy of player I in [g,P], that we can assume, by prop. 4.3, continuous

in θ. If player II is of type θII and uses the move t, his expected pay-o� against σ will beZ
K×ΘI

σ(θI)gkt θ
II(dk, dθI)

(with σ(θI)gkt =
P

sσ(θ
I)(s)gks,t) which is a continuous linear function of θII by the above

remarks. A best reply of player II is then obviously to choose, given θII, some t in T
minimising the above expression.
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Let now Pα converge to P in P . It follows that σ guarantees to player I in [g,Pα] an
expected pay-o� of: Z

ΘII

fmin
t∈T

Z
K×ΘI

σ(θI)gkt θ
II(dk, dθI)gPIIα(dθII)

where PIIα denotes the marginal of Pα on ΘII (recall that Pα is consistent). The integ-

rand being continuous, so will be the integral. Note that this pay-o� is a lower bound

for vg(Pα), hence by the choice of σ we obtain that vg is lower semi-continuous at P.

Permuting the rôle of the players gives upper semi-continuity hence the claim.

As for linearity, take P′
and P′′

in P and let z in (0, 1). Consider the �compound�

game [g;I ] corresponding to the following information scheme I : �rst P′
and P′′

are

chosen with probabilities z and 1 � z, next the players are informed of the result and

then the corresponding canonical information scheme is used. A map ϕ as in theorem 2.5

p. 122, is obviously constructed using the identity on both canonical information schemes,

i.e. forgetting the �rst lottery. Since the conditions of theorem 2.5 are obviously satis-

�ed, it follows that the canonical consistent probability associated with I is precisely

zP′ + (1� z)P′′
. Now it is clear that the value of [g;I ] is αvg(P

′) + (1� α)vg(P′′), thus
the following prop. 4.5 implies the linearity. �

Recalling the description of the information structure before prop. 4.3 p. 133, note that

we could also de�ne the game by starting with an information scheme I consisting of

some abstract probability space E = (E, E , Q) equipped with a random variable k̃ with

values in K and sub σ-�elds E I and E II. Denote by [g;I ] this game and by v(g;I ) its
value. Then we have the following equivalence lemma:

Proposition 4.5. Let eP denote the canonical consistent probability corresponding
to the scheme I (theorem 2.5.1b p. 123). Then:

v(g;I ) = vg(eP)

Moreover, ε-optimal strategies in [g, eP] induce, by the projection mapping ϕ, ε-optimal
strategies in [g;I ].

Proof. Consider a strategy eσ of player I in [g, eP]. Denote by σ the strategy induced

in [g;I ] by the projection mapping ϕ. It will be su�cient to show that σ guarantees to

player I as much in [g;I ] as eσ in [g, eP].
Let us write the expected pay-o� for player II in [g;I ] against σ, given his information

E II and his move t. Using the structure of σ we obtain:Z
C

eσ(θI Æ ϕ(�))gk̃(·)t Q(� j E II)

Now if θII denotes the image of e in player II's space of types, parts 1a and 1c of Theorem

2.5 p. 122 imply that the above equals:Z
K×Θ

eσ(θI)gkt θ̄II(dk, dθI)
It follows that player's II best replies in [g;I ] against σ at e are the same as his best replies

to eσ in [g, eP] at θII ( = θII(ϕ(e)) and both lead to the same pay-o�. Finally this pay-o� is

only a function of θII hence the average pay-o�s under Q and eP will also coincide. �
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It is now easy to compare two consistent probabilities when they come from compar-

able information schemes.

Definition 4.6. Given P1 and P2 in P , P1 is more informative to player I than
P2, whenever there are two information schemes I1 and I2 of which they are canon-

ical representations and such that I1 = ((C), k,mI1,m
II), I2 = ((C), k,mI2,m

II), with
mI2 = f(m

I
1). (i.e. player I has more information in I1).

Proposition 4.7. If P1 is more informative to player I than P2 then vg(P1) � vg(P2).
Proof. The result follows from prop. 4.5 p. 134 and the relation v(g;I1) � v(g;I2)

which is obvious since player I has more strategies in the �rst case and the pay-o�s are

the same in both. �

Comment 4.2. It is clear that much sharper results are needed along this line, ba-

sically analytic characterisations, in the vein of Blackwell's �comparison of experiments�.

Observe there are two di�erent sets of orderings one may be interested to characterise:

What is the transitive closure of the above? Call it P1 �1 P2. Then de�ne P1RP2 as either
P1 �1 P2 or P2 �2 P1 (P2 is less informative to player II than P1). What is the transitive

closure of R? Call it P1 � P2. In addition to the analytic characterisations, does the

latter order allow for a converse of prop. 4.7? (E.g., is every continuous a�ne function on

P which is monotone for � a uniform limit of functions vg(P ), where g varies over �nite
games?)

4.c. �Approachability� in one-shot games. We �nally turn to a theorem that

sharpens all the above. Henceforth g is �xed and will accordingly be dropped from the

notation.

Definition 4.8. T = f t : ΘI ! R j 9 a continuous behavioural strategy of player II
as in prop. 4.3 such that t = tτ : θ

I 7! maxs∈S

R
K⊗ΘII g

k
s,tτ(dt j θII)θI(dk, dθII) g.

Definition 4.9. For µ 2 ∆(ΘI), denote by Pµ the canonical consistent probability

corresponding to the scheme Iµ (theorem 2.5, part 1b p. 123), where Iµ = (ΘI�ΘII�K,

Borel sets, θI(dθII, dk)µ(dθI),ΘI,ΘII,ProjK).

Theorem 4.10. (1)
R
ΘI t dµ � v(Pµ) 8t 2 T, 8µ 2 ∆(ΘI).

(2) For every l.s.c., convex function F on ∆(ΘI), with F (µ) > v(Pµ) 8µ, 9t 2 T withR
tdµ < F (µ)8µ.

Proof. (1) A strategy τ of player II as in prop. 4.3 p. 133 guarantees that, 8θI 2
∆(ΘII � K), player I's maximal expected pay-o� under θI equals tτ(θ

I). Thus, under

the scheme I , the maximal expected pay-o� equals
R

tτ(θ
I)µ(dθI) (using a measurable

selection theorem (7.j) to select µ-measurably for each θI an (ε)-optimal s) � hence the

integral exceeds v(g,I ), and so the result, by prop. 4.5 p. 134.

(2) Consider the game where player II chooses tτ 2 T, player I chooses µ 2 ∆(ΘI),
and the pay-o� equals

R
ΘI tτdµ� F (µ). Player I's strategy space is compact [by theorem

1.2 part 1 p. 111, remember our above assumption of compactness of K] and convex, and

player II's set of τ 's is convex. Further, the pay-o� is < +1, is concave and u.s.c. in µ,
and is convex in τ since, for τ = ατ1 + (1 � α)τ2, tτ � αtτ1 + (1 � α)tτ2, because it is

always bene�cial for player I to know the result of the coin toss with probabilities α and

1�α rather than not. So all the assumptions of the minmax theorem (prop. 1.8 p. 5) are

satis�ed. Finally, by prop. 4.5 p. 134, F (µ) > v(Pµ) = v(g,I ). Hence approximating an
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ε-optimal τ in the game [g,I ] by a continuous τ as in prop. 4.3 p. 133, which, as shown

sub 1 above, guarantees exactly
R

tτdµ, we obtain that the sup inf of our game is negative.

Hence the result by the minmax theorem. �

We reformulate now the above result without using functions as general as F above.

Corollary 4.11. (1) The function v(Pµ) is concave and u.s.c. on ∆(ΘI).
(2) For every continuous (or l.s.c.) function f on ΘI, with

R
fdµ > v(Pµ) 8µ, 9t 2 T

with t < f .
(3) v(Pµ) = inft∈T

R
tdµ.

Proof. Let in theorem 4.10 part 2 F (ν) = +1 for ν 6= µ, F (µ) = v(Pµ) + ε: we get
v(Pµ) � inft∈T

R
tdµ. By part 1 of theorem 4.10, we get then equality, i.e.(3), and hence

(1). And (2) is obviously a particular case of part 2 of theorem 4.10. �

Remark 4.3. The corollary has the full force of the theorem, by the separation the-

orem (1.21 and 1.23 p. 8). Therefore it also implies the following:

Corollary 4.12. Each player has continuous behavioural strategies (or strategies
with �nite support) as in prop. 4.3 p. 133, which are ε-optimal for all P 2P .

Proof. The maps from P to the corresponding marginals on ΘI and on ΘII are af-
�ne, continuous, and one to one, so they are a�ne homeomorphisms of compact (cor. 2.4

p. 121), convex sets. So when µ varies over this set of marginals, part 1 of Corollary 4.11

yields that v(P ) is concave and u.s.c. on P . Hence by duality it is a�ne and continuous.

De�ne then F (µ) = v(P ) + ε when µ is the projection of some P 2 P , F (µ) = +1
otherwise: F is convex and l.s.c. Apply now part 2 of the theorem. �

Comment 4.4. The corollary �con�rms� the comment after lemma 2.10 p. 127: That

lemma is restricted to �nite BL-spaces, and states only that, under consistency, the min-

imal BL-subspace containing ω is common knowledge, so if players' beliefs satisfy the

�niteness assumption and consistency, but especially if they believe that the true state of

the world is always generated by the minimal consistent probability under which it has

positive probability
1
, then they would be able to know the true game, and hence to play

correctly, knowing just their own types. The corollary implies that knowing one's own

type is su�cient to be able to play correctly, without any assumption beyond consistency.

Comment 4.5. Further, the continuity of the behavioural strategies guarantees that

it su�ces for the player to know his own type approximately.

Corollary 4.13. v(P ) is continuous and a�ne on P .

Proof. Was derived in the proof of cor. 4.12. Alternatively, v(P ) is the uniform limit

(cor. 4.12) of the continuous a�ne functions
R

t(θIω)P (dω). �

Comment 4.6. The convexity of the functions t 2 T seems closely related to prop. 4.7

p. 135, cf. also the comment following this proposition. But this relation remains to be

elucidated.

1Such an assumption would be quite inconsistent in se since there are quite obvious information
schemes (like the one used in the proof of the second half of prop. 4.4 p. 133) that can generate ω without
being minimal with this property. And when leaving the �niteness restriction, it becomes even formally
nonsense, since for many states of the world, there may be so many consistent BL-subspaces containing
it in their support (in whatever sense � cf. e.g. examples 6 or 8a p. 119) that there may very well even

be no minimal one despite 3 p. 121, or that there may be several minimal ones.
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Comment 4.7. A (related) question to be elucidated is to state separate properties of
the map µ 7! Pµ and of the map P 7! v(P ) which ensure that the composition is concave

and u.s.c. (part 1 of cor. 4.11).

Comment 4.8. And possibly the composition is continuous after all? Observe that

modulo a proof that the set of functions vg(P ), where g varies, separates points of P ,

this would immediately imply the continuity of µ 7! Pµ, thus giving a �rst partial answer

to remark 4.7. The continuity of this map would also be of great help whenever hand-

ling concavi�cation and convexi�cation operators (cf. below). Finally, the continuity of

v(Pµ) would be a �rst step in showing that, with Tm being the set of minimal elements

of f f : ΘI ! R j f is convex and continuous, and
R
f dµ � v(Pµ)8µ g, every t 2 T is

minorated by some f 2 Tm, and Tm is equicontinuous. [It is a situation like this that we

are going to encounter in ch.V and VI, but in a more restrictive framework, where the

µ's are restricted to be carried by those θI's that assign probability one to a �xed, �nite

subset of ΘII, and where the game is repeated, so those functions in Tm can be realised

by some strategy of II (and the function guaranteed by any strategy of II is minorated by

some f 2 Tm). Further there one tries to de�ne those sets without using any topological

restriction.]

Comment 4.9. Observe that already now we could de�ne some Tm by asking only

upper semi-continuity instead of continuity of the functions f , using e.g. Zorn's lemma,

and the regularity of the measures. We would indeed have that any convex u.s.c. function

f satisfying the inequalities, and thus a fortiori any l.s.c. f (convex or not) (part 2 of

cor. 4.11), and a fortiori any f 2 T is minorated by one in Tm. But nothing more; even if

one were to de�ne T̃m analogously but deleting the convexity restriction on the functions

f , we do not know we would get the same set (cf. also ex. I.3Ex.15c p. 38 for how such a

problem is handled in a �nite dimensional case).

Comment 4.10. The problem of equicontinuity in remark 4.9 is the occasion to men-

tion two other such problems (conceivably somewhat related). Lipschitz properties are of

crucial importance in ch.V and VI.

(1) One expects a conditional expectation operator to be a smoothing operator, e.g.

not to increase the Lipschitz constant for appropriate distances. Assume thus a

distance on K, or even, take K �nite, with distance 1 between any two distinct

points. Consider the set E0 of Lipschitz functions with Lipschitz constant 1 on

K, viewed as functions on Ω, and then the smallest lattice E of functions on Ω

that contains E0 and contains the function ω 7! θ
i
ω(f) 8i 2 I, 8f 2 E. Is E

equicontinuous? (This is equivalent to the existence of a distance with the above

mentioned property).

(2) For K �nite, is the set of functions vg(P ) on P equicontinuous? Here S and

T vary over all �nite sets, and g over all games with

��gks,t�� � 1 8k, 8s, 8t. The

answer is a�rmative when P is restricted to those consistent probabilities that

project to a point mass on one of the factors (cf. Mertens, 1986b).

4.d. Concavi�cation and Convexi�cation. We introduce here two types of de�n-

itions, motivated by part 1 of cor. 4.11 p. 136, and which will be fundamental in the sequel.

Definition 4.14. A real function f onP is concave w.r.t. I (CavI) [resp. convex w.r.t.
II (VexII)] if µ 7! f(Pµ) is concave on ∆(ΘI) (resp. convex on ∆(ΘII), with the obvious

de�nition of Pµ).
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Comment 4.11. This is just a �template� de�nition: A number of variants are pos-

sible, e.g. concave and u.s.c., or a minimum of integrals of convex continuous functions,

etc. When one will be able to develop ch.VI entirely with arbitrary entrance laws (and

after clearing some of the open problems in this section) one will also see which exactly

of the variants is the most useful.

With the same precautions, one can also de�ne the following:

Definition 4.15. (1) For any P 2P , denote byIP the corresponding canonical

information scheme (i.e., like Iµ in de�nition 4.9 p. 135, but with P as probab-

ility measure). For any information scheme I , let PI denote the corresponding

canonical consistent probability as in de�nition 4.9 p. 135. Let also Ic denote

the corresponding canonical information scheme.

(2) Given a function f on P , and an information scheme I , de�ne f(I ) as f(PI ).

With I = (E, E , Q, (Ei)i∈I, k̃E) de�ne also Ig, 8g 2 L1(E, E1, Q) with g � 0,

kgk1 = 1 as the information scheme (E, E , g dQ, (Ei)i∈I, k̃E), (so I = I1). De�ne

�nally f̂(I ) as supfPσnf(Ign) j σ 2 ∆(N),
P

nσngn = 1, N �nite g.
(3) De�ne now f on P as strongly concave (w.r.t. I) if f(I ) = f̂(I ) for every

information scheme I .

Remark 4.12. Equivalently, f̂(Ig) is the smallest concave function of g that major-

ates f(Ig). And f is strongly concave if g ! f(Ig) is concave for every I .

Definition 4.16. A function f on P is monotone w.r.t. I, if for any information

scheme I , and any event A 2 EI, the information scheme IA obtained by adding 8i, A
to Ei satis�es f(I ) � f(IA).

Comment 4.13. In reference to our comment after prop. 4.7 p. 135, the above order-

ing corresponds (for two-person games) to a particular case of the monotonicity w.r.t. the

ordering �P �2 PA�. The particular case appears less natural than the general concept,

since there is no good reason in general to restrict II's additional information to come

from player I. However, it will be su�cient for our purposes in this book. In particular,

in ch.V, player I is fully informed, so the distinction becomes immaterial, and in ch.VI,

�signalling matrices� are independent of the state of nature, so the only additional inform-

ation a player can get must come from the other player. But again, the general meaning

of those concepts, and their relation, remains to be elucidated.

Proposition 4.17. (1) A strongly concave function w.r.t. I is concave w.r.t. I.
(2) The value function v(P ) of a game is strongly concave w.r.t. I.
(3) More precisely, if a concave real valued function f on P is monotone w.r.t. I, it

is strongly concave w.r.t. I.
(4) For every real valued function f on P , there is a smallest (strongly) concave

function w.r.t. I that majorates it, denoted by CavI(f) [resp. S CavI(f)].

Proof. (1) follows from the Radon-Nikodym theorem: if µ =
P

nσnµn, let gn =
dµn/dµ, and apply remark 4.12 using Iµ (de�nition 4.9) for the scheme I .

(2) follows from (3) by propositions 4.4 p. 133 and 4.7 p. 135 and remark 4.13.

(3) If I is an information scheme, with gn 2 L+1 (E, EI, Q) 8n 2 N , kgnk1 = 1, andP
nσngn = 1, de�ne the information scheme Iσ,g as [(E�N, E �N,Qσ,g), (Ei�N)i∈I, k̃E Æ

ProjE] with Qσ,g de�ned by σn being the marginal probability of n, and gn(e)Q(de) the
conditional probability on E given n. We �rst claim that, if f is monotone w.r.t. I, then
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f(I ) � f(Iσ,g). Indeed, let I σ,g denote the same information scheme as Iσ,g, except

that players i di�erent from I have only Ei [i.e. (ProjE)
−1(Ei)] as private information. The

monotonicity implies that f decreases every time when, starting from I σ,g, one adds

to all players' private information the events n = 1, then n = 2, etc.; so at the end

f(I σ,g) � f(Iσ,g), and there remains only to show that f(I σ,g) = f(I ). To prove that

I σ,g and I have the same canonical distribution it su�ces to show that:

Lemma 4.18. Let I be an information scheme [(E, E , Q), (Ei)i∈I , k̃E], and similarly

for Ĩ . Let ψ : E ! Ẽ be a map, which is (E , Ẽ )-measurable and also (Ei, Ẽi)-measurable
8i 2 I, at least when all Q-negligible sets have been added to E and to all Ei. Assume

that Q̃ = Q Æ ψ−1, that for every Borel set B in K, k̃−1E (B) = (k̃Ẽ Æ ψ)−1(B) Q-a.e., and
that, 8i 2 I, E and Ei are conditionally independent given ψ−1(Ẽi). Then PI = P

Ĩ
�

more precisely, if one of the schemes satis�es the assumptions of Theorem 2.5 p. 122 so

does the other, and φ
Ĩ
Æ ψ, where φ

Ĩ
is the map associated to Ĩ by part 1 of theorem

2.5, is such a map for I .

Remark 4.14. The map φ itself from I to Ic has the above properties (part 1 of

theorem 2.5 p. 122). It is thus a �maximal� map with those properties.

Proof. Obvious veri�cation. �

This lemma is indeed su�cient, because the EI-measurability of gn implies that, for

f � 0, E -measurable, EQ(f j EI) = EgndQ(f j EI), and hence the required conditional

independence of E and EI � N given EI. Thus we have proved our claim that, under

I-monotonicity, f̄(I ) � f(Iσ,g).

There just remains to show that, under concavity, f(Iσ,g) �
P

nσnf(Ign). This fol-
lows from the following lemma, which implies that PIσ,g

=
P

nσnPIgn
(and which was

already used implicitly in the proof of prop. 4.4 p. 133).

Lemma 4.19. Given an information scheme I , satisfying the assumptions of The-
orem 2.5 p. 122, denote by E i the σ-�eld generated by Ei and all Q-null sets, and let
Eck =

T
i∈IE i. Given a countable Eck-measurable partition An, let σn = Q(An), and, for

σn > 0, Qn(B) = Q(B j An) � otherwise e.g. Qn = Q. Denote by IAn
the same scheme

with Qn instead of Q. Then PI =
P

nσnPIAn
.

Proof. Clearly IAn
also satis�es the assumptions of Theorem 2.5. Let φn be a

map from IAn
to Ω as in part 1 of theorem 2.5. De�ne φ by letting it equal φn on

An. So PIAn
= φn(Qn) = φ(Qn) 2 P , and thus (closedness and convexity of P) alsoP

nσnPIAn
2 P . But

P
nσnPIAn

=
P

nσnφ(Qn) = φ(
P
σnQn) = φ(Q). So φ(Q) 2 P .

The other two properties of the map φ required in part 1 of theorem 2.5 are also an

obvious veri�cation. The result follows then from part 2 of the same theorem. �

This �nishes the proof of point 3.

For point 4, just observe that, using remark 4.12 for Strong Concavity, both concavity

and strong concavity w.r.t. I are de�ned in terms of usual concavity of auxiliary functions,

and that a lower bound of usually concave functions is still so.

This �nishes the proof of prop. 4.17. �

Comment 4.15. Observe thus that, given a real function f on P , we can de�ne the

following �concavi�cations�:

� C0(f) as the concavi�cation over the convex set P
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� C4(f) as CavI(f)
� C5(f) as S CavI(f)

� C1(f)(P ) = f̂(IP)

� C2(f)(P ) = supf f̂(Iµ) j Pµ = P g
� C3(f)(P ) = supf f̂(I ) j PI = P g

Comment 4.16. All those functions are concave functions on the convex setP . This is

obvious for C0, C1, C4 and C5. For C2(f), let f̂(Iµi
) ' C2(f)(Pi), with P = αP1+(1�α)P2,

Pi = Pµi
. Choose Borel isomorphisms ϕ1 and ϕ2 of Θ

II
with disjoint Borel subsets of ΘII,

and let, for θ 2 ΘI = ∆(K�ΘII), ϕi(θ) be the image measure of θ under idK�ϕi, and let νi
be the image measure of µi under ϕi. Then Iνi is Borel-isomorphic to Iµi

, so (lemma 4.18

p. 139) Pνi = Pµi
= Pi and f̂(Iνi) = f̂(Iµi

). Further, with ν = αν1+(1�α)ν2, lemma 4.19

p. 139 yields that Pν = αPν1
+ (1� α)Pν2

= P . Thus f̂(Iν) � αf̂(Iν1
) + (1� α)f̂(Iν2

) =

αf̂(Iµ1
)+(1�α)f̂(Iµ2

) ' α[C2(f)](P1)+(1�α)[(C2(f)](P2) � hence the result. Finally,

for C3(f), the argument is similar � there is no need for the Borel isomorphisms, just

construct the obvious bigger information scheme I where I1 or I2 is selected at random

with probability α or (1� α), and the choice is told to both players.

Comment 4.17. We have the following obvious relations between the Ci: C0(f) �
C1(f) � C2(f) � C3(f) � C5(f), and C2(f) � C4(f) � C5(f). There is obviously a

reasonable hope that C2 = C3 (remember the Borel isomorphisms � there might be a

similar trick that produces, for any I , some Iµ which is �su�ciently isomorphic�). A

fortiori one �should� have C3 � C4. Also the obvious reason for having de�ned C2 and
C3 is that they were the natural candidates for being equal resp. to C4 and C5. By our

above inequalities, either of those equalities would imply C4 � C3. Finally, the reason

to have introduced C1 is that, in all our applications in ch.V and VI, C1(f) = C5(f).
But this might depend on some monotonicity properties of the functions f considered; in

particular the �u�-functions used there are monotone. Since we also use iterated operators

like VexIICavI(f), it would be important to know what monotonicity properties of f are

preserved by what concavi�cation operators.

Comment 4.18. Consider the following cautionary example, that there may be dif-

�culties even when everything is �nite. Let K = fA,Bg, �x θα 6= θβ in ΘII, let

θ1 = 1
2δ(A,θα)+

1
2δ(β,θβ) 2 ΘI and θ2 = 1

2δ(B,θα)+
1
2δ(A,θβ) 2 ΘI, and let µ = 1

2δθ1+ 1
2δθ2 2 ∆(ΘI).

Then P = Pµ is (e.g. by Lemma 4.18 p. 139) the canonical distribution of the information

scheme where it is common knowledge that A and B are selected with equal probability,

i.e. P = 1
2δωA

+ 1
2δωB

, with ωA = (θI, θII, A), ωB = (θI, θII, B), θ
I
= θ

II
= P . So, since P

projects as a unit mass on ΘI, we have, for any function f , C0(f)(P ) = C1(f)(P ) = f(P ).
Let also Q be the canonical distribution of the information scheme where A and B

are selected with equal probability, while player II is informed of this choice and player I
not. I.e., Q = 1

2δωa
+ 1
2δωb, with ωa = (θ, θa, A), ωb = (θ, θb, B), θ = Q, θa = δωa

, θb = δωb
.

Consider now, for the scheme Iµ, the functions g1 = 2�1{θ1}, g2 = 2�1{θ2}, and

σ1 = σ2 = 1
2 . Then P(Iµ)g1

= P(Iµ)g2
= Q, so f̂(Iµ) � f(Q). Hence if f(Q) > f(P ),

we have C2(f) 6= C1(f).
Comment 4.19. Observe that the above example relies on a non-monotonicity of

f : f(Q) > f(P ). To �nish confusing this issue, consider now a variant of the above

where µε =
1
2(1 + ε)δθ1 + 1

2(1� ε)δθ2. Then Pε = Pµε is the unique consistent probability

on (dropping superscripts ε on all ω's and θ's) fω11, ω12, ω21, ω22g with ω11 = (A, θ1, θα),
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ω12 = (B, θ1, θβ), ω21 = (B, θ1, θβ), ω22 = (A, θ2, θβ), θ1 = 1
2δω11

+ 1
2δω12

, θ2 = 1
2δω21

+ 1
2δω22

,

θα = 1
2(1 + ε)δω11

+ 1
2(1 � ε)δω21

, and θβ = 1
2(1 + ε)δω12

+ 1
2(1 � ε)δω22

. (And θ1 6= θ2,
θα 6= θβ).

We claim that ωε
ij ! ω∞

ij , and Pε ! P∞ = P , where ω∞
11 = ω

∞
22 = ωA, ω

∞
12 = ω

∞
21 = ωB.

Otherwise, extract (Ω and P are compact metric) a subsequence along which ωε
ij con-

verges and Pε converges, but the limits are not the above. By this convergence, our

relations between the ωε
ij and the θ∗,ε pass to the limit, yielding that P∞ is a consistent

probability on fω∞
11, ω

∞
12, ω

∞
21, ω

∞
22g with ω11 = (A, θ1,∞, θα,∞), etc., θ1,∞ = 1

2δω∞
11
+ 1

2δω∞
12
,

θ2,∞ = � � � , θα,∞ = 1
2δω∞

11
+ 1

2δω∞
21
, θβ,∞ = � � �. If either θ1,∞ 6= θ2,∞ or θα,∞ 6= θβ,∞, the

four points ω∞
ij are di�erent, so the canonical information scheme associated with P∞ is

isomorphic to our original Iµ (of remark 4.18), so they have the same consistent distri-

bution P . Since P∞ 2 P , it equals its own consistent distribution, so P∞ = P . While

if both θ1,∞ = θ2,∞ and θα,∞ = θβ,∞, then ω∞
11 = ω∞

22 and ω
∞
12 = ω∞

21, and the canonical

information scheme associated with P∞ is isomorphic to that of P , hence again P∞ = P ,
by the same argument. So, any way P∞ = P . It follows then that ω∞

11 = ω∞
22, being in

the support of P and being mapped to A, must equal ωA, and similarly ω∞
12 = ω

∞
21 = ωB.

Hence our convergence; so θα,ε ! θII, θβ,ε ! θII, θ1,ε ! θI, θ2,ε ! θI.
For the canonical scheme IPε

, let gε1 = 2
1+ε1θ1,ε, gε2 = 2

1−ε1θ2,ε, σε
1 = 1+ε

2 , σε
2 = 1−ε

2 .

Then, as above, P(IPε)gε1
= P(IPε)gε2

= Q, so f̂(IPε
) � f(Q), hence [C1(f)](Pε) � f(Q).

Since Pε ! P , any u.s.c. function ϕ onP with ϕ � C1(f) � in particular C1(f) itself
when u.s.c. � satis�es ϕ(P ) � f(Q). So it appears that the relations between the di�er-

ent Ci(f)'s may be substantially strengthened, not only under monotonicity assumptions

of f , but also possibly under topological assumptions, either on f , or on Ci(f), or as a
variant of the concavi�cation operators (cf. remark 4.11, and recall also the u.s.c. in part

1 of cor. 4.11 p. 136, and that all �u�-functions are continuous on P).

Exercises

1. If f : K1! K2 is Borel and surjective between analytic spaces, so is �(f).

Hint. 7.j.

2. An alternative construction of the beliefs space. (Mertens and Zamir, 1985) If we

take the beliefs of a player to be a joint probability distribution on K and the beliefs of all players

(including his own) we make the beliefs spaces to be the same for all players. The coherency

of the beliefs are imposed as restrictions on these larger dimensional probabilities. This can be

done as follows:

a. De�ne the sequence fYrg∞r=0 of beliefs spaces by: Y0 = K and for r = 1; 2; : : :,

Yr = f!r 2 Yr−1� [�(Yr−1)]I j the two conditions below are satis�ed g:
(1) For all i 2 I, the marginal distribution of �ir(!r) on the ith copy of �(Yr−1) is the Dirac

mass at �ir−1(�r−1(!r)).

(2) For all i 2 I, the marginal distribution of �ir(!r) on Yr−2 is �ir−2(�r−1(!r)). Here �r−1
and �ir are the projections from Yr to Yr−1 and the ith copy of �(Yr−1) respectively.

Note that 1 imposes the condition that each player `knows' his own beliefs while 2 is the condition

that each level of beliefs is compatible with the lower levels. The fact that �ir is a mapping to

�(Yr−1) implies that it is common knowledge that 1 and 2 are satis�ed.

b. De�ne the universal beliefs space 
 to be the projective limit of fYrg∞r=0 with respect to

the projections �r−1 : Yr ! Yr−1.
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c. Prove that �r(Yr+1) = Yr for all r = 0; 1; 2; : : :. Hence �r(
) = Yr for all r = 0; 1; 2; : : :
and in particular 
 6= ;.

d. Prove that each ! 2 
 and i 2 I uniquely determine a probability measure ��iω in �(
)
and the mapping ��i : 
! �(
) is continuous.

e. Prove that as a consequence of conditions 1 and 2, for any ! 2 
 and any i 2 I;
if ~! 2 Supp(��iω) then ��iω̃ = ��iω:

f. Let �i = ��i(
) � �(
) and prove that:

(1) The space 
 is homeomorphic to K �Qi∈I�
i.

(2) The space �i is homeomorphic to �(K �Qj �=i�
j).

(3) Property (P ) of theorem 1.1 p. 107 is satis�ed.

3. Universal BL-space in games with private information.
a. Show that the formalism introduced in sect. 1 p. 107 can also be used in situations in

which players have some exogenous private information (i.e. a �-�eld K i on K).

Hint. Construct Ω as in sect. 1 and de�ne Ω0 as follows:

Ω0 = {ω | θ̄iω [X] = 1 ∀X : k(ω) ∈ X ∈ K i, ∀i ∈ I }
Use example 7 p. 119 to obtain Ω∞ as the universal BL-space for this game with private information.

Comment 4.20. The above is just a de�nition. To be useful, it should be accompanied

by theorems � a.o. representation theorems like theorem 2.5 �. And those may require some

additional assumptions (e.g. universal measurability of K i, topological assumptions . . . ).

b. (Böge and Eisele, 1979);(Aumann, 1974), (Aumann, 1985) Consider the situation in

which K = K0� U � S (where K0 is the space of states, S is the action space and U is the set

of utility functions � I-tuples of real valued functions on K0 � S). For each player let K i be

the partition of K generated by the projection on his own utility and action space (and their

Borel �-�eld). One can then apply the above construction to obtain the appropriate universal

BL-space.
Next consider only BL-subspaces where each player maximises his expected utility and ap-

ply again a procedure like that in IIIEx.3a to construct a universal such BL-subspace. Every

BL-subspace of this universal space then describes a game with incomplete information together

with one of its equilibria. If K0 and U are singletons, one obtains Aumann's Bayesian interpret-

ation of correlated equilibria. (cf. remark 3.3 p. 90).

4. Lower semi-continuity of pay-o� in terms of information. (Forges, 1988b) The

following illustrates the decision-theoretic relevance of the weak� topology on information that

was used in this chapter (cf. also, in this vein, prop. 4.4 p. 133):

Let K be a �nite set, U a separable metric space, and f : U ��(K) ! R+ be lower semi-

continuous, and convex on �(K) for each u 2 U .

Let �(P ) =
R
U f(u; [P (k j u)]k∈K)P (du) for P 2 �(K � U).

Then � is convex and lower semi-continuous, and f (P; �(P )) j P has �nite support g is dense

in the graph of �.

Comment 4.21. Regularity of P plays no rôle � the theorem remains true over the set of

all Borel probability measures.

Comment 4.22. A decision-maker who observes u before making a decision d, whose pay-o�
�k
d(u) depends on the unknown state of nature (k; u), will obtain f(u; P (k j u)) = supd

P
kP (k j

u)�k
d(u), a convex, continuous function f of P (k j u), depending also on u. Hence his (ex ante)

expected pay-o� is �(P ). Lower semi-continuity expresses the fact that there can be a loss of

information (and never a gain) in going to the limit on an observed random variable � e.g., let



EXERCISES 143

un(!) = [u1(!)]=n: u∞ is zero, and loses all the information. An application will be found in

ch. IX sect. 3 p. 408.

Comment 4.23. Assume the function f is extended by homogeneity of degree 1 from �(K)
to RK

+ . Then

�(P ) =

Z
U
f(u; (P (k; du))k∈K)

in the sense that for any measure � on U such that all measures Pk(du) = P (k; du) (k 2 K) are
absolutely continuous w.r.t. �,

�(P ) =

Z
U
f [u; (hk(u))k∈K]�(du)

where hk(u) is the Radon-Nikodym derivative of P (k; du) w.r.t. �� thus justifying the notation
�(P ) =

R
U f [u; (hk(u)�(du))k∈K] =

R
U f [u; (P (k; du))k∈K] (cf. e.g. Edwards, 1965, IV.15.11).

Hint. Prove �rst that the integral does not depend on λ (gu also is positively homogeneous of degree
1). Next set λ equal to the marginal distribution of u.

a. Reduction to the case where U is compact metric, f is independent of u, and a maximum of �nitely

many linear functions on RK+ .

Hint. Let (U, d) be a compact metric space containing U . For �xed ũ ∈ U , the separation the-

orem yields that f(ũ, ·) is the supremum of the linear functions on ∆(K) that are strictly smaller

� and those can further be chosen with rational coe�cients. Let ϕ be such a linear function, and

use the compactness of ∆(K) and the lower semi-continuity of f to show that, for some ε0 > 0,
one still has f(u, x) > ϕ(x) ∀x ∈ ∆(K) whenever d(u, ũ) < ε0. If un is a dense sequence in

U , and ε is rational with 1
2ε0 < ε < ε0, and one chooses n0 such that d(un0, ũ) < ε

k+1 , then

[1− k+1
kε d(u, un0)]

+[ϕ(x)]+ = Fk,n0,ε,ϕ(u, x) is everywhere ≤ f , and at ũ it is ≥ (1− 1
k )[ϕ(x)]

+. Hence f is

the supremum of the set of all functions Fk,n,ε,ϕ (k and n integers, ε rational, ϕ with rational coe�cients)

that lie everywhere below. Let Fi enumerate this set of functions: the sequence fj = maxi≤j Fi increases
to f , and consists of bounded, Lipschitz functions on U × ∆(K) which are, for every u ∈ U , piecewise
linear and convex on ∆(K). Hence (monotone convergence theorem) it su�ces to prove the property for
such functions. In particular we can henceforth assume U is compact metric.

Fix now ε > 0, and for u ∈ U let Ou be an open neighbourhood such that u′ ∈ Ou =⇒
|f(u′, x)− f(u, x)| < ε ∀x ∈ ∆(K). Let ui (i = 1, . . . n) be a �nite subset such that the Oui

cover

U , and let g be a corresponding continuous partition of unity � i.e. gi is continuous, with values in [0, 1],
vanishes outside of Oi and

∑n
i=1 gi(u) = 1, ∀u ∈ U .

Then h(u, x) =
∑n
i=1 gi(u)f(ui, x) is uniformly ε-close to f , so it su�ces to prove the result for h.

Hence it su�ces to prove it for one function gi(u)f(ui, x): we can assume our function has the form

g(u)h(x), where g : U → R+ is continuous, and h : ∆(K) → R+ is a maximum of �nitely many linear

functions.

De�ne now a map P  → P̃ from ∆(K × U) to the space M of non-negative, bounded measures on

K × U , by P̃ (k × B) =
∫
B
g(u)P (k, du) for every Borel set B in U . The map is clearly linear and

continuous. Further P̃ (k | u) = P (k | u) a.e., so we get φ(P ) =
∫
h([P̃ (k | u)]k∈K)P̃ (du). Since P  → P̃

is linear and continuous, it su�ces therefore to prove lower semi-continuity and convexity on M of the

map P  → ∫ h([P (k | u)]k∈K)P (du). The map being positively homogeneous of degree one, it su�ces for

this to prove lower semi-continuity and convexity on ∆(K × U).

b. Lower semi-continuity: Reduction to the case where furthermore the marginal of P on K is �xed.

Hint. Since ∆(K × U) is metrisable, consider a sequence Pn → P we want to show that

lim inf φ(Pn) ≥ φ(P ). Let p(k) (resp pn(k)) be the marginals on K: then pn → p. So, for ε > 0,
choose n0 such that (1 + ε)pn(k) ≥ p(k) ∀k, ∀n ≥ n0. Extracting a subsequence, we can assume this

holds for all n, and also that { k | pn(k) > 0 } is independent of n � hence we can assume it is the

whole of K: pn(k) > 0 ∀n, ∀k. Then Pn(k, du) can be written as pn(k)gn,k(u)Pn(du). If p(k) > 0,
then gn,k(u)Pn(du) → P (du | k) weakly. Assume that everywhere gn,k ≥ 0,

∑
k pn(k)gn,k(u) = 1 � so

Pn(k | u) = pn(k)gn,k(u) and φ(Pn) =
∫
f [(pn(k)gn,k(u))k∈K]Pn(du). Let Pn(k, du) = p(k)gn,k(u)Pn(du):
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Pn → P weakly, and Pn(du) = hn(u)Pn(du) with hn(u) =
∑
k pkgn,k(u) � so Pn(k | u) = pkgn,k(u) with

gn,k(u) = gn,k(u)/hn(u). Thus φ(Pn) =
∫
f [(p(k)gn,k(u))k∈K]hn(u)Pn(du).

Now (1 + ε)pn ≥ p yields hn(u) ≤ 1 + ε. Since
∫
hn(u)Pn(du) = 1, this yields that hn(u) ≥ 1 −√

ε
with Pn(du)-probability at least 1 − √

ε. In that case, we get (1 + ε)pn(k)gn,k(u) ≥ p(k)gn,k(u) ≥
(1−√

ε)p(k)gn,k(u). Since both points belong to ∆(K), the arguments of f in the expressions of φ(Pn)
and φ(Pn) di�er by less then 2

√
ε in norm. Using the Lipschitz character (with constant L) of f , and

again that hn ≤ 1 + ε, we obtain that (1 + ε)[φ(Pn) + 2L
√
ε] ≥ φ(Pn). So it su�ces to prove that

lim inf φ(Pn) ≥ φ(P ).

c. Use of the Dudley-Skohorod Theorem.

Hint. Since the marginal p(k) on K is �xed � and can be assumed strictly positive � we know that

Pn(du | k) → P (du | k) weakly, for each k. Apply thus the Dudley Skohorod theorem for each of those

conditional distributions to construct, a probability space (Ω, A,Q) together with a random variable k(ω)
to K and a sequence un(ω) converging a.e. to u(ω) such that Pn is the distribution of (k(ω), un(ω)) and
P that of (k(ω), u(ω)). Let Jk = {ω | k(ω) = k }.

Thus we want to show that, if un(!) ! u∞(!) a.s., and Jk is a �nite measurable partition,

then

lim inf
n→∞ E f([Q(Jk j un(!))]k∈K) � E f([Q(Jk j u∞(!))]k∈K):

d. Lemma. Let (
;A ; Q) be a probability space, with a �nite measurable partition (Jk)k∈K,

and a sequence of random variables un(!) ! u∞(!) with values in a separable metric space U .

Let qkn = Q(Ik j un). Then:
(1) weak� limits q of the qn exist and satisfy E(q j u∞) = q∞
(2) for any weak� limit q of the qn there exists a sequence of convex combinations

ri =
P

n�
i
nqn, with �i

n = 0 for i su�ciently large, and ri ! q a.e. � hence

E(ri j u∞)! E(q j u∞) = q∞ a.s.

Hint. The existence follows from Banach-Alaoglu. For 2: use ex. I.2Ex.12 p. 24, Egorov's the-

orem, and (Kelley et al., 1963, p. 212). For 1, consider f ∈ C(U) � then f(un) is uniformly

bounded and converges a.e. to f(u∞) � so the convergence is uniform on weakly compact sub-

sets of L1 � in particular, extracting �rst a weakly (or weak�)-convergent subsequence from the qn,
E(qkf(u∞)) = limn→∞ E(qknf(un)) = limn→∞ E[1Jk

f(un)] = E(1Jk
f(u∞)). Extend this equation to posit-

ive Borel f , and conclude.

e. Lower semi-continuity.

Hint. By IIIEx.4a, IIIEx.4b, IIIEx.4c and the notations of IIIEx.4d, it su�ces (taking a sub-

sequence) to show that

E f(q∞) = lim
i→∞

E f [E(ri | u∞)]

≤ lim sup
n→∞

E f(E(qn | u∞))

≤ lim sup
n→∞

E f(qn),

which follows from IIIEx.4d and the convexity of f (ex. I.3Ex.14 p. 37).

f. Density.

Hint. Make a Borel partition of U×∆(K) into �nitely many Borel sets of diameter< ε each, map this
partition back into U , and map the whole mass of each partition element to some point of that element.

This yields measures with �nite support Pε that converge weak
� to P and such that φ(Pε) → φ(P ).
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g. Convexity.

Hint. Prove �rst (using Remark 4.23 p. 143) convexity over the set of probabilities with �nite sup-

port: this boils down to the convexity of f . Consider now P (and similarly Q) arbitrary. Apply then

IIIEx.4f and use the lower semi-continuity.

Remark 4.24. We shall use later the following result in the speci�c case where U is the set

of continuous convex functions from �(K) to R+, with f(u; �) = u(�).
5. Lower semi-continuity (continued). In the same situation as above, decompose meas-

ures P on K � U into their marginal p on K and a conditional �k(du) on U given K. Let

 (�) : p 7! �(p
 �).

Then  is a convex, l.s.c. map with values in the set ~C of l.s.c. convex maps from �(K) to
R+ (l.s.c. of  means: 8g continuous on �(K), f � j  (�) > g g is weak�-open).

Hint. Convexity follows from IIIEx.4. For the lower semi-continuity, use compactness of ∆(K).





CHAPTER IV

General Model of Repeated Games

1. The model

In this chapter we introduce formally the general model of repeated games.

We start with a non-cooperative game G and de�ne a new game Γ∞ a play of which

is an in�nite sequence of plays of G.
In fact it appears in many applications that current moves not only in�uence the cur-

rent pay-o� but also the future play hence some state variable of the model. This is the

reason why stochastic games appear in a natural way.

Moreover we have to describe the information available to the players. There may

be some di�erences between their initial knowledge of the characteristics: initial state,

preferences, even transition law. This is taken into account in the framework of games

with incomplete information.

Finally it is necessary for a full description of the game to specify what additional

information is transmitted to the players after each stage of the play. It is easy to see

that assuming the knowledge of the other players' strategies is unrealistic and at most the

actual moves may be observed. But even, it may be useful to look at the case where only

the individual player's pay-o� is known to him, or even less, hence no full monitoring of

the previous moves, or even outcomes or own pay-o�s is possible. This leads to the notion

of signals that may depend in a random way on the actual moves and state.

To integrate all such e�ects it is su�cient to de�ne a state and move dependent lot-

tery that selects at every stage the signals for the players, their pay-o�s and the next

state of nature. If one wants in addition to incorporate the e�ect of information lags this

transition may also depend on the past events. In fact we will see that this quite huge

construction can be reduced to a simple and convenient form (cf. prop. 2.3 p. 156).

It follows from the above presentation that this model is an adequate description of a

stationary multistage game in the sense that its formulation is time shift invariant (adding

new states and pay-o�s if necessary) and needs only some counter, to let the stage of the

game be known to the players.

We will give more formally a �rst model of the game and introduce explicitly the main

de�nitions.

Definition 1.1. A repeated game is a �nite multistage game, where for ω 2 Ω∞
,

gi(ω) = limn→∞ 1
n

P
k≤nh

i(ωk), for some function hi from Ω to R (cf. 1.a p. 51 and 3.b

p. 90).

Here ��nite� means all sets (Ω, A, S) are �nite. The assumption on the pay-o� function

gives also a �nite description for the latter, the set Ω being �nite. There only remains

the need to be a bit more explicit about the solution concepts, since the pay-o� function

gi is not always everywhere de�ned.

147
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In fact we will consider here an equivalent and more convenient model where q is in-
dependent of A (1.a.4 p. 52) and h is de�ned on Ω� S. Other equivalent representations
will be studied in sect. 2 p. 153.

1.a. States, signals and transitions. We are given a �nite set of states K and

a �nite set of players I (there will be no confusion to write also sometimes I for its car-

dinality). For each player i in I, let Si
be its �nite set of moves (or actions) and Ai

its �nite set of signals. (K being �nite, both sets can be assumed to be independent of

the state k in K, duplicating eventually moves or signals). Denote as usual by S and A
respectively, the products of the Si

, resp. Ai
, over I.

P is an (initial) probability on K � A and Q is a transition probability from K � S
to W � K � A where W is some compact set in RI

(pay-o�s are uniformly bounded).

Let G be the marginal distribution induced by Q on W so that Gk(s1, . . . , sI) denotes the
distribution of the vector pay-o� in state k given the vector of moves s. Similarly the

marginal distribution of Q on K corresponds to the transition on the state space and the

marginal distribution of Q on A determines the distribution of the signals.

The repeated game Γ∞ is played as follows:

� At stage 0 a point (k1, a1) is chosen in K�A according to P and ai1 is announced
to player i, for each i.

� At each stage n, n � 1, each player i chooses independently a move sin in S
i
. The

distribution Q(kn, sn) is used to choose a point (gn, kn+1, an+1) in W � K � A.
The new state is kn+1. The signal ain+1 is announced to player i and gin is his

pay-o�, for all i in I. (Remark that the pay-o� is not explicitly observed, it may

be deducible from the signal).

The above description is known to the players. To complete explicitly the information

structure of the game we still have to assume that each player remembers all information

he receives in the past (e�ectively perfect recall). Γ∞ is thus a game in extensive form as

de�ned in ch. II p. 51. (To obtain explicitly the same description, divide each stage into I
substages and let the players play in order, extending the transition on states, signals and

pay-o�s in the obvious way). The speci�city of this game is its stationary aspect, both of

the transitions and of the pay-o�s (cf. 1.b p. 52).

A play of Γ∞ is then identi�ed with an in�nite sequence (k1, a1, s1, g1, k2, a2, . . . , sn, gn,
kn+1, an+1, . . . ). As before we denote by H∞ the set of plays. An initial sequence of length

n of a play, i.e. ending by (. . . , kn, an), will be called an n-history and Hn will denote the

corresponding set. The set of all histories (or positions) is H=
S

n≥1Hn.

If on some play and for some n the sequence *i = (ai1, . . . , a
i
n) determines the se-

quence m−i = (a−i
1 , s

−i
1 , . . . , s

−i
n−1, a

−i
n ), for all i, we de�ne the subgame from position

* = (a1, . . . , an) like the game Γ∞ (i.e. same moves, signals, transitions and pay-o�s) but

starting with an initial distribution on K � An
de�ned by * and the law of kn given *

(which is known by all players). Finally given h∞ in H∞, we write hn for its projection on

Hn,Hn is the σ-algebra on H∞ generated by Hn andH∞ =
W

n≥1Hn (product σ-algebra).
H will denote the induced σ-algebra on H.

We will also write g for the stream of pay-o�s (g1, . . . , gn, . . . ).

1.b. Strategies and pay-o�s. By the above description the information of player i
before stage n is a vector (ai1, . . . , a

i
n) in

Qn
m=1(A

i)m.
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Denote byH i
n the σ-�eld induced by this set onH∞. The restriction to eachHn de�nes

a measurable structure on H, written H i
, that describes i's information partition on

H.

A pure strategy si is thus a measurable mapping from (H,H i) into Si
.

(Note that the pure strategy set of player i is a product of �nite sets.)

A mixed strategy σi
is then as usual a probability on this compact set (with the

product topology induced by the discrete topology on each factor), and the corresponding

set will be denoted by Σi
.

One can always add player i's last move to his signal (theorem 1.3 p. 53) and then

perfect recall implies (theorem 1.8 p. 55) that we can equivalently view σi
as a mapping

from (H,H i) into ∆(Si) = X i
. According to this interpretation it is also useful to think

of σi
as a sequence (σi

n)n≥1 where σ
i
n is the restriction of σi

to Hn and corresponds to

the �strategy at stage n�. One can as well consider each σi
n as being de�ned on H∞ with

σi
n(h∞) = σi(hn).
As pay-o� function for the game we will consider the Cesàro limit of the sequence of

stage pay-o�s gn. This may not be de�ned for every feasible play (i.e. the game is not a

well speci�ed game in normal form) but we will take care of this fact when de�ning the

solutions and show that this speci�cation of the pay-o�s is unambiguous and su�cient.

Note that this model can also be used to study two other important classes of games

namely:

Discounted games: Γλ has pay-o� function ḡλ = λ
P∞

n=1(1 � λ)n−1gn with λ 2
(0, 1].

In order to reduce this game to the previous model, add for each point in

K � S a new absorbing state with pay-o� E(Gk(s)) forever. Now the new trans-

ition will operate in two stages, the �rst one being like the old transition and

the second one choosing with probability λ the absorbing state corresponding

to (k, s) and with probability (1 � λ) keeping the same state and giving a zero

pay-o�. Remark that one could also work with di�erent discount rates for each

player.

Finite games: ΓN has pay-o� function ḡN = 1/N
PN

n=1 gn, N 2 N.
In this case a reduction similar to the previous one can be done, after re-

placing K by its product by f1, . . .Ng and using �time dependent parameters�

λn = 1/(N � n+ 1).

Basically the reason for using these averages is that they preserve the stationary character

of the game (cf. ex. IV.1Ex.1 p. 152).

1.c. Zero-sum case. For solution concepts, in the two-person, zero-sum case, an

unambiguous solution is provided by the value, together with a corresponding pair of

ε-optimal strategies.

Before de�ning these concepts in our framework, let us introduce some notational

principles. In general, in the two-person case we will write: s, σ, a, (respectively t, τ, b,)
for the moves, strategies and signals of player I (the maximiser), (respectively player II),
and S,Σ, A, (respectively T,T , B,) for the corresponding sets.

Given σ and τ , Pσ,τ is the probability induced on (H∞,H∞) by P ,Q, σ, τ , (cf. 1.6 p. 54)
and Eσ,τ is the corresponding expectation.

Definition 1.2. Player I can guarantee d if:

8ε > 0, 9σε, 9N, such that : Eσε,τ(ḡn) � d� ε, 8τ, 8n � N(i)
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Player II can defend d if:

8ε > 0, 8σ, 9τ, 9N, such that : Eσ,τ(ḡn) � d+ ε, 8n � N(ii)

v is the maxmin of Γ∞ if player I can guarantee v and player II can defend v.
In this case a strategy σε associated to v is "-optimal. A strategy is optimal if it is

ε-optimal for all ε.
The minmax v and (ε-) optimal strategies for player II are de�ned in a dual way.

The game has a value, denoted by v∞, i� v = v with then v∞ = v = v.

Remark 1.1. Whenever possible, for example in stochastic games (cf. ch. VII p. 327),

one may also require (i) and its dual for N =1, namely:

Eσε,τ(lim inf
n→∞

ḡn) � v � ε , 8τ(iii)

Eσ,τε(lim sup
n→∞

ḡn) � v + ε , 8σ(iv)

Remark 1.2. Note that with the above de�nitions the existence of v and v has to

be proved. Remark also that the de�nitions provide insights in the study of the long but

�nite games Γn or of the games with small discount factor Γλ. For the �rst class it is clear

that σε guarantees a pay-o� v � ε in any Γn with n � N . As for the second it follows

clearly from (i) that for all discount factor λ smaller than some λ̄, function of N and the

pay-o� range W only, one has: 8τ,Eσε,τ(ḡλ) � v � ε as well. So that σε guarantees also
v � ε in any Γλ with λ � λ̄. Moreover in both cases, by (ii), v is the best that can be

achieved by strategies that do not depend on the exact speci�cation of the duration or of

the discount factor of the game.

Remark 1.3. Condition (i) is a uniform (in τ) property on the liminf of the average

expected pay-o�. On the other hand (iii) corresponds to a pay-o� function de�ned on

plays and would be a desirable property.

The following game shows that it may not hold.

Example 1.4. Consider a zero-sum game with 2 states and pay-o�s matrices G1 =
(1, 0), G2 = (0, 1) (player I is a dummy player). Assume Prfkn = 1, 8ng = Prfkn =
2, 8ng = 1/2. Obviously Eσ,τ(gn) = 1/2, for all σ, τ , but if player II plays left and right in

alternating blocs of size Lm with Lm/Lm−1!1, then Eσ,τ(lim inf gn) = 0.
Another approach would then be to de�ne a pay-o� for pure strategy pairs, (i.e. tak-

ing expectation with respect to all random parameters of the game or all corresponding

plays), by associating to the sequence of stage pay-o�s some limit, say liminf (hence ob-

taining 1/2 in the previous example). In this case too, the normal form game may have

no value satisfying (i) to (iv):

Example 1.5. Consider the same model as above with now:

G1 =
�
2 0

�
G2 =

�
0 1
�1 2

�
and player I knows the state. The moves of player II are not announced to I and the

signals to II are a or b according to the following probability distributions:

Q1 =
�
(1/3, 2/3) (1/3, 2/3)

�
Q2 =

�
(0, 1) (0, 1)

(2/3, 1/3) (2/3, 1/3)

�
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(e.g., if k = 2, I plays B and II L, a will be announced to II with probability 2/3). Note
that by playing σ0 = (1/2, 1/2) i.i.d. if k = 2, player I obtains a constant expected pay-o�

3/4, and this is the only way �not to reveal information� about the state.

Considering the measure µσ induced by any strategy σ of I on H II
(σ-�eld of inform-

ation of II), one then obtains that: if σ guarantee 3/4� δ then kµσ � µσ0
k � (16/3)δ (cf.

ex. VEx.13 p. 262). Assume now δ small.

Let Nn = 22
n

and de�ne a strategy τ of II as follows:
Play arbitrarily at stage 1. If the �rst signal is a, play N1 times R, then N2 times L

and so on, and the reverse if b is announced at stage 1.

Since the frequency of the signal a under µσ is near 1/3 (being near the one under

µσ0
), the frequency of B under σ, if k = 2, is near 1/2; hence denoting by f1m and f2m the

frequencies of L until the end of bloc m, and by ϕm the corresponding average expected

pay-o�, one obtains that ϕm is near 3/4 + E(f1m� f2m) for m large enough and almost all

pure strategies in the support of σ.
Note that E(f1m) is near 2/3 if m is odd and near 1/3 if m is even. As for the expect-

ation of f2m we obtain if the �rst move is T, 1 if m is odd and 0 if even, and similarly

after B 1/3 (odd) and 2/3 (even). It follows that in each case lim inf ϕm is 3/4 � 1/3,
hence Eσ,τ(lim inf gn) is near 5/12 for such strategies. (See ex.VEx.13 p. 262 for precise

computations).

Remaining with the �nite games Γn or the discounted games Γλ, it is clear by prop. 2.6

p. 17 that they possess a value, denoted by vn or vλ, since our �niteness assumptions imply

that the pay-o�s γn(σ, τ) = Eσ,τ(ḡn) and γλ(σ, τ) = Eσ,τ(ḡλ) are continuous on the product

of the compact pure strategies spaces.

It follows from the previous de�nitions that the existence of v∞ also implies that both

limn→∞ vn and limλ→0 vλ exist and satisfy: v∞ = limn→∞ vn =limλ→0 vλ. In this situation,

ε-optimal strategies are also ε-optimal in any su�ciently long game as well as in any game

with su�ciently small discount factor.

Now when v < v̄ (recall that the de�nitions clearly imply v � v̄) another main ques-

tion of research will be the study of the nets vn and vλ (as n!1 and λ! 0) and of the

asymptotic behaviour of the corresponding optimal strategies.

Before going to the non-zero-sum case, let us recall that the study of v̄ is also of �rst

interest in this case because it de�nes the individually rational level, i.e. what player I
can obtain in the worst situation where the other players are considered as a single player

trying to minimise his pay-o� (cf. sect. 4 p. 162).

1.d. Non-zero-sum case. In the non-zero-sum case we will be mainly interested in

equilibria and correlated or communication equilibria (cf. sect. I.4 p. 39 and II.3 p. 88).

Recall that the latter form a larger set but present some conceptual advantages and

have a much nicer mathematical structure. Furthermore their natural extensions to re-

peated games seem ideally suited to take into account the relation between the initial

information of the players and the one they obtain through the correlation device. (The

equilibria of a one-stage game Γ1 with state independent pay-o�s are correlated equilibria

in the underlying game with no signals). Both those concepts have been criticised and

several re�nements have been proposed but many further complications arise because we

consider in�nite games.

To de�ne equilibria and equilibrium pay-o�s we proceed as follows: �rst we ask for

the analogue of the uniformity condition for the value.
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Definition 1.3. σ is a uniform equilibrium if γin(σ) converges to some γi(σ) and
for all ε > 0, there exists N such that n � N implies γin(σ−i, τ

i) � γi(σ) + ε, for all i and
all τ i.

In order to avoid the di�culties due the lack of a well speci�ed pay-o� one also in-

troduces a family of games: for each Banach limit L (cf. ex. I.2Ex.10 p. 23) we de�ne a

normal form game ΓL by the strategy sets Σi
and the pay-o� L(Eσ(ḡ

i
n)), i 2 I.

Definition 1.4. If the set of equilibrium pay-o�s of ΓL does not depend on L and

moreover each of these pay-o�s can be realised by a uniform equilibrium, we de�ne it

as the set E∞ of equilibrium pay-o�s in Γ∞. Similarly C∞ and D∞ correspond to

correlated and communication equilibrium pay-o�s (cf. sect. 3 p. 88).

Note that the concept of uniform equilibrium is rather strong: it corresponds to a stra-

tegy independent of ε in (i) p. 149. It implies in particular that any equilibrium pay-o�

can be sustained by a strategy vector which is in equilibrium in every ΓL.
For weaker conditions, needed for stochastic games and related to E0: pay-o�s ε-close

to ε-equilibrium pay-o�s, for all ε > 0, (cf. sect. 4 p. 341).

Finally, since strategies in Γ∞ induce strategies in any subgame of it, we can de�ne a

subgame perfect equilibrium as strategies inducing an equilibrium in any subgame.

The above arguments (interest of the zero-sum case, use of it for the non-zero-sum

setup, conceptual and mathematical complications in the latter) indicates why we will

largely concentrate in this chapter as well as in this book on the zero-sum case (cf. nev-

ertheless sect. 4 p. 102, 2 p. 153 and 4 p. 162, ch.VII p. 327 and IX p. 397).

1.e. Stochastic games and games with incomplete information. These two

classes of repeated games will be extensively studied and a �rst presentation follows,

according to our general formulation.

In a stochastic game, the current state and the stage pay-o� are known to all play-

ers: for all i and all n, the signal ain+1 di�ers on two histories where kn+1 or gn are not the
same. The main case is obtained when the signal is the same for all players and consists

of (sn, kn+1) at stage n+ 1, cf. ch. VII p. 327.
In a game with incomplete information the state is constant along the play:

kn = k1, for all n, but unknown to at least one player, cf. ch. V p. 183 and VI p. 273.

It follows that in the �rst case the main goal is to control the transitions on the state

space, while in the second the decisive aspects concern the transmission of information.

Nevertheless we will see that the two �elds are deeply related and are better understood

when studied in parallel.

Exercises.

1. Recursive utilities. Cf. e.g. references in (Kreps and Porteus, 1979), and (Becker et al.,

1989)

a. If xn denotes the outcome at stage n, �recursive utilities� are de�ned recursively by

Un(xn; xn+1; : : : ) = �n(xn; Un+1(xn+1; : : : )) � where �n is non-decreasing in the second vari-

able. Show that, for the Un to be von Neumann-Morgenstern utilities one needs:

�n(x; U) = �n(x) + �n(x)U ; �n � 0
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b. Consider a repeated game with pay-o�s de�ned recursively by Un = �n+�n:Un+1, where

�n and �n are stationary functions of (an−m; kn−m; sn−m; : : : ; an; kn; sn; an+1; kn+1) and �n � 1.

Show how to obtain an equivalent game with enlarged space eK where the pay-o� is
P

n g(
ekn)

(or lim(1=n)
P

n g(
ekn)).

2. Equivalent representations

We will describe here di�erent variants in the formalisation that may make the model

more tractable in analysing some of its properties.

2.a. Simple transformations.

(1) Let us �rst remark that information lags are easily incorporated in our model;

more precisely consider a stationary bounded recall transition, namely Q de�ned

on H where for some �xed m, for any n and any hn in Hn (resp. hm in Hm), if

hn+m denotes (hn, hm), Q(hn+m) is only a function of hm. It is then enough to

rede�ne a new set of states � say as K�Hm � and to extend in an obvious way

P and Q to remain in the same class. One can similarly deal with non-stationary

transitions with �nite memory.

(2) To get rid of the initial lottery and of the initial information of the players, it is

enough to add a new initial state from where, whatever being the actions of the

players, the pay-o� is 0 and the new state as well as the signals to the players are

selected according to the initial distribution. (This will shift one stage further all

the pay-o�s but does not in�uence long term average).

(3) As for the pay-o�s one can �rst assume that W is included in f g 2 RI j gi �
0, 8i 2 I,

P
i gi � 1 g by adding some constant and then rescaling.

One can now replace the distribution on the pay-o�s by any other distribu-

tion having the same expectation: for example take a deterministic pay-o�, or a

probability with support on the extreme points of the simplex ∆(I) and the zero

vector in RI
. In fact this change has no information e�ect on the game hence

does not in�uence the strategies. Moreover the expected pay-o� at each stage

remains the same. It now follows from ex. II.4Ex.4 p. 105 that for any choice of

σ the di�erence of the average pay-o�s ḡn in both formulation will converge to

zero a.s.. Hence the asymptotic properties of the game are not a�ected by this

change.

(4) Taking the second variant above we have now a �nite set of pay-o�s. Rede�ne

then the set of states as to include the old states, the vector pay-o�s and the

vector of signals, namely K�W �A, and extend the transition on the new K in

the natural way. We obtain then a model where the game starts at some initial

state and after each stage, a new state is chosen at random as a function of the

old stage and of the actions of the players at that stage. Signals to the players

and pay-o�s are now functions of the new state.

One can also, without a�ecting the asymptotic behaviour, shift the pay-o�s

one stage further and assume that the pay-o� is only a function of the current

state. Remark now that the players' signals can be viewed as a partition of K
such that before each stage each player is told the element of his partition that

contains the true state.

The game is thus described by the following elements:

� a �nite set of states K with an initial state k0
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� a �nite set of moves Si
for each player i in I

� a transition probability P from K � S to K
� a partition Ki

of K, for each i in I
� a partition W = fW 0,W 1, . . . ,W Ig of K

(where W 0
corresponds to the set of states with zero pay-o� and W i

to those

with pay-o� 1 to player i).
Before each stage, every player i is told in which element of Ki

the current

state k is. He then chooses an action in Si
and receives a pay-o� 1 i� k belongs to

W i
. Then P selects a new state and the game proceeds to the next stage. Note

that W i
is the set of winning states for player i, W 0

corresponds to a draw and

each player maximises his expected winning frequency. In the zero-sum case one

can scale player I's pay-o� to lie between 0 and 1, and obtain then a partition of

K in W I [W II
: there is no draw.

We have thus proved:

Proposition 2.1. The games described in sect. 1.a p. 148 and 2.a p. 153 have the
same asymptotic properties.

2.b. A deterministic framework. We will assume here that all the coe�cients de-

�ning the previous transition probability P are rational and we will reduce the model to

deterministic P . The construction will be done here for the two-person zero-sum case (for

the general case, cf. (Mertens, 1986b)). The purpose of this transformation is to have a

better feeling of the essential structure of the problem while adding a mild assumption.

So let m be a common denominator to all rational coe�cients that appear in P . Let
Zm = Z/mZ. If (Xn)n≥0 is a sequence of i.i.d. random variables uniformly distributed

on Zm, then P can be represented as a function from K � S � T � Zm to K such that:

kn+1 = P (kn, sn, tn, xn). In fact we will show that the players can generate themselves

such a sequence.(cf. also ex. II.3Ex.5 p. 97).

Assume that each player i chooses at each stage n, besides his action, an element zin in
Zm and take as random variables the sum in Zm of these two choices. Formally we have a

new game eΓ where eS = S�Zm,
eT = T�Zm and kn+1 = eP (kn, esn,etn) = P (kn, sn, tn, zIn+zIIn).

(We keep the same signalling structure: no player is ever informed of any of the past aux-

iliary choices of his opponent.)

Proposition 2.2. Γ and eΓ have the same asymptotic properties.

Proof. Let us prove this �rst for v: existence, value and ε-optimal strategies.

We denote by Z∞
m the compact group

Q∞
1 (Zm)n, by z a generic element in it and by

µ the Haar measure on it.

Given eσ in eΣ (strategy set of player I in eΓ) and z in Z∞
m de�ne eσz by (sn, z

I
n + zn) at

each stage n (eτz is de�ned similarly). Considering eσz as a transition probability from Z∞
m

to pure strategies in eΓ one can introduce eσ =
R eσzµ(dz) which is a mixed strategy in eΓ

and denote by σ its projection (marginal distribution) in Γ.

Now for any σ in Σ we can de�ne µ
σ in eΣ and it follows from the previous construc-

tion that eσ and µ
 σ induce the same behavioural strategies, hence by Kuhn's theorem

(theorem 1.4 p. 54), the same distribution on histories in eΓ for every eτ .
Note �nally that the map eσ 7! eσz is a permutation of eΣ, the map eσ 7! σ from eΣ to Σ

is onto and that (eσz, eτ−z) induces the same distribution on histories that (eσ, eτ).
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Given any bounded measurable function f on (H∞,H∞), (as ḡn or lim inf ḡn) we there-
fore have, for any eσ:

fσ̃ � inf
τ̃

Eσ̃,τ̃(f) = inf
τ̃

Eσ̃z,τ̃−z
(f) = inf

τ̃
Eσ̃z,τ̃(f) = fσ̃z

hence

Eσ̃,τ̃(f) =

Z
µ(dz)Eσ̃z,τ̃(f) � fσ̃

thus also

Eµ⊗σ,τ̃(f) � fσ̃
and

fµ
 σ � fσ̃
De�ning similarly in Γ, fσ � infτ Eσ,τ(f), we claim that: fσ = fµ
 σ.

In fact, using the properties of the Haar measure:

Eµ⊗σ,τ̃(f) = E(µ⊗σ)−z,τ̃z(f) = Eµ⊗σ,τ̃z(f) =

Z
µ(dz)Eµ⊗σ,τ̃z(f)

= Eµ⊗σ,τ̃(f) = Eµ⊗σ,µ⊗τ(f)

Now under µ 
 σ and µ 
 τ the random variables zI and zII are independent and their

marginals uniform on Zm hence: Eµ⊗σ,µ⊗τ = Eσ,τ.

We obtain thus:

Eµ⊗σ,τ̃(f) = Eσ,τ(f)(1)

and also:

Eσ,τ(f) = Eσ̃,µ⊗τ(f)(2)

hence the claim.

Coming back to de�nition 1.2 p. 149 it follows from fσ � fσ̃ and fσ = fµ
σ that (eσ,w)
satis�es (i) p. 149 in eΓ only if (σ,w) satis�es it in Γ, and the latter holds i� (µ 
 σ,w)
satis�es (i) in eΓ.

Similarly (2) implies that if w satis�es (ii) p. 150 in Γ, then it also does in eΓ. Finally
(1) shows the reverse inequality since µ
Σ is included in eΣ. This implies that the maxmin

will exists in Γ i� it exists in eΓ. In this case its value will be the same and ε-optimal

strategies can be mapped through σ 7! µ
 σ.
It is easy to see that analogous results for vλ or vn follow from the same arguments. �

2.c. A combinatorial form. The aim of this last transformation is to push one step

further towards a simple sequential combinatorial form.

We �rst rank the players in cyclical order (identifying I and ZI) and subdivide each

stage into I substages, player i being the only one to choose an action at each stage n � i
(mod I). The new set of states F is partitioned into subsets F 1, . . . , F I

and an element

in F i
is a point in E together with the last actions of players j, 1 � j � i� 1.

After each substage I, P is used to compute an element of F (in fact, of F 1 = E), as
a function of the old element in E = F 1 and the vector of actions, or equivalently as a

function of the element in F I
and the last action of player I.
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Since all players' pay-o�s are functions only of the point in F 1, included in F i
for all

i, one can delay them so that player i's winning set W i
will be a subset of F i

.

Each player's action set Si
can now be considered as a subset of the set of functions

from F i
to F i+1

. In fact, to modelise his information one can replace Si
by the set of

Ki
� measurable functions from F i

to Si
� hence to F i+1

; and give him his private

information in Ki
about the true state only after his move.

We thus obtain the following combinatorial form:

� a �nite set of states F with an initial state f0 and a partition F 1, . . . , F I
of F .

� for each F i
a partition F i

and a set Y i
of functions from F i

to F i+1

� a subset W of F .

The play of the game is as follows, starting from f0. At the current state f in F i
, player

i selects a function yi in Y i
. He then gets a pay-o� 1 i� f is in W , zero otherwise, and is

told the element of F i
that contains f . The new state is now yi(f) in F i+1

. The players

want to maximise their expected winning frequencies.

Replacing now Y i
by Y =

Q
i∈IY

i
, and letting F be the partition

S
i∈IF

i
of F , we

reach the following description, coming back to our standard notations: K is the state

space, S is a set of functions from K to K, A is a partition on K and a(k) is the point
in A containing k. Players play in cyclical order, choosing at each time n an element sn
of S, being then informed of a(kn). The new state is kn+1 = sn(kn), and the player who

moved receives 1 if kn 2W , zero otherwise. In the two-person zero-sum case, he receives

1 from his opponent if kn 2W , and pays him 1 otherwise.

We �nally show how to reduce oneself further (by enlarging K) to the case where

#S = #A = 2. Fix a two-element set, ff, gg, and a map from ff, ggl onto S. Fix also

a map from A into fa1, a2gh. Replace every stage of the above game by a block of l�I
substages followed by a bloc of h�I substages. If this was a stage for player i, at every
substage corresponding to a player j 6= i this player's choice in ff, gg has no e�ect, and

this player is told a1. While on the �rst l substages corresponding to player i, this player is
told a1, and his sequence of choices in ff, gg gives a point in ff, ggl, and hence determines

the map s 2 S to be used. The signal in A he has to hear is then encoded in fa1, a2gh,
and told to him over the last h substages, where his choices in ff, gg have no e�ect. As

for pay-o�s, all substages except the last substage of player i are outside W , on the last

substage the correct set W is used. Thus we now have a model where S = ff, gg � KK
,

and where A = fa1, a2g, i.e. corresponds also to a subset of K.

We thus have proved:

Proposition 2.3. If P (as obtained in 2.a p. 153) is rational the games described in
sect. 1.a p. 148 and 2.c p. 155 have the same asymptotic properties.

3. Recursive structure

In this section we will study what is the natural space in which one can model the

information obtained during the game while keeping the stationary aspects.

Basically we are looking for entrance laws that could allow us to start the study at

any stage of the game: we will see that a basic structure like common knowledge of a

prior on the state space and private partitions is not enough.

In this part again, we will concentrate on two-person zero-sum games but the analysis

can be extended to more general cases (cf. ch. III and (Mertens, 1986b)).
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3.a. A canonical representation. Consider a pair of strategies in Γ. Together with
the description of the game, including the initial conditions, they determine a probability

distribution on (H∞,H∞), space of plays, that both players can compute. By the previous

reductions, at stage n, the future play of the game depends only on the current state kn.
Each player i, i = I, II, has in addition accumulated some signals that can be modeled

by means of some set M i
. More precisely kn is a random variable from (H∞,H∞) to K

and the information of player i is a random variable mi
from (H∞,H∞) to M i

. In our

framework, there exists moreover an underlying probability Q on (H∞,H∞) de�ned by P
and the strategies. If we let (E, E ) = (H∞,H∞) and E i

be the sub σ-�eld generated by

mi
we obtain an information scheme, hence by Theorem 2.5 p. 122 there exists a canon-

ical representation on Ω with Pn in P : note that this probability contains all relevant

information about the past, more precisely the future aspects of the game should be the

same if it was starting at stage n using Pn to choose the state and the information to the

players (we use here the zero-sum assumption).

It is clear that typically these Pn will have speci�c properties, basically �nite support

in our �nite framework, but one sees easily that generically their size cannot be bounded,

hence the advantage of working directly with the closure P in order to have a station-

ary set of �state variables� which are the entrance laws Pn. Before seeing in the next

paragraph the merits of such an approach, let us remark at this point that Pn+1 is easily

constructed using Pn and the behavioural strategies at stage n (i.e. the restriction of σ
and τ to Hn) and that similarly, according to 2.b p. 154, the pay-o� at stage n for player

i is simply Eσ,τ(g
i
n) = Pn(W

i).

3.b. The recursive formula. We �rst want to be able to apply the results of sect. 4.b

p. 132 to the �nite game Γn and the discounted game Γλ.

Proposition 3.1. The results of sect. 4.b p. 132 apply to vn and vλ, strategies being
behavioural strategies.

Proof. Indeed both Γn and Γλ have K �nite, and S and T compact metric, with

gk(s, t) continuous. Remains to show the results are still true with behavioural strategies.

This follows from II.1Ex.10, except possibly for the continuity. For this aspect, let the

�nite subset S0 of S consist, for Γn of the whole of S, and for Γλ, of all pure strategies

which from a certain stage n0 on play always the �rst pure strategy (n0 is �xed). There
is no problem in requiring further in sect. 4.b that every pure strategy in S0 has strictly
positive probability. Then the map from mixed strategies to behavioural strategies is

continuous (with the above set S0)). �

We are now going to use fully the structure of �entrance laws� that we introduced

in 3.a p. 157. To obtain a nice recursive formula it will be convenient to keep with the

framework of 2 p. 153 where the current pay-o� is only a function of the state at this

stage and where the information is given at the end of each stage.

Assume then some entrance law P and behavioural strategies x and y of the players
for the �rst stage, namely measurable mappings from Θ to ∆(S) or ∆(T ).

We de�ne I (P, x, y) as the following information scheme: �rst a triple (k, θI, θII) in
Ω is selected according to P and player i is informed of θi. Both players select then

independently moves according to x(θI) or y(θII). Finally a new state and random signals

(ek, aI, aII) are selected in the game as usual as a function of the old state and of the pair



158 IV. GENERAL MODEL OF REPEATED GAMES

of moves. Formally:

I (P, x, y) = (Ω;Px,y;ek; (θI, s, aI); (θII, t, aII))
Finally P[x, y] in P will denote the correspondent canonical probability.

We can now justify �le bien fondé� of the previous point of view by stating our main

result:

Theorem 3.2 (Recursive Formula). (1) Let v(P) stands either for vλ(P) or
vn(P). Then both maxxminyv(P[x, y]) and minymaxxv(P[x, y]) exist and are equal.

(2) Denoting by V (v[P]) this saddle point value we have:

vλ(P) = λEP(g1) + (1� λ)V (vλ[P])

nvn(P) = EP(g1) + (n� 1)V (vn−1[P])

(3) In the space of all bounded functions on P , vλ and vn are uniquely determined
by the above formulae.

Proof. Let σ = (σn)n≥1 and τ = (τn)n≥1 be behavioural strategies of players I and II
in Γλ and assume σ optimal. Let us write σ+ or τ+ for the sequences (σn)n≥2 or (τn)n≥2
and note that both σ+ and τ+ are behavioural strategies in [Γλ;I (P, σ1, τ1))]. Denoting
the corresponding expected pay-o� by ḡλ(I (P, σ1, τ1);σ+, τ+) we obtain thus, writing the

total pay-o� in Γλ as the sum of the �rst stage pay-o� and of the remaining one:

vλ(P) � ḡλ(P;σ, τ)

= λEP(g1) + (1� λ)ḡλ(I (P, σ1, τ1);σ+, τ+).

taking the in�mum in τ+ on the right hand side then the maximum in σ+ we also obtain:

vλ(P) � λEP(g1) + (1� λ) sup
σ+

inf
τ+
ḡλ(I (P, σ1, τ1);σ+, τ+)

Using propositions 4.5 p. 134 and the above 3.1, the sup inf is precisely vλ[I (P, σ1, τ1)],
i.e. vλ(P[σ1, τ1]). Thus:

vλ(P) � λEP(g1) + (1� λ)vλ(P[σ1, τ1])

So, τ1 being arbitrary:

vλ(P) � λEP(g1) + (1� λ) inf
τ1
vλ(P[σ1, τ1])

It remains to prove that we can actually replace the inf by a min.

For this purpose consider now the λ-discounted game where player I is restricted to

use σ1 in the �rst stage. Rede�ning the state space it is easily seen that this game belongs

to the same family, hence by prop. 3.1 p. 157 has a value and optimal strategies. It follows

that even if player I was informed about the �rst stage strategy τ1 of player II the value
would be the same and the optimal strategy still optimal. But the value of this variant

is precisely the previous right hand member where now player II has an optimal strategy,

hence:

vλ(P) � λEP(g1) + (1� λ)min
τ1
vλ(P[σ1, τ1])

Denote by σ∗1 and τ
∗
1 the �rst stage components of optimal strategies of both players in

Γλ. We have shown that, for all σ∗1, minτ1 vλ(P[σ∗1, τ1])) exists and:

vλ(P) � λEP(g1) + (1� λ)min
τ1
vλ(P[σ∗1, τ1])
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Since the dual result holds, we obtain �nally:

max
σ1

vλ(P[σ1, τ
∗
1 ]) � min

τ1
vλ(P[σ∗1, τ1])

so that σ∗1, τ
∗
1 is a saddle point of vλ(P[�, �]), hence V (vλ[P]) exists and satis�es:

vλ(P) = λEP(g1) + (1� λ)V (vλ[P])

The results concerning vn(P) are obtained in the same way.

To prove point 3 p. 158 note �rst that vn is uniquely determined given vn−1 and that

v1 is well de�ned.
For vλ replace V by the previous sup inf in the equation. Note that the operator in-

volved is contracting, hence use Picard's contraction principle in the space of all bounded

functions on P (lemma 1.1 p. 327) to get a unique solution. This completes the proof of

the theorem. �

De�ne thus an operator Ψ on bounded functions on P by:

[Ψ(f)](P) = EP(g1) + V [f(P)]

(where to avoid ambiguity V is chosen to be the inf sup), and note that Ψ is non-expansive.

Denoting Vλ = (1/λ)vλ and Vn = nvn one has:

Vλ = Ψ[(1� λ)Vλ] and Vn = Ψ[Vn−1].

This recursive formula (or rather its particular incarnations) will play a fundamental rôle

in the next chapters, in proving asymptotic properties of Γn or Γλ. It will also allow us

to get precise bounds on the speed of convergence of vn and vλ to their limits.

Another use of it is to show that we have reduced the problem of studying Γn or Γλ to

the same problem for a class of stochastic games. Indeed denote by Y I and Y II the set of
Borel functions from ΘI or ΘII to ∆(S) or ∆(T ). Let us de�ne Γ∗

as the stochastic game

with continuous state and actions spaces P , Y I, Y II, played as follows: if P is the current

state and yI, yII the actions selected by the players, the current pay-o� is EP(g1) and the

new state is P[yI, yII].
Γ∗

is thus a �deterministic stochastic� game where the current pay-o� is solely a func-

tion of the current state. Write Γ∗
n(P) and Γ∗

λ(P) for the �nite and discounted versions of

Γ∗
starting at state P. Then we have:

Proposition 3.3. Γ∗
n(P) and Γ∗

λ(P) have values v∗n(P) and v∗λ(P) and optimal stra-
tegies. Moreover:

v∗λ = vλ , v∗n = vn.

Proof. We will prove that there exist optimal Borel pure strategies which are at each

stage versions of the corresponding component of optimal strategies in Γλ, resp. Γn.

For Γ∗
n the proof follows immediately by induction on n.

For Γ∗
λ assume that both players use the above described strategies. The recursive

formula implies obviously that the pay-o� will be vλ. Assume now that player II is al-
lowed to choose arbitrarily his strategy during the �rst n stages, but has to play the above
strategy thereafter. At stage n, using the recursive formula his optimal choice is again to

use an optimal strategy in Γλ(Pn). By induction his optimal play will always have this

property: he cannot get below vλ(P) within this class of strategies. Finally, since the

pay-o� depends only up to ε on the play of the game after stage n, for n large enough, it

follows that the prescribed strategy of player I guarantees him vλ(P). A dual statement

for player II now implies the result. �
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The purpose of the two next sections will be to present some classes of games belong-

ing to this general model while having a very speci�c structure (other examples will be

found in exercises). The hope is that this will help the reader to get a better feeling of the

basic aspects of repeated games and to see how di�erent presentations can be handled in

the general framework.

Exercises.

1. Gleason's game. Three positions, say A;B;C, with corresponding pay-o�s 1; 2;�3 are

arranged in cyclic order and alternatively each player tells the referee whether he wants to move

clockwise or counterclockwise, after which the referee tells him his position.
a. Prove that there exists a sequence wn with jvn(p)� wnj � K=n, for some K > 0, where

vn(p) is the value of a n stage game with initial probability p on the states and any kind of initial
signals. Moreover each player can guarantee wn up to O(1=n) by a strategy independent of his
initial information.

Hint. Consider the least favourable situation for I: II knows the initial position and p is pub-

lic knowledge. Write vn(pA, pB, pC) for the corresponding value and let uA(q) = vn(0, q, 1 − q),
uB(q) = vn(1 − q, 0, q), uC(q) = vn(q, 1 − q, 0), u(q) is the median of those three numbers and

wn = minq u(q) = u(q0). Given the strategy of player II and his own last position,say D, player I
can compute the last mixed action q of player II. Let him play (1/2, 1/2) i.i.d. until the �rst stage where
uD(q) ≥ u(q) and from then on optimally in the remaining game.

Similarly in the most favourable situation for player I, player II can play alternatively and independ-

ently (1/2, 1/2) and (q0, 1− q0) until being informed, after a random choice (q0, 1− q0), of a last position
B or C (assuming uA(q0) > u(q0)) and from then on play optimally.

Finally remark that the pay-o� guaranteed by a strategy of player I in the �rst situation is linear in

p and consider an optimal strategy for some interior point p.

b. Deduce from IV.3Ex.1a that player I can guarantee lim supwn.

c. Conclude that � has a value v and both players have optimal strategies independent of

the initial information.

Remark 3.1. The value of v and the existence of optimal stationary strategies are still open

problems.

2. A game with two-move information lag. (Dubins, 1957), (Karlin, 1957), (Ferguson,

1967) We consider the following game �. Player II moves on the integers by choosing at each time

n an element tn 2 f�1;+1g. His position after time n is xn =
Pn

i=1 ti and yn is the corresponding
history: fx1; : : : ; xng. The information of player I at time n is yn−2 and his aim is to guess the

actual position of player II, i.e. xn.
Formally let � be the time where player I tries to guess the position of player II by choosing

some x. The corresponding pay-o� is then 1θ<∞� 1xθ=x.

a. Let �n be the n stage game (where the pay-o� is identically 0 after stage n) and denote

by vn its value.

Prove that � has a value v with v = lim " vn and that player II has an optimal strategy �∗ in
� (use ex. I.1Ex.2b p. 9).

We want now to compute explicitly v, and to describe "-optimal strategies. In IV.3Ex.2b

and IV.3Ex.2c two alternative approaches are used to obtain v and �∗. In IV.3Ex.2d it is proved

that player I has no optimal strategy. In IV.3Ex.2e a more general model is analysed and an

"-optimal strategy of player I is obtained.
b.
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i. Given an history y of length n we introduce the positions that can occur at time n + 2
namely: x0(y) = xn; x

1(y) = xn+ 2; x−1(y) = xn� 2.
Let � be a strategy of player II and Y (�) the set of paths having positive probability under

� . For y in Y (�), Qi(�; y) is the conditional probability, given � and y that fxn+2 = xi(y)g; i =
�1; 0; 1. Show the following:

There is no � such that for all y in Y (�) Qi(�; y) � 1=3.
� is optimal i� for all y in Y (�), Qi(�; y) � v, i=-1,0,1.

ii. Given � and y of length n, let �(y) denote the probability that tn+1 = 1. De�ne � ′ by
� ′(;) = 1=2 and for y of length n, � ′(y) = � if tn = 1,� ′(y) = 1 � � if tn = �1. Prove that there
exists � such that the corresponding � ′(= � ′(�)) guarantees u = (3�

p
5)=2 to player II. Deduce

that player II has no Markov "-optimal strategy (cf. sect. 5 p. 175).

iii. Take now some optimal � and assume �(y) = �1 > � for some y 2 Y (�). De�ne

�2 = 1 � �(y;�1) where (y; x; x′; : : : ) is the path y followed by x then x′ and so on. Let

�1 = �1; �2 = (1� 2v)=(1� �1). Prove that �2 � �2 and construct inductively �n; �n with

1 � �n � �n = (1� 2v)=(1� �n−1) and �n increasing. Deduce a contradiction by going to the

limit.

iv. Prove that � is optimal i� �(;) 2 [1 � �; �] and � coincides with � ′ thereafter. Deduce

that v = u.

c. Let wn(�) be the value of the game �n where moreover player II is restricted to use

strategies � satisfying �(;) = �. (Put w1 � 0).
i. Prove that (recursive formula):

wn(�) = Twn−1(�) � min
0≤β,γ≤1

max

8>>><>>>:
��

(1� �)�+ (1� �)

(1� �)(1� )

�wn−1(�) + (1� �)wn−1()

and that:

vn = min
0≤α≤1

wn(�) = wn(1=2)

ii. Prove that wn converges uniformly to some continuous function w satisfying w = Tw
and that v = min0≤α≤1w(�).

iii. Let Æ = maxf� j w(�) = v g and let (�; ) be the corresponding values achieving the

minimum in Tw(Æ). Show that (�; ) belongs to [1 � Æ; Æ] and that v � 1 � Æ. Prove then that

v > 1� Æ implies v > u and use IV.3Ex.2bii to get �nally � = 1�  = Æ and v = u. Deduce that
� ′ is optimal.

d.

i. Assume that � is optimal and let yn−2 be a minimal history such that Pσ(� = n j yn−2) =
a > 0. Prove then that player I has to choose x = xn−2.

ii. Show now that if there exists � such that: a(1��) + (1� a)w(�) < v, � is not optimal.

Prove then inductively on n that there exists L > 0 and for every n, "n > 0 such that for " < "n:

w(�+ ")� w(�) � L�n"

Deduce �nally the above inequality.

iii. Alternative approach: Let b be the probability given yn−1 = (yn−2; 1) that � = n + 1
and x = x1n−1 and similarly c for yn−1 = (yn−2;�1) and x = x−1n−1. Prove by letting player II play
some � ′(�+ "), that b and c are greater than a=� and deduce inductively a contradiction.
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e. We consider now an extension of � where player II is moving on a graph satisfying the

following conditions:

� no edge joins a vertex to itself

� each vertex is joined to k + 1 vertices.

� there are no four sided �gures

i. De�ne a strategy �∗ of player II as follows: �∗(;) is uniform on the (k + 1) adjacent

vertices. Given y of length n, � goes to xn−1 with probability 1� kp and to each other vertices

with probability p. (Note that condition c) above implies that the positions after 2 stages di�er

if the �rst move is not the same, unless they are both the initial one). Show that there exists p

such that the corresponding �∗ guarantees uk = (k2+ 2� k
p
k2+ 4)=2.

Let � < uk. We want to construct � that guarantees � to player I.

ii. De�ne �rst inductively a sequence fqng by:
� q0 = 1; q1=(q0+ (k2+ 1)q1) = �, then qn satisfying:

� (q0+ � � �+ qn−2+ qn)=(q0+ (k2+ 1)(q0+ � � �+ qn−1+ qn)) = �.

Let R = (1� (k2+ 1)�)−1 and prove that:

� qn = D[(R+
p
R2� 4R)=2]n+ (1�D)[(R�

p
R2� 4R)=2]n with

� 2D = 1 � ((k2� 1)R+ 2)=((k2+ 1)
p
R2� 4R), and that 1 < R < 4 for � su�ciently

close to uk.

Show then that there exists a �rst n, say N , with qn � qn−1. De�ne now q =
PN

n=0 qn and

pn = qn=q.

iii. De�ne �nally � by:

� initial procedure: Pσ(� = 2; x = 0) = p0, and given x1, Pσ(� = 3; x) = p1 for all x such

that there exists a feasible path y3 = (x1; x2; x3) with x2 6= 0 and x3 = x.
� if x2 6= 0 start the initial procedure at stage 2 from x2
� else let Pσ(� = 4; x) = p2, for all (k2 + 1) positions x such that there exists

y4 = (x1; 0; x3; x4) with x3 6= x1 and x4 = x (i.e. an history leading to x without

passing by x1 again.
� if x3 6= x1, start the initial procedure at stage 3 from x3.
� else let Pσ(� = 5; x) = p3 for all x such that there exists y5 = (x1; 0; x1; x4; x5) with
x4 6= 0, and x5 = x, and so on. . .

Prove that, for all � : Pσ(� <1) = 1 and that � guarantees �.

4. Supergames

We will consider in this section a particular version of the general model where there

is only one state. In this case the repeated game is called the supergame associated to

the one-shot game.

The simplest framework corresponds to standard signalling (all the players are told the

previous moves): we obtain a game with complete information and full monitoring.

4.a. Standard signalling. We �rst introduce some notations:

D is the set of feasible pay-o�s (with correlated strategies in Γ1), i.e. the convex

hull of the set of pay-o�s attainable with pure strategies in the one-shot game. (Recall

that the pay-o�s are uniformly bounded by some constant C).
The minmax level for player i is de�ned by vi = minX−i maxXi γi1(x

i, x−i).
x−i(i) denotes a point in X−i

realising the above minimum.

v with component vi is the threat point.
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The set of feasible and individually rational (i.r.) pay-o�s is de�ned by:

E = f d 2 D j di � vi 8i 2 I g
We denote by E∞, Eλ, En the set of equilibrium pay-o�s in Γ∞, Γλ, Γn, respectively.

The following basic result, known as the Folk theorem, is the starting point of the the-

ory of supergames. It states that the set of equilibrium pay-o�s in the in�nitely repeated

game coincides with the set of feasible and i.r. pay-o�s of the one-shot version.

Theorem 4.1. E∞ = E.

Proof. The inclusion E∞ � E is easy. First notice that each stage pay-o� gn is in

D (closed and convex) hence also average, expectation and limits; thus any equilibrium

pay-o� (in fact any feasible pay-o� in Γ∞,Γλ or Γn) is in D. To prove that the pay-o� is

necessarily i.r., recall that full monitoring is assumed, hence given any history h and the

vector of mixed strategies of his opponents σ−i
, player i has a reply to the corresponding

vector of mixed moves σ−i(h) that gives him, at that stage a pay-o� greater than vi.
The proof that any point in E corresponds to an equilibrium pay-o� relies on two

basic tools: plan and punishment.

A plan is a play, h, that leads to a speci�ed pay-o�.

A punishment is a strategy that dictates to play x−i(i) i.i.d. as soon as player i devi-
ates: a deviation means that the actual history h′ is not an initial part of the play h,
and denoting by n the �rst stage where this holds, player i is the �rst (in some order)

among the players whose moves at that stage do not coincide with the one de�ned by h.
It is now clear how to de�ne through a plan and punishments an I-tuple of strategies:

the players are requested to follow h and to punish the �rst deviator (if any). It follows

that every play leading to an i.r. pay-o� will correspond to an equilibrium since by the

above description any potential deviation of i (leading to a one-shot bounded gain) would

induce a future expected stage pay-o� at most vi, hence a limiting average pay-o� less or

equal than vi.
It remains thus to remark that the repetition of the game allows to convexify the set of

feasible pay-o�s: in fact given d in D, there exist actions fsitg, i = 1, . . . , I, t = 1, . . . , I+1,
and barycentric coe�cients µt such that: d =

P
tµtγ1(st). Let p

n
t /q

n
be rational approx-

imations of µt converging, as n!1, to µt (in the simplex of dimension I+1). The plan
is now de�ned by a sequence of blocs indexed by n. On the nth bloc (of length qn) the
play consists of pn1 times s1, then p

n
2 times s2,. . . and so on. The pay-o� associated to h is

clearly d. This proves the theorem. �

Note that one could as well de�ne the plan by choosing at each stage n, the (�rst

in some order) vector of pure moves that minimises the distance from the new average

pay-o� gn to d. This yields a Borel map from E to equilibria.

Remark 4.1. We prove the above result by using expected stage pay-o�. It is worth-

while to notice that it still holds if one considers the pay-o� on the play namely the random

variables ḡn and ask for non-pro�table deviation and g∞ = d a.e. (Use ex. II.4Ex.4 p. 105).

We now turn to similar properties for Γλ and Γn.

Concerning the discounted game, the asymptotic set of equilibria may di�er from E
(Forges et al., 1986), as shown by the following 3 person game where player III is a dummy:�

(1, 0, 0) (0, 1, 0)
(0, 1, 0) (1, 0, 1)

�
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This being basically a zero-sum game between players I and II the only equilibrium (op-

timal) strategies are (1/2, 1/2) i.i.d. in Γλ as well as in Γn, hence the only equilibrium

pay-o� is (1/2, 1/2, 1/4). On the other hand E contains the point (1/2, 1/2, 1/2).
Nevertheless the following generic result holds:

Theorem 4.2. Assume that there exists some d in E with di > vi for all i. Then Eλ

converges (in the Hausdor� topology) to E as λ goes to 0.

Proof. By the hypothesis and the convexity of E, it is enough to prove that any

point d in E with di > vi belongs to Eλ for λ small enough. The idea of the proof is then

very similar to the previous one.

We �rst construct a play leading to d. Decompose d according to the extreme points

of D (attainable through pure moves), to get d =
PI+1

t=1 µtdt. (Note that an approximation

of d for λ small is easy to obtain as in the previous proof but we will obtain here an ex-

act representation � for the use of this result cf. ex. IV.4Ex.7 p. 172, cf. also ex. II.3Ex.2

p. 96).

Assume λ � 1/(I+1) then one of the µt, say µ1, is larger than λ and we can write d =
λd1+(1�λ)d(2) with d(2) in D, or more precisely in fdtg. Doing the same decomposition

with d(2) we obtain inductively a sequence dn in fdtg with d =
P∞

n=1λ(1� λ)n−1dn. h is

then de�ned at stage n by the moves in S leading to dn, and γ̄λ(h) =
P

nλ(1�λ)n−1dn = d.
Moreover if in the previous construction we use a greedy algorithm choosing at each

stage a vector of moves such that d(n+1) is the closest to d, we obtain that the sequence

fdngn≥m is still a good approximation of d. Formally: 8d 2 D, 8ε > 0, 9λ̄, 8λ � λ̄, 9h, such
that γλ(h) = d and for any decomposition h = (h′, h′′) with h′ in H, kd� γ̄λ(h′′)k � ε. (h
is ε-adapted to d). To �nish the proof let 2ε = mini

di� vi, and λ small enough so that

the one-shot gain by deviation, at most 2λC, is less that the loss due to the punishment,

at least (1� λ)ε. �

Remark 4.2. One can show that γ̄λ(Σ) = D as soon as λ � 1/I (cf. ex. IV.4Ex.1

p. 172).

Remark 4.3. It is also easy to see that the result holds without restriction for I = 2,
or more generally if: 9d 2 D, di > vi for all but one player i. (ex. IV.4Ex.6 p. 172).

We �nally consider the �nitely repeated games, where no similar generic result holds,

the classical counter example being the Prisoner's Dilemma described by the following

pay-o� matrix: �
(3, 3) (0, 4)
(0, 4) (1, 1)

�
and where En = (f1, 1g) for all n.

In fact we have (recall that v is the threat point):

Proposition 4.3. Assume E1 = fvg then En = fvg for all n.
Proof. Given an equilibrium σ, let m be the smallest integer such that after each

history of length m compatible with σ, σ induces the pay-o� v at each of the remaining

stages. By the hypothesis m � n � 1. If m > 0, consider an history of length m � 1
compatible with σ and where at stage (m � 1), σ does not lead to v. Clearly one of the

players has then a pro�table deviation at that stage and cannot be punished later. �

A su�cient condition for convergence to E is given by the following:
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Theorem 4.4. (Benoît and Krishna, 1987) Assume that for all i there exists e(i)
in E1 with e

i(i) > vi. Then En converges in the Hausdor� topology to En as n goes to
in�nity.

Proof. The idea is to avoid backwards induction e�ects by ending the play by a

phase of rewarding or punishment consisting of a �xed number of stages: the in�uence on

the total pay-o� will be negligible as n goes to in�nity.

Given a play h this phase will be a sequence of R cycles of mixed moves leading

to the pay-o�s (e(1), . . . , e(I)) if the previous history follows h and a sequence of i.i.d.

punishments x−i(i) in case of previous deviation of i.
Now given d in E, let δ = mini(e

i(i)� vi) and ε � δ/2. Choose an ε-rational approx-
imation d in E as in the proof of the Folk theorem, corresponding to an history h′ of
length N . Let R > 2C/δ, then for n � 2C(RI+N)/ε, the strategies de�ned by a play h
consisting of a cycle of histories h′ (until stage n�RI) followed by the last phase de�ned

above, clearly induce an equilibrium with pay-o� within 2ε of d. In fact any deviation

when some h′ is played will be observed, hence punished. On the other hand if h is fol-

lowed during the �rst phase the second one consists of a sequence of one-shot equilibria

where no deviation is pro�table. �

Remark 4.4. It is clear that a su�cient condition for the previous result to hold is:

8i, 9ni, 9e(i) 2 Eni
with ei(i) > vi.

More precise results can be obtained for I = 2 (cf. Benoît and Krishna, 1987).

For related results with subgame perfect equilibria, cf. ex. IV.4Ex.3�IV.4Ex.8.

4.b. Partial monitoring. Most of the results of this section are due to Lehrer (1990,

1991, 1992a, 1992c).

4.b.1. Notations and de�nitions. Coming back to the general model we assume still

here that there is only one state but after each stage n each player i is told Qi(sn) where
Qi

is a mapping from S to Ai
. Note that equivalently Qi(si, �) can be viewed as a partition

of S−i, Qi(si, s−i) being the partition element containing s−i
.

Let us �rst provide a general characterisation of uniform equilibria in supergames:

Proposition 4.5. d is a uniform equilibrium pay-o� i� there exists a sequence εm
decreasing to 0, Nm and σm, such that σm is an εm equilibrium in ΓNm

leading to a pay-o�
within εm of d.

Proof. The condition is obviously necessary.

For the su�ciency de�ne super-blocs Mm as a sequence of lm blocs of size Nm and let

σ be: play σm on Mm (i.e. starting with an empty history after each cycle of Nm moves).

Choose lm such that 2CNm+1/(*m�Nm) � εm. It follows easily that if n 2Mm+1, σ is a

2(
P

k≤m εk*kNk/
P

k≤m *kNk) equilibrium in Γn, hence the result.

For correlated equilibria de�ne the auxiliary space as Ω =
Q

m(Ωm)
lm with the product

probability induced by the correlation device on each factor. Due to the independence

it is easily veri�ed that announcing the signals at the beginning of the game or at the

beginning of each bloc gives the same result. �

Remark 4.5. The same requirement in a general repeated game would lead to E0 (cf.
VII).
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We �rst consider the two-person case and assume non-trivial signalling structure

hence for each player i = I, II and j 6= i there exists si in Si
and sj, tj in Sj

satisfying:

(O) Qi(si, sj) 6= Qi(si, tj)

so that the players can communicate through their moves (the other case is much simpler

to analyse (cf. ex. IV.4Ex.9 p. 173)).

Since in general the signals are not common knowledge, equilibrium strategies σ do

not induce, conditionally to an atom of the σ-algebra of common knowledge events (�nest

σ-algebra containing all H i
), having positive probability under σ, an equilibrium, but

rather a correlated equilibrium. In fact those are much easier to deal with.

Definition 4.6. We de�ne two relations between moves by:

si � ti , Qj(si, sj) = Qj(ti, sj) for all sj in Sj

(this means that after one stage, player j has no possibility to distinguish whether i was
playing si or ti) and:

si � ti , [(si � ti) and (Qi(ti, sj) 6= Qi(ti, tj) implies

Qi(si, sj) 6= Qi(si, tj) for all sj, tj in Sj)]

(player i is always getting more information on j's move by playing si rather than ti).

Then we have:

Lemma 4.7. Given a pure strategy σi, at each history h player i can use any action ti

rather than σi(h) = si with ti � si, while still inducing the same probability distribution
on H j.

Proof. By playing ti the signal to player j will be the same. Now for the next stage

since the partition on player j′s moves is �ner with ti than with si, player i can deduce

what would have been his signal if he had played si and play accordingly in the future. �

Let ∆(S) be the set of probabilities on S (correlated moves) and extend the pay-o� to

∆(S) by integration. The sets of equilibrium pay-o�s will be characterised through the

following sets:

Ai =fP 2 ∆(S) j ti � si )
X

sj
P (si, sj)Gi(si, sj) �

X
sj
P (si, sj)Gi(ti, sj) g

Bi =Ai \X = fx 2 X j ti � si ) xi(si)Gi(si, xj) � xi(si)Gi(ti, xj) g

Remark 4.6. Ai = Co(Bi). In fact Ai
is convex and contains Bi

. Now given P in Ai
,

for any si with ρ(si) =
P

sj P (s
i, sj) > 0, (si, yj) 2 Bi

with yj(sj) = P (si, sj)/ρ(si).

Remark 4.7. Note that like in the Folk theorem these sets are de�ned through the

one-shot game only.

Remark 4.8. It will turn out that the sets of equilibrium pay-o�s for our rather strong

de�nition in sect. 1.d p. 151 will exist: E∞ for equilibria and C∞, D∞ for correlated and

communication equilibria. (For liminf pay-o�s, cf. ex. IV.4Ex.8 p. 173).
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4.b.2. Correlated and communication equilibria. Let us characterise correlated and

communication equilibrium pay-o�s. We write IR for the set of individually rational

pay-o�s; it will obviously contain any equilibrium pay-o�.

Theorem 4.8. D∞ = C∞ = G(
T

iA
i) \ IR

Proof. We �rst prove inclusion of D∞ in the right hand set. Assume that d = (dI, dII)
is an L-equilibrium pay-o� not in G(

T
iA

i) (the inclusion in IR is standard, cf. theorem

4.1 p. 163 above).

Denoting by Pn the correlated distribution on S induced by the equilibrium strategies

at stage n and P̄n = (1/n)
Pn
1 Pm, one has d = G( eP ), with eP = L(P̄n).

Given any P in ∆(S) let us de�ne P i
in Ai

as follows: First introduce a map φi from
Si

to Si
such that

P
sj P (s

i, sj)Gi(φ(si), sj) maximises
P

sj P (s
i, sj) Gi(ti, sj) on the set

fti � sig and let then P i(ti, sj) =
P

si,φ(si)=tiP (s
i, sj).

In words, we replace any action of i in the support of P by a best reply against P ,
among the more informative moves.

Assuming eP /2 AI
, de�ne an alternative strategy of player I as follows: At each stage

use φI(sI) (computed for eP ) rather than sI and keep for the following stages the signal

that would have been obtained by using sI.
We obtain thus (using lemma 4.7 p. 166):

L
�
γ̄In(τ

I, σII)
�
= GI( eP I) > GI( eP )

hence the contradiction, and the required inclusion.

(Note that the same inclusion holds for more than 2 players with the appropriate

extension of �).
Consider now P in

T
iA

i
with G(P ) in IR. By the previous prop. 4.5 p. 165, it is

enough to construct, for any ε0 > 0, an ε0-equilibrium in a �nite game with pay-o� within

ε0 of G(P ). Let ε0 = 8ε.
Using the hypothesis of non-trivial signalling structure we can de�ne an injective map-

ping from Ai
to �nite sequences of signals for j (for example a �nite sequence of elements

in fQj(si, tj), Qj(ti, tj)g satisfying (O)), so that both players have a code to report their

signal at some stage in a bounded (say by B) number of stages.
The strategies will be de�ned on blocs of stages as follows: Let η < ε/4C, n such that

(2n + 2B)/2n � η and de�ne N1 = 2n + 2n + 2B. We now describe the behaviour on a

bloc of size N1.
During the �rst 2n stages the players are requested to play according to some correla-

tion device R̄. De�ne �rst a probability R on ΩI�ΩII = SI[ (SI�SII))� (SII[ (SII�SI))
by the following procedure: Take the convex combination of the uniform distribution

on S (with coe�cient η) and P (coe�cient (1 � η)) and independently announce with

probability η to one of the players the move of his opponent. Namely:

R(s) = (η/(#S) + (1� η)P (s))/(1 + 2η)

R(si, fsi, sjg) = ηR(s)
Then R̄ is the product of 2n independent copies of R, a signal is selected in (ΩI � ΩII)2

n

according to it, its component on (Ωi)2
n

is transmitted to i who is supposed to follow

the projection on (Si)2
n

. Note that with positive probability at each stage every move is

played and every move that player i has to play is announced with positive probability to

player j.
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During the next n stages player I plays an i.i.d. mixture (1/2, 1/2) on the moves

(sI, tI) and player II uses sII with QII(sI, sII) 6= QII(tI, sII) and symmetrically for the follow-

ing next n stages. These random moves are used to generate random times say θII and θ1

independent and uniformly distributed on the previous 2n stages and public knowledge.

Finally during the last B stages the previously de�ned code is alternatively used by

each player i to report the signal he got at stage θi.
This ends the description of the strategies �on the equilibrium path� on these N1

stages and remark that the corresponding pay-o� is within 4ηC (hence less than ε) of
G(P ).

Consider now a collection of M blocs of size N1, call it a super-bloc N2 and �nally

de�ne N as a family of M ′
super-blocs N2.

De�ne strategies in ΓN as independent sequences of strategies as above on each bloc

of size N1. Namely the signals are chosen according to the product of independent prob-

abilities and announced at the beginning of the game. On each bloc of size N1 the players
play according to the corresponding component of their sequence of signals during the

�rst 2n stages, then as described above. We shall say that a deviation τ i for player i is ε
pro�table in ΓN if γiN(τ

i, σj) > Gi(P ) + ε and prove by specifying the strategies �in case

of detected deviation�, that for N large enough there is no 6ε pro�table strategies, hence
σ is a ε0 equilibria.

We �rst show that on blocs of size N1 any 3ε pro�table deviation has a strictly positive
probability π of being detected. Remark in fact that on each such bloc, a deviation near

the end (i.e. during the last 2n + 2B stages) modi�es the pay-o� on this block by less

than ε/2. Hence we only consider deviation at other stages. Note that on these stages the

move of each player is independent of the past, hence it is su�cient to consider history-

independent deviation. Now by the choice of R if τ i gives 2ε more than σi
against R, the

gain is at least ε against P . Recall that by playing ti rather than si and ti � si, the pay-o�
is not increased since P belongs to Ai

. On the other hand if ti 6� si there is a positive

probability that player j is told i's recommendation i.e., si and is using at this stage a

revealing move namely tj with either a) Qj(si, tj) 6= Qj(ti, tj), or b) Qi(si, tj) 6= Qi(ti, tj).
In case a) j observes i's deviation at that stage; in case b), there is a positive (and inde-

pendent) probability that player i will be asked to report his signal at that stage and will

give a wrong answer observable by j.
Obviously the strategy of each player in case of wrong signal is to punish for ever,

hence to reduce the pay-o� to at most γi(P ) (recall that γ(P ) is IR).
De�ne nowM (the number of blocs N1 in N2) such that (1�π)εM/C � ε/2C. It follows

then from the above computations that if τ i is 4ε pro�table on a N2 bloc, a deviation will

be detected with probability at least 1� ε/2C.
De�ne �nally M ′

so that the relative size of a bloc N2 in games of length N = M ′N2
is at most ε/2C. We obtain:

γiN(τ
i, σj) � ε+ (1� ε/2C)(γi(P ) + 4ε+ 2C/M ′) � γi(P ) + 6ε

hence the result. �

The main di�culties in trying to extend the previous result to equilibria are:

� The lack of common knowledge events on which to condition the analysis, while

remaining in an equilibrium framework, i.e. without being led to correlated equi-

libria.
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� The fact that one cannot restrict the players to use pure actions and the right

equivalence classes of mixed moves are hard to de�ne.

A simple and useful result uses the following set:

Ci = fx 2 X j yi 2 X i , Qj(yi, �) = Qj(xi, �)) Gi(yi, x−i) � Gi(xi, x−i) g
(Qj(xi, �) is a mapping from Sj

to probabilities on j's signals.)
Note that Ci � Bi

.

Proposition 4.9. All points of CoG(
T

iC
i) \ IR are uniform equilibrium pay-o�s.

Proof. We �rst prove that d in G(
T

iC
i)\IR is a uniform equilibrium pay-o�. So �x

x in
T

iC
i
with G(x) = d. Each player is required to play xiε i.i.d. where x

i
ε is (1�ε)xi+εȳi

(ȳi uniform on Si
). The checking is done at the end of blocs of increasing sizes, sayN� = 2�.

Player i is punished for N�C/ε stages if the empirical distribution of player j's signals on
bloc * di�ers by more than ε from what it should be according to Qj(xiε, �), namely if

maxtj maxaj
��Qj(xiε, t

j)(aj)�#f1 � m � 2�; ajm = aj; tjm = tjg
Æ
#f1 � m � 2�; tjm = tjg

�� �
ε. After the punishment phase one plays on bloc *+ 1.

Let ε0 = 6Cε. It is easy to check that the strategies described above will induce an

ε0-equilibrium with pay-o� within ε0 of d in a su�ciently long game, hence the result by

prop. 4.5 p. 165. (See sect. 3.c p. 195. for similar computations made in more detail).

If d 2 CoG(
T

iCi) \ IR, let just alternate between plays de�ned as above, correspon-

ding to di�erent points in G(
T

iCi). �

We will study now speci�c cases.

4.b.3. Observable pay-o�s. We still consider 2 players but we assume here that the

signal reveals the pay-o�, namely:

Gi(si, sj) 6= Gi(si, tj) ) Qi(si, sj) 6= Qi(si, tj) for all i, si, sj, tj.

This signalling structure implies speci�c properties on the pay-o�s like the following.

Lemma 4.10. 8x 2 X, (resp. Ci, Bi), 9yj such that (xi, yj) 2 X \ Cj, (resp.
Ci \Cj,Bi \Cj) and Gi(., xj) = Gi(., yj).

Proof. Given xj, let yj satisfying Qi(xj, �) = Qi(yj, �) and (xi, yj) 2 Cj
. The previous

equality implies that i's pay-o� against xj or yj is the same whatever be his strategy.

Hence if (xi, xj) 2 Ci
(resp. Bi

) we still have (xi, yj) 2 Ci (resp. Bi). �

Recall that vi is the minmax for i and that x−i(i) realises it.

Lemma 4.11. There exists a point d0 in G(
T

iC
i) with di0 � vi, i = I, II.

Proof. Start with x de�ned by the punishing strategy xi(j), i = I, II and use lemma

4.10 for both. �

Lemma 4.12. CoG(
T

iB
i) \ IR =

T
i CoG(Bi) \ IR.

Proof. Consider d in
T

i CoG(Bi) with dj maximal among the points in this set

with the same di. Decompose then d as a barycentre of pay-o�s from points in Bi
, say

d =
P

k λkG(xk). We now prove that xk is in Bj
for all k. In fact like in lemma 4.10

above, one could otherwise de�ne yk in Bi
inducing the same pay-o� to i and a strictly

better one to j. Averaging over the λ's would give a point in CoG(
T

iB
i) with a higher

dj.
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Now any point d in
T

i CoG(Bi) \ IR is in the convex hull of d̄ (same di and dj max-

imal on
T

i CoG(Bi)), d (de�ned dually) and d0 (introduced in lemma 4.11). These three

points being in G(
T

iB
i) the result follows. �

Given a set D � Rn
, its admissible points are those x 2 D, such that y � x, y 2 D

implies y = x.

Lemma 4.13. The set Ad of admissible points of G(
T

iB
i) is included in G(

T
iC

i).

Proof. Use again, like in lemma 4.10, the fact that if x is not in Ci
one can modify

xi to yi such that (yi, xj) 2 Ci\Bj
, player i's pay-o� is increased, player j's pay-o� is the

same. �

Theorem 4.14.

E∞ = C∞ = D∞ = CoG(
\

i
Bi) \ IR

=
\

i
CoG(Bi) \ IR

Proof. The inclusion is clear from theorem 4.8 since CoG(Bi) equals G(Ai).
We will represent all points in CoG(

T
iB

i)\IR as barycentres of points where �simple�

strategies will be used. We have already two components: d0 (lemma 4.11) and the ad-

missible part Ad (lemma 4.13).

Consider now pay-o�s on the other part of the boundary:

Lemma 4.15. Let d be an extreme point of CoG(
T

iBi) nAd such that di is maximal

among the points having in this set the same dj. Then d = G(x) for some x with:

(1) xj = sj is a pure move.
(2) xi is a best reply to sj among the set of yi satisfying

Qj(yi, sj) = Qj(xi, sj).

(3) tj � sj implies that tj is a duplicate of sj (i.e. same signals and pay-o�s to both
players).

Proof. Let d = G(y) with y 2
T

iB
i
. Note �rst that y 2 Ci

(otherwise like in lemma

4.10 p. 169 one could �nd y′ in Ci \ Bj
with same pay-o� for j and higher pay-o� for i.

Let us now prove that one can take yj pure. Otherwise for each tj in the support of yj,
(yi, tj) 2 Bj

. By lemma 4.10 again there exists xi(tj) such that (xi(tj), tj) 2 Ci\Bj
, keep-

ing the same pay-o� for j and increasing i's pay-o�. Hence if yj =
P
α(tj)tj, one obtains

dj =
P
α(tj)Gj(xi(tj), tj) and di �

P
α(tj)Gi(xi(tj), tj). d being a point of CoG(

T
iB

i)
with maximal di on the dj line implies that the second relation is an equality, hence

(yi, tj) 2 Bi \Bj
for all tj; d being extreme �nally implies d = G(yi, tj).

We can moreover assume that no sj satis�es sj � tj and tj 6� sj. Otherwise denote

again here by sj a maximal point for this preorder, maximising Gj(yi, �), among those. If

Gj(yi, sj) = Gj(yi, tj) take (yi, sj) as new initial point (obviously in Ci\Bj). If not, then
Gj(yi, sj) < Gj(yi, tj), (recall that (yi, tj) belongs to Bj

), and (yi, sj) in Ci \Bj
induces a

pay-o� d′ with di = d′i and dj > d
′
j contradicting the choice of d (d /2 Ad and is extreme).

Coming back to our pair (yi, tj), assume that there exists xi with Qj(xi, tj) = Qj(yi, tj)
and Gi(xi, tj) > Gi(yi, tj). One can then even assume (xi, tj) 2 Ci

(like in lemma 4.10).

The choice of d implies then (xi, tj) /2 Bj
.

By the above remark on tj letting (xi, sj) 2 Bj
with sj � tj, one has also tj � sj, so that:

Qj(xi, tj) = Qj(yi, tj) implies Qj(xi, sj) = Qj(yi, sj). Now Qj(xi, uj) = Qj(yi, uj) implies
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Gj(xi, uj) = Gj(yi, uj) for all uj, hence Gj(xi, tj) < Gj(xi, sj) implies Gj(yi, tj) < Gj(yi, sj)
and this again contradicts the fact that (yi, tj) is in Bj

. �

We can now describe the equilibrium strategies: decompose an IR pay-o� d as a (�-

nite) convex combination of pay-o�s induced by elements in Ci \ Cj
or extreme points

of CoG(
T

iB
i) n Ad, say d =

P
kα(k)d(k). A play corresponding to the pay-o� d(k) will

be used on a fraction α(k) of the stages (using as usual rational approximation). It is

thus su�cient to describe these plays: for points in G(
T

iC
i) use prop. 4.9 p. 169, for the

other points we use the previous lemma 4.15: let d = G(xi, sj) satisfying the correspon-

ding properties. Player j will be asked to play always sj and player I to play i.i.d. some

perturbation xiε of x
i
with strictly positive probability on each move.

It follows then easily from the properties of (xi, sj) that player i has no pro�table non-
detectable deviations (like in the previous theorem, j uses xj(i) for �nitely many stages

if the empirical distribution of signals di�ers too much from Qj(xi, sj)).
On the other hand to check that j does not deviate, since i is playing completely

mixed, the arguments in the proof of the previous theorem 4.8 p. 167 still apply: player j
will be repeatedly asked to report his signal at some random move and in case of pro�table

deviation with positive probability his answer will be wrong. �

4.b.4. �semi-standard� information. We end now this section by presenting a result

concerning the I person case where the signal received by each player is public and inde-

pendent of his own move.

The actions set Si
are equipped with a partition S̃i

and after each stage every player

is only informed of the element of the product partition that contains the vector of moves.

Denote by x̃i the probability induced by xi on S̃i
then the previous sets Bi

are now:

Di = fx 2 X j Gi(x) � Gi(yi, x−i) for all yi with ỹi = x̃i g
and they coincide with the previous Ci

.

Proposition 4.16. E∞ = CoG(
T

iD
i) \ IR

Proof. The proof that any pay-o� in the right hand side set can be achieved as an

equilibrium pay-o� is obtained as in prop. 4.9 p. 169 above, with a simpler proof. (Note

that the statistics on the signals send by i is common knowledge and there is no need for

xε.)
To get the other inclusion we explicitly use the fact that there exists a �common know-

ledge� σ-algebra, conditionally on which the moves of the players are still independent.

Indeed, the initial strategy σ can be replaced by σ̃ where at each stage n and for each

player i, σi
n(hn) is modi�ed to σ̃i

n(hn) = E(sin j h̃n) with hn in h̃n, without changing the

pay-o� or the equilibrium condition.

On the corresponding events h̃n, if σ̃ is not in Di
, player i can pro�tably deviate,

without being detected (as in lemma 4.7 p. 166). Denoting by Di
ε an ε neighbourhood of

Di
the equilibrium condition leads to L(Pr(eσn /2 Di

ε)) = 0, for all i and all positive ε. So
that L(Pr(eσn /2 TiD

i
ε)) = 0, hence also L(Pr(eσn /2 (

T
iD

i)ε)) = 0, for all positive ε.
Letting σ∗ such that σ∗(h) is in Di

a closest point to eσ(h), for all h, one obtains:

L(γn(σ∗)) = L(γn(eσ)), hence the result since the �rst term is in CoG(
T

iD
i) by ex. I.2Ex.13

p. 24 and ex. I.3Ex.10d p. 35). �

Remark 4.9. As the partitions become �ner the equilibrium set increases (basically

the set of non-detectable deviations is smaller): one goes from the convex hull of E1
(equilibrium pay-o�s set of Γ1) to the set of feasible i.r. pay-o�s (theorem 4.1 p. 163).
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Remark 4.10. Note that E∞ may di�er from CE∞ (take a game where CoE1 6= CE1
and let eSi = fSig).

Exercises.

Full monitoring is assumed in exercises IV.4Ex.1�IV.4Ex.7.

1. Use the fact that 1(X) is connected and ex. I.3Ex.10 p. 34. to prove that Dλ = D for

� � 1=#I. Show that it is the best bound.

2. Prove theorem 4.2 p. 164 in the general case for #I = 2.

In the following exercises on subgame perfect equilibria we will denote by E′∞, E′
n, E

′
λ the set

of subgame perfect equilibrium pay-o�s in �∞, �n, �λ.

3. Perfect Folk Theorem. (Aumann and Shapley, 1976), (Rubinstein, 1977) Prove that
E′∞ = E∞ = E.

Hint. In the proof of theorem 4.1 p. 163 it su�ces to punish the last deviator (say at stage n) during
n stages, then revert to the original plan (ignoring deviations during punishment phases).

4. A property of subgame perfect equilibria in discounted multi-move games.

Say that � i is a one-stage deviation from �i if � i coincides with �i except at some history hn.
Prove that an n-tuple � is a subgame perfect equilibrium in �λ i� there is no pro�table

one-stage deviation in the subgame starting at that stage.

Hint. No stationary structure is required: we only need the total pay-o� to be the discounted sum

of the uniformly bounded stage pay-o�, in fact simply continuous.

Use the continuity to reduce to the case where σ is always played from some stage on and look at

the last stage where a deviation is still pro�table.

5. A recursive formula for subgame perfect equilibria in discounted games. Given
a bounded set F of RI, let �λ(F ) be the set of equilibrium pay-o�s of the one-shot games with
pay-o� �1+ (1� �)f , where f is a mapping from S (histories at stage 2) to F . Prove that E′

λ
is the largest (for inclusion) bounded �xed point of �λ.

Hint. Assume F ⊆ φλ(F ) and construct inductively a sequence of future expected pay-o�s and

adapted equilibria. Prove that the strategies de�ned by this sequence induce the same future expected

pay-o� so that F ⊆ E′
λ by using the previous exercise.

6. Prove theorem 4.2 p. 164 under the assumption: 9d 2 D; di > vi, for all i 6= 1.

Hint. Show that either the condition of theorem 4.2 holds or there exists no feasible pay-o� with

d1 > v1.

7. (Fudenberg and Maskin, 1986) Consider the following 3 person game (player I chooses
the row, player II the column, player III the matrix):�

(1; 1; 1) (0; 0; 0)
(0; 0; 0) (0; 0; 0)

� �
(0; 0; 0) (0; 0; 0)
(0; 0; 0) (1; 1; 1)

�
Prove that any point (z; z; z) in E′

λ (or in E′
n) satis�es z � 1=4, for all � 2 (0; 1) (and all n � 1).

Compute E and compare with theorem 4.2 p. 164.
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8. Perfect equilibria in discounted games. (Fudenberg and Maskin, 1986) Assume E
with non-empty interior. Prove that E′

λ converges to E.

Hint. Consider d in D such that the ball centred at d with radius 3ε is included in E and let h(ε, λ)
be ε-adapted to d (i.e., such that γλ(h) = d and |γλ(h′′)− d| ≤ ε for any decomposition h = (h′, h′′)).
De�ne R such that 2C < Rε and for each i and every history / of length R, let d(/, i) be de�ned by

dj =
∑R
n=1λ(1 − λ)n−1γjn(/n) + (1 − (1 − λ)R)dj(/, i) for j �= i, and by di(/, i) = di − 2ε. Observe that

for λ small enough one has d(/, i) ∈ E and
∣∣dj(/, i)− dj

∣∣ ≤ ε, and prove that for λ small enough, there

exists h̃(/, i)(= h̃) ε-adapted to d(/, i) with moreover γ̄iλ(h̃
′′) ≥ di(/, i) for all decompositions h̃ = (h̃′, h̃′′).

Consider now the following strategies σ: Play h, if i deviates use R times x−i(i) then if / have been

achieved follow h̃(/, i). Inductively if h̃(/′, j) is played and player k deviates use R times x−k(k) then if

/′′ results follow h̃(/′′, k). Deviations during the R stages where some punishment strategy is used are

ignored.

9. Lower equilibrium pay-o�s (Nontrivial signalling). (Lehrer, 1989) Say that � is

a lower equilibrium if: n(�) converges to some (�) and for all i and all � i, lim inf in(�
i; �−i) �

i(�). Denote by lE∞ and lC∞ the corresponding sets of equilibrium and correlated equilibrium

pay-o�s.
a. Prove that lC∞ � G(Ai).

Hint. Prove like in theorem 4.8 that otherwise player i has pro�table deviations on a set of stages

with positive lower density.

b. Prove that
T

iCoG(B
i) \ IR � lE∞.

Hint. De�ne a sequence of blocs of length /n with /n/
∑
k≤n /k → ∞. On odd blocs approximate d

in
⋂
iCoG(Bi) by a rational combination of points in g(Bi), where moreover player I uses a pure move.

Let then player II use an i.i.d. sequence of perturbations with full support of his previous mixed move.

Player I is thus checked on odd blocs (deviations where ti �∼ si will be detected with high probability and

punished during a large �nite number of stages). For the other deviations he is asked to report, using

the usual code, at stage n2 the signal he got at stage n. A similar construction holds for II on even blocs

and punishments are forever.

c. Deduce that lE∞ = lC∞ =
T

iG(A
i) \ IR

d. Show that
T

iG(A
i) \ IR 6= G(

T
iA

i) \ IR and similarly for Bi.

Hint. Take
( (2,2) (1,1)

(1,1) (0,0)

)
and white signals (duplicating strategies if necessary).

10. Trivial signalling. Prove that if player I has trivial information (i.e., QI(sI; �) constant
on SII for all sI) the previous results (theorem 4.8 p. 167, Theorem 4.14 p. 170 and ex. IV.4Ex.9

p. 173) hold with Ai replaced by:

~Ai = fP 2 �(S) j
X

sj
P (si; sj)Gi(si; sj) �

X
sj
P (si; sj)Gi(ti; sj)

for all si; ti with ti � si g

and Bi by Ci.

11. Correlated equilibria with semi-standard information. (Naudé, 1991) Prove

that, in the framework of 4.b.4 p. 171, C∞ = D∞ = G(
T

iA
i) \ IR.
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12. A constructive approach to E∞. (Lehrer, 1992b) Given " > 0, de�ne:

Ci
ε = fx 2 X j Gi(xi; xj) � Gi(yi; xj)� " for all yi 2 Xi with Qj(xi; �) = Qj(yi; �) g

and let Cε =
T

iC
i
ε.

De�ne similarly C
(n)
ε for the n-stage game Gn viewed as a one-shot game in normal form

with the natural extension of the signalling function Q.

Prove that: E∞ =
T

ε

�S
nGn(C

(n)
ε )

�
.

Hint. Use the ideas of the proof of prop. 4.9 p. 169.

13. Internal correlation. (Lehrer, 1991)

a. Assume that two players can communicate through the following public signalling matrix

Q =
�
a b
b b

�
, where a and b are two arbitrary signals.

Consider now any S�T correlation matrixM corresponding to a canonical correlation device

and with rational entries, say rst=r. We will describe a procedure and strategies (�; �) of both
players that will generate M and such that unilateral deviations �′ satisfying �′ � � (with re-

spect to the distribution on signals induced by Q) will still mimic M in terms of probabilities

and information.

(1) Let R be the l.c.m. of the rst. We de�ne a (S � R) � (T � R) matrix � of zeros and

ones as follows: the �bloc� (s; t) is a R�R matrix of the form:0BBB@
�1� �0� � � � �0�

�0� �1� � � � �0�
...

...
. . .

...

�0� �0� � � � �1�

1CCCA
where �1� (resp. �0�) stands for a rst� rst matrix of ones (resp. zeros).

Denote by (�; �) an entry of � and note that if � 2 s (i.e. � is a line in

the bloc s), then:
P

β∈t�(�; �) = rst. Assume now that � and � are chosen at

random uniformly. Then one has P (� 2 s; � 2 t j �(�; �) = 1) = rst=r and

P (� 2 t j �;�(�; �) = 1) = rst∑
k rsk

.

The matrix Q is now used to check whether (�; �) 2 Z = f (�; �) j �(�; �) = 0 g:
Top (resp. Left) meaning �yes, I uses �� (resp. II uses �), Bottom (resp. Right) meaning

�no�, and recall that an answer �no� is not informative.

(2) The strategy � (� is similar) is now formally de�ned as follows:

Step 1: Choose � uniformly among the S �R lines of �.
Step 2: Given an enumeration of the elements of Z, answer by yes each time an

element (�′; �′) is checked, with � = �′.
Step 3: Finally report: �I chose ��, by using a code as usual (cf. the proof of theorem

4.8 p. 167).

A pure strategy for I, say !, is thus de�ned by a couple (fω; �ω), where fω is a

mapping from Z to fyes, nog and �ω is a line of �. An alternative strategy �′ is thus a
probability, say P ′ on such !'s.

(3) The procedure works as follows: there is �rst a checking phase corresponding to answers

to an enumeration of Z. As soon as the entry a of Q appears (corresponding under �
and � to a double �yes�), the procedure starts again. If this occurs at a stage where

(�; �) is checked, we call this event: a failure at (�; �). If the previous phase generates
a sequence of b's, called it a success, one proceeds to the report phase.

Clearly, under � and � , the procedure will produce an outcome (�; �) after a random time with

�nite expectation. Prove that if �′ � �, it will induce the same distribution on outcomes, given

� .
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Hint. Show that ∀β: P ′{ω | fω(·, β) leads to failure at α } = 1
S×R , ∀α : (α, β) ∈ Z; and that

P ′{ω | θω = α, fω(·, β) yields success } = 1(α,β)/∈Z

#{α|Φ(α,β)=1 } ; which in turn implies P ′{ω | θω = α } = 1
S×R .

Finally, given θω = α, prove that: {β | Φ(α, β) = 1 } = {β | fω(·, β) induces a success } and conclude.

b. Consider a two-person game with the following signalling structure: given any pair of

moves (s; t), the signal is public and is either (s; t) or a constant, say �.
Say that s is non-revealing if the corresponding line of signals contains only �, and revealing

otherwise. In case of only non-revealing moves, E∞ is obviously the convex hull of E1. We now

assume the existence of revealing moves.
Then E∞ = C∞ = D∞ = G(

T
iA

i) \ IR.

Hint. Prove the result directly if one player has only revealing strategies.

Otherwise note that there exists a submatrix of signals like the Q described in part IV.4Ex.13a. By

ex. IV.4Ex.12 it is then enough to show that for any pay-o� d in G(
⋂
iA

i) and any ε > 0 there exists n

and (σ̃, τ̃) in Gn inducing d′ in C
(n)
ε , ε-close to d.

Given M in
⋂
iA

i, use the strategies (σ, τ ) de�ned in part IV.4Ex.13a, adding between step 2 and

step 3 a large (compared to the expected length of the checking and report phases) number of stages, say

L, during which (s, t) is played if (α ∈ s, β ∈ t).
[Note that if σ̃′ ∼ σ̃ and σ̃′ produces some α ∈ s, there is no gain in playing s′ �= s during the above

L stages � in fact either player I's signal is ζ or his move is revealed.]

5. Recursive games

Recursive games were �rst de�ned and studied by Everett (1957). They are two-per-

son zero-sum stochastic games where the pay-o� is either 0 or absorbing. More precisely

we are given a �nite set J [K of states, sets of actions S, T , a transition probability Q
from K � S � T to J [ K and some real function G on J . The game Γ is now played

as follows: given some state kn in K at stage n, both players choose simultaneously their

moves (sn, tn) and a new state kn+1 is selected according to Q, the current stage pay-o�
being 0. If kn is in J the pay-o� is gn = G(kn) for each following stage. It follows that

given any play h∞ we can associate to the stream of pay-o�s g its Cesàro limit g, i.e.
limn→∞ ḡn exists. Γ is thus a �well de�ned� game in normal form with vector pay-o� func-

tion γ(σ, τ) = Eσ,τ(ḡ), (γ
k(σ, τ) being the pay-o� in Γk

, i.e. Γ where the initial state is k).
Obviously we are interested only in Γk

for k in K and we will just consider those.

Note now that if we de�ne the stopping time θ on H∞ by: θ(h) = min(fn j kn 2
J g [ f1g) the pay-o� is given by ḡ(h) = 1θ(h)<∞G(kθ(h)).

The analysis is somehow easier if we use another representation. First we will shift

the pay-o�s one stage backwards, so that at stage n, given (kn, sn, tn) in K � S � T the

pay-o� is
P

j∈JQ(j; kn, sn, tn)G(j) � E(fn) where fn = G(kn+1)1J(kn+1).

We can now let fn be 0 if kn is in J and de�ne the pay-o� up to stage n f̃n as the sum
of the previous pay-o�s, f̃n =

Pn
m=1 fm. It is then clear that f̃n converges to some f̃ and

that starting from k in K, ḡ and f̃ coincide.

We will also write P for the restriction of Q to K, hence for all s, t, P (s, t) is a positive
kernel on K with mass less or equal to 1.

Given α in RK
, let Gk(α) be the one-stage game obtained through Γ starting from k

and with an absorbing pay-o� of α�
if * in K is the state at stage 2. If this game has a

value, we denote it by Uk(α).
Note that the recursive formula 3.2 p. 158 says that if Γ has a value w it veri�es

w = U(w).
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A strategy is Markov (resp. stationary) if it depends only on the current state and

stage (resp. state). We can now state the main result due to Everett (1957) (cf. also

Orkin, 1972c):

Theorem 5.1. If U exists on K � RK the recursive game have a value. Moreover
both players have ε-optimal Markov strategies. (In particular if S and T are �nite and
then the above strategies are stationary).

Proof. We �rst prove two lemmas, the �rst being straightforward.

Lemma 5.2. (1) kU(α)� U(β)k � kα� βk
(2) if α � β in RK then U(α) � U(β) in RK

We de�ne now the following sets:

C1 = fα 2 RK j Uk(α) � αk
and Uk(α) > αk

if αk > 0 g
C2 = fα 2 RK j Uk(α) � αk

and Uk(α) < αk
if αk < 0 g

The vectors in C1 minorate the maxmin of Γ since we have:

Lemma 5.3. Player I can guarantee any α in C1 with Markov strategies.

Proof. Given α in C1, de�ne K(α) = f k 2 K j αk > 0 g. Let δ = minfUk(α)� αk j
k 2 K(α) g, hence δ > 0, and �nally let e = 1K(α) in R

K
. Given ε > 0, denote by xkn an

(ε/2n) optimal strategy of player I in Gk(α) and de�ne σ as: play according to xkn in state

k, at stage n. For any strategy τ of player II, one has using the de�nition of σ and the

choice of α:

Eσ,τ(
Xn

m=1
fm + αkn+1 jHn) �

Xn−1
m=1

fm + αkn + δekn� ε/2n

Hence by recursion:

Eσ,τ(
Xn

m=1
fm + αkn+1) � αk1 + δ E(

Xn

m=1
ekm)� ε

Now, since α � δMe for M large enough we obtain �rst:

ϕn(σ, τ) = Eσ,τ( efn) � αk1 + δ E(
Xn

m=1
ekm� ekn+1)� ε

Thus E(
P
ekm) converges, so E(ekn+1) goes to 0 hence:

�(1) γ(σ, τ) = limϕn(σ, τ) � α� ε.
So it will thus su�ce to show by induction on #K, the number of active states, that

C̄1 \ C̄2 6= ;, where C̄i denotes the closure of Ci.

Assume �rst #K = 1 and consider G1(α). By lemma 5.2.1 p. 176 U 1 is a non-expansi-
ve mapping from [�C,C] to itself, where as usual C is an uniform bound on the pay-o�s.

It follows that U 1 has a non-empty closed interval of �xed points and we will write α∗

for one of its elements with smallest norm. α∗
belongs to C̄1: if α∗ � 0, because it is

�xed point of U 1; while if α∗ > 0, let α < α∗
then U 1(α) > α, implying α is in C1 hence

α∗ 2 C̄1. Dually α∗ 2 C̄2.
Assume now that C̄1 \ C̄2 6= ; for all games with strictly less than #K active states.

Obviously this set is then reduced to the value vector.

For each real α, de�ne the game Γ1(α) as a recursive game with #K � 1 active states

deduced from Γ by adding to J state 1 with an absorbing pay-o� α. By induction it has a

value for all initial k. Write Φ1(α) for the vector in R
K
of its components in K. Consider
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now G1(Φ1(α)) and write u(α) = U 1(Φ1(α)) for its value. Obviously u is a non-expansive
mapping from [�C,C] to itself and we choose again α∗

to be a �xed point with minimum

norm.

We claim that Φ1(α
∗) belongs to C̄1. Consider the 2 cases:

If α∗ > 0, we can choose as above for every positive and small enough ε, α = α∗�ε > 0
such that u(α) > α. By induction there exists, for all δ > 0 a K � 1 dimensional vec-

tor β such that
��βk � Φk

1(α)
�� � δ and β belongs to the set C1 of the reduced game

fΓk
1(α) j k 2 K, k 6= 1 g. Using lemma 5.2 we obtain by continuity that U 1(α, β) > α for

δ small enough. Note that for k 6= 1, Uk(α, β) is also the value of G′(β), where G′
is the

one-shot game related to fΓk
1(α) j k 2 K, k 6= 1 g. Thus (α, β) belongs to the set C1 for

the original game, hence the claim.

If α∗ � 0, let L be the set of states k in K for which Φk
1(α

∗) = α∗
and denote by M

its complement in K. Consider the recursive game ΓL(α)with active states set M , where

the states in L are now absorbing with same pay-o� α and write ΦL(α) for its vector of
values on K. Note that U(Φ1(α

∗)) = Φ1(α
∗) = ΦL(α

∗), for all k in K (recursive formula

3.2).

Then we have Φk
L(α

∗) � Φk
L(α) < α∗ � α for all α < α∗

and all k in M . In-

deed, given σ∗ (resp.τ) ε-optimal for player I (resp. player II) in Φk(α∗) (resp.Φk(α)),
let π = Prσ∗,τ(9n; kn 2 L). The pay-o� corresponding to (σ∗, τ) in Φk

L(α
∗) (resp.

Φk
L(α)) can be written as πα∗ + (1 � π)c (resp. πα + (1 � π)c) hence we obtain:

π(α∗ � α) � Φk
L(α

∗) � Φk
L(α) � 2ε. Letting ε ! 0, this implies �rst the weak inequality

above and that equality would yield π ! 1, so Φk
L(α

∗) = α∗
, contradicting the de�nition

of M .

It follows that for all ε > 0, there exists δ > 0 such that Φk
L(α) � δ � Φk

L(α
∗) � ε for

α = α∗� ε and all k in M . Let now ξ in RM
be such that:

(2)
��ξk � Φk

L(α)
�� < δ k 2M

(3) ξ belongs to the set C1 of the reduced game fΓk
L(α) j k 2M g

One has Uk(ΦL(α
∗) � ε) � α∗ � ε for all k in L. By monotonicity this implies

Uk((ΦL(α)� δ)1M, α1L) � α for all k in L, hence using (2) we obtain:

(4) Uk(ξ, α1L) � α for all k in L

Since α � 0, (3) and (4) just imply that (ξ, α1L) is in the set C1 for the original game.

Using the continuity (lemma 5.2 again) we �nally get that Φ1(α
∗) belongs to the closure

of C1 and this proves the theorem. �

Exercises.

1. Applications of recursive games.

a. (Orkin, 1972c) Consider the games de�ned in 2.b p. 83. Let T1; : : : ; Tn be disjoint sets of
positions of length k with corresponding pay-o�s c1; ::cn. Let T =

S
1≤i≤nTi, � be the entrance

time in T after any position: � = min(fn j (!n−k+1; : : : ; !n) 2 T g[f1g), and de�ne the pay-o�

as g(h∞) = 1θ<∞:ci1h∞∈Ti
.

Prove that the game has a value.

b. Consider a �nite (i.e. S; T;K, �nite) two-person zero-sum discounted stochastic game �λ

(at each stage both players know the previous history). Using theorem 5.1 p. 176 prove that vλ
exists.



178 IV. GENERAL MODEL OF REPEATED GAMES

2. Ruin games. (Milnor and Shapley, 1957) Let G be an S�T real matrix, and 0 � r � R.
The ruin game associated, �(r) is a repeated game where both players choose moves (sn; tn) at
stage n inducing a new fortune rn = rn−1 + Gsntn with r0 = r. The pay-o� is 1 (resp. 0) on

every play where [R;+1) (resp.(�1; 0]) is hit �rst and some function Q on H∞ otherwise, with

0 � Q � 1.
a. Preliminary results. Given a real function f : R ! R we introduce Wf : R ! R where

Wf(r) is the value of the S � Tmatrix Bf(r) with coe�cients f(r +Gst).
i. Let:

(Tf)(r) =

8><>:
1 r � R

W (r) and R > r > 0

0 0 � r:

Prove that if player I can guarantee f(r) in �(r), for all r 2 R, he can also guarantee (Tf)(r).

ii. Let f0(r) = 1[R,+∞[(r) and fn = Tfn−1. Prove that fn " f , that f is increasing and that

player I can guarantee it. De�ne similarly f0(r) = 1]0,+∞[ and �f = lim # Tnf0.

iii. Prove that if �(r) has a value v(r), then v satis�es:

(?) v = Tv and f � v � �f

Deduce from IV.5Ex.2aii that if (?) has a unique solution, w, then w is the value of � and it is

independent of Q.

b. Special case: coe�cients in Z.

i. Let G =
�
rr1 −b
−c d

�
with b; c; d 2 N∗. Prove that f is strictly monotone on the integers in

(0; R).

Hint. Let w be another solution of (-) and k = max{n | ∣∣w(n)− f(n)
∣∣ = δ = maxm

∣∣w(m)− f(m)
∣∣ }.

Assume w(k) > f(k). Let x (resp. y) be an optimal strategy for player I (resp. II) in Bw(k) (resp. Bf(k))).
Compute the pay-o� associated to (x, y) to prove δ = 0 and conclude.

ii. Assume Q constant and prove directly that � has a value by using theorem 5.1.

c. Further results.

i. Given w bounded solution of (?) de�ne a w-local strategy of player I as follows: given

the fortune rn 2 (0; 1) at stage n, play at stage n + 1 an optimal strategy in Bw(rn). Let

� be a w-local strategy. Prove that, for every � , Ww(rn) is a bounded submartingale and

Pσ,τ(rn > 0;8n) � w(r0).
Deduce that: if Q � 1(resp.Q � 0), � has a value �f , (resp. f); moreover if w is strictly

monotone and Gst 6= 0; 8(s; t) the game has a value, independent of Q.

ii. Properties of �f . Prove that the following conditions are equivalent:

(1) �f is continuous at R
(2) �f(r) = 1 on (0;+1)
(3) G has a non-negative row.

iii. Properties of f . Prove that the following conditions are equivalent:

(1) f is continuous at R

(2) f(r) = 1 on (0;+1)
(3) Every subset of columns of G has a non-zero, non-negative row.

Hint. To prove 3 ⇒ 2, let q be the smallest non-zero |Gst| and r such that f(r) < f(r+q). Consider
then an optimal strategy of player I in Bf(r).
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d. A special case: if G is zero-free, then Γ has a value, independent of Q.

Hint. We can assume that the value of G is positive and by IV.5Ex.2ciii that f is discontinuous at R.
We are going to construct a strictly monotone solution of some approximation Tε of T . Let C = max |Gst|
and de�ne:

w0(r) =

{
ε(r −R− C) r < R

1 + ε(r −R− C) r ≥ R
and wn(r) =


ε(r − R− C) r ≤ 0
Bwn−1(r) r ∈ (0, R)
1 + ε(r −R − C) r ≥ R

(1) Prove that wn(r) ↑ to some w(r).
(2) Prove that for ε small enough wn(r) − εr is monotone for all n.(For the case 0 < r < R ≤ s,

prove that wn ≤ f and choose ε such that εC ≤ 1− f(R−)).
(3) Deduce then the result.

For the existence of optimal strategies, cf. (Milnor and Shapley, 1957).

e. General case. We assume here the following restriction on Q: whenever rn converges, say

to r 2 (0; R), then the value of Q on the corresponding history is only a function, say P ∗, of r.
We extend now P ∗ to R by putting P ∗ = 0 on (�1; 0] and = 1 on [R;+1) and we de�ne Q∗ as
the restriction of Q to non-convergent pay-o�s.

If P ∗ is increasing then � has a value, independent of Q∗.

Hint. (1) Consider the following auxiliary game Γ∗
w(r), for w bounded and r ∈ (0, R). If

Gst �= 0 the pay-o� is w(r + Gst) and the game ends. If Gst = 0 the game is repeated. The

pay-o� corresponding to a non-terminating play is P ∗(r). Use theorem 5.1 p. 176 to prove that

Γ∗
w(r) has a value V ∗

w(r).

(2) De�ne a new operator T ∗ by: T ∗w(r) =

{
V ∗
w(r) r ∈ (0, R)
P ∗(r) r /∈ (0, R)

and introduce f∗ as in IV.5Ex.2aii.

Prove that there exists a monotone solution to:

(--) T ∗w = w

(3) Assume that (--) has a strictly monotone solution w. Prove that w is the value of Γ. [Let

εm = ε/2m+1, nm = min{ l ≥ nm−1 | rl �= rnm−1 }; player I plays an εm-optimal strategy in

Γ∗
w(rnm

) between stages nm and nm+1 − 1.]
(4) De�ne now, as in IV.5Ex.2d), P ∗

ε as being equal to P ∗ on (0, R) and

P ∗
ε (r) =

{
ε(r −R− C) r ≤ 0
1 + ε(r −R− C) r ≥ R

Prove then that the corresponding equation (--) possesses, if the value of G is positive and f∗
is discontinuous at R, a strictly monotone solution.

(5) Prove �nally that if f and P ∗ have jumps at R so does f∗ and conclude by approximating P ∗.

3. A game with no value. (Zamir, 1971�1972)

a. Consider the game with incomplete information, where k 2 K = f1; 2g is chosen accord-

ing to p = (1=2; 1=2) and remains �xed, no player being informed of it:

G1 =

�
0 8
0 8

�
; A1 =

�
a a
b c

�
; G2 =

�
8 0
8 0

�
; A2 =

�
a a
d c

�
:

After each move (s; t), Ak
st is announced to both players. Prove that lim vn = v∞ = 4.

b. Consider now �, played as in IV.5Ex.3a, with K = f1; 2; 3g, p = (1=4; 1=4; 1=2),
Gk; Ak; k = 1; 2 as above and

G3 =

�
0 �4
0 0

�
; A3 =

�
a a
e f

�
:
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i. Prove that �v = lim vn = 1.

Hint. Let II play (1/2,1/2) as long as a is announced and optimally thereafter. For player I take
sn = 1 if Pτ(tn = 1) ≥ 1/2, 2 otherwise.

ii. Prove that v = 0.

Hint. Let qn = Pσ(sn = 1 | am = a, ∀m = 1, . . . , n − 1) and q =
∏∞

1 qn. If q = 0, player II plays
tn = 1 as long as a appears. If q > 0, player II plays tn = 1 up to some large stage N and tn thereafter.

4. Duels. We consider here a noisy duel (cf. ex. I.2Ex.9 p. 22) between time 0 and 1, with

symmetric accuracy function Q(t) = t, and where player I (resp. II) has m bullets (resp. n). Let
v(m;n) be the corresponding value.

a. Prove that v(1; 1) = 1=2 and that both players have optimal strategies.

b. Prove by induction (recursive formula) that: v(m;n) = (m� n)=(m+ n), that player I
has an optimal strategy as long asm > n (shoot at time 1=m+ n if player II did not shoot before)
and only "-optimal strategy otherwise (shoot at random on a small interval around 1=m+ n, if
player II did not shoot before).
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CHAPTER V

Full Information on one Side

We start now to study repeated games with incomplete information. In the present

chapter we consider the simplest class of those games namely two-person zero-sum games

in which one player, say player I, is fully informed about the state of nature while the

other player, player II, knows only the prior distribution according to which the state is

chosen.

1. General properties

In this section we prove some general properties of a one-shot game with incomplete

information which will be later on applied to various versions of the game: �nitely or

in�nitely repeated games or discounted games. The game considered here is a two-person

zero-sum game of the following form: chance chooses a state k from a �nite set K of

states (games) according to some probability p 2 Π = ∆(K). Player I (the maximiser) is

informed which k was chosen but player II is not. Players I and II then choose simultan-

eously σk 2 Σ and τ 2 T respectively and �nally Gk(σk, τ) is paid to player I by player II.
The sets Σ and T are some convex sets of strategies and the pay-o� functions Gk(σk, τ)
are bi-linear and uniformly bounded on Σ�T .

In normal form this is a game in which the strategies are σ 2 ΣK
and τ 2 T re-

spectively and the pay-o� function is Gp(σ, τ) =
P

k p
kGk(σk, τ). Denote this game by

Γ(p).

Theorem 1.1. w(p) = infτ supσG
p(σ, τ) and w(p) = supσ infτ G

p(σ, τ) are concave.

Proof. The proof is the same for both functions. We write it for w(p). Let (pe)e∈E

be �nitely many points in ∆(K), and let α = (αe)e∈E be a point in ∆(E) such thatP
e∈E αepe = p, we claim that w(p) � P

e∈E αew(pe). To see that consider the following

two-stage game: A chance move chooses e 2 E according to the probability distribution

(αe)e∈E, then k 2 K is chosen according to pe, the players choose σ
k 2 Σ and τ 2 T re-

spectively and the pay-o� is Gk(σk, τ). We consider two versions in both of which player

I is informed of everything (both e and k) while player II may or may not be informed of

the value of e (but in any case he is not informed of the value of k).
Now if player II is informed of the outcome e, the situation following the �rst lottery

is equivalent to Γ(pe). Thus, the infτ supσ for the game in which player II is informed

of the outcome of the �rst stage is
P

e∈E αew(pe). This game is more favourable to II
than the game in which he is not informed of the value of e, which is equivalent to

Γ(
P

eαepe) = Γ(p). Therefore we have:

�(1) w(p) �
X

e∈E
αew(pe).

Remark 1.1. Since player II's strategy space and the pay-o� function are comple-

tely general, nothing prevents the game to be a normalised form game in which player

II �rst observes the result of a k-dependent lottery, i.e. his own �type�, and then chooses

183
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his action. We obtain thus the concavity of w(p) and w(p) in games with incomplete

information on both sides, when p is restricted to the subset of the simplex where player

I's conditional probability on the state k, given his own type, is �xed.

Remark 1.2. The concavity of w(p) can also be proved constructively. For this let us

�rst prove the following proposition which we shall refer to as the splitting procedure:

Proposition 1.2. Let (pe)e∈E be �nitely many points in ∆(K), and let α = (αe)e∈E

be a point in ∆(E) with
P

e∈E αepe = p, then there are vectors (µk)k∈K in ∆(E) such that

the probability distribution P on K � E obtained by the composition of p and (µk)k∈K

(that is: k 2 K is chosen according to p and then e 2 E is chosen according to µk,)
satis�es: For all e 2 E,

P (� j e) = pe and P (e) = αe

Proof. If pk = 0, µk can be chosen arbitrarily in ∆(E). If pk > 0, µk is given by

µk(e) = αep
k
e/p

k
. Using Bayes' formula the required properties are directly veri�ed. �

Corollary 1.3. The function w(p) is concave.

Proof. Let p =
P

eαepe. Let player I use the above described lottery and then use

ε-optimal strategy in Γ(pe). In this way he obtains at least
P

eαew(pe)� ε, even if player

II were informed of the outcome of the lottery. So w(p) is certainly larger than that. �

Proposition 1.4. For any τ 2 T , the function supσG
p(σ, τ) is linear in p.

Proof. Indeed, player I just optimises given k (and τ), yielding:

�(2) sup
σ
Gp(σ, τ) =

X
k
pk sup

σk

Gk(σk, τ).

Comment 1.3. The last proposition provides another proof of the concavity of w(p).

Corollary 1.5. If Σ = ∆(S) and T = ∆(T ) where S and T are �nite, then the
function w(p) is piecewise linear.

Proof. Knowing already that w(p) is concave, we have to show that the set

A = fα = (αk)k∈K 2 RK j 9τ such that Gk(sk, τ) � αk ; 8sk 2 S 8k g
is a convex polyhedron. This is true since it is written as the projection of the polyhedron

(in (α, τ) 2 RK �RT
):

f (α, τ) j
X

t∈T
τtG

k(sk, t)� αk � 0 ; 8sk 2 S 8k g

Indeed since obviously A � fα 2 RK j αk � �C 8k g, for su�ciently large constant C,
any point in A is minorated by a convex combination of extreme points. Hence we have

w(p) = minα

P
kαkpk where α varies over the �nitely many extreme points. �

Another general property worth mentioning is the Lipschitz property of all functions

of interest in particular w(p). This follows just from the uniform boundedness of the

pay-o�s, and hence it is valid for any repeated game as de�ned in ch. IV p. 147.

Theorem 1.6. The function w(p) is Lipschitz with constant C (the bound on the
absolute value of pay-o�s).

Proof. Indeed the pay-o� functions of two games Γ(p1) and Γ(p2) di�er by at most

C kp1� p2k1. �
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Definition 1.7. Given any real valued function f on Π = ∆(K), we denote by Cav f
the (point-wise) minimal function g, concave and greater than f on Π.

2. Elementary tools and the full monitoring case

In this section we introduce some elementary tools frequently used in repeated games

with incomplete information. We do this by studying �rst the relatively simple special

case of full monitoring. This is the case in which the moves (and only the moves) of

the players at each stage are observed by both of them and hence they serve as the (only)

device for transmitting information about the state of nature. This important special case

will serve to show the results and the main ideas in a relatively simpler framework. The

more complex general case will be treated in later sections.

The game considered here is a special case of the general model introduced in ch. IV

p. 147: There are two players, I and II with �nite action sets S and T respectively. The

state space is a �nite set K on which the prior probability distribution is p 2 ∆(K).
The pay-o� in state k 2 K is given by the (S � T ) matrix Gk

with elements Gk
st. Let

C = maxk,s,t
��Gk

st

��.
The repeated game Γ(p) is played as follows:

� At stage 0 a chance move chooses k 2 K with probability distribution p 2 ∆(K).
The result is told to player I, the row chooser, but not to player II who knows

only the initial probability distribution p.
� At stage m; m = 1, 2, . . . player I chooses sm 2 S and II chooses tm 2 T and

(sm, tm) is announced. The pay-o� gm, for player I, is G
k
smtm.

Denote the n-stage game by Γn(p) and its value by vn(p) (cf. sect. 1.b p. 148). The in�nite

λ-discounted game is denoted by Γλ(p) and its value by vλ(p). We also consider the in-

�nitely repeated game Γ∞(p) without specifying the pay-o� function and with the usual

de�nitions of minmax, maxmin and value v∞(p) (cf. sect. 1.c p. 149).
To �x ideas think of the following example:

Example 2.1. Consider a game with two states K = f1, 2g in which the pay-o�s and

the probability are given by:

G1 =

�
1 0
0 0

�
G2 =

�
0 0
0 1

�
p = (1/2, 1/2)

The main feature of these games is that the informed player's moves will typically

depend (among other things) on his information (i.e. on the value of k). Since these

moves are observed by the uninformed player, they serve as a channel which can transfer

information about the actual state k. This must be taken into account by player I when
choosing his strategy. In our example for instance playing at some stage the move s = 1
if k = 1 and s = 2 if k = 2 is a dominant strategy as far as the pay-o�s at that stage

are concerned. However such behaviour will reveal the value of k to player II and by that

enable him to reduce the pay-o�s to 0 in all subsequent stages. This is of course very

disadvantageous in the long run and player I would be better o� even by simply ignoring

his information: playing the mixed move (1/2, 1/2) at each stage independently of the

value of k guarantees an expected pay-o� of at least 1/4 per stage. We shall see that this

is in fact the best he can do in the long run in this game.

2.a. Posterior probabilities and non-revealing strategies. For n = 1, 2, . . ., let
H IIn = [S � T ]n−1 be the set of histories for player II, or II-histories at stage n. (An ele-

ment hn 2 H IIn is a sequence (s1, t1; s2, t2; . . . ; sn−1, tn−1) of moves of both players in the
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�rst n � 1 stages of the game; it is known by both players at stage n.) Compared with

the similar notations in (IV.1.a), a II-history does not contain the state k and the set of

plays is H∞ = K� (S�T )∞, with the usual σ�algebraH∞. LetH II
n be the σ-algebra on

H∞ generated by the cylinders above H IIn and corresponding to II's information partition

(sect. 1.b p. 148).

Any strategies σ and τ , of players I and II respectively and p 2 ∆(K) induce a probab-
ility distribution P p

σ,τ on the measurable space of plays. This will be our basic probability

space and we will simply write P or E for probability or expectation when no confusion

can arise. We denote by pn the conditional probability on K given H II
n , that is

pkn = P (k jH II
n ) , 8k 2 K.

This random variable on H II
n has a clear interpretation: This is player II's posterior

probability distribution on K at stage n given the history up to that stage. Let p1 � p
by de�nition. These posterior probabilities turn out to be the natural state variable of

the game and therefore play a central rôle in our analysis.

First observe that the sequence (pn)
∞
n=1 is a (H II

n )∞n=1 martingale, being a sequence of

conditional probabilities with respect to an increasing sequence of σ-�elds, i.e.

E(pn+1 jH II
n ) = pn , 8n = 1, 2, . . .

In particular this implies E(pn) = p, 8n. Furthermore, since this martingale is uniformly

bounded, we have the following bound on its variation in the L1-norm k�k:
Lemma 2.1.

1

n

Xn

m=1
E kpm+1� pmk �

X
k

r
pk(1� pk)

n
Proof. Note that for a martingale (pm)

n
m=1 and for any k 2 K, and m = 1, . . . n

E(pkm+1� pkm)2 = E(E[(pkm+1� pkm)2 jH II
m ])

= E(E[(pkm+1)
2 jH II

m ]� 2pkm E[pkm+1 jH II
m ] + (pkm)

2)

= E(E[(pkm+1)
2 jH II

m ]� (pkm)
2)

= E((pkm+1)
2� (pkm)

2)

Hence

E
Xn

m=1
(pkm+1� pkm)2 = E((pkm+1)

2� (pk1)
2) � pk1(1� pk1)

Use now the fact that kxk1 � kxk2 on the probability space in which m is chosen, inde-

pendently of hn in H IIn , uniformly between 1 and n to obtain:

E
1

n

Xn

m=1

��pkm+1� pkm�� �r1

n
E
Xn

m=1
(pkm+1� pkm)2 �

r
pk(1� pk)

n

The proof is concluded by summing on k 2 K. �

Comment 2.2. Note that
P

k

p
pk(1� pk) �

p
#K � 1 since the left hand side is

maximised by pk = 1/(#K) for all k. Intuitively, lemma 2.1 above means that at �most

of the stages� pm+1 cannot be very di�erent from pm.

By induction one can compute explicitly pm: Given a strategy σ of player I, a stage n
and a II-history hn 2 H IIn let σ(hn) = (xkn)k∈K denote the vector of mixed moves of player I
at that stage. Namely he uses the mixed move xkn = (xkn(s))s∈S 2 X = ∆(S) in the game

Gk
. Given pn(hn) = pn, let x̄n =

P
k∈K p

k
nx

k
n be the (conditional) average mixed move of
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player I at stage n. The (conditional) probability distribution of pn+1 can now be written

by Bayes' formula; 8s 2 S such that x̄n(s) > 0 and 8k 2 K:

(1) pkn+1(s) = P (k j hn, sn = s) =
pknx

k
n(s)

x̄n(s)

It follows that if xkn = x̄n whenever pkn > 0, then pn+1 = pn, hence:

Proposition 2.2. Given any II-history hn, the posterior probabilities do not change
at stage n if player I's mixed move at that stage is independent of the state k over all
values of k for which pkn > 0.

In such a case we shall say that player I plays non-revealing at stage n and we de�ne

the corresponding set:

Definition 2.3.

NR = fx 2 XK j xk = xk′ 8k, k′ 2 K g
Due to the full monitoring assumption, not revealing the information is equivalent to

not using the information. But then the outcome of the initial chance move (choosing

k) is not needed during the game: this lottery can as well be made at the end, just to

compute the pay-o�.

Definition 2.4. For p in ∆(K), the non-revealing game at p, denoted by D(p), is the
(one-shot) two-person zero-sum game with pay-o� matrix

D(p) = hp,Gi =
X

k∈K
pkGk.

Let u(p) denote the value of D(p).

Remark 2.3. Clearly u is a continuous function on∆(K) (and Lipschitz with constant
C.)

Coming back to the martingale generated by player I's strategy, we shall now see that

at the stages m in which pm+1 is close to pm, player I is not playing �very revealing� and

player II can hold his maximal pay-o� close to u.
Given a strategy σ of player I, let σn = (σk

n)k∈K be �the strategy at stage n� (cf.

sect. 1.b p. 148). Its average (over K) is the random variable σ̄n = E(σn jH II
n ) =

P
k p

k
nσ

k
n.

Note that σ̄n, like σn, is a function on Hn and that it has values in NR.
A very crucial element in the theory is the following property: It is intuitively clear

that if the σk
n are close (i.e. all near σ̄n), pn+1 will be close to pn. In fact a much more

precise relation is valid; namely these two distances are equal:

Lemma 2.5. For any strategies σ and τ of the two players

E(kσn� σ̄nk jH II
n ) = E(kpn+1� pnk jH II

n ).

Proof. Let ζ denote a generic point in H IIn . In accordance with our previous nota-

tion we write xn for σn(ζ) and hence x̄n for σ̄n(ζ). For s 2 S, the s coordinates of these
vectors are denoted by xn(s) and x̄n(s) respectively. Evaluating the above left hand side

expectation at ζ we have:

E(kσn� σ̄nk j ζ) =
X

k
pkn(ζ)

xkn� x̄n =
X

k
pkn(ζ)

X
s

��xkn(s)� x̄n(s)�� .
On the other hand by the de�nition of pn

E(kpn+1� pnk j ζ) =
X

s
P (s j ζ) kpn+1(ζ, s)� pn(ζ)k ,
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where by (1) p. 187:

P (s j ζ) = x̄n(s) and pkn+1(ζ, s) =
pkn(ζ)x

k
n(s)

x̄n(s)
if x̄n(s) > 0.

So we obtain

E(kpn+1� pnk j ζ) =
X

s
x̄n(s)

X
k

����pkn(ζ)xkn(s)x̄n(s)
� pkn(ζ)

����
=
X

k
pkn(ζ)

X
s

��xkn(s)� x̄n(s)��
= E(kσn� σ̄nk j ζ). �

We observe now that the distance between pay-o�s is bounded by the distance between

the corresponding strategies. In fact given σ and τ let ρn(σ, τ) = E(gn jH II
n ), and de�ne

σ̃(n) to be the same as the strategy σ except for stage n where σ̃n(n) = σ̄n, then we have:

Lemma 2.6. For any σ and τ ,

jρn(σ, τ)� ρn(σ̃(n), τ)j � C E(kσn� σ̄nk jH II
n ).

Proof. Note that pn is the same under σ and under σ̃(n). Again let ζ 2 H IIn and

write τn(ζ) = yn. We have

ρn(σ, τ)(ζ) =
X

k
pkn(ζ)x

k
nG

kyn and

ρn(σ̃(n), τn)(ζ) =
X

k
pkn(ζ)x̄nG

kyn.

So we get

jρn(σ, τ)� ρn(σ̃(n), τ)j (ζ) � C
X

k
pkn(ζ)

xkn� x̄n
= C E(kσn� σ̄nk j ζ). �

2.b. lim vn(p) and v∞(p). We state �rst a property valid for the general case (sect. 3

p. 191):

Proposition 2.7. In any version of the repeated game (Γn(p), Γλ(p) or Γ∞(p)) if
player I can guarantee f(p) then he can also guarantee Cav f(p).

Proof. The proof is similar to that of cor. 1.3 p. 184: Given ε > 0 and p choose

(pe)e∈E in ∆(K) with #E � #K + 1 and α 2 ∆(E), such that p =
P
αepe, Cav f(p) �P

αef(pe) + ε (Carathéodory). Then player I performs the lottery described in prop. 1.2

p. 184 and guarantees f(pe) in Γ(pe). This gives the proof for Γn(p) and Γλ(p). As

for Γ∞(p) note that if the strategy which ε/#E-guarantees f(p) in Γ∞(pe) corresponds
to Ne then the above described strategy 2ε-guarantees Cav f(p) with the corresponding

N = maxNe. �

Proposition 2.8. Player I can guarantee Cav u(p) in Γ∞(p). Moreover, vn(p) and
vλ(p) are both at least Cav u(p) (for all n and all λ > 0).

Proof. If player I uses NR moves at all stages, the posterior probabilities remain

constant. Hence the (conditional) pay-o� at each stage can be computed from the NR
game D(p). In particular by playing an optimal strategy in D(p) player I can obtain

an expected pay-o� of at least u(p) at each stage, hence vn(p) � u(p) and vλ(p) � u(p)
and player I can guarantee u(p) also in Γ∞(p). The result follows now from prop. 2.7

p. 188. �
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Proposition 2.9. For all p in ∆(K) and all n,

vn(p) � Cav u(p) +
Cp
n

X
k

p
pk(1� pk)

Proof. Making use of the minmax theorem it is enough to prove that for any strategy

σ of player I in Γn(p), there exists a strategy τ of player II such that:

γ̄n(σ, τ) � Cav u(p) +
Cp
n

X
k

p
pk(1� pk)

Given σ let τ be the following strategy of player II: At stage m, given hm = ζ, compute

pm(ζ) and play a mixed action τm(ζ) which is optimal in D(pm(ζ)).
By lemma 2.6 p. 188 and lemma 2.5 p. 187, for m = 1, . . . , n

ρm(σ, τ) � ρm(σ̃(m), τ) + C E(kpm+1� pmk jH II
m ).

Now

ρm(σ̃(m), τ) =
X

k
pkmσ̄mG

kτm,

with σ̄m 2 NR and τm optimal in D(pm), hence

ρm(σ̃(m), τ) � u(pm) � Cav u(pm),

which yields

E(gm jH II
m ) = ρm(σ, τ) � Cav u(pm) + C E(kpm+1� pmk jH II

m ).

Averaging on m = 1, . . . , n and over all possible histories ζ 2 H IIm we obtain (using

ECav u(pm) � Cav u(p), by Jensen's inequality):

γ̄n(σ, τ) � Cav u(p) +
C

n

Xn

m=1
E kpm+1� pmk .

The claimed inequality now follows from lemma 2.1 p. 186. �

The main result of this section can thus be written as:

Theorem 2.10. For all p 2 ∆(K), limn→∞ vn(p) exists and equals Cav u(p). Further-
more the speed of convergence is bounded by:

0 � vn(p)� Cav u(p) � Cp
n

X
k

p
pk(1� pk) .

Proof. Follows from prop. 2.8 p. 188 and prop. 2.9 p. 189. �

Corollary 2.11. limλ→0 vλ(p) exists and equals Cav u(p); and the speed of conver-
gence satis�es:

0 � vλ(p)� Cav u(p) � C
r

λ

2� λ
X

k

p
pk(1� pk) .

Proof. The bound in this case follows also from the strategy in prop. 2.9 p. 189 sinceX∞
1
λ(1� λ)m−1E

pkm+1� pkm � E
h�X∞

1
λ2(1� λ)2(m−1)�

X∞
1
(pkm+1� pkm)2

�1/2i
�
� λ2

1� (1� λ)2
�1/2�

E
X∞

m=1
(pkm+1� pkm)2

�1/2
�
r

λ

2� λ
p
pk(1� pk) �
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Having proved the existence of the asymptotic value we are now in the position to

establish the value of the in�nite game Γ∞(p):

Theorem 2.12. For all p 2 ∆(K) the value v∞(p) of Γ∞(p) exists and equals Cav u(p).

Proof. Use prop. 2.8 p. 188, theorem 2.10 p. 189 and theorem 3.1 p. 191. �

A proof for the general case is given in theorem 3.5 p. 195 below. For the full monitor-

ing case we provide now an alternative proof by constructing optimal strategies for both

players. In fact prop. 2.8 p. 188 (through prop. 2.7 p. 188) provides an optimal strategy for

player I. An optimal strategy for player II is given in the next section. It is based on the

notion of approachability (cf. sect. 4 p. 102) which plays a very central rôle in repeated

games with incomplete information.

2.c. Approachability strategy. Let * = (*k)k∈K be a supporting hyperplane to

Cav u(p) at p (recall that u is continuous) i.e.

Cav u(p) = h*, pi =
X

k
*kpk

and u(q) � h*, qi 8q 2 ∆(K).

Consider now Γ∞(p) as a game with vector pay-o�s in RK
(cf. sect. 4 p. 102). The kth

coordinate being the pay-o� according to Gk
.

Proposition 2.13. The set

M = fm 2 RK j mk � *k , 8k 2 K g

is approachable by player II.

Proof. SinceM is convex, using cor. 4.6 p. 104, it su�ces to prove that for all z 2 RK

w(z) � inf
m∈M

hm, zi ,

where w(z) is the value of the game with pay-o�
P

k z
kGk

in which player II is the max-

imiser. The above inequality is obviously satis�ed if zk > 0 for some k 2 K or if z = 0.
Otherwise let q 2 ∆(K) be the normalisation (to a unit vector) of �z.

Since �w(�q) = u(q) the condition becomes

u(q) � h*, qi for all q 2 ∆(K)

and follows from the property of * as a supporting hyperplane. This completes the

proof. �

Note that the corresponding approachability strategy is then an optimal strategy of

player II since for every n the average expected pay-o� up to stage n satis�es (cf. sect. 4

p. 102):

γ̄n = hp, ḡni � hp, *i+ Kp
n
= Cav u(p) +

Kp
n

hence completing the proof of theorem 2.12 p. 190. This proof leads to an explicit optimal

strategy for the uninformed player using the su�cient condition for the approachability

of convex sets (cf. ex. VEx.2 p. 253).
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Example 2.1 p. 185 revisited. In this example D(p) is the matrix game:

p

�
1 0
0 0

�
+ (1� p)

�
0 0
0 1

�
=

�
p 0
0 1� p

�
and its value is u(p) = p(1� p). Since this is a concave function of p, Cav u(p) = u(p) =
p(1� p) and we have:

lim
n→∞

vn(p) = v∞(p) = p(1� p)

(Thus v∞(1/2) = 1/4). So asymptotically the value is that of the game in which none of

the players is informed about the value of k. In other words the informed player has an ad-

vantage only in games of �nite length. This advantage can be measured by vn(p)�v∞(p).
By theorem 2.10 p. 189 this is bounded by:

vn(p)� p(1� p) �
2
p
p(1� p)p
n

� 1p
n

Later (cf. prop. 5.7 p. 251) we shall see that for this speci�c game this bound can be

improved and that in fact

vn(p)� p(1� p) = O
�

lnn

n

�
.

3. The general case

We proceed now to generalise the model by dropping the assumption of full monitor-

ing: We no longer assume that the moves are announced after each stage but rather some

individual message is transmitted to each player. We will prove that our main result so

far, namely the existence of v∞, extends to this case. However, several signi�cantly new

ideas will be required.

The model we consider here is the same as that de�ned in the previous section but

with no restrictions on the signalling. These are described by two �nite sets of signals A
(for player I), B (for player II) and transition probability Q from K � S � T to A � B.
We denote by Qk

s,t the probability distribution at (k, s, t).
The repeated game Γ(p) is played as in the full monitoring case except that at each

stage n, (n � 1), as player I chooses sn and player II chooses tn, the distribution Qk
sntn

is used to choose (an, bn) in A � B. The signal an is announced to player I and bn is

announced to player II. The games Γn(p), Γ∞(p) and Γλ(p) are de�ned as usually based

on the pay-o� sequence (gn)
∞
n=1. Occasionally we write Γ or Γ(p) just for the data of the

game (excluding or including p).

3.a. lim vn(p) and v∞(p). The �rst result for all repeated games with incomplete

information on one side is the convergence of vn and vλ:

Theorem 3.1. vn and vλ converge uniformly (as n ! 1 and λ ! 0 respectively) to
the same limit which can moreover be guaranteed by player II.

Proof. Let τn be an n
−1
-optimal strategy of player II in Γn(p), let vni

(p) converge to
lim infn→∞ vn(p). Let τ be the following strategy of player II: For i = 1, 2 . . ., play ni+1
times τni

(thus during nini+1 stages) before increasing i by 1.
Let us prove that this strategy τ guarantees player II lim infn→∞ vn(p). It is su�cient

to show that on each bloc where (according to τ) player II has to play τni
, the average
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pay-o� per stage is at most vni
(p). This follows by �rst computing conditional expecta-

tion (of the average pay-o�) with respect to player I's σ-�eld of informationH I
ni
and then

taking expectation.

It follows that vn(p) converges (uniformly, by theorem 1.6 p. 184).

As to the convergence of vλ, the above described strategy of player II proves that

lim sup
λ→0

vλ(p) � lim
n→∞

vn(p)

To complete the proof we shall prove that limn→∞ vn(p) � lim infλ→0 vλ(p) by showing that
limn→∞ vn(p) � vλ(p), for any λ > 0. In fact, given λ > 0 let τλ be an optimal strategy

of player II in the λ-discounted game and consider the following strategy (for player II):
Start playing τλ and at each stage restart τλ with probability λ and with probability

(1 � λ) continue playing the previously started τλ. With this strategy, for any ε > 0,
we have E(ḡn) � vλ + ε for all n su�ciently large (compared to 1/λ). It follows that

limn→∞ vn(p) � vλ(p). �

Remark 3.1. The argument used here for the convergence of vn is even more general,

and will be used later in di�erent context (cf. Gleason's game, ex. IV.5Ex.1 p. 177). It

does not require for instance that state remains �xed throughout the game but just that

player II can �almost� control it (in particular this is the case in irreducible stochastic

games).

Remark 3.2. If we interpret the discounted game as a repeated game with probability

λ of stopping after each stage then the convergence of vλ can be generalised as follows:

Let a = fang∞n=1 be a probability distribution on the positive integers with an � an+1. Let
Γa have

P
n angn as pay-o� function, and va(p) as value. If fa�g∞�=1 is a sequence of such

distributions with a�1 going to zero then lim�→∞ va (p) = limn→∞ vn(p).

3.b. The non-revealing game. With the concavity properties proved in sect. 1, the

next step is to get lower bounds for the various values i.e. to get the results of prop. 2.8

p. 188 for the general case. To do that we need to extend the notion of the non-revealing

game.

The main feature of repeated games with incomplete information is the possibility of

a player to collect information about the state of nature along the play of the game. This

information he deduces from the sequence of signals he receives. In the games considered

in this chapter, the uninformed player, player II, tries to learn about k from the signals

(b1, b2, . . . ) which he receives in stages 1, 2, . . . respectively. In the full monitoring case

bn is just (sn, tn), the (pure) moves of the players at stage n. In the general case bn is a

random variable whose distribution is the marginal distribution on B of Qk
sn,tn where k

is the state chosen at stage 0. Since player I knows k and his moves typically depend on

this knowledge, his moves may be revealing to player II, i.e. they may enable him to learn

something about k via the signals. This motivates the following de�nition:

As usually x = (xk)k∈K 2 XK
denotes a strategy of player I in the one-stage game

Γ1(p), where X = ∆(S) is the set of his mixed moves.

Definition 3.2. x 2 XK
is called non-revealing at p 2 ∆(K) if

(1) For any t 2 T : P p
x,t(b) > 0 =) P p

x,t(k j b) = pk 8k 2 K, 8b 2 B.

Denote by NR(p) the set of non-revealing strategies p.
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To obtain an operational expression for NR(p), let QII,k be the S � T matrix whose

st element, denoted by QII,kst is the marginal distribution on B of Qk
st. The elements QII,kst

are probability vectors in the simplex ∆(B). If in Γ1(p) player I uses x = (xk)k∈K and

player II uses y 2 ∆(T ), then if the state is k, the probability distribution of the signal b
received by II is xkQII,ky (xk is thought of as a row vector and y as a column vector.)

Lemma 3.3.

NR(p) = fx 2 XK j xkQII,k = xk′QII,k′ whenever pk > 0 and pk
′
> 0 g

(For any move t 2 T of player II, the distribution of b (induced by t and xk) in the kth

state, is the same for all k for which pk > 0).

Proof. x 2 NR(p) means that 8b 2 B
pk > 0 , pk

′
> 0 =) Pp,x,t(k j b) = Pp,x,t(k

′ j b)
But since

Pp,x,t(k j b) =
pk(xkQII,kt )(b)P

k′∈K p
k′(xk′QII,k

′
t )(b)

Pp,x,t(k j b) = Pp,x,t(k
′ j b) is equivalent to Pp,x,t(b j k) = Pp,x,t(b j k′). �

Comment 3.3. Note that if p0 is an extreme point of ∆(K) then NR(p0) = X
K
. This

follows readily from the de�nition of NR(p) and is intuitively obvious: An extreme point

of ∆(K) corresponds to a situation of complete information, where k is known to both

players, hence every strategy of I is non-revealing since there is nothing to reveal. Note

also that by de�nition 3.2 above, the posterior probabilities remain constant as a result

of any sequence of moves in NR(p). This will be intensively used in the sequel. Finally

remark that NR(p) depends only on the support K(p) of p.

Definition 3.4. Given Γ and p, the non-revealing game (NR-game), denoted by

D(p), is the one-stage game in which player I's strategy set is restricted to NR(p).
We denote by u(p) the value of D(p) and refer to it as the NR-value. If NR(p) = ; we

de�ne u(p) = �1.

Remark 3.4. Cav u is Lipschitz with constant C.

In the following examples (for x 2 [0, 1] we abbreviate (1� x) by x′):
K = f1, 2g B = fa, b, c, . . .g (p, p′) 2 ∆(K)

It will be convenient to denote elements of ∆(B) by a (meaning: signal a with probability

1), b, c, . . . or by 1
2b

∗
+ 1

2c (meaning signals b or c with probability 1/2 each) etc.

Example 3.5. The �rst important example is that of games with full monitoring

treated in previous section. This is the special case in which for all k, s, and t, Qk
st is a

unit mass at the signal b = (s, t). It worth recalling the main properties of this case for

future reference:

(1) The projection of NR(p) on the support of p lies on the diagonal of XK
i.e. player

I plays independently of his information about k.
(2) The signals received by player II are independent of his own moves, therefore

player II has no �information incentive � to play a certain action.

(3) The information that player II can get on k is only through the moves of player

I (since the signals are state independent.)
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As we will see later, dropping some of the above properties imply adding substantial

di�culty and complexity to the analysis.

Example 3.6. Consider the game with K = f1, 2g, pay-o� matrices

G1 =

�
1 0
0 0

�
G2 =

�
0 0
0 1

�
and with signalling matrices:

Q1 =

�
a b
c d

�
Q2 =

�
c d
a b

�
For 0 < p < 1, x 2 NR(p) has to satisfy:

x1a
∗
+ x′1c = x2c

∗
+ x′2a

x1b
∗
+ x′1d = x2d

∗
+ x′2b

which implies x1 = x
′
2 and so for 0 < p < 1,

NR(p) =
� �

(α, α′) , (α′, α)
� �� 0 � α � 1

	
and

D(p) =

�
p p′

0 0

�
u(p) = min(p, p′)

The equation for u(p) is valid for all p 2 [0, 1] since u(1) = u(0) = 0.
Remark that unlike in the full monitoring case where non-revealing strategies were

strategies that did not use the information about k, in this example, in order to play

non-revealingly, player I has to use his information about the state k: He has to play

di�erently in the two games. For example the optimal strategy in D(p) for 0 < p < 1 is

to play the top row if k = 1 and the bottom row if k = 2.

Example 3.7. The same game as in previous example with

Q1 =

�
a b
c d

�
Q2 =

�
a e
f d

�
For 0 < p < 1, a strategy x 2 NR(p) has to satisfy:

x1a
∗
+ x′1c = x2a

∗
+ x′2f

x1b
∗
+ x′1d = x2e

∗
+ x′2d

which is impossible hence NR(p) = ; for 0 < p < 1 and therefore

u(p) =

(
0 if pp′ = 0

�1 if pp′ > 0

Example 3.8. Let K = f1, 2, 3g and let the signalling matrices for both players be

Q1 = Q2 =

�
a b
c d

�
Q3 =

�
a′ b′

c′ d′

�
The signals following the �rst stage are partially revealing:If the signals are in

fa′, b′, c′, d′g it will become common knowledge that k = 3 and the game is reduced to a
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complete information game in which G3 is played repeatedly. If on the other hand the

signals are in fa, b, c, dg the game will be reduced to Γ̂(p̂) in which

K̂ = f1, 2g p̂ = (p1, p2)/(p1+ p2)

and pay-o� matrices are G1, G2. In either case, the game resulting after the �rst stage is

one with full monitoring.

3.c. Study of v∞(p). We intend to prove here:

Theorem 3.5. v∞(p) = Cav u(p) for all p in Π.

Proof. By theorem 3.1 p. 191 we know that lim vn(p) (and similarly limλ→0 vλ) exist
and player II can guarantee this limit in Γ∞(p). As for player I, observe �rst that in the

general case also player I can guarantee u(p) in Γn(p) (as well as in Γ∞(p) and Γλ(p).)
This is obvious if NR(p) = ; (since then u(p) = �1), otherwise it is achieved by playing

i.i.d. at each stage a �xed optimal strategy in D(p). Combined with prop. 2.7 p. 188 this

yields the analogue of prop. 2.8 p. 188 namely:

Proposition 3.6. For all p 2 ∆(K) Player I can guarantee Cav u(p) in Γ∞(p).
Moreover, vn(p) and vλ(p) are both at least Cav u(p) (for all n and all λ > 0).

It follows from the above results that the existence of v∞(p) will be established if we

prove that limn→∞ vn(p) = Cav u(p). For this we shall prove the counterpart of the above
prop. 3.6.

Proposition 3.7. lim sup vn(p) � Cav u(p).

Proof. In proving this inequality, we need the posterior probabilities pkn to be known
by both players. To achieve this we modify the game so that after each stage, both the

signal of player II and the pair of moves are communicated also to player I (in addition to

his own signal). With this new signalling structure H II � H I
, and hence H II

is public

knowledge. Since, being in favour of player I, this modi�cation can only increase vn it is

su�cient to prove the above inequality for the modi�ed game.

Let ζ denote a II-history in H II, i.e. a sequence of signals to II where the signal includes
II's move. As in the previous section we denote by pn the conditional probability on K
given II's information up to stage n (i.e. pkn = P (k jH II

n ) 8k 2 K). For the evaluation at

ζ we write pn(ζ) (if n = 1, as the history ω consists of one signal b, we simply write p(b)).
As we already observed, the key object in measuring the amount of information re-

vealed by player I at stage n is Ef kpn+1� pnk jH II
n g. This quantity depends not only on

the mixed move of player I at that stage but also on pn. Intuitively, he may play `very dif-

ferently' at state k with very small pk and still reveal `very little'. This indicates that the

appropriate space to work with is the space of probabilities on the product space K � S.
So let Z = ∆(K � S). Given z 2 Z denote its marginal on K by pz = (pkz)k∈K 2 ∆(K),
and its conditional on S given K by xz 2 XK

where, for k 2 K with pkz > 0 and s 2 S,
xkz(s) = z(k, s)/p

k
z. Hence any pair (p, x) with p 2 ∆(K) and x 2 XK

determines uniquely

a point z(p, x) 2 Z.
Consider the following subset of Z:

Z0 = f z 2 Z j xz 2 NR(pz) g
For z 2 Z denote by d(z, Z0) its (Euclidian) distance from Z0. For z 2 Z and y 2 Y de�ne

e(z, y) = Exz,y(kpz(b)k2� kpzk2)
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which can also be written as

e(z, y) = E(kpz(b)� pzk2) = E
X

k
(pkz(b)� pkz)2.

Lemma 3.8. Given a completely mixed y, then 8ξ > 0, 9η > 0 such that

e(z, y) < η ) d(z, Z0)) < ξ

Proof. If the lemma is false then there exist (ηj > 0)∞j=1 satisfying limj→∞ ηj = 0 and
(zj)

∞
j=1 such that 8j:

e(zj, y) < ηj and d(zj, Z0) > ξ

We may assume without loss of generality that (zj) converges, say to z which (by conti-

nuity of e(�, y) and d(�, Z0)) will then satisfy

e(z, y) = 0 and d(z, Z0) � ξ,
in contradiction with lemma 3.2 p. 192, since if y is completely mixed (i.e. y(t) > 0 for all
t 2 T ) then e(z, y) = 0 if and only if z 2 Z0. �

We need a version of the last lemma in which η does not depend on y provided it is

in Yε = f y 2 Y j y(t) � ε g.
Corollary 3.9. Given ξ > 0 and ε > 0, 9η > 0 such that 8y 2 Yε

e(z, y) < η ) d(z, Z0) < ξ

Proof. Note that e(z, y) is linear in y, so if y0 is the uniform distribution on T we

have:

y 2 Yε ) e(z, y) � εe(z, y0)
For ξ and y0, let η̃ be determined by lemma 3.8 p. 196, and take η = εη̃. �

Given t 2 T and z, we consider Gt = (Gk
st)

k∈K
s∈S as a point in RK×S

. The expected

pay-o� can then be written as hz,Gti =
P

k p
kxkGk

t . For y 2 Y and ε < 1/#T de�ne the

ε-perturbation of y (denoted by yε) as follows: yε(t) = (1�#Tε)y(t)+ ε, 8t 2 T . We say

that y 2 Y is a best reply to z if

hz,Gti < hz,Gt′i ) y(t′) = 0

Lemma 3.10. There exists a constant C̃ such that 8ε > 0, 9η > 0 such that if y is a
best reply to z and e(z, yε) < η then

γ(z, yε) = hz,Gyεi � Cav u(p) + C̃ε.

Proof. Recall that C is an upper bound for all pay-o�s' absolute values and take

C̃ = 1 + C(1 + #S). Let

f(z) = min
t∈T
γ(z, t) = min

t∈T
hz,Gti.

This is a continuous function on Z0 as the minimum of �nitely many such functions. By

de�nition of Z0,

z 2 Z0) xz 2 NR(pz)) f(z) � u(pz)
On the other hand since y is a best reply to z, γ(z, y) = f(z). But γ(z, y) is linear in y
and hence Lipschitz with constant C, so we have:

γ(z, yε) � f(z) + Cε.
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Let ψ(ε) be the modulus of uniform continuity of f . For ε > 0 apply cor. 3.9 p. 196

with ξ = min(ψ(ε), ε) and ε to obtain η > 0. To see that it has the required prop-

erty, since e(z(p, x), yε) < η it follows from Corollary 3.9 that 9z0 2 Z0 such that

kz(p, x)� z0k < ψ(ε) and hence jf(z(p, x))� f(z0)j < ε. So we obtain:

γ(x, yε) � f(z(p, x)) + Cε � f(z0) + ε+ Cε � u(pz0) + (1 + C)ε.

Finally note that, if z0 = (p0, x0), then kp� p0k � #S kz(p, x)� z0k < #Sε. Also, since
Cav u(p) is Lipschitz with constant C,

Cav u(p0) � Cav u(p) + C kp� p0k � Cav u(p) + C#Sε

We conclude that

�(2) γ(x, yε) � Cav u(p) + C#Sε+ (1 + C)ε = Cav u(p) + C̃ε.

Given any strategy σ of player I and any ε > 0 we construct now the following reply

τ = τ(σ, ε) for player II: At any stage m, given a II-history ζ play a mixed move ym(ζ)
which is an ε-perturbation of a best reply to (pm(ζ), xm(ζ)). By lemma 3.10 p. 196 9η > 0
such that for any stage m

em(ζ)
def

= e(pm(ζ), xm(ζ), ym(ζ)) < η =) gm(ζ) � Cav u(pm(ζ)) + 2C̃ε

Now for any n:

#K � E(kpn+1(ζ)k2� kpk2) =
Xn

m=1
E(kpm+1(ζ)k2� kpm(ζ)k2) =

Xn

m=1
E(em(ζ)).

It follows that E(em(ζ)) � εη for at least [n � #K/(εη)] stages, and on these stages

P p
σ,τfem(ζ) � ηg < ε. On this last event we have (remark that C � C̃)

gm(ζ) � Cav u(pm(ζ)) + 2C̃ ,

while on the complement (by lemma 3.10 p. 196)

gm(ζ) � Cav u(pm(ζ)) + 2C̃ε.

Thus, for stages m such that E(em(ζ)) � εη we get

γm � E(Cav u(pm(ζ)) + 4C̃ε) � Cav u(p) + 4C̃ε.

On the other stages we majorate the expected pay-o� by γm � 2C̃. Taking the average

on n stages we have:

γ̄n � Cav u(p) + 4C̃ε+ 2C
#K

nεη
.

For n � N > #K/(ε2η) the last term is less than 2C̃ε, hence we conclude:
For any strategy of player I and for any ε > 0 there is a reply strategy of player II and

N such that for n � N
γ̄n � Cav u(p) + 6C̃ε

Hence for n � N
vn(p) � Cav u(p) + 6C̃ε

implying lim supn→∞ vn(p) � Cav u(p), and hence limn→∞ vn(p) = Cav u(p). This completes

the proof of prop. 3.7 p. 195, hence of theorem 3.5 p. 195. �
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3.d. Optimal strategy for the uninformed player. We shall now provide an ap-

proachability strategy for player II which guarantees Cav u(p). This generalises the (full
monitoring) strategy in sect. 2.c p. 190.

The main feature of the optimal strategy for player II in the full monitoring case (cf.

the proof of theorem 2.12 p. 190) is that it is based on the statistics ḡn = 1
n

Pn
m=1 gm

viewed as a vector pay-o� function on histories. This is the average of the stage vector-

pay-o�s (Gk
smtm)k∈K which are observable by player II in the full monitoring case since

he observes the moves (sm, tm) for m = 1, . . . , n. In the general case ḡn being no longer

observable by player II, another optimal strategy is to be provided which is based only

on the II-history (b1, . . . , bn) available to him at each stage. Before de�ning formally this

strategy let us discuss �rst the principal ideas involved.

For any signal b 2 B, any move t 2 T and any stage n, let βtb
n be the proportion of

stages, up to stage n, in which b was obtained by player II following a move t, out of all
stages in which move t was played, i.e.

βtb
n =

#fm j m � n , bm = b , tm = t g
#fm j m � n , tm = t g

The vector βn = (βtb
n )t∈T,b∈B, which is observable by player II after each stage n, is the

basis for his strategy. The vector pay-o� ξn which plays the rôle of the non-observable

gn is, roughly speaking, the worst vector pay-o� which is compatible (up to a small devi-

ation δ) with the observed vectors β1, . . . , βn and with the assumption that player I was
playing i.i.d. To this vector pay-o� we shall apply Blackwell's approachability theorem.

The de�nition of ξn and the strategy of player II will be such that:

� The ξ-pay-o� will be as close as we wish to Cav u(p).
� The actual unobserved pay-o� will not exceed the observed ξ-pay-o� by more

than arbitrarily small ε.

3.d.1. The strategy construction. Let us start by some notations which will be used

in the construction of the strategy.

Let B = [∆(B)]T . This is the set which contains all possible βn vectors.

For y 2 ∆(T ) let ỹ be the strategy (in Γn or Γ∞) which plays the mixed move y
repeatedly and independently at each stage.

For (s, t) 2 S � T we denote by f sn and ϕst
n respectively, the frequencies of s and (s, t)

up to stage n:

f sn =
1

n
#fm j m � n , sm = s g fn = (f sn)s∈S

ϕst
n =

1

n
#fm j m � n , sm = s , tm = t g

Lemma 3.11. Given ỹ and σ in Γ∞(p) then 8(s, t) 2 S � T
Pσỹ

�
lim
n→∞

(ϕst
n � f snyt) = 0

�
= 1

Proof. For �xed (s0, t0) 2 S � T , consider the game in which at each stage m player

I chooses sm 2 S and the pay-o� is R(sm) where R(s) = 1s=s0,t=t0 � 1s=s0yt0, and t is a
random variable with distribution y, (thus player II is dummy.) Since

E(1s=s0,t=t0) = P (s = s0)P (t = t0 j s = s0) = E(1s=s0)yt0 ,

we have E(R(s)) = 0 8s 2 S.
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It follows from ex. II.4Ex.4 p. 105 that the set f0g is approachable by any strategy σ
of player I. The approachability in this case amounts to:

Pσ,ỹ

�
lim
n→∞

1

n

Xn

m=1
R(sm) = 0

�
= 1

which is equivalent to:

�(3) Pσ,ỹ

�
lim
n→∞

(ϕs0t0
n � f s0n yt0) = 0

�
= 1

Comment 3.9. As noted in ex. II.4Ex.4 p. 105, we applied here a version of a strong

law of large numbers. The one-player auxiliary game that we de�ned is actually a situ-

ation in which a gambler (player I) is to choose a betting system (cf. e.g. Feller, 1966,

vol. I, p. 199): At each stage m, based on his past gamble experience at stages 1, . . . ,m�1
only, he decides either not to participate in the gamble (he chooses s 6= s0) or to parti-

cipate (he chooses s = s0) in which case he either wins 1� yt0 (if t = t0) or looses yt0 (if
t 6= t0). The form of the strong law of large numbers states that whatever betting system

he chooses, his average net pro�t tends to zero with probability 1 exactly as it does if he

participates in all stages (by the usual strong law of large numbers).

Lemma 3.12. Let ỹ be a stationary strategy of player II such that y(t) > 0 8t 2 T
then for any strategy σ of player I and for all k 2 K:

P k
σk,ỹ

�
lim
n→∞

(ḡn� fnGy) = 0
�
= 1(4)

P k
σk,ỹ

�
lim
n→∞

(βn� fnQ) = 0
�
= 1(5)

Proof. By de�nition ḡkn =
P

s∈S

P
t∈T ϕ

st
nG

k
st, so (4) follows from lemma 3.11 p. 198.

Now when the state is k and moves (s, t) are played, the random signal b to player II has
the distribution Qk

st. So

(fnQ
k)tb =

X
s∈S
f snQ

k
st(b) 8n, 8t 2 T, 8b 2 B

On the other hand βtb
n can be written as:

βtb
n =

X
s∈S

�
ϕst

n

#fm j m � n , sm = s , tm = t , bn = b g
#fm j m � n , sm = s , tm = t g

� . #fm j m � n , tm = t g
n

Since player II is playing ỹ, by the strong law of large numbers:

lim
n→∞

#fm j m � n , tm = t g
n

= yt > 0 a.s.

and given k:

lim
n→∞

ϕst
n

�
#fm j m � n , sm = s , tm = t , bn = b g

#fm j m � n , sm = s , tm = t g �Qk
st(b)

�
= 0 a.s.

It follows that with probability 1 and 8k, 8b,
lim
n→∞

(βtb
n � (fnQ

k)tb) = lim
n→∞

X
s∈S

(ϕst
n /yt� f sn)Qk

st(b) ,

and this limit is 0 with probability 1 by lemma 3.11 p. 198. �

Comment 3.10. The meaning of lemma 3.12 is that when player II uses for a long

period a stationary strategy which assigns positive probability to all pure moves then,

up to an arbitrarily small error he may assume, both for pay-o�s considerations and for

information considerations, that player I has been also using a stationary strategy, namely
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the stationary strategy fn = (f sn)s∈S. Note furthermore that if we use the version of the

law of large numbers derived from Blackwell's approachability theorem (4.3 p. 102 and

ex. II.4Ex.4 p. 105) we obtain an exact bound for the speed of convergence which can be

used to compute the length of the period required for a given level of error. This bound

does not depend on y in the �rst formula and depends on 1/yt in the second one.

For the rest of the construction of an optimal strategy for player II it will be convenient
to have the following modi�cations of the game. Consider the game Γ∞(p0). Let * 2 RK

be a supporting hyperplane to Cav u at p0, i.e. h*, p0i = Cav u(p0) and Cav u(p) � h*, pi
8p 2 ∆(K). By subtracting *k from all entries of Gk

we get a new game for which

Cav u(p0) = 0 and u(p) � 0, 8p 2 ∆(K). Clearly any strategy that guarantees 0 in the

new game guarantees Cav u(p0) in the original game. Next, by dividing all pay-o�s in

the (modi�ed) game by an appropriate positive number we may assume without loss of

generality that
��Gk

st

�� � 1, for all k, s and t.
In view of lemma 3.12 p. 199 let us de�ne the following functions: For δ > 0, β 2 B

and y 2 ∆(T ) let:

F (k, β, δ) =
n
f 2 ∆(S)

��� fQk � β
 � δ o

ξk(β, y, δ) = maxf fGky j f 2 F (k, β, δ) g

Here k�k is the *1 norm in RT×B
. If F (k, β, δ) = ;, we de�ne ξk(β, y, δ) = �1. The mean-

ing of these functions is quite straightforward: If β is the observed vector of frequencies

of signals to player II, then F (k, β, δ) is the set of all stationary strategies f in ∆(S) of
player I which could have yielded in state k a frequency vector which is δ-close to the

observed β. Consequently, when it is �nite, ξk(β, y, δ) is the worst pay-o� that player

II might have paid in state k while playing ỹ. The following proposition formalises this

interpretation:

Lemma 3.13. Given y with y(t) > 0 for all t 2 T , and given η > 0 and δ > 0, there
exists an M = M(η, δ) such that for any strategy σ of player I and any k 2 K, m � M
implies:

Pσk,ỹfḡkm > ξk(βm, y, δ) + ηg < η.
Proof. Since convergence with probability 1 implies convergence in probability, by

lemma 3.12 p. 199 there is an M = M(η, δ) such that for any strategy σ of player I,
m �M implies:

Pσk,ỹffm /2 F (k, βm, δ)g < η/2
Pσk,ỹfḡkm > fmGky + ηg < η/2

Since in the intersection of the complements of the above two events ξk(βm, y, δ) � fmGky
and ḡkm � fmGky + η which imply ḡkm � ξk(βm, y, δ) + η, it follows that

�(6) Pσk,ỹfḡkm > ξk(βm, y, δ) + ηg < η.
Note that by the remark following lemma 3.12 p. 199, the dependence of the constant

M on y is through 1/yt therefore if for ε > 0 we let

∆ε(T ) = f y 2 ∆(T ) j yt �
ε

#T
; 8t 2 T g,

we have:
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Corollary 3.14. In lemma 3.13 there is an M satisfying the statement uniformly
for all y 2 ∆ε(T ).

We denote now

X(k, β, δ) = fx 2 XK j xk 2 F (k, β, δ) g
δNR(p) =

[
β∈B

\
k : pk>0

X(k, β, δ)

The set δNR(p) is compact since it is the projection on XK
of the compact setn

(x, β) 2 XK �B
��� xkQk � β

 � δ 8k 2 K(p)
o

and by de�nition
T

δ>0 δNR(p) = NR(p).
It follows that maxx∈δNR(p)hc, xi converges uniformly to maxx∈NR(p)hc, xi as δ goes to 0,

for any c in the unit ball of RK×S
. Since there are �nitely many distinct sets NR(p) we

obtain the following:

Lemma 3.15. For every ε > 0 there exists δ̄ = δ̄(ε) such that δ 2 (0, δ̄] implies

max
x∈δNR(p)

hc, xi � max
x∈NR(p)

hc, xi+ ε,

for all c 2 RK×S with kck � 1 and for all p.

For p 2 ∆(K) let Y (p) = f y 2 ∆(T ) j y is optimal for player II in D(p) g.
Lemma 3.16. For each ε > 0 there exists δ̄ = δ̄(ε) such that 8β 2 B

y 2 Y (p) =) hp, ξ(β, y, δ)i � ε 8δ 2 (0, δ̄]

Proof.

hp, ξ(β, y, δ)i =
X

k∈K
pk max

f∈F (k,β,δ)
fGky

= max
x∈⋂

k:pk>0
X(k,β,δ)

X
k∈K

pkxkGky

So by de�nition of δNR(p),

hp, ξ(β, y, δ)i � max
x∈δNR(p)

X
k∈K

pkxkGky

The proof then follows from lemma 3.15 p. 201 and from the optimality of y in D(p). �

We will use now the approachability theorem to prove that player II can decrease ḡn
down to 0 or, in view of the last lemma, to decrease ξ(β, y, δ) down to ε. Since ξ is a ma-

joration to the real vector pay-o� ḡn only if player II uses a strictly mixed and stationary

strategy, we divide the stages of the game Γ∞(p) into blocs consisting of a large number

of stages each. Within the mth
bloc, player II plays a certain, strictly mixed, stationary

strategy ỹm. Our approximation of the average vector pay-o� in the mth
bloc will be

ξm = ξ(βm, y
m, δ), for a certain δ. The strategies ym will be chosen so as to decrease

hp0, ξmi to zero.

For any given δ > 0 consider the game with vector pay-o�s where, at each stage, player

I chooses β 2 B, player II chooses y 2 ∆ε(T ) and the pay-o� is ξ(β, y, δ):

Proposition 3.17. For every ε > 0 there exists δ̄ = δ̄(ε) and N = N(ε) such that for
any sequence βm there is a sequence ym = ym(ξ1, . . . , ξm) in ∆ε(T ) such that:

n � N(ε)) E(ξ̄kn) � 3ε 8k 2 K , where ξ̄kn =
1

n

Xn

m=1
ξkm
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Proof. We prove that the set M2ε = fx 2 RK j xk � 2ε 8k g is approachable in the

auxiliary game for player II using strategies in ∆ε(T ) only. Since
��Gk

st

�� � 1, it is enough
to prove that the set Mε is approachable using any strategy in ∆(T ). Since Mε is convex,

using cor. 4.6 p. 104, it is enough to prove that for all z 2 RK

w(z) � inf
m∈Mε

hm, zi

where w(z) is the value of the game with pay-o�
P

k z
kξk in which player II is the maxim-

iser. The above inequality is obviously satis�ed if zk > 0 for some k 2 K or if z = 0. Oth-
erwise let q 2 ∆(K) be the normalisation (to a unit vector) of �z. Since �w(�q) = u(q)
and since for z > 0 the right hand side minimiser in Mε is at m = (ε, . . . , ε), the condition
becomes

max
β

min
y∈∆ε(T )

hq, ξ(β, y, δ)i � ε

which is true by lemma 3.16 p. 201. �

We shall now use the above result to provide an optimal strategy for the uninformed

player. Given ε > 0 let δ̄, N be determined by prop. 3.17 p. 201. Let M be determined by

cor. 3.14 p. 201 for δ = δ̄ and η = ε/N .

Consider the following strategy τε: Player II plays in blocs of length M each. In

all the stages of the mth
block he plays i.i.d. the same mixed move ym 2 ∆ε(T ) which

is determined as follows: y1 is arbitrary. At the beginning of the mth
bloc (m � 1),

player II computes ξm−1 for the last bloc, and plays ym(ξ1, . . . , ξm−1) � determined also

by prop. 3.17 p. 201 � i.i.d. in that bloc.

By our construction, on a segment of N blocs (with duration nε = N �M), the expected
average pay-o� per stage is � 4ε, whatever be k.

Using this for a sequence εi decreasing to 0 (with the corresponding nεi) and repeating

the argument in the proof of prop. 4.5 p. 165 we can construct a single strategy τ such

that for any ε there exists N(ε) satisfying γ̄kn � ε for all σ, k and n � N(ε). This is an

optimal strategy of player II.
Summing up, the main results so far are the existence of lim vn(p), lim vλ(p) and v∞(p)

which are given explicitly and depend on the signalling matrices of player II only (and not

on those of player I). By ex.VEx.3 p. 253 this value, as a function of p, is semi-algebraic.

3.e. Approachability. The section is independent of the rest of the chapter, except

for (a particular case of) prop. 3.7 p. 195.

In the next theorem, we use B as a short notation for B�T (when the signals do not

inform player II of his move).

Theorem 3.18. Let ϕ be a convex function � u on Π. For any sequence εn > 0
converging to zero there is a strategy τ of player II in Γ∞ and a map l :

S
nB

n ! RK for
which

(1) ϕn(p) = maxb∈Bnhl(b), pi is decreasing, with limn→∞ϕn(p) � ϕ(p), ϕn(p) � 2C
and 8b 2 Bn there exists p strictly positive with hl(b), pi = ϕn(p)

(2) Given a play ω, de�ne ln(ω) = lk(b1, . . . , bn). Let En = gn� ln, and N = supfn j
En > 0 g (sup ; = 0). Then supσ,kP

k
σ,τ(N � n) � exp(�nεn) 8n � 0.

(3) Let Mn = sup σ,k
m≤n

kEmkL∞(σ,τ,k). Then εn(Mn� 3C) � 1

Comment 3.11. We will be interested in sequences converging slowly to 0 (nεn !1,

cf. 2) and 3 means that one can select bounds for Mn that increase arbitrarily slowly to

+1, above 3.c p. 195.



3. THE GENERAL CASE 203

Comment 3.12. The geometric meaning of 1 is that l(Bn) is the e�cient frontier of

its convex, comprehensive hull, and the sequence of those sets is decreasing. The point

p = pb 2 int(∆(K)) is such that hl(b), pi � hl(b′), pi 8b′ 2 Sm≥nB
m
. It might possibly be

interpreted therefore as a kind of �objective� posterior of player II on the states of nature

(i.e. independent of any prior on σ).

Comment 3.13. When the signals do not inform player II of his moves, and l is thus
a map on

S
n(B�T )n, we have a game of essentially perfect recall, where (1 p. 51) one has

to think of τ as a mixed strategy of II, i.e. a probability distribution over pure strategies.

Every pure strategy t̃ selected by τ allows then to compute player II's moves in terms of

his past signals, and generates thus from l the map lt̃ from
S

nB
n
to RK

. Hence τ can

be viewed as a probability distribution over pairs (t̃, lt̃), and lt̃ yields indeed an estimated

vector pay-o� to player II solely on the basis of his signals.

Proof. The proof is subdivided in three parts.

Part A. The building blocs.

Proposition 3.19. Let ϕ be a continuous convex function, ϕ > u on Π. Then there
exists N , a strategy τ of player II in ΓN, and a map l : BN ! Lϕ = fx 2 RK j hp, xi �
ϕ(p) 8p 2 ∆(K) g such that for every strategy σ of player I in ΓN and for all k 2 K,

Ek
σ,τ(EN) � 0.

Proof.

Step 1. Simpli�cation of the game.

Replace �rst the game Γ by a game Γ′
more favourable to player I, replacing S by

K �S: an action in Γ′
is the choice of a type and of an action of that type in Γ, with the

corresponding pay-o�s and signals, except that the pay-o� equals - M whenever player I
�lies� about his type. Since u′, as a function of M , decreases to u, we can �nd M su�-

ciently large such that still u′ < ϕ everywhere, by compactness. In Γ′
, Q is independent

of the state of nature k, and by theorem 1.3 p. 53 we can assume that Q informs each

player of his own pure action in Γ′
.

Replace now Γ′
by its δ-modi�cation Γ′′

, even more favourable to player I, where II's
choice of t results in t with probability 1 � δ, in which case his only signal is (t,blank),
and player I's is selected according to Q, and results with probability δ in a uniform

distribution over T choosing t′, in which case his signal is (t, b) and player I's is a, where
(a, b) is selected according to Qs,t′ (recall b includes t

′
and a includes s). For δ su�ciently

small, we will still have u′′ < ϕ everywhere, and now QII is independent of t.
Consider now Γ′′′

, with u′′′ = u′′ < ϕ, even more favourable to I, obtained by informing

player I at each stage of player II's signal. Then every information player I gets in addi-

tion to player II's signal and his own pure action choice is irrelevant � he can simulate

it by doing some additional randomisation himself. Discarding it, we obtain a model Γ4

where Qs(b) selects a signal b just as a function of player I's pure action choice, player II
is informed of (t, b) and player I of (s, t, b).

In this game, let NR =
T

pNR(p) = NR(p0) for any interior point p0. Then for all p,
NR(p) and NR have the same projection on f k j pk > 0 g � in particular u(p) can be

computed by restricting player I to the compact, convex polyhedron NR. Replace now

player I's pure strategy set by the set of extreme points e of NR (this includes all former

strategies): by de�nition of NR, Qe(b) is well de�ned and independent of k 2 K. And
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player II's message will be of the form (t, b) and player I's of the form (e, s, t, b, ) � but

repeating our previous argument leading from Γ′′′
to Γ4 we can assume player I just hears

(e, t, b): Now, in Γ5, we have in addition the property that 8x 2 NR, 9σx 2 ∆(S) such that,
for all k 2 K, Qσx

(b) = Qxk(b) 8b 2 B and σxG
k = xkGk

. In particular u(p) = Valhp,Gi.
Step 2. Construction of (N0, τ) (τ mixed strategy of player II in ΓN0

) such that

(γkN0
(σ, τ))k∈K 2 Lϕ−ε for all non-revealing strategies σ of I in Γ′

N0
.

We �rst argue in the game Γ5. Since ϕ > u, one can �nd ε > 0 and ϕ′
, with

u < ϕ′ < ϕ � ε and ϕ′
a maximum of �nitely many linear functions � i.e. it is the

convexi�cation of a function with values ϕi at pi (i 2 I, I �nite), and (+1) elsewhere.

Consider then the game Γ where player I is initially informed of i 2 I (chosen with

probability λi), next G
i = hpi, Gi is to be played, with the same Q as above: we have

u(λ) = u(
P
λipi) < ϕ

′(
P
λipi) �

P
λiϕi, for all λ (using u(p) = Valhp,Gi).

Hence, by prop. 3.7 p. 195 (in the game Γ), there exists N0 such that Val(ΓN0
(λ)) <P

λiϕi for all λ. Apply the minmax theorem in the �nite game Γ̃ where player I chooses
his type i and a pure strategy in ΓN0

, player II chooses a pure strategy in ΓN0
and the

pay-o� equals �ϕi plus the pay-o� in Γ
i
N0
: there exists a strategy τ of II in ΓN0

� i.e.

in Γ5N0
� that guarantees him zero in this game. This means that, for any i 2 I, and

every strategy σ of player I in Γ5N0
that is independent of k, Epi

σ,τ(gN0
) � ϕi. Since, for

�xed (σ, τ), Ep
σ,τ(gN0

) is linear in p, this means therefore that (γkN0
(σ, τ))k∈K 2 Lϕ−ε for all

strategies σ in Γ5N0
which are independent of k.

τ is also a strategy in Γ′′
(player II's action sets and information are the same), and it

is clear what is the corresponding (�generalised� cf. ex. II.1Ex.10ai p. 61) strategy in Γ′
N0
,

which, by ex. II.1Ex.14 p. 72, can be assumed to be also a mixed strategy in the original

game ΓN0
, i.e. depending only on his signals in that game.

Consider a non-revealing strategy σ of player I in Γ′
N0
. It is still a strategy, and

non-revealing, in Γ′′′
N0
.

To go to Γ4N0
, change it by letting player I do his own randomisations, on an auxiliary

probability space: we still have a non-revealing (generalised) strategy in Γ4N0
. Write it as

a behavioural strategy σk
n. Modify it now in the following way: after stage 1, player I uses

the conditional probability on s1 given k and b1 to average his �strategy for the future�

w.r.t. s1; rewrite this new strategy for the future as a behavioural strategy, which now

depends no longer on s1. The joint distribution of (k, s2, t2, b2, . . . ) is the same as before

hence the expected pay-o� from stage 2 on is not a�ected � and clearly the expected

pay-o� in stage 1 is also the same � so the modi�cation does not a�ect expected pay-o�s

in the game (here we use crucially the additive separability of pay-o�s). For the same

reason, the new strategy is still non-revealing. Do now the same with this new �strategy

for the future� and s2, and so on: we obtain a non-revealing σ of player I such that σk
n

depends only on the past signals of II, and which yields the same pay-o�s as the previous

one.

σ being non-revealing in Γ4 implies now that every history h of signals of II that has
positive probability under σ for some k 2 K (and some τ) has so for every k 2 K � and

that for every such h of length n, σn(h) 2 NR. There is no problem in modifying σ for the

other histories, thus σ is a map from histories of player II to NR. Hence, in Γ5, we can �nd

an equivalent map from histories of player II to ∆(S): in particular, this is independent

of k 2 K.

Step 3. End of the proof.
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Write now Γ′
N0

as a one-shot game, with a single strategy � τ � for player II, and
where every pure strategy s of player I yields a joint distribution of pay-o�s and signals �

being the joint distribution of the average pay-o� up to stage N0 and the sequence of N0
pairs of signals it induces against τ in Γ′

N0
. In this game, by step 2, every non-revealing

strategy of player I yields a pay-o� in Lϕ−ε � i.e., the new u-function is still � ϕ � ε.
Further, there is no loss in adding again to player I's signal knowledge of his own pure

strategy choice and of player II's signals. Denote this game by Γ̃, by B̃ the corresponding

alphabet for player II, and Ã for I.
Denote by D � ∆(B̃) the (compact) convex hull of the points (Q̃IIs )s∈S̃, the marginal

distribution on B̃ of Q̃s. For every π 2 ∆(B̃), denote by π the closest point in D, and

let l̂k(π) = max
nP

s∈S̃ xsg̃
k
s j x 2 ∆(S̃),

P
s∈S̃ xsq

II
s (b) = π(b) 8b 2 B̃

o
(g̃ks is the expected

pay-o� in Γ̃k
induced by action s 2 S̃).

Observe that, for all π, l̂(π) is the pay-o� to a non-revealing strategy (xk induces for

all k the same distribution of signals π), hence l̂ : ∆(B̃) ! Lϕ−ε. Further l̂ is clearly

Lipschitz, by ex. I.3Ex.4q p. 30.

Fix now k 2 K, and consider Γ̃k
as a game with vector pay-o�s in R � ∆(Ã � B̃)

� action s yielding g̃ks and the random pair of signals generated by Q̃s. The set

C = f (r, π) 2 R � D j r � l̂k(π) g (i.e., one neglects the coordinate in Ã, which was

kept only in order that player I's strategy set remains the same in Γ̃) is closed and

convex, as the (comprehensive hull of the) linear image of ∆(S̃), and is, by 4.4 p. 103,

approachable by player II: i.e., there exist constants Mk such that for all n, all σ and

all k, Eσk d[(g̃
k
n, fn), C] � Mk√

n
(4.3 p. 102), where fn denotes the empirical frequency on B̃

until stage n. The Lipschitz character of l̂ implies therefore there exists M > 0 such that

for all σ, k and n, Eσk(g̃
k
n� l̂k(fn))

+ � M/pn. In particular, let N1 � (M/ε)2 and de�ne

l̃ : B̃N1 ! Lϕ as (̂lk(fN1
) + ε)k∈K; then Eσk(g̃

k
N1
� l̃kN1

) � 0 for all σ and k.

Revert now to Γ′
, with N = N0�N1, so BN = B̃N1: we have a strategy τ in Γ′

N, and

l : BN ! Lϕ such that, for all σ and k, Ek
σ,τ(gN � lN) � 0. This remains then true in the

original game Γ, which di�ers from Γ′
only by the fact that player I has fewer strategies

σ (as mentioned, if in Γ player II's signal does not inform him of his move, l becomes a

map from (B � T )N to Lϕ).

This �nishes the proof of prop. 3.19 p. 203. �

Part B. Construction of the strategy, and points 1 and 3 of the theorem.

Denote, for any p0 2 ∆(K), by ψp0
the convexi�cation of the function having value

u(p0) at p0, C
k = maxs,tG

k
s,t at the k

th
extreme point, and +1 elsewhere. Observe that

ψp0
� u everywhere: player II guarantees it in D(p) by playing an optimal strategy in

D(p0) (any strategy if NR(p0) = ;). It follows that, for any convex function ϕ � u, de-
noting by ϕ̃ the function equal to Ck

at the kth extreme point and to ϕ elsewhere, the

function ϕ = min(ϕ,Vex ϕ̃) is convex, with u � ϕ � ϕ and has value � Ck
at the kth

extreme point. It su�ces therefore to prove the result for functions ϕ which have value

� Ck
at the kth extreme point. In particular such functions have values in [�1, C] and

are thus upper semi-continuous. Therefore, if f� is a decreasing sequence of continuous

functions converging to ϕ, and ψ� = *
−1+Vex(f�), the ψ� are continuous convex functions

> u and decreasing to ϕ.
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Hence we have, by prop. 3.19, for each *, an integer N�, a strategy τ� of player II in
ΓN 

, and a function l̂� from B
N to Lψ 

such that, for all strategies σ of player I in ΓN 
and

all k 2 K

Ek
σ,τ (gN 

� l̂�) � 0

(with the slight abuse of notation l̂�(ω) = l̂
k(ω)
� (b1(ω), . . . , bN 

(ω))). There is no loss in

assuming N� > N�−1.
We show �rst that, if necessary by extracting a subsequence, we can further assume

that ϕ�(p) = maxb∈BN ĥl�(b), pi decreases to ϕ. For this, observe �rst (e.g. by Zorn's

lemma, but this is not needed: since ϕ < +1, it su�ces to minimise on rational points)

that ϕ � ϕ � u, where ϕ is a minimal element of the set of convex functions � u. So we

can assume ϕ itself is minimal. Next, observe that ϕ� is a convex function � u: our in-
equality implies Eσ,τ (gN 

) � Eσ,τ [Eσ,τ (̂l� jH II
N 
)] = Eσ,τ (

P
k p

k
N 

l̂k�) � Eσ,τ ϕ�(pN 
), so if σ is

an optimal strategy in D(p) � repeated independently stage after stage �, then pN 
= p,

and Eσ,τ (gN 
) � u(p), hence u(p) � ϕ�(p). Since ϕ� � ψ� and ψ� converges to ϕ, we

obtain that lim supϕ� � ϕ. But lim supϕ� is convex and � u, so by the minimality of ϕ we

have lim supϕ� = ϕ. Since the same argument applies along any subsequence, we obtain

lim�→∞ϕ� = ϕ. This implies that ε� = maxp[ϕ(p)�ϕ�(p)] converges to zero by ex. I.3Ex.15c

p. 38. Let us thus add η� = supi≥� εi + *
−1

to the function l̂�; we obtain now that ϕ� > ϕ,
and the other properties are still valid. De�ne �nally a subsequence *i inductively by

*1 = minf * j ψ�+η� � 2C g, *i+1 = minf * j ψ�+η� < ϕ�i g [this exists, by compactness and

by continuity of the ψ� and ϕ�i, since ϕ�i > ϕ and ψ�+ η� decreases to ϕ]. Now ϕ�i > ϕ�i+1
.

Assume thus the original sequence satis�es this. So we can henceforth replace the original

sequence ψ� by ψ�(p) = maxb∈BN ĥl�(b), pi: this one also decreases to ϕ. Replace �nally

l̂1 by the constant function 2C. Choose also C� = max
�
C�−1, C + maxb∈BN ,k∈K

��̂lk�(b)���,
(C0 = 0).

Denote then by Sk
� the pure strategy set of player I in Γk

N 
, by P k

�,s the joint distribution

(on R � AN , given τ�, k 2 K and s 2 Sk
� ) of g

k
N 
� l̂k� and of the signals of player I (in

AN ). Denote also by µk�,s the marginal of P k
�,s on R. Each µk�,s has support in [�C�, C�]

and barycentre ek�,s � 0.
De�ne now the strategy τ of player II in Γ∞ as follows: for an appropriate sequence

of positive integers R�, play for R1 successive blocs of length N1 the strategy τ1, then for

R2 blocs τ2, etc. De�ne also, at any stage n, given a decreasing sequence ηn converging

to zero to be speci�ed later, ln(b1, . . . , bn) as ηn plus n−1 times the sum over all previous

blocs of the corresponding value of â multiplied by the corresponding bloc-length, plus C
times the number of stages in the last, incomplete bloc.

Let n =
Pi−1

j=1RjNj + mNi + r, with 0 � m < Ri and 0 � r < Ni. Then

hln, pi � ηn � 1
n

hPi−1
j=1RjNjψj(p) +mNiψi(p) + rC

i
= ϕn(p).

Denote by fn(p) the same function, but where C is replaced by ψi(p). Since ψ�(p)
decreases to ϕ(p), fn(p) are a decreasing sequence of convex, Lipschitz functions con-

verging to ϕ. And ϕn(p) � r
n [C � ψi(p)] + fn(p). Now Ci � maxp jC � ψi(p)j, so let

δm = supn≥m(
r
nCi) (recall r and the index i vary with n).

For
r
nCi to converge to zero, it su�ces to consider values of n where r = Ni � 1, and

then where m = 0: thus one needs N�C�

.�P�−1
i=1NiRi+N�

�
to converge to zero. For this

it su�ces that R�−1 � N�C� (since N�−1 ! +1). Assume the sequence R� satis�es this
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condition. Then δn converges to zero. Let then ϕn(p) = fn(p)+ δn+ηn: ϕn is a decreasing

sequence of convex, Lipschitz functions converging to ϕ, and for all n, ln : B
n ! Lϕn

.

We show now how to modify this function l such as to satisfy also 1. With the above

notation, let n0 =
Pi−1

j=1RjNj +mNi. Observe ϕn0
(p) = fn0

(p) = maxb∈Bn0hln0
(b), pi � ηn0

:

since over each bloc there exists such a maximising string of signals, it su�ces to put

those together. De�ne now ln as ln, but replacing the term C in the last incomplete bloc

by a repetition of the last l̂i estimated (̂li−1 if m = 0): the same argument shows that

gn(p) = maxb∈Bnhln(b), pi�ηn = 1
n

hPi−1
j=1RjNjψj(p)+(mNi+r)ψi(p)

i
(here again, ψi−1(p)

if m = 0) � and as before the functions gn decrease to ϕ. So by adding δn to ln and to

gn, those properties are preserved and now l � l, so all our estimates in part C for l will
a fortiori apply to l.

Finally, to have all properties of 1, increase still, for each b 2 Bn
, the coordinates

of ln(b) such as to obtain hln(b), pi = gn(p) + ηn for some interior p. Finally, for the in-

equality ϕn(p) � 2C, replace l by the identically zero function if C = 0, otherwise, since
maxb∈Bnhln(b), pi decreases to ϕ(p), and since by minimality ϕ(p) � C for all p as seen

above, there exists n0 with ln0
(b) < 2C for all b 2 Bn0. Just set ln = 2C for n < n0 �

this preserves all other properties. This yields the function of the theorem � for part C

it will however be su�cient to deal with the original function l.
For point 3, observe that now for all n, En � �3C, and M1 � 3C. Choose each R�

su�ciently large such that εR N 
(C�+1 � 3C) � 1. Then 3 follows immediately for the

original function l. Since the true function l is larger or equal to l, 3 follows a fortiori for

l (the true En being anyway � �3C).
We also proved along the way:

Corollary 3.20. Every convex function ϕ � u is minorated by a minimal such
function, which has value � maxs,tG

k
s,t at the k

th extreme point.

Part C. Point 2 of the Theorem.

Step 1. Given F (x) convex increasing with F (x)
x ! 1, F (x)

x2 ! 0, one can select R�

such as to have for X standard normal, Ek
σ,τ f(En) � E f

�p
F (n)

n X � ηn
�
for all σ, k, n and

for all increasing, convex f .

Let Wi =
Pi

j=1N�jXsj, Ti =
Pi

j=1N�j, where sj 2 Sk
�j denotes the pure strategy choice

of player I in bloc j of length N�j, and Xsj is selected according to µk�j,sj. Then, during

bloc i + 1, i.e. for Ti � n < Ti+1, we have gkn � lk(b1, . . . , bn) � Wi
n � ηTi

. We �rst try to

replaceWi by random variables W̃i such that E f(Wi) � E f(W̃i) for any convex increasing
f .

Thus, by monotonicity of f , we can replace each Xsj by Xsj � ek�j,sj, since ek�j,sj � 0.

I.e., we are reduced to the case where each µk�,s has barycentre zero, and support included

in [�2C�, 2C�]. Consider now random variables Y ′
j , whose conditional distribution given

all other variables in the problem � including the other Y 's � is carried by f�2C�j, 2C�jg
and has expectation Xsj: by the convexity of f , and Jensen's inequality, we can replace

the Xsj by Y
′
j . I.e., we can assume that each µk�,s not only has expectation zero, but also

is carried by f�2C�, 2C�g. Thus it assigns probability 1
2 to each of those points. In par-

ticular, all strategies of player I, and all k 2 K reduce now to the same problem; if we let

Y ′
j = 2C�jYj, then the Yj are an i.i.d. sequence, uniform on f�1, 1g. Let now Vj be an i.i.d.
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sequence of standard normal random variables (i.e., with mean zero and variance one),

independent of all others. Since E(
��Vj��) =p 2

π , the V
′
j = Yj

��Vj��pπ
2 have Yj as conditional

expectation given all other variables � so we can replace the Yj by those, and are i.i.d.

normal with standard deviation
p

π
2 . To sum up, we can de�ne W̃i by replacing Xsj byp

2πC�jXj, where the Xj are an i.i.d. sequence of standard normal variables.

Let D� =
p
2πC�. The variance of W̃i equals V (Ti) =

Pi
j=1(D�jN�j)

2
. During super-

bloc *, the function V has therefore slope N�D
2
� , which increases to +1.

Fix now a convex, increasing function F from R+ to itself such that limx→∞F (x)/x =
+1 and limx→∞F (x)/x2 = 0, and de�ne the successive R� as follows: continue super-bloc

* as long as needed such that from the endpoint of the graph of (V (T ), T ) reached at the

end of super-bloc *, the straight line with slope N�+1D
2
�+1 will lie everywhere below the

graph of F (T ). (And increase R� if necessary still some more to satisfy also our previous

condition R� � N�+1C�+1). This de�nes now fully the strategy τ , given the function F .
And by construction, we have now V (T ) � F (T ) for all T � R1N1.

Hence, for all i � R1, we can still add (Jensen again) to W̃i an independent normal

variable with mean zero and variance F (T )�V (T ), so the W̃i become normal with mean

zero and variance F (Ti).
Finally, since for Ti � n < Ti+1 we have En � Wi

n � ηTi
, since ηn � ηTi

, and since

F (n) � F (Ti) we can conclude, by a last use of Jensen's inequality, that for all n � R1N1,
and all convex increasing functions f , E[f(En)] � E[f(Wn

n � ηn)], where Wn is normal

(0, F (n)), i.e. E f(En) � E f
�p

F (n)

n X � ηn
�
where X is standard normal: this �nishes

step 1.

Step 2. Two lemmas.

Lemma 3.21. Consider a couple of random variables (X,Y ), where Y is standard
normal. Assume E f(X) � E f(Y ) for all convex increasing functions f (f Lipschitz and
bounded below). Then Pr(X � λ) < Erf(λ� 1

λ) for all λ > 0 (with Erf(µ) = Pr(Y � µ)).
Proof. Let f(x) = (x� r)+: f(λ)Pr

�
f(X) � f(λ)

�
� f(X). So for r < λ:

Pr(X � λ) � 1

λ� r

Z ∞

r

(y � r) 1p
2π
e−y2/2dy =

1

λ� r

�
1p
2π
e−r2/2� rErf(r)

�
The derivative of the right-hand member w.r.t. r equals

1

(λ� r)2
�

1p
2π
e−r2/2� λErf(r)

�
.

So choose r such that λ = e−r2/2/
�p

2πErf(r)
�
= F (r).

[There always exists a unique such r, because the right-hand member is strictly in-

creasing from 0 (r = �1) to +1 (r = +1). This follows from the inequality

Erf(r) < e−r2/2/(r
p
2π) for r > 0, which insures both that the derivative of the right-

hand member is positive for r > 0 � and it is obviously so for r � 0 � and that the

right-hand member tends to +1 with r. The zero limit at r = �1 is obvious. The

inequality rErf(r) < 1√
2π
e−r2/2

follows in turn by expressing E(Y � r)+ > 0, and implies

also that the chosen r is < λ.]

Substituting thus λErf(r) for 1√
2π
e−r2/2

in our majoration yields

P (X � λ) � Erf(r).
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There only remains to show that r > λ � 1/λ, i.e., by the previously checked strict

monotonicity of F , that λ > F (λ � 1/λ) � or, letting x = λ � 1/λ and hence (λ > 0)

λ = x+
√
x2+4
2 , that

x+
√
x2+4
2 > F (x), or

p
2πErf(x)� 2e−x2/2

x+
√
x2+4

is positive. Since the limit at

+1 is clearly zero, it su�ces to check the function is decreasing. Taking the derivative,

this amounts to x
p
x2+ 4 < x2+ 2, which is obvious. �

Lemma 3.22. For every sequence εn converging to zero there exists a sequence δn
converging to zero such that 8n � 1X∞

m=n
Erf
p
mδm � exp(�nεn).

Proof. By the bound Erf(x) � 1√
2πx
e−x2/2

(e.g. lemma 3.21), it su�ces to get

nδn � 1/(2π) and
P∞

m=n e
−mδm/2 � exp(�f(n)), with f(n) � nεn. For the latter in-

equality, it su�ces to have

e−nδn/2 � e−f(n)� e−f(n+1)
(so f(n) < f(n+ 1)) , i.e.

δn
2
� �1
n

ln
�
e−f(n)� e−f(n+1)

�
=
f(n+ 1)

n
� 1

n
ln
�
ef(n+1)−f(n)� 1

�
Hence for such δn ! 0 to exist it su�ces that

f(n)
n ! 0 (so also

f(n+1)
n ! 0) and

lim infn→∞ 1
n ln(f(n+ 1)�f(n)) � 0 (since ex�1 � x). So it su�ces that f(n+1)�f(n) �

1/[n(n+ 1)]. Hence f(n) = 1� n−1+ maxi≤n iεi will do. �

Step 3. End of the proof.

From step 1, let f
�p

F (n)

n X � ηn
�

= g(X), so f(En) = g
h

np
F (n)

(En + ηn)
i
, and

E g
�

np
F (n)

(En + ηn)
�
� E g(X) for all n and all convex increasing g. Hence, by lemma

3.21,

Pr
h np
F (n)

(En + ηn) � λ
i
� Erf

�
λ� 1

λ

�
for all λ > 0,

i.e., for λ′ =
p

F (n)

n λ� ηn,

Pr(En � λ′) � Erf

"
np
F (n)

(λ′ + ηn)�
p
F (n)

n(λ′ + ηn)

#
for all λ′ � 0.

For a sequence δn decreasing to zero, choose now ηn and F such that

np
F (n)

(λ+ ηn)�
p
F (n)

n(λ+ ηn)
�
p
nδn(λ+ 1) for all λ � 0, i.e. for λ = 0.

E.g., take ηn = ( 2n + δn)
1
3 , F the convexi�cation of n/ηn. Those satisfy all our require-

ments, so, for all n � R1N1, we have Pr(En � λ) � Erf
�p
nδn(λ+ 1)

�
for all λ � 0.

To obtain this also for the other values of n, just increase ηn for those such as to have

lkn(b) > C 8b 2 Bn
, 8n � R1N1, 8k 2 K � then Pr(En � 0) = 0.

Now, Pr(N � n) �
P∞

m=nPr(En > 0) �
P∞

m=nErf
p
mδm � so point 2 of the theorem

follows from lemma 3.22.

This �nishes the proof of theorem 3.18. �
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3.f. The errors E+n in the approachability theorem.

Lemma 3.23. Let Ψ = fψ : N�R+! R+ j 8n, ψ(n, x) is non-decreasing in x and 8x,
limn→+∞

ψ(n,x)
n = 0 g. And let Ψ0 = fψ 2 Ψ j ψ(0, x) = 0 g.

(1) Every sequence ψi 2 Ψ is majorated by an additively separable one:

ψi(n, x) � Ki + g(x) + f(n)

(i.e., g : R+! R+ is non-decreasing and limn→∞
f(n)
n = 0).

[Hence by adding e.g.
p
x to g and

p
n to f we will have ψi(n, x) � f(n) + g(x)

except in a bounded region.]
(2) 8ψ 2 Ψ0, 9f, h : f(nh(x)) 2 Ψ0 and ψ(n, x) � f(nh(x)).
Proof. 1) Let j enumerate the set of pairs (i,m), with fj(n) = ψi(n,m), and let

f(n) = maxf fj(n) j 8k � j, 8* � n, fk(*) � */j g: then fj(n) � f(n) for n large enough,

so there exists ϕ(i,m) with ψi(n,m) � ϕ(i,m) + f(n). Let g0(m) = maxi≤mϕ(i,m):
ϕ(i,m) � g0(m), 8m � i, so ϕ(i,m) � g0(m) +Ki, hence with g(x) = maxm<x+1 g0(m) we
obtain 1).

2) By 1), we assume ψ(n, x) = f(n)+g(x) for n � 1. Replace f(n) by maxi≤n f(i)+lnn,
so f(kn) � f(n) + ln k, and extend f by linear interpolation to R+, with f(0) = 0.
Now h(x) = supn≥1

1
nf

−1(f(n) + g(x)) is �nite (� 1 + exp g(x)) and monotone, and

f(n)+g(x) � f(nh(x)) for all x and all n � 1. This �nishes the proof since ψ(0, x) = 0. �

Remark 3.14. We will be basically interested in Ψ or Ψ0, which is a convex cone and

lattice, etc. The lemma gives us convenient co-�nal sets to work with.

Remark 3.15. non-decreasing functions g from R+ to itself can always be major-

ated by very �nice� ones � e.g. that have an everywhere convergent power-expansion

with all coe�cients positive. Similarly f with limx→∞
f(x)
x = 0 can be replaced by its

concavi�cation, and a number of further conditions can be imposed.

Corollary 3.24. Main Corollary

(1) For every ψ 2 Ψ0, (τ, l) can be chosen in theorem 3.18 p. 202 such that
8k, σ, λ � 0,

P k
σ,τ

�
ψ(N,MN) � λ

�
� e−λ.

(2) Equivalently (lemma 3.23 p. 210), for every non-decreasing functions h and f from

R+ to itself such that limx→∞
f(x)
x = 0 there exists (τ, l) such that 8k, σ, λ � 0

P k
σ,τ

�
Nh(MN) > λ

�
� exp�f(λ).

Proof. Assume by lemma 3.23 ψ(n, x) � f(n) + g(x). By point 3 of the theorem,

we can select Mn to increase as slowly to +1 as desired � in particular such that

g(Mn) � Af(n); then K(n) = ψ(n,Mn) still satis�es
K(n)
n ! 0. We have then to show

that we can �nd (τ, l) such that P (N � n) (= P (K(N) � K(n)) � exp�K(n) 8n � 1.
This is point 2 of the theorem. �

Corollary 3.25. (1) 8ψ 2 Ψ0 there exists (τ, l) such that in addition the La-

place transform L k
τ,l,ψ(α) = supσ Ek

σ,τ exp[αψ(N,MN)] is �nite.
(2) Given a sequence ψi 2 Ψ0, choose ψ0 such that ψi � ψ0 + Ki (cf. lemma 3.23

p. 210). Let ψ in Ψ0 such that ψ(n, x) � ψ0(n, x)+ *(n) with *(n)!1. For any
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(τ, l) as in theorem 3.18 p. 202, which further satis�es, for each k where possible,
that 8σ, P k

σ,τ(N = 0) = 1, 9Li such that

L k
τ,l,ψi

(α) � LiL
k
τ,l,ψ(α) for all α, i and k

(and the same inequality holds with Li = 1 for all α su�ciently large).

Proof. 1) Apply lemma 3.23.1 p. 210 to the sequence iψ 2 Ψ0, so iψ � ψ′ +Ki with

ψ′ 2 Ψ; apply then the main corollary to ψ′
to conclude that supσ,k E e

1
2
ψ′(N,MN) < +1,

hence L k(α) <1 since for i � 2α, αψ � 1
2ψ

′ + 1
2Ki.

2) We �rst show that the full statement follows from the parenthesis. It su�ces to

show that the inequality holds for α � 0 � since it also holds for α su�ciently large,

increasing Li will make it hold everywhere. For α � 0, we have L k
τ,l,ψi

(α) � 1, and

L k
τ,l,ψ(α) � infσP

k
σ,τ(N = 0) > 0 (since ε1 > 0 in the theorem). Hence the claim.

For the parenthesis, there is something to prove only if L k
τ,l,ψ(α) <1 everywhere (in

particular, P k
σ,τ(N <1) = 1 for all σ). Fix thus such (k, τ, l). Observe that L k

τ,l,ψi
(α) �

eKiαL k
τ,l,ψ0

(α) (for α � 0), so it su�ces to show that
1
α

�
lnL k

τ,l,ψ(α)� lnL k
τ,l,ψ0

(α)
�
! +1.

(τ, l) determines the sequence Mn; let thus G(n) = expψ0(n,Mn), H(n) = expψ(n,Mn):

we have G(n) � 1, H(n)
G(n) � en = exp(*n) ! +1, and we want to show that

supσ‖H(N)‖α
supσ‖G(N)‖α

goes to +1 with α.
Observe �rst we can assume there exists some σ1 under which the distribution p1 of

N has in�nite support. Otherwise 9n0 : P k
σ,τ(N � n0) = 1 8σ (if P k

σn,τ(N � n) > 0 8n,
then σ =

P
2−nσn would give in�nite support to N), so that setting ln = 2C for n � n0

would show that one can have P k
σ,τ(N = 0) = 1 8σ � which implies L k

τ,l,ψ is identically

one for any ψ 2 Ψ0, so the conclusion is obvious.

It su�ces to prove the convergence along any subsequence αi with αi � 2i (i � 2). Let
thus pi be the distribution of N induced (under k, τ, l) by some σ that (approximately)

maximises kG(N)kαi
, and let p =

P
i≥1 2

−ipi.

p is induced by some strategy (convexity). Also p � 2−ipi yields kGkLαi(p)
�

(2−i)1/αi kGkLαi(pi)
; since (2−i)1/αi ! 1 it follows that it su�ces to show that

‖H‖α
‖G‖α ! +1

for the probability distribution p with in�nite support on N.

If kGkα is bounded, the proof is �nished, because H(n) � G(n) � en � en converges

to +1, so kHkα converges to +1 because p has in�nite support (recall kXkα is mono-

tone and converges to kXk∞), and kGkα � 1. Otherwise (same monotonicity) kGkα
converges to +1, which means that, letting for λ > 0, Nλ = fn j G(n) � λ g and

eλ = minf en j n 2 Nλ g, we have p(Nλ) > 0 and eλ ! +1. Then

kHkα
kGkα

� eλ kG1Nλ
k
α

kG1Nλ
k
α
[1 + 1

p(Nλ)
]1/α
.

Since the bracket converges to 1 as α ! +1, we obtain lim infα→∞
‖H‖α
‖G‖α � eλ, and since

eλ !1 this �nishes the proof. �

Comment 3.16. f(α) = exp(αx) is log-convex (has convex logarithm). Check that

an average of two log-convex functions still has the same property (reduce �rst to the

case where the two are exponential functions, next to the veri�cation that ln(1 + ex) is
convex). Going to the limit conclude that a Laplace transform E exp(αX) is log-convex;
�nally a supremum of convex functions still being so, L k

τ,α,ψ(α) is log-convex.
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Comment 3.17. Point 1 of the corollary has the same force as the main corol-

lary: �x such a (τ, l), and �x also k. Let ϕ(n) = ψ(n,Mn), Fσ(α) = Eσ exp(αϕ(N)),
F (α) = supσFσ(α) < 1. Then, for α > 0, eαλPσ(ϕ(N) � λ) � Fσ(α), so

supσPσ(ψ(N,MN) � λ) � exp[lnF (α) � αλ] for all α � 0. By the convexity of the

bracket (comm. 3.16), the minimum over α of the right-hand member is easily obtained

as being exp[�
R λ

λ0
G(s)ds] for λ � λ0, where the function G(λ) gives the root of the de-

rivative of the bracket w.r.t. α (make a picture!). G could have horizontal and vertical

segments, and could take the value +1, but is monotone and converges to +1. λ0 is

(any) root of G(λ0) = 0, i.e. λ0 = Eσϕ(N) for some strategy σ. So H(λ) =
R λ

λ0
G(s)ds is

convex (with minimum H(λ0) = 0) and satis�es H(λ)/λ! +1, in particular H(λ) � λ
for λ � λ1 � hence supσPσ

�
ψ(N,MN) � λ

�
� e−λ

for λ � λ1. This bounds correctly the

probability for all N � n1, and it is trivial to remember that one can always increase l to
2C for 1 � n � n1 such as to give zero probability to those values of N .

Comment 3.18. The main corollary � or (cf. remark 3.17) the above � imply our

Gaussian bound (on En) proved during the proof of the theorem. Indeed, given εn, let
h(x) = (x+1)41x>0, and f(x) =

1
2+

1
2(
p
xδ(x)+1)2, where δ(x)! 0 is such that xδ(x4) is

non-decreasing and δ(n) � p
εn (thus δ(x) = x−1/4maxn≤xn

1/4pεn). Then, 8Mn � 0,

n1/4(Mn + 1)δ(n(Mn + 1)4) � n1/4
p
εn, so f(nh(Mn)) � 1

2 + 1
2

�p
nεn(Mn + 1) + 1

�2
,

hence exp
�
�f(nh(Mn))

�
� Erf

�p
nεn(Mn + 1)

�
[using � cf. proof of lemma 3.21 �

Erf(x) � 2√
2π

e−x2/2

x+
√
x2+4

� 1√
2π

e−x2/2

x+1 � 1√
2π
e−

x2

2
−x � exp�(12x2 + x + 1)]. δ(x) ! 0 yields

f(x)
x ! 0, so let, by the main corollary, (τ, l) be such that Pr(Nh(MN) � x) � exp�f(x)

for all x > 0 and all σ, k. Then, for λ �Mn, we have Pr(En > λ) = 0 � Erf
p
nεn(λ+ 1),

and for 0 � λ � Mn we have Pr(En > λ) � Pr(N � n) = Pr(Nh(MN) � nh(Mn)) �
exp�f(nh(Mn)) � Erf(

p
nεn(Mn + 1)) � Erf(

p
nεn(λ+ 1)).

[It is therefore clear such a Gaussian bound applies not only to En, but also to any

function h(En).]

Comment 3.19. In typical applications, ψ(n,Mn) will take the form f(nh(Mn)), where
the random variable Nh(MN) bounds random variables like

P
nh(En) (h(x) = 0 for x � 0,

recall En is the error at stage n), or like supnnEn � the maximum non-normalised error

(for h(x) = x+), or N itself. . .

Comment 3.20. Even for repeated coin tosses � i.e., since we do not have random

pay-o�s in the model, a single state of nature, �matching pennies�, where both players

use their i.i.d. optimal strategy �, the above results cannot be improved, and would not

be true for f(nh(x)) with f the identity � thus for ψ(N,MN) = N itself.

Indeed, denote by gn the frequency of successes, and Tη = #fn j gn > η g for

1/2 < η < 1 (i.e. we do not even ask that ηn ! 1
2 , and Tη is much smaller that N). Even in

this most favourable case it is not true that Tη has a �nite Laplace transform; the region

where it is �nite shrinks to zero as η ! 1
2 � so one cannot relax the requirement that

f(x)
x ! 0. To see this, apply �rst th. 2 p. 399 in (Feller, 1966), next lemma 1 p. 398 (Feller,

1966) to the random walk n(gn� η), to conclude letting n!1 that Pr(Tη = k) = q∞pk,
hence E sTη = q∞p(s) will be �nite if p(s) is so, i.e. by formulae 7.13 and 7.2 (ibidem), if

τ(s) < 1 with τ(s) =
P

n s
nP (g1 � η, g2 � η, . . . , gn−1 � η, gn > η). The probability in

the right-hand member is � P (gk � η 8k). P (gn > η j gn−1 � η) � 1
2P (Tη = 0)P (gn−1

takes its largest possible value � η).
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Evaluating this last probability by Stirling's formula we get 1 �
�
2
p
2πη(1� η)

�−1�
P (Tη = 0)

P
n
1√
n

�
s

2ηη(1−η)1−η

�n
, so this convergence requires s � 2ηη(1 � η)1−η

�

which converges indeed to 1 as η ! 1
2 . The result becomes even stronger: let

Sη = minfn � 1 j gn � η g; the same conclusions apply even to Sη. Indeed, us-

ing formula 7.15, p. 397 (Feller, 1966), we obtain Pr(Tη = k) = q∞Pr(Sη > k), hence
q∞E exp(αSη) = Pr(Tη = 0)+ (eα� 1)E exp(αTη) = +1 for α � ϕ(η) = ln(2ηη(1� η)1−η).

Let us show that, if ηn ! 1
2 , the above implies that, even in our �typical applications� of

the previous remark, the Laplace transform will be in�nite for all α > 0 if we let f(x) = x.
There is no loss in assuming ηn to be decreasing. Consider �rst the random variable N
� or just T , the total number of errors. Given α > 0, let n0 = minfn j ϕ(ηn) � α g.

To prove that E exp(αT ) = 1, it su�ces to show that E[expαT j gn0
= 1] = 1,

since the condition has positive probability. But the conditional distribution of T , given
gn0

= 1, is clearly (stochastically) larger than Sηn0
� hence the result. Consider now the

random variable X =
P

nh(En), with En = (gn� ηn)+ and h : [0, 12 [! R+ non-decreasing

and not identically zero. Let x0 <
1
2 be such that h(x0) > 0, and choose n0 large such

that ηn0
< 1

2 � x0. Then
P

nh(En) � h(x0)#fn � n0 j gn � x0 + ηn0
+ 1

2 g. Hence, by

the same conditional bound as above, E exp(αX) = +1 for α � ϕ(x0 + ηn0
+ 1
2) � i.e.,

letting n0 ! 1, for α > ϕ(x0 +
1
2). Thus here also the Laplace transform of X is never

�nite for α � ln(2), and is in�nite for all α > 0 if x > 0 implies h(x) > 0.
Consider �nally Y = supnn(gn � ηn)+. For 1 > η > ηn0

, we have, conditionally

to gn0
= 1, Y � (η � ηn0

)Sη, hence E exp(αY ) = 1 if E exp[α(η � ηn0
)Sη] = 1,

hence if α(η � ηn0
) � f(η). I.e., for ηn0

= 1
2 + 1

4ε <
3
4 and η = 2ηn0

� 1
2 , if

α � 2
ε [(1 + ε) ln(1 + ε) + (1� ε) ln(1� ε)] � hence for all α > 0 by letting n0 ! 1

and thus ε! 0.

Comment 3.21. The main corollary is essentially equivalent to the theorem: it obvi-

ously implies point 2 (with h(x) = 1x>0), but also (with any h converging to +1) point 3

� as soon as in at least one state of nature some randomness is present like in �matching

pennies�.

Indeed, it can be written P (N � n) � exp�f(nh(Mn)) � but if the �matching

pennies� aspect is present, we obtain a lower bound as sub comm. 3.20: for n � n0,

P (N � n) � Pr(gn is the �rst value exceeding ηn0
) � K(ηn0)√

n
exp(�nδ(ηn0

)), where ηn de-

creases to
1
2 � so δ(ηn) = ln[2ηηnn (1 � ηn)1−ηn] decreases to zero. Hence for n � n′0 we

have f(nh(Mn)) � 2nδ(ηn0
), so lim sup 1

nf(nh(Mn)) � 2δ(ηn0
), hence 1

nf(nh(Mn))! 0. In
particular, for n � n0, h(Mn) � 1

nf
−1(n). Since, given an arbitrary sequence ρn conver-

ging to +1, h(ρn) converges to +1, and having minorated h by a strictly (for x � x0)
monotone one converging to +1, we can then choose f such that

1
nf

−1(n) � h(ρn), so
conclude that Mn � ρn for n su�ciently large. To obtain the inequality also for n � n0 it
su�ces to set ln = 2C for n � n0.

Comment 3.22. The same proof as in cor. 3.25 p. 210 yields even an improved

result: let ψ(n, x) = 2[ψ(n, x) + *n]. The proof shows that there exists a single

strategy σ such that Eσ,τ exp[2iψ(N,MN)] � 2−iL k
τ,l,ψ

(2i) � 2−iL k
τ,l,ψ+�(α) for 2i �

α � 2i+1, so Eσ,τ exp[αψ(N,MN)] � 1
αL

k
τ,l,ψ+�(α) (α � 4). But it also shows that

1
α [lnL

k
τ,l,ψ+�(α) � lnL k

τ,l,ψ(α)] ! +1, and since
1
α lnα ! 0 it follows that, for α � α0,

1
αL

k
τ,l,ψ+�(α) � L k

τ,l,ψ(α). Using again the fact that Eσ,τ exp[αψ(N,MN)] is bounded away

from zero, we obtain that L k
τ,l,ψ(α) � LEk

σ,τ exp[αψ(N,MN)]. And therefore, for all i,
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L k
τ,l,ψi

(α) � Li E
k
σ,τ exp[αψ(N,MN)]: now the right-hand member is a true Laplace trans-

form, for a �xed distribution induced by a single strategy σ.

Comment 3.23. The fact that the expectation of a random variable X under Ek
σ,τ is

uniformly bounded over σ does not a priori imply that the dominated convergence the-

orem for variables � X holds uniformly in σ. Still it is this type of result that we need,
e.g. to conclude that supσksupm≥nmE

+
mkLp(σ) (cf. remark 3.18 p. 212) converges to zero

when n ! 1, since all our concepts in this book are based on errors converging to zero

uniformly over σ.
However, in the present case this implication holds: If Xi(e1, e2, . . . ) converges point-

wise to zero, then for all n, since there are only �nitely many histories of length n, there
are only �nitely many possible sequences (e1, e2, . . . , en, 0, 0, 0, . . . ), hence Xi converges to

zero uniformly on them, so that, for i su�ciently large, fXi � εg is included in fN � ng.
And our results (main corollary, or remark 3.17 p. 212) imply that supσ

R
{N≥n}X converges

to zero (say for X 2 Ψ, and (τ, l) as in the main corollary).

Further, for a given point-wise convergent sequence Xi, our results yield an easy

criterion for the existence of such an X and (τ, l) (we assume Xi are just functions

of the errors e1, . . . , en, . . . ): let Y = supiXi (Y is �nite since Xi is convergent), and

ϕ(n,m) = maxfY (e1, . . . , en, 0, 0, 0, . . . ) j ei � m 8i g: we need 1
n lnϕ(n,m)! 0 for all m.

Now we turn to another estimate, relative to the norm-summability of the errors in

Lp (cf. remark 3.26 below).

Lemma 3.26. (1) Let fi : R+ ! R be such that fi(x)/x is bounded and con-
verges to zero at 1. Then there exists f : R+ ! R concave, Lipschitz, with
f(0) = 0 = limx→∞ f(x)/x such that, for some function r : R+ ! R satisfying
r(x) � 1 and limx→∞ r(x) = +1 one has f(

Qn
i=1xi) � r(

Pn
i xi)

Qn
i=1 fi(xi).

(2) Let also * : R+ ! R be locally bounded, with limx→∞ *(x)/x = 0 and
limx→0 *(x) = �1. Fix r � 1 and assume f1(x) � 0.

Then the function f can moreover satisfy f(x1x2) � f1(x1)[r̃(x1+ x2) + *(x2)]
with limx→+∞ r̃(x) = +1 and r̃(x) � r.

Proof. 1) Let g = Cav(maxi jfij): g is Lipschitz, with g(0) = 0 = limx→∞ g(x)/x,
and we can assume fi = g. Let r(x) =

p
x/g(x), g(x) = r(x)g(x): g is like g, and r

is monotone, strictly positive and converges to +1. Let f0(u) = sup∏xi=u

Qn
i=1 g(xi):

if L is the Lipschitz constant of g, we have
1
uf0(u) = sup

Qn
i=1

g(xi)
xi

� Ln
, and if

uk =
Qn

i=1x
i
k ! 1 then at least one coordinate, say x1k, converges to 1 (along a sub-

sequence), so
1
uk
f0(uk) � g(x1

k)

x1
k
Ln−1

converges to zero. So
1
uf0(u) is bounded and converges

to zero; and f0(
Q

ixi) �
Qn

i=1 r(xi)
Qn

i=1 g(xi). Thus f =
�

1
r(0)

�n

Cav f0 satis�es our re-

quirements, with r(s) =
�

1
r(0)

�n

min∑xi=s

Q
r(xi).

2) Replace * by Cav(*), and add
p
x to be sure that *(x) ! +1. Let f2(�) =

Cav([r + *(�)]+); f(x1x2) � r(x1 + x2)f1(x1)f2(x2) with r(x) � 1 converging to 1. Let

r̃(u) = minx≤u(r(u)f2(x) � *(x)): it su�ces to show that r̃(x) � r and converges to

+1 as x goes to +1. The �rst point is immediate, so there remains to show that

r(ui)f2(xi)�*(xi) � K for 0 � xi � ui implies ui is bounded. Observe �rst that xi � x > 0
(with *(x) = �K). If xi � *−1(0) then K � r(ui)f2(xi) � *(xi) � [r(ui) � 1]*(xi) + r(ui)
implies r(ui) � K. And if �K � *(xi) � 0 then r(ui) � K/f2(x). �
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Corollary 3.27. Let h : R+! R+ be monotone, with h(0) = 0. Assume pn/n! 0,
pn � 0. Let also, by the above lemma (2), f : R+ ! R+ be concave, Lipschitz, with
f(0) = 0 = limx→∞ f(x)/x, and such that f(nx) > pn[ln(x)+ rn] for some sequence rn � r
converging to +1. For any such f , and for (τ, l) satisfying the main corollary with (f, h),
one has supσ,k kh(En)kpn � e

−rn � hence the sequence converges to zero and its maximum

can be made arbitrarily small. In particular,
P

n supσ,k kh(En)kln(n)
pn

< +1.

Proof. For such (τ, l) and all σ, k, we have

kh(En)kpn � h(Mn)[Pr(En > 0)]1/pn � h(Mn)[Pr(N � n)]1/pn

� h(Mn) exp [�f(nh(Mn))/pn]

[the last inequality because f is increasing (if pn is identically zero, the conclusion is ob-

vious), and noting that, if h(Mn) = 0, there is nothing to prove]. So kh(En)kpn � e
−rn.

The �in particular� clause is obvious. �

Comment 3.24. A direct proof that some (τ, l) guarantees supσ,k kh(En)kpn ! 0 is

also immediate (i.e., without the lemma) from the theorem. The only additional point

here is that it follows already from the main corollary alone, and just by the choice of an

appropriate f .

Comment 3.25. Since one can always assume h(x) � 1 for x > 0, the apparently more

general statement with
�
E(h(En))

qn
�1/pn

where qn/n ! 0 and pn/n ! 0 is equivalent to

the present one: indeed, if h(x) 6= 0) h(x) � 1, the terms only increase if qn is increased,
so we can assume qn � pn; next if a sequence converges to zero (or is summable), all but

�nitely many terms are increased if pn is increased � so qn = pn.

Comment 3.26. In particular, for all p > 0, q > 0, (supσ,k kh(En)kp)∞n=1 2 *q. (Take

qn = p, pn = p
q ln(n) in comm. 3.25 � thus it follows from the summability in cor. 3.27

with
pn

ln(n) ! +1.)

Comment 3.27. Even for matching pennies (cf. remark 3.20), with h : [0, 12 [ ! R+
not identically zero, one needs pn/n ! 0: indeed, for �xed δ (12 < δ < 1), the probab-

ility in n fair coin tosses of obtaining the smallest possible frequency � δ is, by Stirl-

ing's formula (cf. remark 3.20 above)
K(δ)√

n
e−nϕ(δ)

, with K(δ) = [2πδ(1 � δ)]−1/2 > 0 and

ϕ(δ) = ln[2δδ(1 � δ)1−δ] > 0. Hence if h(x0) > 0, x0 <
1
2 we have, for ηn0

< 1
2 � x0

and letting δ 12 + x0 + ηn0
that, for all n � n0, E[h(En)]

pn � [h(x0)]
pnK(δ)√

n
e−nϕ(δ)

, so for

pni
� εni, kh(En)kpni � h(x0)

�
K(δ)√

ni

�1/εni

exp −ϕ(δ)
ε for all i su�ciently large � and the

limit h(x0) exp −ϕ(δ)
ε of the lower bound is > 0.

Comment 3.28. For h such that h(x) 6= 0 ) h(x) � 1 one reobtains point 2 of the

theorem: say r = 1, then kh(En)kpn � e
−1

implies Pr(En > 0) � e−pn, so lemma 3.22

p. 209 yields the conclusion.

Corollary 3.28. One can further require in the theorem that, for all n, σ and k

Ek
σ,τ(En) � 0.

Proof. Since (cor. 3.27), Ek
σ,τ(E

+
n ) � δn where δn decreases to zero, it su�ces to add

δn to the function ln (and again replace ln by 2C if lkn(b) > 2C for some b 2 Bn
and

k 2 K). �
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Comment 3.29. In the present setup, bounding the error E+n is the only game in

town: the other side of the coin, the speed of convergence of ϕn to ϕ, seems much more

di�cult to access with the present methods of proof � it would probably require a direct

proof, like in 4 p. 102 �, and is even hard to formulate in the present framework, since

when ϕ is not continuous the convergence is not uniform � and ϕ may even take at some

points the value �1.

Anyway, one can study this other aspect only under some constraints on the errors

E+n , so the present subsection investigating what can be achieved in this respect seems a

necessary �rst step. Another clear prerequisite, even for the case of linear functions ϕ, is
to have some improvements on the results of sect. 5.b p. 248, and to know exactly what

speed of convergence of vn(p) to v∞(p) can be achieved.

Comment 3.30. But when the function u is continuous � as happens for instance

when the distribution of player II's signals is independent of the state of nature, one sees
at least how to formulate precisely this other aspect.

Observe �rst that each minimal ϕ is then continuous, so (e.g. by Dini's theorem) the

convergence of ϕn(p) to ϕ(p) is uniform: ϕn(p) � ϕ(p)+δn, where δn is a positive sequence
decreasing to zero � the corresponding speed of convergence.

In this framework, it may be more natural to lower the function l to l̂, a map fromS
nB

n
to (the e�cient frontier of) Lϕ = fx 2 RK j hp, xi � ϕ(p) 8p 2 ∆(K) g, and

let ln = l̂n + δn. The problem becomes then the optimal tradeo� between the speed of

convergence δn and the size of the estimation errors E+n . [From prop. 5.1 p. 247 below it

is clear that in general we will not be able to get δn better than n−1/3; in a �matching

pennies�-like case this yields Pr(En > 0) � exp(�2n1/3), hence sharp bounds (of the same

order) can still be obtained (by summing) for Pr(N � n)].
Further, observe this error term δn can be selected independent of ϕ: the minimal

ϕ are all Lipschitz with constant C, and � C in absolute value. Hence select, by com-

pactness, for each ε = 3−�
, a �nite subset ϕ1, . . . , ϕkε such that every minimal ϕ has thus

one of those ϕi's with ϕ + 3−� � ϕi � ϕ + 3.3−�
, hence if such one is selected for each *,

they will indeed form a sequence decreasing to ϕ. And since for each *, we have a �nite

number of them, we can take, in the proof of the theorem, for N� the maximum of the

corresponding quantities (and C� = 2C), so all quantities in the proof of the theorem,

and hence the corresponding �nal estimates, will be independent of the particular ϕ: all
ϕ will be approximated with the same speed of convergence δn and the same bounds on

errors E+n .
[Even if one wants to make sure to obtain the same monotonicity (point 1 in the the-

orem), just replace �3� by �4� above, and use the additional playroom to make sure,

by increasing N� if necessary (apply the present theorem to approximating ϕi) that

maxb∈BN hl(b), pi is between ϕi and ϕi� 4−�
].

Comment 3.31. Another case, that could be investigated separately, and that would

lead to weakening the above bounds, is that where the pay-o�s are random (and selec-

ted by the same lottery as the one selecting the signals) and have �nite �rst (or second)

moments. In such a case, one could presumably use a similar method as in the present

theorem: use the present theorem for the game where the random pay-o�s have been

replaced by their conditional expectation given the state of nature, the pair of moves, and

the pair of signals (the present theorem applies even with random pay-o�s as long as they

have bounded support). Then imagine, as in the present proof, that one is only interested
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in convex functions of the errors, and make a dilatation of each of the conditional distri-

butions of pay-o�s (given state, actions and signals) to some common distribution (still

with zero mean): then the di�erences between the actual pay-o�s and the �ctitious pay-

o�s used in the application of the theorem are an i.i.d. sequence with zero expectation.

Hence, this reduces the problem to that of such a sequence Xn: �nding bounds on the

errors Xn � ηn, for an appropriate ηn, using then a similar technique as in Lemma 3.21

p. 208 to get rid of the restriction to convex functions by increasing ηn, so that one gets

bounds for the di�erences between the original actual pay-o�s and the �ctitious pay-o�,

and �nally adding ηn to ln.

3.g. Implications of the approachability theorem.

Corollary 3.29. Given (τ, l), de�ne for every strategy σ of player I, Nσ(= Nσ,τ,l) on
II-histories by:

Nσ(ζ) = supfn j 9k : Ek
σ,τ(gn jH II

n )(ζ) � lk(b1, . . . , bn) g.
(Recall H II

n is the σ-�eld spanned by
Qn
1(B � T )).

(1) For n > Nσ, Eσ,τ(gn jH II
n ) � ϕn(pn).

(2) In theorem 3.18 p. 202 (and in its corollaries), one can further require of (τ, l)
that

sup
σ,k
P k

σ,τ(Nσ � n) � exp(�nεn) 8n � 0.

(3) As a consequence, one has then, for every weak�(σ(L∞, L1))�limit point g∞ of
gn, and every σ:

Eσ,τ(g∞ jH II
∞) � lim sup

n→∞
Eσ,τ(gn jH II

n ) � ϕ(p∞).

Proof. 1) follows by averaging over k (point 1 of Theorem 3.18 p. 202), recalling that

pn(k) = P (k jH II
n ), and that fEk(gkn jH II

n )(ζ) < lkn(b1, . . . , bn) 8k 2 K g is H II
n -measura-

ble and contains fNσ < ng.
2) From P k

σ,τ(En > 0) � e−f(n)
and En �Mn we obtain

P k
σ,τ[E(E

+
n jH II

n ) � λn] �
1

λn
Mne

−f(n) � e−nδn

where δn � f(n)
n + 1

n lnλn� 1
n lnMn is an arbitrary sequence converging to zero provided one

chooses (point 3 of the theorem) lnMn � nδn, (point 2) f(n) = 3nδn and lnλn � �nδn,
λn decreasing to zero. (All this is completely independent of σ and k). Hence by adding

now λn to ln one obtains

Prkσ,τ(E(gn jH II
n ) � lkn) � e−nδn,

so Prkσ,τ(Nσ � n) �
P∞

n e
−�δ : use of the proof of lemma 3.22 p. 209 �nishes the proof.

3) 1 yields that E(gn j H II
n ) � ϕn0

(pn) for n � n0 _Nσ (point 1 of theorem) so (mar-

tingale convergence theorem for pn and continuity of ϕn0
): X = lim supn→∞E(gn jH II

n ) �
ϕn0

(p∞), hence the second inequality when n0! +1. And, by Fatou's lemma

E(X jH II
n0
) � lim sup

n→∞
E(gn jH II

n0
) � E(g∞ jH II

n0
)

(�niteness of H II
n0
), so letting n0!1 yields the �rst inequality. �

There is obviously also a converse to theorem 3.18 p. 202:
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Definition 3.30. For any strategy τ of player II, and any Banach limit L (I.2Ex.13

p. 24), let hτ,L,σ(p) = L(γn(p, σ, τ)), and ϕτ,L(p) = supσ∈[NR(p)]∞hτ,L,σ(p) (where σ 2
[NR(p)]∞ means σ is the i.i.d. repetition of some element of NR(p)).

Proposition 3.31. (1) hτ,L,σ is linear, and ϕτ,L is convex and � u.
(2) If τ corresponds by theorem 3.18 to some convex ϕ � u, ϕτ,L � ϕ for every L;

more precisely: lim supn→∞ supσ∈NRn(p) γn(p, σ, τ) � ϕ(p) (where NRn(p) is the set
of non-revealing strategies of player I in Γn(p)).

Proof. 1) The linearity of h is obvious. For each face F of ∆(K), let
P

F = [NR(p)]∞

for p interior in F , and for σ 2
P

F , let hτ,L,σ,F(p) = hτ,L,σ(p) for p 2 F , hτ,L,σ,F(p) = �1
for p /2 F . Then h is convex, and ϕτ,L = supσ,F hτ,L,σ,F is thus also convex. Finally

ϕτ,L(p) � u(p) is obvious, taking σ optimal in D(p).
2) The better inequality follows directly from part 2 of cor. 3.29 p. 217, since pn = p

for σ 2 NRn(p). �

In the particular case of linear functions, our results yield the following.

Definition 3.32. Let Z = f z 2 RK j 9τ : 8σ, 8k, lim supn→∞ γ
k
n(σ, τ) � zk g and

Z = f z 2 RK j 9τ : 8σ9L : 8k L(γkn(σ, τ)) � zk g.
Remark 3.32. The existence of L just means that the convex hull of the limit points

intersects z �RK
+ .

Corollary 3.33. (1) Z = Z = Z = f z 2 RK j hp, zi � u(p) 8p 2 ∆(K) g.
In particular the set is closed, convex, compactly generated (by Z\ [�C,C]K)

and has v∞(p) = Cav u(p) as support function.
Z is therefore called the set of approachable vectors.

(2) The strategies (τ, l) of theorem 3.18 p. 202 corresponding to z 2 Z can be taken
of the form ln = z + εn, where the sequence εn 2 R+ decreasing to zero is inde-
pendent of z 2 Z.

Comment 3.33. In a game with vector pay-o�s, as in 4 p. 102, the signals are the

moves, and players use a single strategy � independent of the coordinate. In our context,

this is equivalent to saying that player I uses a non-revealing strategy. So our results

(including 3.30 p. 216) include those of 4 p. 102 [at least for convex sets C satisfying

C �D = C, where D is the positive orthant for some ordering on Rn
, i.e. D is a closed

convex cone with non-empty interior] � except of course for the explicit
p
n rate of

convergence.

In general however, the result is easier to formulate, as done here, in terms of ap-

proaching convex functions than in terms of approaching convex sets, since when the

convex function is discontinuous there is no clear corresponding convex set.

Comment 3.34. A caricatural example of later applications (chie�y to correlated equi-

libria in non-zero-sum games) is the following: Imagine player I is not initially informed

about the true state of nature, but receives some private information about it. Imagine

also the signals are the moves. Then player I's initial information is characterised by some

p 2 ∆(K), while player II's is by some probability distribution µ over ∆(K) � and in the

game, µ is �rst used to select p, I is told of p, then p is used to select k 2 K, no player

being informed. To model this as in this chapter, we would need to introduce each p as
a di�erent state of nature, with the corresponding average game, and then compute the

u-function and concavify it over this in�nite dimensional simplex.
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But by theorem 3.18 p. 202 (and prop. 3.31 p. 218), the best player II can do is to

select some convex function ϕ on ∆(K) with ϕ larger or equal to the usual u-function,
and guarantee that player I will not get more than ϕ(p) whatever be his type p. Thus the
optimal ϕ (and hence the optimal strategy) will be the one minimising

R
∆(K)

ϕ(p)µ(dp)

over all convex ϕ � u. (See also comment 3.44 p. 226).

3.h. A continuum of types. We extend here (theorem 3.39 p. 224) theorem 3.18

p. 202 to the case of a continuum of types of player I or equivalently � as in next chapter

� to the case where for each of his types there are several di�erent pay-o� matrices, and

where player II wants to guarantee some vector pay-o� in those.

Assume a repeated game with incomplete information Γ described as follows. Player II
has no initial private information. Nature �rst chooses i 2 I (I �nite), which determines

the pure strategy set Si of player I, and sets Ωi of types of I and Ki of Si � T pay-o�

matrices. Ki is �nite, and Ωi is a measurable space. The Si � T signalling matrix Qω of

probability distributions on A�B depends only on ω 2 Ωi, and the set B is �nite, while

A may be any measurable space. The marginal distribution QIIω of Qω on B is independent

of ω 2 Ωi, hence will be denoted QIIi . Given i 2 I nature selects (ω, k) 2 Ωi � Ki, and

informs player I of ω. The game is then played forever as usually.

More generally, the pay-o� functions in Ki could be functions on Si� T �B or, if Qω

is independent of ω 2 Ωi (so: Qi) and A is �nite, on Si� T � A� B: we only need that

every history in Si� T �A�B determines a history of vector pay-o�s in RKi.

We will also write Ω for the (disjoint) union
S

i∈I Ωi. The above can be viewed as

the extension of our standard model with incomplete information on one side to the case

of a continuum of types of player I � but sticking to the assumption of �nitely many

signalling matrices QIIi . Indeed, �niteness of Ki is no real restriction (as long as pay-

o�s are uniformly bounded), since anyway the space of Si � T pay-o� matrices is �nite

dimensional.

The function u is the same as usually; however since Ω may be in�nite, it is more

convenient to view u as being de�ned on M = ∆(P ) with P =
S

i∈I ∆(Ki) � the point

in P being player I's probability distribution over the pay-o� matrices. For µ 2 M let

Iµ = f i 2 I j µ(∆(Ki)) > 0 g.

Proposition 3.34. (1) (a) u is u.s.c. and has a Lipschitz restriction to each
open face MI0 = fµ 2M j Iµ = I0 g.
u is continuous if the Si and the QIIi are independent of i 2 I.

(b) u is monotone: de�ne µ1 � µ2 i�
R
f(p)µ1(dp) �

R
f(p)µ2(dp) for every real

valued function f whose restriction to every ∆(Ki) is convex. Then µ1 � µ2
implies u(µ1) � u(µ2).

(2) By adding �nitely many convex combinations (depending just on the QIIi � thus
independently of the sets Ki or the corresponding pay-o� matrices) to the pure
action sets Si one obtains that, 8µ 2M , both best replies and optimal strategies
in NR(µ) are given by mixtures of pure strategies in NR(µ).

(3) Assume the actions mentioned sub 2 have been added. For every i 2 I, let
Vi = f (QIIi (s, t))t∈T j s 2 Si g. For every vector v = (vt)t∈T of probability distri-
butions on B, every τ 2 ∆(T ) and p 2 ∆(Ki) let, with max ; = �1:

Fv(p, τ) = max
nX

t∈T,k∈Ki

pkGk
s,tτ(t)

��� s 2 Si : Q
II
i (s, t) = vt 8t 2 T

o
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Let also fv(τ) =
R
P
Fv(p, τ)µ(dp), and f(τ) = maxv fv(τ) = maxf fv(τ) j v 2T

Iµ
Vi g: then u(µ) = minτ f(τ).

Remark 3.35. Thus u(µ) is the value of a game, depending linearly on µ, where
player I has �nitely many strategies (say

S
i∈I Vi), and the pay-o� function is convex and

continuous (even Lipschitz) on the strategy space ∆(T ) of player II.

Remark 3.36. For the order in prop. 3.34.1b, cf. remark after ex. II.1Ex.20 p. 78.

Proof. We start with 2 and 3. For i 2 I, let Wi be the convex hull of Vi. Take

µ 2 MI0. A behavioural strategy [xi(p)]i∈I belongs to NR(µ) i� 9v 2
T

I0
Wi such thatP

s∈Si
xi(p)(s)Q

II
i (s, t) = vt, µ-a.e. 8t 2 T . Modifying it on a null set, we can assumeP

s∈Si
xi(p)(s)Q

II
i (s, t) = vt 8t 2 T , 8p 2 Ki, 8i 2 I0. Observe NR(µ) is a (weak

�
) closed,

hence compact, convex subset of the strategy space of player I (e.g. ex. II.1Ex.19 p. 78),

so the minmax theorem 1.6 p. 4 applies and u(µ) is well de�ned. Therefore

u(µ) = min
τ∈∆(T )

max
v∈⋂I0

Wi

Z
P

µ(dp)Gv(h(p, τ))

where, for p 2 ∆(Ki), [h(p, τ)]s =
P

t∈T
k∈Ki

pkGk
s,tτ(t) for s 2 Si,= 0 otherwise, and Gv(h) =

maxfP⋃
I0

Si
x(s)h(s) j 8i 2 I0, (xs)s∈Si

2 ∆(Si) and
P

s∈Si
x(s)QIIi (s, t) = vt 8t 2 T g.

(The measurable selection is trivial).

By ex. I.3Ex.11h p. 36, the function Gv(h) is, still for �xed i 2 I0, concave in v, convex
in h, and piecewise bi-linear in (v, h). I.e., there exists a triangulation of the polyhed-

ron
T

i∈I0
Wi such that, whatever be h vanishing outside

S
I0
Si, Gv(h) is linear in v on

each simplex of this triangulation. Hence for each τ 2 ∆(T ), a best reply x(p) 2 NR(µ)
� which determines some v 2 T

I0
Wi � can be viewed equivalently as the random

selection of some vertices vα of the sub-polyhedron containing v (and with v as expect-

ation), followed by the use of a maximiser in the de�nition of Gvα[h(p, τ)], which (for

p 2 ∆(Ki)) can be selected as one of the �nitely many extreme points of the polyhedron

X i
vα = fx 2 ∆(Si) j

P
s∈Si
x(s)QIIi (s, t) = vα,t 8t 2 T g. Add therefore, for all i 2 I0, to Si

all extreme points of all X i
vα � for every vertex vα of our subdivision of

T
I0
Wi � and

repeat the same thing for each of the �nitely many subsets I0 of I. Now, 8µ 2 M and

8τ 2 ∆(T ), player I has a pure strategy best reply in NR(µ). Hence Gv(h(p, τ)) = Fv(p, τ),
and 3 follows.

For 2, let us still show that, 8µ 2 M , player I has optimal strategies which are mix-

tures of pure strategies in NR(µ). Since he has best replies in this set, it su�ces to show

that the minmax theorem applies with this strategy set. For each v, denote by Σv the

set of behavioural strategies x(p) of player I whose support is compatible with v, i.e. such
that, 8i 2 I0, 8p 2 Ki, 8s 2 Si : [x(p)](s) > 0 one has (QIIi (s, t))t∈T = v. Since Σv is the set

of behavioural strategies of player I in a game with �nite action sets, it is compact and

convex (ex. II.1Ex.19 p. 78). Denote by ΣI0 the convex hull of
SP

v: since only �nitely

many of them are non-empty, ΣI0 is still compact and convex, and every strategy in ΣI0

is a (�nite) mixture of behavioural strategies. Hence the minmax theorem (theorem 1.6

p. 4) applies with ΣI0 as strategy space, showing that player I can guarantee u(µ) with a

strategy in ΣI0. To prove our claim, it su�ces therefore to show that every behavioural

strategy in Σv can be replaced by a mixture of pure strategies in Σv � which follows from

ex. II.1Ex.10 p. 61.

1 follows now immediately from 3. �
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Remark 3.37. If Wi1 = Wi2 (recall Wi is the convex hull of Vi), one can add convex

combinations of pure strategies to the sets Si1 and Si2, such that, after this addition, one

obtains Vi1 = Vi2. By duplicating then pure strategies if necessary, one can get that in

addition each point v in Vi1 = Vi2 is generated by as many pure strategies in Si1 as in Si2.

Hence, renumbering now the strategies will yield QIIi1 = QIIi2: one can now pool the two

indices i1 and i2 into one, with the disjoint union of Ki1 and Ki2 as set of games.

Remark 3.38. Extending the strategy sets as in the above proposition, one sees

that the restriction of u to an open face MI0 has a Lipschitz extension uI0 to its closure

M I0 = fµ 2M j Iµ � I0 g: minτ max⋂
i∈I0

Vi
fv(τ).

This is itself the u-function of some game in our class, where in addition Si and Q
II
i

are independent of i: the formula shows that it su�ces to delete all i /2 I0, and all s 2 Si

that do not lead to some v 2
T

i∈I0
Vi. As shown in remark 3.37, we obtain then after

duplicating strategies that QIIi is independent of i 2 I (= I0).
We now extend prop. 3.19 p. 203.

Proposition 3.35. Let ϕ be a l.s.c. convex function on M , ϕ > u. Then there ex-
ists N , a strategy τ of II in ΓN, and a map l : BN ! C(P ) (C(P ) denoting the set of
continuous functions on P with convex (piecewise linear)restriction to each ∆(Ki)) such
that

(1) 8b 2 BN, 8µ 2M , hµ, l(b)i � ϕ(µ)
(2) On a history in ΓN starting with p 2 ∆(Ki) � and where the choice of k 2 Ki

happens at the end of history, so (gkN)k∈Ki
is a random vector �, de�ne the

random variable

(EN = ) E = max
q∈∆(Ki)

[
X

k∈Ki

qkgkN � [l(b)](q)].

Then

Ep
σ,τ(E) � 0 for all σ and p .

Proof. We just mention the di�erences with the proof of prop. 3.19 p. 203. First

increase player II's information by informing him in addition after each stage of his move;

next increase player I's information by informing him in addition of player II's signal and
of his own move. At this stage, player I's old signal is uncorrelated (given player I's other
information) with anything in the game � it thus serves just to describe a generalised

strategy of player I, which can equivalently be described as a (behavioural, or mixed)

strategy (ex. II.1Ex.10 p. 61) that uses just player II's past signals, player I's past moves,

and his own type. The old signals can therefore be discarded (except in the case where

the pay-o� depends on them).

Thus, at this stage the signalling matrices Qi select a message for player II, that in
particular informs him of his last move, and player I's message contains player II's message

together with his own past move; Qi depends only on i, not on the type of player I.
Then, one can replace Γ by Γ′

, replacing each Si by
S

j Sj. u
′
still decreases to u: there

is something to prove only if the lower bound v of the u′M(µ) is > �1; in that case � cf.

the proof in the previous proposition that the minmax theorem holds for those games �

the sets ΣM of behavioural strategies of player I in NR(µ) that guarantee him at least v
are a decreasing sequence of non-empty compact sets; by the monotone convergence the-

orem, any strategy in the intersection guarantees v withM =1, hence is a non-revealing

strategy in the original game that guarantees v. Hence the convergence. Since ϕ is l.s.c.
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> u, and u′M are, by the previous proposition, u.s.c. and decrease to u, there will be M
su�ciently large such that ϕ > u′M (compactness). It su�ces to prove the proposition for

this game Γ′
.

As in remark 3.37 above, since Qi is now independent of i, one can pool all Ki's to-

gether into their disjoint union K � setting ϕ(µ) = +1 for every µ on ∆(K) which

is not carried by
S

i∆(Ki) preserves convexity and lower semi-continuity: so if we prove

the result on ∆(K), it will su�ce at the end to replace the maps l(b) on ∆(K) by their

restriction to
S

i∆(Ki).
We have thus reduced the problem to that of a single i � i.e. a single set S, a single

K, and a single Q. Now the function u is, by the previous proposition, continuous, and

even Lipschitz.

Consider now an increasing sequence Ln of �nite Borel partitions of ∆(K) such that

the maximum diameter δn of the partition elements tends to zero. For each n, and
every µ on ∆(K), denote by µn the corresponding point in ∆(Ln); also for every * 2 Ln

let G
�
s,t = supp∈�

P
k p

kGk
s,t. This game Γ

n
can be viewed as a game covered by The-

orem 3.18 p. 202, i.e. with �nite set of types Ln. But it can equivalently be viewed

as the original game Γ, but where the pay-o� function hp,Gi has been increased to

G
�(p)

. By our assumptions on the sequence Ln, this implies that un(µn) decreases uni-
formly to u(µ). Let also ϕn(µn) = inffϕ(µ) j µ(*) = µn(*) 8* 2 Ln g: since the map

µ ! µn is linear, ϕn
is convex on ∆(Ln); since Ln is increasing, so is ϕn(µn); �nally

ϕ > u, together with l.s.c. of ϕ, u.s.c. of u, and compactness of M imply there ex-

ists ε > 0 such that d(µ1, µ2) � ε implies ϕ(µ1) � u(µ2) + ε. Choose e.g. as distance

d(µ1, µ2) = supf hµ1�µ2, fi j f has Lipschitz constant 1 on ∆(K) g. Then µn = νn implies

d(µ, ν) � δn � so choosing νn with ϕ(νn) approximating ϕn(µn) and νn(*) = µn(*) 8* 2 Ln

yields that ϕn(µn) � u(µ)+ε for all µ and all n � n0 (with δn0
� ε). Uniform convergence

of un(µn) to u(µ) implies thus that, for all n � n1, ϕn � un + 1
2ε on ∆(Ln). Hence, even

if ϕn
was not l.s.c., the same inequality would, by continuity of un, still hold for the l.s.c.

regularisation of ϕn1. Therefore, to those two we can apply prop. 3.19 p. 203 and obtain

the existence of N and of a strategy τ of player II in the N -stage repetition of Γ
n1

such

that, for all non-revealing strategies σ of I in this game,
P

�∈Ln1
q�γ

�
N(σ, τ) � ϕn1(q)� ε/4

for all q 2 ∆(Ln1
).

Since Γ
n1
di�ers from Γ′

only by having a larger pay-o� function, and since ϕn1(µn1) �
ϕ(µ) for all µ 2 ∆(M), we obtain a fortiori that γµN(σ, τ) =

R
γpN(σ, τ)µ(dp) � ϕ(µ)� ε/4

for all µ, and every non-revealing strategy σ of player I in Γ′
N.

This �nishes the analogue of step 2 in the proof of prop. 3.19.

For step 3, consider now Γ′
N as a one-shot game Γ̃, with a single strategy τ for player

II. The u-function ũ(µ) of Γ̃ is thus convex, continuous, and strictly smaller than ϕ. But
Γ̃ can also be viewed as a game with (random) vector pay-o�s, in RK � ∆(B̃), where
every history in Γ′

N is mapped to the corresponding pay-o� in RK
and the corresponding

string of messages [2 BN = B̃, identi�ed with the extreme points of ∆(B̃)], and where

therefore pure strategy s̃ yields a random outcome in RK �∆(B̃) whose distribution πs̃
is induced by the distribution of histories under s̃ and τ . Denote the barycentre of πs̃
by (fs̃, βs̃) 2 RK � ∆(B̃), and let D be the convex hull of those points. By theorem

4.1 p. 236, D is approachable in Γ̃ � i.e. for some constant M , and every strategy σ of

player I (as before, there is no loss in assuming that, in Γ̃, player I is informed after each

stage of the full vector pay-o� and of his pure strategy s̃), Eσ[d[(fn, βn), D]] � M/pn,
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where (fn, βn) denotes the random average pay-o� after n repetitions of Γ̃. Denote by

D′
the projection of D on ∆(B̃); for β 2 ∆(B̃) denote by β its projection on P ; and

for β 2 P let Dβ = f f 2 RK j (f, β) 2 D g. Then the map β ! Dβ is Lipschitz

by Ex. I.3Ex.4q p. 30, say with constant L, and β ! β is clearly also Lipschitz with

constant 1. So d[fn, Dβn
] � (L + 1)d[(fn, βn), D], hence with M ′ = M(L + 1) we have

Eσ d(fn, Dβn
) �M ′/

p
n for all n and σ.

Denote by C ′
the maximum absolute value of pay-o�s in Γ′

, i.e. C ′ = maxk,s,tjGk
s,tj

(G being the expected pay-o� matrix of Γ′
now). Let also [l(βn)](p) = maxfPk p

kϕk j
ϕ 2 Dβn

g. Clearly l(βn) is a convex function on ∆(K), piecewise linear since Dβn
is a

polyhedron, and with Lipschitz constant and uniform norm � C ′
. Further, using G̃p

forP
k p

kG̃k
, [(l(βn)](p) =

P
s̃∈S̃ x(p)(s̃)G̃

p
s̃ = maxf

P
s̃x(s̃)G̃

p
s̃ j x 2 ∆(S̃),

P
x(s̃)Q̃IIs̃ (b) =

βn(b) 8b 2 B̃ g � the existence of a measurable selection x(p) is trivial. Hence

x(p) is a non-revealing strategy of player I in Γ̃, since it yields, for every type p, the
same distribution β on the signals of II. Therefore

R
[l(βn)](p)µ(dp) � ũ(µ) for all

µ and all βn. Finally maxp∈∆(K)[g̃
p
n � [l(βn)](p)] � C ′′d(fn, Dβn

), so for M̃ = C ′′�M ′
,

Eσ maxp∈∆(K)[g̃
p
n � [l(βn)](p)] � M̃/

p
n for all n and σ. Thus, choosing 0 < δ <

minµ(ϕ(µ)� ũ(µ)), adding δ to every function l(βn), and choosing N1 > [M̃/δ]2 we obtain

that in Γ̃N1
, Eσ maxp∈∆(K)[g̃

p
N1
� [l(βN1

)](p)] � 0 8σ and
R
[l(βN1

)](p)µ(dp) < ϕ(µ) 8µ, 8βN1
.

Reverting now to the original game �nishes the proof of the proposition. �

Remark 3.39. The proof also shows that, if in Γ all Si and Q
II
i are identical, then l(b)

has, for all b 2 BN
, Lipschitz constant and uniform norm � C.

Lemma 3.36. Denote by M the space of all probability measures on a separ-
able metric space P . Endow M with the metric (for �xed positive constants Cu, C�)
d(µ, ν) = supf hµ� ν, fi j f is Lipschitz with constant C� and supx f(x)� infx f(x) � Cu g.

(1) all those metrics � when Cu and C� vary, or when the distance on P is changed
to an equivalent distance � are equivalent, and induce the weak�-topology. In
particular they admit the same class of Lipschitz functions.

(2) For any extended real valued function u on a convex set C, any convex function
ϕ � u is minorated by a minimal such function.

(3) If u : M ! R is Lipschitz with constant C, any minimal convex function � u has
the same Lipschitz constant.

Proof. 1) is obvious, except perhaps that the metric induces the weak
�
-topology. If

a sequence µn converges to µ according to the metric, this implies
R
fdµn !

R
fdµ for

all bounded Lipschitz functions, hence for every bounded continuous function, since this

is the limit both of an increasing and of a decreasing net (or even sequence) of bounded

Lipschitz functions. Conversely, such a set of Lipschitz functions is compact in the uni-

form topology, i.e. the topology of uniform convergence on the unit ball of the dual of the

bounded continuous functions. So, by Ascoli's theorem, it is equicontinuous on this unit

ball. This yields the converse.

2) follows straight from Zorn's lemma.

3) Let ϕ be a function � u. De�ne the Lipschitz regularisation ϕ̂ of ϕ as the

largest function with Lipschitz constant C which is � ϕ � this is well de�ned, be-

cause u is such a function, and the supremum of a family of functions with Lipschitz

constant C has the same constant. Assume ϕ was convex: we claim ϕ̂ is convex. Indeed

ϕ̂(µ) = infν[ϕ(ν)+Cd(µ, ν)], so it su�ces to prove convexity of ϕ(ν) � which is assumed
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� and of d(µ, ν), which is obvious from its de�nition as a supremum of continuous linear

functionals
R
fd(µ� ν).

Thus if ϕ is minimal convex, ϕ = ϕ̂: it has Lipschitz constant C. �

Corollary 3.37. (1) Every minimal convex function ϕ � u is the limit of a
decreasing sequence of convex continuous functions.

(2) Its restriction to every open face has Lipschitz constant C.

Proof. For each open face I0 � in the sense of remark 3.38 � we can by 2 �nd

a minimal convex function ϕI0 which is � ϕ everywhere and which is, on M I0, � uI0
(thus, ϕI0 = �1 outside M I0). This is because, by upper semi-continuity of u (prop. 3.34
p. 219), uI0 � u � ϕ on M I0. Since uI0 is Lipschitz with constant C, ϕI0 has the same

Lipschitz constant (lemma 3.36 p. 223) on M I0. In particular, ϕI0 is convex and u.s.c., so

ψ = maxI0ϕI0 is convex and u � ψ � ϕ : ϕ = maxI0ϕI0 by minimality. Hence 2, and for

1, it su�ces to construct such a decreasing sequence for each ϕI0: taking term by term

maxima will then yield the result. Let thus e.g. ϕI0 = +1 outsideM I0, = ϕI0 onM I0, and

consider its Lipschitz regularisation bϕI0, as in the proof of lemma 3.36 p. 223: ϕ̂I0 is convex,

Lipschitz, and coincides with ϕI0 on M I0. Thus ϕn(µ) = n
−1+ ϕ̂I0(µ) � nµ(

S
i/∈I0

∆(Ki))
satis�es our requirements. �

Corollary 3.38. Assume ϕ is a minimal convex function � u, and that the convex
functions ϕn � u are such that lim supϕn � ϕ. Then en = supµ[ϕ(µ) � ϕn(µ)] converges
to zero.

Proof. Since lim supϕn is convex and � u, minimality of ϕ implies lim supϕn = ϕ.
Since this remains true for any subsequence, ϕn ! ϕ point-wise. In particular (without

even taking sup), lim inf en � 0. In the other direction, if we minorate each ϕn by a min-

imal convex function � u using 2 p. 223, our assumption remains valid. So we can assume

the ϕn are minimal convex � u. By 2, their restrictions to every open face MI0 have

Lipschitz constant C. Since they converge point-wise to ϕ, this convergence is uniform
on every MI0 � hence on M . �

We are now ready for the generalisation of theorem 3.18 p. 202:.

Theorem 3.39. In the above described game, given a convex function ϕ � u, and
a sequence εn > 0 converging to zero, there exists a strategy τ of player II and a map
l :
S

nB
n ! C(P ) such that

(1) ϕn(µ) = maxb∈Bnhµ, l(b)i is decreasing, with limn→∞ϕn(µ) � ϕ(µ), ϕn � 2C, and
8n, 8b 2 Bn, l(b) is a maximal (measurable) function such that hµ, l(b)i � ϕn(µ).

(2) De�ne for each n, En as in 3.35 � this is on a space of histories that includes the
initial choice of i 2 I, but not the choice of the type of player I or of the pay-o�
matrix. Let N = supfn j En > 0 g, with sup(;) = 0.

Then supi,p∈∆(Ki),σ
P i,p

σ,τ(N � n) � exp(�nεn) 8n � 0.
(3) Let Mn = sup i,p,σ

m≤n
kEmkL∞(σp,τ,i). Then εn(Mn� 3C) � 1.

Remark 3.40. The interpretation of the theorem is the same as for Theorem 3.18

p. 202. But now, N becomes the last stage where the vector pay-o� does not belong to

the convex set having ln(b) as support function.

Proof. There remains to do the analogue of part B of the proof of theorem 3.18 (part

C will be the same). Reduce �rst, as in the beginning of the proof of prop. 3.35 p. 221, to
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the case where Qi depends only on i. Now the suprema, in points 2 and 3 of the theorem,

can be taken just over σp
instead of over ω and σ.

Use 2 p. 223 to replace ϕ by a minimal convex function, then 1 p. 224 to obtain a strictly

decreasing sequence ψ� of convex continuous functions converging to ϕ, then prop. 3.35, for
each *, to obtain corresponding τ�, N�, and l̂� : B

N ! C(P ). Without loss of generality, we

can assume N� > N�−1. Then ϕ�(µ) = maxb∈BN hµ, l̂�(b)i is convex and � ψ� by prop. 3.35.

Also ϕ� � u, as already argued in the beginning of part B of theorem 3.18 p. 202 (by

letting player I play independently stage after stage some �xed optimal strategy in D(µ)

� the non-revealing aspect of this strategy is used in that, in
R
[Eσp([̂l�(b)](p))]µ(dp), the

distribution of b 2 BN is independent of p). Thus, let δ� = *
−1+sup�′≥� supµ[ϕ(µ)�ϕ�(µ)]:

by Corollary 3.38 p. 224 δ� converges to zero. Hence, adding the constant δ� to the func-

tion l(b) for each b 2 BN , and to ψ�, we still have ψ� decreasing to ϕ, and all conclusions

of prop. 3.35, but now ϕ� > ϕ 8*. Hence by compactness, we can extract a subsequence

*i such that ϕ�i is decreasing to ϕ � and such that further ϕ�1 � 2C. [If C = 0, the
theorem is obvious; otherwise, choosing *1 such that δ�1 � C does the job, since before

the addition ϕ� � C. Next, since the ψ� are continuous and decreasing to ϕ, and since ϕ�i

is continuous and > ϕ, de�ne inductively *i+1 = minf * > *i j ψ� < ϕ�i g.] Thus, we can

assume that, for our original sequence, 2C � ψ�(p) = maxb∈BN hµ, l̂�(b)i. Replace now also

l̂1 by the constant function 2C, and let C� = max
�
C�−1, C + maxb∈BN maxp∈P

��[̂l�(b)](p)���,
C0 = 0.

Denote then by Si
� the pure strategy set of player I in Γi

N 
, where he is not informed

of the choice of p 2 ∆(Ki); let P
i
�,s be the joint distribution (on R � AN , given τ�, i 2 I

and s 2 Si
�) of EN 

and of the signals of player I (in AN ).

The rest of part B is now as before � with the obvious changes in notation, like p! µ.
Just for the matter of increasing the �coordinates� of ln(b) such as to obtain equality with

gn+ ηn, observe that, when increasing them thus in a maximal way, one obtains a convex

combination of other functions ln(b
′), and thus still a function in C(P ). Indeed, BN is

�nite, so we are as in a polyhedral case.

Part C is identical to the previous case � only in the beginning the inequality

En � Wi
n � ηTi

is justi�ed by the fact that the maximum of a sum is less or equal to

the sum of the maxima. �

Comment 3.41. Some work was required to be able to deal with any convex func-

tion ϕ � u, and to get the sequence ϕn to be decreasing � but the prize is worthwhile:

not only does it yield the strongest possible form of convergence for the ϕn, and the

weakest possible assumptions on ϕ, but chie�y it makes the statement completely �non-

topological� � no weak
�
or other topology on M appears explicitly or implicitly in the

statement, which remains therefore just as valid on Ω instead of P , taking for M an

arbitrary convex set of probability measures on Ω: Make �rst the reduction to the case

Qi depending only on i 2 I, let then pω 2 P be a version of the conditional probability

on
S

i∈IKi given ω, and use it to map all µ 2 M to their images µ̃ in ∆(P ). Observe

that µ̃1 = µ̃2) u(µ1) = u(µ2), and that since µ! µ̃ is linear, ϕ̃(ν) = inffϕ(µ) j µ̃ = ν g
(with inf ; = +1) is a convex function on ∆(P ), � u. Apply the theorem to that func-

tion. Transform �nally the function l(b) 2 C(P ) to the function [l(b)](pω) on Ω. Then

supi,p∈∆(Ki),σ
is supω,σ, P

i,p
σ,τ is P

ω
σ,τ and L∞(σp, τ, i) becomes L∞(σω, τ).

Comment 3.42. In this vein, the sets Ki are often a nuisance, and it is sometimes

more convenient to argue directly in a straight model with incomplete information on one
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side, with one pay-o� matrix Gω (Si�T ) for each ω 2 Ωi (i.e., the matrix
P

Ki
pkωG

k
). As

long as pay-o�s are uniformly bounded, this model is perfectly equivalent, since one can

then always include all possible Si� T matrices Gω in a large simplex, and take its set of

vertices for Ki.

In such a framework, the functions l(b) 2 C(P ) become piecewise a�ne, convex func-

tions of Gω. It seems one should be able to do somewhat better, and obtain them as

piecewise linear functions minus a constant � with other properties like monotonicity,

invariance under addition of constants, etc.

Still in this framework, a more canonical representation is possible, viewing µ as a

probability measure over pay-o� matrices � or more generally as a bounded, positive

measure, extending everything by homogeneity of degree 1. In addition to the previously

found properties � like the above mentioned invariance under addition of constants,

monotonicity w.r.t. the usual order, the monotonicity of prop. 3.34 p. 219, etc. one ob-

tains now that two measures determine the same model if they di�er only by rescaling

some matrices Gω, and rescaling in a compensatory way the mass attached to them (i.e.,

if the vector measures G1ωµ
1(dω) and G2ωµ

2(dω) are the same). This can be used to rescale

all matrices G 6= 0 onto the unit sphere (for some norm) � and hence to get rid of the

assumption of uniformly bounded pay-o�s.

Comment 3.43. Could the theorem in some sense be �decomposed�, e.g. into:

� an intrinsic characterisation (independent of pay-o�s . . . but this may be a fallacy,

since pay-o� matrices are the linear functionals on ∆(S � T )) of �approachable�
sets, for instance in

Q
i∆(Si� T ) or ∆(B).

� a proof that, for given pay-o� matrices

� the above �approachable� sets are characterised by convex functions � u
� the corresponding �approach strategies� yield also the function l(b)

Comment 3.44. Statistically perfect monitoring.

A particular case where things simplify, and that may give a better feel for the the-

orem, is that where, for each i and k 2 Ki, every column of Gk
is a linear combination

of the columns Qi
t(b) (t 2 T, b 2 B). (This is substantially more general than asking that

the Si� (T �B)-matrix Qi
s,t(b) be of full row rank, since whenever the game arises from

some extensive form where several mixed strategies of player I correspond to the same

behavioural strategies, those several mixed strategies will induce the same distribution on

B for each t 2 T � so there is no full row rank �, but will also induce the same pay-o�s

for each t 2 T ).
Indeed, in such a case, expanding the pure strategy sets Si as in prop. 3.34 p. 219, our

assumption implies that all pure strategies corresponding to some v 2 Vi are duplicates
(induce the same pay-o�s) � thus, after identi�cation, one can think of Vi itself as the
pure strategy set Si. But then the �max� in Fv(p, τ) disappears � so Fv is bi-linear in

(p, τ), hence fv is linear in τ and depends only on the �barycentre� µ 2 ∆(K) of µ � i.e.

the induced probability distribution K =
S

iKi. So u becomes a function on ∆(K) � the

value of an �average game�. Further, since µ ! µ is linear, if ϕ is a convex function on

M with ϕ(µ) � u(µ), then ϕ : ∆(K)! R de�ned by ϕ(π) = inffϕ(µ) j µ = π g is convex
on ∆(K) and � u. Thus we can limit attention to those convex functions ϕ on M which

arise from some convex function ϕ � u on ∆(K) by ϕ(µ) = ϕ(µ). For each b 2 SnB
n
,

let then l(b) denote the (linear) concavi�cation of l(b) (thus, l(b) 2 RK). Denote also,

for µ 2 P � or for µ 2 ∆(K) �, by µ̃ 2 M the corresponding measure carried by the

extreme points of the ∆(Ki). Then for each µ, hµ, l(b)i = hµ, l(b)i = hµ̃, l(b)i � ϕn(µ̃) =
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ϕn(µ) by de�nition. So 1, used for µ̃, yields that ϕn(µ) = maxb∈Bnhµ, l(b)i, hence the ϕn

are piecewise linear and convex on ∆(K). It yields also that ϕn(µ) decreases and has limit

� ϕ(µ) = ϕ(µ). Finally, ϕn � 2C and the maximality of l follow also immediately from

the corresponding properties of ϕn and l. For 2 and 3, note that, by increasing thus l to
a, we have only decreased En, so our bounds are a fortiori valid. And now N is simply

the last time where ln(b) is not an upper bound for the vector pay-o� in RKi. Thus, the

theorem implies that, under our assumptions, the maps l(b) can all be taken linear on

each ∆(Ki). The ϕn become then convex functions on ∆(K), and the theorem becomes

an approachability theorem of the convex sets in RK
having the ϕn as support functions.

Comment 3.45. Still under the same assumptions as in the previous comment, it is

clear that, faced with such a strategy τ , the best player I can obtain, when constrained by

such an approachable set, if he is of type p 2 ∆(Ki), is the amount ϕn(p) in the n-stage
game (here ∆(Ki) is identi�ed with the corresponding face of ∆(K)). Hence, player II will
guarantee himself in the n-stage game the amount

R
ϕn(p)µ(dp), hence in the in�nite gameR

ϕ∞(p)µ(dp) by monotone convergence � i.e.
R
ϕ(p)µ(dp) if he has chosen ϕ minimal

convex above u on ∆(K). So an optimal strategy of player II is to minimise
R
ϕ(p)µ(dp)

among all minimal convex functions on ∆(K) which are � u, next to approach this ϕ as

in the theorem (cf. also comment after prop. 3.44 p. 230).

Comment 3.46. Corollaries 2 p. 224 or 3.38 p. 224 provide a compact T1-topology
(with countable basis) on the space of minimal convex functions ϕ (or ϕ as in the above

remark) with are � u: take as basis of neighbourhoods of ϕ all ϕ′
which are uniformly

> ϕ � ε (cf. ex. I.3Ex.15c p. 38). In this topology, expressions like
R
ϕ(p)µ(dp) above

are l.s.c. � hence the relevant minima are achieved. Thus the theorem can be viewed

as providing compact spaces of �su�cient� strategies for the in�nite game. (Recall from

sect. 1 p. 3 that the minmax theorem does not require the T2-assumption on strategy

spaces.)

3.i. Implications of the approachability theorem (bis). We extend here the

results of sect. 3.g to the setup of sect. 3.h.

Corollary 3.40. Cor. 3.29 p. 217 remains word for word true in the present setup,
when replacing k 2 K by p 2 P , and the posterior probability pn on ∆(K) (including
n =1) by the posterior probability µn on ∆(P ).

Proof. Use the same proof. Observe that the martingale convergence theorem holds

for probability distributions on a compact metric space, using the weak
�
topology [reduce

to the scalar case by considering a countable dense set of continuous functions]. �

Definition 3.41. Replace p by µ in de�nition 3.30 p. 218.

Proposition 3.42. Prop. 3.31 p. 218 remains word for word true replacing p 2 ∆(K)
by µ 2 ∆(P ). In 2 we have further that ϕτ = ϕτ,L is independent of L, and is a
minimal convex function � u having all properties of cor. 3.37 p. 224. And we have
both lim supn→∞ supσ∈NRn(µ) γn(µ, σ, τ) � ϕτ(µ) and the existence of σ 2 NR∞(µ) (in fact,

σ 2 ∆([NR(µ)]∞)) such that γn(µ, σ, τ)! ϕτ(µ).

Proof. For the faces F of ∆(K), use the M I0 of remark 3.36 p. 220. Since τ is in

fact derived from ϕ0, some minimal convex function � ϕ and � u, we obtain ϕτ,L � ϕ0,
hence by minimality of ϕ0, ϕτ,L = ϕ0 8L: there only remains to construct σ 2 NR∞(µ).
Consider the game (µ and τ �xed) when I chooses σ 2 [NR(µ)]∞ and II chooses L, with
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pay-o� hτ,L,σ(µ) = f(σ,L). We have just shown that maxσ f(σ,L) = ϕτ(µ) 8L. Further,
player II has a compact convex strategy set (in *′∞, σ(*

′
∞, *∞)), such that, 8σ, f(σ,L)

is a�ne and continuous in L. So, by the minmax theorem 1.8 p. 5, there exist convex

combinations σk of strategies in [NR(µ)]∞ such that

min
L
f(σk,L) > ϕτ(µ)� 1/k, i.e. lim inf

n→∞
γn(µ, σk, τ) > ϕτ(µ)� 1/k.

Choose thus nk > nk−1 such that for n � nk supσ∈NRn(µ) γn(µ, σ, τ) � ϕτ(µ) + k
−1
, and

γn(µ, σk, τ) � ϕτ(µ)� k−1.
Select now N0 = 0, Nk � nk+1, Nk+1

k+1 � 3Nk
k , such that the Nk are �end of bloc�-dates

for the strategy τ of player II, i.e. such that his strategy after Nk is independent of the

history up to Nk. And de�ne σ 2 NR∞(µ) as using σk at all dates n with Nk−1 < n � Nk

(using e.g. independent realisations of all σk).
Assume, by induction, that γNk

(µ, σ, τ) � ϕτ(µ)� 2k−1; so for Nk � n � Nk+1,

γn(µ, σ, τ) � γn(µ, σk+1, τ)�
Nk

n
(γNk

(µ, σk+1, τ)� γNk
(µ, σ, τ))

� γn(µ, σk+1, τ)�
3Nk

kn

using our induction assumption and the �rst inequality determining nk(� Nk). Letting

thus n = Nk+1 and using
Nk+1

k+1 � 3Nk
k and the second inequality determining nk+1(� Nk+1)

we obtain γNk+1
(µ, σ, τ) � [ϕτ(µ)� (k+1)−1]� (k+1)−1: this is the induction step. Since

for k = 1 the inequality follows from N1 � n1, our induction is proved for all k. Our

formula yields then, for Nk � n � Nk+1, γn(µ, σ, τ) � ϕτ(µ)� 1
k+1 � 3Nk

kn since Nk � nk+1,
so γn(µ, σ, τ) � ϕτ(µ)� 4

k : thus lim infn→∞ γn(µ, σ, τ) � ϕτ(µ). �

Remark 3.47. Since our existence proof of σ 2 NR∞(µ) depends explicitly of the

form of the τ 's constructed in theorem 3.39 p. 224, it would be better, instead of the last

part of the statement, to have that supσ∈Co[NR(µ)]∞ lim infn→∞ γn(µ, σ, τ) = ϕ(µ) whenever
ϕ is minimal convex � u, and for every strategy τ of player II such that ϕτ,L � ϕ 8L.
(Here σ 2 Co[NR(µ)]∞ means σ is a convex combination of strategies in [NR(µ)]∞ � in

particular σ 2 NR∞(µ).)

We turn now to a�ne functions � u, and the value of the game.

Proposition 3.43. Let H = fh : P ! [�C,C] j h|∆(Ki) is convex 8i, h has Lipschitz

constant � C,
R
P
h(p)µ(dp) � u(µ) 8µ 2 ∆(P ) g and let H0 denote the minimal elements

of H. Then

(1) Every (extended real valued) a�ne function � u is minorated by a minimal such
function.

(2) The minimal such functions are the functions
R
P
h(p)µ(dp), for h 2 H0.

(3) H is compact and convex in the uniform norm, and H0 is compact in the T1
topology with countable basis where the sets fh 2 H0 j h > h0� ε g form a basis
of neighbourhoods of h0 2 H0.

(4) H0 is a Gδ in H, and the inclusion map is a Borel isomorphism. Further, there
exists a Borel map r : H ! H0 such that r(h) � h 8h.

Proof. 1 follows from Zorn's lemma.

For 2, assume ϕ is minimal a�ne; construct by lemma 3.36 p. 223 a minimal convex ψ
with u � ψ � ϕ. By cor. 3.37 p. 224, ψ is u.s.c., and its restriction to every open face MI0
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has Lipschitz constant C. And ϕ is minimal a�ne � ψ. Let then (B1, . . . , Bn) be a Borel
partition of P into subsets of diameter� ε� in particular every Bj is contained in a single

∆(Ki). For µ 2 ∆(P ), let αj = µ(Bj), µj(B) =
�
µ(B \ Bj)

�
/αj if αj > 0, and µj is an

arbitrary probability on Bj otherwise. Then ϕ(µ) =
P

j αjϕ(µj) �
P

j αjψ(µj). And since

µj and every unit mass δp for p 2 Bj are contained in the same open face, and are ε-distant
from each other, we have

��ψ(µj)� R ψ(δp)µj(dp)�� � Cε, thus ϕ(µ) � R ψ(δp)µ(dp) � Cε,
hence ϕ(µ) �

R
ψ(δp)µ(dp). Let h(p) = ψ(δp). By 2, h has Lipschitz constant C. Further,

by convexity of ψ, ψ(µ) �Pαjψ(µj) �
P
αj

R
ψ(δp)µj(dp) + Cε =

R
h(p)µ(dp) + Cε by

the same inequality as above, hence ψ(µ) �
R
h(p)µ(dp). So by minimality of ϕ we obtain

ϕ(µ) =
R
h(p)µ(dp). Further, by theorem 3.39 p. 224, let ψn(µ) = maxb∈Bn

R
P
ab(p)µ(dp):

we have ψn
decreases to ψ. In particular, hn(p) = ψn(δp) = maxb∈Bn ab(p) decreases to

h(p). So convexity of ab(p) implies that of hn and hence of h. This proves 2.
Compactness and convexity of H are obvious. Let Vε(h0) = fh 2 H0 j h > h0 � ε g:

obviously h 2 Vε(h0)) 9η > 0: Vη(h) � Vε(h0), so the Vε(h) form the basis of a topology

on H0, which is equivalent to the speci�ed basis of neighbourhoods. This topology is

compact because, for any ultra�lter U on H0, if h denotes the limit of U in the (com-

pact) space H, and h0 � h, h0 2 H0, then obviously h0 is a limit point of U in H0. It

is T1 because for hi 2 H0 (i = 1, 2), if h1 6= h2 there exists ε > 0 such that h2 /2 Vε(h1)
by minimality of h2. Finally, it is second countable: Since H0 � H, we can �nd a se-

quence hi 2 H0 which is dense in H0 in the uniform topology. Consider the sequence of

open sets Uk,i = Vk−1(hi): we have to show that, given h 2 H0 and ε > 0, 9(k, i) with
h 2 Uk,i � Vε(h): choose 0 < d < k−1, d + k−1 < ε, and hi d-close to h in the uniform

distance. This proves 3.

For f, h 2 H, let Sf(h) denote the convexi�cation of f ^ h. Thus Sf(h) is convex,
has Lipschitz constant C, and is � h � so if

R
[Sf(h)](p)µ(dp) � u(µ) 8µ, we will have

Sf(h) 2 H. But, since Sf : h ! Sf(h) is continuous (Lipschitz constant 1 in the uni-

form topology), Hf = fh 2 H j Sf(h) 2 H g is closed (compactness of H). Let thus

Tf(h) = Sf(h) for h 2 Hf, Tf(h) = h otherwise: we have Tf : H ! H is Borel, with

Tf(h) � h 8h, and Tf(h) � f if 9h0 2 H : h0 � h^ f . Let now fi denote a dense sequence
in H, and add to it all SC(fn + ε) for ε � 0 rational. De�ne Borel maps Rn : H ! H
by R0(h) = h, Rn = Tfn Æ Rn−1. Observe that Rn(h) is decreasing in H; compactness

of H yields thus Rn(h) ! R∞(h) point-wise, so R∞ is Borel also. Clearly R∞(h) � h,
further either Rn(h) � fn, so R∞(h) � fn, or there is no h0 2 H with h0 � Rn(h),
h0 � fn � so certainly not with h0 � R∞(h), h0 � fn. Thus, for all n, Tfn(h0) = h0 for
h0 = R∞(h). This means h0 � fn is there exists h1 2 H with h1 � h0 ^ fn. So assume

g 2 H, g � h0, g 6= h0. The sequence fn being dense, we can extract from it a subsequence

ni with kfni
� gk < εni

. Choose εni
rational, since fni

+ εni
> g we can extract a further

subsequence such as to make them decrease to g. Then also SC(fni
+ εni

) decreases to g:
there exists a subsequence of the fn that decreases to g. In particular, there is fn0

� g
such that fn0

is not � h0. But since g 2 H, g � fn0
^ h0, this means Tfn0

(h0) 6= h0: a

contradiction. Thus h0 is minimal in H: R∞(H) � H0. Since R∞(h) � h it follows that

R∞(H) = H0, and R∞ is the identity on H0. This establishes the existence of our Borel

map r � of which we have further shown that it is even Borel as a map from H to itself.

On the other hand, let B = f (h1, h2) 2 H�H j h2 � h1, h2 6= h1 g: B is a Kσ in a compact

metric space, as a di�erence of two closed sets. And {H0 being the projection of B on

the �rst factor is therefore also a Kσ. Thus H0 is a Gδ in H.
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Thus, to �nish the proof, there remains to show that the two measurable structures

on H0 coincide, i.e. that the inclusion map H0 � H is Borel (because clearly the subspace

topology on H0 is stronger than the topology on H0). Since H is compact metric, its

Borel sets are generated by the evaluation maps h! h(p) (p 2 P ) (using either the �rst

separation theorem, or Stone-Weierstrass). Thus it su�ces to show that h ! h(p) is

Borel-measurable on H0 � which is obvious since fh j h(p) > α g is clearly open. �

Comment 3.48. (3) and (4) imply that every probability measure on the Borel sets

of H0 is regular (cf. 1.d p. 6): the Borel set is also Borel in H, and the measure a (regular)

measure on H, so the Borel set can be approximated from inside by a compact subset of

H; being contained in H0, this subset is closed (and clearly compact) in H0.

Proposition 3.44. (1) De�ne (Cav u)(µ) = supfPn
i=1αiu(µi) j αi � 0,

P
αi =

1,
P
αiµi = µ g (i.e., it is the smallest concave function which is � u). Then

(Cav u)(µ) = maxf
R
u(ν)ρ(dν) j ρ probability measure,

R
νρ(dν) = µ g, and has

Lipschitz constant C.
(2)

R
h(p)µ(dp) is (�uniformly�) l.s.c. on H0�M .

(3) (Cav u)(µ) = minh∈H0

R
h(p)µ(dp).

(4) Every convex function � Cav u is minorated by some function
R
h(p)µ(dp) with

h 2 H0.

Proof. 1 Since f ρ j
R
νρ(dν) = µ g is compact, and since u is u.s.c. (1 p. 224), it

is clear that the maximum is achieved, and is � (Cav u)(µ). Conversely, given ρ, con-
sider for every I0 � I, I0 6= φ, the restriction ρI0 of ρ to the open face MI0, and some

measure ρ̃I0 with �nite support on MI0, such that ρ̃I0 has same mass and same barycentre

as ρI0, and is ε-close to ρI0. [E.g., �nd for every µ 2 M I0 a closed neighbourhood of

diameter � ε of the form f ν 2 M I0 j ν(fi) � 0 g where the fi are �nitely many conti-

nuous functions on P . Extract a �nite open covering by the interiors of those sets, and

let (gj)
k
j=1 enumerate the �nitely many continuous functions on P thus obtained. Let

g : MI0 ! f�1, 0, 1gk, g(ν) = (sign(ν(gj)))
k
j=1, and let B� = g

−1(*) for * 2 f�1, 0, 1gk. The
B� are a Borel partition of MI0 into convex sets of diameter � ε; de�ne ρ̃I0 by assign-

ing mass ρI0(B�) to the barycentre of the normalised restriction of ρI0 to B�.] Let also

ρ̃ =
P

I0
ρ̃I0. Then, since u has Lipschitz constant C on every MI0 (1 p. 219), we have��R u(ν)ρ(dν)� R u(ν)ρ̃(dν)�� � Cε. Since ρ̃ has �nite support and has barycentre µ, this

proves our second formula for Cav u. Observe that, with the u.s.c. of u, this implies im-

mediately that Cav u is u.s.c. � since the set of probability measures ρ on M is compact.

The Lipschitz aspect will follow from 3 since a Lipschitz constant is preserved when taking

minima.

2 Obviously we have
R
hdµ̃ >

R
h0dµ� 2ε for h 2 Vε(h0) (h, h0 2 H0), if d(µ̃, µ) <

ε
C ,

using the Lipschitz property of h0.
3 The minimum is achieved by 2 and compactness of H0 (3 p. 228). It is obviously

� (Cav u)(µ). So to prove equality, consider the locally convex space F = E � R,
where E is the set of all bounded measures on P with the weak

�
topology. Let

K = f (µ, x) j µ 2 M, (Cav u)(µ) � x � �C g � F . By the compactness of M in E
and Cav u being u.s.c. (cf. supra), K is compact � and clearly convex � in F . Consider
x0 > (Cav u)(µ0) : (µ0, x0) /2 K, so it can be (strictly) separated from K by a continuous

linear functional on F (cf. 1.21 p. 8), which takes the form hµ, fi + αx, for some continu-

ous function f on P . I.e., we have hµ0, fi + αx0 > maxf hµ, fi + αx j (µ, x) 2 K g. Let
x1 = (Cav u)(µ0): we have x0 > x1, and hµ0, fi + αx0 > hµ0, fi + αx1, hence α > 0 � so
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we can divide f by α, and obtain hµ0, fi+ x0 > maxf hµ, fi+ (Cav u)(µ) j µ 2 M g = β.
Let thus g = β � f : we have (Cav u)(µ) �

R
gdµ, and

R
gdµ0 < x0. By prop. 3.43 p. 228,

it follows that infh∈H0

R
hdµ0 < x0. Since x0 > (Cav u)(µ0) was arbitrary, the conclusion

follows.

4 By lemma 3.36 p. 223, assume ϕ minimal, hence Lipschitz � Cav u being Lipschitz.

Separate then, as above, K from fµ, x) j x � ϕ(µ) + n−1 g, yielding an a�ne function

ψn between Cav u and ϕ+ n−1. Take a limit ψ following some ultra�lter: it is a�ne, and

Cav u � ψ � ϕ. Conclude by prop. 3.43 p. 228. �

Comment 3.49. In the situation of comments 3.44 and 3.45 after theorem 3.39 p. 224,

we claim that viewing u as a function on ∆(K), (Cav u)(µ) = maxf
R
∆(K)

u dν j ν � µ g,
where the order ν � µ means

R
ψdν �

R
ψdµ for all convex real valued ψ on ∆(K).

Indeed, observe �rst the maximum in the right-hand member is achieved: since every

ψ is the limit of a decreasing sequence of ψ's which are furthermore continuous, the de�n-

ition of the order would remain the same if one required in addition continuity of ψ.
Therefore, f ν j ν � µ g is closed, and the maximum is achieved.

Next, observe that the functions h 2 H0 are those convex functions such thatR
P
h(p)µ(dp) � u(µ̄) for every µ on P with barycentre µ̄. Let pi 2 ∆(Ki) be the barycentre

of the restriction of µ to ∆(Ki): by convexity, it su�ces that
P

iαih(pi) � u(
P

iαipi)
whenever pi 2 ∆(Ki), αi � 0,

P
iαi = 1. This means that, denoting by h̄ the convexi�ca-

tion of h [i.e., the largest convex function on ∆(K) that coincides with h on each ∆(Ki)],
h̄(q) � u(q) 8q 2 ∆(K): H0 can be identi�ed with the minimal convex functions on

∆(K) that majorate u, i.e., it coincides with the minimal functions ϕ̄ of comment 3.44

(but the functions h apply to measures µ 2M through
R
h(q)µ(dq), while for ϕ it is ϕ(µ̄),

µ̄ being the barycentre of µ).
Assume now ν � µ: then for h 2 H0, we have

R
udν �

R
hdν �

R
hdµ, so by 3 p. 230

we have
R
udν � (Cav u)(µ). So the maximum is less or equal to (Cav u)(µ). Conversely,

choose by prop. 1
P

iαiµi = µ,
P

iαiu(µ̄i) � (Cav u)(µ) � ε. Let ν =
P
αiδµ̄i

; we haveR
udν � (Cav u)(µ)�ε, and clearly, by Jensen's inequality,

R
ψdν �

R
ψdµ for any convex

ψ � i.e., ν � µ.
Proposition 3.45. (1) There exists a Borel map µ 7! Qµ from M to ∆(M)

such that, for every µ, µ =
R
νQµ(dν), i.e. µ is the barycentre of Qµ, andR

u(ν)Qµ(dν) = (Cav u)(µ).

(2) For every such map Qµ, there exists Qµ(dν j p), s.t. (µ, p) 7! Qµ(� j p) is Borel
fromM�P to ∆(M) and is, for every µ, a version of the conditional distribution
of ν given p under ν(dp)Qµ(dν) � i.e.

R
f(p, ν)ν(dp)Qµ(dν) =

R
f(p, ν)Qµ(dν j

p)µ(dp) for every non-negative Borel function f on P �M . In other words, 8ν,
ν in ∆(P ) is the posterior on P given that ν 2M was observed � when ν 2M
was selected according to Qµ(dν j p) and the true state p 2 P according to µ(dp).

(3) There exists a Borel map σ(µ, p) on M � P such that, for p 2 ∆(Ki), σ(µ, p) 2
∆(Si) and such that, 8µ, σ(µ, �) is an optimal strategy in NR(µ).

(4) 8µ, the strategy of player I consisting in selecting, given his observation p 2 P ,
ν 2 M according to Qµ(dν j p), next using σ(ν, p) independently at each
stage is an optimal strategy in Γ∞(µ) (written as a generalised strategy �
cf. ex. II.1Ex.10 p. 61) � i.e., guarantees him (Cav u)(µ) at every stage n:
Eµ,σ,τ(γn) � (Cav u)(µ) 8n, 8τ . [Thus, this strategy (or the corresponding mixed
strategy) depends in a Borel way on the parameter µ.]
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Proof. 1 The set E of pairs (µ,Q) satisfying the requirements is a closed subset of

M �∆(M) by 1 p. 230 and 1 p. 224, non-empty above every µ. Use thus 7.i.
2 follows from ex. II.1Ex.9 p. 60.

3 It su�ces to de�ne σ on each open face MI0 separately. By remark 3.38 p. 221, this

reduces the problem to that of a single i, thus #I = 1. So one can take NR independent

of µ. Further, by 2, we can reduce NR to the mixtures of pure strategies in NR: the set S
is partitioned into subsets (Sv)v∈V , and Q

II
s,t depends only on v: we can write QIIv,t � i.e.,

optimal strategies in NR can be written as αv 2 ∆(V ), together with, for each v 2 V , a
type dependent selection of s 2 Sv � i.e., 8v 2 V , a Borel map σv from ∆(K) to ∆(Sv).
Let us �rst view σ as the measure µ(dp)α(v)σv,p(ds) on ∆(K) � S. As we said, v and

∆(K) must be independent, i.e. we need σ(A \ Sv) = µ(A)σ(Sv) for every Borel set A
in ∆(K) and v 2 V . This set of pairs (µ, σ) is clearly weak

�
-compact � the Borel sets

A can be replaced by continuous functions. And an optimal strategy is one that maxim-

ises mint∈T

R
σ(dp, ds)Gp

s,t, which is weak
�
-continuous. An u.s.c. correspondence like that

from µ to the set of compatible σ is a Borel map to compact subsets with the Hausdor�

topology (7.b). But again the correspondence from compact subsets with the Hausdor�

topology to the corresponding set of maximisers of some continuous function is u.s.c.,

hence Borel � so the composite map, from µ to the set of optimal σ at µ, is a Borel map

to compact sets, hence admits a Borel selection σµ (7.i). Apply now e.g. ex. II.1Ex.9 p. 60

to obtain non-negative Borel functions (σs(µ, p))s∈S with
P

sσs = 1 such that σs(µ, �) is a
Radon-Nikodym derivative of σ(A� fsg) w.r.t. µ = σ(A� S).

4 is obvious. �

Comment 3.50. Non-revealing strategies have also a basically �nite dimensional

representation: the pay-o� γ(σ, τ) resulting from σ and τ equals, as seen above,R
σ(dp, ds)Gp

s,τ. Since G
p
is linear in p, this means only the barycentre ps of the distribu-

tion νs(dp) of p given s matters, together with λv(s), the probability of s given Sv, and αv.

Our above condition on σ becomes: 8v,PSv
λv(s)νs = µ. The condition that there exist

such νs with barycentre ps is that µ is obtained by dilatation of the measure
P

Sv
λv(s)δps,

i.e., by Strassen's theorem (ex. II.1Ex.20 p. 78), that
P

Sv
λv(s)ϕ(ps) �

R
ϕ(p)µ(dp) for

every convex (continuous) function ϕ on ∆(K) and v 2 V .
So this is the system of inequalities describing the constraints on the λv and the

ps � and in terms of those variables, letting λ(s) = αvλv(s) for s 2 Sv, we have

γ(λ, p; τ) =
P

sλ(s)G
ps
s,τ.

We turn now to the optimal strategies of player II.

Proposition 3.46. (1) There exists a Borel map h : µ 7! hµ from M to H0 such
that (Cav u)(µ) =

R
hµ(p)µ(dp).

(2) For every sequence εn converging to zero there exists a sequence δn with
2 � δn � δn+1 converging to zero and a continuous map τ : h 7! τh from
H to behavioural strategies of player II in Γ∞ (or to mixed strategies, with
the weak� topology), such that 8h 2 H, 8n � 0, 8i 2 I, 8p 2 ∆(Ki), 8σ,
P i,p

σ,τh(N � n) � exp(�nεn), where N = supfn j En > Cδn g (and sup(;) = 0),

and where En = maxq∈∆(Ki)

�P
k∈Ki

qkgkn� h(q)
�
.

Further δn can be chosen to depend only on the sequence εn and on the
Qi

s,t(b)(b 2 B, s 2 Si, t 2 T, i 2 I), provided one sets En = d(ḡn,Lh), with

Lh = fx 2 RKi j hq, xi � h(q)8q 2 ∆(Ki) g and with d being the Euclidian
distance and provided one interprets the constant C as maxi,s,t d[(G

k
s,t)k∈Ki

, 0].
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Comment 3.51. It seems plausible one might be able to select τh independently of

the sequence εn. This would be equivalent to requiring lim supn→∞[Fn(y))]
1/n < 1 8y > 0,

where Fn(y) = supi,p,σ P
i,p
σ,τh(En > y). It would thus lead at the same time to a much

simpler and a much sharper statement. It would however probably require a completely

di�erent proof, where the strategy is not build up from longer and longer blocs. [Even

with a single state of nature, assume we have for each bloc of length n a strategy τn such
that En = +1 or �1 with probability

1
2 each (thus no �error term�). If we use successively

such longer and longer blocs, this will force lim supn→∞[Fn(y)]
1/n = 1.]

Comment 3.52. The reinterpretation with the Euclidian distances in the �further�

clause is in order to obtain a sequence δn independent of the dimensions #Ki of the space

of vector pay-o�s.

Proof. 1 Let H(µ) = fh 2 H j
R
h dµ = (Cav u)(µ) g, H0(µ) = H(µ) \ H0. By

2 p. 230, H0(µ) 6= ;. By the (joint) continuity of
R
hdµ and the continuity of Cav u (1

p. 230), the correspondence H(µ) is u.s.c. Hence, by 7.i, there is a measurable selection;

composing this with the map r of 4 p. 228 yields the result.

2 Fix h 2 H, and apply theorem 3.39 p. 224 to get a corresponding (τ, a). Observe

that ϕn(µ) = maxb∈Bn

R
[l(b)](p)µ(dp) are a decreasing sequence of continuous functions,

with limit less or equal to the continuous function ϕ(µ) =
R
h(p)µ(dp). So, by Dini's

theorem, δn = maxµ(ϕn(µ) � ϕ(µ)) decreases to zero. So 8n, 8b 2 Bn
, 8µ 2 M we haveR

[l(b)](p)µ(dp) �
R
h(p)µ(dp)+ δn, thus [l(b)](p) � h(p)+ δn: we can assume without loss

of generality that [l(b)](p) = h(p) + δn, since h 2 C(P ). By theorem 2 p. 224, we have

thus P i,p
σ,τ(En > δn) � exp(�nεn) 8i 2 I, 8p 2 ∆(Ki), 8n, 8σ. Since jEnj � 2C we obtain

Ei,p
σ,τ(En) � δn + 2C exp(�nεn) = δ′n(h).
Let f(n, τ, h) = supi,p,σ Ei,p

σ,τ(En) � where h 2 H appears in En, and τ varies over

all strategies of player II. Clearly f has Lipschitz constant 1 with respect to h. Let

g(n, h) = infτ f(n, τ, h) : g also has Lipschitz constant 1, and we have just seen that,

8h, g(n, h) � δ′n(h), so lim supn→∞ g(n, h) � 0. By compactness of H, we have uniform

convergence: there exists a sequence δ′′n decreasing to zero such that, 8n, 8h 2 H, 9τn,h:
f(n, τn,h, h) < δ

′′
n. Further, we can assume τn,h completely mixed since player II has a �nite

pure strategy set in Γn. By the Lipschitz property of f , there is an open neighbourhood

Uh of h such that f(n, τn,h, h
′) < δ′′n 8h′ 2 Uh. Extract a �nite covering (Uhj

)j∈J from this

open covering, and consider a corresponding continuous partition of unity (ϕ : H ! ∆(J)
such that ϕj(h) > 0 ) h 2 Uhj

). Let τn(h) =
P

j∈J ϕj(h)τn,hj
(the convex structure

here being that of mixed strategies). Since f is a supremum of linear functions of τ ,
f τ j f(n, τ, h) < δ′′n g is convex, and since 8h, ϕj(h) > 0 ) f(n, τn,hj

, h) < δ′′n, we obtain
f(n, τn(h), h) < δ

′′
n 8n, 8h. Clearly τn(h) depends continuously on h; since it is completely

mixed for all h, the corresponding behavioural strategy is also a continuous function of

h. And 8h 2 H, 8i 2 I, 8p 2 ∆(Ki), 8n > 0, 8σ Ei,p
σ,τn(h)

(En) � δ′′n.
There only remains to repeat, with this sequence of strategies τn(h) (and with [l(b)](p)

= h(p)+ δ′′n 8b 2 Bn
), the last part of the proof of theorem 3.39 p. 224 � i.e. of theorem

3.18 p. 202.

To obtain also the �further� clause, consider �rst the case where the pay-o�s Gk
s,t are

non-random � i.e. depend only on the action pair (s, t). Observe it su�ces to obtain a

single sequence δn valid for all games (and all sets Ki) with C = 1. Fix then a subset Li

of RSi×T
with #Li = #(Si � T ) + 1 such that the simplex spanned by Li contains the
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unit ball (for the maximum norm), and is contained in a ball of minimal diameter, say

ζ(#(Si� T )). Let C̄ = maxi∈I ζ(#(Si� T )).
Construct as above a sequence δn and a map τh for the game with the sets Li in-

stead of Ki: we claim this is the required sequence; there only remains to construct a

corresponding map τ̄ for the game with sets Ki.

By construction we have, for each k 2 Ki, a probability distribution πk over Li such

thatGk =
P

�∈Li
πk�G

�
. This induces an a�ne map ϕ from P =

S
i∆(Ki) toQ =

S
i∆(Li),

with ϕ(p) =
P

k∈Ki
pkπk� for p 2 ∆(Ki), * 2 Li. Denote the u-functions of the games with

Ki and Li by u and v respectively, and observe that u(µ) = v(ϕ(µ)) 8µ 2 ∆(P ).
Indeed, best replies in ΓNR can be chosen to be ϕ(p)-measurable, so the result fol-

lows using the minmax theorem with this σ-�eld. Given h : P ! R in H (= HK), let
h̄(q) = minfh(p) j ϕ(p) = q g (with minφ = +1). Then h̄ : Q ! R is convex and l.s.c.,

and for every ν 2 ∆(Q) for which
R
h̄(q)ν(dq) < 1 there exists (measurable selection

theorem) µ 2 ∆(P ) with ϕ(µ) = ν and with
R
h̄(q)ν(dq) =

R
h(p)µ(dp) � u(µ) = v(ν).

So
R
h̄(q)ν(dq) is an a�ne function � v. Denote by ϕ∗(h) : Q ! R the Lipschitz reg-

ularisation with constant C̄ (as in the proof of 3 p. 223) of Vexmin(h̄, C̄): by 1 and 2

p. 228, we also have that
R
[ϕ∗(h)](q)ν(dq) is an a�ne function � v, so ϕ∗(h) belongs to

HL (for the game with Li). The map ϕ∗
is clearly continuous (from HK to HL), with

h(p) � [ϕ∗(h)](ϕ(p)) 8p 2 P, 8h 2 HK. De�ne then τ̄h as τϕ∗(h): the result is now clear,

since the random variables En (with K) are less or equal to the corresponding En with L.
Consider �nally the general case. Consider the auxiliary game Γ̃ where the random

pay-o�s Gk
s,t,a,b have been replaced by their barycentre Gk

s,t and on every history, consider

besides the actual average vector pay-o� ḡn its analogue g̃n that would arise from Γ̃. Ob-
serve that maxk,s,t

��Gk
s,t

�� � C; so let τ and δn be those constructed above for the game

Γ̃: now (2) holds, with En = maxq∈∆(Ki)

hP
k∈Ki

qkg̃
k
n� h(q)

i
. Then d(g̃n,Lh) � En

p
dim,

dim being the dimension of the space. But, as seen above, this dimension is in fact

bounded by #(Si � T ) instead of #Ki. Hence, after multiplying the sequence δn by

maxi∈I

p
#(Si� T ), we obtain indeed the desired statement, but still with g̃n instead of

ḡn. Observe now that, by ex. II.4Ex.6 p. 105 (in the game with vector pay-o�sGk
s,t,a,b�Gk

s,t),

E supm≥n d(ḡn, g̃n) � 4
p
2 C√

n
.

Let thus En = d(ḡn,Lh), Ẽn = d(g̃n,Lh): we have Eτ,σ(En) � E(Ẽn) + 4
p
2 C√

n
�

4
p
2 C√

n
+Cδn+C exp(�nεn) = Cηn, where the sequence ηn converges to zero and depends

only on the Qi
s,t(b). Since also 0 � En � C, it su�ces now again to repeat part C of the

proof of theorem 3.18 p. 202, with N� = *, τ� the restriction of τ to the �rst * stages, and
the variables

E 
C . �

Comment 3.53. Given the above results, de�nition 3.32 and cor. 3.33 p. 218 generalise

now directly, interpreting this time Z and Z as sets of a�ne functions on M � and Z is

compactly generated by H0.

Comment 3.54. If one thinks of ∆(Ki) as a neighbourhood of zero in the space of all

Si � T matrices, then, for h 2 H0, h|∆(Ki) becomes a convex function on this neighbour-

hood. Its minimality implies immediately it is positively homogeneous of degree one �

so extends to the whole space �, similarly it is monotone, and invariant under addition

of constants. [The latter two properties imply the Lipschitz property and uniform norm

with constant C.]
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Comment 3.55. When #I = 1, prop. 3.46.2 p. 232 becomes an extension of the ap-

proachability theorem of sect. 4 p. 102 to the case where the game with vector pay-o�s

has signals � i.e., the game is described by having, for every pure strategy pair s, t, a
probability distribution over triplets formed of a signal of player I, a signal of player II,
and a vector pay-o� in the ball of radius C. The sets S, T, and B must be �nite.

Indeed, one can always assume that II's signals inform him of his own action; the

worst case is then when player I's signal consists of his own move, player II's signal, and
the actual vector pay-o� � any additional information is irrelevant. Formally the previ-

ous treatment requires player I's set of signals to be �nite, but one sees that the above

argument still applies in this case.

Also, at �rst sight this concerns only approachability of convex sets A such that

A�RK
+ � A � but this yields immediately the general result by mapping RK

into R2K

by the map ϕ2i−1(x) = xi, ϕ2i(x) = �xi: for any arbitrary convex set A and point x in

RK
, let x̃ = ϕ(x), Ã = ϕ(A) � R2K+ : then d(x,A) � d(x̃, Ã) �

p
2d(x,A), so our ap-

proachability theorem for the set Ã immediately implies the corresponding result for the

general compact convex set A (and so for closed convex A, replacing it by its intersection

with the ball of radius C).

Comment 3.56. The corresponding excludability criterion is obvious (e.g. from pro-

position 4 p. 231): for any other convex set C, the corresponding function hC is such thatR
hC(p)µ(dp) < u(µ) for some µ 2 ∆(P ) � which (continuity of u) can be assumed with

�nite support. I.e., there exists ε > 0, (pj)j∈J in ∆(K) � with J �nite � and σj 2 ∆(S)
such that, for any one-stage strategy of player II, all σj induce the same probability dis-

tribution on signals for player II, and such that, for any strategy τ of player II in Γ∞, if
zn(j) denotes the expected vector pay-o� generated by τ and by the i.i.d. play of σj in
Γn, then maxJ

�
hpj, zn(j)i � supz∈Chpj, zi

�
� ε for all n.

4. The rôle of the normal distribution

The appearance of 1/
p
n in the speed of convergence may have the following probab-

ilistic interpretation: Consider a game with K = f1, 2g and both G1 and G2 are 2 � 2
games. Suppose that Cav u(p) = u(p). So limn→∞ vn(p) = u(p) which means that in the

limit as n!1 player I can obtain no more than u(p) which is what he can guarantee by

ignoring his additional information and playing identically in both games. Nevertheless

player I can generally obtain more than u(p) in Γn(p) for any �nite n. In order to do this

he has to play di�erently in the two possible games. In other words he has to deviate from

this non-revealing strategy. How much can he deviate and how much can he gain by this

deviation? Let (s, 1� s) be player I's optimal mixed move in D(p) (i.e. play the �rst pure
move with probability s and the second with probability 1�s (0 � s � 1).) By de�nition,
if player I plays this mixed move repeatedly in all n stages of Γn(p) he guarantees u(p). If
player I in fact does this, the actual choice of pure move made by him can be regarded as

a Bernoulli trial with probabilities (s, 1� s). By the Central Limit Theorem, the propor-

tion of times that the �rst pure move is played in n such trials is approximately normally

distributed around the mean s with a standard deviation of the order of 1/
p
n. Therefore

if player I wishes to �cheat� player II by making use of his additional information (i.e.

playing di�erent mixed moves in the two possible games) without enabling him to detect

it, he has to do this in such a way that this proportion will fall within the limits of few

standard deviations i.e. α/
p
n from s. Using again the minmax theorem, any deviation of

higher order will be detected and used by player II to hold the pay-o� to a number smaller
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than u(p). Clearly a deviation of order not higher than 1/
p
n from (s, 1 � s) will make

a deviation in the pay-o� which is also of order not higher than 1/
p
n. The existence of

games with error term δn(p) = vn(p)� v∞(p) � (1/
p
n) implies that there are games in

which player I can exhaust the whole probabilistic deviation mentioned above. In other

games he may be able to exhaust only a small part of it such as � ( lnn
n ) or � (1/n).

In this section we shall see that the connection of the error term to the Central Limit

Theorem is even much closer than what is outlined above. The normal distribution ap-

pears explicitly in the asymptotic behaviour of vn(p). In the next section we prove some

more results about the speed of convergenceof vn(p).

Example 4.1. Consider the following game with K = f1, 2g, full monitoring and

pay-o� matrices:

G1 =

�
3 �1
�3 1

�
G2 =

�
2 �2
�2 2

�
and the prior probability distribution on K is (p, 1� p).

We know that vn(p), which equals in this case to the error term δn(p) = vn(p)�v∞(p),
is bounded by (by theorem 2.10 p. 189):

0 � vn(p) �
6
p
pp′p
n

For this speci�c game sharper bounds can be obtained: vn(p) �
√
pp′√
n

(See ex.VEx.10a

p. 258) and vn(p) � pp′√
n
, cf. (Zamir, 1971�1972). It turns out however that a much stronger

result can be proved namely:

Theorem 4.1. For all p 2 [0, 1],

lim
n→∞

p
n vn(p) = φ(p)

where

φ(p) =
1p
2π
e−

1
2
x2
p and

1p
2π

Z xp

−∞
e−

1
2
x2

dx = p

In words: the limit of
p
nvn(p) is the standard normal density function evaluated at its

p-quantile.

Another way to state this theorem is: The coe�cient of the leading term (i.e. of 1/
p
n)

in the expansion of vn(p) is φ(p). Before proving this puzzling result it may be helpful

to outline the heuristic arguments that lead to it. For this we shall need the following

recursive formula for vn which will be useful also in later sections.

Lemma 4.2. (Recursive Formula) For any two-person zero-sum game with incom-
plete information on one side (player II is uninformed) and with full monitoring, the
following holds for all p 2 ∆(K) and for all n � 1,

(1) vn+1(p) =
1

n+ 1
max
x∈XK

�
min
t∈T

X
k∈K

pkxkGk
t + n

X
s
x̄svn(ps)

�
,

Where x̄ =
P

k∈K p
kxk, and the probabilities ps = (pks)k∈K 2 ∆(K) are given by

pks = p
kxks/x̄s for all s such that x̄s > 0, and Gk

t is the t
th column of Gk.
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Proof. This is clearly a special case of the general recursive formula 3.2 (cf. ex. VEx.6

p. 255), nevertheless we give here an elementary proof which is available in this case: A

strategy of player I in Γn+1(p) includes an element x = (xk)k∈K of XK
where if the state is

k, player I plays in the �rst stage the mixed move xk = (xks)s∈S in ∆(S). If player II plays
at �rst stage his pure move t 2 T , the expected �rst stage pay-o� is

P
k∈K p

kxkGk
t . Given

x and given s1 = s, the conditional probability distribution on K is ps = P (� j s). By play-
ing optimally in Γn(ps) player I can guarantee a conditional expected cumulative pay-o�

of at least nvn(ps) for the last n stages. Since the probability of s is x̄s =
P

k∈K p
kxk we

conclude that x followed by an optimal strategy in the resulting Γn(ps) guarantees player
I at least

1

n+ 1
min
t∈T

�X
k∈K

pkxkGk
t + n

X
s
x̄svn(ps)

�
,

which, since the ps are independent of t, equals to

1

n+ 1

�
min
t∈T

X
k∈K

pkxkGk
t + n

X
s
x̄svn(ps)

�
Taking the maximum over XK

it follows that vn+1(p) is greater or equal to the right hand
side of equation (1). The other direction of the inequality is obtained using the minmax

theorem: Given σ (and hence x), player II can minimise his expected pay-o� at the �rst

stage and then, following a move s, compute ps and play optimally in Γn(ps). Doing that
he guarantees the maximand (� � � ) in the right hand side of equation (1). This proves the

inequality: vn+1 � � � � and completes the proof of the lemma. �

4.a. The heuristics of the result. Our departure point is the recursive formula (1)

which for this game reads:

(2) vn+1(p) =
1

n+ 1
max
0≤x,y≤1

�
min[3p(x� x′) + 2p′(y � y′) , p(x′� x) + 2p′(y′� y)]

+ n(x̄vn(pT) + x̄
′vn(pB))

	
where (x, x′), (y, y′) are the mixed strategies of player I in G1 and G2 respectively,

(3) (x̄, x̄′) = (px+ p′y , px′ + p′y′)

and

(4) pT =
px

x̄
pB =

px′

x̄′

Assume (as often turn out to be the case in our proofs) that the max0≤x,y≤1 in that formula
is achieved when x and y equalise player II's expected pay-o� for left and right �rst move,

i.e.

3p(x� x′) + 2p′(y � y′) = p(x′� x) + 2p′(y′� y)
which is y = 1/2 � p(x � x′)/(2p′). Changing variable to ξ = p(x � x′) and denoting

Un(p) =
p
nvn(p) we obtain (using the notation a ^ b = min(a, b)):

(5) Un+1(p) =
1p
n+ 1

max
0≤ξ≤p∧p′

n
ξ +

p
n

2
(Un(p+ ξ) + Un(p� ξ))

o
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Suppose now that limn→∞Un(p) exists and equals to ϕ(p). Letting ξ = αn/
p
n we then

have: r
1 +

1

n
ϕ(p) ' max

αn

nαn

n
+

1

2
[ϕ(p+

αnp
n
) + ϕ(p� αnp

n
)]
o

' max
αn

nαn

n
+ ϕ(p) +

α2n
2n
ϕ′′(p)

o
= ϕ(p) +

1

n
max
αn

n
αn +

α2n
2
ϕ′′(p)

o
= ϕ(p)� 1

2nϕ′′(p)

On the other hand (
p
1 + 1/n)ϕ ' ϕ + ϕ/(2n) thus ϕ = �1/ϕ′′

. We conclude that ifp
nvn(p) converges, the limit is a solution of the di�erential equation:

(6) ϕ(p)ϕ′′(p) + 1 = 0

To solve equation (6) we �rst have

ϕ′(p) = �
Z p

1/2

1

ϕ(p)
dp

Here we have chosen 1/2 as the lower bound of the integration so as to have ϕ′(p) = 0
which is implied by the symmetry of ϕ(p) about p = 1/2. (This is a property of all Un(p)
and can be easily proved by inducting using (5) and the symmetry of the arbitrary U0(p).)
Now let

z(p) = �ϕ′(p) =
Z p

1/2

1

ϕ(p)
dp

We have z′(p) = 1/ϕ(p) and thus ϕ = dp/dz. Replacing the variable p by z we get:

ϕ′
z = ϕ

′
p

dp

dz
= ϕ′

pϕ = �zϕ

and thus lnϕ = K � z2/2 or

(7) ϕ =
Ap
2π
e−

1
2
z2

for some constant A. Since ϕ = dp/dz,

(8) p = B +

Z z(p)

−∞

Ap
2π
e−

1
2
x2

dx

for some constant B. Denoting by F (x) the cumulative standard normal distribution we

have therefore:

ϕ(z) = AF ′(z)

p = B +AF (z)

Now ϕ � 0 and ϕ 6� 0 imply A > 0 from which it follows by (8) that z(p) is increasing in
p. Since ϕ(0) = ϕ(1) = 0 we have by (7): z(0) = �1 and z(1) = +1, and therefore by

(8) we have

0 = B 1 = B +A

So ϕ(p) = F ′(z) and p = F (z), i.e. ϕ(p) is the standard normal density evaluated at its

p-quantile, that is φ(p).
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Comment 4.2. Note that the above heuristics has nothing to do with the intuitive

argument in the beginning of this section. In other words the normal distribution ap-

peared not through the Central Limit Theorem but rather as the solution of a certain

di�erential equation. As we shall see later in this section, this is not an isolated result for

this speci�c example only but rather a general one. At least for 2� 2 games we know so

far the following: Whenever the leading term in the expansion of the error term is 1/
p
n

the coe�cient is an appropriately scaled φ function.

4.b. Proof of Theorem 4.1. For the formal proof of theorem 4.1 p. 236 we need

the following general result about martingales in [0, 1]. Let X n
p = fXmgnm=1 denote an

n-martingale bounded in [0, 1] with E(X1) = p, and let V (X n
p ) denote its L1 variation i.e.

V (X n
p ) =

Xn−1
m=1

E(jXm+1�Xmj),

then we have:

Theorem 4.3. (The L1 variation of a bounded martingale.)

lim
n→∞

sup
X n

p

�
1p
n
V (X n

p )

�
= φ(p)

The proof of this theorem uses some constructions and several lemmas (two of which

are proved in the appendix to this chapter) and it is concluded after Lemma 4.1 p. 236.

For p 2 [0, 1] let S(p) = f (ξ, η) j 0 � ξ � p′ ; 0 � η � p g and de�ne two sequences of

functions on [0, 1], fϕng and fψng by ϕ1 � ψ1 � 0, and for n = 1, 2, . . .:

p
n+ 1ϕn+1(p) = max

(ξ,η)∈S(p)

�p
n
� η

ξ + η
ψn(p+ ξ) +

ξ

ξ + η
ψn(p� η)

�
+

2ξη

ξ + η

�
(9)

ψn+1 = Cavϕn+1(10)

In the recursive formula (9) the expression in the square brackets is de�ned to be
p
nψn(p)

for ξ = η = 0. We �rst observe that

ϕn(0) = ψn(0) = ϕn(1) = ψn(1) = 0 for all n.

It also follows readily from the de�nitions that

(11) ϕ2(p) = ψ2(p) = 2p(1� p) for p 2 [0, 1].

Remark 4.3. All functions fϕng∞n=1 and fψng∞n=1 are symmetric about p = 1/2. This
is easily proved by induction using (9) and (10) and observing that the Cav operator

preserves symmetry about p = 1/2.

Lemma 4.4.

sup
X 2

p

V (X 2
p ) = ψ2(p) = 2p(1� p).

Proof. Follows readily by Jensen's inequality since jx� pj is convex. �

Lemma 4.5. For all n and for all p 2 [0, 1]

sup
X n

p

�
1p
n
V (X n

p )

�
� ψn(p)
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Proof. For n = 1 both sides are 0 and for n = 2 the inequality follows from lemma

4.7 p. 241 and equation (11). Proceeding by induction, assume it is true for n � m � 1
and let us prove it for n = m. Since ψm = Cavϕm it is enough to prove that for p 2 [0, 1]

sup
X m

p

�
1p
m
V (X m

p )

�
� ϕm(p)

To prove this let ΩL = fX2 � pg, ΩR = fX2 > pg, λ = P (ΩR). For any X
m
p we have

V (X m
p ) =

Xm

2
E(jXi�Xi−1j)

= E(jX2� pj) + λ
Xm

3
E(jXi�Xi−1j j ΩR) + (1� λ)

Xm

3
E(jXi�Xi−1j j ΩL)

which is, by induction hypothesis, with XL = E(X2 j ΩL), XR = E(X2 j ΩR),

� λ(XR� p) + (1� λ)(p�XL) +
p
m� 1 [λψm−1(XR) + (1� λ)ψm−1(XL)]

Let XR = p + ξ, XL = p � η: then ξ � 0, η � 0, λ = η/(ξ + η) and the last inequality

becomes:

V (X m
p ) �

p
m� 1

�
η

ξ + η
ψm−1(p+ ξ) +

ξ

ξ + η
ψm−1(p� η)

�
+

2ξη

ξ + η
.

Hence by de�nition V (X m
p ) � p

mϕm(p), concluding the proof of lemma 4.5. �

Proceeding in the proof of theorem 4.3 p. 239 de�ne the sequence f(φ̃ng)∞n=1 of functions
on [0, 1] by φ̃1 � 0 and for n = 1, 2, . . .,

(12)
p
n+ 1φ̃n+1(p) = max

(ξ,η)∈S(p)

�p
n

�
η

ξ + η
φ̃n(p+ ξ) +

ξ

ξ + η
φ̃n(p� η)

�
+

2ξη

ξ + η

�
Here again the expression in the square brackets is de�ned to be

p
nφ̃n(p) if ξ = η = 0.

It follows readily from the de�nitions that for all p and all n, ψn(p) � φ̃n(p).
Lemma 4.6. For all n and all p 2 [0, 1]

sup
X n

p

1p
n
V (X n

p ) � φ̃n(p)

Proof. For each n = 2, 3, . . . and p 2 [0, 1] we construct a martingale X n
p s.t.

(13)
1p
n
V (X n

p ) = φ̃n(p)

We do the construction inductively on n: For n = 2 let PfX2 = 0g = p′, PfX2 = 1g = p;
then V (X 2

p ) = 2pp′ = φ̃2(p). Assume that for each m � n we constructed X m
p =

fXi(p)gmi=1 having the right variation and let us construct X n+1
p . Let (ξn, ηn) be a point

at which the maximum is attained in (12). De�ne the martingale X n+1
p = fZi(p)gn+1i=1 as

follows: Z1(p) � p

(14) PfZ2(p) = p+ ξng =
ηn

ξn + ηn
; PfZ2(p) = p� ηng =

ξn
ξn + ηn

and for i = 2, . . . , n:

(Zi+1(p) j Z2(p) = p+ ξn) = Xi(p+ ξn)

(Zi+1(p) j Z2(p) = p� ηn) = Xi(p� ηn)
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It follows from (12) and (14) that

1p
n+ 1

V (X n+1
p ) =

1p
n+ 1

�
2ξnηn + ηnV (X

n
p+ξn) + ξnV (X

n
p−ηn)

�
/(ξn + ηn)

=
1p
n+ 1

h
2ξnηn +

p
n
�
ηnφ̃n(p+ ξn) + ξnφ̃n(p� ηn)

�i
/(ξn + ηn)

= φ̃n+1(p)

This completes the proof of lemma 4.6. �

To proceed we need the following two properties of the normal distribution φ(p):

Lemma 4.7. There exists a constant c > 0 such that for p 2 [0, 1] and for all n � 1:

(15)
1p
n+ 1

max
0≤x≤p∧p′

�p
n

2
(φ(p+ x) + φ(p� x)) + x

�
� φ(p)� cp

n2

Here p ^ p′ = min(p, p′).

Lemma 4.8. There exists a constant K > 0 such that for p 2 [0, 1] and for all n � 1:

(16)
1p
n+ 1

max
(ξ,η)∈S(p)

�p
n

�
η

ξ + η
φ(p+ ξ) +

ξ

ξ + η
φ(p� η)

�
+

2ξη

ξ + η

�
� φ(p) + K

n2

The rather lengthy and technical proofs to these lemmas are given in the Appendix

to this chapter.

Lemma 4.9. There exists α > 0 such that for all n � 1 and for all p 2 [0, 1],

(17) φ̃n(p) � φ(p)�
αp
n
.

Proof. We �rst prove by induction on k that for n � 1,

(18) φ̃n+k(p) � φ(p)�
1p
n+ k

�p
n

2
+
Xn+k

i=n

4c

i
p
i

�
for k = 0, 1, . . ., where c is the constant in lemma 4.7. In fact for k = 0, φ̃n(p) � 0 �
φ(p)�1/2. For the next step notice that in lemma 4.7 we may replace c/n2 by 4c/(n+1)2.

Assume that (18) holds for k, then, by Lemma 4.7, φ̃n+k+1(p) =

=
1p

n+ k + 1
max

(ξ,η)∈S(p)

hp
n+ k

�
ηφ̃n+k(p+ ξ) + ξφ̃n+k(p� η)

�
+ 2ξη

i Æ
(ξ + η)

� 1p
n+ k + 1

max
0≤x≤p∧p′

"p
n+ k

2

�
φ̃n+k(p+ x) + φ̃n+k(p� x)

�
+ x

#

� 1p
n+ k + 1

max
0≤x≤p∧p′

"p
n+ k

2
(φ(p+ x) + φ(p� x)) + x�

�p
n

2
+
Xn+k

i=n

4c

i
p
i

�#

� φ(p)� 4c

(n+ k + 1)2
� 1p

n+ k + 1

�p
n

2
+
Xn+k

i=n

4c

i
p
i

�
= φ(p)� 1p

n+ k + 1

�p
n

2
+
Xn+k+1

i=n

4c

i
p
i

�
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completing the proof of (18), from which we obtain for n = 1

φ̃k+1(p) � φ(p)�
1p
k + 1

�
1

2
+
X∞

i=1

4c

i
p
i

�
= φ(p)� αp

k + 1

where α = 1/2 + 4c
P∞

i=1 i
−3/2

. Since this holds for all k, the proof of lemma 4.9 is

completed. �

Lemma 4.10. There exists β > 0 such that for all n � 1 and for all p 2 [0, 1],

(19) ψn(p) � φ(p) +
βp
n
.

Proof. The proof is almost identical to that of the previous lemma. First ψ2(p) =
2pp′ � φ(p) + 1/2. Next use Lemma 4.8 and (9) p. 239 to prove that

(20) ψk+1(p) � φ(p) +
1p
k + 1

�
1

2
+
Xk+1

i=1

K

i
p
i

�
implies

(21) ϕk+2(p) � φ(p) +
1p
k + 2

�
1

2
+
Xk+2

i=1

K

i
p
i

�
where K is the constant in lemma 4.8. Observing that the right hand side of the last

inequality is a concave function of p, it implies:

(22) ψk+1 � Cavϕk+2(p) � φ(p) +
1p
k + 2

�
1

2
+
Xk+2

i=1

K

i
p
i

�
proving that (20) holds for all k, and hence the lemma� with β = 1/2+K

P∞
i=1 i

−3/2
. �

We are now ready to conclude the proof of theorem 4.3 p. 239: By Lemmas 4.6 p. 240

and 4.9 p. 241

lim inf
n→∞

sup
X n

p

�
1p
n
V (X n

p )

�
� lim inf

n→∞
φ̃n(p) � φ(p)

and by lemma 4.5 p. 239 and lemma 4.10,

�(23) lim sup
n→∞

sup
X n

p

�
1p
n
V (X n

p )

�
� lim sup

n→∞
ψn(p) � φ(p)

Corollary 4.11. The martingale X n
p constructed in the proof of Lemma 4.6 p. 240

satis�es

lim
n→∞

�
1p
n
V (X n

p )

�
= φ(p) for p 2 [0, 1],

with speed of convergence of the order of 1/
p
n.

Proof. By lemmas 4.9 and 4.10

�(24) φ(p)� αp
n
� φ̃n(p) � ψn(p) � φ(p) +

βp
n
.

Proof of Theorem 4.1 p. 236. Given any strategy σ of player I in Γn(p) let τσ be

the reply of player II consisting of playing optimally in D(pm) at stage m for m = 1, 2, . . ..
Then the conditional expected pay-o� at stage m satis�es

(25) ρm(σ, τσ) � E(jpm+1� pmj jH II
m )
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This is a somewhat stronger inequality than the general one derived in the proof of

prop. 2.9 p. 189, the di�erence being that in the speci�c game we are dealing with, the

constant 2C = 2maxk,s,t
��Gk

st

�� can be replaced by 1 (just by estimating errors more tightly,

cf. ex. VEx.10a p. 258).

From (25), taking average over m and expectation over histories we have:

γ̄n(σ, τσ) �
1

n

Xn

m=1
E(jpm+1� pmj)

(where p1 = p) and hence

(26) vn(p) � max
σ

1

n

Xn

m=1
E(jpm+1� pmj)

Since the sequence fpmg∞m=1 is such a martingale, we combine theorem 4.3 p. 239 with

inequality (26) to obtain:

(27) lim sup
n→∞

p
nvn(p) � φ(p)

Next we shall �nd a lower bound for lim infn→∞
p
nvn(p). To do this we denote wn(p) =p

nvn(p) and obtain, as we did for the heuristic argument (i.e. use the recursive formula

(2) p. 237, restrict the �rst stage strategy by y = 1/2�p(x�x′)/(2p′) and let ξ = p(x�x′)),
the recursive inequality:

(28) wn+1(p) �
1p
n+ 1

max
0≤ξ≤p∧p′

fξ +
p
n

2
(wn(p+ ξ) + wn(p� ξ))g

De�ne now the sequence of functions fUn(p)g∞m=0 by U0(p) � 0 and the recursive relation

(5) p. 237, then clearly Un(p) � wn(p) for all p 2 [0, 1] and for all n. Therefore to complete

the proof of the theorem it su�ces to prove:

(29) lim inf
n→∞

Un(p) � φ(p)

First we claim that for any n the inequality

(30) Un+m(p) � φ(p)�
p
n

2
p
n+m

�
Xn+m

i=n

c

i2

holds for m = 0, 1, 2, . . ., where c is a constant in lemma 4.7 p. 241. This is proved by

induction on m; It is clearly true for m = 0 since Un(p) � 0 � φ(p) � 1/2. Assume it

holds for m, using (5) p. 237 we have

Un+m+1(p) =
1p

n+m+ 1
max

0≤ξ≤p∧p′
fξ +

p
n+m

2
(Un+m(p+ ξ) + Un+m(p� ξ))g

� 1p
n+m+ 1

max
0≤ξ≤p∧p′

fξ +
p
n+m

2
(φ(p+ ξ)�

p
n

2
p
n+m

�
Xn+m

i=n

c

i2
+ φ(p� ξ)�

p
n

2
p
n+m

�
Xn+m

i=n

c

i2
)g

� 1p
n+m+ 1

max
0≤ξ≤p∧p′

fξ +
p
n+m

2
(φ(p+ ξ) + φ(p� ξ))g

�
p
n

2
p
n+m+ 1

�
Xn+m

i=n

c

i2
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So by (15) p. 241, we get

Un+m+1(p) � φ(p)�
c

(n+m+ 1)2
�

p
n

2
p
n+m+ 1

�
Xn+m

i=n

c

i2

= φ(p)�
p
n

2
p
n+m+ 1

�
Xn+m+1

i=n

c

i2

which establishes (30) from which we get

lim inf
n→∞

Un(p) = lim inf
m→∞

Un+m(p) � φ(p)�
X∞

i=n

c

i2

Since the last inequality must hold for every n and since c
P∞

i=n i
−2 <1, this completes

the proof of (29) and hence the proof of theorem 4.1. �

4.c. More general results. In this section we present results showing that the ap-

pearance of the normal distribution in the asymptotic value of the game in example 4.1

p. 236 is not an isolated incident but rather part of a general phenomenon. Unfortunately

the proofs of these results are technically quite involved and lengthy which make them

una�ordable in the framework of this book. They can be found in (Mertens and Zamir,

1995). (See also (De Meyer, 1996b), (De Meyer, 1996c).)

We consider here any two 2 � 2 pay-o� matrices G1 and G2. To state the results we

need some notations. Let Gk = (Gk
st) for k = 1, 2, s = 1, 2, t = 1, 2, and denote:

� For k = 1, 2, ∆k = G
k
11+G

k
22�Gk

12�Gk
21.

� De�ne δ(G1, G2) by:

δ(G1, G2) =

(
1 If player I has a strategy which is optimal in D(p) 8p 2 [0, 1]

0 Otherwise

� For p 2 [0, 1] let (tp, t
′
p) be an optimal strategy of player II in D(p) (we use t2 for

t0 since it is optimal in G2).
� For p 2 [0, 1] (given t1, t2 and tp) let q = q(p) be de�ned by tp = qt1+ q

′t2.
� Finally we de�ne

K(G1, G2, p) = δ(G1, G2) jt1� t2j
p
ss′
��p∆1+ p

′∆2

�� ,
where s is the uniformly optimal move of player I in D(p) (relevant only if it

exists and is unique i.e. when δ(G1, G2) 6= 0.)

Our result can be now stated as follows:

Theorem 4.12. In any game with incomplete information on one side with full mon-
itoring, K = f1, 2g and pay-o� matrices G1 and G2, there exists A > 0 such that for all
n and for all p 2 [0, 1]:

(31)

����vn(p)� Cav u(p)�K(G1, G2, p)φ(q(p))
1p
n

���� � A

n2/3

where φ is the normal density function de�ned in theorem 4.1 p. 236.

Remark 4.4. The theorem provides the highest order term (in n) in the expansion of

the error term vn(p) � Cav u(p) namely that of order 1/
p
n: The coe�cient of this term

is a multiple of an appropriately scaled φ function.

Remark 4.5. Both the constant K(G1, G2, p) and the argument q(p) are, as they

should be, invariant under addition of a constant to all pay-o�s.
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Remark 4.6. Inequality (31) states that the error term is of order 1/
p
n (i.e.

K(G1, G2, p) 6= 0) if and only if player I has the same strictly mixed optimal strategy

in G1 and in G2 (and therefore in D(p) for all p 2 [0, 1]) while player II's optimal strate-

gies are di�erent in G1 and in G2.

Remark 4.7. A priori t1, t2 and s may not be unique which would mean that

K(G1, G2, p) is not well de�ned. However observe that in a (non-constant) 2 � 2 game

player I has a strictly mixed uniformly optimal move s in D(p) only when player II has a
unique optimal move in each game. If s is (mixed and) not unique, player II must have
the same optimal pure move in both games and hence (t1 � t2) = 0. This means that

whenever jt1� t2j 6= 0, s is unique and if δ(G1, G2)
p
ss′ 6= 0, then t1 and t2 are unique.

Hence K is always well de�ned.

Remark 4.8. The existence of a (unique) q = q(p) satisfying tp = qt1+ q
′t2 is part of

the statement of the theorem i.e. whenever K(G1, G2, p) 6= 0, q(p) is well de�ned.

Remark 4.9. Note �nally that in the example in the previous section we have:

δ(G1, G2) = 1 , s = 1/2 , t1 = 1/4 , t2 = 1/2 , ∆1 = ∆2 = 8

and hence K(G1, G2, p) = 1. Also since

tp =
p+ 2p′

4
= pt1+ p

′t2

we have q(p) = p for all p 2 [0, 1] and therefore K(G1, G2, p)φ(q(p)) = φ(p).

Let us indicate now the main steps in the proof in order to see how the special example

in theorem 4.1 p. 236 evolves to the general result in theorem 4.12 p. 244.

Step 1. If the pay-o� matrices are

G1 =

�
θ′a �θ′a′
θa θa′

�
and G2 =

�
θ′b �θ′b′
θb θb′

�
for a, b and θ are in [0, 1], then there exists A > 0 such that for all n and for all p 2 [0, 1]:

(32)

���pnvn(p)� ja� bj pθθ′φ(p)��� � C lnn

n

� In these games

u(p) � 0 , δ(G1, G2) = 1 , s = θ , t1 = a
′ , t2 = b

′ , ∆1 = ∆2 = 1

and so K(G1, G2, p) = ja� bj
p
θθ′. Also the optimal move of player II in D(p)

is tp = pa′ + p′b′ = pt1 + p′t2 implying q(p) = p. So inequality (32) is in fact a

special case of (31).

� This is a �rst step in generalising Example 4.1 p. 236. In that example a = 3/4,
b = 1/2, θ = 1/2 and all pay-o�s are multiplied by 8.

� The proof of Step 1 is basically the same as the �rst part of the proof of theorem

4.1 p. 236 namely the proof of inequality (27) p. 243.

Step 2. Extend the result in Step 1 by applying two standard transformations to the
pay-o� matrices; adding a constant to all pay-o�s (this adds the same constant to all
value functions of the games) and multiplying each matrix by a positive constant adds
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the same constant to all value functions of the games: For α > 0, β > 0, if G̃1 = αG1 and
G̃2 = βG2 then 8p 2 [0, 1] and 8n

(33) ũ(p) = (pα+ p′β)u
�

pα

pα+ p′β

�
,

and similar transformations hold for Cav u(p) and vn(p).

The proof of (33) is straightforward. The consequence of this step is that if a game

satis�es (31) then so does any game obtainable from it by standard transformations. In

particular: all games obtainable from the games considered in Step 1 satisfy (31).

Step 3. If u(p) = pv(G1) + p′v(G2) then:
� If K(G1, G2, p) 6= 0 for some p, 0 < p < 1, then the game is obtainable from the
class of games in Step 1 by standard transformations. Hence it satis�es (31).

� If K(G1, G2, p) = 0 for all p 2 [0, 1], then there exists A > 0 such that

vn(p)� u(p) �
A

n
min(p, p′)

Step 4. If K(G1, G2, p) 6= 0 for some p 2 [0, 1] then u is linear.

By Step 3 all games with linear u satisfy (31) and by Step 4, whenever u is not linear
then K(G1, G2, p) � 0, so the last step is:

Step 5. If u is not linear in [0, 1] then

9A > 0 such that 8n and 8p 2 [0, 1] vn(p)� Cav u(p) � A

n2/3

The proof of this step is rather lengthy and involves some non-trivial arguments. How-

ever all these concern terms of order lower than 1/
p
n. As far as the 1/

p
n term and the

normal function φ are concerned these are completely covered by Steps 1 to 4.

5. The speed of convergence of vn

In this section we study more closely the nature of the uniform convergence of the

values vn(p) of the �nite games Γn(p) to v∞(p), the value of Γ∞(p). For the case of full

monitoring, by theorem 2.10 p. 189, the speed of this convergence is bounded from above

by O(1/
p
n). (As we shall prove in theorem 6.2 p. 304 this also true for the case of in-

complete information on two sides.) This is the least upper bound for that case since in

theorem 4.1 p. 236 we provided a game with v(p) � 0 and limn→∞
p
nvn(p) = φ(p).

5.a. State independent signalling. Without the full monitoring assumption,

O(1/
p
n) is no longer an upper bound for the speed of convergence of vn(p). The next

level of generality is the case of state independent signals i.e. the signalling matrices Qk

are the same for all k 2 K. For this case it will be proved (6 p. 304) that even for incom-

plete information on two sides the speed of convergence is bounded above by O(1/ 3
p
n).

We shall now prove that this is in fact the least upper bound.

Example 5.1. Let K = f1, 2g. The pay-o� matrices G1, G2 and the signalling

matrices Q1, Q2 (to player II) are given by:

G1 =

�
1 3 �1
1 �3 1

�
G2 =

�
1 2 �2
1 �2 2

�
Q1 = Q2 =

�
a c d
b c d

�
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Observe that deleting the left strategy of player II and changing the signalling matrices

so as to provide full monitoring we obtain the game in example 4.1 p. 236 for which we have

just proved δn(p) � (1/
p
n). However, in our present example player II is not informed of

the last move of his opponent unless he chooses his left strategy which is strictly domina-

ted in terms of pay-o�s. In other words player II has to pay 1 unit whenever he wants to

observe his opponent's move. Since observing the moves of the informed player is his only

way to collect information about the state k it is not surprising that his learning process

will be slower and/or more costly than in example 4.1 p. 236. This will mean a slower

rate of convergence of vn to v∞.
Keeping the same notations as in example 4.1 p. 236, the set of non-revealing moves

is readily seen to be

NR(p) = f (x, y) j x = y ; 0 � x � 1 g if 0 < p < 1

and the non-revealing game is therefore

D(p) =

�
1 3p+ 2p′ �p� 2p′

1 �3p� 2p′ p+ 2p′

�
with value u(p) = 0 for 0 < p < 1. Since also v(G1) = v(G2) = 0 we conclude that u, and
therefore v∞, are the same as in Example 4.1 p. 236 namely:

v(p) = Cav u(p) = u(p) = 0 8p 2 [0, 1]

Proposition 5.1. For the game in example 5.1 the following holds

8n � 1 and 8p 2 [0, 1] : vn(p) �
p(1� p)

3
p
n

Proof. The recursive formula from lemma 4.2 p. 236 yields here:

vn+1 =
1

n+ 1
max
0≤x,y≤1

min
0≤ε≤1

fε

+ (1� ε)min[3p(x� x′) + 2p′(y � y′) , p(x′� x) + 2p′(y′� y)]
+ n(1� ε)vn(p) + nε[x̄vn(pT) + x̄′vn(pB)]g

(1)

where x̄ is given by (3) p. 237 and pT , pB are given by (4) p. 237.

For n = 1, v1(p) = min(p, p′) � pp′ in accordance with the proposition. We proceed

by induction on n: Assume the inequality holds for n and for all p 2 [0, 1]. In the recurs-

ive formula, restrict x and y by p(x � x′) = p′(y′ � y) def

= δ we obtain,by the induction

hypothesis:

(2) vn+1(p) � max
|δ|≤min(p,p′)

min
0≤ε≤1

1

n+ 1
[ε+ pp′n2/3+ (1� ε)δ � εn2/3δ2]

Since the function [. . . ] is concave in δ (and linear in ε) we apply the minmax theorem to

�rst maximise on δ. The maximum is at δ = min[pp′, (1 � ε)/(2εn2/3)]. Letting A = pp′

and noticing that (n+ 1)2/3� n2/3 � 2/(3n1/3) it then su�ces to prove that:

n � 1 , 0 � ε � 1 , 0 � A � 1

4
, and δ = min[A,

1� ε
2εn2/3

] imply :

ε+ (1� ε)δ � εn2/3δ2 � 2A

3n1/3

If δ = A, the left hand side is linear (and increasing) in ε, and the inequality obvi-

ously holds for ε = 0. So it su�ces to check it at the maximum value of ε, where
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δ = (1� ε)/(2εn2/3). Thus we may anyway assume that δ = (1� ε)/(2εn2/3) � A and we

have then to show that 0 < ε and A � 1/4 imply

ε+
(1� ε)2
4εn2/3

� 2A

3n1/3
,

and it is clearly enough to prove this for A = 1/4. Thus letting ξ = 1/n1/3, we have to

prove that ξ � 1,0 < ε � 1 imply
(1−ε)2

ε ξ2� 2
3ξ + 4ε � 0. The unconstrained minimum in

ξ is at ξ0 =
ε

3(1−ε)2 , where the value of the function is ε(4� 1
9(1−ε)2). Thus the inequality

is proved for ε � 5/6. For 5/6 < ε � 1 the minimum is at ξ = 1 where the inequality is

obviously satis�ed for these values of ε. This completes the proof of the proposition. �

Combined with the result of theorem 6.1 p. 304 we conclude (again since vn(p) = δn(p)):

Corollary 5.2. For the game in example 5.1 p. 246 the speed of convergence of vn
is (1/ 3

p
n).

5.b. State dependent signalling. In the previous sections we were able to determ-

ine the least upper bound for the speed of convergence of vn(p) for the full monitoring

case and for the case of state independent signalling. The results are much less complete

for games with state dependent signalling. Here we have only partial results for the case

of two states and common signals to both players. So from here on in this section we

assume K = f1, 2g.
Recall that NR(p) depends only on the support of p. So it is the same for 0 < p < 1.

Denote this set simply by NR.

Theorem 5.3. If NR = ; then for some C1 > 0

vn(p) � Cav u(p) + C1
4
p
pp′/n

for all p 2 [0, 1] and for all n.

Proof. In establishing upper bounds for vn we �rst modify the game in favour of

player I so as to have H II
n � H I

n , (cf. sect. 3.c p. 195), hence the posterior probabilities

pn (given H II
n ) are common knowledge. The proof is carried in four steps some of which

will be used also in the next theorem.

Step 1. v1(p) � Cav u(p) + 2Cpp′.

This is a consequence of the Lipschitz property of v1(p):

(3) v1(p) � min[v1(0) + Cp , v1(1) + Cp
′] � pv1(1) + p′v1(0) + 2Cpp′

= pu1(1) + p
′u1(0) + 2Cpp′ � Cav u(p) + 2Cpp′

Step 2. For any strategy σ of player I, if at stage m player II plays his uniformly
mixed move y0 (i.e. y0(t) = 1/#T , 8t 2 T ) then
(4) E(jpm+1� pmj jH II

m ) = pmp
′
md(x),

where

d(x) =
1

#T

X
t

X
b

��x1Q1t(b)� x2Q2t(b)�� .
Here x = (x1, x2) is the strategy of player I at stage m and Qk

t is the tth column of Qk.
Note that d(x) = 0 if and only if x 2 NR.
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To see this observe that when x and t 2 T are played, the probability of a signal b 2 B
is

P (b) = pmx
1Q1t(b) + p

′
mx

2Q2t(b)

In this event, the new conditional probability of fk = 1g will be:

pm+1(b) =
pmx

1Q1t(b)

pmx1Q
1
t(b) + p

′
mx

2Q2t(b)
.

Step 3. If NR = ; then there exists a constant η > 0 such that d(x) � η; 8x 2 X2.
In fact d(x) is a non-negative continuous function of x on the compact set X2 and

therefore attains its minimum there. This minimum cannot be 0 since this would imply

NR 6= ;.
Step 4. In Γn(p), given any strategy σ of player I, at each stage m let player II play y0

with probability εn (to be determined later) and with probability 1� εn play the strategy

that guarantees (Step 1) E(gm jH II
m ) � Cav u(pm) + 2Cpmp

′
m. By Steps 2 and 3,

E(jpm+1� pmj jH II
m ) � ηεnpmp′m.

Hence we have for all m:

E(gm jH II
m ) � Cav u(pm) + εnC + 2(1� εn)Cpmp′m

� Cav u(pm) + εnC +
2C

ηεn
E(jpm+1� pmj jH II

m )

Taking average over the n stages and expectation on H II
m we obtain (using lemma 2.1

p. 186):

γ̄n � Cav u(p) + εnC +
2C

ηεn

r
pp′

n
.

Choosing εn =
p
2/η 4

p
pp′/n we conclude, using C1 = C

p
8/η, that

�(5) vn(p) � Cav u(p) + C1
4
p
pp′/n,

To bound the error term for the case in which NR 6= ; we need the following:

Lemma 5.4. Let ∆ be a non-empty polyhedron in Rm and let Li with i = 1, . . . , d be
linear functionals. De�ne

NR = fx 2 ∆ j Lix = 0 ; i = 1, . . . , d g
If NR 6= ;, then there exists a constant β > 0 such that for all x 2 ∆

max
i
jLixj � β kx�NRk

(Here kx�NRk = minx′∈NR kx� x′k, k�k being a norm in Rm
.)

Proof. This is a consequence of ex. I.3Ex.4q p. 30 which states that if L is an a�ne

map from ∆ to Rd
, then L−1(x) is a Lipschitz function (in the Hausdor� distance) of

x 2 L(∆) (where distance is derived from the given norms). �

Theorem 5.5. For any Γn(p) there exist a constant C2 such that for all n and for all
p 2 [0, 1]

vn(p) � Cav u(p) + C2
6
p
pp′/n.
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Proof. If NR = ; the claimed inequality follows from theorem 5.3 p. 248. Assume

therefore that NR 6= ; then by lemma 5.4 p. 249 there exists β > 0 such that for all x 2 X2

(6) d(x) � β kx� NRk
Notice that, given any strategy of player I, player II guarantees, by playing at stage m an

optimal move in D(pm):

E(gm jH II
m ) � Cav u(p) + C kx�NRk � Cav u(p) + Cd(x)/β.

Combined with Step 1 of theorem 5.3 this yields: Given σ, player II can guarantee at each

stage m

E(gm jH II
m ) � Cav u(pm) + C min(2pmp

′
m , d(x)/β)

� Cav u(pm) + C
p
2pmp′md(x)/β.

The proof now proceeds as that of the previous theorem: At each stage m player II
plays with probability εn the uniform move y0 and with probability (1� εn) he plays the
above move. This guarantees (using Step 2)

E(gm jH II
m ) � Cav u(pm) + Cεn + (1� εn)C

p
2pmp′md(x)/β

� Cav u(pm) + Cεn + C

r
2

βεn

p
E(jpm+1� pmj jH II

m )

Taking averages over all n stages and expectation on H II
m we get (using the Cauchy-

Schwartz inequality and theorem 2.10 p. 189):

γ̄n � Cav u(p) + Cεn +
Cp
n

r
2

βεn

rXn

1
E(jpm+1� pmj jH II)

� Cav u(p) + Cεn +

s
2C

βεn

4

r
pp′

n
.

Choosing εn = 3
p
4/β 6

p
pp′/n we conclude

vn(p) � Cav u(p) + C2
6
p
pp′/n,

where C2 = 4C/ 3
p
2β, completing the proof. �

5.c. Games with error term � (lnn)/n. We start by proving a lemma which

provides a su�cient condition for the error term to be bounded by (lnn)/n. For the sake
of simplicity only, the lemma is stated and proved for two states. It can be done for any

�nite set of states K (cf. ex. VEx.10c p. 258).

Lemma 5.6. Let Γ(p) be a game with full monitoring and two states. If u(p) is twice
di�erentiable and 9η > 0 such that 8p 2 [0, 1], u′′(p) < �η then for some constant A > 0,
δn(p) � A(lnn)/n for all p 2 [0, 1].

Proof. Note �rst that if player II plays an optimal strategy in D(p) he guarantees a
�rst stage pay-o� of at most u(p) + 2C E jp2� pj (where p2 is the conditional probability
of fk = 1g after the �rst stage). This follows from lemma 2.6 p. 188 and lemma 2.5 p. 187

(and can be easily veri�ed directly for this simple case.) In particular this implies that

8x 2 X2.
(7) min

t∈T
(px1G1t + p

′x2G2t) � u(p) + 2C E jp2� pj
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For any (�nite) distribution of p2 (with E(p2) = p) we have

(8) v∞(p)� E v∞(p2) �
η

2
E jp2� pj2

This follows by using Taylor's expansion of v∞(q) for each value q of p2.

v∞(q) = v∞(p) + (q � p)v′∞(p) +
1

2
(q � p)2v′′∞(ξ)

� v∞(p) + (q � p)v′∞(p)� η
2
(q � p)2 ,

where ξ = p+ θ(q � p), 0 � θ � 1. Taking expectation on p2 we obtain inequality (8).

Since
Pn

r=1
1
r = O(lnn), the proof of the lemma will follow if we prove the existence

of A > 0 such that for all p 2 [0, 1] and all n, the functions Vn(p) = nvn(p) satisfy:

(9) Vn(p) � nv∞(p) +A
X

r<n
r−1

We prove this by induction on n: Choose A1 large enough to make (9) true for n = 1 and
let A = max(A1, C

2/(2η). By the recursive formula (1) p. 236, inequality (7) p. 250 and

the induction hypothesis we have:

Vn+1(p) � max
x∈X2

�
u(p) + 2C E jp2� pj+ EVn(p2)

	
� max

x∈X2

�
v∞(p) + 2C E jp2� pj+ nE(v∞(p2)) +A

X
r<n
r−1
	

= max
x∈X2

�
(n+ 1)v∞(p) +A

X
r<n
r−1+ 2C E jp2� pj � n

�
v∞(p)� E v∞(p2)

�	
and by (8):

Vn+1(p) � (n+ 1)v∞(p) +A
X

r<n
r−1+ max

x∈X2

�
2C E jp2� pj �

nη

2
E jp2� pj2

	
� (n+ 1)v∞(p) +A

X
r<n
r−1+ max

x∈X2

�
2C E jp2� pj �

nη

2
(E jp2� pj)2

	
Since in the right hand side only p2 depends on x, maximisation with respect to E jp2� pj
yields

Vn+1(p) � (n+ 1)v∞(p) +A
X

r<n
r−1+

2C2

ηn

� (n+ 1)v∞(p) +A
X

r<n
r−1,

Completing the proof of lemma 5.6. �

For instance, in example 2.1 p. 185 observe that v∞(p) = u(p) = pp′ implying

v′′(p) = �2 8p 2 [0, 1]. Consequently, the error term of this game is bounded by

(O(lnn)/n). We shall now prove that (O(lnn)/n) is also a lower bound.

Proposition 5.7. In the game in example 2.1 p. 185

δn(p) = vn(p)� v∞(p) �
� lnn

n

�
Proof. Letting (α, α′) (β, β′) be the �rst stage mixed moves in G1 and G2 respectively,

The recursive formula (1) p. 236 gives for this game: vn+1(p) =

max
0≤α≤1
0≤β≤1

1

n+1

�
min(αp, β′p′) + n

�
(αp+βp′)vn

�
αp

αp+βp′

�
+ (α′p+β′p′)vn

�
α′p

α′p+β′p′

���
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Letting Vn(p) = nvn(p), x = αp, y = β′p′, we rewrite this as:

Vn+1(p) = max
0≤x≤p
0≤y≤p′

�
min(x, y) + (p′+ x� y)Vn

�
x

p′+ x� y

�
+ (p� x+ y)Vn

�
p� x
p� x+ y

��
We shall prove that for some large N , the inequality

Vn(p) � Cnpp
′�Dn

def

= Fn(p)

is satis�ed for all n � N with Cn = n+ 1
4 lnn and Bn

def

= Dn+1�Dn = (lnn)/(8n)2. Since
Bn is summable this will imply Vn(p) � Cnpp

′ �D for some constant D for n � N and

hence for all n, by choosing D su�ciently large. This will establish the required lower

bound vn(p)� v∞(p) � (pp′/4)(lnn)/n�D/n.
Using the recursive formula, the induction step is to prove that for n � N and p with

0 � p � 1/2 (by the symmetry of u and vn about p = 1/2):

Fn+1(p) = max
0≤x≤p
0≤y≤p′

�
min(x, y) + (p′+x� y)Fn

�
x

p′+x� y

�
+ (p�x+ y)Fn

�
p� x
p�x+ y

��

Replacing F by its formula and setting x = y = pp′(1 + δ) with δ = min
�

p
p′ ,

1
2Cn

�
, we

want to prove:

Cn+1pp
′�Dn+1 � Cnpp

′�Dn + pp
′(1 + δ � Cnδ

2)

Using ln(1 + 1
n) � 1

n and Cn � n it is enough to prove (setting z = p/p′):

1

4n
� Bn

pp′
�
(
z � Cnz

2
if z � (2Cn)

−1

(4Cn)
−1

if z � (2Cn)
−1

� For the �rst case it will su�ce to have
1
4n + Cnz

2 � Bn
z and by the monotonicity

it is enough if it is satis�ed for z = 1/(2Cn), that is if 1 + Cn/n � 8BnC
2
n. This

is clearly true for n su�ciently large since the left hand side is bounded and the

right hand side tends to in�nity.

� For the second case it is enough to check the inequality for p = 1/2, i.e. 16Bn �
1/n - 1/Cn. In fact:

1

n
� 1

Cn
=

lnn

4nCn
� lnn

4n2
= 16Bn

This completes the proof of the proposition. �

Exercises

1. Subadditivity of Vn = nvn.

a. Using the argument in the proof of theorem 3.1 p. 191 prove that for any n and m

Vn+m � Vn+ Vm

In particular v2n � vn.

b. Deduce that vn converges.
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2. Optimal strategy for player II: Explicit construction. In the case of full monitor-

ing, prove that the following is an optimal strategy for player II in �∞(p0):
Let c 2 RK be a supporting hyperplane to the graph of Cav u at p0, and D = fx 2 RK j

x � c g. At stage n + 1, n = 1; 2; : : :, compute the average vector pay-o� �gn up to that stage.
If �gn 2 D, play arbitrarily. If �gn =2 D, let � 2 D be the closest point to �gn in D, compute
q = (�gn� �)= k�gn� �k 2 �(K) and play an optimal mixed move in D(q).

Hint. Use sect. 4 p. 102.

3. Semi-algebraicity of v∞. Prove that v∞(p) is semi-algebraic.

Hint. u(p) is piecewise rational, v∞(p) is linear on { p | Cav u(p) > u(p) }, and the boundary of

{ p | Cav u(p) = u(p) } is determined by polynomial equations.

4. Non-existence of Markovian equilibrium in �n(p). Consider the game with two

states, full monitoring and pay-o� matrices:

G1 =

�
2 0
0 �1

�
G2 =

�
�1 0
0 2

�
a. Prove that

V1(p) = 2min(p; p′) = 2(p ^ p′)
V2(p) = minf3(p ^ p′); 1 + (p ^ p′)=2g

V3(p) =

(
1
2 +

9
4p for 25 � p � 6

13
4
5(1 + 2p) for 6

13 � p � 1
2

where (p; p′) is the probability distribution on the states and Vn(p) = nvn(p).

b. Prove that for any optimal strategy of player I in �2(
1
2) the posterior probability after

stage 1 equals 12 a.s. Conclude that (for any optimal strategy of player I) any Markovian strategy

of player II (i.e. a strategy in which each stage behaviour is the same for two histories leading to
the same posterior probability), is history-independent.

Hint. In any of his optimal strategies, player I plays ( 1
2 ,

1
2 ) at the �rst stage in both states.

c. Prove that with history-independent strategies, player II can guarantee not more than

2V1(1=2) = 2 which is worse than V2(1=2). Conclude that for any optimal strategy of player I,
no Markovian strategy of player II is a best reply. Consequently, there does not exist a pair of

Markovian optimal strategies in �2(
1
2).

d. Prove that the same negative conclusion is valid also for �3(p) for the whole interval
2
5 < p < 6

13 .

Hint. Any optimal strategy of player I leads with positive probability, after stage 1, to the posterior
probability 1

2 .

5. Proving lim vn(p) = Cav u(p) by the recursive formula. The recursive formula

(lemma 4.2 p. 236) which we used mainly to study the speed of convergence of vn can be used

also to prove the convergence itself namely to prove limn→∞ vn(p) = Cav u(p). In the proof

outlined here we make use of the following result (Kohlberg and Neyman, 1981):

Let X be a Banach space with norm k�k and denote its dual by X∗. Let 	: X ! X be a

non-expansive mapping i.e.

(10) k	x�	yk � kx� yk for all x and y in X:



254 V. FULL INFORMATION ON ONE SIDE

Let � = infx∈X k	x� xk then:

8x 2 X; lim
n→∞

	nx

n

 = �(11)

8x 2 X9fx 2 X∗ : kfxk = 1 and fx(	
nx� x) � n� 8n(12)

To use this result let X be the set of continuous functions on �(K) endowed with the maximum

norm and let 	 be the mapping de�ned (cf. 3.b p. 157) by the recursive formula (lemma 4.2

p. 236) (without the factor 1=(n+ 1)) i.e. for w 2 X:

(13) (	w)(p) = max
x∈XK

�
min
t

X
k
pkxkGk

t + Eσw(ps)
�

where XK and ps are as in lemma 4.2.

a. Prove that lim vn(p) exists by proving the following:

i. If we let v0 = 0 (the 0-function in X) then 8n � 0, 	n0 = nvn.

ii. The mapping 	 is non-expansive.

iii. By (11), maxp jvn(p)j converges as n ! 1. By adding the same constant to all Gk we

may assume w.l.o.g. that vn(p) � 0 8p 2 �(K) hence limn→∞maxp vn(p) exists.

iv. Adding a constant ��k to all entries of Gk we have that

lim
n→∞max

p
(vn(p)� h�; pi) exists 8� 2 RK:

So if we denote

�n(�) = max
p
(vn(p)� h�; pi)

then, for all �, the sequence �n(�) converges, to say �(�). However �n(�) are all Lipschitz with
constant 1 hence the convergence �n(�)! �(�) is uniform and �(�) is continuous.

v. Show that vn(p) = minα(�n(�)� h�; pi).

Hint. The inequality ≤ follows from the de�nition of φn(α). As for the other direction, since vn is

concave, let α0 be a supporting hyperplane to vn at p0 then φn(α0) = 0 and

vn(p0) = 〈α0, p0〉 = φn(α0) + 〈α0, p0〉 ≥ min
α

(φn(α) + 〈α, p0〉)

vi. Conclude that:

lim
n→∞ vn(p) = min

α
(�(�)� h�; pi) def

= v∞(p)

Since vn are all Lipschitz with the same constant, the convergence is uniform and v∞(p) is

concave.

b. Prove that v∞(p) = Cav u(p) by showing:

i. Since v∞ is concave and v∞(p) � u(p) (this holds for all vn) we have v∞(p) � Cav u(p).
Therefore to complete the proof it is enough to show that v∞(p) = u(p) at each point p of strict
concavity of v∞ (i.e. at the extreme points of the epigraph of v∞, f (p; x) j x � v∞(p) g).

ii. At each point p0 of strict concavity of v∞ there is a supporting hyperplane � such that

the maximum of v∞(p)+ h�; pi is attained only at p0. Adding �
k to all entries of Gk, the u func-

tion becomes u(p) + h�; pi, the v∞ function becomes v∞(p) + h�; pi and p0 is the only maximum

of the new v∞.
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iii. Take x = 0 in (12) and let � be a regular Borel measure of norm 1 on �(K) representing
f0 i.e.

f0(w) =

Z
w(p)�(dp) 8w 2 X:

So by (12) and VEx.5ai:

f0(	
n0� 0) =

Z
nvn(p)�(dp) � n�

Hence

(14)

Z
v∞(p)�(dp) � �

But by (11) and VEx.5ai and VEx.5bii:

� = lim
n→∞

 1n	n0

 = kv∞k = v(p0)

Since p0 is the unique maximum of v∞, inequality (14) implies that � = Æp0 (unit mass at p0).

iv. limn→∞
 1
n	

nw � v∞
 = 0 for all w.

Hint. Since limn→∞ ‖vn− v∞‖ = 0, and (non-expansiveness) ‖Ψnw −Ψn0‖ ≤ ‖w‖.

v. For any w and its fw (according to (12)):

fw(
	nw

n
� v∞) + fw(v∞� w

n
) = fw(

	nw

n
� w

n
) � �

So by VEx.5biv (since fw(0) = 0), fw(v∞) � �, therefore if fw is represented by the measure �w,

then �w = Æp0 for every w.

vi. From the de�nitions of 	 and u it follows that 	w � u + w for all w. Hence � � kuk
and by VEx.5bv:

(15) (	w � w)(p0) � � � kuk

vii. Choose w 2 X such that w(p) 2 [0; 1] 8p, w(p0) = 1, and w(p) = 0 8p such that

kp� p0k > ". Since

Ex kp� psk = Ep kx� �xk where �xk =
X

k
pkxk ; 8k;

we have from (13) p. 254 that

	w(p0) � u(p0) + w(p0) + c"

Hence by (15):

u(p0) + c" � (	w � w)(p0) � � � kuk
Since this must hold for all " > 0 conclude that u(p0) = kuk = � = v∞(p0), completing the proof.

6. Recursive formula.
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a. Prove that in a game in which the signals to player I are more informative than those

to player II (i.e. H I �H II), the following generalisation of the recursive formula of Lemma 4.2

p. 236 holds:

vn+1(p) =
1

n+ 1
max
x∈XK

min
t∈T

f
X

k∈K
pkxkGk

t + n
X

b∈B
qbtvn(pbt)g

where if ~Qt is the probability distribution on K � S � A � B induced by p and x, and given

that player II uses move t 2 T , then qbt = ~Qt(b) (that is qbt =
P

k

P
a p

kxkQk
t (a; b)) and pbt is the

conditional probability distribution on K given b (and t). In terms of the functions Vn = nvn,
made positively homogeneous of degree 1, and the variable z 2 �(K � S) this formula can be

rewritten as:

Vn+1(p) = max
zk=pk

min
t∈T

fzGt+
X

b∈B
Vn[(z

kQk
t (b))k∈K]g

Here zk =
P

s∈S z
k
s is the marginal probability of k according to z.

b. Prove that this formula is a special case of the general recursive formula (theorem 3.2
p. 158).

Hint. A game with incomplete information on one side with a �nite state space K corresponds to a

�nite BL-subspace Yp with a consistent probability p ∈ P which is also an element of ∆(K) (cf. example
3 p. 117).

Given a pair of strategies (x, y) of the two players in the �rst stage, any p ∈ ∆(K) is mapped into

a probability distribution P [x, y] ∈ ∆(∆(K)) which is the distribution on Ω of the posterior probability

distribution on K given the signal to the uninformed player. Hence in this special case the state space Ω
in Theorem 3.2 p. 158 may be restricted to a much smaller space namely ∆(K).

Note that, unlike in the more special lemma 4.2 p. 236, the operation mint∈T cannot be

applied to the �rst stage term only, since now qbt and pbt also depend on t.

7. Monotonicity of vn. Assuming H I � H II, use the recursive formula of ex.VEx.6 to

prove that the sequence of value functions vn is decreasing that is:

vn+1(p) � vn(p) 8n � 1 ; 8p 2 [0; 1]

Hint. The proof is by induction on n. For n = 1 it follows from ex.VEx.1 p. 252. Make use of the

concavity of vn and the fact that pbt is a martingale.

8. Non-monotonicity of vn. (Lehrer, 1987) An intuitive argument supporting the mono-

tonicity of vn is the following: Player I has, at the beginning of the game some information not

available to player II. This advantage can only diminish as the game progresses since player II
(and only him) can gain more information about the state. The following example shows this

intuitive argument to be false unless player I always knows whatever player II knows:
Consider the game in which K = f1; 2; 3g, p = (1=3; 1=3; 1=3). The moves of player I are

S = f�; �g and of player II are: T = ft1; t2; t3; t4; t5g. The pay-o� matrices are

G1 =

�
100 4 0 4 4
100 0 4 4 4

�
G2 =

�
0 100 4 4 4
4 100 0 4 4

�
G3 =

�
4 0 100 4 4
0 4 100 4 4

�
The signalling matrices for player I:

A1 = A2 = A3 =

�
1 2 3 � �
1 2 3 � �

�
The signalling matrices for player II:

B1 =

�
� � � a b
� � � c d

�
B2 =

�
� � � c e
� � � f b

�
B3 =

�
� � � f d
� � � a e

�
Recall that in addition to his signal each player knows his own move. In words the signalling

structure is as follows: Player I gets to know the move of player II except for moves t4 and t5
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between which he cannot distinguish. Player II gets no information neither about k nor about

the move of player I whenever he chooses t1, t2 or t3. When he plays t4 or t5 he gets a signal

which enables him to exclude one of the states.
Prove that v1 � v2 < v3.

Hint. (1) Clearly v1 ≤ 4.
(2) The following strategy for player II in Γ2 shows that v2 ≤ 3:

At �rst stage play 1
2 t4

∗
+ 1

2 t5 and at the second stage

• Play t1 if received signal e or f .
• Play t2 if received signal a or d.
• Play t3 if received signal c or b.

(3) The following strategy of player I in Γ3 shows that v3 ≥ 10/3:

At the �rst two stages play (1/2, 1/2) (i.e. 1
2α

∗
+ 1

2β.) If both signal received were θ play
(1/2, 1/2) at the third stage as well. Otherwise let t be the �rst signal di�erent from θ (i.e. 1,
2, or 3). At the third stage

• When k = 1 play (1/2, 1/2) if t = 1, α if t = 2 and β if t = 3.
• When k = 2 play α if t = 1, (1/2, 1/2) if t = 2 and β if t = 3.
• When k = 3 play α if t = 1, β if t = 2 and (1/2, 1/2) if t = 3.

Conclude that the game under consideration does not have a recursive formula as in ex.VEx.6

p. 255. How do the conditions for that formula fail in this example?

9. The impact of the signals on the value. In sect. 5.b p. 248 we saw that the signalling

structure may a�ect the speed of convergence of vn. Work out the details of the following ex-

ample (due to Ponssard and Sorin) to show that the e�ect of the signalling may occur already

in v2.
Let K = f1; 2g. The pay-o� matrices are:

G1 =

�
0 2 2
0 2 �3

�
G2 =

�
2 0 �3
2 0 2

�
and consider the two cases where the signalling matrices to player II are:

Q1 = Q2 =

�
a b c
a b f

�
(Case 1)

~Q1 = ~Q2 =

�
a b c
d e f

�
(Case 2)

In both cases player I is informed of the moves of both players. Show that:

a. In both cases NR(p) (for 0 < p < 1) is the set of moves independent of k.

b. In both cases

u(p) =

8><>:
2p if p 2 [0; 2=7]

2� 5p if p 2 [2=7; 1=2]

u(1� p) if p 2 [1=2; 1]

c. In both cases

v∞(p) = lim vn(p) = 2min(p;
2

7
; 1� p):

d. In both cases v1(p) = 2min(p; 1� p) for p 2 [0; 1].

e. For p =2 [2=7; 5=7], vn(p) = v1(p) 8n (use the monotonicity of vn.)
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f. Using the recursive formula show that in Case 1

v2(p) = v1(p) = 2min(p; 1� p) for p 2 [0; 1];

while in Case 2

v2(p) = (3p+ 2)=5 for p 2 [2=7; 5=7]:

Remark 5.2. The last point provides an example to the fact that v1 = v2 does not imply

that vn is constant in n: In Case 1, v1 = v2 but lim vn(p) 6= v1(p) for p 2 [2=7; 5=7].

10. On the speed of convergence of vn.

a. For the game in example 4.1 p. 236 do the majorations more carefully to reduce the

Lipschitz constant to 1=2 the maximum di�erence between pay-o�s. Conclude that for this game

vn(p) �
p
pp′=n

b. For the game in example 5.1 p. 246 prove directly (by induction using the recursive

formula) that for all n and for all p 2 [0; 1]:

vn(p) �
�
p
pp′

3
p
n

with � =
3
p
192

c. Prove Lemma 5.6 p. 250 for any �nite state set K of size k: If u(p) is twice di�erentiable
let u′′(p) be the (k � 1)� (k � 1) matrix with elements

(u′′(p))ij =
@2u(p)

@pi@pj
for 1 � i � k � 1 ; 1 � j � k � 1

If 9� > 0 such that eu′′(p)~e � ��, for all p 2 �(K) and for any unit vector e 2 Rk−1 (~e is the
transposition of e), then for some constant A > 0, Æn(p) � A lnn

n for all p 2 �(K).

d.

i. Show that for the game of example 2.1 p. 185:

Vn(p) �
�
n+ 1 +

1

4
ln(n+ 1)

�
pp′

Hint. Cf. the proof of prop. 5.7 p. 251, let

F (α) = max
0≤x≤p
0≤y≤p′

1
pp′
{
min(x, y) + α [φ(x, p′ − y) + φ(p− x, y)− φ(p, p′)]

}
with φ(p, q) = pq

p+q . Show that

F (α) = 2 − α for α ≤ 1/2 and F (α) = 1 + 1
4α for α ≥ 1/2, and that if C0 ≥ 0 and Cn+1 − Cn ≥ F (Cn)

then Vn(p) ≤ Cnpp
′.

ii. In prop. 5.7 p. 251 it was shown that Vn(p) � (n+ 1 + 1
4 ln(n+ 1))pp′�D for some D.

Show there is no ~D such that Vn(p) �
h
n+ 1 + 1

4 ln(n+ 1))pp′� ~D
i
pp′.

Hint. Use theorem 1.6 p. 184.

Remark 5.3. One should be able, even in general, to get by analytic means (i.e., without

having to care about the combinatorial end e�ect) the expansion of vn up to terms of the order of

Kpp′ (i.e., an expression �n(p) with jVn(p)� �n(p)j � Kpp′) and one needs such if the expansion

is to be useful also for small values of p. VEx.10dii shows therefore that even for this speci�c

game we still need some improvement.

iii. Deduce from the above that for this game no separable expression of the form �n(p) =
�n�(p) will satisfy jVn(p)� �n(p)j � Kpp′.
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e. Prove the following su�cient condition for the error term to be of the order 0(1=n). Such
an error term means that the cumulative excess of pay-o� to Cav u is bounded:

In a game with K = f1; 2g, if 9� > 0 such that for all p 2 [0; 1] and for all n � 1:

v∞(p)� u(p) � �pp′

then

vn(p) � v∞(p) +A

p
pp′

n
for some constant A > 0.

This result can also be proved for any �nite K (cf. Zamir, 1971�1972).

Hint. • For x = (x1, x2) ∈ X2 let
∥∥x1 − x2

∥∥ =∑s∈S
∣∣x1
s − x2

s

∣∣ and prove:

min
t∈T

(px1G1
t + p′x2G2

t) ≤ u(p) + Cpp′
∥∥x1 − x2

∥∥
1

• Given x ∈ X2, if ps is the conditional probability of {k = 1} resulting from move s then

E
√
psp′s =

√
pp′
∑
s

√
x1
sx

2
s, and, since

√
z1z2 ≤ z − (z1 − z2)2/(8z) with z = (z1 + z2)/2,

E
√
psp′s ≤ (1− 1

8

∥∥x1 − x2
∥∥2

2
)
√
pp′.

• Use the recursive formula to prove the result � with A = (#S)C2/α � by induction on n.
The main inductive step being � with En(p) = n(vn(p)− v∞(p)) assumed ≤ A

√
pp′:

En+1(p) ≤ max
δ≥0

[−αpp′ + (#S)
1
2Cpp′δ +A

√
pp′(1− δ2

8 )
]

using δ for
∥∥x1 − x2

∥∥
2
.

Remark 5.4. For the game

G1 =

�
1 �1
�1 1

�
G2 =

�
�2 0
0 2

�
u(p) = max(�p;�q2=p), with q = 1 � p, and hence v∞(p) = 0. So, point VEx.10e is not ap-

plicable. In fact it was proved in (Mertens and Zamir, 1995) that for this game (and whenever

min(#S;#T ) � 2 = #K, and u(p) < v∞(p) for 0 < p < 1)

vn(p)� v∞(p) � (K lnn)=n:

f. To show that this cannot be improved, show that, for this game, vn(p) � K
nWn(q) with

Wn(q) = gn(q)� qgn(1), gn(x) = ln(1 + n
1
3x) � (and e.g. K = 1

3).

Hint. (1) It su�ces by the recursive formula to show that

Wn+1(q) ≤

max
0≤u≤p
0≤v≤q

[
2v − 2u+ p− 2q

K
+ (u+ v)Wn

(
v

u+ v

)
+ (1− u− v)Wn

(
q − v

1− u− v

)]
i.e. that

min
0≤u≤v+ 1

2p−q
0≤v≤q

Wn+1(q)− (u+ v)Wn

(
v
u+v

)− (1− u− v)Wn

(
q−v

1−u−v
)

2v − 2u+ p− 2q
≤ K−1.

Now Wn+1(q) − Wn(q) = fn(q) − qfn(1), with fn(x) = ln
(
1 + [(1+n−1)1/3−1]q

n−1/3+q

)
. Since fn is

monotone, we have

fn(q)− qfn(1)
1− q

≤ fn(q) ≤ [(1 + n−1)1/3 − 1]q
n−1/3 + q

≤ q

3n(n−1/3 + q)
,

so

Wn+1(q)−Wn(q) ≤ 1− q

3n
(
1 + 1

n1/3q

) .
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Thus we have to show that

min
0≤u≤v+ 1

2p−q
0≤v≤q

ϕn(p, q) + gn(q)− (u+ v)gn
(
v
u+v

)− (1− u− v)gn
(
q−v

1−u−v
)

2v − 2u+ p− 2q
≤ K−1

with ϕn(p, q) = p/[3n(1 + 1/qn1/3)].

(2) Case q ≤ 1
2
.

Let u = 1
2−q, v = q− 1

2z. Our problem becomes, with ψn(q, z) = 2gn(q)−(1−z)gn
(

2q−z
1−z
)−

(1 + z)gn
(
z

1+z

)
, to show that Fn(q) = min

0≤z≤q
ϕn(p, q) + 1

2ψn(q, z)
q − z

≤ K−1. Now

ψn(q, z) = ln

[
1 +

1(
q+n−1/3

q−z(1+n−1/3)

)2

− 1

]
+ z ln

[
1 + 2

qn1/3 − z(1 + n1/3)
1 + z(1 + n1/3)

]
+ (1− z) ln(1− z) + (1 + z) ln(1 + z)

≤ ln

[
1 +

1(
q+n−1/3

q−z
)2

− 1

]
+ z ln

[
1 + 2

q − z

n−1/3 + z

]
+ (2 ln 2)z2

≤ 1(
q+n−1/3

q−z
)2

− 1
+

2z(q − z)
z + n−1/3

+ (2 ln 2)z2

≤ 1(
q+n−1/3

q−z
)2

− 1
+ 2(q − z) + (2 ln 2)q2.

So, with B = q + n−1/3, A = q2 ln 2 + pq/(3nB), w = (q − z)/B,

Fn(q) ≤ 1 +
1
B

min
0≤w≤q/B

[
A

w
+

1
2

w

1− u2

]
Now w =

√
2A/(

√
2A+1) [whenever ≤ q/B = δ, i.e. whenever 2A ≤ ( δ

1−δ
)2
] yields a minimum

≤ √
2A+A, and w = δ yields A/δ + 1

2
δ

1−δ2 whenever
(
δ

1−δ
)2 ≤ 2A � hence 1

2
δ

1−δ2 ≤ A/δ. So

anyway Fn(q) ≤ 1 + 1
B max

(
2AB/q,

√
2A+A

)
.

Now A = q2 ln 2 + 1
3npq/(q + n−1/3) ≤ q2 ln 2 + 1

3pq/(q + 1) ≤ 1
4

[
ln 2 + 1

3
2
3

] ≤ 1
4 . So√

2A+A ≤ 5
2

√
A, and we get Fn(q) ≤ 1 + max

(
2A/q, 5

√
A/2B

)
.

Further 2A/q ≤ (2 ln 2)q + 4
3/(q + 1)− 2

3 ≤ ln 2 + 2
9 < 2.

And 5
2

√
A
B ≤ 5

4

√
ln 2

(ε+1/2)2 +
ε3/3

(ε+1/2)3 ≤ 5
2

√
ln 2 < 2, so: Fn(q) ≤ 3 ∀q ≤ 1

2 , ∀n.
(3) Case q ≥ 1

2
.

Let then u = 0, v = 1− 5
4p. Then we get Fn(q) =

[
ϕn(p, q) + χn(p, q)

]
/(p/2) with

χn(p, q) = ln
1 + n1/3q

1 + n1/3
+

5
4
p ln

1 + n1/3

1 + n1/3/5
≤ p/q

1 + n1/3
− p+

5p
4

ln 5− 5p
n1/3 + 5

.

Hence

Fn(q) ≤ 2
3n
(
1 + 1/(qn1/3)

) + 2
q(1 + n1/3)

− 10
5 + n1/3

− 2 +
5
2

ln 5

≤ 2
3n+ 6n2/3

+
4

1 + n1/3
− 10

5 + n1/3
− 2 +

5
2

ln 5 ≤ 5
2

ln 5− 13
9

≤ 3

∀q ≥ 1
2
, ∀n ≥ 1

(4) K = 1
3 also satis�es the inequality for n = 1.

11. A game with incomplete information played by �non-Bayesian players�.

(Megiddo, 1980), cf. also VII.5Ex.6 p. 356 Consider a game with incomplete information on

one side in which the uninformed player II is told his pay-o� at each stage.
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a. Prove that u(p) is linear.

Hint. NR(p) is the set of strategies of player I which yield, against any strategy of player II, the same
expected pay-o� in all games in the support of p.

b. Prove that if Cav u is linear then every optimal strategy of player II at an interior point
of �(K) is optimal for all p.

Hint. Use prop. 1.4 p. 184.

c. Extension to countable K. Prove that for countable K player II has still a strategy which

guarantees v(Gk) for all k, by playing optimally in a sequence of �nite games.

d. Consider now a situation in which the pay-o� is according to some matrix G, player II
knows only the set of his moves (columns) and is told his pay-o� at each stage. Prove that for
this situation VEx.11c still holds.

Hint. Observe that in VEx.11c, a strategy is still optimal if it responds to an unexpected pay-o� as

to a closest possible pay-o�.

12. Discounted repeated games with incomplete information. (Mayberry, 1967)

Consider the game �λ(p) with value vλ(p).
a. Prove that

(1) vλ(p) = max
x

�
�min

t

X
k
pkxkGk

t + (1� �)
X

s
�xsvλ(ps)

	
b. For game in example 2.1 p. 185 prove that

(2) vλ(p) = max
s,t

�
�min(ps; p′t′) + (1� �)(�svλ(ps=�s) + �s′vλ(ps′=�s′)

	
Here (s; t) 2 X2 is the pair of mixed moves used by player I in �rst stage and �s = ps+ p′t.

c. Using the concavity of vλ prove that the maximum in (2) is obtained at ps = p′t′, hence
denoting ps by x and using the symmetry of vλ obtain

(3) vλ(p) =

(
max0≤x≤p

�
�x+ (1� �)(pvλ((p� x)=p) + p′vλ(x=p′))

	
for 0 � p � 1

2

vλ(p
′) for 12 � p � 1

d. For 2=3 � � � 1, use the concavity and the Lipschitz property of vλ to simplify (3)

further to:

(4) vλ(p) =

(
�p+ (1� �)p′vλ(p=p′) for 0 � p � 1

2

vλ(p
′) for 12 � p � 1

e. Observe that equation (4) reduces the problem of computing vλ at any rational p =
n=m � 1=2 to the problem of computing vλ at some other rational q with smaller denominator.

Use (4) to compute vλ(p) at some rational values of p:

vλ(1=2) = �=2

vλ(1=3) = �(2� �)=3

vλ(1=4) = �(3� 3�+ �2)=4

vλ(1=5) = �(4� 6�+ 4�2� �3)=5

vλ(2=5) = 2=5� (2� 4�+ 4�2� �3)=5

f. By di�erentiating (4) obtain (letting v′λ =
dvλ
dp ):

(5) v′λ(p) = (1� �)(1� p=p′)v′λ(p=p
′)� (1� �)vλ(p=p

′)

From this conclude (using the symmetry of vλ) that for 2=3 < � < 1, and at p = 1=2, the function
has left derivative and right derivative but they are not equal.
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g. Prove by induction on the denominator that for any rational p, the sequence of derivatives
obtained by repeated use of equation (5) leads to v′λ(1=2).

h. Combining the last two results conclude that for 2=3 < � < 1: Although vλ is concave,

it has discontinuous derivatives at every rational point.

13. On the notion of guaranteeing. Consider the game in example 1.5 p. 150: K =
f1; 2g; p = (1=2; 1=2) and the pay-o� matrices

G1 =
�
2 0

�
G2 =

�
0 1
�1 2

�
The moves of player II are not announced to player I and the signals to player II are a or b
according to the distributions:

Q1 =
�
(13 ;

2
3) (13 ;

2
3)
�

Q2 =

�
(0; 1) (0; 1)
(23 ;

1
3) (23 ;

1
3)

�
a. Prove that: Cav u(p) = 3

4 � 3
2

��p� 1
2

�� (hence Cav u(1=2) = 3=4).

b. Assume from now on that p = 1=2. Denote by � the strategy of player I if k = 2 and by

�0 the strategy consisting of playing (1=2; 1=2) i.i.d. in all stages.

Prove that given �, the probability distribution of pn is independent of player II's strategy.
Denote by �σ the measure induced by � on (H∞;H II∞). Use Fubini's Theorem on K � H∞ to

obtain: 12 k�σ � �σ0k = 2E
��p∞� 1

2

��.
Deduce that if k�σ � �σ0k > Æ > 0, there exists a � such that lim supEσ,τ(�gn) � 3

4 � 3
16Æ.

c. Consider now the following strategy � of player II: If the �rst signal is a, play N1 times

Right, then N2 times Left and so on, with Nn = 22
n
;n = 1; 2; : : :. If the �rst signal is b start

with N1 times Left etc.

d. Prove that if 'B,m denotes the relative frequency of the times in which B (bottom row)

is played in the mth bloc when k = 2, then for all large enough m:

k�σ � �σ0k < ")
��E('B,m)� 1=2

�� � 9

2
"

e. Denote by f1m and f2m the relative frequency of Left in games G1 and G2 respectively up

to stage Nm (the end of the mth bloc.) Prove that for any play of the game that results from �
and � the expected pay-o� up to stage Nm is:

3

4
+ E(f1m� f2m)� 9":

f. Conditioning on the �rst move of player I in G2 prove that E(f1m) is near 1=3 if m is even

and near 2=3 if m is odd. Also show that

E(f22n j T ) = 0; E(f22n j B) ' 2=3 = Pr(b1 = a j B)
E(f22n+1 j T ) ' 1; E(f22n+1 j B) ' 1=3

g. Conclude that in all cases (whether the �rst move in G2 is T or B)

Eσ,τ(lim inf �gn) = 5=12� 9" < 3=4

h. Prove a similar result for the following game with full monitoring and pay-o� matrices:

G1 =

�
1 0
0 0

�
G2 =

�
�1 1
0 0

�
at p = 1=2.
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14. The conjugate recursive formula. (De Meyer, 1996b,c) Consider a game �n with

full monitoring so that lemma 4.2 p. 236 holds. Denote by v∗n (de�ned on RK) the conjugate

function of vn (extended to �1 outside � = �(K)):

v∗n(�) = min
p∈Π

fh�; pi � vn(p)g:

a. Prove that v∗n(�) is the value of a game �∗
n(�) played as follows: at stage 0, I (in this

case the minimiser) chooses k in K, II being uninformed. Then the play is as in �n (after the

chance move) and the pay-o� is �k � gkn.

b. Show that v∗n satis�es:

v∗n+1(�) = max
y∈∆(T )

min
s∈S

n

n+ 1
v∗n
�n+ 1

n
�� 1

n

X
t
gstyt

�
:

Hint. Deduce from lemma 4.2 p. 236 that: v∗n+1(α) =

1
n+ 1

min
θ∈Θ

max
y∈∆(T )

{
(n+ 1)〈α, θK〉 −

∑
s,t,k

gkstytθ(k, s)− n
∑

s
θ(s)vn (θ(· | s))

}
where Θ = ∆(K × S), θK denotes the marginal of θ on K, and θ(· | s) is the conditional on K given s.
Apply then a minmax theorem.

c. Show that I and II have optimal strategies in �∗ that do not depend on the previous

moves of II. Call e�∗
n and fT ∗

n the corresponding sets, in particular e�∗
n = �(K � Sn).

Deduce that:

v∗n(�) = max
τ∈T̃ ∗

n

min
σ∈Σ̃∗

n

�X
a∈In

�(a)min
k
(�k � Ea,τ g

k
n)
�
:

15. Optimal strategies in �nite games. Assume standard signalling so that lemma 4.2

p. 236 holds.

a. Show that player I has an optimal strategy that depends only on his own past moves �

more precisely on the stage m and the state variable pm computed by II (cf. ex.VEx.6 p. 255).

b. Given � strategy of II in �n, let �
k(�) = maxσ E

k
σ,τ gn.

i. Recall that vn(p) = minτh�(�); pi and that 8� 2 Bn = f� 2 RK j h�; qi � vn(q) on � g,
9� such that � � �(�) (cf. cor. 1.5 p. 184).

ii. An optimal strategy of II in �n(p) is thus de�ned by a sequence of vectors � and mixed

moves y s.t. �n 2 Bn; h�n; pi � vn(p), and inductively, at stage n � m + 1, given �m 2 Bm,

yn−m+1 = y and (�m−1,s)s∈S satisfy: �m−1,s 2 Bm−1;8s and m�k
m = (m � 1)�k

m−1,s +
P

tG
k
styt,

8k;8s.
Hence at stage n�m+1, player II uses yn−m+1 and if I's move is s the next reference vector

is �n−m,s. (See also ex.VIEx.6 p. 317 and VIEx.7 p. 318).

16. An alternative proof of Theorem 4.1. (Heuer, 1991b) We again consider the fol-

lowing two-state game (example 4.1 p. 236 above):

G1 =

�
3 �1
�3 1

�
and G2 =

�
2 �2
�2 2

�
;

with p = P (k = 1).
De�ne b(k; n) = (nk)2

−n, B(k; n) =
P

m≤k b(m;n), for 0 � k � n and B(�1; n) = 0.
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a. Let pk,n = B(k � 1; n); k = 0; : : : ; n + 1, and prove that vn is linear on each interval

[pk,n; pk+1,n] with values vn(pk,n) =
1
2b(k � 1; n� 1).

So: vn(p) = mink=0,...,n+1h�k,n; pi; 8p, with �2k,n = 1
2b(k; n � 1) � (1 � 2k

n )B(k; n) and

�1k,n = �2k,n+ (1� 2k
n ).

Hint. For player II, use ex.VEx.15 to obtain βk,n+1 by playing Left with probability
1
2 − 1

4B(k−1, n)
and then approaching βk,n (resp. βk−1,n) if Top (resp. Bottom).

For player I it is enough to show that he can obtain vn at each pk,n. Note that

vn+1(pk,n+1) =
1
2
(vn(pk−1,n) + vn(pk,n))

and use at pk,n the splitting de�ned by:

x1(T ) =
B(k − 1, n− 1)
2B(k − 1, n)

and x2(T ) =
1−B(k − 1, n− 1)
2(1−B(k − 1, n))

b. Deduce theorem 4.1 p. 236.

Hint. Let ζ(m, p) = min{ k | B(k, n) ≥ p }. Show that
(
2ζ(m, p)− n

)
/
√
n converges to xp and use

Stirling's formula.

17. Exhausting information. Consider the model of sect. 3, and �x a strategy � of player

I. This de�nes the sequence of posterior probabilities pn of player II, everywhere on the set Bσ

of histories in
S

nB
n that are reachable under �. Let Dn =

P
k

P
m≥n[pm+1(k)� pm(k)]

2.

For any behavioural strategy � of player II (thus de�ned everywhere on
S

nB
n), let (cf. proof

of lemma 2.1 p. 186):

Xτ
n = Eτ

�X
k
(p2∞(k)� p2n(k))

��H II
n

�
= Eτ

�
Dn

��H II
n

�
= Eτ

�X
k
(p∞(k)� pn(k))

2
��H II

n

�
:

Let Vn = supτ X
τ
n. Then:

(1) Xτ and V are well de�ned on Bσ.

(2) V is a supermartingale (with values in [0; 1]) under Pσ,τ for all � , and conditionally to

every h 2 Bσ.

(3) There exists a strategy �σ such that, 8h 2 Bσ, Vn ! 0, Pσ,τσ(� j h) a.s.
(4) 8h 2 Bσ;8�;

P
k p(k j h) kPτ(� j k; h)� Pτ(� j h)k �

p
(#K)V (h), where k�k is the norm

of measures on B∞.

Hint. For 2, prove �rst that Xτ is a Pσ,τ supermartingale, next construct an approximately optimal

� or just su�cient � τ for h ∈ Bn, given approximately optimal ones in Bn+1. Observe that this

argument shows also the Xτ
n are a lattice. For the bound, use the �rst formula for Xτ.

For 3, let n0 = 0, and given n1, . . . , nk (ni < ni+1) and strategies τk for the histories of length

n (nk−1 ≤ n < nk), consider, for h ∈ Bσ of length nk, a strategy τh for the future such that

Xτh

nk
(h) > Vnk

(h)− k−1, next nk+1 = min{n > nk | ∀h ∈ Bσ ∩ Bnk,Eτh[Dnk
−Dn | h] > Vnk

(h) − k−1 },
and let τk+1 consist of using τh after h until stage nk+1. The τk's taken together form a stra-

tegy τσ. And for h ∈ Bσ ∩ Bnk, and any strategy τ that coincides with τσ between nk and nk+1,

Vnk
(h) ≥ Eτ(Dnk

| h) = Eτσ
[Dnk

−Dnk+1 | h] + Eτσ
[Xτ
nk+1

| h] > Vnk
(h)− k−1 + Eτσ

[Xτ
nk+1

| h] yields that
Eτσ

[Xτ
nk+1

| h] ≤ k−1. Since τ is arbitrary, and the Xτ
n are directed, this yields Eτσ

[Vnk+1 | h] ≤ k−1, �

hence Eτσ
[Vn�

| h] ≤ /−1, ∀/ > k. So conditionally to h, Vn is a positive supermartingale with expectation

converging to 0. Conclude.

For 4, apply �rst (conditionally) Fubini's theorem (cf. 2.3 p. 274), next Hölder's inequality to get a

bound
√
(#K)Xτ(h).

Comment 5.5. This is in fact an exercise on (non-stationary) dynamic programming, or

statistics.

Comment 5.6. One could have used the strict inequality in the de�nition of �k to make

this strategy in addition completely mixed, hence �σ also � dispensing in this way with the

complication of the conditional statement in 3 (and similarly in 2).



6. APPENDIX 265

But it is in this form that the statement will be used (cf. e.g. sect. 3 p. 408, also sect. 3.a �

in the sense that it implies that if one were to change �σ to an arbitrary other strategy for the

�rst n stages (n arbitrary), it would still have the same property.

6. Appendix

In this Appendix we shall prove lemmas 4.7 p. 241 and 4.8 p. 241 concerning two prop-

erties of the normal density function φ(p) de�ned in theorem 4.1 p. 236. We start by

examining the derivatives of the functions φ(p) and xp.

Proposition 6.1. The functions φ(p) and xp satisfy:

(1) φ′(p) = �xp,
(2) x′p = 1/φ(p),
(3) φ′′(p) = �1/φ(p) = �x′p,
(4) φ(3)(p) = �xp/φ2(p),
(5) φ(4)(p) = �(1 + 2x2p)/φ

3(p),

(6) φ(5)(p) = �xp(7 + 6x2p)/φ
4(p),

(7) φ(6)(p) = �(4x2p + 7)(1 + 6x2p)/φ
5(p),

(8) φ(2n)(p) � 0 ; n = 1, 2, . . .

Proof. Parts 1 to 7 are results of straightforward di�erentiation. Part 8 will follow

if we prove that

φ(2n)(p) =
�1

φ2n−1(p)

Xn−1
j=0
ajx

2j
p

where aj � 0 for j = 1, . . . , n� 1.
We prove this by induction. By 3 it is true for n = 1. Assume it is true for n then

φ(2n+1)(p) =
�1
φ2n(p)

nXn−1
j=0

�
(2n� 1)aj + 2(j + 1)aj+1

�
x2j+1p + (2n� 1)an−1x

2n−1
p

o
=

�1
φ2n+1(p)

Xn−1
j=0
βjx

2j+1
p ,

where βj � 0, j = 0, . . . , n� 1. Consequently

φ(2n+2)(p) =
�1

φ2n+1(p)

h
2n
Xn−1

j=0
βjx

2j+2
p +

Xn−1
j=0

(2j + 1)βjx
2j
p

i
=

�1
φ2n+1(p)

Xn+1

j=0
γjx

2j
p ,

where γj � 0, j = 0, 1, . . . , n+ 1, concluding the proof of the proposition. �

Proposition 6.2. De�ne the sequence fpng∞1 by

exp
�
�1

2
x2pn
�
=

1

n
and pn �

1

2

then there exists n0 such that for any n � n0
(1) pn � p � p′n =) φ(p)/

p
n � min(p, p′).

Proof. First by de�nition p = (1/
p
2π)

R xp
−∞ e

− 1
2
x2

dx, from which we have

pn � p � p′n () x2p � x2pn () exp
�
�1

2
x2p
�
� exp

�
�1

2
x2pn
�
,
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hence pn � p � p′n () exp(�1
2x
2
p) � 1/n and the statement (1) may now be written as

exp(�1

2
x2p) �

1

n
=) 1p

n

1p
2π
e−

1
2
x2
p � min

� 1p
2π

Z xp

−∞
e−

1
2
x2

dx,
1p
2π

Z ∞

xp

e−
1
2
x2

dx
�
.

The statement at the right hand side is

1p
n

1p
2π
e−

1
2
x2
p � 1p

2π

Z −|xp|

−∞
e−

1
2
x2

dx.

We may therefore consider just, say, xp � 0 and prove (replacing xp by y) that

(2)
1p
n

1p
2π
e−

1
2
y2 � 1p

2π

Z y

−∞
e−

1
2
x2

dx

holds whenever e−
1
2
y2 � 1/n and y � 0.

Now (2) is true (for all n � 1) whenever �1 � y � 0. This is because it is true for

y = �1 (by direct computation) and the left hand side is concave on �1 � y � 0 and has

smaller slope than the right hand side which is convex on �1 � y � 0 (cf. Figure 1).

-1 p y

Figure 1. An inequality

For y < �1, de− 1
2
y2

/dy is positive and increasing. Hence at any point y < �1, the
part of the tangent left to y lies below the line e−

1
2
x2

. It intersects the x-axis at y + 1/y
(cf. Figure 2). Therefore the integral on the right hand side of (2) p. 266 can be bounded

xyy +  1/y

exp --  -- x2
2

1

Figure 2. The tangents to the normal curve
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by Z y

−∞
e−

1
2
x2

dx � � 1

2y
e−

1
2
y2

,

and it su�ces to prove that

e−
1
2
y2 � 1

n
=) � 1

2y
� 1p

n
.

In fact

e−
1
2
y2 � 1

n
=) jyj = �y �

p
2 lnn =) � 1

2y
� 1

2
p
2 lnn

and since (lnn)/n ! 0 let n0 be such that n � n0 implies �1/(2y) � 1/
p
n and we have

thus proved (2) p. 266 for n � n0 completing the proof of prop. 6.2 p. 265. �

Proof of Lemma 4.7 p. 241. Using prop. 6.1 p. 265 we expand the �rst term in the

left hand side of equation (15) in sect. 4 (lemma 4.7 p. 241) as follows: For some 0 � δ � x,
1

2

�
φ(p+ x) + φ(p� x)

�
= φ(p) +

x2

2
φ′′(p) +

x4

4!

1

2

�
φ(4)(p+ δ) + φ(4)(p� δ)

�
(3)

= φ(p)� x2

2φ(p)
� x

4

4!

1

2

�
1 + 2x2p+δ

φ3(p+ δ)
+

1 + 2x2p−δ

φ3(p� δ)

�
(4)

Clearly it is enough to prove equation (15) p. 241 for n � n0 for any �xed n0 and then to

modify the constant c so as to make equation (15) hold for all n.
De�ne pn by exp(�1

2x
2
pn) = 1/n and pn � 1/2; then by prop. 6.2 p. 265 x = φ(p)/

p
n

is in the domain of maximisation in (15) p. 241 for n � n0 hence, denoting the left hand

side of equation (15) by A, we get, using equation (4) for x = φ(p)/
p
n,

A� φ(p) � φ(p)p
n+ 1

�p
n+

1

2
p
n
�
p
n+ 1

�
� 1

2

�
1 + 2x2p+δ

φ3(p+ δ)
+

1 + 2x2p−δ

φ3(p� δ)

�
φ4(p)

4!n2
p
n+ 1

p
n

which implies (since the sum of the �rst two terms in f� � � g is positive and
p
n+ 1 � 1):

(5) A� φ(p) � �1

2

�
1 + 2x2p+δ

φ3(p+ δ)
+

1 + 2x2p−δ

φ3(p� δ)

�
φ4(p)

4!n2

where 0 � δ � φ(p)/pn.
Notice that φ(4)(p) = �(1 + 2x2p)/φ

3(p) is symmetric about p = 1/2 since φ(p) is

symmetric about p = 1/2 and since xp′ = �xp. It follows from (5) that for p � 1/2,

A� φ(p) � �1 + 2x2p−δ

φ3(p� δ)
φ4(p)

4!n2

which is

(6) A� φ(p) � �(1 + 2x2p−δ)
1p
2π

exp
�3
2
x2p−δ � 2x2p

� 1

4!n2

Now 1 + 2x2 � 8 exp(x2/4) for all x hence,

(7) A� φ(p) � �8
4!n2

p
2π

exp
�7
4
x2p−δ � 2x2p

�
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We now establish the existence of a constant K̃ such that xp � xp−δ � K̃/
p
n holds for

pn � p � p′n, p � 1/2 and n su�ciently large. Since 0 � δ � φ(p)/pn and since xp�xp−δ is

monotonically increasing in δ we have to show that ∆ � K̃/pn where ∆ = xp�xp−φ(p)/
√
n.

Letting y = xp � 0 we claim in other words that

φ(p)p
n

=
1p
2π

Z y

y−∆
e−

1
2
x2

dx implies ∆ � K̃p
n

In fact for �1 � y � 0 we have

1p
2πn

� φ(p)p
n

=
1p
2π

Z y

y−∆
e−

1
2
x2

dx � ∆p
2πe
,

which implies ∆ � p
e/
p
n.

For y � �1 the tangent to (1/
p
2π) exp(�1

2x
2) at x = y lies below the function and

intersects the x axis at y + 1/y (cf. Figure 3) forming a triangular area (�1/2y)(1/
p
2π)

exp(�1
2y
2) = φ(p)/(2 jyj). Now p � pn implies jyj =

��xp�� � ��xpn�� = p
2 lnn � 1/2

p
n for n

x

(p)φ

∆

1
|y|

1
√ 2 π 2

1exp _ _ x2

Figure 3. The area under the normal curve

su�ciently large, hence the triangular area is � φ(p)/pn which implies ∆ � 1/ jyj. The
area of the shaded trapezoid is φ(p)

�
2� jyj∆

�
∆/2, therefore

φ(p)p
n

=
1p
2π

Z y

y−∆
e−

1
2
x2

dx � φ(p)
�
2� jyj∆

�∆
2
� φ(p)∆

2

This completes the proof that ∆ � K̃√
n
for a suitable K̃ and n su�ciently large. From

this we get

x2p−δ = (xp�∆)2 �
�
xp�

K̃p
n

�2
= x2p�

2K̃xpp
n

+
K̃2

n

and

(8)
7

4
x2p−δ � 2x2p = �1

4
x2p�

7K̃xp
2
p
n

+
7K̃2

4n

Since xp < 0, the right hand side has a maximum (with respect to n) at some n0, hence

(9)
7

4
x2p−δ � 2x2p � �1

4
x2p�

7K̃xp
2
p
n0

+
7K̃2

4n0
� K



6. APPENDIX 269

where K is the maximum of the parabola (in xp) at the right hand side. Combining (7)

and (9) we �nally obtain the existence of a constant C1 > 0 such that

(10) A � φ(p)� C1/n2 for n � n0 and pn � p � p′n.
It remains to establish (10) also for p � pn or p � p′n. In this case, by the de�nition of pn:
exp(�1

2x
2) � 1/n and therefore φ(p) � 1/(n

p
2π). So (choosing x = 0)

1p
n+ 1

max
0≤x≤p∧p′

�p
n

2
(φ(p+ x) + φ(p� x)) + x

�
�

p
np

n+ 1
φ(p)

� φ(p)� φ(p)

2n+ 1
� φ(p)� 1

n(2n+ 1)
p
2π

� φ(p)� C2
n2

for some constant C2. Choose now C3 such that A � φ(p) � C3/n2 for 1 � n � n0 and
�nally choose c = max(C1, C2, C3). This completes the proof of lemma 4.7 p. 241. �

Proof of Lemma 4.8. We have to prove the existence of a constant K > 0 such

that for 0 � p � 1

(11)
1p
n+ 1

max
(ξ,η)∈S(p)

�p
n

�
η

ξ + η
φ(p+ ξ) +

ξ

ξ + η
φ(p� η)

�
+

2ξη

ξ + η

�
� φ(p) + K

n2

where S(p) = f (ξ, η) j 0 � ξ � p′ ; 0 � η � p g.
Since φ continuous and S(p) is compact, the maximum in (11) is achieved, say, at

(ξ0, η0). Since (dφ/dp)1− = �1, (dφ/dp)0+ = +1 it follows that ξ0 6= p′ and η0 6= p.
Furthermore we claim that if pp′ 6= 0 then ξ0 6= 0 and η0 6= 0. In fact, denote the function

to be maximised in (11) by F (ξ, η), then F (0, η) = F (ξ, 0) =
p
nφ(p) while

max
(ξ,η)∈S(p)

F (ξ, η) � max
0≤x≤p∧p′

F (x, x) =
p
nφ(p) + max

0≤x≤p∧p′
([O(x2) + x]) >

p
nφ(p).

We conclude that (ξ0, η0) is a local maximum of F (ξ, η) in S(p). Equating �rst partial

derivatives to 0 yields

p
n

η0
(ξ0+ η0)2

�
φ(p� η0)� φ(p+ ξ0)

�
+
p
n

η0
ξ0+ η0

φ′(p+ ξ0) +
2η20

(ξ0+ η0)2
= 0(12)

and

p
n

ξ0
(ξ0+ η0)2

�
φ(p+ ξ0)� φ(p� η0)

�
�
p
n

ξ0
ξ0+ η0

φ′(p� η0) +
2ξ20

(ξ0+ η0)2
= 0(13)

Dividing (12) by η0/(ξ0+ η0), (13) by ξ0/(ξ0+ η0) and adding the results we get

p
n
�
φ′(p+ ξ0)� φ′(p� η0)

�
+ 2 = 0 .

Recalling that φ′(p) = �xp we have
(14) xp+ξ0� xp−η0

= 2/
p
n

By the mean value theorem

xp+ξ0� xp−η0
=
�
(p+ ξ0)� (p� η0)

�
x′θ(p+ξ0)+(1−θ)(p−η0)

for some 0 � θ � 1.
Using (14) and recalling that x′p = 1/φ(p) we get

(15) ξ0+ η0 = (2/
p
n)φ(θ(p+ ξ0) + (1� θ)(p� η0))



270 V. FULL INFORMATION ON ONE SIDE

Now

φ(θ(p+ ξ0) + (1� θ)(p� η0))
φ(p)

= exp
n1
2

�
x2p� x2p+θξ0−(1−θ)η0

�o
= exp

n1
2

�
xp + xp+θξ0−(1−θ)η0

��
xp� xp+θξ0−(1−θ)η0

�o
(16)

Since xp is monotonically increasing in p we get from (16)

[xp + xp+θξ0−(1−θ)η0
][xp� xp+θξ0−(1−θ)η0

] � (2/
p
n)(2

��xp��+ 2/
p
n)

and by (15) and (16) therefore

(17) ξ0+ η0 = (2/
p
n)φ(p) exp

�
2
��xp�� /pn� exp(2/n)

Denote

G(ξ, η) =
η

ξ + η
φ(p+ ξ) +

ξ

ξ + η
φ(p� η)

Expanding φ(p+ ξ) and φ(p� η) yields

G(ξ, η) = φ(p) +
1

2
ξηφ′′(p) +

1

6
ξη(ξ � η)φ′′′(p) + 1

24
ξη(ξ2� ξη + η2)φ(4)(p)

+
1

120

�
ηξ5

ξ + η
φ(5)(p+ σ1ξ)�

ξη5

ξ + η
φ(5)(p� σ2η)

�(18)

where 0 � σ1 � 1 and 0 � σ2 � 1.
Consider the last term in (18) which we denote by K(p; ξ, η). Since φ(5) is decreasing

we have by prop. 6.1 p. 265

K(p; ξ, η) � � 1

120
ξη(ξ2+ η2)(ξ � η)xp(7 + 6x2p)/φ

4(p).

By (17), since max(ξη, ξ2+ η2) � (ξ + η)2 and ξ � η � ξ + η we have

K(p; ξ0, η0) � � 1

120

�
2p
n
φ(p) exp

�2 ��xp��p
n

+
2

n

��5 xp(7 + 6x2p)

φ(4)(p)
(19)

=
4

15
p
n5

�
φ(p)xp(7 + 6x2p) exp

�10 ��xp��p
n

+
10

n

��
(20)

=
4

15
p
2πn5

�
xp(7 + 6x2p) exp

�10 ��xp��p
n

+
10

n
� 1

2
x2p

��
(21)

The last expression is clearly a bounded function of xp, hence

(22) K(p; ξ0, η0) �
K1
n2

for some constant K1.
By (18) and (22), using prop. 6.1 p. 265 we obtain

(23) G(ξ0, η0) � φ(p)�
ξ0η0
2φ(p)

� ξ0η0(ξ0� η0)xp
6φ2(p)

� ξ0η0(ξ
2
0 � ξ0η0+ η20)(1 + 2x2p)

24φ3(p)
+
K1
n2

Therefore

(24) max
(ξ,η)∈S(p)

�
G(ξ, η) +

1p
n

2ξη

ξ + η

�
� φ(p) + K1

n2
+ max
(ξ,η)∈S(p)

D(ξ, η)
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where

(25) D(ξ, η) =
1p
n

2ξη

ξ + η
� ξη

2φ(p)
� ξη(ξ � η)xp

6φ2(p)
� ξη(ξ

2� ξη + η2)(1 + 2x2p)

24φ3(p)

Observe that D(0, η) = D(ξ, 0) = 0 and D(ε, ε) > 0 for ε > 0 su�ciently small. Also

D(ξ, η) ! �1 as ξ ! 1 or η ! 1. It follows that D restricted to the non-negative

orthant has a global maximum which also a local maximum. Equating �rst derivatives of

D(ξ, η) to 0 and adding
1
η
∂D
∂ξ + 1

ξ
∂D
∂η we get

(26)
2p

n(ξ + η)
� 1

φ(p)
+

(ξ � η)xp
2φ2(p)

� (ξ2� ξη + η2)(1 + 2x2p)

6φ3(p)
= 0

Subtracting
1
η
∂D
∂ξ � 1

ξ
∂D
∂η we get

(27) � 2(ξ � η)p
n(ξ + η)2

� (ξ + η)xp
6φ2(p)

� (ξ2� η2)(1 + 2x2p)

12φ3(p)
= 0

Dividing (27) by (ξ2� η2) and eliminating (η � ξ) yields

(28) η � ξ =
xp

φ2(p)

12√
n(ξ+η)3

+
1
2
+x2

p

φ3(p)

Replacing (ξ2� ξη+ η2) in (26) by
1
4(ξ+ η)

2+ 3
4(ξ� η)2 and (ξ� η) by its value according

to (28) results in

2p
n(ξ + η)

� 1

φ(p)
+

x2
p

φ4(p)

24√
n(ξ+η)3

+
1+2x2

p

φ3(p)

� 1 + 2x2p
24φ3(p)

24(ξ + η)2+ 3 xp
φ2(p)

12√
n(ξ+η)3

+
1
2
+x2

p

φ3(p)

352 = 0

The �rst term in the last equation tends to +1 as (ξ+η)! 0, the last term is always

negative and the third is bounded from above by [1/φ(p)]fmaxx[x/(1 + 2x2)]g which is

1/(2
p
2φ(p)). So if we denote the left hand side by L(ξ, η) we can bound it by

(29) L(ξ, η) � 2p
n(ξ + η)

� 1

φ(p)
+

1

2
p
2φ(p)

The right hand side of (29) is non-negative if and only if ξ + η � αφ(p)/
p
n where

α = 2/(1� 1/(2
p
2)) ' 3.1. It follows therefore that any solution (ξ, η) of (26) and (28)

must satisfy

(30) ξ + η � αφ(p)p
n

By (28) we get that at the maximum (ξ, η)

(31) jη � ξj �
��xp��φ(p)

12n
α3 + 1

2 + x
2
p

<

��xp��φ(p)α3
12n

Being interested in obtaining an upper bound for the global maximum of D we replace

its two terms by an upper bound at the maximum. The resulting function will have a

maximum which is greater or equal that of D. Now the last term of D (in (25)) is not

positive and as for the third term, by (30) and (31),

ξη(ξ � η) xp
6φ2(p)

�
��xp��φ(p)α5

72n2
� α5

72n2
max

x

1p
2π
jxj exp

�
�1

2
x2
�
� K2
n2
.
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We conclude that

(32) max
ξ,η
D(ξ, η) � K2

n2
+ max

ξ,η
D1(ξ, η)

where K2 is a constant and

(33) D1(ξ, η) =
2ξηp
n(ξ + η)

� ξη

2φ(p)

Equating �rst partial derivatives of D1 to 0 we get

1

η

∂D1
∂ξ

=
2ηp

n(ξ + η)2
� 1

2φ(p)
= 0

1

ξ

∂D1
∂η

=
2ξp

n(ξ + η)2
� 1

2φ(p)
= 0

which imply ξ = η = φ(p)/
p
n and hence

(34) max
ξ,η
D1(ξ, η) �

φ(p)

2n

By (24), (32) and (34)

(35) max
(ξ,η)∈S(p)

�
G(ξ, η) +

2ξηp
n(ξ + η)

�
� φ(p)

�
1 +

1

2n

�
+
K1+K2
n2

Combining with (11) p. 269 we have now by (35)

(36)
1p
n+ 1

max
(ξ,η)∈S(p)

�p
n
η

ξ + η
φ(p+ ξ) +

p
n
ξ

ξ + η
φ(p� η) + 2ξη

ξ + η

�
=

p
np

n+ 1
max

(ξ,η)∈S(p)

�
G(ξ, η) +

2ξηp
n(ξ + η)

�
� φ(p)

�
1 +

1

2n

� p
np

n+ 1
+
K1+K2
n2

Now notice that

p
1 + 1

n � 1 + 1
2n � 1

8n2 , therefore�
1 +

1

2n

� p
np

n+ 1
� 1 �

1
8n2

1 + 1
2n � 1

8n2

� K3
n2

where K3 is a constant. It follows that

φ(p)

�
1 +

1

2n

� p
np

n+ 1
+
K1+K2
n2

� φ(p) + φ(p)K3
n2

+
K1+K2
n2

� φ(p) + K
n2

where K is a constant. Combined with (36) this concludes the proof of lemma 4.8. �



CHAPTER VI

Incomplete Information on Both Sides

1. Introduction

The case of incomplete information on both sides is where neither player knows com-

pletely the state of nature. We can assume w.l.o.g. that the initial signals are chosen

according to some probability P on K�A�B satisfying: for each k, there exists one and
only one pair (a, b) with P (k, a, b) > 0. Just take K ′ = K�A�B as new state space and

extend pay-o� and signalling matrices on K ′
in the obvious way. It follows that the initial

signals of I (resp. II) de�ne a partition KI
(resp. KII) of K. The case in which one of the

two partitions KI
and KII

of K is ff1g, f2g, . . . , f#Kgg was treated in the last chapter.

No general results are yet available for the whole class of such games. This chapter

will be devoted to the sub-case in which Qk
is independent of k, i.e. the information

gained at each stage, does not depend on the state of nature and is determined completely

by the players' moves at that stage. Omitting the index k for the state of nature, the

transition probability on signals will therefore be denoted by Q from S � T to A�B.
We shall in a �rst part compute the Minmax and Maxmin of the in�nitely repeated

game. In the second part, we study the asymptotic value lim vn of the �nitely repeated

games which will be proved to exist always. A formula for lim vn will be proved with a

few remarks on the speed of convergence.

We shall give some procedures to solve the functional equations determining lim vn
and illustrate them by examples.

2. General preparations

In this section, we prove some lemmas which will be needed later in this chapter.

2.a. De�nitions and notations.

2.a.1. Non-Revealing Strategies. K I
(resp. K II

) is the σ-�eld generated by KI
(resp.

KII
) on K.

A one-stage strategy of I is called non-revealing if for each column of Q, the mar-

ginal probability distribution on B induced on the letters of that column is independent

of the state of nature k 2 K. Formally x = (xk)k∈K in ∆(S)K is non-revealing if it is K I

measurable and
P

s∈S x
k(s)Qs,t(b) is independent of k for all t in T , b in B.

The set of non-revealing one-stage strategies of I is denoted by NRI. Similarly NRII is
the set of non-revealing one-stage strategies of II, i.e., strategies such that for each row of

Q, the marginal probability distribution on A on the letters of that row does not depend

on k 2 K. NRI and NRII are closed convex polyhedra, obviously non-empty: take strategies

constant on K.

DNR(p) = D(p) is the one-stage game in which I and II are restricted to strategies in

NRI and NRII respectively. The value of D(p) is denoted by u(p).

Remark 2.1. Note the de�nition of non-revealing one-stage strategies given above

di�ers slightly from the usual general de�nition of that concept which is: A one-stage

273
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strategy of I is non-revealing if the marginal probability distribution on B induced on

the letters of any column in Q is constant a.e. on K (i.e. it is the same for every k s.t.

pk > 0). With this de�nition, the set of non-revealing strategies will depend (even dis-

continuously) on p and has to be denoted by NRI(p) and NRII(p). However, it is easily

seen that the modi�ed DNR(p)(p), though formally di�erent from D(p), will have the same

value u(p) (the projection of NRI and NRI(p) on K(p) are the same). Since all results will

be formulated in terms of u(p) we conclude that the two de�nitions of non-revealing are

equivalent. For obvious reasons we prefer the above de�nition which makes NRI and NRII

independent of p.

Remark 2.2. Note that to de�ne non-revealing strategies in terms of posterior prob-

abilities (as in ch. III p. 107) one has to consider the game where player II has no initial

information.

Remark 2.3. Remark that u(p) is continuous in p on the simplex Π = ∆(K) of prior
probabilities.

2.a.2. Concavi�cation.

Definition 2.1. A function on the simplex Π of probabilities is said to be concave

with respect to I (shortly w.r.t. I) if for every p = (pk)k∈K in Π it has concave restriction

on the subset ΠI(p) of Π, where

ΠI(p) =
n
(αkpk)k∈K j αk � 0 8k 2 K,

X
k
αkpk = 1 and (αk)k∈K is K I

-measurable

o
.

A function on Π is said to be convex with respect to II if for every p = (pk)k∈K in Π,
it has a convex restriction to the subset ΠII(p) of Π, where

ΠII(p) =
n
(βkpk)k∈K j βk � 0, 8k 2 K;

X
k
βkpk = 1 and (βk)k∈K is K II

-measurable

o
.

Remark 2.4. For any p 2 Π both ΠI(p) and ΠII(p) are convex and compact subsets

of Π containing p, thus justifying the de�nition.

Definition 2.2. Given any function g on Π, denote by CavI g the (point-wise) min-

imal function f � g which is concave w.r.t. I. Similarly denote by VexII g the (point-wise)
maximal function f � g which is convex w.r.t. II. CavI g is called the concavi�cationof

g w.r.t. I and VexII g is called the convexi�cation of g w.r.t. II.

Remark 2.5. Note that if KI = ffkgk∈Kg and KII = fKg, CavI g is the usual Cav g
on Π and VexII g is g.

2.b. Preliminary results.

Lemma 2.3. Let P be a positive measure on the product of two measurable spaces
(X,X )
 (Y,Y ) that has a density with respect to the product of its marginals. Then

E(kP (dy j x)� P (dy)k) = E(kP (dx j y)� P (dx)k).
Proof. Write P (dx, dy) = f(x, y)P (dx)P (dy).

E(kP (dy j x)� P (dy)k) =
Z
X

Z
Y

jf(x, y)P (dy)� P (dy)jP (dx)

hence by Fubini's theorem equals:

�(1)

Z
X×Y

jf(x, y)P (dy)P (dx)� P (dy)P (dx)j .



2. GENERAL PREPARATIONS 275

Comment 2.6. The quantity appearing in lemma 2.3 is therefore a natural measure

of independence between X and Y .

Recall that a random variable X with values in a Banach space B is Bochner inte-

grable if there exists a sequence Xn of measurable step functions with values in B such

that E kX �Xnk ! 0 (Dunford and Schwartz, 1958, III.2).

Lemma 2.4. For any (Bochner-) integrable random variableX with values in a Banach
space B, and any y 2 B,

E(kX � E(X)k) � 2E(kX � yk).
Proof. E(kX � E(X)k) � E(kX � yk+ kE(X)� yk) � 2E(kX � yk) by the triangle

inequality and Jensen's inequality (using convexity of the norm). �

Lemma 2.5. Let EI be any �nite set, and p =
P

e∈EIλepe where pe 2 ΠI(p), λ 2 ∆(EI);

then player I has a K I-measurable transition probability from K to EI such that the
resulting compound probability on K �EI satis�es:

� The (marginal) probability of e is λe, 8e 2 EI
� The conditional probability on K given e 2 EI is pe.

Remark 2.7. This is a KI
measurable version of prop. 1.2 p. 184.

Proof. For e 2 EI, let pe = (αk
ep

k)k∈K, then the required transition probability is

de�ned by: P (e j k) = λeαk
e for e 2 EI, k 2 K. �

Lemma 2.6. Let f(p) and g(p) be functions on Π such that g(p) � CavI f(p) and let
#EI = #KI; then for any p0 2 Π and ε > 0 there are pe 2 ΠI(p0), e 2 EI and λe � 0 withP

eλe = 1 such that
P

eλepe = p0 and
P

eλef(pe) � g(p0)� ε.
If f(p) is continuous this is also true for ε = 0.

Proof. The proof is an application of Carathéodory's theorem, since ΠI(p0) is

(#KI� 1) (equals to (#EI� 1)) dimensional. �

Comment 2.8. The two functional equations g(p) � CavIminfu(p), g(p)g and g(p) �
VexIImaxfu(p), g(p)g will play a very important rôle in this chapter.

Proposition 2.7. Let P = (Pθ) be a transition probability from a probability space
(Θ,C , µ) to a �nite measurable space (Ω,A ) on which a �nite collection F of measurable
functions with values in [0, 1] is given, then:

inf
P ′∈NR

E(
Pθ � P ′

θ


1
) � Rmax

f∈F
E(jPθ(f)� E(Pθ(f))j)

for some constant R depending only on Ω and F .

Remark 2.9. Here P ′ 2 NR means that P ′
is a transition probability satisfying

P ′
θ(f) =

R
f(ω)P ′

θ(dω) is constant on Θ for any f in F and k�k1 stands for L1 norm
on Ω.

Remark 2.10. Lemma 2.5 of ch.V consists of a weaker version of this proposition

and could in fact be derived from it.

In order to prove the proposition, we are going to prove the following stronger result

of which part 2 implies prop. 2.7.
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Proposition 2.8. (1) For each pair of probabilities P1 and P2 on (Ω,A ),

min
P̃2∼P2

kP1� P̃2k1 � Rmax
f∈F

jP1(f)� P2(f)j

where P̃2 � P2 means: P̃2(f) = P2(f), 8f 2 F .

(2) minP ′
θ∼EPθ

E(kPθ � P ′
θk1) � R̃maxf minz E(jPθ(f)� zj).

Further, the constants R and R̃ can be chosen to depend only on Ω and F .

Proof. We apply ex. I.3Ex.4q p. 30 in the following setup: The closed convex poly-

hedron is the simplex ∆ of all probability measures on Ω. En
is the appropriate Euclidian

space containing it. ϕ is the a�ne transformation de�ned (on the simplex of probabilities)

by: ϕ(P ) = (P (f))f∈F . Take the maximum norm in the range space of ϕ. Part 1 of the

proposition follows now from the Lipschitz property of ϕ−1
. (Noticing that the left hand

side of 1 is less than d(G(P1), G(P2)).)
To prove the second part of the proposition we use the �rst part for P1 = Pθ and

P2 = E(Pθ) to establish (using e.g. 7.j p. 427) the existence of P ′
θ � E(Pθ) such that:Pθ � P ′

θ


1
� Rmax

f
jPθ(f)� E(Pθ(f))j .

Taking expectation with respect to θ and using lemma 2.4 we obtain:

E(
Pθ � P ′

θ


1
) � R(#F )max

f
E(jPθ(f)� E(Pθ(f))j)

� R̃max
f

min
z

E(jPθ(f)� zj),

where R̃ = 2R(#F ) is again a constant depending on Ω and F only. This completes the

proof of the proposition. �

Remark 2.11. Part 2 can in fact be improved (Mertens, 1973) by requiring further

that EP
′
θ = EPθ.

2.c. An auxiliary game. By virtue of Dalkey's theorem (theorem 1.3 p. 53), we can

assume from now on, without loss of generality, that no letter of B appears with positive

probability in two di�erent rows of Q (resp. no letter of A in two di�erent columns). This

situation can be achieved for instance, by replacing a letter a in the sth row of Q by as.
This modi�cation of Q does not change NRI, NRII, D(p) or u(p) (by their de�nitions) and

does not change vn(p), v(p) or v̄(p) (by Dalkey's theorem). However it will enable us to

identify rows of Q with random variables on T with values in A. To analyse the game it

will be useful to introduce a �lower-game� (and dually an �upper-game�) having a simpler

structure:

De�ne Γ(p) as the repeated game obtained from our original Γ(p) by putting:

(1) S = S [ S ′
(where S ′

is a copy of S) is the action set of player I.

(2) Gk
�

Gk

−|C|
�
, k 2 K, where jCj is a S ′ � T matrix having the constant entry

C =
�
maxf

��Gk
st

�� j s 2 S, t 2 T, k 2 K g
�
.

(3) Q is a S�T matrix in which the entries are probability distributions on A�B =

(A�fa0g)�(B[B̃) where a0 /2 A and B̃ is a (large enough) set of signals disjoint

from B, such that the following is satis�ed:

� 8s 2 S, 8t 2 T, 8b 2 B, Q
s,t
(a, b) = 1a=a0

Qs,t(b).

� 8s 2 S ′, 8t 2 T , Q
s,t
(a, b) = 1b=b(s,t,a)Qs,t(a), where b(s, t, a) 2 B̃ and s′ 6= s

or t′ 6= t or a′ 6= a implies b(s, t, a) 6= b(s′, t′, a′).
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(4) I is restricted to play each of his additional pure strategies (i.e. those in S ′

numbered from (#S + 1) to 2(#S)) with probability δ/(#S) for some δ > 0
to speci�ed later.

In words, Γ(p) di�ers from Γ(p) by the fact that I has to pay an amount C for hearing the

signals in A induced by Q. Furthermore he is restricted to use this option of buying in-

formation exactly with probability δ while with probability (1� δ) he gets no information

whatsoever. Whenever he does receive a non-trivial information, his signal is completely

known to II. Clearly this modi�cation introduces asymmetry between the players (i.e.

gives advantages to II). We do so in order to prove that I can guarantee what we claim to

be the maxmin of the game, despite the disadvantageous modi�cations. Interchanging the

rôles of the players in an obvious way would provide the dual statements that establishes

minmax.

We will still use letters a, a 2 A, (resp. b, b 2 B) for the signals to player I (resp. II)
appearing in the support of Q.

2.d. The probabilistic structure. From here on, let EI be an index set of the same

cardinality as KI
. An element of EI will be denoted by e. As we shall see soon we will

consider a special representation of the behavioural strategies of I in which, in each stage

n, he performs a lottery to choose an element in EI. The probability distribution on EI

may of course depend on all the information available to him. Then he will use a strategy

in NRI that may depend only on the outcome of the lottery (i.e., the element of EI that
was chosen) and the history of the game not including his type (the element of KI

). This

representation of the behavioural strategies of I plays a very crucial rôle in this chapter.

In what follows we write formally the probabilistic structure of the game under such a

strategy (and a strategy of II).
Let Ω = K � [EI � S � T � A � B]N. The nth factor spaces EI, S, etc. of Ω will be

denoted by EIn, Sn, etc. respectively.

Unless otherwise speci�ed, any set Z will be assumed to be endowed with its discrete

σ-�eld P(Z). Let K =P(K). The nth factor space EI�S �T �A�B of Ω represents

therefore the �ve outcomes of stage n, namely the result of the lottery performed by I
before the stage (EI), the pair of actions chosen by the two players (S � T ) and the pair

of signals received at the end of the stage (A�B).
In what follows we introduce a certain number of σ-�elds on Ω. Any σ-�eld on a factor

of Ω will be identi�ed with the corresponding σ-�eld on Ω. For two σ-�elds A and B,

A _B denotes the σ-�eld generated by A and B. Similarly, for a notation like
Wn

i=1Ai.

If A and B are de�ned on two di�erent spaces A and B then A 
B denotes the product

σ-�eld on A�B.
As a general guide and motivation for the de�nitions to come we adopt the following

notational conventions:

� σ-�elds generated (among other things) by the signals from A and B will be

denoted by the letter H .

� A superscript I or II (or both) indicates that among the generators of the σ-�eld
under consideration, are the announced signals of A or B (or both) respectively.

Including A will here also imply including P(EI).
� A subscript I or II indicates that among the generators of the σ-�eld under con-

sideration is the initial information K I
(of I) or K II

(of II) respectively.
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� An index n indicates as usual that the σ-�eld under consideration corresponds

to the situation before the nth move in the game.

� Adding a � on top of a σ-�eld of index n indicates that we add P(EIn+1) to the

generators of the given σ-�eld. In other words, adding � corresponds to adding

the outcome of the lottery of the next stage as an additional information.

Let us now de�ne formally the σ-�elds on Ω that we shall need.

Denote by H I
n and H II

n the σ-�elds generated by A and B respectively on the nth

factor space An � Bn. Remark that by de�nition H I
n � H II

n. From these we construct

the following σ-�elds:

H I
n : = _n−1

i=1 (H
I
i
P(EIi)): All information collected by I before stage n, excluding

the information about his own type.

H II
n : = _n−1

i=1H
II
i : All information collected by II before stage n, excluding the

information about his own type.

H I
I,n: = H I

n _ K I
: All information collected by I before stage n, including the

information about his own type.

H II
II,n: = H

II
n _K II

: All information collected by II before stage n, including the

information about his own type.

H̃ I
n : = H

I
n _P(EIn): All information available to I before move n, excluding the

information about his own type, but including the outcome of the lottery at that

stage.

H̃ I
I,n: = H

I
I,n _P(EIn) = H̃

I
n _K I

: All information available to I before move n,
including the information about his type and the outcome of the lottery.

H̃ I
II,n: = H̃

I
n _K II

: All the information in H̃ I
n plus the information about the type

of II.
H I,II

n : = H I
n _ H II

n : All information received by both players not including the

information about their types.

H
I,II
II,n : = H

II
II,n_H I

n : All information received by both players plus the information

about the type of II.

Finally, let G be the σ-�eld generated by the moves and the outcomes of the lotteries

before stage n, i.e.:

Gn =
�
_n−1

i=1P(Si� Ti�EIi �Ai�Bi)
�
_K ; G̃n = Gn _P(EIn).

By virtue of Dalkey's theorem we may assume that II uses a behavioural strategy, i.e. at

every stage n he uses a transition probability τn from (Ω,H II
II,n) to the nth factor space

Tn. As for I, the only strategies we will consider for him will be of the following type: At

each stage n he uses �rst a transition probability from (Ω,H I
I,n) to E

I
n and then he uses

a H̃ I
n -measurable function from Ω to NRI which selects a point in Sn.

Given such a pair of strategies σ and τ for the two players and the probability distri-

bution p = (pk) on K of the initial choice of nature, the probability Pσ,τ on (Ω,G∞) is
completely de�ned by the following requirements:

(1) The conditional distribution on EIn given Gn is H I
I,n-measurable and is given by

I's strategy (thus: EIn and Gn are conditionally independent given H I
I,n).

(2) Sn and Tn are conditionally independent given H̃n.

(3) The conditional distribution on Tn given G̃n is H II
II,n-measurable and is given by

II's strategy (thus Tn and H̃n are conditionally independent given H II
II,n).



2. GENERAL PREPARATIONS 279

(4) The conditional distribution on Sn given G̃n is H̃ I
I,n-measurable, and is given by

I's strategy (thus: Sn and G̃n are conditionally independent given H̃ I
I,n).

(5) For any column of Q, the signal of player II, considered as a random variable on

Sn is conditionally independent of G̃n given H̃ I
n (i.e., the conditional probability

of b given G̃n is H̃ I
n -measurable).

(6) The distribution of the pair of signals, given the whole past, including stage 0

and including the last pair of moves (s, t), is given by the transition probability

Q
s,t

(as a function of those moves only).

When it is understood which are the underlying strategies σ and τ , we shall omit the sub-

scripts in Pσ,τ and write (Ω,G∞, P ) for the probability space generated by the strategies

σ and τ via the above six conditions.

Lemma 2.9. For any pair of strategies σ and τ of the above speci�ed types, there
exists one and only one probability on (Ω,G∞) satisfying 1 to 6. And conversely, to every
such probability there corresponds a pair of strategies of the speci�ed type. This is no
longer true if any one of the conditions is omitted.

Proof. See ex.VIEx.1 p. 314. �

Given an increasing sequence of σ-�elds (An)n∈N, (with A∞ = _nAn) on (Ω,A ) and

a stopping time θ w.r.t. (An)n∈N and with values in N, we de�ne the σ-�eld Aθ by:

Aθ = fA j A 2 A , A \ fθ � ng 2 An 8n 2 N g.
Remark 2.12. Note that fθ = ng 2 An \Aθ.

De�ne also for any (H̃ I
II,n)-stopping time θ, H̃ I

II,θ− as the σ-�eld generated by K II
and

the sets A \ fn < θg 8A 2 H̃ I
II,n 8n 2 N. It should be thought of as the σ-�elds of

(H̃ I
II)-events strictly before θ.

Remark 2.13. Note that θ is (H̃ I
II,θ−) -measurable, that H̃ I

II,n− = H̃ I
II,n−1 for n � 1

and H̃ I
II,1− = K II

, and that the restrictions of H̃ I
II,θ− and H̃ I

II,n− to fθ = ng coincide.

We shall prove now an essential property of the probability space (Ω,G∞, P ) generated
by any pair of strategies σ and τ of the above mentioned type.

From here on we will write pn(k) for P (k j H I
n ) and p̃n(k) for P (k j H̃ I

n ). The initial
probability is thus p1.

Proposition 2.10. For any probability satisfying 1 � 6 and for any (H I
II,n)-stopping

time θ, H I,II
II,θ and K are conditionally independent given H̃ I

II,θ−.

Corollary 2.11. For any n, any k 2 K and any ω 2 Ω:

pn+1(k j K II)(ω) = P (k j a1, . . . , an, e1, . . . , en, κII)
= P (k j b1, . . . , bn, e1, . . . , en, κII)
= P (k j b1, . . . , bn−1, e1, . . . , en, κII)
= P (k j a1, . . . , an−1, e1, . . . , en, κII)
= p̃n(k j K II)(ω)

where κII 2 KII and ei 2 EIi = 1, . . . , n.



280 VI. INCOMPLETE INFORMATION ON BOTH SIDES

Proof of the Corollary. � The �rst and last equalities are de�nitions.

� The equality of the third and the next to last term is the statement of prop. 2.10

for θ � n + 1, remembering that, in Γ, �given bi� implies also �given ai�,
i = 1, 2, . . . , n, (i.e. the letters a may be considered as forming a partition of

the letters b).
� The conditioning σ-�elds in the second and in the fourth term are intermediate

between those in the third and the next to last term. �

Proof of Prop. 2.10. Let us �rst prove the proposition for a stopping time θ which
is constant: θ � n < +1. We do this by induction on n. We make again use of the fact

that the letters a in A form a partition of the letters b in B. By induction hypothesis we

have (cf. cor. 2.11):

P (k j b1, . . . , bn, e1, . . . , en, κII) = P (k j a1, . . . , an, e1, . . . , en, κII),
and this holds obviously also for n = 1. On the other hand by condition 1 above:

P (en+1 j b1, . . . , bn, e1, . . . , en, k) = P (en+1 j a1, . . . , an, e1, . . . , en, k).
These two relations imply:

P (en+1, k j b1, . . . , bn, e1, . . . , en, κII) = P (en+1, k j a1, . . . , an, e1, . . . , en, κII)
and thus P (k j b1, . . . , bn, e1, . . . , en+1, κII) = P (k j a1, . . . , an, e1, . . . , en+1, κII), which is the

conditional independence of H̃
I,II
II,n+1 and K given H̃ I

II,n+1, or in other words,

(O) P (b1, . . . , bn j a1, . . . , an, e1, . . . , en+1, k) = P (b1, . . . , bn j a1, . . . , an, e1, . . . , en+1, κII)
For any b in B (resp a in A), denote by t(b) (resp. s(a)) the column (resp. the row) of Q
where the signal b (resp. a) has a positive probability. Then

P
�
bn+1 j G̃n+1

�
= E

�
Q

sn+1,tn+1
(bn+1) j G̃n+1

�
= P

�
tn+1 = t(bn+1) j G̃n+1

�
E
�
Q

sn+1,t(bn+1)
(bn+1) j G̃n+1

�
= P

�
tn+1 = t(bn+1) jH II

II,n+1

�
E
�
Q

sn+1,t(bn+1)
(bn+1) j H̃ I

n+1

�
(by 2 and 6)

= P
�
bn+1 j H̃ I,II

II,n+2

�
(by 3, 4 and 5)

Together with (O) this implies

P (b1, . . . , bn+1 j a1, . . . an, e1, . . . , en+1, k) = P (b1, . . . bn+1 j a1, . . . , an, e1, . . . , en+1, κII),
which is the conditional independence of H

I,II
II,n+2 and K given H̃ I

II,n+1.

This completes the proof of the proposition for a constant stopping time θ � n + 1.
Let now θ be any (H I

II,n)-stopping time. We want to show that P (k j H I,II
II,θ ) is (H̃ I

II,θ−)-
measurable.

Let Zn = P (k j H I,II
II,n ), Xn = P (k j H̃ I

II,n): we have just shown that Zn = Xn−1. Since
θ is a (H I,II

II,n )-stopping time as well, we have P (k jH I,II
II,θ ) = Zθ, hence equals Xθ−1.

Thus we only have to show that, if Xn is an An-adapted process (for An = H̃ I
II,n),

converging a.e. to X∞ (martingale convergence theorem), and if θ is an An-stopping time,

then Xθ−1 is (Aθ−)-measurable: indeed this will imply that P (k j H I,II
II,θ ) is (H

I
II,θ−)-mea-

surable, and since one checks immediately (on generators) that H̃ I
II,θ− � H

I,II
II,θ , it will

indeed follow that P (k jH I,II
II,θ ) = P (k j H̃ I

II,θ−), hence the result.
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Consider thus our adapted process Xn and let Yn = Xn−11θ=n. Since Xθ−1 =
P

n∈NYn,
it su�ces to show that Yn is (Aθ−)-measurable. From the characterisation in terms of gen-

erators, we know thatXn−11θ≥n is (Aθ−)-measurable, hence letting n!1, Y∞ = X∞1θ=∞
is so, and also � for X � 1 � we obtain the Aθ−-measurability of θ, hence of 1θ=n, and

therefore of Yn = (Xn−11θ≥n)1θ=n. This completes the proof of prop. 2.10. �

Let now θ be a H I
n -stopping time, ω stand for a typical point in H̃ I

θ (i.e. a mapping

from Ω to H̃ I
θ associating to a point in Ω the atom of H̃ I

θ containing it) and for each

k 2 K, t 2 T , let τ̄ k(ω)(t) = P (tθ+1 = t j ω, k).

Proposition 2.12. τ̄ k(ω)(t) is K II-measurable in k and H I
θ -measurable in ω.

Proof. P (tθ+1 = t j H̃ I
θ _K ) = E[P (tθ+1 = t j G̃θ) j H̃ I

θ _K ].

Now by condition 3 � extended to stopping times � P (tθ+1 = t j G̃θ) is (H
II
II,θ)-mea-

surable. Therefore, by condition 1 � extended to stopping times �, we get that

τ̄ k(ω)(t) = E[P (tθ+1 = t jH II
II,θ) j H̃ I

θ _K ]

is (H I
θ _K )-measurable:

τ̄ k(ω)(t) = E[P (tθ+1 = t jH II
II,θ) jH I

θ _K ].

Note that H̃ I
II,θ− � H I

II,θ � H I,II
II,θ as seen in the proof of prop. 2.10. Hence the corres-

ponding result � in the form �P (k j H I,II
II,θ ) is (H̃

I
II,θ−)-measurable� � remains a fortiori

true when replacing H̃ I
II,θ− by H I

II,θ: H
I,II
II,θ and (K _H I

θ ) are conditionally independent

given H I
II,θ. Since the inner conditional expectation in our last formula for τ̄ is (H I,II

II,θ )-

measurable, it follows that τ̄(w)(t) is (H I
II,θ)-measurable. In particular, for each ω, τ̄ k is

K II
-measurable w.r.t. k: hence τ de�nes a H I

θ -measurable map from Ω to strategies of

player II in the one-shot game. �

Comment 2.14. The interpretation of prop. 2.12 is that, if we imagine that I an-

nounces the outcomes of his lotteries to II, and that II uses τ̄ as �strategy�, everything

will be as if both players had the same signalling matrices.

Let ω stand for a typical point in H̃ I
n .

Lemma 2.13. For any pair of strategies σ and τ and for any n = 1, 2, . . ., and k 2 K:

E
�
jpn+1(k)� p̃n(k)j

�� H̃ I
n

�
(ω) = p̃n(k)

δ

#S

X
a∈A

��qkτ(ω, a)�X
�∈K
p̃n(*)q

�
τ(ω, a)

��
where for each a in A: qkτ(ω, a) =

P
t∈T τ̄

k(ω)(t)�Q
s(a),t

(a).

Proof. Recall that by de�nition pn(k) = P (k jH I
n ) and p̃n(k) = P (k j H̃ I

n ). Thus:

pn+1(k)(ω, an) =
p̃n(k)P (an j ω, k)P
�∈K p̃n(*)P (an j ω, *)

.

But:

P (an = a j ω, k) = 1� δ if a = a0.
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For a in A we obtain

P (an = a j ω, k) =
X

s∈S,t∈T
P (sn = s, tn = t, an = a j ω, k)

=
X

S×T
Q

s,t
(a)E(P (sn = s, tn = t j G̃n) j ω, k)

=
X

T
Q

s(a),t
(a)E(P (sn = s(a) j G̃n)P (tn = t j G̃n) j ω, k)

= (δ/#S)
X

T
Q

s(a),t
(a)τ̄ k(ω)(t) = (δ/#S)qkτ(ω, a).

Thus

P (an = a j ω) =
(
1� δ if a = a0

(δ/#S)
P

� p̃n(*)q
�
τ(ω, a) if a 6= a0.

Taking expectation over all possible values of an concludes the proof of the lemma. �

Lemma 2.14. For any strategy τ of II and any n:

inf
τ̃∈NRII

X
k∈K

p̃n(k)
τ̄ k(ω)� τ̃ k(ω)

1
� R(#S/δ)E

�X
k∈K

jpn+1(k)� p̃n(k)j j H̃ I
n

�
(ω)

where R is a constant that depends only on Q.

Proof. Given ω in H̃ I
n , each of �strategies� τ̄

k(ω) and τ̃ k(ω) is a transition probability
from (K,K II, p̃n) to P(T � AS). We can thus rewrite the left hand side of the formula

as:

inf
τ̃∈NRII

E
τ̄ k(ω)� τ̃ k(ω)

1

def

= (L)

and use prop. 2.7 with Θ = K, Q = p̃n, Ω = T and each f being the probability of a

signal a, i.e. f(t) = Q
s(a),t

(a). We obtain

(L) � Rmax
a∈A

E
��qkτ(ω, a)� E qkτ(ω, a)

��
� R

X
k∈K

X
a∈A
p̃n(k)

���qkτ(ω, a)�X
�∈K
p̃n(*)q

�
τ(ω, a)

���
and the result follows from lemma 2.13. �

Let ρn denote the conditional expectation of the pay-o� of stage n, given H̃ I
n , in the

game Γ.

Lemma 2.15. If at some stage n, player I uses after his lottery an optimal strategy in

D(qn), qn being H̃ I
n -measurable, then:

ρn � u(qn)�
C(#S)R

δ

X
k∈K

E
�
jpn+1(k)� p̃n(k)j

��� H̃ I
n

�
� 2δC � C

X
k∈K

��p̃n(k)� qkn��
(recall that C = maxs,t,k

��Gk
s,t

�� and R is the constant from Lemma 2.14.)

Proof. Let σ = σk(ω) be a strategy of I which is optimal in D(qn) and let τ be the

strategy of II, then, since σGτ is the conditional expected pay-o� given G̃n (i.e. for η in

G̃n, equals to σ
k(η)(η)Gk(η)τ k(η)(η)):

ρn = E
h
E
�
σGτ j H̃ I

n _K
� ��� H̃ I

n

i
= E

h
σGτ̄

��� H̃ I
n

i
or:

ρn(ω) =
X

k∈K
p̃n(k)σ

k(ω)Gkτ̄ k(ω).
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Recall (prop. 2.12) that τ̄ k is K II
-measurable in k, and that by de�nition of Γn(p), σ

k
con-

sists of playing with probability (δ/#S) each of the additional rows, and with probability

(1� δ) some strategy σk
in the upper #S rows. Let τ̃ k(ω) 2 NRII.

ρn(ω) � (1� δ)
X

k
p̃n(k)σ

k(ω)Gkτ̃ k(ω)

� (1� δ)C
X

k
p̃n(k)

X
t∈T

��τ k(ω)(t)� τ̃ k(ω)(t)��� δC
� (1� δ)

X
k
qknσ

k(ω)Gkτ̃ k(ω)� C
X

k

��p̃n(k)� qkn��
� C

X
k
p̃n(k)

τ k(ω)� τ̃ k(ω)
1
� δC,

and therefore since σk(ω) is optimal in D(qn),

ρn(ω) � u(qn)� C
X

k
p̃n(k)

τ k(ω)� τ̃ k(ω)
1

� 2δC � C
X

k

��p̃n(k)� qkn�� .
Applying lemma 2.14 we obtain the required inequality. �

Lemma 2.16. For a real valued function f on Π which is convex w.r.t. II

E(f(pn+1) j H̃ I
n ) � f(p̃n) 8n

Proof. Since by de�nition E(pn+1 j H̃ I
n ) = p̃n, the proof is just an application of

Jensen's inequality to the convex function f(p) provided we prove that pn+1 2 ΠII(p̃n).
(E.g. ex. I.3Ex.14biii p. 38 � the required measurability of f follows since the distribu-

tion of (p̃n, pn+1) is discrete.) We have thus to show that pn+1(k) = g(k)p̃n(k) with g(k)

(K II _ H̃ I
n )-measurable.

Now this follows from the explicit expression of pn+1(k) as given in the proof of lemma

2.13 recalling that τ k(ω) is K II
-measurable (prop. 2.12). �

3. The In�nite Game

3.a. Minmax and Maxmin. We are now ready for the �rst of the two main results

of this chapter, namely to prove the existence and to characterise the minmax and the

maxmin of the in�nite game Γ∞(p).
For any pair of strategies σ and τ in Γ∞(p) and for any positive integer n we

denote as usual by γ̄n(σ, τ) the expected average pay-o� for the �rst n stages, i.e.

γ̄n(σ, τ) = E
�
1
n

Pn
m=1G

k
sm,tm

�
, where E is the expectation with respect to the probab-

ility measure induced by σ, τ and p.

Theorem 3.1. The Minmax of Γ∞ exists and is given by:

v̄(p) = Vex
II

Cav
I
u(p).

Obviously a dual result interchanging the rôles of the players establishes that CavIVexIIu
is the Maxmin of Γ∞.

Proof. The proof is split into 3 parts. We �rst prove some results on strategies in

Γ∞, then we show that I can defend VexIICavIu and �nally that II can guarantee the same

amount (cf. de�nition 1.2 p. 149).

Part A. Preliminary results.
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For any strategy σ of I, for any time n and for any e 2 EI, denote by σn,e the strategy
(i.e. the set of transition probabilities) of I that coincides with σ except that at time n,
where P (en = e) = 1. In other words, σn,e is the same as σ except that at the lottery at

stage n, e is chosen deterministically independently of the history.

Lemma 3.2. For any strategies σ of I and τ of II, for any time n and e 2 EI, the
conditional probability distribution given H̃ I

I,n induced by Pσ,τ and Pσn,e,τ on G∞ coincide
on fen = eg.

Proof. Let k 2 κI 2 KI
; we have to show that for any m � n the probability

P (k; e1, s1, t1, a1, b1, . . . , em, sm, tm, am, bm, em+1 j κI; e1, a1, e2, a2, . . . , en−1, an−1, en)
does not depend on whether P stands for Pσ,τ or Pσn,eτ (since this means coincidence of

the two conditional probabilities on G̃m for all m, and hence on G∞). Using inductively

1�4 p. 278 this statement can be reduced to the case where m = n, i.e. to:

P (k; e1, s1, t1, a1, b1, . . . , en−1, sn−1, tn−1, an−1, bn−1, en j κI; a1, e2, a2, . . . , en−1, an−1, en),
which equals to

P (k; e1, s1, t1, a1, b1, . . . , en−1, sn−1, tn−1, an−1, bn−1 j κI; a1, e2, a2, . . . , en−1, an−1, en),
which by 1 equals

P (k; e1, s1, t1, a1, t1, . . . , en−1, sn−1, tn−1, an−1, bn−1 j κI; e1, a1, . . . , en−1, an−1).
The result now follows from the fact that Pσ,τ and Pσn,eτ coincide on Gn. �

De�ne now NRI∞ to be the set of strategies of I such that for every n and every e 2 EI,
P (en = e) 2 f0, 1g.

Given a strategy τ of II and η > 0, de�ne also σ0 2 NRI∞ and N by:

Eσ0,τ

hX
K

X
n<N

(pn+1(k)� pn(k))2
i
> sup

σ∈NRI∞

Eσ,τ

hX
K

X
n
(pn+1(k)� pn(k))2

i
� η

Note that for any σ, τ , and p, fpng∞n=1 is a martingale bounded in the simplex Π which

implies that the sum of squares
P

K

P∞
n=1(pn+1(k) � pn(k))2 has expectation � 1, and

hence σ0 is well de�ned.
In words, NRI∞ is the set of strategies of I which actually use no lotteries and hence is a

sequence of one-stage non-revealing strategies (i.e. in NRI). Interpreting (pn+1(k)�pn(k))2
as a measure of the information revealed at stage n, we may interpret σ0 as the non-re-
vealing strategy which exhausts the largest (up to η) amount of information that can be

exhausted from τ by I without revealing anything itself.

It follows from Hölder's inequality and the de�nitions of NRI∞ (which implies that

p̃n = pn a.s.), σ0 and N that:

Lemma 3.3. For any strategy σ in NRI∞ that coincides with σ0 up to stage N � 1 and
for any n � N :

E
hX

k∈K

���P (k j H̃ I
n )� P (k j H̃ I

N)
���i �pη(#K).

Lemma 3.4. Let σ be any strategy of I which coincides with σ0 up to stage N � 1 and
such that for all τ , for all e 2 EI, and for all n 6= N , P (en = e) 2 f0, 1g. Then for any
n � N :

E
�X

k∈K
jp̃n(k)� p̃N(k)j

�
� 2#KI

p
η(#K).
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Proof. As usually let P be the probability distribution determined by σ, τ and p. By
lemma 2.3 p. 274 applied conditionally to H̃ I

N (as K plays the rôle of Y and H̃ I
n plays

the rôle of X ) we have, denoting k�k
H̃ I

n
simply as k�kn:

E
�X

k

P (k j H̃ I
n )� P (k j H̃ I

N)
 j H̃ I

N

�
=
X

k
P (k j H̃ I

N)
P (� j H̃ I

N, k)� P (� j H̃ I
N)

n

=
X

k
P (k j H̃ I

N)
P (� j H̃ I

N, k)�
X

�∈K
P (* j H̃ I

N)P (� j H̃ I
N, *)


n

By lemma 2.4 p. 275, applied conditionally to H̃ I
N we get therefore:

(1) E
�X

k

P (k j H̃ I
n )� P (k j H̃ I

N)
 ��� H̃ I

N

�
� 2

X
k
P (k j H̃ I

N)
P (� j H̃ I

N, k)�
X

�∈K
P (* jH I

N)P (� j H̃ I
N, *)

n
Let now (ω, e) stand for a typical element in H I

N �EI = H̃ I
N and de�ne

X(k, ω, e) =
P (� j ω, e, k)�X

�
P (* j ω)P (� j ω, e, *)

n.
From the given strategy σ we derive the strategies σe = σN,e, e 2 EI. Note that σe 2 NRI∞
for all e 2 EI. Using lemma 3.2 we have also that, if P ′

denotes Pσe,τ:

X(k, ω, e) =
P ′(� j ω, e, k)�

X
�
P ′(* j ω)P ′(� j ω, e, *)

n
and by de�nition of σe:

(2) X(k, ω, e) =
P ′(� j ω, k)�

X
�
P ′(* j ω)P ′(� j ω, *)

n.
Note that in σe, the lottery before move N is eliminated, therefore conditioning on H I

N

or H̃ I
N are equivalent.

Let now:

Y (ω, e) =
X

k
P ′(k j ω)X(k, ω, e).

But P ′ = PσN,e,τ and P = Pσ,τ coincide on Gn, therefore

Y =
X

k
P (k j ω)X(k, ω, e).

Rewrite now (1) as:

E
�X

k
jp̃n(k)� p̃N(k)j

��� ω, e� � 2
X

k
P (k j ω, e)X(k, ω, e).

Taking conditional expectation over e given ω 2H I
N we get

E
�X

k
jp̃n(k)� p̃N(k)j

��� ω� � 2
X

e

X
k
P (k, e j ω)X(k, ω, e)

� 2
X

k
P (k j ω)

X
e
X(k, ω, e) = 2

X
e
Y (ω, e).

But by the de�nition of Y (ω, e) and (2):

Y (ω, e) =
X

k
P ′(k j ω)

P ′(� j ω, k)�
X

�
P ′(* j ω)P ′(� j ω, *)


n
.
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Applying lemma 2.3 p. 274 conditionally to H I
N with K in the rôle of Y and H̃ I

N in the

rôle of X , we obtain:

Y (ω, e) = E
�X

k

���P ′(k j H̃ I
n )� P ′(k j ω)

��� ��� ω�
= E

�X
k

��p̃′n(k)� p̃′N(k)�� ��� ω�,
where p̃′n and p̃

′
N are the probabilities derived from the strategy σe, which is a strategy in

NRI∞ that coincides with σ0 up to state N � 1; therefore by lemma 3.3:

E(Y (ω, e)) �
p
η(#K) 8e 2 EI

and �nally by taking expectations over H I
n in (2) we get:

E
�X

k
jp̃n(k)� p̃N(k)j

�
� 2

X
e

p
η(#K) = 2#KI

p
η(#K)

which concludes the proof of lemma 3.4. �

Part B. Player I can defend VexCav u

For any given strategy τ of II and η > 0, let σ0 and N be de�ned as in lemma 3.3

p. 284 and consider the following strategy σ of I:

� Play σ0 up to stage N � 1.
� Use the transition probability described in lemma 2.6 p. 275 with p = pN,
g(p) = CavIu and ε = 0, to choose eN 2 EIN.

� After stage N play at every stage independently an optimal strategy in D(p̃N).

For n � N denote as usual by ρn the conditional expected pay-o� at stage n given H̃ I
n .

By lemma 2.15 p. 282 we have:

ρn � u(p̃N)�
C(#S)R

δ

X
k
E
�
jpn+1(k)� p̃n(k)j

�� H̃ I
n

�
� C

X
k
jp̃N(k)� p̃n(k)j � 2δC

Remark that for any pair of strategies fp1, p̃1, p2, p̃2, . . . , pn, p̃n, . . .g is a martingale in

Π. By construction of σ, p̃n = pn for n 6= N , and for n = N we have by lemma 2.6 p. 275:

(3) E(u(p̃N) jH I
N) � (Cav

I
u)(pN) � (Vex

II
Cav
I
u)(pN).

Now by lemma 2.16 p. 283 applied to f(p) = (VexIICavIu)(p) we have that for all n,

E
�
(Vex
II

Cav
I
u)(pn+1) j H̃ I

n

�
� (Vex

II
Cav
I
u)(p̃n).

It follows that (VexCav u)(p), (VexCav u)(p̃1), . . . , (VexCav u)(pm), (VexCav u)(p̃m), � � �,
(VexCav u)(pN) is a submartingale and hence (3) yields:

E(u(p̃N)) � (Vex
II

Cav
I
u)(p).

Therefore (using lemma 3.4 p. 284):

E(ρn) � (Vex
II

Cav
I
u)(p)� C(#S)R

δ

X
K

E jpn+1(k)� p̃n(k)j � 2C(#KI)
p
η(#K)� 2Cδ

Summing on n from N to N +m, dividing by N +m and recalling that (cf. lemma 2.1

p. 186)
P

k∈K
1
m

Pm+N
n=N E(jpn+1(k)� p̃n(k)j) �

q
#K−1

m , we get:

γ̄N+m(σ, τ) �
�2CN
N +m

+ (Vex
II

Cav
I
u)(p)� 2Cδ � 2C(#KI)

p
η(#K)� C(#S)R

δ

r
#K

m
.
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Finally, for each ε we may choose η and δ small enough and then N0 big enough as to

have

γ̄n(σ, τ) > (Vex
II

Cav
I
u)(p)� ε 8n > N0.

This completes the second part of the proof of the theorem.

Part C. Player II can guarantee VexCav u

The proof of this part is derived from the results on the value of games with lack of

information on one side (theorem 3.5 p. 195).

Observe �rst that if we add as additional columns in T all extreme points of NRII, and
we de�ne the corresponding columns of pay-o�s and signals in the obvious way, the game

Γ∞(p) is actually unchanged. However by doing so, the new set NRII becomes essentially

the set of constant strategies (independent of k).
Now we make the game less favourable to player II by replacing his signals on these

additional columns by a constant letter. In the new game, the distribution on signals is

still independent of the state of nature.

Thus if II ignores his private information (i.e. κII) and if for each κI 2 KI
we let

qκ
I

=
P

k∈κI pk and take as pay-o�s AκI

= 1

qκ
I

P
k∈κI pkGk

(and keep the same distribution

on signals) we obtain a game Γ∗
with incomplete information on one side, with KI

as the

set of states of nature, q as initial probability distribution on it and player I informed. In

this game consider the set NR(q) of non-revealing strategies of player I (as de�ned in ch.V)
and remark that its projection on the support of q equals the corresponding projection of

NRI (as de�ned sub 2.a.1 p. 273). Indeed this is true even if the additional columns are

deleted. Letting w′(q) (resp. w(q)) be the value of the one-shot game where player I plays
in NR(q), resp. NRI, we thus have w′(q) = w(q) for all q. By theorem 3.5 p. 195, the value

of the game Γ is Cavw′
.

Now by our construction w(q) = u(p) and Cavw′(q) = CavIu(p) so by theorem 3.5, for

each p, II has a strategy τ(p) and for each ε > 0 there is N s.t. γ̄n(σ, τ(p)) < (CavIu)(p)+ε,
for all n > N and for all σ of I.

By lemma 2.6 p. 275 (or rather its dual for II with CavIu in the place of g and f), II
has a transition probability from KII

to EII (of the same cardinality as KII
) such that if

pe is the conditional probability on K given the outcome e 2 EII then:
E(p̃e) = p and E

�
(Cav
I
u)(pe)

�
= (Vex

II
Cav
I
u)(p).

The desired strategy τ of II can now be described as follows: Use the above described

transition probability to choose e 2 EII. If the outcome is e, play from there on the

strategy τ(pe) (to guarantee (CavIu)(pe)). It follows that for each ε > 0 we have with

N = maxN(pe):
γ̄(σ, τ) < (Vex

II
Cav
I
u)(p) + ε, 8n > N 8σ.

This completes the proof of C and hence of theorem 3.1. �

An immediate consequence of the theorem is:

Corollary 3.5. Γ∞(p) has a value if and only if

Cav
I

Vex
II
u = Vex

II
Cav
I
u

and then this is the value.

Exercises VIEx.3 p. 314 and VIEx.4 p. 314 will illustrate that Γ∞ generally has no

value.
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3.b. Approachability.

3.b.1. The �nite case. Another consequence of theorem 3.1 p. 283 � and a sharpen-

ing, needed in ch. IX � is the following characterisation of approachable vectors. Let, for

κ 2 KI
, γn(σ, τ, κ) = Ep,σ,τ(gn j κ), where gn is the average pay-o� over the �rst n stages.

Definition 3.6. Let Zp =
�
z 2 RKI �� 9τ : 8σ, 8κ, lim supn→∞ γn(σ, τ, κ) � zκ

	
, and

Zp =
�
z 2 RKI �� 9τ : 8σ, 9L (Banach limit) : 8κ,L(γn(σ, τ, κ)) � zκ

	
.

Remark 3.1. We will shortly show that Zp = Zp, hence the notation Zp, and the name

approachable vectors for its elements. Also, the existence of L (ex. I.2Ex.13 p. 24) just

means that the convex hull of the limit points of γn(σ, τ, �) intersects Zp�RKI

+ , while for

Zp one asks inclusion. I.e., Zp could be de�ned in the same way, but with �8L�.

Definition 3.7. Wp = fw 2 RKI j hλ,wi � u(λ�p) 8λ 2 ∆(KI) g with the notation

(λ�p)(k) =
P

κ∈KIλκp(k j κ).

Proposition 3.8. (1) Zp = Zp = Zp is closed and convex; more precisely

Zp = f z 2 RKI j hλ, zi � (VexIICavIu)(λ�p) 8λ 2 ∆(KI) g.
(2) Zp (and Wp) are compactly generated: Zp = (Zp \ [�C,C]KI

) +RKI

+ .

(3) Zp =
n �

1
p(κ)

P
e∈E π(e)pe(κ)w

κ
e

�
κ∈KI

��� π 2 ∆(E); 8e 2 E, (we 2 Wpe and

pe 2 ΠII(p));
P

e∈E π(e)pe = p
o
where E is a set of cardinality (#KI) + (#KII).

(4) minz∈Zp
hλ, zi = (VexIICavIu)(λ�p) 8λ 2 ∆(KI).

Remark 3.2. 3 says in particular that any approachable vector z 2 Zp can be ap-

proached by a �standard strategy� where player II �rst makes a type-dependent lottery

on the set E, next, given e 2 E and the corresponding posterior pe, approaches we 2Wpe

with an approachability strategy like in 3.g p. 217 (independent of his type).

Proof. Let the right-hand member sub 3 be denoted by Yp. By the arguments of the

end of the proof of C, we have Yp � Zp � Zp. Further, denoting the right-hand member

sub 1 by Xp, we have Zp � Xp, by B p. 286 (used at p′ = λ�p where there would be strict

inequality). So to prove 1 and 3, it su�ces to show that Xp � Yp. Finally, the proof of C
p. 287 also shows that player II can guarantee the minmax with standard strategies (and

with #E � #KI + #KII
) � hence 4: minz∈Yp

hλ, zi = (VexIICavIu)(λ�p) ( = ϕ(λ), the
support function of Xp). So if we show that Yp is closed and convex, Xp � Yp will follow
by (1.21 p. 8). For the convexity, observe �rst that Yp would be convex if the cardinality

of E was arbitrary and allowed to vary with the point y 2 Yp considered: indeed, in that

case to obtain a convex combination
P
αiyi, it would su�ce for player II to make �rst

a lottery (even type-independent) with weights αi to select some yi, next to make the

correspondent type-dependent lottery to choose e 2 Ei, etc.: but the whole procedure

is clearly equivalent to one single type-dependent lottery on
S

iEi (disjoint union). But

with #E arbitrary, the conditions just express that (given pe 2 ΠII(p) and we 2Wpe)X
e
π(e)[pe(κ)w

κ
e ] = p(κ)y

κ 8κ 2 KI , andX
e
π(e)pe(κ) = p(κ) 8κ 2 KII

The second set of equations also implies
P
π(e) = 1, so we have the right-hand member,

as a vector in R#KI+#KII−1
, expressed as a convex combination of similar vectors in the
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left-hand member: by Carathéodory (ex. I.3Ex.10 p. 34, it su�ces to have π(e) > 0 for

#KI+#KII
values of e (Fenchel would already yield better). Hence the convexity.

Thus there remains to prove 2, and the closure of Yp. But if we show 2 for Wp it will

immediately follow that Yp = Y p + R
KI

+ , when Y p is de�ned as Yp but with, instead of

Wpe, Wpe \ [�C,C]KI

. Y p is then clearly compact, hence Yp closed (and compactly gener-

ated), hence 1 and 3 hold, hence Zp(= Yp) is also compactly generated: it remains only

to establish 2 for Wp. This also follows from the proof of theorem 3.1 part C, where we

have shown that (CavIu)(λ�p) = ψ(λ) was the value (Cavw)(λ) of a repeated game Γ with

incomplete information on one side (Aκ)κ∈KI, where all pay-o�s are � C in absolute value:

hence � in order to deduce this from the above results, without additional argument �

note that Wp � Yp � Zp � Xp, for Γ, but for Γ, Xp = Wp obviously (the VexII operation
is the identity), so it su�ces to establish b) for Zp and Γ, which is a trivial consequence

of the de�nition. �

Remark 3.3. In the above it was apparently assumed that p(κ) > 0, 8κ 2 KI
.

However, the de�nitions of Zp, Zp and Wp depend only on [p(k j κ)]κ∈KI. So the sub-

scripts p should be interpreted as standing for such a conditional probability on K given

K I
. To make the proposition fully correct in those terms, just reinterpret the quantity

1
p(κ)π(e)pe(κ) sub 3 as

P
k∈K p(k j κ)qk(e), with qk 2 ∆(E) 8k 2 K and qk(e) K

II
-measur-

able 8e 2 E. [In the proof (convexity of Yp) there is obviously no problem in assuming

we have in addition some strictly positive probability on KI
.]

Corollary 3.9. If z /2 Zp, there exists a compact, convex set C disjoint from z�RKI

+ ,
such that 8τ, 9σ, 9N > 0: 8n � N, γn(σ, τ) 2 C.

Proof. Choose λ 2 ∆(KI) with hλ, zi + 2ε < (VexIICavIu)(λ�p), take as convex set

fx 2 [�C,C]KI j hλ, xi � hλ, zi+ ε g, and use the proof of B. �

Corollary 3.10. VexIICavIu is concave w.r.t. I.

Proof. By prop. 3.8.4. �

3.b.2. More intrinsically � NR�strategies. We look now for a di�erent characterisa-

tion of Wp � by a set, with corresponding strategies, which are independent of p. This

leads, at the same time, to extend the previous results to the case of a continuum of types

of player I.
We consider thus the case where the set of states of nature is K � I � J , with a

probability distribution π on it � and where the sets K and J are �nite, while I can be

an arbitrary measurable space. The pay-o� matrix depends on K, while I (resp. J) is the
initial information of player I (resp. II).

Actually, we can therefore as in the previous chapter identify I with ∆(K � J) �

and will use p for elements of ∆(K � J), and π will become a probability distribution on

P = ∆(K � J). u becomes then a function on ∆(P ).

Theorem 3.11. (1) In the above framework, propositions 3.43 up to 3.46 p. 228
remain word for word true (with #I = 1,∆(Ki) = P ), if in propositions 3.45

part 4 p. 231 and 3.46 part 2 p. 232 the strategies of player II are understood
as non-revealing strategies in Γ∞ and if the conclusion of prop. 3.46 part 2 is
weakened as in 2 below.

(2) Assume here for notational simplicity that I's signals inform him of his last move.
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(a) For every non-revealing strategy τh of player II, there exist random variables
Xh,n : A

n ! RK×J such that for all n > 0, all p 2 ∆(K � J) = P and all
strategies σ of player I

Ep
σ,τh

�
gn
��H I

I,n

�
= hp,Xh,ni.

Note thus Xk,j
h,n = Eσ,τ jh

�
gkn
��H I

I,n

�
= Eτjh

�
gkn
�� An

�
is independent of p and σp.

(b) For every h 2 H, let Lh = fx 2 RK×J j hp, xi � h(p) 8p 2 P g. Then, for
some sequence ηn decreasing to zero and that depends only on Q and on
#J , we have, for all h 2 H, all n, all strategies σ of player I, all p 2 P and
j 2 J , that Eσp,τh

�
supm≥n d(Xh,m,Lh)

�
� Cηn.

Remark 3.4. τh being non-revealing, the distribution of Xh under σ
p
and τ jh is inde-

pendent of j 2 J , hence the notation Eσp,τh instead of Eσp,τ jh
or of Ep,j

σ,τh.

Proof. 1: Use the reduction in the beginning of C. It is clear that the optimal

strategy of player II obtained in proposition 3.46.2 after this reduction is non-revealing in

Γ∞. As for 3.45.4, it is easiest to give a direct proof, using the techniques of the present

chapter (prop. 2.12 p. 281 yields that τ(ω) is in NR if τ is in NR∞, also lemma 2.15 p. 282)

� or, in order to use the statements themselves, �rst to discretise P , e.g. as in the proof

of prop. 3.35 p. 221, making sure in addition that σp does not vary by more than δn for

p 2 * 2 Ln (where σ is a given NR-strategy of I).
2a: Since τh is non-revealing, we have P q

σ,τh(k, j j H I
I,n) = qk,j, and hence Eq

σ,τh(gn j
H I
I,n) =

P
k,j q

kj Eσq,τ jh
(gkn j An). Let thus σ0 = σ

q
, τ0 = τ

j
h: there remains to show that

Pσ0,τ0((η1, η2) j η1) is independent of σ0, for all η1 2 An
, η2 2 (T � B)n, and n > 0. (Be-

cause gkn is a function of (η1, η2)). Assume thus by induction the statement is proved for

all smaller values of n, and let η1 = (ξ1, s, α, η2 = (ξ2, t, β). Then

Pσ0,τ0((η1, η2) j η1) = Pσ0,τ0(ξ2, s, t, α, β j ξ1)
ÆX

ξ2,t,β
Pσ0,τ0(ξ2, s, t, α, β j ξ1)

= Pτ0((ξ1, ξ2) j ξ1)Pσ0
(s j ξ1)Pτ0(t j ξ2)P ((α, β) j (s, t))

ÆX
ξ2,t,b

� � �

and, after dividing numerator and denominator by the common factor Pσ0
(s j ξ1) one sees

that σ0 no longer appears in the expression.

[Recall from the proof of prop. 3.46.2 p. 232 that the τh are completely mixed, so

the Xk,j
h,n are indeed well de�ned over the whole of An

. Observe further that, for �xed

ω 2
S

nA
n
, they take the form Xk,j

h (ω) =
P

s,tF
ω
s,t(τ

j
h)G

k
s,t, where F

ω(τ) is a probability

distribution over S � T varying continuously with τ .]
2b: Fix a sequence εn, take the corresponding map τh from prop. 3.46.2 p. 232 in the

auxiliary game Γ∗
of C, and the corresponding sequence δn. Observe the matrix Q∗

of

Γ∗
� and hence the sequence δn � depends only on Q and on #J . Fix h 2 H, and a

type-independent strategy σ of player I (the strategy σp
of the statement, for some �xed

p). Thus, σ is a transition probability from
S

nA
n
to S. It clearly su�ces to consider

such σ. Write shortly τ for τh and similarly X for Xh. By de�nition of the auxiliary

game, writing Te for the set of extreme NR-strategies, τ is a transition probability fromS
n[B [ Te]n to (T [ Te) � assuming for simplicity that in the original game player II's

signal informs him of his action.

σ, τ and p determine a probability distribution on the space Ω0 = [A � (B [ Te)]∞
� in this representation we use explicitly that both players' signals in the original game
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inform them of their actions; in fact, every step consists �rst of a transition probability

from the past to S� (T [Te), next using Q to go from S�T to A�B and Q∗
to go from

S � Te to A� Te (with the identity on the factor Te).
Consider now the induced probability distribution on Ω1 = [A � (B [ Te) � T J]∞ =

Ω0� (T J)∞, where all factors T are conditionally independent given Ω0, and depend only

on the same dated factor A � (B [ Te), with Pr(tj = t j a, b) = 1 if t is the column

where �b� appears, and Pr(tj = t j a, te) = tje(t)Qst(a)/ve,s(a) � here tje is the behavioural
strategy in state j 2 J induced by the extreme point te, s is the row containing �a�, and
ve,s(a) =

P
t t

j
e(t)Qst(a) is independent of j since te is non-revealing. De�ne on Ω1 the

sequence of random variables fk,jn (ω) = Gk(sn(ω), t
j
n(ω)), where t

j
n(ω) is the projection of

ω on the factor j(2 J) of the nth factor T J
of Ω, and sn(ω) is the row containing the

projection an(ω) of ω on the nth factor A of Ω. And, as usually, f̄n = 1
n

P
m≤n fm.

Observe now that, on this probability space, the distribution on A∞
is the distribu-

tion induced in the true game by the strategies σ and τ j, whatever be j 2 J � i.e., it

is the distribution used in the statement. And also, for every j 2 J , the distribution

of the sequence (an(ω), t
j
n(ω)) is the distribution induced in the true game by σ and τ j

� since we have essentially generated tj by its correct conditional distribution, so that

Xkj
n = E(f̄kjn j An) (by part 1)).

Observe �nally that the distribution on Ω1 and the sequence fn(ω) in (RK×J)∞ are

the distributions of the sequence of pairs of signals and of vector pay-o�s generated by

the strategies σ and τ in the auxiliary game Γ̃∗, de�ned as Γ∗
but having a random vector

pay-o� in RK×J
, where the joint distribution of the vector pay-o� and the pair of signals,

given the pair of moves, is de�ned as follows: �rst use the signalling matrix Q∗
of Γ∗

to

select the pair of signals in A�(B[Te); use then our above de�ned Pr(tj = t j A�B[Te)),
independently for each j 2 J , to select tj's at random, and let the vector pay-o� in RK×J

be Gk
s(a),tj

, where s(a) is the row containing a 2 A. Remark that Γ∗
is obtained from Γ̃∗

by replacing the random pay-o�s by their expectations.

De�ne now Γ from Γ̃∗ by replacing the random pay-o�s by their conditional expecta-

tions given the pair of signals in A � (B [ Te). I.e. Γ is described by the same signalling

matrix as Γ∗
, and by a vector pay-o� function G

k,j
a,t de�ned on A� T [with T = T [ Te �

or on A� (B [ Te), recalling that b 2 B determines t 2 T � as well as a 2 A determines

s 2 S]. Note it depends only on t 2 T , and not on b 2 B, because when b 2 B appears, the

t 2 T is determined, and the corresponding vector pay-o� is non-random � the constant

Gk
s,t. Thus u

kj
n = G

k,j
an,tn = E(gkjn j Ω0), and therefore we still have Xn = E(un j An), where

un = 1
n

P
m≤nun.

Observe all random variables are now de�ned on Ω0, we no longer need the bigger and

more arti�cial space Ω1, which was just used to establish the above formula.

We can now analyse this game with vector pay-o�s Γ as a game with incomplete in-

formation on one side, with state space K = K � J , strategy sets S and T , the signalling

matrix Q∗
and, for each state k 2 K, the pay-o� function G

k
de�ned on A� T . A point

p 2 ∆(K) is initially selected at random, told to player I, and then the true state in K is

selected according to p.
Prop. 3.46 part 2 p. 232 yields then the result, with ηn = exp(�nεn)+δn. (Equivalently,

one could apply remark 3.55 p. 235 immediately to the above game with vector pay-o�s).

Observe we used above � for convenience � the fact that the strategy τ and the

sequence δn of prop. 3.46.2 are the same for Γ∗
and for Γ, as follows from the proof of that
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proposition. Otherwise, we should have started this proof immediately with Γ instead of

Γ∗
. �

Comment 3.5. The reason for weakening the conclusion of prop. 3.46.2 is that in the

present setup we have no natural probability distribution over the pay-o� f̄kjn . Even if

we assume complete mixed strategies are given for both players (instead of behavioural

strategies: thus we have a probability distribution over player I's action and player II's J-
tuple of actions after every history), the randomness of the signals prevents to obtain the

joint distribution � this would require to know for every J-tuple of n-histories (or at least
for every J-tuple of pairs of moves), the probability distribution over the corresponding

J-tuple of pairs of signals (i.e., the �mixed strategy of nature�).

Comment 3.6. One could however now use the present result, together with the tech-

niques of last chapter for building blocs, to construct an(other) strategy τh, consisting of

repeated, longer and longer blocs of the present one, such that the statement of prop. 3.46

part 2 would hold (for vectors in RK×J
), in addition uniformly over all �mixed strategies

of nature� as above and all mixed strategies of player II that are compatible with τh (and
e.g. preserve the independence between successive blocs). But this does not seem to be

the right way of doing it; there should be a simpler statement, not involving such �mixed

strategies of nature�, and implying the above. We are probably still missing part of the

structure of the problem.

3.b.3. Convexi�cation again.

Definition 3.12. Given a function v on ∆(P ), de�ne the convexi�cation (Vex v)(π)
as follows: let π be the probability measure on P �K � J induced by π; decompose it

into its marginal λπ on J and a conditional distribution νπj (k, dp) on K � P given J . For
every λ 2 ∆(J), let π(λ) 2 ∆(P ) be the distribution under λ 
 νπ of the conditional

distribution (under λ 
 νπ) of (k, j) given p 2 P . Then (Vex v)(π) is the value at λπ of

the convexi�cation of v[π(λ)] over ∆(J).

Remark 3.7. The de�nition is unambiguous, because for all j where λπ(j) > 0, νj
is uniquely de�ned � so the function v[π(λ)] is uniquely de�ned on the face of ∆(J)
spanned by λπ, hence its convexi�cation is uniquely de�ned at λπ.

Remark 3.8. π(λ) is a (weak
�
-) continuous function of λ; in particular, if v is (lower

semi-) continuous, the convexi�cation is achieved � and then by splitting to #J points

(ex. I.3Ex.10 p. 34).

Remark 3.9. The function Cav u being well de�ned (and continuous) by Theorem

3.11, the above applies in particular to VexCav u.

Remark 3.10. The de�nition translates analytically as follows. Assume v has been
extended by homogeneity of degree 1 to all bounded non-negative measures on P . For

α 2 RJ
+ (αj = λj/λ

π
j � cf. remark 3.7 for the case λπj = 0), de�ne φα : P ! P by

[φα(p)]k,j = αjpk,j/(
P

k′,j′α
j′pk

′,j′). Observe φα maps convex sets to convex sets, and, if

α � 0, has φα−1 as inverse (with (α−1)j = (αj)
−1
). Then π(α) is the image by φα of the

measure having
P

k,j α
jpkj as density with respect to π [or equivalently, if α� 0, it is the

measure having 1/
P

k,j(p
k,j/αj) as density with respect to the image φα(π) of π]. And,

with gπ : R
J
+ ! R de�ned by gπ(α) = v[π(α)], one has (Vex v)(π) = (Vex gπ)(1, 1, . . . , 1).

Observe φα is well de�ned only on f p 2 P j Pk,j α
jpkj > 0 g, but that the density
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k,j α

jpkj vanishes on the complement, so the image π(α) is always well de�ned, 8α 2 RJ
+.

Also, in the line of remark 3.7, π(α) does not depend on the coordinates αj of α for which

λπj = 0.

3.b.4. More intrinsically � Approachability. Recall the de�nition of the lower topo-

logy (ex. I.3Ex.15 p. 38) on the cone C(P ) (cf. prop. 3.35 p. 221) of continuous convex

functions on a compact convex set P and of the �weak
�
�-topology on the set of regular

probability measures on a compact space C (1.10 p. 6).

Theorem 3.13. Denote by T (resp. T0) the space of transition probabilities t from
J to H with the uniform topology (resp. H0 with the lower topology). Endow T and T0

with the weak� topology (cf. remark after prop. 3.43 p. 228). For every t 2 T, let 8p 2 P
zt(p) = Ep⊗th[(p
 t)(K � J j h)]

=

Z
h
�
[pk,jtj(dh)](k,j)∈K×J

�
assuming in the latter the functions h 2 H are extended by homogeneity of degree one to
RK×J
+ (cf. ex. IIIEx.5 p. 145).

(1) T is compact metric, and the space T0 is compact, T1, with countable basis,
and the inclusion map in T has a Gδ-image, and is a Borel isomorphism with its
image.

(2) The topology of T0 is the weakest topology such that, 8j 2 J ,
R
F (h)tj(dh)

is lower semi-continuous whenever F (h) = φ(h(p1), . . . , h(pn)) where φ is an in-
creasing continuous function on Rn.

(3) � z is convex in p
 t;
� 8t 2 T, zt has Lipschitz constant 3C and uniform bound C;
� z : t 7! zt from T or T0 to C(P ) with the lower topology has compact graph
(in the case of T, this is equivalent to the continuity of the map).

(4) 8t 2 T, the strategy τ of player II generated by t [via prop. 3.46 part 2 p. 232
(theorem 3.11 p. 289)] is such that, 8σ, 8n, 8p,Ep

σ,τ(gn) � zt(p) + ηn (e.g. with
ηn = δn + C exp(�nεn)).

(5) 8π, (VexCav u)(π) = mint

R
zt(p)π(dp).

(6) Every convex function ϕ(π) on ∆(P ) with ϕ � VexCav u is minorated by someR
zt(p) π(dp).

(7) The minmax of Γ(π) exists and equals (VexCav u)(π).

Proof. 1. Since H0 has a countable base (prop. 3.43 part 2 p. 228), the weak
�
topo-

logy on T0 also has: let On be a basis of H0 � which can be made stable under �nite

unions. Then the functions r0 +
P

i=1···k ri1Oni
� where the ri are rational (ri > 0 for

i > 0) form a sequence of lower semi-continuous functions, such that every bounded lower

semi-continuous function is the limit of an increasing subsequence. This shows that the

topology is also the coarsest topology for which the functions µ(On) are lower semi-con-

tinuous. Observe also that this topology is T1: if µ2 belongs to the closure of µ1, we
would have that µ2(F ) � µ1(F ) for every closed set F ; but every subset D of H0 which

is compact in the H-topology is closed (since if f 2 D, any ultra�lter that re�nes the

trace on D of the �lter of neighbourhoods of f has some limit f̃ in D in the H-topology

� so f � f̃ , hence f = f̃ 2 D since f̃ 2 H0 is minimal). Thus µ2(K) � µ1(K), hence
µ2(B) � µ1(B) for any Borel set B, since H0 is a Gδ in the compact metric space H
(prop. 3.43 part 4 p. 228), and therefore µ1 = µ2 since both are probability measures. To
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prove compactness, e.g. use that it has a countable base, and extract for any sequence a

subsequence that converges � say to µ � in the weak
�
topology on H, and the image of

µ by the map r of prop. 3.43 part 4 (and use the Dudley-Skohorod theorem if desired).

The fact that the image of the inclusion map is a Gδ follows immediately from prop. 3.43

part 4, while the measurability of the map is shown as follows: there is no loss, e.g. adding

a constant to all pay-o�s, to assume that all functions f 2 H are positive. By the Stone-

Weierstrass theorem, the functions f 7! f(p1)f(p2) � � � f(pn) span all continuous functions

on H. Therefore, H being compact metric, the Borel structure on ∆(H) is generated by

the functions µ 7!
R
[f(p1)f(p2) � � � f(pn)]µ(df). So it su�ces to show that such a function

is lower semi-continuous on ∆(H0) � hence that f 7! f(p1)f(p2) � � � f(pn) is lower semi-

continuous on H0, hence, f being positive, that the evaluation maps f 7! f(p) are lower
semi-continuous on H0, which follows immediately from the de�nition of the topology.

2. Clearly F (h) is a real valued lower semi-continuous function on H0, hence its

integral is lower semi-continuous on T0. Conversely, we have to show that then tj(O)
is lower semi-continuous for every open set O. It su�ces to prove this for �nite unionS

iOi of basic open sets, and Oi =
T

j Uij where the Uij belong to some subbase of open

sets. By the Lipschitz character of h 2 H0, the topology of H0 has as subbase the sets

fh j h(p) > α g for p 2 P , α 2 R. Let thus Uij = fh 2 H0 j h(pij) > αij g, and let

F (h) = maxi minj min[1, (h(pij)�αij)
+/ε]: F has the required properties, and increases to

1O when ε # 0 (the function φ is only weakly increasing on Rn
, but could be made strictly

increasing while preserving all properties by subtracting e.g. ε[1 + exp
Pn
1 xi]

−1
).

3. Ex. IIIEx.4 p. 142 yields the convexity of z in p 
 t and its lower semi-continuity.

Further, since khk � C for h 2 H (theorem 3.11 p. 289, and prop. 3.43 p. 228), we have

clearly kztk � C. In particular, for each t, zt is a lower semi-continuous real valued convex

function on ∆(P ), hence continuous. Further, ex. IIIEx.4 p. 142 show that, to prove that

zt has Lipschitz constant 3C, it su�ces to consider the case where t has �nite support.

For those, it follows immediately from the second formula for zt, and from an element-

ary computation showing that if h on ∆(P ) has Lipschitz constant C, its extension by

homogeneity to RK×J
+ has Lipschitz constant 3C. Finally, the lower semi-continuity ob-

tained from ex. IIIEx.5 p. 145 yields the compactness of the graph of z : T ! C(P ) � i.e.

continuity of z since T is compact Hausdor�. There remains to show that it still holds

with T0 and its weaker topology. Consider an ultra�lter on this graph. It converges say

to (t∞, zt∞) in T � C(P ) by the previous point. Let t be the image of t∞ under the

map r of prop. 3.43 part 4: clearly t 2 T0 (cf. also remark after prop. 3.43 p. 228), and

the ultra�lter converges to t in T0 by point 2 since
R
F (h)tj(dh) �

R
F (h)t∞,j(dh) =

limU
R
F (h)tj(dh) using �rst the monotonicity and then the continuity properties of F .

Since also limU zt = zt∞ uniformly, it follows that (t, zt) will be a limit point of U in

T0 � C(P ) if we prove that zt � zt∞. Now, using ex. I.3Ex.14bi p. 37 with Ω = H,

X(ω) = (p 
 t∞)(K � J j h), B the σ-�eld spanned by r(h), g(ω, x) = [r(h)](x), we get
zt(p) = Ep⊗t∞([r(h)][(p�t∞)(K�J j r(h))]) � Ep⊗t∞([r(h)][(p
t∞)(K�J j h)]) � zt∞(p).
This proves point 3.

4. This is clear after theorem 3.11 � even if we assume player I is in addition informed

before his �rst move of the choice of h by player II.
5 and 7. We �rst show that

R
zt(p)π(dp) � (VexCav u)(π) 8π, 8t. By (4), it su�ces

therefore to show that, against any strategy t of player II, player I has a reply yielding

him (VexCav u)(π)� ε � i.e., to prove the other half of (7) [the �rst half will then follow

from (4) and (5)]. For every �nite Borel partition α of P , de�ne Γα(π) to be the same
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game, but where player I is initially informed only of the element of α containing the

true p instead of the value itself of p. Clearly it su�ces to exhibit, for an appropriate α,
a reply in Γα(π) yielding (VexCav u)(π) � ε. Since Γα(π) is a game with �nitely many

types for both players, it su�ces therefore by theorem 3.1 to show that Fα(π) converges to
(VexCav u)(π), where Fα(π) = (VexIICavIuα)(π), uα being the u-function of Γα. Further

Fα(π) (and uα, and CavIuα) is clearly increasing, since a �ner partition yields a game

more favourable to I. Let δ(α) be the maximum diameter of the elements of α. Clearly
δ(α) tends to zero. For every α, denote also by α the same partition, together with the

speci�cation of some point Pρ in every element ρ of α � and denote by Γα(π) the same

game as above, except that, after an element of α has been selected according to π, the
pair in K�J is selected according to the speci�ed point in that element of α. Clearly the
di�erence between the pay-o� functions of Γα and of Γα is � δ(α), hence kuα� uαk � δ(α)
� and thus also kFα(π)� VexIICavIuα(π)k � δ(α). But Γα(π) can also be interpreted as

the game where p 2 P is selected according to π, and told to player I, next the pair in

K � J is selected according to the speci�ed point in the partition element containing p.
In this version, it has the same strategy sets as Γ(π), and pay-o� functions that di�er by

less than δ(α), hence also ku� uαk � δ(α). Now the CavI operation, for Γα, is just the

concavi�cation over π, since the map from π to the marginal on player I's types is a�ne,

and everything else is independent of π. Thus we obtain that kCav u� CavIuαk � δ(α).
Let now f(π) = CavIuα(π). It follows from the above that there only remains to show

that j(VexCav u)(π)� (VexII f)(π)j � 3δ(α). But since kCav u� fk � δ(α), we have also
kVexCav u� Vex fk � δ(α), so it su�ces to show that kVex f � VexII fk � 2δ(α).

(VexII f)(π) is to be computed in the �nite game generated by α, this is the game hav-

ing as �canonical measure� πα =
P

ρ∈α π(ρ)δPρ
. Hence (remark 3.10 above), (VexII f)(π)

= (Vex f)(πα). Thus we are concerned with the di�erence j(Vex f)(π)� (Vex f)(πα)j;
up to an additional error of at most 2δ(α), we can now set f equal to the concave,

Lipschitz function Cav u. Hence, by remark 3.10 above, we want, letting gα(λ) = f [πα(λ)]
for λ 2 RJ

+, that gα converges to g∞ uniformly on compact sets � given the homo-

geneity of degree 1, this ensures convergence of the convexi�cations. Thus we need,

by the uniform continuity of f , that πα(λ) ! π∞(λ) weak
�
, uniformly over com-

pact sets of RJ
+. To make this uniformity more precise, observe that f can be uni-

formly approximated by mini

R
hi(p)π(dp) (prop. 3.44.3 p. 230), where the hi are con-

vex and Lipschitz. Thus we need that, for every convex Lipschitz function h on P ,R
h(p)[πα(λ)](dp) !

R
h(p)[π∞(λ)](dp) uniformly over compact sets of RJ

+. I.e., (cf. re-

mark 3.10 above),
R
(h[φλ(p)])(

P
k,j λ

jpkj)πα(dp) !
R
(h[φλ(p)])(

P
kj λ

jpkj)π∞(dp). We

can w.l.o.g. also assume h is extended by homogeneity of degree 1; this becomes thenR
h[(λjpkj)j,k∈J×K]πα(dp) !

R
h[(λjpkj)j,k∈J×K]π∞(dp). [Observe that where φλ(p) was

not de�ned, and the density equal to zero, the new integrand h[. . . ] is also zero.] Since

now the integrand is clearly jointly continuous in λ and p, the result follows immediately,

e.g. by Ascoli's theorem.

Observe we obtain the further conclusions that VexCav u is weak
�
-continuous in π,

and (VexCav u)(π) = Vexλ=(1,1,...,1)
�
minh∈H0

R
h(λ�p)π(dp)

�
. And that player I can defend

VexCav u against any strategy t.
Since (cf. remark 3.8 p. 292), the convexi�cation is achieved by splitting to a �nite set

E of points, with #E = #J , we obtain (VexCav u)(π) =
P

e∈E αe

R
he(λe�p)π(dp), with

αe � 0,
P

eαe = 1,
P
αeλe = (1, 1, 1, . . . , 1). Let now ξje = αeλej, and use the homo-

geneity of he: we have (VexCav u)(π) =
R �P

e∈E he
�
(ξjepjk)j,k∈J×K

�	
π(dp): interpreting
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ξje as tj(fheg), we see that our integrand is exactly equal to zt(p) (cf. second formula in

de�nition).

Thus we obtain also the other direction of (5), with the additional information that

one can choose a minimising t with support � #J . In particular, (VexCav u) is concave,
and Lipschitz with constant 3C.

6. Take a minimal such ϕ (Zorn). By lemma 3.36 part 3 p. 223, ϕ is Lipschitz. Con-

sider now the two-person zero-sum game where player II's strategy set is T, player I's is
∆(P ), and the pay-o� function equals

R
zt(p)π(dp)�ϕ(π): T and ∆(P ) are compact and

convex, and the pay-o� is concave and continuous (Lipschitz) w.r.t. π [by the Lipschitz

property of zt (point 3) and of ϕ (above)], and convex and l.s.c. w.r.t. t (point 3 again).

Further, by point 5, the maxmin is less or equal to zero (ϕ � VexCav u). The conclusion
follows then from the minmax theorem (e.g. 1.6 p. 4). �

Comment 3.11. The set H of �approachable functions� are those functions of I's type
that II can approach in a NR way. This restriction is lifted for the �approachable pay-o�s�

zt for t 2 T.

Comment 3.12. The end of the proof of point 3 shows that in point 6 one can in

addition require t 2 T0. Further, denote by He the set of extreme points of H0 (i.e., the

set of extreme points of H that belong to H0). Then, by a standard argument, He is a

Gδ in H (using prop. 3.43 part 4 p. 228, and the fact that the extreme points of H form a

Gδ � since f (x+ y)/2 j x 2 H, y 2 H, d(x, y) � n−1 g is closed). So (still using prop. 3.43
part 4) He is also Borel in H0, and H0 and H induce the same (standard) Borel structure

on He. It follows then from point 1 that Te, the transition probabilities from J to He,

is a well de�ned subset of T and of T0, and a Gδ in T, so a Borel subset of T0, with T
and T0 inducing the same Borel structure on Te. We claim one can in point 6 in addition

require t 2 Te.

Indeed, use Choquet's integral representation theorem together with 7.j p. 427 to con-

struct a (universally measurable) transition probability Qh from H to its set of extreme

points, such that every h 2 H is the barycentre of Qh. Observe this implies that, for

h 2 H0, Qh is carried by H0 (prop. 3.43 part 4 again) � and hence by He. Hence, for our

above t 2 T0, t de�ned as tj(B) =
R
H0
Qh(B)tj(dh) belongs to Te. There only remains

to show that zt � zt.
Let h1 be chosen according to t, next h2 according to Qh1

. Observe h2 is conditionally
independent of K � J given h1, so (p
 t)(K � J j h1) = (p
 t)(K � J j h1, h2) = X(h1).
Then zt(p) = E[h1(X(h1))] = E[h2(X(h1))] � E[h2(E(X(h1) j h2))], by ex. I.3Ex.14bi p. 37.

Since X(h1) = (p 
 t)(K � J j h1, h2) we have E(X(h1) j h2) = (p 
 t)(K � J j h2), and
thus our right hand member equals zt(p).

Comment 3.13. He is better (more directly) characterised as the set of extreme points

of the convex set of all a�ne (resp. convex) functions that majorate u (resp. Cav u).
Indeed, He is clearly contained in the set of a�ne functions that majorate u; and this

set is contained in the set of convex functions that majorate Cav u by the de�nition in

prop. 3.44.1 p. 230. Now any h 2 He is extreme in the latter set (and therefore in the

former): otherwise we would have h = 1
2(h1 + h2), with h1 6= h2, convex � and hence

both a�ne since their sum is so, and hence h1 � h1, h2 � h2 with hi 2 H0 by prop. 3.43

parts 1 and 2 p. 228. Minimality of h yields then that both inequalities are equalities,

contradicting that h is an extreme point of H. Conversely, let h be an extreme point of

our convex set. By prop. 3.43 parts 1 and 2 (prop. 3.44 part 4) it su�ces to show that h is
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minimal in the set � and otherwise, by the same property, we have some a�ne h0 in the

set, with h0 � h, h0 6= h. Then h1 = 2h� h0 also belongs to the set, hence h = 1
2(h0+ h1)

would not be extreme.

Corollary 3.14. t in points 5 and 6 can be assumed to vary over Te, and in point
5 to have in addition a support of cardinality � #J .

Proof. We just proved this for point 6. For point 5, this follows from the end of the

proof of point 5, observing that minh∈H0

R
(λ�p)π(dp) = minh∈He

R
h(λ�p)π(dp) (using e.g.

our above Qh � or just the Krein-Milman theorem). �

Corollary 3.15. Any co-�nal subset of the zt (t 2 T) � like f zt j t 2 T0 g or
f zt j t 2 Te g � is compact in the lower topology.

Proof. Continuity of z : T ! C(P ) (point 3) and compactness of T yield compact-

ness of f zt j t 2 T g. For co-�nal subsets, the result follows then by de�nition of the lower

topology. T0 and Te generate co-�nal subsets by cor. 3.14. �

Corollary 3.16. In the framework of de�nition 3.7 and prop. 3.8 p. 288 [thus with J
a partition ofK, so that p 2 P = ∆(K) completely determines p 2 ∆(K�J), and with the
p(� j κ) for κ 2 KI mutually singular measures on K]

� �
h[p(� j κ)]

�
κ∈KI 2 RKI �� h 2 H0

	
is co-�nal in Wp and similarly for the zt (t 2 T0) and the sets Zp.

Proof. Given w 2 Wp, let ϕ : ∆(K) ! R be de�ned by ϕ[p(� j κ)] = wκ
for κ 2 KI

,

ϕ = +1 elsewhere. For λ 2 ∆(P ) we have thus
R
ϕ(q)λ(dq) is a�ne; we claim it is

� u(λ). Indeed, this is obvious if λfϕ = 1g > 0; else λ corresponds to λ 2 ∆(KI), andR
ϕ(q)λ(dq) = hλ,wi � u(λ�p) = u(λ). Hence one direction, by prop. 3.43 part 1 and part

2 p. 228.

There only remains to show that, for h 2 H0, w = (h[p(� j κ)])κ∈KI 2 Wp. This again

follows from hλ,wi =
R
h(q)λ(dq) � u(λ) = u(λ�p).

The proof of the second statement is completely similar. �

Comment 3.14. Given this �translation� in cor. 3.16, it is now clear that theorem 3.13

to cor. 3.15 fully contain prop. 3.8.

Comment 3.15. In the case of statistically perfect monitoring of player I by player II
� cf. comments 3.44 and 3.45 after theorem 3.39 p. 224 and the comment after prop. 3.44

p. 230 �, those comments show that u becomes then a function on ∆(K � J), map-

ping a probability distribution on this simplex to its barycentre, that (Cav u)(µ) =
maxν�µ

R
∆(K×J)

udν, and that H0 consists now of the minimal convex functions on

∆(K � J) that majorate u.

Comment 3.16. In the case of statistically perfect monitoring of player II by player

I, u becomes a function on ∆(∆(K)) � by mapping a measure µ on ∆(K � J) to its

image measure on ∆(K) by the map from ∆(K � J) to ∆(K) mapping every probability

measure on K � J to its marginal on K. Indeed, non-revealing strategies of player II are
then pay-o� equivalent to strategies that are independent of his type j 2 J , so this type

becomes irrelevant in the non-revealing game. H0 consists then of the minimal convex

functions on ∆(K) such that
R
h(p)µ(dp) � u(µ) 8µ 2 ∆(∆(K)) � so Cav u is also a

function on ∆(∆(K)).
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Comment 3.17. When there is statistically perfect monitoring on both sides, the

above yields that the results of remark 3.15 become then valid with ∆(K) instead of

∆(K � J).
4. The limit of vn(p)

In this section we prove that limn→∞ vn(p) always exists, where vn(p) is the value of

the n-stage game Γn(p). We will also give a formula for limn→∞ vn(p).
Recall Γ(p) the δ-perturbation of the game in disadvantage of I (cf. 2.c p. 276). Let

vn,δ(p) be the maxmin of the δ-perturbed Γn(p).
Let wδ(p) = lim infn→∞ vn,δ(p). Let also w = lim infδ→0wδ. Notice that wδ(p) and w(p)

have the Lipschitz property since u(p) and vn(p) are uniformly Lipschitz. Moreover:

Proposition 4.1. w(p) is concave w.r.t. I.

Proof. By theorem 1.1 p. 183, the vn(p) 8n, are all concave w.r.t. I. The proposition
then follows from the fact that the minimum of two concave functions is concave. �

Lemma 4.2. Given any strategy τ of II in Γn(p) there is a strategy σ of I such that
the probability Pσ,τ on (Ω,Gn) satis�es: if θ = minfm j u(pm) � wδ(pm) g then

(1) For m � θ, I uses at stage m an optimal strategy in D(pm).
(2) After stage θ, I uses σpθ+1,n−θ, where σp,m is an optimal behavioural strategy in

Γm(p) represented in such a way that conditions 1, 2, 3, 4, 5, 6 of p. 278 hold.

Proof. The proof is a straightforward construction of the above outlined strategy

which consists of computing at each stage m, pn(k) = p̃m(k), playing optimally in D(pm)
as long as u(pm) > wδ(pm) and playing in the last (n� θ) stages an optimal behavioural

strategy in Γn−θ(pθ+1) where θ = minfm j u(pm) � wδ(pm) g � making for instance all

lotteries a one-to-one mapping between KI
and EIm. �

Lemma 4.3. For any strategy τ of II and the corresponding strategy σ of I described
in lemma 4.2:

E
� 1

n� θ
Xn

m=θ+1
Gk

sm,tm

��� H̃ I
θ

�
� vn−θ(pθ+1).

Proof. The claim of this lemma is that the expected average pay-o� from time θ to
n is at least the value of Γn−θ(pθ+1). Intuitively this is so since I plays optimally in that

game. The formal proof is the following.

Let ω stand for a typical point in H I
θ and for any m let F k

m be the matrix of Γm(p) if
the true state of nature is k and let σk

p,m be an optimal strategy of I in this matrix game.

Let (τ k)k∈K be a strategy of II in Γn−θ(pθ); (τ
k)k∈K is therefore K II

-measurable in k and
may depend on the information (b1, . . . , bθ).

Now

E
� 1

n� θ
Xn

m=θ+1
Gk

sm,tm

��� Gθ

�
= σk

pθ+1,n−θF
k
n−θτ

k

which implies

E
� 1

n� θ
Xn

m=θ+1
Gk

sm,tm

���H I
θ _K

�
= σk

pθ(ω)+1,n−θ(ω)F
k
n−θ(ω)τ̄

k(ω)

where τ̄ k(ω) = E(τ k(b1, . . . , bθ) jH I
θ _K ). So:

E
� 1

n� θ
Xn

m=θ+1
Gk

sm,tm

���H I
θ

�
=
X

k
pθ+1(k j ω)σk

pθ(ω)+1,n−θ(ω)F
k
n−θ(ω)τ

k(ω).
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This is the pay-o� in Γn−θ(ω)(pθ(ω)+1) resulting from the optimal strategy σpθ(ω)+1,n−θ(ω) of

I in that game and from (τ̄ k(ω))k∈K. Since θ is a H
I
n -stopping time, by prop. 2.12, τ̄ k(ω)

is K II
-measurable in K hence also a strategy in the game. The above expectation is thus

at least the value of that game, i.e., vn−θ(pθ+1). �

Proposition 4.4. w � VexIImax(u,w).

Proof. De�ne∆(p, n) = (wδ(p)�vn,δ(p))+. Since wδ and vn,δ are uniformly Lipschitz,

∆(p, n) converges to 0 uniformly in p.
Take now a game Γn(p) and for any optimal strategy τ of II, let I play the stra-

tegy described in lemma 4.2; then, if ρ = 1
n

Pn
m=1 ρm, we have, using lemma 2.15 (with

qm = p̃m = pm) and lemma 4.3:

E
�
E(ρ jH I

θ )
�
� 1

n
E

�Xθ

m=1

h
u(pm)�

C(#S)R

δ

X
k
E
�
jpm+1(k)� pm(k)j

��H I
m

�i
+
n� θ
n
vn−θ(pθ+1)� 2δC

�
=

1

n
E

�Xθ

m=1
u(pm) + (n� θ)wδ(pθ+1)� (n� θ)∆(pθ+1, n� θ)� 2δC

� C#SR
δ

Xθ

m=1

hX
k
E
�
jpm+1(k)� pm(k)j

��H I
m

�i�
Since up to stage θ, I uses strategies in NRI, pm 2 ΠII(p) for m = 0, 1, . . . , θ and since, by

the de�nition of θ, u(pm) = maxfu(pm), wδ(pm)g, we have for the expectation (over H I
θ )

of the �rst term:

1

n
E
�Xθ

m=1
u(pm) + (n� θ)wδ(pτ)

�
� Vex

II
max(u,wδ)(p).

By lemma 2.1 p. 186:

1

n

Xθ

m=1

X
k
E
��pm+1(k)� pm(k)�� �r#K � 1

n
.

For any 0 < N � n,

E

�
n� θ
n

∆(pθ+1, n� θ)
�
�
Xn−N

m=1

�
max

p
∆(p, n�m)

�
P (θ = m)

+
N

n

Xn

m=n−N+1

�
max

p
∆(p, n�m)

�
P (θ = m)

� max
p

sup
�≥N

∆(p, *) + 2C
N

n
,

therefore

vn,δ(p) � E(ρ) � Vex
II

max(u,wδ)(p)�
C#SR

δ

r
#K

n
�max

p
sup
�≥N

∆(p, *)� 2C
N

n
� 2Cδ

ChoosingN =
p
n and letting n go to in�nity we get wδ(p) � VexIImax(u,wδ)(p)�2Cδ,

and from this, our result follows using the Lipschitz property of the wδ. �

Lemma 4.5. The set of functions g satisfying g � CavIVexIImax(u, g) has a smallest
element g0, satisfying g0 = CavIVexIImax(u, g0).

Proof. The proof follows from the following simply veri�ed observations:
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� g � maxp∈Πu(p) is a solution, so the set is non-empty.

� The point-wise inf of all solutions is still one.
� If, for a solution g, g(p0) = (CavIVexIImax(u, g)) (p0) + ε for some p0 2 Π and

ε > 0, then the function

g̃(p) =

(
g(p) if p 6= p0
g(p)� ε if p = p0

is also a solution � and strictly smaller. �

Lemma 4.6.Xn

m=1

X
k∈K

E jpm(k)� p̃m−1(k)j �
p
nδψ(p) with ψ(p) =

X
k∈K

p
pk(1� pk).

Proof. Consider the measure space Ω�N, with measure λ = P � µ, where µ is the

counting measure on N. Consider some �xed k.
Let X(ω,m) = jpm+1(k)� p̃m(k)j ,m = 1, . . . , n, X(ω,m) = 0 otherwise. Let

Y (ω,m) = 1sm(ω)∈S\S, m = 1, . . . , n, Y (ω,m) = 0 otherwise. Then X = XY , and the

left hand member is equal to
R
X dλ =

R
XY dλ � kXk2 kY k2 by the Cauchy-Schwartz

inequality. Since kXk22 =

E
Xn

1

�
pm+1(k)� p̃m(k)

�2 � E
�Xn

m=1

�
pm+1(k)� p̃m(k)

�2
+
Xn

m=1

�
p̃m(k)� pm(k)

�2�
= E

�
pn+1(k)� p1(k)

�2 � pk(1� pk)
and

kY k22 =
Xn

m=1
P
�
sm(ω) 2 S n S

�
= nδ

the result follows. �

Proposition 4.7. Let f(p) be any function on Π satisfying f � VexIICavImin(u, f)
and de�ne d(p, n) = (f(p)� vn(p))+ then

d(p, n) � C
�
(#S)Rψ(p)p

nδ
+ 2δ

�
.

In particular (letting n!1 and then δ ! 0) we have f � w.
Proof. It is clearly su�cient to prove the proposition for the sup of all such func-

tions f and in view of lemma 4.5 we may therefore assume without loss of generality that

f(p) = VexIICavImin(u, f). In particular we may assume that f is convex w.r.t. II.
By lemma 2.6, for each pn, I has a transition probability from H I

I,n to EIn+1 such that

if p̃n(k) = P (k j H̃ In) then f(pn) � E(min(u(p̃n), f(p̃n))) + ε2
−n
.

For any τ of II in Γn(p), consider the strategy of I that after each stage n(n = 1, . . . ,m)
uses the above mentioned transition probability and then an optimal strategy in D(p̃n).
By Lemma 2.15, the pay-o� at stage n satis�es

ρn � u(p̃n)�
C(#S)R

δ

X
k∈K

E
�
jpn+1(k)� p̃n(k)j

�� H̃ I
n

�
� 2δC

E
�
ρn
��H I

n

�
� f(pn)�

C(#S)R

δ

X
k∈K

E
�
jpn+1(k)� p̃n(k)j

��H I
n

�
� 2δC � ε2−n

Since f is convex w.r.t. II we have by lemma 2.16 that E(f(pn+1) j H̃ I
n ) � f(p̃n) and

also E(f(p̃n) jH I
n ) � f(pn)� ε2−n

, hence E(f(pn)) � f(p)� ε.
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By lemma 4.6, we obtain thus:

vn(p) � E
�1
n

Xn

m=1
ρm

�
� f(p)� C

h#SRψ(p)p
nδ

+ 2δ
i
� 2ε.

ε being arbitrary can be set equal to zero. �

Corollary 4.8. v = lim vn exists and is equal to both w and w. It satis�es

Cav
I

Vex
II

max(u, v) � v � Vex
II

Cav
I

min(u, v)

Proof. By the dual of prop. 4.4, w � CavImin(u,w), so, by prop. 4.1, w �
VexIICavImin(u,w), thus, by prop. 4.7, w � w. Since clearly vn,δ � vn � vn,δ for any

δ > 0, the corollary follows. �

Corollary 4.9.

vn(p) � v(p)� 3C
3

r
[(#S)(R)ψ(p)]2

2n

vn(p) � v(p) + 3C
3

r
[(#T )(R′)ψ(p)]2

2n
.

Remark 4.1. Remember that the constant R (prop. 2.7) depends only on the inform-

ation structure of the game.

Proof. By cor. 4.8, we can apply prop. 4.7 with f = v; since vn � vn, we get

v � vn � C
h
2δ + (#S)Rψ(p)√

nδ

i
for any δ > 0.

Letting now δ = [(#S)(R)ψ(p)]
2
3/(2(2n)

1
3) yields the �rst inequality. The second is

dual. �

Proposition 4.10. (1) Consider the functional inequalities:
(a) f � CavIVexIImax(u, f)
(b) f � VexIICavImin(u, f).
Then v is the smallest solution of 1a and the largest solution of 1b. In particular
v is the only solution of the system (1a, 1b).

(2) v is the only solution of the system (2a, 2b):
(a) g = VexIImax(u, g)
(b) g = CavImin(u, g).

Remark 4.2. It follows that if CavIVexIIu = VexIICavIu then this is also v = lim vn
(as it should be, knowing that this is the value of Γ∞(p)). In fact, since v satis�es (2a,
2b) we have:

v = Cav
I

Vex
II

max(u, v) � Cav
I

Vex
II
u = Vex

II
Cav
I
u � Vex

II
Cav
I

min(u, v) = v.

Proof. By cor. 4.8, v is a solution of 1b. By prop. 4.7, any solution f of 1b satis�es

f � w = v, i.e. v is the largest solution of 1b, and dually it is the smallest solution of 1a.

This proves 1.

To prove 2, observe that since v is convex w.r.t. II, v � VexIImax(u, v), but by 1 v sat-
is�es v � CavIVexIImax(u, v) � VexIImax(u, v), hence v is a solution of 2a (and similarly

of 2b). To prove that it is the only solution, remark that any solution of (2a, 2b) is both

concave w.r.t. I and convex w.r.t. II and therefore it is also a solution to (1a,1b). Since

by 1 v is the only solution of (1a, 1b), the result follows. �
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5. The functional equations: existence and uniqueness

Denote by C (Π) the space of all continuous functions on the simplex Π, and by U the

subset of C (Π) consisting of those functions which are �u-functions�, i.e. values of D(p),
for some two-person zero-sum game with incomplete information Γ(p) with full monitor-

ing. Denote by ϕ the mapping from U to C (Π) de�ned by ϕ(u) = v = lim vn (whatever

be the game Γ(p), such that u is the value of D(p), using prop. 4.10). For the rest of this

section, C (Π) is assumed to be endowed with the topology of uniform convergence.

Recall that a vector lattice is an ordered vector space V such that the maximum and

the minimum of two elements of V exists (in V ).

Proposition 5.1. (1) U is a vector lattice containing the a�ne functions.
(2) U is dense in C (Π).

Proof. We proceed by the following assertions:

α) U contains the a�ne functions � obvious.

β) u 2 U ) �u 2 U .
If u arises from the game with matrices (Gk)k∈K then �u arises from the game with

matrices [�(Gk)′]k∈K, where the prime denotes transposition.

γ) u 2 U , λ � 0) λu 2 U .
If u arises from (Gk)k∈K then λu arises from (λGk)k∈K.

δ) u1 2 U and u2 2 U imply u1+ u2 2 U .
Let ui arise from (Gk,i)k∈K with pure strategy sets Si for I and Ti for II; i = 1, 2. Then

u1 + u2 arises from (Dk)k∈K, where D
k
with index set S1 � S2 for rows and T1 � T2 for

columns, is de�ned by:

Dk
(s1,s2),(t1,t2) = G

k,1
s1,t1 +G

k,2
s2,t2, (s1, s2) 2 S1� S2; (t1, t2) 2 T1� T2.

Assertions α to δ prove that U is a vector space containing the a�ne functions. The

lattice property follows from:

ε ) u 2 U ) u+ 2 U .
If u arises from (Gk)k∈K then u+ arises from the same matrices with an additional row

of zeroes to each matrix.

This completes the proof of 1. Part 2 follows from 1 by the Stone-Weierstrass theorem,

since the a�ne functions are clearly separating. �

Proposition 5.2. The map ϕ : U ! C (Π) has a unique continuous extension
ϕ : C (Π)! C (Π): this extension is monotone and Lipschitz with constant 1, (or non-ex-
pansive, i.e.: kϕ(f)� ϕ(g)k � kf � gk).

Proof. The mapping ϕ is monotone and non-expansive. Indeed, monotonicity fol-

lows from prop. 4.10.1a. It also follows from the same proposition that for any constant ε,
ϕ(u+ ε) = ϕ(u) + ε (since clearly ϕ(u) + ε is a solution for 1a and 1b, and hence it is the

only solution). This together with monotonicity implies that ϕ is non expansive. Since

by prop. 5.1.2 U is dense in C (Π), it follows that there is a unique continuous extension

ϕ : C (Π)! C (Π), which is monotone and non-expansive. �
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Theorem 5.3. Consider the functional inequalities u, f and g denoting arbitrary
functions on the simplex:

f �Cav
I

Vex
II

max(u, f)(α)

f �Vex
II

Cav
I

min(u, f)(β)

g =Vex
II

max(u, g)(α′
)

g =Cav
I

min(u, g)(β′
)

There exists a monotone non-expansive mapping ϕ : C (Π) ! C (Π), such that, for any
u 2 C (Π), ϕ(u) is the smallest f satisfying (α) and the largest f satisfying (β) � and
thus in particular the only solution f of the system (α),(β).
ϕ(u) is also the only solution g of the system (α′

),(β′
).

Proof. The operators max,min,CavI and VexII being monotone and non-expansive,

propositions 4.10 and 5.2 imply immediately that ϕ(u) satis�es (α),(β),(α′
), and (β′

).

If we prove that ϕ(u) is the smallest solution of (α) (and the largest of (β)), the proof
will be completed in the same way it was done in prop. 4.10.

In fact let f be any solution of (α) and let fung∞n=1 be an increasing sequence in

U converging uniformly to u (such a sequence exists by prop. 5.1). By monotonicity

of the operators involved, since f is a solution of (α) it is a fortiori a solution of

f � CavIVexIImax(un, f) and so by prop. 4.10.1a, f � ϕ(un) for n = 1, 2, . . .. But by

continuity ϕ(un) !n→∞ ϕ(u) and so f � ϕ(u) i.e. ϕ(u) is indeed the smallest solution

of (α) (and similarly the largest solution of (β)), which completes the proof of the the-

orem. �

Comment 5.1. Theorem 5.3 is of a purely functional theoretic nature, and involves

no game theory at all. So it should be provable independently of our game theoretical

context (cf. ex. VIEx.9 p. 319).

Theorem 5.4 (An approximation procedure for ϕ(u)). De�ne v0 = �1, v0 = +1,
vn+1 = CavIVexIImax(u, vn), vn+1 = VexIICavImin(u, vn); n = 0, 1, 2,. . . . Then: fvng∞n=1
is monotonically increasing, fvng∞n=1 is monotonically decreasing and both sequences con-
verge uniformly to ϕ(u).

Remark 5.2. v1 (resp. v1) is the sup inf (resp. inf sup) of Γ∞ if u(p) is the value of

D(p).

Proof. Since u is continuous on a compact set, it is uniformly continuous and it is

easily checked that the operators max, min, CavI and VexII preserve the modulus of uni-

form continuity. It follows that both sequences fvng∞n=1 and fvng∞n=1 are equicontinuous
and obviously bounded.

Let us prove inductively that vn � vn+1. It is clearly true for n = 0. If vn−1 � vn, then
vn = CavIVexIImax(u, vn−1) � CavIVexIImax(u, vn) = vn+1.

Let us prove inductively that vn � ϕ(u). It is clearly true for n = 0. If vn−1 � ϕ(u),
then: vn = CavIVexIImax(u, vn−1) � CavIVexIImax(u, ϕ(u)) � ϕ(u) (by theorem 5.3).

Let v = limn→∞ vn. This limit is uniform by the equicontinuity of the sequence. Then

v = CavIVexIImax(u, v) and v � ϕ(u). But theorem 5.3 implies v � ϕ(u), hence v = ϕ(u),
i.e. fvng∞n=1 converges uniformly to ϕ(u). The same arguments apply to the sequence

vn. �
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Corollary 5.5. If u is a continuous function on the simplex Π, both CavIVexIIu and
VexIICavIu are concave w.r.t. I and convex w.r.t. II.

Proof. Apply cor. 3.10 and prop. 5.1. �

6. On the speed of convergence of vn

Corollaries 4.8 and 4.9 yield now immediately:

Theorem 6.1. For any game as described in �1, the sequence vn of values of the n
stage games converges and we have � the function u being as de�ned in the beginning
of �2 and the operator ϕ according to Theorem 5.3:

lim
n→∞

vn(p) = ϕ(u)(p),

or, more precisely

vn� ϕ(u) � 3C
3

r
[(#T )Rψ(p)]2

2n
and

ϕ(u)� vn � 3C
3

r
[(#S)Rψ(p)]2

2n
.

Remark 6.1. Corollary 5.2 p. 248 yields an example satisfying our assumptions and

where jv � vnj is of the order 1/ 3
p
n, hence the bound for the speed of convergence given

in theorem 6.1 is the best possible.

A special case for which a smaller error term is valid is the case of �full monitoring�.

This is the case in which the information revealed to both players at each stage is just

the pair (s, t) of pure moves chosen � called also standard signalling.

Theorem 6.2. For games with full monitoring, jvn� vj is at most of the order 1/
p
n.

More precisely: ��vn(p)� v(p)�� � CPk

p
pk(1� pk)p
n

and there are games in which vn(p)� v(p) = O
�
1√
n

�
.

Proof. This result is obtained in exactly the same manner as that in theorem 6.1

with the simpli�cation that we do not have to do the modi�cation of the games Γn to Γn

and can work directly with Γn(p) and vn(p).
The main changes in the proofs are:

� In lemma 2.13, the right hand side reduces to

p̃n(k)
X

t∈T

���τ k(ωn)(t)�
X

k∈K
p̃n(k)τ

k(ωn)(t)
���

Lemma 2.14 becomes super�uous.

� Consequently, in lemma 2.15, #SR/δ is replaced by 1, and the term 2δC is

replaced by zero.

� From this point a proposition similar to prop. 4.4 can be proved with the same

strategy described in the proof there, but this time in view of the changes in

lemmas 2.13, 2.14, and 2.15, we get:

vn = E
�1
n

Xn

m=1
ρm

�
� f(p)� C

P
k

p
pk(1� pk)p
n

.
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As to the second part of the theorem, the game (with incomplete information

on one side described in ch.V), belongs to the family of games under considera-

tion and has jvn� vj = O
�
1√
n

�
. �

7. Examples

The examples which we shall treat here belong to a special subclass of the general

class of games we treated in this chapter. This subclass is special in two aspects:

� We assume full monitoring.

� The set of states of nature K can be arranged in a matrix such that the elements

ofKI
are the rows and those ofKII

are the columns, thusK = KI�KII
. Moreover,

the probability distribution p on K is such that p(i, j) = qiIq
j
II for i 2 KI

, j 2 KII
,

where qI = (qiI)i∈KI and qII = (qjII)j∈KII are two probability vectors on KI
and KII

respectively. We will call such a probability p a product probability and denote

is as p = qI� qII. We denote by P the set of product probabilities. P is therefore

a subset of the simplex Π of all probability distributions on K = KI�KII
.

The signi�cance of the subclass of games satisfying the second assumption is the fol-

lowing: Think of the elements of KI
(resp. KII

) as the possible types of I (resp. II). Thus
a state of nature (i, j) 2 K consists of a pair of types i 2 KI

and j 2 KII
and after

the actual choice of types (i.e. the state of nature) each player knows his own type. The

meaning of p 2 P is then that the two types are chosen independently; i 2 KI
is chosen

according to qI and j 2 KII
is chosen independently according to qII. Or equivalently: I's

conditional probability on the types of II is independent of his own type (and vice versa

for II). Due to this interpretation, the case K = KI �KII
and p 2 P is often referred to

as the independent case. It is easily seen that if p = qI� qII 2 P , then
ΠI(p) = f qI� q′II j q′II is any probability vector on KII g � P
ΠII(p) = f q′I� qII j q′I is any probability vector on KI g � P.

It follows that the operators CavI and VexII can be carried within the subset P of product

probabilities without having to evaluate the function under consideration (such as u(p))
outside P . (Note however that P is not a convex set). If we write P = QI � QII where
QI and QII are the simplices of probability vectors on KI

and KII
respectively, then our

concepts for this case become:

� u, the value of the game
P
(i,j)∈KI×KII qI(i)qII(j)G

i,j
, is a function u(qI, qII) on

QI�QII;
� CavI f is the concavi�cation of f w.r.t. the variable qI keeping qII constant, and

VexII f is the convexi�cation of f w.r.t. the variable qII; hence also CavqI and VexqII.
� v(qI, qII) = limn→∞ vn(qI, qII).

The equations determining v (i.e. equations (2a and 2b) of prop. 4.10) become now:

v = VexqII max(u, v)(1)

v = CavqI min(u, v).(2)

In the �rst set of examples, there are two types of each player, i.e. #KI = #KII = 2. We

denote qI = (x, x′); qII = (y, y′), the probability distribution on K I
and K II

respectively

(as usual x′ = 1�x, y′ = 1�y). All functions involved in the solution such as u, v, Cav u,
Vexu, etc. will be described as functions of (x, y) de�ned on the unit square [0, 1]� [0, 1].

Even in this very special case we do not have in general an explicit solution of equations

(1) and (2). However, it turns out that the most useful result for solving these equations
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is the following observation (resulting from the fact that in dimension 1, Cav f(p) > f(p)
implies that f is linear at p):

(1) At points (x, y) where u(x, y) > v(x, y), the operation Vexq is non-trivial at that
point, hence v is linear in the y direction.

(2) At points (x, y) where u(x, y) < v(x, y), v is linear in the x direction.

In view of the continuity of u and v it su�ces therefore to �nd the locus of points (x, y)
at which v(x, y) = u(x, y).

Before starting with our examples let us �rst prove some general properties of the

limit function v which are very useful to compute it. Recall that v(x, y) is Lipschitz both
in x and in y. Together with the property that v is convex in x and concave in y, this will
imply the existence of directional derivatives for v at any point in all directions. In fact

let f : D ! R be a real valued function de�ned on some closed polyhedral subset D of

Rx�Ry, where Rx and Ry are two �nite dimensional vector spaces. Assume that D has a

convex section at any x 2 Rx and at any y 2 Ry (i.e. (fxg �Ry) \D and (Rx� fyg) \D
are convex sets for each (x, y) 2 Rx�Ry). Assume further that:

� f is Lipschitz.

� f is concave on (Rx, y) \D for each y 2 Ry and convex on (x,Ry) \D for each

x 2 Rx.

Denote by Fx(x0, y0) the tangent cone to f(x, y0) at x0, i.e.:

Fx(x0, y0)(h) = lim
τ→0+

f(x0+ τh, y0)� f(x0, y0)
τ

, for all h 2 Rx

for which f(x0 + τh, y0) is de�ned for su�ciently small τ � 0. (Fy(x0, y0) is de�ned

similarly.)

Proposition 7.1. Let f be any function satisfying 1 and 2, then for any (x0, y0) 2 D
and (a, b) 2 Rx�Ry

(3)
��[f(x0+ a, y0+ b)� f(x0, y0)]� [Fx(x0, y0)(a) + Fy(x0, y0)(b)]

�� = O�ka, bk�
whenever all terms are de�ned and �nite.

Proof. Choose ka, bk su�ciently small so that in addition f(x0+a, y0) and f(x0, y0+b)
are de�ned. Let S (ξ, η) = f(x0 + ξa, y0 + ηb) � f(x0, y0), then S is de�ned on

([0, 1], 0) [ (0, [0, 1]) [ f(1, 1)g, and therefore (by properties 1 and 2 of f) on at least

the whole unit square [0, 1]� [0, 1]. Also S is concave in ξ (for each η) and convex in η
(for each ξ). We shall �rst prove that:

(4) lim
θ→0+

S (θ, θ)

θ
=

�
dS (θ, 0)

dθ

�
θ=0+

+

�
dS (0, θ)

dθ

�
θ=0+

= Fx(x0, y0)(a) + Fy(x0, y0)(b).

Let α =
�

dS (θ,0)
dθ

�
θ=0+

; β =
�

dS (0,θ)
dθ

�
θ=0+

and let fθig∞i=1, θi � 0, θi ! 0 be a sequence for

which limi→∞
S (θi,θi)

θi
= d 2 R. We have to show that for any such sequence d = α+ β.

By the de�nition of the tangents α and β and by the concavity and convexity of S

we have:

S (0, θ) � β �θ and S (θ, 0) � α�θ, 8θ � 0.

For any d < d take N large enough s.t. i � N ) S (θi,θi)
θi

� d. Considering the cut of

S at ξ = θi, the straight line * through [(θi, θi),S (θi, θi)] and [(θi, 0), θiα] is below S

for η > θi (cf. Figure 1), i.e. S (θi; η) � S (θi,θi)−θiα
θi

η + θiα for η � θi, which for i � N is
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θ  αi

iθ

l

,η)S i(θ

η

Figure 1. An implication of Convexity

S (θi, ηi) � (d � α)η + θiα. Letting i ! 1 we get S (0, η) � (d � α)η. Dividing both

sides by η and letting η ! 0+ we get: β � d�α, i.e. α+ β � d. Since this is true for any
d < d we have α+ β � d. Dually, using the concavity in ξ of S (ξi, θi) we get α + β � d,
which concludes the proof of Equation (4).

Now recalling the de�nition of S we rewrite (4) as

(5)
��f(x0+ θa, y0+ θb)� f(x0, y0)� [Fx(x0, y0)(θa) + Fy(x0, y0)(θb)]

�� = O(θ)
for each (a, b) 2 Rx � Ry and θ � 0 for which all terms are de�ned. Finally (3) follows

from (5) in a standard way using the Lipschitz property of f . �

For the case Rx = Ry = R, i.e. when f is a function on the real plane we have

Corollary 7.2. Any function f on R2 which is concave in x (for each y) and convex
in y (for each x) and has the Lipschitz property, has at each point at most four supporting
hyperplanes, one on each orthant (with the origin at the point under consideration).

The last corollary applies in particular to the limit value function v = limn→∞ vn in

the independent case. However for this function more di�erentiability properties can be

proved by using the additional properties of v, namely that it is the solution of (1) and

(2). For the sake of simplicity we shall state and prove these properties for the case we

are presently interested in, namely when u and v are functions on the plane. Similar res-

ults might be obtained for more general cases by replacing partial derivatives by tangent

cones.

Proposition 7.3. At any point (x, y) where u(x, y) = v(x, y) and ∂u
∂x and ∂u

∂y exist:

(1) v is di�erentiable, except for the following cases:
(a)

∂v
∂x exists and equals ∂u

∂x , in which case ∂v
∂y may fail to exist.

(b)
∂v
∂y exists and equals ∂u

∂y , in which case ∂v
∂x may fail to exist.

(2) If in addition u is di�erentiable at (x, y), then

(6)
∂u

∂x
∆x+

∂u

∂y
∆y =

∂v

∂x
∆x+

∂v

∂y
∆y + o(k∆x,∆yk)

for all (∆x,∆y) for which v(x+∆x, y+∆y) = u(x+∆x, y+∆y). When ∂v
∂x does

not exist, it can be replaced in (6) by any of the directional partial derivatives
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∂v
∂x+ or ∂v

∂x−

�
∂v
∂y+ or ∂v

∂y−

�
. However if either ∂v

∂x+ or ∂v
∂x− equals ∂u

∂x , this one has to

be used in (6) (similarly for the y direction).

Remark 7.1. Equation (6) provides a di�erential equation determining the �line�

where u = v when such a �line� exists:

(7)
∂u

∂x
dx+

∂u

∂y
dy =

∂v

∂x
dx+

∂v

∂y
dy.

Remark 7.2. Note that 7.3.1 implies that a partial derivative in the �direction of

linearity� can be always substituted for the corresponding partial derivative in (6), i.e. for

instance in the x direction, where v is convex, we can always take
∂v
∂x+ when

∂v
∂x+ � ∂u

∂x and

∂v
∂x− when

∂v
∂x− � ∂u

∂x .

Proof. 1) If either ∂v
∂x+ 6= ∂u

∂x or
∂v
∂x− 6= ∂u

∂x , then either
∂v
∂x+ < ∂u

∂x or
∂v
∂x− > ∂u

∂x (since v
is concave in x). Consider for instance the �rst case, i.e. ∂v

∂x+ < ∂u
∂x . Since v and u have

the Lipschitz property, there exists ε > 0 such that

0 < ξ < ε and η � εξ imply v(x+ ξ, y + η) < u(x+ ξ, y + η).

Therefore v is linear in y in this region (cf. property 1 above), so:

v(x+ ξ, y + εξ) + v(x+ ξ, y � εξ)� 2v(x+ ξ, y) = 0

and applying prop. 7.1 p. 306 for the left-hand side we obtain:

εξ
∂v

∂y+
� εξ ∂v

∂y−
+ o(ξ) = 0,

which implies the existence of
∂v
∂y , and hence proving 1 for the �rst case. The second case

is treated in the same way.

2) By prop. 7.1 applied for v and the di�erentiability of u we have:

(8)
∂u

∂x
∆x+

∂u

∂y
∆y = α∆x+ β∆y + o(k∆x,∆yk)

where α = ∂v
∂x+ if ∆x � 0, similarly for β. When v is di�erentiable this is just what

is claimed in 2, so assume that v is not di�erentiable. Then by 1 we may assume that
∂v
∂x+ = ∂v

∂x− = ∂u
∂x , so (8) becomes:

∂u

∂y
∆y = β∆y + o(k∆x,∆yk).

Clearly the two possible choices of β are equivalent, provided one takes β = ∂u
∂y if possible.

This completes the proof of prop. 7.3. �

We are now ready to present some numerical examples.

Example 7.3. (Aumann and Maschler, 1967)

K = f(1, 1), (1, 2), (2, 1), (2, 2)g
KI = f(1, 1), (1, 2)g, f(2, 1), (2, 2)g
KII = f(1, 1), (2, 1)g, f(1, 2), (2, 2)g.
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When K is arranged in a matrix with KI
as the set of rows and KII

as the set of columns,

the corresponding pay-o� matrices Gij (i = 1, 2; j = 1, 2) are:

y′ y

x

0BB@
�1 0 2
1 0 2
1 0 2
�1 0 2

1CCA
0BB@

1 2 0
�1 2 0
1 2 0
�1 2 0

1CCA
x′

0BB@
�1 2 0
1 2 0
�1 2 0
1 2 0

1CCA
0BB@

1 0 2
�1 0 2
�1 0 2
1 0 2

1CCA
The probability distribution on the rows (KI) is qI = (x, x′) and the probability distribu-

tion on the columns (KII) is qII = (y, y′). The non-revealing game D(x, y) is:

D(x, y) = xyG11+ xy′G12+ x′yG21+ x′y′G22

which is: 0BB@
xy � xy′ + x′y � x′y′ 2xy + 2x′y′ 2xy′ + 2x′y
�xy + xy′� x′y + x′y′ 2xy + 2x′y′ 2xy′ + 2x′y
xy + xy′� x′y � x′y′ 2xy + 2x′y′ 2xy′ + 2x′y
�xy � xy′ + x′y + x′y′ 2xy + 2x′y′ 2xy′ + 2x′y

1CCA
The value u(x, y) of this game is given in Figure 2.

y

x

1

1

1
2

1
20

1−2y

1−2x

1−2y′

1−2x′

α

α

α= 3−√
5

4
≈.2

2x′+2y−4x′y 2x′+2y′−4x′y′

2x+2y′−4xy′2x+2y−4xy

1
2y=

.5−
1/4x ′

x=.5−1/4y ′

Figure 2. u(x, y) of example 7.3

Note that according to our notation the value of u at the corners of the square are

the values of the corresponding matrices. Note also that u is symmetric about x = 1
2 and

about y = 1
2 .

Convexifying in the y direction and then concavifying in the x direction (all by brute

force) yields v = Cavx Vexy u, in Figure 3, and similarly for v = Vexy Cavxu in Figure 4.

It is readily seen that for about half the points (x, y) in the square, Cav Vexu 6=
VexCav u and hence v∞ does not exist.
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y

x

1

1

1
2

1
20

3
4

1
4

1
4

3
4

2x

2x′

1
2

2(x+y)

−8xy

Figure 3. v = Cavx Vexy u for example

7.3

y

x

1

1

1
2

1
20 α α′

2x

1−2α

2x′

1
2
−α

1
2
+α

2(x−y)+y(1−2x)/α

α= 3−√
5

4
≈.2

Figure 4. v̄ = Vexy Cavxu for example

7.3

Let us compute now the asymptotic value v = limn→∞ vn by solving the equations:

v = Vex
y

max(u, v)

v = Cav
x

min(u, v).

Recall that Cavx Vexy u � v � Vexy Cavxu, so that:

(1) On f (x, y) j y = 0 or y = 1 or x = 1
2 ,min(y, y′) � α g Cav Vexu = VexCav u = u,

so v = u on these segments.

(2) On f (x, y) j x � 1
4 or x

′ � 1
4 g, Cav Vexu = VexCav u, hence v = Cav Vexu =

VexCav u there.

(3) On the set f (x, y) j 14 < x < 3
4 ,

1
4 < y <

3
4 g, u < Cav Vexu, so u < v on this set

and hence v is linear in x there. Since at the boundaries x = 1
4 and x = 3

4 , v =
1
2

(cf. 2), we conclude that v = 1
2 on this set.

(4) Consider now the function v on x = 1
2 . From 2 and 3 it follows that (cf. �gure

5):

v(12 , y) =

8>>>>><>>>>>:

1� 2y 0 � y � α
not yet determined α < y < 1

4
1
2

1
4 � y � 1

2

not yet determined
1
4 < y < α

′

1� 2y′ α′ � y � 1

Since v(12 , y) is convex in y we get:

v(12 , y) =

8><>:
1� 2y 0 � y � 1

4
1
2

1
4 � y � 1

2

1� 2y′ 1
2 � y � 1.

In view of the symmetry of v about x = 1
2 and y = 1

2 , it remains now to determine

v(x, y) on the set f (x, y) j 14 < x < 1
2 , 0 < y < 1

4 g. Take a point (x0, y0) in this set
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y

v

11
4

3
4

1
2

0 1
2

1

α α′

Figure 5. v(12 , y) for example 7.3

y

v

11
4

3
4

1
2

0

2x0

y0

maximal value

for v(x0,y0)

Figure 6. v(x0, y), with
1
4 <

and consider �rst the section v(x0, y). Since y0 = (4y0)� 14 + (1 � 4y0)�0 and v(x0, y) is
convex, it follows that (cf. Fig. 6): v(x0, y0) � (4y0)v(x0,

1
4) + (1 � 4y0)v(x0, 0), which is:

v(x0, y0) � 2x0+ 2y0� 8x0y0.
Similarly, using the concavity of v(x, y0) we get v(x0, y0) � 2x0 + 2y0 � 8x0y0, hence

in the region under consideration v(x, y) = 2x + 2y � 8xy and it is obtained as a linear

interpolation in the y direction between v(0, y) and v(14 , y).
Summing up our construction this function v = lim vn is given by Figure 7. The thick

y

x

1

1

1
2

1
20

1
2

2x′

2x

1
4

3
4

1
4

3
4

2(x+y)

−8xy

Figure 7. v = lim vn for example 7.3

lines in this �gure are the locus of the points f (x, y) j v(x, y) = u(x, y) g. The values of
v on the square are obtained by linear interpolation between thick lines in the directions

indicated by the arrows.
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Note that one can check v, once it is obtained, by verifying the equations (1) and (2)

p. 305, since v is the unique solution of these equations.

We see that in this �rst example lim vn coincides with one of its bounds, namely with

v = Cav Vexu. In our second example we have no longer such a coincidence.

Example 7.4. Our second example has the pay-o� matrices Gij
(i = 1, 2; j = 1, 2):

y′ y

x

�
1 �1 +1 �1
0 0 0 0

� �
0 0 0 0
�1 1 +1 �1

�
x′

�
0 0 0 0
1 �1 �1 +1

� �
�1 1 �1 +1
0 0 0 0

�
The non-revealing game D(x, y) is given by the matrix game:�

x� y y � x x� y y � x
y′� x x� y′ x� y′ y′� x

�
Its value u, the maxmin Cav Vexu and the minmax VexCav u are given in Figures 8, 9

y

x

1

1

1
2

1
20

x′−y x′−y′

y′−x′

y′−x

x−y′x−y

y−x

y−x′

Figure 8. u(x, y) of example 7.4

and 10, and may be veri�ed by the reader as an exercise.

Remark that this game, just as the previous one, has a symmetry about x = 1
2 and

about y = 1
2 . So it su�ces to �nd v on f (x, y) j x � 1

2 , y � 1
2 g. To do this we proceed

through the following steps:

(1) On the segment f (x, 12) j x � 1
4 g, Cav Vexu = VexCav u = u. So v = u there.

(2) At (0, 0), Cav Vexu = VexCav u = u so v(0, 0) = u(0, 0). (This is true for any

game and any point-mass on K.)

(3) On the triangle f (x, y) j 0 < x � y < 1
2 g, u > VexCav u, so, u > v and con-

sequently v is linear in y in this region.

(4) Since Cav Vex = VexCav on the boundary of the square, v(�, 0) = Cavxu(�, 0) = 0,
so v(x, 0) > u(x, 0) for 0 < x < 1.



7. EXAMPLES 313

y

x

1

1

1
2

1
20

3
4

1
4

3
4

1
4

−y − 1
4 −y′

4xy

−x−y

4xy′

−x−y′

4x′y
−x′−y

4x′y′

−x′−y′

Figure 9. v = Cav Vexu of example 7.4

y

x

1

1

1
2

1
20

(2x′−1)y (2x′−1)y′

(2x−1)y′(2x−1)y

Figure 10. v = VexCav u of ex

From 3 and 4, it follows that a �curve� on which v = u starts at (0, 0) and
lies between y = 0 and the diagonal y = x.

(5) From 4, v(12 , ε) < u(12 , ε) for ε > 0 su�ciently small. Hence v(12 , ε) is ob-

tained by linear interpolation in the x direction, say (using symmetry) v(12 , ε) =
1
2v(x, ε) +

1
2v(x

′, ε). But v(x, ε) < 0 since VexCav u < 0 at (x, ε) for x 6= 1
2 .

It follows that v(12 , ε) < 0 and by symmetry v(12 , ε
′) < 0. From the convexity

of v(12 , y) it follows that v(
1
2 ,
1
2) < 0 = u(12 ,

1
2). This implies that if we denote

f (x, 12) j x � ξ g the segment on which v = u and which contains the segment in

1, then ξ < 1
2 .

We apply now the di�erential equation (7) p. 308 to determine the curve where v = u
between y = 0 and the line y = x (cf. Figure 11). By the symmetry of v about x = 1

2 ,

∂v
∂x = 0; also ∂v

∂y is the slope of v, say from (x, y) to (x, 12) (where v(x,
1
2) = x� 1

2); so, since

u(x, y) = y � x, (7) yields dy � dx =
(x− 1

2
)−(y−x)
1
2
−y

�dy for x � ξ, i.e.:

dx

2� 4x
=

dy

1� 2y

Together with the initial condition x(0) = 0 this yields the curve x = 2yy′. By linear

interpolation between this and the curves y = 1
2 and x

′ = 2yy′ we have:

v(x, y) = x� y′ + (y′� y)
p
x′� x for 0 � x � ξ , x � 2yy′ , y � 1

2

= y(y � y′) for 2yy′ � x � (2yy′)′, 0 � y � η , where η � 1

2
, ξ = 2ηη′

To determine the point ξ, η we note that above ξ, u is strictly greater than v on y = 1
2 .

Hence v is linear (in y from the �rst line to its symmetric w.r.t. y = 1
2). This implies that

v(x, �) is constant for x � ξ hence
�
∂v
∂y

�
ξ
= 0. This yields:

∂

∂y
(x� y′ + (y′� y)

p
x′� x) = 0,
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y

x

1

1

1
2

1
20

3
8

3
4

− 1
8

y(y−y′)

x=y+ 1
8

x=
2y
y
′

locus of v=u

v(x′,y)=v(x,y)=v(x,y′)

x−y′+(y′−y)
√
x′−x

Figure 11. v = lim vn for example 7.4

i.e., 1 � 2
p
ξ′� ξ = 0 or ξ = 3

8 , η = 1
4 . Beyond the point (ξ, η), v is linear between the

curve v = u and its symmetrics about x = 1
2 and y =

1
2 , in the indicated directions. The

equation x = x(y) of this curve is again obtained by equation (7) which is:

dy � dx = 0.

Together with the initial condition (ξ, η) this gives x = 1
8 + y.

Finally, linear interpolation in the indicated directions gives v(x, y) = �1
8 for

3
8 � x �

5
8 ,

1
4 � y � 3

4 . Summing up, the resulting v = lim vn of example 7.4 is given in Figure 11.

Exercises

1. Prove lemma 2.9 p. 279.

Hint. De�ne by induction a unique probability on (Ω,Gn) and then let n→ ∞ using Ionescu-Tulcea's

theorem (Neveu, 1970) � cf. prop. 1.6 p. 54.

2. Prove that if u(p) is either concave w.r.t. I or convex w.r.t. II then �∞ has a value.

3. Consider u on [0; 1]2 with u(�; y) and u(x; �) piecewise linear satisfying:

u(0; 0) = 0; u(12 ; 0) = 1; u(1; 0) = 0

u(0; 12) = 1; u(12 ;
1
2) = 0; u(1; 12) = 1

u(0; 1) = 0; u(12 ; 1) = 1; u(1; 1) = 0

and prove that VexCav u(12 ;
1
2) = 1, Cav Vexu(12 ;

1
2) = 0.

4. Prove fu 2 C (�) j CavIVexIIu 6= VexIICavIu g is open and dense in C (�).
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5. Another Example. This example again has the same structure as the two examples in

sect. 7. It di�ers from them only by the pay-o� matrices Gij which are now

y′ y

x

�
+1 �1
0 0

� �
0 0
�1 �1

�
x′

�
0 0
�1 �1

� �
�1 +1
0 0

�
Hint. The non-revealing game D(x, y) is the matrix game:(

x− y y − x
−xy − x′y′ −xy − x′y′

)
Verify the functions u(x, y), v∞ and v∞ are as in Figures 12, 13 and 14.

y

x

1

1

1
2

1
20

x
′ y=

.5

xy
′ =

.5

−xy−x′y′

y−x

x−y

−xy−x′y′

Figure 12. u(x, y) of example VIEx.5

y

x

1

1

1
2

1
20

2
3

1
3

x
′/x=

2y
′2

x/x
′ =2y

22
√
2xx′−1

−xy′−x′y

y(y−x)
y′ (x′−x)y′

y′(y−x)
y′(x−x′)y′

Figure 13. VexCav u for example

VIEx.5

The equations of the curves and the values of Cav Vexu in the various regions of �gure 14 are given in
�gure 15. The values of α, β and γ are found by intersecting the corresponding lines and approximately

α = .416, β = .225, γ = .268. Note that although u is symmetric with respect to the main diagonal:

u(x, y) = u(y, x), the functions Cav Vexu and VexCav u do not have this symmetry because of the di�er-

ence between the operations Cavx and Vexy. However the game and hence all the functions u, Cav Vexu,
VexCav u and v have the symmetry f(x, y) = f(x′, y′).

To �nd v = lim vn, proceed by the following steps:

(1) u = v̄∞ = v∞, and hence v = u on the segments [(0, 1
2 ), (0, 1)] and [(1, 0), (1, 1

2 )].
(2) u < Cav Vexu and hence u < v on the lines x′y = 1

2 and y′x = 1
2 .

(3) u > VexCav u and hence u > v on x = y, 0 < x < 1.
(4) u > VexCav u and hence u > v on { (x, 1

2 − ε) | 0 ≤ x ≤ 1
2 } for any small ε > 0, and similarly

on { (x, 1
2 + ε) | 1

2 ≤ x ≤ 1 }.
(5) u = v for x = y = 0 and for x = y = 1.
(6) For any y0 <

1
2 , u(x, y0) is piecewise linear and from 1 to 5 it follows that it has the following

structure:

• u(0, y0) = v(0, y0) and u(x, y0) is linearly increasing from x = 0 to x = y0 and

u(x, y0) > v(x, y0) for 0 < x ≤ y0.

• u(x, y0) decreases linearly from x = y0 to x = 1
2y′0

where u
(

1
2y′0
, y0

)
< v
(

1
2y′0
, y0

)
.
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y

x

1

1

1
2

1
20 α α′1

4

β
γ

γ′β
′

I II III IV V

VI
VII

VIII
IX

A

B

C

D

H

G

F

E

Figure 14. v∞ = Cav Vexu for example VIEx.5

Region Cav Vexu Curve Equation

I −y AB 2x′
√
y = 1

II (4y − 4
√
y + 1)x′ − y EF 2x

√
y′ = 1

III 1
4(

√
y+

√
y′)2 − x

√
y′+x′√y√
y+

√
y′ BC x = 1

2 − 1
4 (y +

√
yy′)−1

IV (4y′ − 4
√
y′ + 1)x− y′ FG x = 1

2 + 1
4 (y

′ +
√
yy′)−1

V −y′ GH x′ = 1
2

√
1− y/y′

VI [(4y′ − 1)− 4
√
y′(y′ − y)]x′ − y

VII (4xx′ − 1)y′ − x′ CD x = 1
2

√
1− y′/y

VIII (4xx′ − 1)y − x

IX [(4y − 1)− 4
√
y(y − y′)]x− y′

Figure 15. The equations of Figure 14

• u(x, y0) increases linearly from x = 1
2y′0

to x = 1, u(x, y0) ≤ v(x, y0) for 1
2y′0

≤ x ≤ 1 and

equality holds only for x = 1.
Since v(x, y0) is concave and continuous on 0 ≤ x ≤ 1, the relation between u(x, y0) and v(x, y0) must
be of the form given by Figure 16. Conclude that for each 0 < y0 <

1
2 there is a unique x0 for which

−y0

u(x,y0)

v(x,y0)

0
y0 x0 .5/y′0 1 x

v

u

Figure 16. u(x, y0) and v(x, y0), 0 < y0 <
1
2 , for example VIEx.5

u(x0, y0) = v(x0, y0) and hence there is a unique interior line of u = v from (0, 0) to (1, 1
2 ) and of course

its image by the transformation x  → x′, y  → y′. The resulting lim vn function is thus given in Figure 17

� without specifying the equation of the lines. For that, cf. (Mertens and Zamir, 1971).
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1

1

1
2

y

x

0

y = f(x)

y' = f( x')

Figure 17. v = lim vn for example VIEx.5

6. Bilinearity.

a. Consider a n-stage repeated game �n(p; q) with lack of information on both sides in the

independent case with K = L �M , p probability on L and q on M . By taking the normal

form, one gets �nite sets of moves, say I (resp. J) for player I (resp. II) and a corresponding

pay-o� depending on the state say c�mij . A strategy for player I is thus de�ned by some vector

x = (x�i; ` 2 L) where x�i = Pr(move i j I's type is `), and similarly for player II. Prove that

Vn(p; q) is the value of the following dual linear programming problems:

max
X

m
qmum min

X
�
p�u�X

i,�
��
ic

�m
ij � um 8j; 8m

X
j,m

�m
j c

�m
ij � u� 8i;8`X

i
��
i = p� 8`

X
j
pmj = qm 8m

��
i � 0 8i;8` �m

j � 0 8j;8m
and deduce that Vn(p; q) is concave in p and convex in q.

b. Recall from I.3Ex.11eiii p. 36 that a real function f de�ned on the product C � D of

two convex polyhedra is �piecewise bi-linear� if there exists �nite partitions of C (resp. D) into

convex polyhedra Cm (resp. Dn) such that the restriction of f to each product Cm�Dn is bi-li-

near. Deduce from the above L.P. formulation in VIEx.6a that Vn(p; q) is piecewise bi-linear (cf.
ex. I.3Ex.11h p. 36).

c. Prove then that in order to compute Vn(p; q) one can use the following �nite algorithm:

Compute �rst Vn(0; q) and Vn(p; 0).
Given qm that corresponds to a peak of Vn(0; q) compute Vn(p; qm) and so on (and similarly

in the other direction).



318 VI. INCOMPLETE INFORMATION ON BOTH SIDES

When no new peaks are reached extend Vn(p; q) by bi-linearity.

d. Consider now the dependent case with state space K and initial probability and par-

titions p;KI;KII. Say that a function f on P is I-linear if for all p its restriction to �I(p) is
linear and similarly for II-linear. Write Vn(p) as the value of a linear programming problem as

in VIEx.6a to prove that it is I-concave and II-convex. Let Q(p) = f q 2 P j qk = Æ�k�kpk where

pα = (�kpk) 2 �I(p) and pβ = (�kpk) 2 �II(p) g and prove that Vn(p) is piecewise I-II bi-linear
on Q(p) for each p.

7. Sequential games.
a. A recursive formula. Consider �n(p; q) as above (ex.VIEx.6a), but where the players are

choosing their moves sequentially, being informed of the previous choice of their opponents. Con-
sider �rst the reduced game where player I is restricted to use the move s at stage one (for all
states) and let V s

n(p; q) be its value. Prove then that Vn(p; q) = CavpmaxsV
s
n(p; q).

Hint. Prove that against each �rst stage strategy x�s of player I, player II can decrease the pay-o�

to
∑
sλ(s)V

s
n(p

�(s), q) with p�(s) = Prx(/ | s) and λ(s) = Prx(s) and use the minmax theorem.

Then deduce by induction that the recursive formula can be rewritten as:

nVn(p; q) = Cav
p

max
s

Vex
q

min
t
f
X

�,m
p�qmG�m

st + (n� 1)Vn−1(p; q)g:

b. Monotonicity of the values. Use then the fact that Vex(f + g) � Vex f + Vex g and

Cav(f + Cav f) = 2Cav f to prove that the sequence Vn(p; q) is increasing. Deduce that if

player II is uninformed, the sequence Vn(p) is constant (Ponssard and Zamir, 1973).

c. Speed of convergence. Let f(p; q) = �
�P

smint
P

�m p
�qmG�m

st +R0
�
where R0 is a constant

such that v1 � v + f . Assume by induction nvn � nv + f to get

(n+ 1)vn+1(p; q) � (n+ 1)Cav
p
(minfu(p; q); v(p; q)g) + f(p; q)

and use VIEx.7b and prop. 4.10 p. 301 to get �nally jv � vnj � R
n for some constant R.

Hint. Take #L = 1, #M = 2, G1 =
(

0 1
1 −2

)
, G2 =

(
1 −2
0 1

)
to prove that it is the best bound.

d. Extend the previous results VIEx.7a, VIEx.7b, VIEx.7c to the dependent case.

e. Construction of optimal strategies. (The length of the game being �xed, we drop the index

n). For each history h let V h be the value of the �restricted game starting from h� and de�ne

Ah(p) = f� 2 RL j h�; qi � V h(p; q) on Q g
Ah(p; q) = f� 2 Ah(p) j h�; qi = V h(p; q) g

and similarly Bh(q), Bh(p; q). Prove using VIEx.7a and ex.VIEx.6b that for any ` 2 L(p; q)
there exists (�s; p(s); �s) for s 2 S such that:

(1)
P
�sp(s) = p, �s � 0,

P
�s = 1, V (p; q) =

P
�V s(p(s); q)

(2) �s 2 As(p(s))
(3) h(P�s�s� �); q′i � 0 for all q′ in Q.

Deduce that an optimal strategy for player I is to generate p(s) at stage 1 and to take as new

parameter �s for his future choice. (Note that this strategy will even be optimal after each

history if one chooses after each odd history h, followed by some move t of player II, as new state

parameter a maximal element in the set �′ 2 Aht(p) with �′ � �h.)

8. Lack of information on 11
2 sides. Consider the following game �(�; r; s) with �, r, s

in [0; 1]: �rst, t 2 fr; sg is chosen (with Pr(t = r) = �) and this choice is told to player II; then
a game with lack of information on one side is played: there are two states of nature, say two

pay-o� matrices A and B, the choice is according to t and only player I is informed.
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a. Write this game as a game with incomplete information on both sides, (dependent case)

with 4 states of the world (cf. ch.V) and KI = f(1; 3); (2; 4)g, KII = f(1; 2)(3; 4)g, G1 = G3 = A,
G2 = G4 = B and p = (�r; �r′; �′s; �′s′). (Note that player I knows the true pay-o� matrix (state

of nature) but not the beliefs of II (state of the world).)

b. De�ne w on [0; 1] by w(q) = val(qA+ q′B), �(p) = p1=(p1+ p2), �(p) = p3=(p3+ p4), and
Vex|a,b| to be the Vex operator on the interval with end points a and b. Prove that:

� CavIu(p) = Cavw(p1+ p3)
� VexIIu(p) = Vex|π(p),ρ(p)|w(p1+ p3)
� VexIICavIu(p) = �Cavw(r) + �′Cavw(s)
� CavIVexIIu(p) =

supt,p1,p2f tVex|π(p1),ρ(p1)|w(p11+ p13) + t′Vex|π(p2),ρ(p2)|w(p21+ p23) j t 2 [0; 1]; tp1+ t′p2 =
p; pi 2 �I(p) i = 1; 2 g

c. Example: Let A =
�
5 −3
0 0

�
, B =

�−3 5
0 0

�
and take s = 1. Verify that v, v and v have the

shapes given in Figures 18, 19 and 20, hence that there exists a game �(�; r; s) with v < v < v.

(      , 0)1
2

(0,0)

1

0

0

10 0

0

(0,0)

q
2

q
3

(0,0)

Cav   u
I

Vex  Cav  u
I II

Figure 18. The functions CavIu and VexIICavIu

9. An analytic proof of Theorem 5.3. Let F = f f j f satis�es (�) g.
a. Prove that F 6= ;, w = inff f j f 2 F g belongs to F and w = CavIVexIImax(u;w).
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1
00

0

v = u

v>u

v>u

v<u

Figure 19. Partition of Q according to the relation between v and u

b. Prove that for any real function f on �, CavIVexII f is II-convex.

Hint. Assume g II-convex. To show CavI g is II-convex, prove CavI g = Tng for n large enough, with

Tg(p) = sup
µ,p1,p2

{µg(p1) + µ′g(p2) | pi ∈ πI(p) , µ ∈ [0, 1] , µp1 + µ′p2 = p } ,

and that T preserves II-convexity. For this last point, associate to each triple (µ, p1, p2) as above and

each dual triple (λ, q1, q2) (i.e. with qi ∈ ΠII(p), λ ∈ [0, 1] and λq1 + λ′q2 = p), new variables πij, αi, βj,
for i = 1, 2, j = 1, 2, with:

πij ∈ ΠII(pi), αiπi1 + α
′
iπi2 = pi, αi ∈ [0, 1] i = 1, 2

πij ∈ ΠI(pj), βjπ1j + β
′
jπ2j = qj, βj ∈ [0, 1] j = 1, 2

and µα1 = λβ1, (1− µ)α2 = λ(1− β2), µ(1− α1) = (1− λ)β2, (1− µ)(1− α1) = (1− λ)(1− β2).

c. Deduce that w = VexIImax(u;w). De�ne fung by un+1 = CavIVexIImax(u; un) with

u0 = �1, and prove that un increases uniformly to w. Introduce similarly w and un.

d. Let U = fu j u can be written as u(p) = maxi∈I minj∈J
P

k a
k
ijp

k, I, J �nite sets g.
Prove that, for all u in U , w � w.

Hint. De�ne v0 ≡ 0 and nvn(p) = CavI maxiVexII minj(
∑
k a
k
ijp

k+(n−1)vn−1(p)) and prove: vn ≤ un,
vn ≥ un+R/n for some constant R. Compare with ex.VIEx.7c.

e. Prove that w � w.

Hint. Show that one obtains the same w, w when starting with u′ = max(u, u1) and deduce induc-

tively that w ≥ un, and the result for u ∈ U .

f. Show �nally that U is dense in C(�) (compare with prop. 5.1 p. 302) and use prop. 5.2

p. 302.

10. Consider a game � as de�ned in ch.V, with corresponding vn and u. De�ne a game �′
L

where the set of moves of player I is now S �K, the signalling matrices are H
′I, H

′II with

H
′I((s; k); t) = HI,k(s; t)
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M

(0,0)

(0,0)

M

1
0 0

0

M

Vex  u
II

 Cav Vex   u
I II

(5/8,0)(1/2,0)(3/8,0)

0 0

M

1

(3/8,2/5)

Figure 20. The functions VexIIu and CavIVexIIu

and similarly for H
′II, with the same initial information, and as pay-o� matrices:

Gk((s; k); t) =

(
�L if k′ 6= k; for all s; t

Gk(s; t) if k = k′

a. Prove that �
′
L belongs to the class of ch.VI with associated v

′
n,L and u

′
L, hence

limn→∞ v
′
n,L = Cav u

′
L.

b. Show that v
′
n,L � vn and that Cav u

′
L & Cav u as L! +1.

c. Deduce theorem 3.5 p. 195.

Hint. To avoid circular reasoning, since Theorem 3.5 is apparently used in part C of 3.1 p. 283,

proceed as follows: �rst the convergence of vn is established. This yields that lim vn = Cav u for the

games of ch.V, as seen above. This implies immediately v∞ = Cav u for those games, hence theorem 3.5

follows and �nally 3.1.
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11. Asymptotically optimal strategies in �nite games. (Heuer, 1991a) Assuming the-

orem 5.3 p. 303, cf. also ex.VIEx.9 p. 319, we construct strategies that guarantee v + O(1=
p
n)

in �n for the case of standard signalling, hence implying cor. 4.9 p. 301 � on the limit of vn and

on the speed of convergence.

The basic idea is reminiscent of Blackwell's approachability strategy, (say for II, cf. ex.VEx.2
p. 253), starting with a vector � supporting v, but then aiming at stage r to reach �r (in the

remaining n � r + 1-stage game) so that, given the past pay-o�s the average would be �. We

will consider the independent case, (cf. examples in sect. 7 p. 305 and ex.VIEx.6�VIEx.7 p. 317).

Hence K = L � M , p 2 �(L), q 2 �(M) and v = Cavpmin(u; v) = Vexqmax(u; v). Let

B(q) = f� 2 RK j h�; pi � v(p; q) ; 8p 2 �(L) g, and B(p; q) = f� 2 B(q) j h�; pi = v(p; q) g is
the supergradient of v at the point (p; q), in the direction of p.

a. Note that if q =
P

j �jqj, with qj 2 �(M) and � 2 �(J), then
P

j �jB(qj) � B(q).

Prove that if moreover v(p; q) =
P

j �jv(p; qj), with v(p; qj) = u(p; qj) and v(p; �) < u(p; �) on
the interior of the convex hull of the qj's, then:

P
j �jB(qj) = B(q). (Use the continuity of u and

v and the comments in sect. 7 p. 305).

b. Recall that �n(�; �) = Ep,q
σ,τ(

1
n

Pn
r=1 gr) where gr is the pay-o� at stage r. De�ne

p�r = P (` j Hr), q
m
r = P (m j Hr) and ��r = E�,q

σ,τ(gr j Hr), (recall standard signalling). Hence

�n(�; �) can also be written as Eσ,τ(
1
nhpn;

P
r �ri).

c. We now de�ne a strategy for II inductively. Given (p; q) and � 2 B(p; q), let �1 = p,

q1 = q, �1 = e�1 = �1 = e�1 = �. At stage 1 player II plays optimally in D(p1; q1). Then de�ne �2
by ne�1 = (n� 1)�2+ �1. Similarly at stage r, given �r we consider the following cases:

(1) if �r 2 B(qr−1), � is arbitrary at this stage. One puts �r = �r−1, qr = qr−1,e�r = �r = e�r = �r.
(2) if �r =2 B(qr−1), let �r denote its projection on B(qr−1); this de�nes �r 2 �(L), �r

proportional to �r � �r, such that �r 2 B(�r; qr−1).
� if v(�r; qr−1) � u(�r; qr−1), � consists of playing optimally in D(�r; qr) at that

stage, with qr = qr−1. Then e�r = �r and e�r = �r.
� if v(�r; qr−1) < u(�r; qr−1), use VIEx.11b) to decompose �r as

P
j �r,j with

�r,j 2 B(�r; qr−1,j). In this case � consists of �rst doing a splitting (prop. 1.2

p. 184) to generate the qr−1,j's and then if j is chosen, in playing optimally in

D(�r; qr) with, obviously, qr = qr−1,j. Then let e�r = �r,j and e�r = �r� �r+ e�r and
note that E(e�r j �r) = �r.

Finally let us de�ne �r+1 through the following equation: (n� r + 1)e�r = (n� r)�r+1+ �r.

Show that given any non-revealing �� one has: Eσ̄,τ [h(�r � �r); (e�r � �r)i] � 0.

d. Show that

�n(�; �)� v(p; q) =
1

n
Eσ,τ(hpn; �n� �ni) �

2C

n
+

1

n
Eσ,τ(hpn; �n� �ni)

and note also that there exists �� non-revealing such that:��Eσ,τ(hpn; �n� �ni)
�� � �Eσ̄,τ(k�n� �nk22)

�1/2
Then prove inductively:

E[k�r � �rk2] � (#L)4C2r=(n+ 1� r)2

and conclude.

Hint. E
[‖ξr+1 − βr+1‖2

] ≤ E
[‖ξr+1 − β̃r‖2

]
; then use the equality ξ̃r − β̃r = ξr − βr and VIEx.11e).

e. Extend the result to the dependent case.
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12. A continuum of types on both sides. (After Forges, 1988b)

Comment 7.5. In this chapter � notably in sect. 3.b � we could not treat the case of a

continuum of types of both sides; only the �approached player� could have a continuum of types.

As underscored repeatedly in ch. III, the inability to study the general case at this stage seems

at least in part to be due to a lack of study of the fundamental concepts in ch. III � cf. e.g.

introduction to sect. 4.b, many remarks after, and most of sect. 4.d, in particular remark 4.11

and the �nal remarks. In particular, the �rst natural step towards a generalisation would be to

reformulate the known results (in particular Theorem 3.13 p. 293) in the canonical framework of

ch. III � and it was shown there (�nal remarks) that even the basic concept of concavi�cation

was not clear.

Yet we need such results in ch. IX � in order to study communication equilibria of games

with a �nite set of types �, for the case where the approaching player has a continuum of types

(even though there the approached player could have a �nite set of types). Another reason for

studying the general case is the basic problem underlying this book: to obtain maxmin, min-

max and lim vn for all two-person zero-sum repeated games (ch. IV), or at least in a �rst time

for all two-person zero-sum repeated games with incomplete information (i.e., to generalise this

chapter to the case where the signalling function Q is state dependent). Indeed, as shown in

ch.VIII (sect. 2), the general case leads to situations where the number of points in the support

of the current posterior consistent probability (ch. IV, sect. 3) grows to in�nity, so conceivably

one might as well study them from the outset without restricting the support to be �nite, and

anyway a number of concepts and tools will presumably be required to work directly onP: chief

candidates for those will be the ones already needed in the particular case of this chapter.

It is thus clear that a satisfactory treatment of the present chapter would require the frame-

work of a continuum of types on both sides.

In a �rst stage, one could restrict the prior to be absolutely continuous w.r.t. some product

measure (i.e., w.r.t. the product of its marginals). This restriction � which is preserved when

going from an information scheme to its canonical representation � would keep the complete

symmetry between both players in the assumptions of this chapter (hence allowing by duality to

cut the number of statements and proofs in two) and still be su�ciently general to encompass all

known cases and to lead to the elucidation of the right concepts, while at the same time being

technically quite helpful, e.g. in arguments like the one below, or possibly in proving that player

I can defend VexCav.

We present next a very �rst result in this direction � not only is it extremely partial, but

chie�y it involves the additional restriction of statistically perfect monitoring of player II by
player I. But it will su�ce for our applications in ch. IX.

a. Consider a game with statistically perfect monitoring of player II by player I. Describe
the initial information of the players in the following way:

� the space of types of player II is a measurable space (J;J ).
� the space of types of player I is a measurable space (I;I ) together with a transition

probability � ( = �i(k; dj)) from (I;I ) to (J;J )�K, and an initial probability measure

 on (I;I ).

Let as usually � cf. remark 3.16 p. 297 � H = fh : RK
+ ! R j h is convex, positively homo-

geneous of degree 1, h|∆(K) has Lipschitz constant C and is � C,
R
∆(K)h(�)�(d�) � u(�) 8� 2

�(�(K)) g, and (theorem 3.13) T be the set of transition probabilities t from (J;J ) to H.

Given t 2 T, let zt(�) =
R
Hh

h�R
J t(dhjj)�(k; dj)

�
k∈K

i
8� 2 �(K � J).

(1) � player II's strategy induced by t guarantee that type i's pay-o� is � zt(�i)
� zt(�i) is measurable on (I;I ), and convex in �.

(2) Assume that the measures �i (i 2 I) are dominated � i.e. 9� 2 �(J) such that 8i 2 I,
�i is absolutely continuous w.r.t. �. Then 8L Banach limit, 8�0 strategy of player II,
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9t 2 T s.t.

8� 2 �(I) sup
σ
LEλ

σ,τ0(gm) �
Z
zt(�i)�(di):

Hint. The �rst point of 1 is as in the text; measurability is standard [observe �rst that i  →∫
J
t(dh|j)θi(k, dj) is a transition probability from (I,I ) to K×H, hence a measurable map to ∆(K×H)

(9.e), and use the lower-semi-continuity of φ in IIIEx.4 p. 142]. Similarly convexity follows from that of

φ.
As for point 2: let Fσ(λ) = LEλσ,τ0(gm), F (λ) = supσ Fσ(λ); clearly Fσ is a�ne, so F is convex.

There is no loss to assume J separable, by reducing it �rst to the σ-�eld generated by τ0. Fix then an

increasing sequence of measurable partitions Πn that generates J . For any Π, de�ne ΓΠ as the same

game, but where player II's σ-�eld J is reduced to JΠ, the (�nite) σ-�eld spanned by Π. Viewing τ0
as a transition probability from (J,J ) to the pure strategy space in Γ∞, de�ne also τΠ

0 , the strategy in

ΓΠ corresponding to τ0 in Γ, as Eθ(τ0(j) | J Π). Let �nally Fnσ and Fn be the functions corresponding to

Fσ and to F in ΓΠn with τΠn
0 .

Observe that, since J Πn ⊆ J , τΠn
0 is also a strategy in Γ; and clearly, for all λ, σ and m, Eλ

σ,τΠn
0

(gm)

is the same, say Fnσ,m(λ), whether computed in Γ or in ΓΠn.

• Let fnk (i, j) =
∑
B∈Πn

1B(j)θi(B × k)/θ(B × k), and fk = lim infm→∞ fnk . f
n and f are meas-

urable on I × J , and by the martingale convergence theorem fn converges to f a.e. and in L1

under θ(dj)λ(di), ∀λ. And f is a Radon-Nikodym density of θi(k, dj)λ(di) w.r.t. θ(dj)λ(di).
Now, since |gm| ≤ C uniformly, computation in Γ shows that∣∣Fnσ,m(λ)− Fσ,m(λ)

∣∣ ≤ C

∫ ∑
k
|fnk (i, j)− fk(i, j)| θ(dj)λ(di) def= CGn(λ) ,

with Gn(λ) converging to zero as seen above. Hence |Fnσ (λ)− Fσ(λ)| ≤ CGn(λ), and thus also

(9) Fn(λ) → F (λ)

• Observe that ΓΠ is a game with a �nite set of types for player II, hence theorem 3.13 is applic-

able. Denote by π(λ) the image measure of λ an ∆(K × Π); since τΠ
0 is still a strategy in the

�semi-canonical� game of theorem 3.13, FΠ(λ) is a function ϕ of π(λ). De�ne ϕ as +∞ outside

the range of the map π. By point 7, we have ϕ ≥ VexCav on ∆(∆(K ×Π)), and the convexity

of ϕ follows immediately from that of FΠ and from the linearity of λ  → π(λ). Hence by point

6 there exists ∀n tn ∈ T (JΠn-measurable) such that

(10)

∫
ztn(θni )λ(di) ≤ Fn(λ) ∀λ

where θni = fnk (i, j)θ(dj).
• T is compact metric since H is so and J is separable (II.1Ex.17c p. 76). Extract

thus if necessary a subsequence such that tn converges, say to t. Consider now Pni =∫
J
tn(dh|j) fnk (i, j) θ(dj) ∈ ∆(K × H). Since fn converges in L1 to f and tn converges weak�

to t, we get that Pni converges weakly to Pi for all i. So, by IIIEx.4 p. 142 � using the func-

tion f(h, p) = h(p) �, lim infn→∞
∫
H
h
[{∫

J
Pni (k, dh)

}
k∈K

]
≥ ∫

H
h
[{∫

J
Pi(k, dh)

}
k∈K

]
, i.e.

lim infn→∞ ztn(θni ) ≥ zt(θi). Hence, by Fatou's lemma, (9) and (10) yield the result.

b. Particular cases.

i. Cf. remark 3.17 p. 298.

ii. If player I's information includes the knowledge of the true state of nature (as in

ex.VIEx.8), then his posteriors are, whatever t is used, concentrated on the true state, so only

the values of h at the vertices of �(K) matter. Thus any h can be taken a�ne (replaced by its

concavi�cation). Further randomising over di�erent h's serves no purpose, since the posteriors

are not a�ected: one can as well use the average h. So in this case, a �strategy� t of player II is
simply a measurable map from (J;J ) to fh 2 RK j 8p 2 �(K); hh; pi � u(�) 8� 2 �(�(K))
with � = p g.

[In case there is statistically perfect monitoring on both sides (cf. VIEx.12bi above), this last

condition clearly reduces to: hh; pi � u(p) 8p 2 �(K).]
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iii. Observe how the case sub VIEx.12bii above a direct generalisation yields of the ap-

proachability results in ch.V.





CHAPTER VII

Stochastic Games

A stochastic game is a repeated game where the players are at each stage informed of

the current state and the previous moves. According to the general model of ch. IV, this

means that the signal transmitted to each player i according to the transition probability

Q includes the new state and the previous moves. It follows that the game is equivalently

described by the action sets Si
, i 2 I, the state space K, a transition probability P from

S �K to K and a pay-o� mapping g from S �K to RI
.

1. Discounted case

It appears that in this framework our �niteness assumptions are not really used and

that we can work with the following more general setup:

� the state space is a measurable space (Ω,A );
� the action space of player i is a measurable space (Si,S i) (with S =

Q
iS

i
);

� P is a transition probability from Ω � S to Ω, hence for A in A , P (A j ω, s)
is the probability that tomorrow's state belongs to A given today's state ω and

actions s.

A strategy for a player is again a transition probability from histories of the form

(ω1, s1, . . . , sn−1, ωn) to actions. A Markov strategy depends only, at stage n, on the

current state ωn. A stationary strategy is one which is a stationary (i.e. time invariant)

function of the in�nite past � accompanied by a �ctitious history before time zero. To

force the in�uence of the far-away past to vanish, one may in addition impose the function

to be continuous, say in the product topology.

The main tool when dealing with the discounted case is the following class of one-

shot games: Given a vector f(= (f i)i∈I) of bounded real-valued measurable functions

on (Ω,A ), de�ne the single stage game Γ(f)ω, ω 2 Ω, with action sets Si
and (vector)

pay-o�:

φ(f)ω(s) = g(ω, s) +

Z
f(ω̃)P (dω̃ j ω, s).

1.a. Zero-sum case. Here the basic technique for establishing the existence of a

value is based on the �contraction mapping principle�:

Lemma 1.1. Let (E, d) be a complete metric space, ε > 0 and f : E ! E such that
d(f(x), f(y)) � (1� ε)d(x, y) for all (x, y). Then f has a unique �xed point x̄ 2 E, and
for any x 2 E, the sequence fn(x) converges to x̄.

Proof. d(fn+1(x), fn(x)) � (1 � ε)d(fn(x), fn−1(x)), hence by induction d(fn+1(x),
fn(x)) � (1� ε)nd(f(x), x), thus by the triangle inequality

d
�
fn+k(x), fn(x)

�
�
�X∞

i=n
(1� ε)i

�
d
�
f(x), x

�
=

(1� ε)n
ε

d
�
f(x), x

�
:

since the right hand member goes to zero with n, the sequence fn(x) is a Cauchy sequence,
hence convergent (completeness), say to x̄. But d(fn+1(y), f(x̄)) � (1 � ε)d(fn(y), x̄),

327
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hence going to the limit yields d(ȳ, f(x̄)) � (1 � ε)d(ȳ, x̄): setting y = x, hence ȳ = x̄
yields d(x̄, f(x̄)) = 0: x̄ is a �xed point; setting then y = ȳ to be any other �xed point

yields d(ȳ, x̄) � (1� ε)d(ȳ, x̄), hence ȳ = x̄ : x̄ is the unique �xed point. �

The idea about the use of the contraction principle in proving the existence of a value

of Γλ is that any uncertainty about tomorrow's pay-o� is reduced by a factor of (1�λ), λ
being the discount factor, when evaluated in today's terms. So if one can solve �today's�

game for any given pay-o�s for the future, one will get a contraction mapping.

The basic requirement is thus that �today's game� has a value for any choice of a

�pay-o� for the future� in an appropriate complete metric space � and yields a pay-o�

in the same metric space. So that for any given f in (B, d), a complete metric space of

bounded measurable functions on (Ω,A ), with d the uniform distance, our aim is to show

that (with the notation of subsection 3.b p. 157):

(1) For each ω in Ω the game Γ(f)ω has a value, say Ψ(f)(ω).
(2) Ψ(f) belongs to B.
(3) The games Γ(f) have ε-optimal strategies (i.e., strategies that are ε-optimal for

any ω 2 Ω).

Lemma 1.2. Assume that the distance on B is d(f1, f2) = supΩ jf1(ω)� f2(ω)j, then
under 1 and 2, there exists a solution Vλ 2 B of f = Ψ[(1� λ)f ].

Proof. Ψ maps B into B and is clearly monotone. Since Ψ(f + c) = c + Ψ(f) for
any constant function c, we have:

d(Ψ(f1),Ψ(f2)) � d(f1, f2).
Thus f 7! Ψ[(1� λ)f ] satis�es lemma 1.1. �

Lemma 1.3. Under 1, 2 and 3 Γλ has a value λVλ. If µ is an ε-optimal strategy in
Γ((1� λ)Vλ), then the corresponding stationary strategy µ is ε-optimal in Γλ.

Proof. For any f in B and any strategies σ and τ in Γλ,

Eσ,τ

�X
m≤n

(1� λ)m−1gm + (1� λ)nf(ωn+1)
�

converges (uniformly) to γλ(σ, τ)
Æ
λ as n goes to 1.

Conditionally to Hm (generated by (ω1, s1, . . . , sm−1, ωm)) one has, by the de�nition

of µ:
Eµ,τ

�
gm + (1� λ)(Vλ(ωm+1)� δ)

��Hm

�
� Vλ(ωm)� ε� (1� λ)δ.

So that taking δ = ε/λ one obtains

Eµ,τ

�X
m≤n

(1� λ)m−1gm + (1� λ)n
�
Vλ(ωn+1)�

ε

λ

��
� Vλ�

ε

λ

hence γλ(µ, τ) � λVλ� ε. �

Remark 1.1. Using similarly Vn for the non-normalised value nvn of Γn, one obtains

in the same way Vn+1 = Ψ(Vn), with V0 = 0.

Two typical illustrations follow � just to illustrate the method; they do not strive for

the utmost generality (cf. e.g. ex. VIIEx.18 for the �right� form of the next).

Proposition 1.4. The state space is a standard Borel (cf. App.6 p. 426) space (Ω,A ),
the action sets are compact metric spaces S and T , the pay-o� function g(ω, s, t) and the
transition probability P (A j ω, s, t) are, for each given A 2 A , measurable on (Ω�S�T )
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and are, for �xed ω, separately continuous in s and in t. Further g is bounded. Then the
discounted game has a value and A -measurable optimal stationary Markov strategies.

Proof. Consider the Banach space B of bounded measurable functions on (Ω,A ).
For f 2 B (representing the future (non-normalised) pay-o�), today's pay-o� is:

h(ω, s, t) = φ((1 � λ)f)ω(s, t). The assumptions guarantee that this is, like g, meas-

urable on Ω � S � T and, for each ω, separately continuous in s and t. We know from

theorem 2.6 p. 17 that, for each ω, such a game has a value V (ω). Clearly φ((1� λ)f) is
bounded, hence V also. There remains to show measurability of V .

For µ in ∆(S), let H(ω, µ, t) =
R
h(ω, s, t)µ(ds): measurability of H is easy and well

known (e.g., just approximate the integrand by a linear combination of indicator func-

tions of sets A � X � Y , with A 2 A , and X 2 S , Y 2 T ), its linearity and (weak)

continuity in µ is obvious, and the continuity in t follows immediately from Lebesgue's

bounded convergence theorem. Hence F (ω, µ) = mintH(ω, µ, t) is measurable (because

by continuity it is su�cient to take the in�mum over a countable dense set), and upper

semi-continuous and concave in µ. Similarly for ν in ∆(T ), we have a lower semi-con-

tinuous, convex measurable function G(ω, ν) de�ned by G(ω, ν) = maxs
R
h(ω, s, t)ν(dt).

Hence the graph f (ω, µ, ν) j F (ω, µ) � G(ω, ν) g is measurable and has, for each ω, com-

pact non-empty values � the corresponding optimal strategy pairs. Such a graph has a

measurable selection (7.i p. 427 and 8.b p. 428) yielding thus measurable optimal strategy

selections (µω, νω), and also the measurability of V (ω) = F (ω, µω) (by composition).

The result follows now from lemma 1.3. �

In the next proposition, we relax the very strong continuity assumption on the trans-

ition probabilities as a function of the actions, at the expense of stronger assumptions on

the dependence on the state:

Proposition 1.5. Assume the state space Ω is metrisable and the action sets S and
T are compact metric, and that g(ω, s, t) and

R
f(ω̃)P (ω̃ j ω, s, t) are, for each bounded

continuous f , continuous on Ω � S for �xed t and on Ω � T for �xed s. Further g is
bounded. Then the discounted game has a value (which is continuous as a function of the
initial state) and Borel-measurable optimal stationary Markov strategies.

Proof. We show that, under those assumptions, we get a contracting operator on

the space B of bounded continuous functions on Ω. We use the notation of the previous

proof. h is separately continuous in (ω, s) and (ω, t). Hence V (ω) exists. It follows that
H is continuous in (ω, t) (Lebesgue's dominated convergence theorem as before). Hence

F (ω, µ) is, for �xed µ, continuous in ω (continuity of H(�, µ, �) and compactness of T ).
Hence V (ω) = supµF (ω, µ) is lower semi-continuous. Dually V is upper semi-continuous,

hence continuous, i.e., V 2 B: we have our contracting operator; the rest of the proof

is like in prop. 1.4, using this time that the optimal strategy correspondence is upper

semi-continuous. �

Comment 1.2. In some sense prop. 1.5 is much better than prop. 1.4: at least, if one

were to strengthen the separate continuity property in prop. 1.4 to a joint continuity prop-

erty, one could immediately construct a separable metrisable topology on Ω such that the

assumptions of prop. 1.5 would also hold (with joint continuity). So prop. 1.5 �essentially�

includes proposition 1.4; but it allows complete �exibility in the transitions � e.g.: next

state is a continuous function of current state and actions �, while in proposition 1.4

one is for example constrained to a dominated set of probabilities when a player's action

varies.
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1.b. Non-zero-sum case (Finite). We assume here again that the basic spaces (S
and Ω) are �nite. Recall that a subgame perfect equilibrium is an I-tuple σ such that

after any history h, h = (ω1, s1, . . . , ωn, sn), σh is an equilibrium in Γλ, where σh is de�ned
on h′ = (ω′

1, s
′
1, . . . , ω

′
m) by σh(h

′) = σ(ω1, s1, . . . , ωn, sn, ω
′
1, s

′
1, . . . , ω

′
m).

Lemma 1.6. Assume that x = (x(� j ω))ω∈Ω with x(� j ω) 2 X(=
Q

i∆(Si)) form, for
each ω, a Nash equilibrium of Γ((1 � λ)f)ω with pay-o� f(ω); then the corresponding
stationary strategies x de�ne a subgame perfect equilibrium of Γλ with pay-o� λf .

Proof. As in lemma 1.3 p. 328, for any σ and bounded h, Eσ(
P

m≤n(1� λ)m−1gm +

(1� λ)nh(ωn+1)) converges to γλ(σ)
Æ
λ. By the de�nition of x one has:

Ex(gm + (1� λ)f(ωm+1) jHm) = f(ωm)

hence γλ(x) = λf . Similarly after each history the future pay-o� in Γλ if x is used is λf .
Hence if σ′(h) say, is a pro�table one-stage deviation at h, against x, then the corres-

ponding �rst component is a pro�table deviation, against x, in the one-shot game with

pay-o� λφ((1 � λ)f), a contradiction since x is a Nash equilibrium of Γ((1 � λ)f). The

result now follows from the fact that σ is a subgame perfect equilibrium in Γλ i� there is

no pro�table one-stage deviation, after any history (ex. IV.4Ex.4 p. 172). �

Proposition 1.7. The discounted game Γλ has a subgame perfect equilibrium in
stationary Markov strategies.

Proof. De�ne a correspondence ψ from XΩ� [�C,C]I×Ω = Z to itself by: ψ(x, f) =
f (y, h) 2 Z j for each i and each ω, yi(� j ω) is a best reply against x in Γ((1 � λ)f)ω,
yielding pay-o� hi(ω) to player i g. ψ is clearly u.s.c. and convex compact valued hence

Kakutani's �xed point theorem (Kakutani, 1941) (e.g., proof of theorem 4.1 p. 39) leads

to the existence of �xed points. Now lemma 1.6 applies. �

Comment 1.3. The proof of prop. 1.7 extends clearly to more general setups, e.g.

immediately to the case of compact action sets, with pay-o�s and transitions depending

continuously on the vector of actions.

1.c. Non-zero-sum case (General). In fact, one can similarly get the existence of

subgame perfect equilibria (i.e. measurable strategies that form, for every initial state ω, a
subgame perfect equilibrium), even under assumptions hardly stronger than in prop. 1.4:

� The restriction to a standard Borel space (Ω,A ) is super�uous; an arbitrary

measurable space will do.

� One can also allow for compact action sets Si(ω) that vary measurably with ω,

in the following sense: Si(ω) � Si
, (S

i
,S i) is a separable and separating measur-

able space, each subset Si(ω) is endowed with some compact topology, the σ-�eld
S i

is generated by the real valued measurable functions that have a continuous

restriction to each set Si(ω), and fω j Si(ω) \ O 6= ; g is measurable for each

O 2 S i
whose trace on each set Si(ω) is open.

� The uniformly bounded pay-o� functions gi(ω, s) and the transition probability

P (A j ω, s) are measurable (for each A 2 A ) on the graph of S(ω) =
Q

iS
i(ω);

and, for each ω 2 Ω, gi(ω, s) and P (� j ω, s) are continuous functions on S(ω) �
in the norm topology for P , i.e. sn ! s implies supA jP (A j ω, sn)� P (A j ω, s)j
converges to zero.
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The basic idea of the proof is somewhat reminiscent of what we did in the zero-sum

case, i.e., start with a �large�, compact valued measurable correspondence from state space

to pay-o� space, K0 � e.g. the set of all feasible pay-o�s. Given a measurable map to

compact valued subsets K, de�ne [Ψ(K)]ω as the set of all Nash equilibrium pay-o�s for

the uniform closure of all games Γ((1�λ)f)ω, letting f vary through all measurable selec-

tions from K. Prove that Ψ(K) is measurable map to compact subsets. Get in this way

inductively a decreasing sequence of measurable maps to compact subsets Kn = Ψn(K0),
with K =

T
nKn: K is then also measurable; further Kn+1 = Ψ(Kn) goes to the limit and

yields K = Ψ(K). Observe that, at each point s 2 S(ω), the set of pay-o�s Γ((1�λ)f)ω,s

is already closed, when f varies through all measurable selections from K. Thus one can

choose, �rst for each (ω, p) 2 K, a continuous pay-o� function γω,p(s) on S(ω) which is

a uniform limit of functions Γ[(1 � λ)f ]ω,s (f measurable selection from K), and a Nash

equilibrium σω,p of γω,p with pay-o� p; next for each s 2 S(ω), a measurable selection

fω,p,s from K with Γ[(1� λ)fω,p,s]ω,s = γω,p(s). Doing all this in a measurable way yields

a strategy: if next state is ω̃, just repeat the same thing with fω,p,s(ω̃) instead of p.
One can see the close analogy with the previous method � only in the zero-sum case

the contracting aspect � i.e., the minmax theorem � insured that the correspondences

Kn would decrease at a rate (1� λ), hence converge to a single point.

The proof is however technically more heavy; so we refer the reader to (Mertens and

Parthasarathy, 1987) for it. There he will also �nd how the above assumptions can be

further relaxed � e.g. the functions gi do not need to be uniformly bounded, and the

discount factor can be allowed to depend a.o. on the player, on the stage, and on the past

sequence of states.

In fact, a much simpler proof (one page) is possible under the following additional

assumptions (Mertens and Parthasarathy, 1991):

� the state space (Ω,A ) is separable;
� the action sets Si(ω) are �nite and independent of ω;
� the transition probabilities are dominated by a single measure µ on (Ω,A );
� the pay-o� function is bounded, and a �xed discount rate is used.

In the general case, the strategies obtained are neither Markov nor stationary � they

only have the very weak stationarity property that strategies are stationary functions of

the current state and the currently expected pay-o� vector for the future (the �current

expectations�). In the particular case above, one obtains somewhat closer to Markov: the

behavioural strategies can be chosen such as to be a function only of the current and the

previous state. And if in addition the transition probability is nonatomic, one can further

obtain (cf. Mertens and Parthasarathy, 1991) stationarity: the function is the same at

every period. We give the proof, since it is so simple and contains in germ already several

ideas of the general case:

Theorem 1.8. Under the above assumptions, there exists a subgame perfect station-
ary equilibrium.

Proof. Let
��gi(ω, s)�� � c, and F0 = f f 2 [L∞(µ)]I j kfik∞ � c 8i 2 I g. For

f 2 F0, let Nf(ω) = fNash equilibrium pay-o�s of Gf,ω = Γ((1 � λ)f)ω g. ; 6= Nf(ω) �
[�c/λ, c/λ]I. Denote by Nf the set of all µ-measurable selections from the convex hull

of Nf(ω). Note that Nf 6= ; using a selection theorem (App.7 p. 427). Observe also the

correspondence f 7! Nf from F0 to itself is convex valued, and weak
�
-upper semi-continu-

ous: if fn
w∗
!f , then Gfn,ω ! Gf,ω point-wise, so lim supNfn(ω) � Nf(ω). Thus if ϕn 2 Nfn
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converges weak
�
to ϕ, then ϕ is the a.e. limit of a sequence of convex combinations of the

ϕn, hence ϕ 2 Nf. It follows then from Fan's �xed point theorem (Fan, 1952) that N

has a �xed point: f0 2 Nf0
. I.e. (Lyapunov)

R
f0(ω̃)P (dω̃ j ω, s) is a measurable selection

from the graph of (ω, s) 7!
R
Nf0

(ω̃)P (dω̃ j ω, s). And ω 7! Nf0
(ω) is a measurable map

to compact subsets of RI
as the composition of the measurable map ω 7! Gf0,ω with the

equilibrium correspondence, which is by upper semi-continuity a Borel map from games to

compact sets. By the measurable choice theorem in (Mertens, 1987a), it follows thus that

there exists a measurable selection ψ(ω, ω̃) 2 Nf0
(ω̃) such that Gf0(·),ω = Gψ(ω,·),ω. Denote

by σ(p,G) a Borel selection of an equilibrium with pay-o� p of the game G. The station-
ary equilibrium is now to play σ[ψ(ω, ω̃), Gf0,ω̃] at state ω̃, denoting by ω the previous

state. �

Comment 1.4. Observe that all the trouble w.r.t. the Markovian character of the

strategies stems from the nonatomic part of the transitions: under the same assump-

tions as in the general case above, if one assumes the transition probabilities to be purely

atomic, one obtains immediately the existence of subgame perfect equilibria in stationary

Markov strategies � e.g. by going to the limit with the result of the remark after prop. 1.7,

following an ultra�lter on the increasing net of all �nite subsets of Ω. [To truncate the

game to a �nite subset, add e.g. an absorbing state with pay-o� zero, which replaces the

complement of this �nite subset. The argument assumes A is the class of all subsets; if

A was separable, one can always replace it by the class of all subsets on the correspon-

ding quotient space while preserving all assumptions; and it is shown in (Mertens and

Parthasarathy, 1987) how to reduce the general problem to the case where A is separable.

Measurability of the strategies is anyway almost immaterial here, since the assumptions

imply that, for any initial state, only countably many states are reachable.]

Comment 1.5. The above remark is well illustrated by the previous proof: one has

to convexify the set of Nash equilibrium pay-o�s, because a weak
�
-limit belongs point-

wise only to the convex hull of the point-wise limits (it is not because of the �xed point

argument, which is not used in the other proofs). So f0(ω) is only a convex combination

of equilibrium pay-o�s of Gf0,ω � and one will play equilibria. So one must select the

equilibria, as a function of tomorrow's state ω̃, such as to give today the same game Gf0,ω.

This uses basically a measurable version of Lyapunov's theorem, because (�niteness of

action sets), at ω only �nitely many measures on ω̃ have to be considered. But it is

clear that the solution to such a problem depends on the vector measure, i.e. on ω: the
equilibrium played tomorrow at ω̃ will depend on ω.

Comment 1.6. To illustrate this in still another way, under the same assumptions,

there exist stationary Markov sunspot equilibria (extensive form correlated equilibria (cf.

3.b p. 90) with public signals): if one convexi�es the set of Nash equilibria, there is no

problem, cf. ex. VIIEx.11 p. 348.

1.c.0.i. The assumption of norm-continuity of the transitions as a function of the ac-

tions is quite strong. Typically, one needs some form of noise in the model to assure it.

The best behaved model where it is not satis�ed, and where existence of equilibria is not

known, is the following. Take as action sets for each player the one point compacti�cation

of the integers, and take the Cantor set as state space. Assume the reward function, and

the probability for each Borel subset of the state space, are jointly continuous in state and

actions, and use standard discounting. (And assume even further that the transitions are

nonatomic to �x ideas � they are then all dominated by a �xed non-atomic probability).
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2. Asymptotic analysis, �nite case: the algebraic aspect

As seen above, we �nd the stationary Markov equilibria looking for �xed points V of

the operator Ψ of the previous paragraph, i.e., solutions of V = Ψ((1� λ)V ) (lemma 1.2

p. 328) or f Nash equilibrium pay-o� in Γ((1� λ)f) (lemma 1.6 p. 330).

When state and action sets are �nite, this becomes a system of �nitely many polyno-

mial equations and inequalities in �nitely many variables as de�ned by the correspondence

ψ (prop. 1.7 p. 330). The system is also polynomial (a�ne) in λ.
We have thus shown:

Proposition 2.1. The set E = f (λ; g1, σ1; g2, σ2; . . . ) j 0 < λ � 1, the σi form a
stationary Markov equilibrium with pay-o� vector gi for the λ-discounted game } is, for
each �xed λ, compact and non-empty and is semi-algebraic (i.e., the set of solutions of a
system of polynomial equations and inequalities).

Moreover one has:

Lemma 2.2. Any set as in prop. 2.1 contains a subset with the same properties con-
sisting of a singleton, for each �xed λ (i.e., the equilibrium is a semi-algebraic function of
λ).

Proof. Denote by C the given set as a subset of some Euclidian space Rk
. Let

C0 = f (λ, x) 2 C j d(x, 0) is minimal g, and C� = f (λ, x) 2 C�−1 j d(x, e�) is minimal g for
1 � * � k, where the e� are the basis vectors of Rk

, and d is the Euclidian distance. If

both (λ, x) and (λ, y) belong to Ck, x and y have the same distance to zero and to all basis

vectors, hence x = y. Since clearly C� is non-empty and compact for each λ (induction),

Ck is indeed the graph of a function. Also the semi-algebraicity of C� follows by induction

� using 3.4 p. 27 �

Theorem 2.3. For any (�nite) stochastic game, there exist λ0 > 0, a positive integer
M , and Puiseux series expansions (g denotes the normalised pay-o�):

giω(λ) =
X

k≥0
hi,ωk λ

k/M

and σi
ω(s)(λ) =

X
k≥0
αi,ω,s

k λk/M, 8i 2 I, 8s 2 Si,

such that, for all λ 2]0, λ0], the σi(λ) form a stationary Markov equilibrium, with pay-o�
vector g(λ), of the λ-discounted game. (And those functions σi(λ), g(λ) are semi-algebraic
on [0, λ0].)

Proof. Apply lemma 2.2 to select a semi-algebraic function (g(λ), σ(λ)) from the

graph E of stationary Markov equilibria. Each coordinate of this function is then a real

valued semi-algebraic function on ]0, 1] (projection): such functions f(λ) have a Puiseux-
series expansion (Ahlfors, 1953) in the neighbourhood of zero � i.e.,f(λ) =

P
k≥k0

ϕkλ
k/M

for some k0 2 Z, M 2 N n f0g, such that the series is absolutely convergent to f(λ) on
some interval ]0, λ0] (λ0 > 0). Now each of our coordinates f(λ) is bounded, (remember we

use normalised pay-o�s), hence one has k0 � 0 � thus we can set ϕk = 0 for 0 � k < k0,
and use k0 = 0.

Replace now all di�erent M 's by their least common multiple over the di�erent co-

ordinates, and replace the di�erent λ0's by their minimum, to obtain the result. �

Corollary 2.4. For such a solution and any λ1 < λ0, k(dg/dλ, dσ/dλ)k �
Aλ−(M−1)/M for some A > 0 and any λ � λ1.
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Proof. Such an absolutely convergent series can be di�erentiated term by term in

the interior of its radius of convergence. �

Comment 2.1. Every value of M in the above results can indeed occur: cf.

ex. VIIEx.3.

3. ε-optimal strategies in the undiscounted game

3.a. The Theorem. We consider here two-person zero-sum games. No �niteness

conditions or other are imposed, but we assume the pay-o�s to be uniformly bounded,

and the values vλ(ω) of the discounted games to exist. We will exhibit su�cient condi-

tions for the existence of strategies that guarantee in a strong sense (cf. 1.c p. 149) some

function v∞ (ω) (up to ε). The theorem does not require the moves to be announced,

only the pay-o�s.

Theorem 3.1. Assume a stochastic game where:

(1) pay-o�s are uniformly bounded;
(2) the values vλ(ω) of the λ-discounted games exist, as well as ε-optimal strategies

in the sense of 3 p. 328;
(3) 8α < 1 there exists a sequence λi (0 < λi � 1) such that, denoting by k�k

the supremum norm over the state space: λi+1 � αλi, limi→∞λi = 0 andP
i

vλi
� vλi+1

 < +1.

Then the game has a value v∞. More precisely, 8ε > 0, 9σε, 9N0 such that:

8n � N0, 8ω 2 Ω, 8τ,Eω
σετ(ḡn) � v∞(ω)� ε and Eω

σετ lim inf
n→∞

(ḡn) � v∞(ω)� ε

and dually for player II.

Proof. Denote by A four times the largest absolute value of the pay-o�s, and let

w.l.o.g. 0 < ε � A, δ = ε/(12A).
Take two functions L(s) and λ(s) of a real variable s, such that 0 < λ(s) � 1 and

L(s) > 0. Assume 9M > 0, such that, for s �M , jθj � A and every ω

jv(ω, λ(s))� v∞(ω)j � δA(1)

AL(s) � δs(2)

jλ(s+ θL(s))� λ(s)j � δλ(s)(3)

jv(ω, λ(s+ θL(s)))� v(ω, λ(s))j � δAL(s)λ(s)(4) Z ∞

M

λ(s) ds � δA(5)

λ is strictly decreasing and L is integer valued.(6)

Call the above set of conditions H(L, λ,A, δ).

3.b. Proof of the theorem under H(L, λ,A, δ). De�ne now inductively, using gi
and ωi for pay-o� and state at stage i (i = 1, 2, . . .), starting with s0 �M :

λk = λ(sk), Lk = L(sk), B0 = 1, Bk+1 = Bk + Lk

sk+1 = max[M, sk +
X

Bk≤i<Bk+1

(gi� v∞(ωBk+1
) + ε/2)].

Observe that

(7) jsk+1� skj � ALk
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and that, by (5) and (6), lims→∞ sλ(s) = 0, hence by (2) lims→∞λ(s)L(s) = 0, hence

(8) λ(s)L(s) � δ for s �M by choosing M su�ciently large.

Let also *k = v(ωBk
, λk), *̃k = v(ωBk+1

, λk), and note that by (4):

(9)

���*̃k � *k+1��� � δALkλk.

Player I's strategy σ consists in playing for Bk � i < Bk+1 a (δALkλk)-optimal strategy

in the λk-discounted game. The following computations are for an arbitrary strategy τ of
player II and E stands for Eσ,τ.

Hence, denoting by Hk the σ-�eld of all past events at stage Bk, up to the choice of

ωBk
included,

*k � E
�
λk
X

0≤i<Lk

(1� λk)igBk+i + (1� λk)Lk*̃k
��Hk

�
+ δALkλk

or, as 1� λPi<L(1� λ)i = (1� λ)L,

E
�
*̃k � *k + λk

X
i<Lk

(1� λk)i(gBk+i� *̃k)
��Hk

�
� �δALkλk.

Using (9), 1� λL � (1� λ)i � 1 for i < L, (8) and (1) we get

E
�
*k+1� *k + λk

X
Bk≤i<Bk+1

�
gi� v∞(ωBk+1

)
� ��Hk

�
� �4δALkλk

and hence, since sk+1� sk �
P

Bk≤i<Bk+1

�
gi� v∞(ωBk+1

) + 6Aδ
�
,

E
�
*k+1� *k + λk(sk+1� sk)

��Hk

�
� 2δALkλk

Now, using (3) and (7),

λk(sk+1� sk)� δALkλk �
Z sk+1

sk

λ(s)ds = tk � tk+1

(letting tk =
R∞
sk
λ(x)dx � note that by (5), tk � δA). Thus E[Yk+1 jHk] � Yk + δALkλk,

for Yk = *k� tk � note that jYkj � A/2. Thus A � E(Yk� Y0) � δAE(
P

�<kL�λ�), hence,

by monotone convergence, E
�P

kLkλk
�
� 1/δ, so that

(10) E
�X

k
1sk=M

�
� 1

δλ(M)
.

Also Y is a bounded submartingale, hence converges a.e. to Y∞, and by the stopping

theorem E(YT) � Y0 = *0� t0 � *0� δA for any stopping time T (including 1).

Let k(i) denote the stopping time minf k j Bk > i g, k(1) =1; and let *̄i = v∞(ωBk(i)
).

It follows then using that (by (1)) *̄i � *k(i)� δA � Yk(i)� δA, that
(11) E(*̄i) � *̄0� 3δA for all i = 1, . . . ,1 (letting *̄∞ = lim inf

i→∞
*̄i).

The de�nition of sk yields

sk+1� sk �
X

Bk≤i<Bk+1

(gi� *̄i) + 6δALk + 1sk+1=MALk/2.

By (2) and (7), when sk+1 =M , ALk � δM/(1� δ); thus, by summing

sk � s0 �
X

i<Bk

(gi� *̄i) + 6δABk + δM
Xk

1
1s =M,
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hence Xn

1
gi � sk(n)� s0+

Xn

0
*̄i� 6δAn�A(Bk(n)� n)� δM

X∞
0
1sk=M.

But

Bk(n)� n � L(sk(n)−1) � A−1δsk(n)−1 � δ(A−1s0+ n)
(using a.o. (2)), henceXn

1
gi �

Xn

1
*̄i� 7Aδn� (1 + δ)s0� δM

X∞
1
1sk=M.

It follows now from (10) and (11) that, for all n,

E(ḡn) � *̄0� 10Aδ � K
n
, with K = 2s0+

M

λ(M)
,

and hence

E(ḡn) � v∞(ω)� ε for n = N0, N0+ 1, . . . ,+1, with N0 �
6K

ε
:

the strategy described is ε-optimal. �

Comment 3.1. Further, those ε-optimal strategies are still ε-optimal, in the same

sense, in any subgame, and they consist in playing in successive blocs k of length Lk

whichever (δALkλk)-optimal strategy in the modi�cation Γ(λk, Lk) of the λk discoun-

ted game where from stage Lk on, the pay-o� vλk
(ωLk

) is received forever. (One sees

immediately that only (δALkλk)-optimality in Γ(λk, Lk) was used in the proof under

H(L, λ,A, δ)). The subgame property follows from the fact that in every subgame one

uses � with the right proviso for the �rst bloc � a strategy (M, sn) of the same ε-optimal

type as (M, s0) of the full game.

Comment 3.2. We can already solve the �nite case. By cor. 2.4 p. 333, kdvλ/dλk is

an integrable function (in the neighbourhood of 0, but point 1 of the proposition below

implies it is bounded elsewhere), so the conditions H(L, λ,A, δ) immediately yield that

any functions L (integer valued) and λ (integrable) that satisfy δds/d jlnλj � kdvλ/dλk
(cf. (4)) and δds/d jlnλj � AL(s) (cf. (3)) will typically work [indeed, for su�ciently

smooth functions λ(s) (or s(λ)), e.g. for power functions, the last condition � (2) � will

typically follow from the others]. The cited corollary immediately yields a multitude of

such functions. One such particularly simple choice is to take λ(s) = 1
Æ
[s ln2 s]; L(s) = 1

(or any choice s.t. L(s)/s ! 0); this yields an extremely simple strategy working for all

�nite games � the only game-dependent parameter is the link between ε and M(ε).

3.c. End of the Proof. The theorem will now follow from the next:

Proposition 3.2. (1) Under assumptions (1) and (2) of the theorem, vλ
Æ
λ is

a Lipschitz function of 1
Æ
λ (with the maximum absolute value of pay-o�s C as

Lipschitz constant); in particular vλ is a Lipschitz function of lnλ.
In 2, 3 and 4 below, vλ is an arbitrary function with values in a metric space.

(2) If vλ is a Lipschitz function of ln(λ), then assumption (3) of theorem 3.1 is equi-
valent to assumption (c

∗
):

(c
∗
) 9λi : limλi = 0, limλi+1/λi = 1 = λ0,

X
i
d(vλi+1

, vλi
) < +1

(3) If vλ is a Lipschitz function of ln(λ), then assumption (c
∗
) implies the existence

of functions L and λ such that, for any A > 0 and δ > 0, H(L, λ,A, δ) holds.
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(4) Conversely, if for every δ > 0 there exists L and λ such that, for some A > 0,
H(L, λ,A, δ) holds, (where conditions (1), (2) and (6) can be deleted), then vλ
satis�es assumption 3 of the theorem.

Proof. 1) vλ
Æ
λ is the value of the game with pay-o� function

P∞
0 (1�λ)ixi (jxij < C).

Thus the pay-o� functions corresponding to vλ
Æ
λ and vµ

Æ
µ di�er by at most A

��1Æλ�1
Æ
µ
��.

Hence the conclusion. It is clear that this Lipschitz condition implies both the bounded-

ness of vλ and the Lipschitz character of vλ as a function of lnλ.
2) It su�ces to show that (3) ) (c

∗
). Add �rst �nitely many values αk

(k =
0, 1, 2, . . . k0) in the beginning of the sequence λi (with k0 = maxf j j αj > λ0 g): we

have now in addition λ0 = 1. Let now i0 = 0, ik+1 = minf i j λi < λik g, λ̃k = λik:

λ̃k+1 � αλ̃k is still true, and by the triangle inequality
Pvλ̃k+1

� vλ̃k

 <1: we now have

in addition that the sequence λi is strictly decreasing. Let thus, for n � 1, (xni )
∞
i=0 satisfy

xn0 = 1, 0 < ln(xni /x
n
i+n) � 2−n

, xni ! 0 and
P

i d(v(x
n
i+1), v(x

n
i )) < +1. Choose then

(an)
∞
n=1 such that a1 = 1, ln(aN/an+1) > 1, and

P
n,i1xni ≤and(v(x

n
i+1), v(x

n
i )) < +1. Let λi

be the enumeration in decreasing order of fxni j an+1 < xni � an, n � 1,i � 0 g: obviously
λ0 = 1, λi ! 0. To verify the other conditions on λi, let ān = minfxn−1i j xn−1i > an g,
an = maxfxni j xni � an g. As ln(ān

Æ
an) = ln(ān

Æ
an) + ln(an

Æ
an) � 2−n+1 + 2−n

,

λi+1
Æ
λi ! 1, and also d(v(ān), v(an)) � K(2−n+1 + 2−n) (Lipschitz property) which is

summable; thusX
i
d(v(λi+1), v(λi)) �

X∞
n=1

X
xni ≤an

d(v(xni+1), v(x
n
i )) +

X∞
n=1
d(v(ān), v(an)) < +1.

3) We will do a more general construction but of the same type as the one suggested in

remark 3.5 below. To see the ideas of the following proof in a more transparent framework

it may be useful to check this case �rst.

Let f(λ) =
P

λi≥λ d(v(λi), v(λi−1)), ∆[a, b] = f(a) � f(b), *i = ∆[yi+1n , yin] where yn =

n/(n+ 1), n � 1. Then
P+∞

−∞ *i �
P

k d(v(λk), v(λk−1)) < +1. Let also *i =
P

|j|≤2 *i+j,

gn(x) = 2n[1x≤1 + *iy−i
n ] for yi+1n < x � yin, and de�ne hn by linear interpolation from

the values hn(y
i
n) = n

P
j<i[gn(y

j+1
n ) + gn(y

j
n) + gn(y

j−1
n )]. Then gn � n on ]0,1] and hn is

continuous, decreasing, � ngn and integrable [e.g.
R∞
0
hn(x)dx �

P
ihn(y

i
n)(y

i−1
n � yin) =

n(y−1n � 1)
P

j<i y
i
n[gn(y

j+1
n ) + gn(y

j
n) + gn(y

j−1
n )] = n

P
j y

j
n[gn(y

j+1
n ) + gn(y

j
n) + gn(y

j−1
n )] �

3ny−1n

P
j y

j
ngn(y

j
n) = 6n(n + 1)[1/(1 � yn) +

P
i *i] < +1]. Further, for yi+1n < x � yin,

∆[xy2n, xy
−2
n ] � ∆[yi+3n , yi−2n ] � *i � yingn(x)/(2n) � xgn(x)/n. Moreover, by the linearity

on those intervals of gn(x) and hn(xy
k
n), hn(y

i+1
n ) = hn(y

i
n)+n[gn(y

i+1
n )+ gn(y

i
n)+ gn(y

i−1
n )]

implies that hn(x)+ngn(x) � hn(xyn) and hn(x)�ngn(x) � hn(xy−1n ). Choose (an)
∞
n=1 such

that
1
2 � an > an+1 > 0, inff λi/λi−1 j λi � 2an g � yn and

P
n

R an
0
hn(x)dx < +1. Set

hn(x) = hn(x)(2� x/an)+. Then h(x) =
P∞
1 hn(x) is continuous, decreasing (strictly on

]0, 2a1]) and integrable. Hence so is h
−1
(s) (s > 0). Let n(x) = #f n j an � x g, g0(x) = 1,

g(x) = gn(x)(x), y0 = 1/2; xi = xy
i
n(x): then g(x) � n(x) �!x→01, ∆[x2, x−2] � xg(x)/n(x),

and h(x) � h(x−1) � hn(x)(x) � hn(x)(x−1) � hn(x)(x) � hn(x)(xy−1n(x)) � n(x)gn(x)(x) =

n(x)g(x) � thus h(x)/g(x) � n(x) �!
x→0 1. Similarly h(x+1) � h(x) � n(x)g(x). Thus��h(z)� h(x)�� � n(x)g(x) implies x1 � z � x−1; so if further λi+1 � z � λi then

x2 � λi+1 < λi � x−2� because λi+1 � xy−1n(x) � an(x)y−1n(x) � 2an(x), so that λi+1/λi � yn(x)
(assume n(x) � 1). Therefore if λ(s) is the closest λi to x = h

−1
(s), and L(s) = g(x),
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N(s) = n(x), then λ(s+ θL(s)) 2 [x2, x−2] for jθj � N(s), hence

d[v(λ(s+ θL(s)), v(λ(s))] � ∆[x2, x−2] � 2λ(s)L(s)/N(s) ,

and ���ln λ(s+ θL(s))
λ(s)

��� � ln y−4N(s) �
4

N(s)
.

Further
L(s)

s
� g(x)
h(x)

� 1

N(s)
,

and s ! 1 ) x ! 0 ) N(s) = n(x) ! 1. So the above inequalities will give (4), (3)

and (2) respectively. Clearly λ is decreasing and integrable, and 0 < λ � 1, hence (5).

Perturb λ slightly such as to make it strictly decreasing (continuity of vλ), and replace L
by its integer part (recall L(s) � N(s) ! 1) hence (6). Condition (c

∗
) implies that the

sequence vλi
is a Cauchy sequence, hence convergent, say to v∞. By the choice of λ this

implies (1): H(L, λ,A, δ) obtains for all A > 0, δ > 0.
4) Let s0 = M , Li = AL(si), si+1 = si + Li, λ = λ(si). Then by (4)P

i kv(λi+1)� v(λi)k � δ
P

iλiLi = δ
P

iλi(si+1 � si) � δ(1 � δ)−1
P

i

R si+1

si
λ(s)ds < +1

(by (3) and (5)). Hence λi ! 0(Li � 0), and (by (3)) λi+1 � (1� δ)λi. �

Comment 3.3. Thus one can always use the same functions λ and L for any given

game i.e., independently of ε; taking also s0 = M yields then a family of ε-optimal stra-

tegies where only the parameterM changes with ε. (The arbitrary s0 was just needed for

the subgame property).

Comment 3.4. Condition (3) of the theorem is always satis�ed when vλ is of bounded
variation or when (for some function v∞) kvλ� v∞k

Æ
λ is integrable. Indeed, this means

the integrability of kvλ� v∞k as a function of lnλ; let then λi denote the minimiser of

kvλ� v∞k in [βi+1, βi] to satisfy condition (3).

Comment 3.5. When vλ is of bounded variation, a much simpler construction of L
and λ is possible than in the proposition: just set L = 1, ϕ(x) =

R x

0
kdvλk (i.e., the total

variation of vλ between 0 and x), s(λ) =
R 1
λ
x−1d

p
ϕ(x) + 1

Æp
λ, and λ(s) the inverse

function. (cf. ex. VIIEx.14 p. 350).

Comment 3.6. Under the assumptions of the theorem vλ converges uniformly to v∞:
recall that (c

∗
) implies the uniform convergence of vλi

to v∞, and the Lipschitz character of
vλ as function of lnλ implies that, for λi+1 � λ � λi, d(vλ, vλi

) � K ln(λi
Æ
λi+1)! 0. Thus

the conclusion, by point 2 of the proposition. In fact the statement itself of the theorem,

with N0 independent of the initial state, implies immediately the uniform convergence of

vn and of vλ.

Comment 3.7. The function λ(s) constructed in prop. 3.2 p. 336 was strictly decreas-

ing � thus with a continuous inverse s(λ) �, but cannot be made continuous. Indeed

the same proof shows that

Proposition 3.3. The following conditions on vλ are equivalent:

(1) For some A > 0 and δ (0 < δ < 1) there exist L and λ that satisfy H(L, λ,A, δ)
[without (1), (2) and (6)], where λ is continuous.

(2) There exist L and λ (continuous) that satisfy H(L, λ,A, δ) for any A > 0 and
δ > 0.

(3) 9(λi)∞i=0 : infiλi+1
Æ
λi > 0 = limiλi,

P
i∆[λi+1, λi] < +1.
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(4) 8(λi)∞i=0 : supiλi+1
Æ
λi < 1, λi > 0)

P
i∆[λi+1, λi] < +1.

Here ∆[λ, µ] = maxλ≤λ1≤λ2≤µ d(vλ1
, vλ2

).

Proof. Show, as in prop. 3.2, that 1 ) 3 ) 4 ) 2. In 3 ) 4, just note that the

sequence of 4 has only a bounded number of terms between two successive terms in the

sequence of 3. In 4 ) 2, work directly with the present function ∆, do not use the

sequence λi, and set λ(s) = h
−1
(s). �

Comment 3.8. Condition 3 or 4 are not implied by the Lipschitz property and (c
∗
).

3.d. Particular cases (�nite games, two-person-zero-sum).

3.d.1. When the stochastic game is a normalised form of a game with perfect in-

formation, then the games Γω((1 � λ)v)ω are also normal forms of games with perfect

information, hence have pure strategy solutions, which form a closed, semi-algebraic sub-

set of the set of all solutions: applying theorem 2.3 to those yields that, for some λ0 > 0,
there exists a pure strategy vector such that the corresponding stationary strategies are

optimal in the λ-discounted game for all λ � λ0. Such strategy vectors (pure or not) are

also called �uniformly discount optimal� (Blackwell, 1962).

Observe that the perfect-information case in particular the situation includes where

one player is a dummy � i.e., Markov decision processes or dynamic programming (cf.

sect. 5 p. 353).

3.d.2. Whenever there exist uniformly discount optimal strategies, the expansion of

vλ is in integer powers of λ: vλ is in fact a rational function of λ, being the solution of the

linear system vλ = λg + (1� λ)Pvλ, where g and P are the single stage expected pay-o�

and the transition probability generated by the strategy pair.

3.d.3. Whenever there exists a strategy σ in the one-shot game which is o(λ)-opti-
mal in Γ(λ, 1), then for each ε > 0, one ε-optimal strategy of the theorem will consist in

playing this all the time: the corresponding stationary strategy is optimal (in the strong

sense of the theorem) in the in�nite game. (Recall Remark 3.1 p. 336).

3.d.4. Since the value exists in such a strong sense, it follows in particular that the

pay-o� v(σ) guaranteed by a stationary Markov strategy σ is also completely unambigu-

ous � applying the theorem to the one-person case. Further, the preceding points imply

the existence of a pure, stationary Markov best reply, which is best for all λ � λ0, and
that vλ(σ) � v(σ)�Kλ. One checks similarly that vn(σ) � v(σ)�K/n. (cf. ex. VIIEx.6
p. 347).

It follows in particular that if both players have stationary Markov optimal strate-

gies in Γ∞, then kvλ� v∞k � Kλ, kvn� v∞k � K/n (and those strategies guarantee

such bounds) [and in particular kvλ� vλ(σ)k � K ′λ, so that the corresponding one-shot

strategies are O(λ)-optimal in Γ(λ, 1).]
3.d.5. It follows that 3.d.3 can be improved to: whenever there exists a stationary

Markov strategy σ which is o(1) optimal in Γ(λ) (i.e., kvλ(σ)� vλk ! 0 as λ! 0), then σ
is optimal in the in�nite game. This is an improvement because an easy induction yields

that the ε[1� (1� λ)L]-optimality of σ in Γ(λ, L) implies its ε[1� (1� λ)KL]-optimality

in Γ(λ,KL), hence its ε-optimality in Γ(λ).
3.d.6. Apply the above in the N -person case for each player, considering all others

together as nature: a stationary Markov strategy vector which is, 8ε > 0, an ε-equilibrium
of Γ(λ) for all su�ciently small λ, is also an equilibrium of Γ∞.

3.d.7. The perfect information case can always be rewritten (extending the state

space and adjusting the discount factor) as a stochastic game where in each state only
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one player moves. Actually the same conclusions go through (in the two-person case)

assuming only that, in each state, the transition probability depends only on one player's

action (�switching control� (Vrieze et al., 1983)): assume e.g. player I controls the trans-
itions at state ω; by theorem 2.3 p. 333, we can assume that the sets S0 and T0 of best
replies at ω for the stationary Markov equilibria (σλ, τλ) are independent of λ for λ � λ0.

The equilibrium condition of prop. 1.7 p. 330 takes then the following form at ω (σ
and τ being probabilities on S0 and T0):X

s
σλ,ω(s)[g

2
ω(s, t)� g2ω(s, t̃)] � 0 8t 2 T0, 8t̃

V 2λ,ω =
X

s
σλ,ω(s)[g

2
ω(s, t) + w

2
λ,ω(s)] for some t 2 T0

wλ,ω(s) = (1� λ)
X

ω̃
p(ω̃ j ω, s)Vλ,ω̃

V 1λ,ω =
X

t
τλ,ω(t)g

1
ω(s, t) + w

1
λ,ω(s) 8s 2 S0, with inequalities for s /2 S0.

The �rst set of inequalities describes a polyhedron of probabilities on S0, independent of
λ, with extreme points σ1ω . . . σ

k
ω. So σλ,ω =

Pk
i=1µ

λ
ω(i)σ

i
ω, with µ

λ
ω(i) � 0. The second

inequality takes then the form: V 2λ,ω =
Pk

i=1µ
λ
ω(i)[Gi(ω) + (1� λ)

P
ω̃ qi,ω(ω̃)V

2
λ,ω̃].

Hence, by semi-algebraicity again, there exist, for each ω, indices i0 and i1 such that

Gi0(ω)+(1�λ)
P

ω̃ qi0,ω(ω̃)V
2
λ,ω̃ � V 2λ,ω � Gi1(ω)+(1�λ)

P
ω̃ qi1,ω(ω̃)V

2
λ,ω̃ for all su�ciently

small λ � say λ � λ0. And conversely, for any solution v2λ of this pair of inequalities,

one obtains the corresponding σ, by a rational computation. Similarly, the last system

of inequalities, by eliminating τ , yields a system of linear inequalities in the variables

V 1λ,ω� (1� λ)
P

ω̃ p(ω̃ j ω, s)V 1λ,ω̃. Putting those inequalities together, for all states, yields

a system of linear inequalities in V 1λ and a similar system in V 2λ : those systems have a

solution for all λ � λ0, and any such solution can be extended by a rational computation

to a solution in σλ, τλ. Finally, since such a system of linear inequalities has only �nitely

many possible bases, and each such base is valid in a semi-algebraic subset of λ's � i.e., a

�nite union of intervals, one such basis is valid in a whole neighbourhood of zero: invert-

ing it, one obtains solutions V 1λ and V 2λ in the �eld K(λ) of rational fractions in λ, with
coe�cients in the �eld K generated by the data of the game: there exists a stationary

Markov equilibrium (σ, τ) in K(λ), for all λ � λ1, λ1 > 0. Further, the above describes a
�nite algorithm for computing it.

Now, observe there are two cases where we can in addition assume that σλ is inde-

pendent of λ � hence equal to its limit σ0 �:

(1) In the zero-sum case, since every extreme point σi
ω is a best reply of player I,

they all yield him the same expected pay-o�, and hence � zero-sum assumption

� also to player II: hence V 2λ,ω = Gi(ω)+(1�λ)
P

ω̃ qi,ω(ω̃)V
2
λ,ω̃ for all i, and thus

any weights µλi (ω) are satisfactory � in particular constant weights.

(2) If it is in all states the same player who controls the transitions, then varying µ
will only vary player II's expected pay-o�s � in all states �, and those do not

a�ect any other inequality in the system.

In each of those cases then, it is obvious that, if one were to replace in all states the passive

player's τ(λ) by its limit τ(0), which di�ers from it (rational fractions. . . ) by at most

Kλ, the expected pay-o�s, under whatever strategies σ of the controlling agents, would

vary by at most CKλ, where C is the maximum absolute value of all pay-o�s: indeed,

transitions are not a�ected at all, so the probability distribution on the sequence of states
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remains una�ected, and in every state, the current pay-o� varies by at most CKλ. Hence
by 3.d.6 above, (σ0, τ0) is a stationary Markov equilibrium of Γ∞.

So, in those two cases, the rational fraction solutions can be chosen constant in λ (�uni-
formly discount optimal�) for the controlling player, and are also solutions for λ = 0 �

in particular, our �nite algorithm computes rationally an equilibrium of the undiscounted

game.

4. The non-zero-sum two-person undiscounted case

Note �rst that there may be no uniform equilibrium, hence E∞ may be empty. In fact

already in the zero-sum case there exist no optimal strategies (cf. ex. VIIEx.4). Thus we

de�ne a set E0 of equilibrium-pay-o�s as
T

ε>0Eε where

Eε = f d 2 RI j 9σ, τ and N such that: 8n � N γin(σ, τ) � di� ε (i = 1, 2), and

8σ′, 8τ ′ γ1n(σ
′, τ) � d1+ ε, γ2n(σ, τ

′) � d2+ ε g.
Note that obviously E∞ � E0 and that they coincide for supergames (cf. 4 p. 162).

4.a. An example. At �rst sight sect. 2 and 3 may lead to the idea that a proof of

existence of equilibria in the undiscounted game could be obtained along the following

lines: by theorem 2.3 p. 333 choose a semi-algebraic, stationary Markov equilibrium σ(λ)
of the discounted game Γλ, for λ 2 (0, 1]. Prove then that the limit as λ goes to 0 of the

corresponding pay-o� belongs to E0 by constructing equilibrium strategies of the kind: at

stage n use σ(λn) where λn is some function of the past history hn.
We prove now that this conjecture is false by studying a game where E0 is non-empty

and disjoint from the set of equilibrium pay-o�s, Eλ, of any discounted game Γλ.

Definition 4.1. A stochastic game is called with absorbing states if all states

except one are absorbing: i.e., such that P (ω′;ω, s) = 0 if ω′ 6= ω.
Obviously we consider then only the game starting from the non-absorbing state, ω0

and the state changes at most once during a play (compare with recursive games (sect. 5

p. 175)).

The example is as follows: We consider a two-person game with absorbing states with

two strategies for each player and the following pay-o� matrix:�
(1, 0)∗ (0, 2)∗

(0, 1) (1, 0)

�
where a

∗
denotes an absorbing pay-o� (i.e., the constant pay-o� corresponding to an

absorbing state) and no
∗
means that the state is unchanged. Basically as soon as I plays

Top the game is over, otherwise the game is repeated.

It is clear that the sets of feasible pay-o�s in Γn, Γλ or Γ∞ coincide with the convex

hull of f(1, 0); (0, 1); (0, 2)g. Moreover player I (resp. II) can guarantee 1/2 (resp. 2/3) (cf.

ex. VIIEx.8 p. 348).

Let us write V = f1/2, 2/3g for the threat point and remark that the set of feasible

individually rational admissible pay-o�s is P = f (α, 2(1 � α)) j 1/2 � α � 2/3 g (cf.

sect. 4 p. 162). Write Eλ (resp. En) for the set of equilibrium pay-o�s in Γλ (resp. Γn).

Proposition 4.2. Eλ is reduced to fV g for all λ in (0, 1].

Remark 4.1. The same result holds for the �nitely repeated game, namely En = fV g
for all n (cf. ex. VIIEx.8 p. 348).
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Proof. Given an equilibrium pair (σ, τ) of strategies in Γλ, denote by (x, y) the cor-
responding mixed move at stage 1, where x (resp. y) stands for the probability of Top

(resp. Left). Remark �rst that x = 1 is impossible (the only best reply would be y = 0
inducing a non-individually rational pay-o� for player I). Similarly we have y 6= 1. λ
being �xed, let us write w for the maximal equilibrium pay-o� of II in Γλ (compactness)

and write again (σ, τ) for corresponding equilibrium strategies. De�ne also w′
(resp. w′′

)

as the normalised pay-o� for player II from stage 2 on, induced by (σ, τ) after the �rst

stage history Bottom Left (resp. Bottom Right) and note that by the previous remark w′′

is also an equilibrium pay-o�. Assume �rst x = 0. y 6= 1 implies w = (1 � λ)w′′
which

contradicts the choice of w. On the other hand y = 0 implies that the only best reply is

x = 0. We are thus left with the case x, y 2 (0, 1). Hence w′
is also an equilibrium pay-o�

and the equilibrium conditions imply:

w = λ(1� x) + (1� λ)(1� x)w′ = 2x+ (1� λ)(1� x)w′′

Hence:

(1� x)(λ+ (1� λ)w) � w and (1� x)(2� (1� λ)w) � 2� w
which implies:

(2� w)(λ+ (1� λ)w) � w(2� (1� λ)w)
and �nally:

2λ � 3λw

So that Eλ is included in the set f g 2 R2 j g2 = 2/3 g for all λ 2 (0, 1]. Consider now an

equilibrium pair inducing the maximal pay-o� for player I, say u. De�ne as above u′ and
u′′ and write the equilibrium conditions: u = y = y(1� λ)u′ + (1� y)(λ+ (1� λ)u′′).

Using the de�nition of u this leads to u � u2(1 � λ) + (1 � u)(λ + (1 � λ))u) which
gives 2uλ � λ. Hence u = 1/2 and Eλ = fV g. �

We now study E0.

Lemma 4.3. E0 � P .
Proof. Since any equilibrium pay-o� is feasible and individually rational it is actu-

ally su�cient to prove that E0 is included in the segment [(1, 0); (0, 2)]. But in fact, if

the probability of reaching an absorbing pay-o� on the equilibrium path is less than one,

player I is essentially playing Bottom after some �nite stage. Note that the corresponding

feasible pay-o�s after this stage are no longer individually rational, hence the contradic-

tion. Formally let θ stands for the stopping time corresponding to the �rst Top and let

(σ, τ) be an equilibrium. Assume ρ = Prσ,τ(θ = +1) > 0. Given η > 0, de�ne N such

that Prσ,τ(θ < +1 j θ � N) < η. The sum of the expected pay-o�s after N conditional

on θ � N is thus at most (1� η) + 2η. So that for η < 1/18 one player can get increase

his pay-o� by 1/18 by deviating. The total expected gain is at least ρ/18, hence for any
ε equilibrium ρ � 18ε, and 2gI+ gII � 2� 18ε. �

Moreover one can obtain explicitly the set of equilibrium pay-o�s:

Proposition 4.4. E0 = P .

Proof. Take g = (α; 2(1� α)) in P with 1/2 � α � 2/3. We de�ne the equilibrium

strategies as follows:
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� τ for player II is to play i.i.d. with Pr(L) = α.
� σ for player I is to use an ε2-optimal strategy in the zero-sum game Γ̃ with pay-o�

matrix: �
(1� αε)

∗ �α∗
ε

�(1� αε)
Æ
ε αε

Æ
ε

�
with αε = α� ε.

Hence if γ̃ is the pay-o� for player I in Γ̃, for n large enough, and any τ ′: γ̃n(σ, τ ′) � �ε2,
so that ρσ,τ(θ < +1) � 1� ε and σ is an ε best reply to τ , since α � 1/2.

On the other hand, we have for n su�ciently large and any τ ′:

(1) γ̃n(σ, τ
′) = ρ

�
(1� αε)y � αε(1� y)

�
+ (1� ρ)

�
�(1� αε)ỹ + αε(1� ỹ)

�Æ
ε � �ε2

and

(2) ρ
�
(1� αε)y � αε(1� y)

�
� �ε2

where ρ = 1
n E[(n� θ)+], ρy = 1

n E [(n� θ)+1tθ=L], ỹ(1� ρ) = 1
n

Pn
1 Eftm = L, θ > mg. So

that since γIIn(σ, τ
′) = ρ(2(1� y)) + (1� ρ)ỹ we obtain:

γIIn(σ, τ
′) � 2ρ� (2� ε)ρy + ε3+ (1� ρ)αε� εραε by (1)

� 2ρ+ (2� ε)(ε2� ραε) + ε
3+ (1� ρ)αε� εραε by (2)

= ρ(2� 3αε) + αε + 2ε2

� 2(1� αε) + 2ε2 since α � 2/3

� 2(1� α) + 2ε+ 2ε2

hence the inclusion E0 � P and the result by the previous lemma 4.3. �

Comment 4.2. The two previous propositions show a clear discontinuity in the set of

equilibrium pay-o�s between Eλ and E0 as λ goes to 0 (compare with the zero-sum case,

e.g. 3.6 p. 338). Recall that the above ε-equilibria are also ε-equilibria in all su�ciently

long �nite games � hence also in all Γλ for λ su�ciently small. One is thus lead to wonder

whether E0 is not a more appropriate concept when analysing long games than limλ→0Eλ

� does the latter not rely too much on common knowledge of each other's exact discount

factor, and on exact maximisation?

4.b. Games with absorbing states. This section shows the existence of equilibria

for two-person games with absorbing states (Vrieze and Thu¼sman, 1989).

By selecting an equilibrium pay-o� for each potential new state and taking expectation

w.r.t. the transition probability, we are reduced to the case where the game is described

by an S�T matrix where the (s, t) entry consists of a pay-o� vector Gs,t in R
2
, a number

Ps,t in [0, 1] (probability of reaching the set of absorbing states) and a corresponding ab-

sorbing pay-o� say As,t in R
2
. Given a non-absorbing past, if (s, t) is the pair of choices

at stage n the pay-o� at that stage is gn = Gs,t. With probability Ps,t the pay-o� for all

future stages will be As,t, and with probability (1� Ps,t) stage n+ 1 is like stage n.
We shall write X, Y for the set of stationary Markov strategies in Γ∞ that we identify

with the set of mixed actions. By theorem 2.3, for λ small enough there exist equilibrium

strategies (xλ, yλ) in Γλ, with pay-o� wλ = γ̄λ(xλ, yλ) in R
2
, such that (xλ, yλ) converges

to (x∞, y∞) and wλ to w∞ as λ! 0. Let vIλ (resp. v
I
∞) be the value of the zero-sum game

obtained through Γλ (resp. Γ∞) when player II minimises player I's pay-o� and similarly

vIIλ, v
II
∞. Finally v∞ = (vI∞, v

II
∞).
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Lemma 4.5. wi
∞ � vi∞, i = I, II.

Proof. The equilibrium condition implies wi
λ � viλ and theorem 3.1 shows that

limλ→0 viλ = v
i
∞. �

Lemma 4.6. wI∞ = limλ→0 γIλ(x∞, yλ).

Proof. The equilibrium condition implies γIλ(x∞, yλ) � wIλ. Now for λ small enough

the support S(x∞) of x∞ in S in included in S(xλ) hence the result. �

Note that for any pair of stationary Markov strategies (x, y) the pay-o� in Γ∞ is well

de�ned (as limλ→0 γλ(x, y) or limn→∞ γn(x, y)) and will simply be denoted by γ(x, y). The
vector γ(x∞, y∞) will play a crucial rôle in the proof: it corresponds to the undiscounted

pay-o� of the limit of the discounted (optimal) strategies (as opposed to w∞ limit of the

discounted pay-o� of the discounted strategies).

Definition 4.7. Let R � S � T be the set of absorbing entries, i.e., such that

Ps,t > 0. De�ne B(x, y) =
P
xsAstPs,tyt, P (x, y) =

P
xsPs,tyt. A couple (x, y) in X � Y

is absorbing if (S(x) � T (y)) \ R 6= ; or equivalently P (x, y) > 0. In this case let

A(x, y) = B(x, y)
Æ
P (x, y).

Since

(3) γλ(x, y) = λxGy + (1� λ)[B(x, y) + (1� P (x, y))γλ(x, y)]
we obtain that, if limλ→0 x̃λ = x, limλ→0 ỹλ = y with (x, y) absorbing, then:

(4) lim
λ→0
γλ(x̃λ, ỹλ) = γ(x, y) = A(x, y).

In particular the equilibrium condition implies that:

(5) if (x∞, y) is absorbing γII(x∞, y) � wII∞
and using lemma 4.6 that:

(6) if (x∞, yλ) is non-absorbing for λ 2 (0, λ] then γI(x∞, y∞) = wI∞.

It follows that either:

Case A: � (x∞, y∞) is absorbing and γ(x∞, y∞) = w∞ by (4)

� or (x∞, yλ) and (xλ, y∞) are non-absorbing for λ 2 (0, λ] and again

γ(x∞, y∞) = w∞ by (6); or:

Case B: (x∞, y∞) is non-absorbing and (x∞, yλ) or (xλ, y∞) is absorbing for λ suf-

�ciently small.

Assume for example (x∞, yλ) absorbing and de�ne y′′λ as the restriction of yλ on f t j (x∞, t)
is absorbing g and yλ = y′λ + y

′′
λ. Obviously y

′
λ ! y∞. Let then z be a limit point in Y of

zλ = y′′λ
Æ
ky′′λk as λ ! 0. Since γIIλ(xλ, zλ) = γ

II
λ(xλ, yλ) and (x∞, z) is absorbing we obtain

by (4) γII(x∞, z) = wII∞. Using (3) we get:

γIλ(x∞, yλ) =
λ

λ+ (1� λ)P (x∞, yλ)
x∞Gyλ +

�
1� λ

λ+ (1� λ)P (x∞, yλ)

�
B(x∞, yλ)
P (x∞, yλ)

.

Note that B(x∞, yλ) = B(x∞, y′′λ) and P (x∞, yλ) = P (x∞, y′′λ). Thus A(x∞, yλ) =
A(x∞, y′′λ) = A(x∞, zλ). Hence if µ is a limit point of λ

Æ�
λ+ (1 + λ)P (x∞, yλ)

�
we obtain,

using lemma 4.6 and (4)

(7) wI∞ = µγI(x∞, y∞) + (1� µ)γI(x∞, z).
We can now prove the following:
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Theorem 4.8. E0 6= ;.

Proof. (1) Assume �rst that γi(x∞, y∞) � wi
∞, i = I, II. By lemma 4.5

γi(x∞, y∞) � vi∞, i = I, II. The equilibrium strategies consist �rst of playing

(x∞, y∞) until some large stage N and then to punish, i.e., to reduce the pay-o�

to vI∞, say, as soon as kx̄n� x∞k � ε for n � N where x̄n is the empirical distri-

bution of moves of player I up to stage n, and symmetrically for II. To prove the
equilibrium condition, note that non-absorbing deviations will be observed and

punished and by (5) absorbing deviations are not pro�table since by stationarity

the future expected pay-o�, before an absorbing state is still γ(x∞, y∞). Hence

γ(x∞, y∞) 2 E0.
(2) If γI(x∞, y∞) < wI∞ then by the above analysis we are in case B where (x∞, yλ)

is absorbing for λ small. Then (7) implies that γI(x∞, z) > wI∞ and γ(x∞, z)
belongs to E0: In fact γII(x∞, z) = wII∞ hence by lemma 4.5 γ(x∞, z) � v∞ and

we now describe the equilibrium strategies:

� Player I uses x∞, until some large stage N1 and then reduces player II's
pay-o� to vII∞;

� Player II plays y∞ with probability (1� δ) and z with probability δ as long
as x̄n is near x∞ for n � N2, and reduces I's pay-o� to vI∞ otherwise.

Given ε > 0, N2, δ and N1 are chosen such that: Px∞(jxn� x∞j � ε) � ε for
n � N2, (1 � δ)N2 � ε, N1 � N2 and (1 � δ)N1 � ε so that n � N1/ε implies

γn(σ, τ) � γ(x∞, z) � 4ε. If player II deviates, a non-absorbing pay-o� will not

be pro�table and by (5) the same will be true for an absorbing pay-o�.

As for player I, let θ be the �rst stage if any, where jxn� x∞j � ε. For

n � N1/ε, if θ � n the pay-o� against z is near γI(x∞, z) and against y∞, if
absorbing less than wI by (5). Similarly if N2 < θ < n the absorbing pay-o� up

to θ is near γI(x∞, z) or less and the pay-o� after less than wI. Finally if θ � N2
the pay-o� up to θ is with probability � 1 � ε obtained against y∞, hence less

than wI if absorbing. �

Exercises

1. Properties of the operator 	.
a. Consider a zero-sum stochastic game with �nite state space K. For x 2 RK, we want the

value 	(x) of �(x) to exist: assume thus S and T compact, and gk(s; t) to be separately u.s.c.-

`.s.c., and p(k j `; s; t) to be separately continuous (even if one were interested only in x � 0, so an
u.s.c.-`.s.c. assumption would su�ce, this assumption would imply separate continuity because

probabilities sum to one). Then 	: RK ! RK is a well-de�ned operator.

i. 	 is monotone and 	(x+ c) = 	(x) + c for any constant vector c. [cf. I.1Ex.1 p. 9].

To obtain additional properties of 	, assume that g is bounded, so

ii. k�	(x)� �	(y)k �M j�� �j+ k�x� �yk
(using systematically the maximum norm on RK)

and that either S and T are metrisable (ex. I.1Ex.7b p. 12) or g is separately continu-

ous (ex. I.2Ex.1 p. 20), so ex. I.1Ex.6 p. 11 and I.1Ex.8 p. 12 are applicable to the functions

f(�; x) = �	k(x
Æ
�) (� � 0) de�ned on R+�RK. Taking thus derivatives at (0; x) yields

iii. k	(x+ y)�A(x)�	x(y)k � (1 + kyk)F [x
Æ
(1 + kyk)]

where	x = 	λx (� > 0), A is positively homogeneous of degree 1, F �M and limλ→∞F (�x) = 0.

Also the formula for the derivatives yields that
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iv. 	x has the same properties as 	 = 	0, with the same constant M , and associated Ax,

Fx, 	xy etc. (and 	x = 	x0 = 	xx).

[More precisely, for some universal constant c, VIIEx.1ai�VIIEx.1aiv hold for M =
c� supk,s,t

��gk(s; t)��.]
b. A number of other properties follow from the above:

i. k	(y)k �M + kyk (cf. VIIEx.1aii))
ii. k	(x)�A(x)k � 2M

Hint. Use VIIEx.1bi for Ψx (cf. VIIEx.1aiv) and y = 0, then VIIEx.1aiii for y = 0 � actually, a

direct proof yields ‖Ψ(x)−A(x)‖ ≤M).

iii. A(x) = limλ→0�−1	(�x) (from VIIEx.1bii and homogeneity).

iv. A is monotone, A(x+ c) = A(x) + c (from VIIEx.1biii and VIIEx.1ai)

v. kA(x+ y)�A(x)�Ax(y)k � kykF (x
Æ
kyk), (from VIIEx.1aiii, using VIIEx.1biii and

VIIEx.1aiv)

vi. 	x(y) = limλ→∞[	(�x+ y)� �A(x)] (from VIIEx.1aiii)

vii. Ax(y) = limλ→∞[A(�x+ y)� �A(x)] (from VIIEx.1bv (and VIIEx.1aiii) � besides the

formula implied by VIIEx.1biii via VIIEx.1aiv).

viii. (�Euler's formula�) Ax(x) = A(x).

In particular, VIIEx.1ai�VIIEx.1aiv determine uniquely A (cf. VIIEx.1biii) and 	x (cf.

VIIEx.1bvi).

2. lim vn for games with absorbing states. (Kohlberg, 1974) Give a direct proof of
existence of lim vn for games with absorbing states.

Hint. Let ū(ω) = g(ω) for ω �= ω0, ū(ω0) = u. Prove that D(u) = limλ→∞[Ψω0(λū)− (λ+1)u] exists
for all u (cf. ex. VIIEx.1 above) and is strictly monotone. Letting u0 be such that (u− u0)D(u) < 0 for

all u �= u0, prove �rst that for every ε > 0, lim sup vn > u0− ε then that lim inf vn > u0− ε; conclude that
lim vn = u0.

3. Consider the following (n � n) game with absorbing states (recall that a ∗ denotes an

absorbing pay-o� and no ∗ means that the state is unchanged).0BBBBB@
1∗ : : : 0∗ : : : 0∗
...

. . .
...

0 1∗ 0∗
...

. . .
...

0 : : : 0 : : : 1∗

1CCCCCA
and prove that v(�) = (1� �1/n)

Æ
(1� �).

4. Big Match. (Blackwell and Ferguson, 1968) Consider the following game with absorbing

states:

�
1∗ 0∗
0 1

�
a. Prove that vn = vλ � 1=2 8n; 8�.
b. Prove that player I has no optimal strategies in �∞.

c. Prove that player II can guarantee 1/2.

d. Prove that player I cannot guarantee more than 0 with Markov strategies.
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e. A strategy ' with �nite memory (say for I) is de�ned by an internal (�nite) state space,

say K and two functions: q from K � T to �(K) that determines the new internal state as a

function of the old one and of the move of the opponent, and f from K to �(S) that determines

the move as a function of the current internal state. Prove that by adding new states one can

assume f to be S valued. Remark that ' and a stationary strategy y of player II de�ne a Markov

chain on K, and that we can identify the internal states that induce through f the action Top.

Use then the fact that the ergodic classes depend only on the support of y to deduce that I
cannot guarantee more than 0 with such strategies.

f. Verify that if we modify the original proof of existence of v∞ (Blackwell and Ferguson,

1968) (where �(s) = 1
Æ
s2; N(s) = 1, " = 0, M = 0, and s0 is large) by letting, at stage k,

�k = infi≤k �i and playing �λk
we obtain E(g∞) = 0 and lim inf E(gn) < 1=2.

g. Verify in the following variant that a lower bound M is needed for the optimal strategy

(I.e., there is an upper bound on �k): �
1∗ 0∗ 0∗
0 1 1=2∗

�
h. Show that, for a game where the absorbing boxes of the matrix are all those belonging

to a �xed subset of rows, vn and vλ are constant.

5. Need for Uniform Convergence. Consider the following one-person game: 
 =
N [ fÆg,S = N.

P (n;n+ 1; s) = 1 8n � 0;8s; P (0; 0; s) = 1 8s; P (n; Æ; s) = 1 i� n = s.

8s g(!; s) =

(
�1 if ! = 0

0 otherwise

Prove that lim vλ(!) = lim vn(!) = v∞(!) = �1, for all ! 6= Æ; and that vλ(Æ) = vn(Æ) = 0.
Note that, on every history starting from Æ, lim inf xn is �1, but if v∞ exists in our strong sense

it should equal lim vλ.
Prove that kvλ� lim vλk = 1.
Note that if we consider this game as a recursive game (cf. sect. 5 p. 175) it has a well-de�ned

value, everywhere �1.

6. Study of lim vn. (Bewley and Kohlberg, 1976a)

a. Let �Vλ be the value of �λ (lemma 1.2). Vλ = 	((1 � �)Vλ) (lemma 1.2). As-

sume 
 �nite. Then there exists M > 0 and vectors a� 2 RΩ, ` = 0; : : : ;M � 1 such that

Vλ = v∞
Æ
�+

PM−1
�=0 a��

−�/M +O
�
�1/M

�
.

Deduce that 	
�
v∞
�
�−1� 1

�
+
PM−1

�=0 a��
−�/M

�
= v∞

Æ
� +

PM−1
�=0 a��

−�/M + O(�1/M) and

that for n large enough

(8) 	
�
v∞(n� 1) +

XM−1
�=0

a�n
�/M

�
= v∞n+

XM−1
�=0

a�n
�/M +O(n−1/M)

Prove then that if Vn = nvn is the non-normalised value of �n, one has:���Vn� v∞n�
XM−1

�=0
a�n

�/M
��� � ���Vn−1� v∞(n� 1)�

XM−1
�=0

a�n
�/M

���+O(n−1/M)

hence that lim vn = v∞.

Remark 4.3. Bewley and Kohlberg prove in fact there is a similar expansion for the value

of the n-stage game: vn = v∞+
PM−1

k=1 akn
−k/M + n−1�O(log n).

The expansion has to stop at that stage: cf. Ex. VIIEx.7 below.
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b. Consider now the perfect information case so that M = 1. Prove that (8) can be

strengthened to:

	(v∞(n� 1) + a0) = v∞n+ a0

Deduce that jVn� v∞nj is uniformly bounded.

7. (Bewley and Kohlberg, 1976a) Consider the game

�
�1∗ 1
1 0

�
. Let x1 = 1=3; xn+1 =

xn+ 1
Æ
(n+ 3). Prove that Vn � xn and xn+1� Vn+1 � xn� Vn+ �n where (�n) is a convergent

series. Deduce that Vn � logn, so has no asymptotic expansion in fractional powers of n � cf.

VIIEx.6a above.

8.

a. Prove that in the example in sect. 4.a the minmax is 1=2 for player I and 2=3 for player

II (use ex.VIIEx.4).

b. Prove by induction that En = fV g.

9. Feasible pay-o�s. Denote by Fλ resp. F∞ the set of feasible pay-o�s in �λ, resp. �∞.
(Note that they depend on the initial state !). Prove that CoFλ and CoF∞ have �nitely many
extreme points and that CoFλ converges to CoF∞.

Hint. Consider the one-person dynamic programming problem with pay-o� the scalar product 〈u, g〉
and let u vary in RI.

10. Irreducible Games. A stochastic game is irreducible if for any vector of (pure) sta-

tionary Markov strategies the induced Markov chain on states is irreducible.

a. Zero Sum Case. Prove that lim vn exists and is independent of the initial state. Deduce

that v∞ exists.

b. Non-Zero-Sum Case. Prove that F∞ is convex and independent of the initial state. Prove

that Fλ converges to F∞. Deduce results analogous to theorems 4.1 p. 163 and 4.2 p. 164, and

ex. IV.4Ex.3 p. 172 and IV.4Ex.8 p. 173.

11. Correlated Equilibrium.
a. (Nowak and Raghavan, 1992) Consider a game as in sect. 1.c p. 330 with moreover (
;A )

separable, and P (� j !; s) dominated by �. Prove the existence of a stationary public extensive
form-correlated equilibrium (i.e. generated by a sequence of public i.i.d. random variables).

Hint. Consider the proof of theorem 1.8 p. 331. For proving the measurability of ω  → Nf(ω) (closed
subsets of compact metric spaces being endowed with the Hausdor� topology), identify Gf(ω) with its

graph in S × [−c/λ, c/λ]I, and show

(1) ω  → Gf(ω) is measurable;
(2) the map from the space of all such graphs to the corresponding set of Nash equilibria is upper

semi-continuous, hence Borel; and

(3) the continuity of the map from (Graph, Nash Equilibrium) to pay-o�s.

Note that f  → Nf is still weak upper semi-continuous hence there exists a �xed point f0 ∈ Nf0. Use then

a measurable version of Carathéodory's theorem (Castaing and Valadier, 1977, Th. IV.11) (or Mertens,

1987a) to represent f0 as
∑I+1
i=1 λi(·)fi(·) with fi ∈ Nf0. If xn is uniform on [0, 1) play at stage n, if ω,

a measurable equilibrium leading to fi(ω) in Γ((1 − λ)f0)ω (using the inverse image of the continuous

projection (graph, Nash Equilibrium) → (graph, pay-o�s)) if xn ∈ [
∑i−1
j=1λj(ω),

∑i
j=1λj(ω)).

b. (Du�e et al., 1994)
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i. Let S be a complete separable metric space and G a correspondence from S to �(S),
convex valued and with closed graph. J measurable in S is self justi�ed if G(s) \�(J) 6= ; for

all s 2 J . For J self-justi�ed, � is invariant for J (under �) if � is a measurable selection from

G and � in �(J) satis�es Z
�(s)(B)�(ds) = �(B)

for all B measurable � J . Prove that if J is compact and self-justi�ed the set of invariant
measures is non-empty compact convex: hence there exists an ergodic measure for � (extreme

point). Consider the restriction of G to J and �(J) that we still denote by G. Let G be the

graph and m
(ν)
1 ;m

(ν)
2 the two marginals of � 2 �(G) on G and �(G). If � 2 �(�(J)) let E(�)

denote its mean. Show that E Æm2 Æ m−1
1 has a �xed point �: there exists some � such that

Em2(�) = m1(�) = �. Thus there exists a transition probability P from J to �(�(J)) with
�
 P = �. Show that EP (s) 2 G(s) �-a.s.

Hint. Given f real continuous on J and c real, let A2 = { ρ ∈ ∆(J) | ∫ fdρ > c } and suppose that

µ{ s | G(s) ∩ A2 = ∅, (EP (s)) ∈ A2 } > 0. Then A1 = { s | G(s) ∩ A2 = ∅, P (s)(A2) > 0 } satis�es

µ(A1) > 0 and 0 = ν(G ∩A1 ×A2) =
∫
A1
P (s)(A2)µ(ds) > 0.

Deduce that there exists a measurable selection � of G with � Æ � = �. Observe that the

set of � satisfying Em2(�) = m1(�) is compact convex and that every invariant measure � is

obtained from some solution (�
�).

ii. Consider a discounted stochastic game where 
, Si are metric compact, gi is continuous
on 
� S and the transition satis�es:

� norm continuity on 
� S
� joint mutual absolute continuity, i.e. q(�;!; s)� q(�;!′; s′).

Let c = kgk =� and Z = [�c;+c]I. De�ne W = 
� Y , Y =
Q

i�(S
i)� Z and a correspondence

G from W to �(W ) by: for w = (!; x; z), G(w) = f � 2 �(W ) j � = �Ω 
 �Y (marginal on 
,
conditional on Y given !) such that

� �Ω = q(� j !; x) �
R
q(� j !; s)x(ds)

� x is an equilibrium with pay-o� z in the game

f i(x; !) = gi(x; !) + (1� �)

Z
zid[q(� j !; x)
 �Y ] g:

Show that G is convex valued with closed graph. (Use VIIEx.11bi to get the norm continuity of

q(� j !; s) and note that for �n 2 �(A � B), �n 2 �(A), A;B compact metric, �n ! � (weak),

�nA
! �A (norm), �n ! � (norm), �� �A imply �n
 �Bn ! �
 �B (weak)).

Deduce the existence of a justi�ed set W ∗ � W for G. (Consider the sequence of compact

W = W0, Wn+1 = fw 2 W j 9� 2 G(w); �(Wn) = 1 g). (Prove inductively that ProjΩ(Wn) = 

(theorem 4.1 p. 39)).

iii. Deduce the existence of a stationary equilibrium with an ergodic measure in the exten-

ded game with state space W ∗ and transition from W ∗� S to �(W ∗) given by

q∗(� j !; x; z; s) = q(� j !; s)
�(!; x; z)

(where � is the selection from G). (Let �∗(!; x; z) = x).

12. (Federgruen, 1978) In the following stochastic game with perfect information there

are no pure stationary Markov equilibria (the �rst two coordinates indicate pay-o�s, the other

transitions): �
(0; 1; 2=3; 1=3)
(0;�1; 1=3; 2=3)

� �
(1; 0; 2=3; 1=3) (�1; 0; 1=3; 2=3)

�
State 1 State 2

Player I plays Player II plays



350 VII. STOCHASTIC GAMES

13. (Nowak and Raghavan, 1991) Consider the following game with countable state space

N. The pay-o� is always 0 except in state 1 where it is 1. States 0 and 1 are absorbing. Given

state ! = n the transition probabilities are deterministic and given by the following S�T matrix�
1 0

n+ 1 n� 1

�
a. Prove that v∞ exists and player II has an optimal stationary Markov strategy. Deduce

that v∞(n) decreases to 1=2.

Hint. Consider the largest state ω where v(ω) ≥ 1
2 . Prove that there exists δ > 1

2 such that the

probability y(·) of II playing Left satis�es y(ω′) ≥ δ for ω′ ≥ ω.

b. Prove that with stationary Markov strategies player I cannot guarantee more than 0, as
the initial state goes to in�nity.

Hint. Let x(·) be the probability of Top. If
∑
ω x(ω) <∞, II plays Left, and Right otherwise.

Comment 4.4. This game can be viewed as a recursive game or as a �positive� game, i.e.,

with pay-o� the sum of the (positive) stage pay-o�s. Compare with sect. 5 p. 175 and (Ornstein,

1969) � cf. Ex. VII.5Ex.4a p. 355, cf. also (Nowak, 1985b).

14. Prove remark 3.5 p. 338 (use remark 3.2 p. 336).

15. Games with no signals on moves.

a. In a stochastic game with �nite state and action sets, vn and vλ remain unchanged if the

moves are not announced, but v∞ may no longer exist.

b. (Coulomb, 1992) Consider a game with absorbing states: G (resp. A) corresponds to
the non-absorbing (resp. absorbing) pay-o�s and P is the absorbing transition. De�ne ' on

�(S)��(T ) by:

'(x; y) =

(
xGy if (x; y) is non-absorbing (xPy = 0);�P

xsytAstPst

�
=xPy otherwise.

Prove that the maxmin v of the game exists and equals maxxminy'(x; y).

Hint. To prove that player I cannot get more consider a stage by stage best reply of player II to the
conditional strategy of I given non-absorbing past and use the following property:

∀δ > 0, ∃ε0, N : ∀ε ≤ ε0, ∀x∃t : [ϕ(x, t) ≤ v + δ ⇒ xPt ≤ ε] =⇒ [xPt ≤ Nε & xAt ≤ v + 2δ]

16. Let 
 = [0; 1]N, Xn the nth projection and Fn = �(X1; : : : ; Xn−1). Prove that for

all t in [0; 1] and all " > 0 there exists N and a randomised stopping time � on (
; (Fn)) (i.e.
An(!) = Pr(�(!) � n) is Fn-measurable and 0 � An � An+1 � 1) satisfying

(1) 8n; Pm≤n(Am�Am−1)(Xm� t) � �"
(2) 8n � N; 1

n

Pn
m=1Xm � t+ ") An � 1� ".

Hint. Obtain θ as an ε-optimal strategy in a stochastic game.

17. Stochastic games as normal forms for general repeated games. Show that sect. 2

p. 153 and 3 p. 156 reduce in e�ect the asymptotic analysis of a general repeated game to that of

a �deterministic stochastic� game, i.e. a stochastic game with perfect information and no moves

of nature.
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18. Upper analytic pay-o� functions. (Nowak, 1985b) We use the notations of sect. 1

and of App. A. Assume 
, S, T , �S � 
 � S, �T � 
 � T and C = f (!; s; t) j ! 2 
; (!; s) 2
�S; (!; t) 2 �T g are Borel subsets of polish spaces. g and P (A j �) are measurable on C and g is

bounded.

Moreover �Tω = f t j (!; t) 2 �T g is compact; g(!; s; �) is l.s.c. and P (A j !; s; �) is continuous
on �Tω, for all !. Let B = f f : 
! R j f bounded and 8x 2 R ff > xg 2 A g denote the set of
bounded upper analytic functions on 
; we write A for analytic sets and B for Borel sets.

Then the discounted game has a value (which belongs to B); player I has an "-optimal A(σ,c)
measurable strategy and player II an optimal A(σ,c),s,(σ,c) measurable strategy.

a. Show that, given f in B, �(f)ω has a value 	(f)ω and that 	(f) 2 B.

Hint. • Prop. 1.17 p. 7 applied to h(ω, s, t) on S̄ω× T̄ω implies the existence of a value V (ω).
• Let

M = { (ω, µ) | ω ∈ Ω, µ ∈ ∆(S̄ω) }
N = { (ω, ν) | ω ∈ Ω, ν ∈ ∆(T̄ω) } and

C = { (ω, µ, ν) | ω ∈ Ω, µ ∈ Mω, ν ∈ Nω }

Note that these sets are Borel subsets of polish spaces too (9.c p. 429), and that Nω is compact

for all ω. Also H(ω, µ, ν) is upper analytic on C (9.f p. 429) and H(ω, µ, ·) l.s.c. on Nω. Recall

that F (ω, µ) = inft∈T̄ω
H(ω, µ, t) and V (ω) = supµ∈Mω

F (ω, µ). Hence to obtain V ∈ B and the

existence of ε-optimal A(σ,c) measurable strategies for I it is enough to show that F is upper

analytic on M . Let gn(ω, s, t) = inft′∈T̄ω
[g(ω, s, t′) +nd(t, t′)], where d is the metric on T . gn is

Borel measurable on C (8.a p. 427) and continuous in t. gn increases to g, hence Hn (de�ned

as H but with gn) increases to H and by compactness of T̄ω, Fn increases to F . It remains to
prove the property for Fn. Let ζk be a dense family of Borel selections of T̄ (8.b p. 428). Then

Fn(ω, µ) = infkHn(ω, µ, ζk(ω)) and the result follows (7.j p. 427).

• Finally for II's strategy, it su�ces to show that G(ω, ν) is A Ω
(σ,c) ⊗ B∆(T ) measurable. In fact

then { (ω, ν) | G(ω, ν) = V (ω) } is also A Ω
(σ,c) ⊗ B∆(T ) measurable. Apply then (7.j p. 427).

Using gn as above, it is enough to prove the property for Gn, which is upper analytic. Let then

νk be a dense family of Borel selection of N , hence fk(ω) = Gn(ω, νk(ω)) is upper analytic
thus A(σ,c)-measurable. Finally Gn being n-Lipschitz, Gn(ω, ν) = supk[fk(ω)− (n+1)d′(νk, ν)]
is A Ω

(σ,c) ⊗ B∆(T ) measurable (d′ being the distance on ∆(T ) de�ning the weak topology).

b. Use then lemmas 1.2 and 1.3 (p. 328) on B.

19. An operator solution for stochastic games with limsup pay-o�. (Maitra and

Sudderth, 1992) Consider a two-person zero-sum stochastic game with 
 countable, S and T
�nite and 0 � g � 1. The pay-o� of the in�nitely repeated game is de�ned on each history by

g∗ = lim sup gn.
Then the game has a value.

a. Reduce the problem to the case where �rst gn depends only on !n and moreover

g∗ = lim sup gn. It will be convenient to start from n = 0 hence let Hn = (
� S � T )n� 
.

b. A stop rule � is a stopping time on (H∞;H∞) everywhere �nite. To every stop rule � is
associated an ordinal number called the index, �(�) and de�ned inductively by: �(0) = 0 and for

� 6�0 �(�) = supf�(�[h1]) + 1 j h1 2 H1 g where �[h1] is � after h1, i.e. �[h1](h∞) = �(h1; h∞)� 1.
Show that for any probability P on (H∞;H∞) and any function u 2 U = fu : 
! [0; 1] g, one
has:

(?)

Z
u∗dP = inf

θ
sup
ζ≥θ

Z
u(!ζ)dP
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c. For every u and n we de�ne an auxiliary game �n(u) � leavable for player I after move

n � where in addition to � I chooses a stop rule � � n and the pay-o� is gθ = g(!θ).
De�ne an operator � on U by: �u(!0)= val (Eσ,τ u(!1)) (corresponding to the value of the

one-shot game G u, i.e. where � � 1) and a sequence:

U0 = u ; Un+1 = u _ �Un ; U = supUn:

Deduce that U is the least function in U with U � u _ �U and that U = u _ �U . Prove that
the value of �0(u) is U .

Hint. For player II, prove by induction on α(θ) that Eωσ,τ u(ωθ) ≤ U(ω), by letting him play at each

stage n optimally in G u starting from ωn. Deduce that the value Ψu of Γ1(u) is ΦU .

d. The idea is now to approximate in some sense the original game � by leavable games �n,

with n ! 1, using (?). De�ne Q0 = 	g and for each countable ordinal Qξ = 	(g ^ infη<ξQη),
then Q = infQξ and show that Q = 	(g ^Q).

e. Prove that player I can guarantee any w 2 U satisfying w � 	(g ^ w).
Hint. Let him play a sequence of εn strategies in Γ1(g ∧ w) inducing a strictly increasing sequence

θn of stopping rules with Eσ,τ((g ∧ w)(ωθn
) ≥ w(ω0)− ε.

f. Deduce �nally that Q is the value of � by showing by induction that player II can guar-
antee any Qξ. In particular Q is the largest solution of w = 	(g ^ w).

Hint. Assume that he can guarantee Q̃ = infη<ξQη with some τ̃ . Let τ∗ be optimal in Γ1(g ∧ Q̃)
and m = inf{n | g(ωn) > Q̃(ωn) }. Player II plays τ∗ up to m and then τ̃ . Show that for any ε > 0 there

exists a stopping rule ζ such that θ ≥ ζ implies Eσ,τ g(ωθ) ≤ Eσ,τ∗((g ∧ Q̃)(ωθ∧m)) + ε.

g. The proof of the preceding point could be adapted to show that the minmax of �, say
V satis�es V � 	(g ^ V ), hence an alternative proof, without using Q. (Compare with prop. 2.8

p. 83 and ex. II.2Ex.10 p. 88).

h. (Maitra and Sudderth, 1993) The result (assuming the reduction in VIIEx.19a done)
extends to a much more general set up: 
; S; T are Borel subsets of polish spaces (the last two
can even vary in a measurable way with !). T is compact, the transition is continuous in t and
g is bounded and upper analytic.

Hint. The idea of VIIEx.19g cannot be used since measurability conditions on V are not present.

The proof basically follows VIIEx.19d, VIIEx.19e, VIIEx.19f but is much more delicate. First prove that

U is upper analytic (ex.VIIEx.18). Let B = { (ω, x) | g(ω) > x } and for any real function w on Ω
denote by E(w) its epigraph = { (ω, x) | w(ω) ≤ x }. Given C ⊆ Ω× [0, 1], de�ne a function χC on Ω by

χC(ω) = sup{x ∈ [0, 1] | (ω, x) ∈ Cc ∩ B } so that χE(w) = u ∧ w. One de�nes now Θ from subsets of

Ω× [0, 1] to subsets of Ω× [0, 1] by:

Θ(C) =
{
(ω, x) ∈ Ω× [0, 1]

∣∣ [Ψ(χC)](ω) ≤ x
}
.

Show that Θ preserves coanalytic sets and that Θ(E(w)) = E(Ψ(u ∧ v)). Moschovakis' theorem (8.c

p. 428) or rather its dual then implies, letting Θ0 = Θ(∅), that Θ∞ =
⋃
ξ<ω1

Θξ = E(Q) = E(Ψ(u ∧Q))
and that Q is upper analytic. Prove then that Q is the value and that both players have universally

measurable ε-optimal strategies.

20. Solvable states. (Vieille, 1993) Consider a �nite two-person non-zero-sum stochastic

game. De�ne a subset R of states to be solvable if there exist (x; y) 2 �(S)��(T ) such that:

� R is ergodic with respect to P and (x; y)
� 8! 2 R; 8t 2 T;Eω

x,t(v
II∞) � IIR(x; y), (and similarly for player I), where R(x; y) is the

asymptotic average pay-o� on R.

a. Prove the existence of solvable states, i.e. non-empty solvable subsets.

Hint. Let x be a limit of optimal strategies of player I for vI
λ and let y be a best reply. Show that

there exists an ergodic class R with γI
R(x, y) ≥ vI

∞, where moreover R is included in the subset of states

where vI
∞ is maximal.
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b. Show that, if the initial state is solvable, an equilibrium exists.

c. Show that if #
 � 3, the game has an equilibrium.

5. Reminder on dynamic programming

A dynamic programming problem is a one-player stochastic game speci�ed by a

state space Ω, an action space S, a set of constraints A � Ω � S and a transition

p from Ω � S to Ω. Ω and S are standard Borel (App.6 p. 426), A is a Black-

well space (ibidem) with ProjΩA = Ω and p is a Borel transition probability. Let

Hn = (Ω � S)n−1 � Ω, H =
S

n≥1Hn. Strategies are U -measurable transitions from

H to S with σ(ω1, s1, . . . , sn−1, ωn) (Aωn
) = 1, where Aωn

= f s j (ωn, s) 2 A g and U

is either the σ-�eld Bu (4.d.1 p. 424) of universally measurable sets (B are the Borel

sets on H) or B(s,c) (App.1 p. 421). M ∗
(resp. M , resp. SM) is the set of Markov-

ian (resp. pure Markovian, resp. pure stationary Markovian) strategies i.e. satisfying

σ(ω1, . . . , ωn) = σn(ωn) (resp. moreover σn pure, resp. moreover σn(= x) pure and in-

dependent of n). It follows that given a U -measurable mapping f (bounded above or

below) de�ned on plays (= H∞ = (Ω � S)N), for any strategy σ and initial probability

q 2 ∆(Ω),
R
fd(σ 
 q) = ϕq(σ) is well de�ned and ω 7! ϕω(σ) is U -measurable. In

particular if f stands for the pay-o� eg on plays, we obtain a pay-o� function γ on Ω�Σ.
The value is then V ω = supσ γ

ω(σ) and given ε � 0, σ is ε-optimal at ω if

γω(σ) �
(
(V ω � ε) if V ω <1
1/ε if V ω = +1

and σ is ε-optimal if it is ε-optimal at every ω.
We will consider the case where eg = lim gn with gn de�ned on (Ω � S)n and upper

analytic (i.e. fgn > tg (or fgn � tg) a Blackwell space for all t). More precisely let g be
an upper analytic bounded function on (Ω� S) and consider the following cases:

1

(D) Discounted Case: gn(ω1, . . . , sn) =
Pn

i=1 g(ωi, si)(1� λ)i−1 (Blackwell, 1965)

(P) Positive Case: g � 0 and gn(ω1, . . . , sn) =
Pn

i=1 g(ωi, si) (Blackwell, 1967b)

(N) Negative Case: g � 0 and gn(ω1, . . . , sn) =
Pn

i=1 g(ωi, si) (Strauch, 1966)

Exercises.

1. General properties.
a. Prove that for any ! in 
, � in �, there exists � in M∗ with ω(�) = ω(�).

Hint. Denote by ρωn(σ) and ζ
ω
n(σ) the probabilities induced by σ starting from ω on the nth-factor

Ω and Ω× S. Use the von Neumann selection theorem (7.j p. 427) to de�ne τ in M∗ such that for all B
Borel in Ω× S:

ζωn(σ)(B) =
∫
τn(ω̃)(Bω̃)ρωn(σ)(dω̃).

b. Given � in �(
 � S) let b� be the marginal on 
 and de�ne C � �(
) ��(
 � S) by
C = f (q; �) j b� = q; �(A) = 1 g. Let M be the family of sequences f�ng, �n : �(
)! �(
� S)
with graph in C and de�ne � : �(
 � S) ! �(
) by �(�)(K) =

R
p(K j !; s)�(d!; ds) for all

Borel K in 
. Thus given an initial q on �(
), � in M de�nes (through �) a distribution on

plays. Prove that, given � in M∗ there exists � in M inducing the same �ωn (for all !); given q
in �(
) and � in M there exists � in M∗ inducing the same �

q
n.

1Other sources include (Blackwell, 1970; Dubins and Savage, 1965; Shreve and Bertsekas, 1979).
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c. Deduce that V ω = supµ∈M ω(�). Denote by � the set of probabilities on plays that are

generated by some q in �(
) and � in M . Show that � is Blackwell.

Hint. {π ∈ ∆(Ω× S) | π(A) = 1 } is Blackwell.

Deduce that (q; �) 7! q(�) is upper analytic. Use the von Neumann selection theorem to

show that ! 7! V ω is upper analytic (thus U -measurable).

d. Given a U -transition y from 
 to S, de�ne �y on bounded or positive U -measurable

mappings f on 
 by:

�yf
ω =

Z
(g(!; s) +

Z
f(e!)p(de! j !; s))y(!)(ds)

and

	fω = sup
s∈Aω

fg(!; s) +
Z
f(e!)p(de! j !; s)g

Show that:

(D) 	(1� �)V = V(1)

(N), (P) 	V = V(2)

2. Existence of "-optimal strategies.

a. (D) Prove that (1) has a unique solution.

(P) W � 0 and U -measurable and W � 	W )W � V
(N) W � 0 and U -measurable and W � 	W )W � V

Hint. Let ε =
∑
εi and yi a U -measurable mapping from Ω to S with:

W −
∑

j≤i εj ≤ Φyi
(
∏

j<i
Φyj

)W

b. (D) (N) Given � in M∗, there exists � in M with (�) = (�).

Hint. Purify inductively on histories with increasing length.

There exists � in M "-optimal.

Hint. Use (1) or (2) and point VII.5Ex.2a.

If there exists � optimal, then there exists � in SM optimal.

(D) If � is "-optimal, there exists � in SM , "=� optimal (cf. lemma 1.3 p. 328).

c. x in SM is optimal implies V = �xV and (x) = 	(x).
(D) (N) V = �xV ) x optimal.

(D) (P) (x) = 	(x)) x optimal.

d. Let 	∞(0) = limn	
n(0).

(P) (D) 	∞(0) = V
(N) 	∞(0) � V and 	∞(0) = V () 	(	∞(0)) = 	∞(0).
e. (P) There exists � "-optimal.

Hint. Use VII.5Ex.2d.

3. Special cases.

a. S �nite. (D) (N) There exists � in SM optimal.
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b. (N) No "-optimality in SM (compare VII.5Ex.2.VII.5Ex.2b): Take 
 = f0; 1g; S = N.

State 0 is absorbing with (total) pay-o� �1. In state 1 the pay-o� is 0 and move n leads to state

0 with probability 1=n.
	∞(0) 6= V (compare VII.5Ex.2d): Take 
 = S = N. The transition is deterministic from

state n to n � 1 with pay-o� 0 until state 1 absorbing with (total) pay-o� �1. In state 0 the

pay-o� is �1 and move n leads to state n.

4. (P) ; 
 countable and V < +1.
a. "-optimality. (Ornstein, 1969) Prove that: 8" > 0;9x 2 SM with (x) � (1� ")V .

Hint. • Prove the result for Ω �nite, using case (D).

• Given K ⊆ Ω denote by γK the pay-o� in the model where all states in �K are absorbing

with zero pay-o�. Prove that given ω and η > 0 there exist x in SM and K �nite with

γωK(x) > (1− η)V ω.
• Let δ > 0 and L = {ω′ ∈ K | V ω′ ≥ (1 + δ)γω

′
(x) }. Prove that γωK\L(x) ≥ (1 − η − 2η/δ)V ω

(decompose the pay-o� induced by x at ω before and after the entrance in L).
• Given ε > 0 let δ and η satisfy 1/(1+δ) ≤ 1−ε/2 and η+2η/δ ≤ ε. Let S be the set of strategies

that coincide with x when the current state is in K \L. Show that supσ∈S γω(σ) ≥ (1− ε)V ω.
• Modify the initial model by imposing the transition induced by x on K \ L. The new value is

at least (1− ε) the old one and any strategy in SM will give (1− ε) when starting from ω.
• Enumerate the elements in Ω and repeat the same procedure.

b. Need for V �nite in VII.5Ex.4a. Let 
 = Z [ fÆg; S = N. At state 0 move n leads to

state n then there is a deterministic translation to n�1 with pay-o� 1. On the states in �N, the ???

pay-o� is 0 and one goes from �n to 0 with probability 1=n and to the absorbing state Æ (with
pay-o� 0) with probability 1� 1=n. Obviously V ω = +1 on N, hence on Z but n(x) ��!n→∞ 0 for
all x in SM .

c. No additive error term in VII.5Ex.4a. Let 
 = L[M , L andM countable and S = f1; 2g.
From ln move 1 leads to ln+1 (with probability 1=2) or m0 (probability 1=2) with pay-o� 0. Move

2 leads to m2n−1. The pay-o� is 1 on M with deterministic transition from mn to mn−1 until m0
absorbing with pay-o� 0. Show that V ln � 2n and that for any x in SM there exists ! in L with

ω(x) � V ω � 1.

d. Optimality in VII.5Ex.4a? In the framework of VII.5Ex.4a, prove that if there exists an
optimal �, there exists one in SM .

Hint. Show that if x satis�es V = ΦxV and there exists t > 0 with γ(x) > tV then x is optimal.

Use then VII.5Ex.4a.

e. No optimality in VII.5Ex.4a. S �nite and no x in SM optimal: Let 
 = N. 0 is absorbing
with pay-o� 0. In state n move 1 leads to state n+ 1 with pay-o� 0 and move 2 leads to state 0
with pay-o� 1� 1=n.

5. Average case. Let now ω(�) = lim inf Eω
σ(
Pn

i=1 g(!i; si)=n).
a. S �nite and 
 countable.

i. Move 1 leads from n to n + 1 with pay-o� 0. Move 2 leads from n to n with pay-o�

1� 1=n. There exists an optimal strategy and no optimal strategy in SM .

ii. Move 1 leads from n to n + 1 with pay-o� 0. Move 2 leads from n to Æ absorbing with

pay-o� 0 with probability �n and to �n with probability 1 � �n. The pay-o� is 1 on �N with

deterministic transition from �n to �(n� 1). Let � =
Q

n(1� �n) > 0. Then V 0 � �=2 and for

all x in SM , 0(x) = 0.

b. 
 �nite and S countable. 0 is absorbing with pay-o� 0. From 1 move n leads to 0 with

probability 1=n and to 1 with pay-o� 1 otherwise. There is no "-optimal strategy in SM .
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6. Adaptive competitive decision. (Rosenfeld, 1964) Consider the following game �: a
�nite set of S � T matrices Gk; k 2 K is given. At stage 0 one element k∗ is selected according

to some probability p known to the players. At each stage n both players select moves sn; tn and

are told the corresponding pay-o� gn = Gk∗
sntn and the moves. This is a very special kind of game

with incomplete information (cf. ex.VEx.11 p. 260 and sect. 1 p. 273 for related results). Denote

by vk the value of Gk and by v its expectation: v =
P

k∈K p
kvk. We consider the in�nite game

with pay-o� function up to stage n Rn = n(�gn� vk
∗
). Take as state set the set of subsets of K.

Then there exists a constant R such that both players can guarantee R with stationary

Markovian (SM∗) strategies.
(In particular this implies that n converges to v with a speed of convergence of O(1=n)).
a. Show that if � is in SM∗ for each � there exists � ′ in SM∗ with Eσ,τ(Rn) � Eσ,τ ′(Rn).

b. For any non-expansive increasing map f : R! R let:

S(f) =

8><>:
�1 if f(x) < x; 8x
+1 if f(x) > x; 8x
x∗ s.t. f(x∗) = x∗; jx∗j = minf jxj j f(x) = x g otherwise

Prove that lim fn(0) = S(f). Let D1(f) = fx j x < f(x) or x = f(x) � 0 g. Let

D2(f) = fx j x > f(x) or x = f(x) � 0 g. Show that if x 2 D1(f), 9N; n � N ) fn(0) � x.

c. Assume �rst that only one outcome is unknown. This means that Gk
st = Gk′

st for all k; k
′

and (s; t) 6= (1; 1), (these (s,t) are non-revealing). Consider the auxiliary one-shot matrix game

G(x) where x is real, with pay-o�:

G11(x) =
X

k
pkGk

11� v Gst(x) = Gst� v + x for (s; t) 6= (1; 1)

and denote by w(x) its value.
i. Prove that if x 2 D1(w) there exists a SM∗ strategy � of player I and N such that

n � N ) Eσ,τ(Rn) � x, for all � .

ii. Show that �D1(w) \ �D2(w) 6= ;, (in particular D1 6= ;).
d. Prove the result by induction on the number of unknown outcomes. Given a revealing

pay-o� entry (s; t) let �R(s; t) =
P

kR(� given Gk
st)p

k and de�ne a matrix by:

Gst(x) =

(P
k p

kGk
st� v + x if (s; t) is non-revealing;P

k p
kGk

st� v + �R(s; t) otherwise:

Conclude by following the proof in VII.5Ex.6a.

e. Consider a �nite family of games with same strategy spaces, each of which has a value

and extend the result with Markovian strategies.



Part C

Further Developments





CHAPTER VIII

Extensions and Further Results

We study here extensions of the models of ch.VI and VII.

The �rst 3 sections deal with games with lack of information on both sides where sig-

nals and states are correlated: a �rst class is the symmetric case, a second one corresponds

to games with no signals and a third one leads to a �rst approach of the full monitoring

case.

The last section is devoted to a study of speci�c classes of stochastic games with

incomplete information.

1. Incomplete information: the symmetric case

In this section we consider games with incomplete information where the signalling

pattern is symmetric so that at each stage both players get the same signals.

Formally we are given a �nite collection of S � T matrices Gk
, k 2 K, with initial

probability p in Π = ∆(K), and the players have no initial information on the true state k
except p. We denote by A the common �nite set of signals (the extension to a measurable

setup is easy) and by Ak
the corresponding signalling matrices.

Given k and a couple of moves (s, t), a signal a is announced to both players according

to the probability distribution Ak
s,t on A. Assuming perfect recall means in this framework

that for all k, k′ in K, s 6= s′ or t 6= t′ implies that Ak
s,t and A

k′
s′,t′ have disjoint support.

Denoting by Γ(p) this game we have the following:

Theorem 1.1. Γ(p) has a value.

Proof. De�ne �rst the set of non-revealing moves � or more precisely non-revealing

entries � at p by NR(p) = f (s, t) 2 S � T j p1 = p g where p1 is the posterior probability
on K if (s, t) is played, i.e. for all a such that Prs,t,p(a) � Ap

st(a) =
P

k p
kAk

st(a) > 0,
p1(a) = p

kAk
st(a)/A

p
st(a). Given w, a bounded real function on Π and p in Π, we de�ne a

stochastic game with absorbing states Γ∗(w, p) (cf. 4.a p. 341) by the matrix:

Gst(w, p) =

(P
k p

kGk
s,t if (s, t) 2 NR(p)�

Es,t,p(w(p1))
�∗ � �PaA

p
st(a)w(p1(a))

�∗
otherwise

where as usual a star
∗
denotes an absorbing entry. By theorem 3.1 p. 334 Γ∗(w, p) has a

value, say V w(p).
Remark now that if Γ as a value v on Π then v is a solution of the recursive equation

(cf. 3.2 p. 158):

(1) w = V w

The proof that Γ has a value will be done by induction on the number of states in K.

We therefore assume that for all games with strictly less than #K states the value exists

(and is a solution of the corresponding equation (1)), this being clearly true for #K = 1.

359
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Note then that v is de�ned and continuous (in fact even Lipschitz) on ∂Π. Let us now

prove some properties of the operator V .
We �rst remark that u � w on Π implies:

(2) 8p 2 Π, 0 � V w(p)� V u(p) � max
(s,t)/∈NR(p)

fGst(w, p)�Gst(u, p)g

and that V is continuous (for the uniform norm). Then we have:

Lemma 1.2. Let u be a real continuous function on Π with u|∂Π = v. Then V u is
continuous on Π and coincides with v on ∂Π.

Proof. It is clear that p 2 ∂Π implies p1 2 ∂Π hence G(u, p) and G(v, p) coincide on
∂Π so that V u(p) = v(p) on ∂Π. In particular V u(p) is continuous there.

Now on Π n ∂Π, NR(p) is constant, equal say to NR, hence V u is again continuous.

Finally if p 2 ∂Π with NR  NR(p) note �rst that if pm ! p, with pm 2 Π n ∂Π
then pm1 (s, t) ! p1(s, t) = p for (s, t) in NR(p) n NR. Hence Gst(u, p

m) ! Es,t,p(u(p1))
= u(p) = v(p). Note now that replacing in a game with absorbing pay-o� a non-absorb-

ing entry by an absorbing one, equal to the value, does not change the value. So that the

value of the new game Γ′(u, p), where the pay-o� is v(p) for (s, t) in NR(p) n NR is still

v(p), hence the continuity. �

Lemma 1.3. If player I can guarantee u in Γ, he can also guarantee V u.

Proof. Let player I use in Γ(p) an ε-optimal strategy in Γ∗(u, p) and switch to a

strategy that ε-guarantees u in Γ, at the current posterior probability, as soon as one

absorbing entry is reached.

Formally, denote by g∗ the pay-o� in Γ∗(u), then there exists σ∗ and N0 such that:

Eσ,τ,p(ḡ
∗
n) � V u(p)� ε, 8τ, 8n � N0

But for every p there exists σ(p) and N(p) such that:

Eσ(p),τ,p(ḡn) � u(p)� ε, 8τ, 8n � N(p)

We de�ne now θ as the entrance time to an absorbing pay-o� in Γ∗
and σ as: σ∗ until θ

and σ(pθ) thereafter. Then:

ḡn =
1

n

nhXθ∧n

m=1
g∗m + (n� θ ^ n)u(pθ)

i
+
hXn

m=θ∧n+1
gm� (n� θ ^ n)u(pθ)

io
Let N1 be an upper bound for N(p1). Then for n � N0+ (C/ε)N1, we obtain:

�(3) Eσ,τ,p(ḡn) � V u(p)� ε� ε.
We can now prove the theorem.

Player I can obviously guarantee u0(p) = supq∈∂Πfv(q) � C kp� qk1g, which is

Lipschitz on Π. Hence by lemma 1.3 p. 360 he can guarantee any un, n � 0, with
un+1 = maxfun, V ung. un is continuous by lemma 1.2 p. 360, hence u � lim " un is

l.s.c. Player I can guarantee u that coincides with v on ∂Π and satis�es u � V u. De�ne
similarly w0, wn and w. Obviously w � u on Π. Let us prove the equality, hence the

result. Assume not and let:

D = f p 2 Π j w(p)� u(p) = d = sup
q∈P

(w(q)� u(q)) > 0 g

and note that D is compact. Consider now some extreme point p∗ of its convex hull. We

have then: V w(p∗) � V u(p∗) � d. Remark that p∗ /2 ∂Π and that NR = S � T implies
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d = 0 by (2). Hence let (s, t) /2 NR and note that the support of the corresponding p∗1 is
not included in D. Obviously then Efw(p1) � u(p1)g < d, hence a contradiction by (2)

again. �

The same proof shows uniqueness:

Corollary 1.4. Let u′ and u′′ be two continuous solutions of (1). Then they coincide.

Proof. By induction both functions coincide on ∂Π. Let u1 = min(u′, u′′), u2 =
max(u′, u′′). Then u1 � V u1 and u2 � V u2. u1 and u2 are continuous and coincide on ∂Π,
hence everywhere by the previous proof. �

2. Games with no signals

2.a. Presentation. These games were introduced in (Mertens and Zamir, 1976b)

under the name �repeated games without a recursive structure�. According to our ana-

lysis in ch. IV, the meaning is that the support of the associated consistent probabilities

cannot be bounded, hence no analysis based on �nite dimensional state variables, like in

ch.V and VI or in the previous section, can be achieved.

The description of the game consists again of a �nite collection of S�T pay-o� matrices

Gk, k in K, with some initial probability p on Π and none of the players is informed upon

the initial state. The transition probability on the signals is again de�ned by a family of

matrices Ak
, but where for all (s, t) in S � T,Ak

st is deterministic, with support in f0, kg
(the extension to random signals is simple): either both players receive a �blank� signal

(�0�) or the state is completely revealed. We can thus assume in the second case that the

pay-o� is equal to the value of the revealed game and absorbing from this time on. It

is then su�cient to de�ne the strategies on the �blank� histories, hence the name �game

with no signals�.

It will be convenient to assume the value of each Gk
to be zero (we subtract the ex-

pectation of the value of Gk
from the pay-o�s) and to multiply Gk

by pk, so that the

expected pay-o� will be the sum of the conditional expected pay-o�, given k in K. p
being �xed, we will write Γ∞ for Γ∞(p).

The analysis of the game will be done as follows:

� We �rst construct an auxiliary one-shot game Ḡ in normal form; basically we

consider a class of strategies that mimick some strategies in Γ∞, and we de�ne

the pay-o� in Ḡ as the corresponding asymptotic pay-o� in Γ∞. We prove that

Ḡ has a value v(Ḡ).
� Then we show that the minmax in Γ∞ exists and equals v(Ḡ): in fact the class

chosen above is su�cient in the sense that none of the players can do better, for

the minmax, than using a strategy in this class.

� Since there are games with no value we consider �nally vn and vλ and prove that

they converge.

2.b. An auxiliary game. We de�ne the one-shot game Ḡ by the following strategy

sets X̄1, Ȳ and pay-o� function F :

X̄1 = �S′⊆S∆(S ′)�NS\S′� S ′, Ȳ = �T ′⊆T∆(T ′)�NT\T ′
.

Given x in X̄1 (resp. y in Ȳ ) we denote the corresponding subset S
′
(resp. T ′

) by Sx
(resp.

T y
), the �rst component by αx

(resp. βy
), the second by cx (resp. dy) and the third by sx.
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We will also consider αx
and cx as de�ned on S with αx

s = 0 for s /2 Sx
and cxs′ = 0 for

s′ 2 Sx
. Let us denote by Bk

be the subset of non-revealing entries, given k:

Bk = f (s, t) 2 S � T j Ak(s, t) = 0 g
and by Bk

s (resp. Bk
t ) the corresponding sections:

Bk
s = f t 2 T j (s, t) 2 Bk g, Bk

t = f s 2 S j (s, t) 2 Bk g.
We can now introduce the pay-o� F (x, y) =

P
kF

k(x, y), with:

F k(x, y) = 1Sx×T y⊆Bk

Y
t
αx(Bk

t )
dyt
Y

s
βy(Bk

s)
cxs(sxGkβy)

The interpretation of the strategies in Ḡ is given by the following strategies in Γ: For
y in Ȳ : play βy

i.i.d. except for d(y) =
P

t d
y
t exceptional moves uniformly distributed

before some large stage N0. On d
y
t of these stages player II plays the move t. For x in X̄1,

αx
and cx have similar meanings, but player I uses sx after stage N0. Note that F

k(x, y)
can be expressed as

F k = ρk(x, y)fk(x, y)

where:

ρk(x, y) = 1Sx×T y⊆Bk

Y
t
αx(Bk

t )
dyt
Y

s
βy(Bk

s)
cxs

stands for the asymptotic probability that the game is not revealed, given k, and:

fk(x, y) = sxGkβy

is the asymptotic pay-o� given this event. We also de�ne:

X1 = fx 2 X̄1 j αx
s > 0, 8s 2 Sx g, Y = f y 2 Ȳ j βy

t > 0, 8t 2 T y g.
We begin by proving that Ḡ has a value:

Proposition 2.1. The game Ḡ has a value v(Ḡ) and both players have ε-optimal
strategies with �nite support on X1 and Y .

Proof. We �rst de�ne a topology on X̄1 and Ȳ for which these sets are compact. Let

X∗
1 = �S′⊆S∆(S ′)� N̄S\S′� S ′

, where N̄ = N [ f1g, and de�ne a mapping ι from X∗
1 to

X̄1 by:

ι(x∗) = x with

8>>>>><>>>>>:

Sx = Sx∗ [ f s j cx∗
s =1g

αx
s = α

x∗
s for s 2 Sx∗

= 0 for s 2 Sx n Sx∗

cxs = c
x∗
s for s /2 Sx

sx = sx
∗

Note that F (x∗, y) = F (ι(x∗), y) for all y in Ȳ . Endow now X̄1 with the strongest topology
for which ι is continuous. X∗

1 being compact, so will be X̄1. A similar construction is

done for Ȳ .
F is now uniformly bounded and measurable for any product measure on the product

of compacts X̄1� Ȳ . Note that F is continuous on X̄1 for each y in Y and similarly on Ȳ
for each x in X1. Moreover, for each x in X̄1 there exists a sequence xm in X1 such that

F (xm, y) converges to F (x, y) for all y in Ȳ and similarly, given y in Ȳ .
Apply now prop. 2.5 p. 16 to get the result. �



2. GAMES WITH NO SIGNALS 363

2.c. Minmax and maxmin.

Theorem 2.2. � v̄ exists and equals v(Ḡ).
� Player II has an ε-optimal strategy which is a �nite mixture of i.i.d. sequences,
each one associated with a �nite number of exceptional moves, uniformly distrib-
uted before some stage N0.

� Dual results hold for v.

Proof. The proof is divided into two parts corresponding to the conditions (i) and

(ii) of De�nition 1.2 p. 149.

Part A. Player I can defend v(Ḡ)

Before starting the proof let us present the main ideas: Since we are looking for a best

reply, player I can wait long enough to decompose player II's strategy into moves played

�nitely or in�nitely many times. Using then an optimal strategy in G, he can also give a

best reply to the behaviour of II �at in�nity�. Finally this �asymptotic measure� can be

approximated by a distribution on �nite times and will describe, with the initial strategy

in G the reply of I in Γ∞.
Given ε > 0, assume C � 1 and de�ne η = ε/9C. Let τ be a strategy of player II in Γ∞.

With our conventions in sec. 2.a τ can be viewed as a probability on T∞
. We will denote

in this section this set by Ω, with generic element ω = (t1, . . . , tn, . . . ) or ω : N! T .
We �rst introduce some notations:

� Given T ′ � T , let us denote by ΩT ′ the elements ω with �support� in T ′
, namely:

ΩT ′ = fω 2 Ω j T (ω) � f t 2 T j #ω−1(t) =1g = T ′ g
fΩT ′gT ′⊆T is clearly a partition of Ω. Let dt(ω) be the number of exceptional

moves: dt(ω) = #ω−1(t) for t /2 T (ω), and dt(ω) = 0 for t 2 T (ω).
� Given χ, η-optimal strategy of player I in Ḡ with �nite support onX1 (cf. prop. 2.1
p. 362) we de�ne:

δ = minfαx
s j χ(x) > 0, s 2 Sx g , thus δ > 0, and

c̄s = max(f0g [ f cxs j χ(x) > 0 g) , c̄ =
X

s
c̄s

� Given N1 � N0 in N and T ′ � T let:

Ω1T ′ = fω 2 ΩT ′ j 8t /2 T ′, ω−1(t) \ [N0,+1) = ; g
Ω2T ′ = fω 2 ΩT ′ j 8t 2 T ′, #fω−1(t) \ [1, N0]g > ln(η)/ ln(1� δ) g
Ω3T ′ = fω 2 ΩT ′ j 8t 2 T ′, #fω−1(t) \ [N0, N1]g > c̄ g , and

Ω∗
T ′ =

\
i
Ωi

T ′

We now choose N0 and N1 such that for all T ′ � T with τ(ΩT ′) > 0: τ(Ωi
T ′ j

ΩT ′) > 1� η, i = 1, 2, 3, hence τ(Ω∗
T ′ j ΩT ′) > 1� 3η. This means that with high

probability there will be no exceptional move after N0 and that each element in

the support of ω will appear a large number of times before N0 and between N0
and N1.

� Given χ and any array Θ in (N0,+1)c̄ with components f θsc j s 2 S, 1 � c � c̄s g
we de�ne the strategy σ(Θ) of player I in Γ as �rst choosing x 2 X1 with χ,
then using σ[x](Θ): play αx

i.i.d. before N0, and afterwards play sx at each stage,

except, 8s /2 Sx
, cxs additional moves s, played at times θsc (1 � c � cxs).
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� Let �nally N2= N1 _maxΘ θsc.

In the next two lemmas Θ is �xed and we will write σ[x] for σ[x](Θ).

Lemma 2.3. Let πk
1(σ[x], ω) = 1Sx×T (ω)⊆Bk

Q
tα

x(Bk
t )

dt(ω) and P k
1 (σ[x], ω) = Prf k is

not announced before N0 j k, σ, ω g. Then:��πk
1(σ[x], ω)� P k

1 (σ[x], ω)
�� � η, for all ω in Ω∗

T (ω).

Proof. Let T (ω) = T ′
. ω being in Ω1T ′ one has:

P k
1 (σ[x], ω) =

Y
t∈T ′α

x(Bk
t )
#{ω−1(t)∩[1,N0)}

Y
t
αx(Bk

t )
dt(ω).

Now if Sx� T ′ * Bk
, let t in T ′

with Sx * Bk
t . Since ω 2 Ω2T ′ this implies:

αx(Bk
t )
#{ω−1(t)∩[1,N0)} < (1� δ)ln η/ ln(1−δ) = η,

hence the result. �

Lemma 2.4. Let πk
2(σ[x], ω) = 1T (ω)⊆Bk

sx

Q
s

Qcxs
c=11ω(θsc)∈Bk

s
, P k

2 (σ[x], ω, n) = Pr f k is

not announced between N0 and n j k, σ, ω and k is not announced before N0 g. Assume
n > N2, then:

πk
2(σ[x], ω) = P

k
2 (σ[x], ω, n), for all ω in Ω∗

T (ω).

Proof. Let again T ′ = T (ω) and recall �rst that ω 2 Ω1T ′ implies ω(m) 2 T ′
for

m � N0. Note also that the moves of player I before and after N0 are independent hence:

P k
2 (σ[x], ω, n) = Prfω(n) 2 Bk

sm 8m : N0 � m � n j k, σ, ω g

=
Y

s

Ycxs

c=1
1ω(θsc)∈Bk

s

Y
N0≤m≤n,n/∈Θ

1ω(m)∈Bk
sx
.

Since ω 2 Ω3T ′, the last product is precisely 1T (ω)⊆Bk
sx
. �

We obtain thus, writing the pay-o� as: γn(σ, τ) = Eχ,τf
P

k Pr(k not revealed before

n j k, σ[x], ω)E(Gk
sntn j k is not revealed before n, σ[x], ω)g, the following majoration:���γn(σ, τ)� Eχ,τ

�P
k π

k
1(σ[x], ω)π

k
2(σ[x], ω, n)

P
t∈T (ω)G

k
sxt1ω(n)=t

���� � Cη + CτfSω(ΩT (ω) n
Ω∗

T (ω))g � 4Cη. Reintroducing explicitly Θ, we obtain a minoration of the pay-o�:

γn(σ, τ) � Eτ[ϕf(ω(θ))θ∈Θ, ω(n), ωg]� 4Cη

where ϕf(ω(θ))θ∈Θ, ω(n), ωg =

Eχ

hX
k
1Sx×T (ω)⊆Bk

Y
t
αx(Bk

t )
dt(ω)

Y
s

Ycxs

c=1
1ω(θsc)∈Bk

s∩T (ω)G
k
sxω(n)1ω(n)∈T (ω)

i
Let ω̃(n) 2 L∞(Ω; τ)#T

describe the random move of player II at each stage n and de�ne

Φ: L∞(Ω; τ)#T (#Θ+1)! R by Φf(ω̃(θ))θ∈Θ, ω̃(n))g = Eτ[ϕf(ω(θ))θ∈Θ, ω(n), ωg]. Then:
(1) γn(σ, τ) � Φf(eω(θ))θ∈Θ, eω(n))g � 4Cη

We are now going to study Φ. Let D be the set of limit points of fω̃(n)g in L∞(Ω; τ)#T

for σ(L∞, L1) and denote by F its closed convex hull. De�ne �nally Φ∗
from F � F to R

by: Φ∗(f, g) = Φf(f), gg where (f) is the Θ-vector f . Remark �rst that:

(2) Φ∗(f, f) = Φf(f), fg � v(Ḡ)� η, for all f in F

Indeed note that if ω̃(θ) = ω̃(n) = f , then ϕf(f(ω)), f(ω), ωg is the pay-o� in Ḡ induced

by χ and the pure strategy fT (ω), f(ω), d(ω)g of player II (recall that the support of f(ω)
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is included in T (ω)), thus greater than v(Ḡ)�η, hence the claim by taking the expectation

w.r.t. τ .
Now F is compact convex, Φ∗

is continuous hence by Theorem 2.6 p. 17 Φ∗
has a value,

say w. Player I has an η-optimal strategy ν with �nite support on F and Φ∗
being a�ne

w.r.t. g, player II has a pure optimal strategy, say g∗. Hence, by using (2):

8g 2 F, η +

Z
F

Φ∗(f, g)ν(df) � w � sup
f∈F

Φ∗(f, g∗)(3)

� Φ∗(g∗, g∗)(4)

� v(Ḡ)� η(5)

By convexity, F is also the closed convex hull of D in the Mackey topology; hence, since

on bounded sets of L∞ this topology coincides with the topology of convergence in prob-

ability (cf. ex. I.2Ex.16 p. 25), we obtain that every f in F is a limit in probability of some

sequence of convex combination of elements in the sequence feω(n)g. More precisely, for

all f 2 F , all n and all j = 1, 2, . . ., there exists µ with �nite support on [n,+1) such
that:

P
�f �X

i
µ(i)ω̃(i)

 > η� < ηj.
De�ne inductively, for j = 1, 2, . . ., a sequence of ηj approximations µj, with disjoint

supports, starting from N0 = n. Let J > c̄
2/2ε and µ̄ = 1/J

PJ
j=1µj. Now we have:

(6) P
�f �X

i
µ̄(i)ω̃(i)

 > η� < η/(1� η)
We then use µ̄ to select independently the c̄ points of Θ in [N0,+1). Note that the

probability of selecting twice the same i is smaller than
P

i (
c̄
2)µ̄

2(i) < c̄2/2maxi µ̄(i) < η
by the choice of J . Given f in F , let us write σf

for the strategy using µ̄ (= µ̄f) to choose
Θ and then playing σ(Θ). Let N f > N2 with µ̄f]N f,+1)g = 0. Then for n > N f

we

obtain using (1):

γn(σ
f, τ) � Eµ̄f Φf(ω̃(θ))θ∈Θ, ω̃(n))g � 5Cη.

Φ being linear in each ω̃(θ) and the θ being i.i.d., (6) implies that for η small enough:

(7) γn(σ
f, τ) � Φf(f), ω̃(n)g � 7Cη

Let Nj be a sequence along which γn converges to lim inf γn, and we still denote by Nj a

subsequence on which ω̃(n) converges σ(L∞, L1) to some g 2 D � F . We obtain:

lim inf γn(σ
f, τ) = lim γNj

(σf, τ) � limΦf(f), ω̃(Nj)g � 7Cη = Φ∗(f, g)� 7Cη

Let �nally σν
denote the strategy of player I that choose �rst f according ν and then

play σf
. Then:

lim inf γn(σ
ν, τ) = lim inf

Z
F

γn(σ
f, τ)ν(df)

�
Z
F

lim inf γn(σ
f, τ)ν(df)

�
Z
F

Φ∗(f, g)ν(df)� 7Cη

� v(Ḡ)� 9Cη using (3)

We have thus proved that, for all ε > 0, for all τ , there exists σ with:

lim inf γn(σ, τ) � v(Ḡ)� ε.
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Obviously the same minoration with γ̄n follows, hence the proof of A.

Part B. Player II can guarantee v(Ḡ).

This part is much easier to explain: a pure strategy of player II in G induces a strategy

in Γ∞ by playing β i.i.d. except at �nitely many stages where the exceptional moves are

used. We will show that if these moves are uniformly spread on a large number of stages,

player I's behaviour can be approximated by a strategy in G, so that the pay-o�s in both

games will be close. The result will then follow by letting player II make an initial choice

according to an optimal strategy in G.
Let ε > 0 and ψ be an ε-optimal strategy for player II in Ḡ with �nite support in Y .

De�ne: d̄ = maxf d(y) =
P

t d
y
t j y 2 Y, ψ(y) > 0 g + 1, and δ = minfβy

t j y 2 Y, t 2 T y

and ψ(y) > 0 g. Choose �nally N0 > (jln εj .#S.d̄.(d̄+ 1))/εd̄+1δ and de�ne a strategy

τ = τ(N0) of player II in Γ as:

� Use �rst ψ to select y in Y and then play the following τ [y;N0]
� Generate random times f θtd j t /2 T y, 1 � d � dyt g, by choosing independently

and uniformly stages in [1, N0] (with new choices if some of these stages coincide).

Let us write Θ = fθtdg.
� Play now βy

i.i.d. except at stages θtd where t is played.

Let ω in S∞
be a pure strategy of player I in Γ and let us compute the pay-o� induced

by ω and τ . For this purpose, we will represent ω as a strategy in Ḡ; given ω,N0 and some

r 2 N de�ne x[ω; r;N0] as follows: Let ns = #fω−1(s) \ [1, N0]g, then Sx = f s j ns � r g;
αx

s = ns/
P

i∈Sxni, s 2 Sx
; cxs = ns, s /2 Sx

.

We �rst approximate the probability Qk(ω, τ) that the game is not revealed before

stage N0, given k, ω, τ .

Lemma 2.5. Let N0 > (jln εj .#S.d̄.(d̄+ 1))/εd̄+1δ and r = ((d̄+ 1) jln εj)/ ln(1� δ),
then: ��Qk(ω, τ [y;N0])� ρk(x[ω; r;N0], y)

�� � 7ε

Proof. ω, hence x, being �xed, we will write S ′
for Sx

and α (resp. c) for αx
(resp.cx);

we will also use ζ(td) for ω(θtd), Q for Qk(ω, τ [y;N0]), and E for Eτ [y;N0]. Then we have:

Q = E[1{∀t,d, ζ(td)∈Bk
t }1{∀n/∈Θ,1≤n≤N0, jn∈Bk

ω(n)
}].

This can be written as:

Q = E
hY

t

Ydyt

d=1
1t∈Bk

ζ(td)

Y
n/∈Θ

1≤n<N0

βy(Bk
ω(n))

i
=
YN0

n=1
βy(Bk

ω(n))E
hY

t

Ydyt

d=1
1t∈Bk

ζ(td)
/βy(Bk

ζ(td))
i
.

Let us remark that, with I = 1{∀s, ns=0orβy(Bk
s)≥ε},

(8)

Q� IY
s
βy(Bk

s)
ns E
hY

t

Ydyt

d=1

X
s∈Bk

t

1ζ(td)=s/β
y(Bk

s)
i � 2ε

In fact, if at some stage n, ω(n) = s with βy(Bk
s) � ε, then Q � 2ε since Pr(n 2 Θ) �

d̄/N0 < ε. Now the probability that the random times θtd di�er from the original i.i.d.

choices θ∗td is:

(9) Pf9(t, d) 6= (t′, d′), θ∗td = θ
∗
t′d′g � 1�

Yc̄

c=1
(1� c/N0) � 1� exp(�c̄2/N0) � εc̄+1
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Otherwise the θtd are i.i.d. and uniformly distributed hence:

(10) E
hY

t

Ydyt

d=1

X
s∈Bk

t

1ζ(td)=s/β
y(Bk

s)
i
=
Y

t

X
s∈Bk

t

� ns/N0
βy(Bk

s)

�dyt

Recall that βy(Bk
s) < 1 implies βy(Bk

s) � 1� δ, hence ns � r implies:

(11)
��βy(Bk

s)
ns� 1T y⊆Bk

s

�� � εd̄+1
Note �nally that by the choice of N0, s /2 Sx

implies ns/N0 � (εd̄+1)/#Sd̄, and that the

function
Q

t z
dyt
t has Lipschitz constant d̄ε−d̄+1

on 0 � zt � 1/ε, so that:

(12) I

����Yt

X
s∈Bk

t

� ns/N0
βy(Bk

s)

�dyt �
Y

t

X
s∈Sx∩Bk

t

� ns/N0
βy(Bk

s)

�dyt
���� � ε

Obviously we have:

(13) I
Y

t

X
s∈Sx∩Bk

t

� ns/N0
βy(Bk

s)

�dyt � ε−d̄

We use now (9�13) to get in (8):����Q� IYs/∈Sx
βy(Bk

s)
ns1Sx×T y⊆Bk

Y
t

X
s∈Sx∩Bk

t

� ns/N0
βy(Bk

s)

�dyt
���� � 5ε

Finally for s /2 Sx
, with ns 6= 0 and βy(Bk

s) < ε the second part above is smaller than ε,
hence we obtain:

(14)

���Q� 1Sx×T y⊆Bk

Y
s
βy(Bk

s)
cs
Y

t

X
s∈Sx∩Bk

t

(ns/N0)
dyt

��� � 6ε

It remains to replace ns/N0 by αs = ns/
P

s∈Sxns, but
P

s∈Sxns/N0 � 1 � (#S/N0)r >

1� εd̄+1/d̄ so that (Ps∈Sxns/N0)
−d̄ < 1+2ε for ε small enough. Coming back to (14), we

�nally get:

���Q� 1Sx×T y⊆Bk

Q
sβ

y(Bk
s)

cs
Q

tα(B
k
t )

dyt

��� � 7ε. �

Returning to the proof of B, let us now compute the average pay-o� in Γ at some

stage n > N0/ε. De�ne for s 2 S and j > N0: mj
s = #fω−1(s)\]N0, j]g and

njs = #fω−1(s) \ [1, j]g. Then we have:

nγ̄n(ω, τ) � CN0+
X

s

Xn−1
j=N0

1ωj+1=s Eτ

X
k
Qk
hY

s′ �=s

�
βy(Bk

s′)
�mj

s′
i
1T y⊆Bk

s
sGkβy +

C

δ

where the last term comes from the fact that if T y * Bk
s , then the average number of

times s is played before k is revealed is less than 1/δ. Using the evaluation of Qk
in the

previous lemma 2.5 we obtain:

γ̄n(ω, τ) � (1/n)
�Xn−1

j=N0

X
s
1ωj+1=s Eτ

X
k
1Sx×T y⊆Bk

Y
y

�
αx(Bk

t )
�cythY

s′/∈Sx

s′ �=s

�
βy(Bk

s′)
�nj

s′
i
1T y⊆Bk

s
sGkβy + 10Cε

�
.

It remains to remark that the term Eτ(. . . ) equals precisely the pay-o� F in Ḡ, corres-
ponding to ψ and the pure strategy x′ de�ned by: Sx′

= Sx [ S; αx′
= αx

on Sx
, and

αs = 0; cx
′

s = njs on S
x′
; sx

′
= s. By the choice of ψ, F (x′, ψ) � v(Ḡ) + Cε, implying:

γ̄n(ω, τ) � 1
n((n�N0)(v(Ḡ) + Cε)) + 10Cε � v(Ḡ) + 12Cε.

This ends the proof of B, hence of theorem 2.2. �
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For examples where v(Ḡ) 6= v(G) (G being obviously de�ned in a dual way), cf.

ex. VIIIEx.2 p. 393. We are thus led to study lim vn and lim vλ.

2.d. lim vn and lim vλ. As in the previous section, the analysis will be done through

the comparison with an auxiliary game. Note nevertheless that we cannot use an asymp-

totic approximation of the pay-o�s since the game is basically �nite. What we will do is

to use a sequence of �approximating games�. (Compare also with sect. 4.a below where a

single �limit� game can be constructed).

For each L in N we shall construct a game GL. The heuristic interpretation of GL is

Γn played in L large blocs, on each of which both players are using stationary strategies,

except for some singular moves. The strategy sets in GL are X̄L
and Ȳ L

, where as before:

X̄ = �S′⊆S∆(S ′)�NS\S′
,

Ȳ = �T ′⊆T∆(T ′)�NT\T ′
.

As in subsection 2.b we will write x = (Sx, αx, cx) and similarly for y. The probability of

getting the signal 0, under x and y and given k is again:

ρk(x, y) = 1Sx×T y⊆Bk

Y
t
αx(Bk

t )
dyt
Y

s
βy(Bk

s)
cxs

and the pay-o� is fk(x, y) = αxGkβy
. Given x = fx(l)g (resp. y = fy(l)g) in X̄L

(resp.

Ȳ L
), we de�ne FL by:

FL(x, y) =
X

k

1

L

XL

l=1

�Yl−1
m=0

ρkfx(m), y(m)g
�
fk(x(l)y(l)),

with ρkfx(0), y(0)g = 1. We introduce also X = fx 2 X̄ j αx > 0 on Sx g and similarly

Y .
Then we have the following result, the proof of which is similar to prop. 2.1:

Proposition 2.6. GL has a value wL and both players have ε-optimal strategies with
�nite support in XL and Y L.

We can now state:

Theorem 2.7. limn→∞ vn and limL→∞wL exist and coincide.

Proof.

Part A. Sketch of the proof.

Obviously it will be su�cient to show that lim inf vn � lim supwL.

Denote then lim supwL by w. Given ε > 0 and L0 large enough we shall choose L � L0
with wL � w � ε and χL an ε-optimal strategy of player I in GL

with �nite support in

XL
. Each x in the support of χL will induce a strategy σ[x] of player I in Γn for n large

enough. On the other hand each pure strategy τ of player II in Γn will be represented as a

strategy y[τ ] in Y L
. We shall then prove that there exists N(ε, L) such that n � N(ε, L)

implies:

(15) γ̄n
�
σ[x], τ

�
� FL

�
x, y[τ ]

�
� 8ε

for all x 2 SuppχL and all τ 2 T . Integrating will give:

EχL

�
γ̄n(σ[x], τ)

�
� FL

�
χL, y[τ ]

�
� 8ε

So that, de�ning σ in Γn as: select x according to χL and then play σ[x], we obtain:

vn � wL� 9ε � w � 10ε.
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Part B. Preliminary results.

Given x 2 X we construct a strategy σ in Γn for n large enough. Let cx =
P

s c
x
s. σ

will consist of playing αx
i.i.d. at each stage except on cx stages. These exceptional stages

are obtained by using cx independent random variables θ∗sc, s 2 S, 1 � c � cxs, uniformly

distributed on [1, n] (adding new trials if some choices coincide so that the �nal choices

are θsc). At stage θsc, σ consists of playing s. Denote this strategy by σ[x;n].
Given τ , pure strategy of player II in Γn, we construct now y in Y . Let dt = #f j j

τj = t, 1 � j � n g and given some r in N, let T ′ = f t 2 T j dt � r g. De�ne y by T y = T ′
;

βy
t = dt/

P
t∈T ′ dt for t 2 T ′

; dyt = dt for t /2 T ′
. We denote this strategy by y[τ ; r;n]. Let

Am be the event f aj = 0 j 1 � j � m g, where as usual aj is the signal at stage j.
Then we rewrite lemma 2.5 p. 366 as:

Lemma 2.8. Let x in X and δx = minfαx
s j s 2 Sx g. Choose 1/4 > ε1 > 0 and

r = (cx + 1) jln ε1j / ln(1� δx). Then n � jln ε1j#T.cx(cx + 1)/εc
x+1
1 δx implies:��ρkfx, y[τ ; r;n]g � Pσ[x;n],τ,k(An)

�� < 7ε1.

Part C. Construction of � in Σ and y in Y
L.

Given ε > 0, let ε′ = ε/K and choose L0 such that:

(16) (1� ε′)�L
1/2
0  � ε′ and bL1/20 c−1 � ε′

where b. . .c denotes the integral part. Take L � L0 and χL as in part A. Let δ = minf δx(l) j
1 � l � L, x = fx(l)g 2 SuppχL g and c̄ = maxf cx(l) j 1 � l � L, x = fx(l)g 2 SuppχL g.
Assume ε1 < ε

′/7L, r = (c̄ + 1) jln ε1j ln(1 � δ), and N0 � jln ε1j#T.c̄(c̄ + 1)/εc̄+11 δ. For

n = NL + n1 with n1 � L and N � N0, we construct σ in Γn by specifying this

strategy on each bloc l of length N , l = 1, . . . , L, (the lth bloc consists of the stages

m 2 N(l) � f(l � 1)N + 1, . . . lNg) to be σ(l) � σ[x(l);N ]. Similarly, given τ pure

strategy of player II in Γn, we consider the restriction τ(l) of τ on each bloc l and de�ne

y = fy(l)g by y(l) = y[τ(l); r;N ] where (cf. B) dt(l) = #fm 2 N(l) j τm = t g, and so on.

Part D. Comparison of the pay-o�s.

We are going to compare the pay-o�s in GL for x and y and in Γn for σ and τ . Note
�rst that it is su�cient to approximate on each block and moreover that we can work

conditionally on the state being k, since the mappings x 7! σ and τ 7! y do not depend

on k. Accordingly, we shall drop the index k until (18). In GL the pay-o� on bloc l is:

Fl(x, y) =
Yl−1

m=0
ρfx(m), y(m)gf(x(l)y(l))

and in Γn the pay-o� on the corresponding bloc can be written as:

Φl(σ, τ) �
Yl−1

m=0
Qm(σ, τ)ϕl(σ, τ)

where Qm(σ, τ) = Pσ,τfAmN j A(m−1)N g and ϕl(σ, τ) is the average expected pay-o� on

the stages in N(l) conditionally on A(l−1)N. By the choice of r and N0 it follows from
lemma 2.5 p. 366 that: ��ρfx(m), y(m)g �Qm(σ, τ)

�� � 7ε1,

hence:

(17)

���Yl

m=0
ρfx(m), y(m)g �

Yl

m=0
Qm(σ, τ)

��� � 7Lε1 � ε′, for all l.
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It remains then to compare fl(= f(x(l)y(l))) to ϕl. We shall �rst ignore the blocs where

Qm is small; in fact after many of such blocs the game will be revealed with a high

probability, and both Fl and Φl approximately 0. Now on the blocs where Qm is large

the expected average pay-o� given A(m−1)N is near the Cesàro mean, hence fm near

ϕm. Formally let Ml = fm j 1 � m � l, Qm(σ, τ) � 1 � ε′ g and ml = #Ml. De-

�ne l′ = minff l j ml � bL1/2c g [ fL + 1gg. It follows from (16) that on fl′ � Lg,Ql′
m=0Qm � ε′, hence using (17), we have for l > l′:

jFl� Φlj � 3ε′C.

The number of blocs in Ml′ is at most ε′L by (16) hence it remains to consider

l 2 f1, . . . , l′g nMl′. We have:

ϕl(σ, τ) =
1

N

X
m∈N(l)

λm Eσ,τ(Gsmtm)

where λm = Pr(Am−1 j A(l−1)N), hence λm � 1� ε′, 8m, implying:���ϕl(σ, τ)� Eσ,τ

1

N
(
X

m
Gsmtm)

��� < Cε′.
Using (9) we obtain that fθscg will coincide with fθ∗scg with probability greater than

(1� ε′). On this event, they de�ne a random subset of c̄ stages in N(l) such that on its

complement:

� player I plays α(l) i.i.d.
� the expected empirical distribution of τ is as on N(l), say τ ∗(l) = 1

N

P
m∈N(l) τm.

It follows from the choice of r and N0 that:

jτ ∗(l)� β(l)j � ε′

hence: ��� 1
N

Eσ,τ(
X

m
Gsmtm)� α(l)Gβ(l)

��� � 3ε′.

So that for all l /2Ml′, one has:

jFl � Φlj � 5ε′

This implies:

(18)

���X
k∈K

X
l∈L

�
F k

l � Φk
l

���� � (5ε′L+ bL1/2c)K

and �nally: ��γ̄n(σ, τ)� FL(x, y)
�� � (5ε′L+ bL1/2c)K + 2L/n

which implies (15). �

Basically the same construction will give:

Theorem 2.9. lim vλ exists and limλ→0 vλ = limL→∞wL

Proof. Given L and λ small enough, de�ne fnlg, l = 1, . . . L, by requiring
Pnl+1

nl+1
λ(1�

λ)m−1
to be near 1/L. Now x induces σ with σ(l) = σ[x(l);nl]. Given τ , denote by τ(l) its

restriction to the lth bloc of length nl and de�ne y(l) as y[τ(l); r;nl]. The approximations

are then very similar to those in the previous section. �



3. A GAME WITH STATE DEPENDENT SIGNALLING MATRICES 371

3. A game with state dependent signalling matrices

3.a. Introduction and notation. We consider here (not symmetrical) games with

lack of information on both sides but where the signalling matrices do depend on the state

(compare with ch.VI).

The simplest case is given by the following data: K = f0, 1g2 = L �M , we write

k = (l,m). The probability on K is the product p
 q of its marginals and we denote by

P and Q the corresponding simplices. At stage 0, player I is informed about l and player

II about m. The pay-o�s are de�ned by 2 � 2 pay-o�s matrices Glm
and the signalling

matrices are the same for both players and given by:

A11 =

�
T L
c d

�
A10 =

�
T R
c d

�
A01 =

�
B L
c d

�
A00 =

�
B R
c d

�
Remark 3.1. The signals include the moves.

Remark 3.2. As soon as player I plays Top some �type� is revealed: l if player II
played Left at this stage, m if he played Right.

Remark 3.3. The previous game Γ(p, q) has a value, v(p, q), as soon as p1p0q1q0 = 0
by the results of ch.V.

Notation.

� We write NS for the set of non-separating strategies (i.e. strategies that do not

depend on the announced type). As in ch.V, and this is one of the main di�erence

with ch.VI, NS is not included in the set NR of non-revealing strategies.

� θ is the stopping time corresponding to the �rst time I plays Top.
� We denote by G(p, q) the average of the matrices Gk

and we will also write

γpq(σ, τ) as
P

lm p
lqmγlm(σl, τm) for the pay-o�, where σl

is σ given l and simi-

larly for τ .

3.b. Minmax. We prove in this section the existence of the minmax and give an

explicit formula for it. As in sect. 2 the construction relies on an auxiliary game.

Let G(p) be the in�nitely repeated stochastic game with lack of information on one

side described by:

p1 G1 =

�
g1∗11 g1∗12
g121 g122

�
p0 G0 =

�
g0∗11 g0∗12
g021 g022

�
where a star (∗) denotes an absorbing pay-o� (cf. sect. 4.a p. 341). Player I is informed

and we assume full monitoring. Denote by w1(p) the value of the one-shot G1(p).

Proposition 3.1. minmax G(p) exists and equals w1(p).

Proof. As usual we split the proof into two parts.

Part A. Player II can guarantee w1(p).

In fact, let y be an optimal strategy of player II in G(p) and de�ne τ as: play y i.i.d.
Given σ, strategy of player I and τ let: zl(n) = Prσl,τ(θ � n) and xl(n) be the vector in
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∆(S) with �rst component zl(n). Since the play of player II is independent of σ we easily

obtain for the expected pay-o� ρn in G(p) at stage n:

ρn(σ, τ) =
X

l
plxl(n)Gly

hence, by the choice of y, ρ̄n(σ, τ) � w1(p), for all n and all σ.

Part B. Player II cannot get less than w1(p).

Given τ , strategy of player II in G(p), note �rst that it is enough to de�ne τ at stage
n conditionally to fθ � ng, hence τ is independent of the moves of player I. We can thus

introduce yn = Eτ(tn) 2 ∆(T ). Given x optimal strategy of player I in G1(p) and y in

∆(T ), de�ne ρ′(x, y) (resp. ρ′′(x, y)) to be the absorbing (resp. non-absorbing) component

of the pay-o� that they induce in G1(p). Formally:

ρ′(x, y) =
X

l
plxl1(G

ly)1 ρ′′(x, y) =
X

l
plxl2(G

ly)2

Let ε > 0 and choose N such that:

ρ′(x, yN) � sup
n
ρ′(x, yn)� ε

De�ne σ as: Play always Bottom except at stage N where x is used. For n � N we get:

ρn(σ, τ) = ρ
′(x, yN) + ρ

′′(x, yn)

� ρ′(x, yn) + ρ′′(x, yn)� ε
� w1(p)� ε

hence n � CN/ε implies ρ̄n(σ, τ) � w1(p)� 2ε. �

Given α = (α1, α0) and β = (β1, β0) in R2, G(p, q;α, β) is a game of the previous class

with:

G1 =

�
v(1, q)∗ (q1α1+ q0β1)∗

G21(1, q) G22(1, q)

�
G0 =

�
ccv(0, q)∗ (q1α0+ q0β0)∗

G21(0, q) G22(0, q)

�
Let w1(p, q;α, β) be the value of G1(p, q;α, β), hence by prop. 3.1 the minmax of

G(p, q;α, β).
We introduce two closed convex sets of vector pay-o�s in R2:

A = fα j α1r1+ α0r0 � v(r, 1) for all r in P g
B = fβ j β1r1+ β0r0 � v(r, 0) for all r in P g

Remark 3.4. A (resp. B) corresponds to the a�ne majoraters of v(�, 1) (resp. v(�, 0).
Theorem 3.2. v̄(p, q) exists on P �Q and is given by:

v̄(p, q) = Vex
q

min
α∈A
β∈B

w1(p, q;α, β).

Proof. The proof is again divided in two parts corresponding to conditions (i) and

(ii) of the de�nition of the minmax (subsection 1.c p. 149).

Part C. Player II can guarantee this pay-o�.

Since player II knows m, it is enough by Theorem 1.1 p. 183, to prove that given any

(α, β) in A �B, he can guarantee w1(p, q;α, β). Consider now the following class T ∗
of

strategies of player II:

(1) play NS up to stage θ.
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(2) if aθ = T (resp. B) play from this stage on optimally in Γ(1, q) (resp. Γ(0, q)) (cf.
sect. 3 p. 191).

(3) if aθ = L (resp. R) play from this stage on a strategy that approaches the vector

pay-o� α (resp. β), (cf. sect. 3 again).

Note that this construction is consistent: for 2, since player II was playing NS until θ, the
posterior on M after this stage is still q; as for 3, A is precisely the set of vector pay-o�s

that player II can approach in the game with lack of information on one side de�ned for

m = 1.
It is now quite clear that, if player II is playing in T ∗

, the original game Γ(p, q) is
equivalent to the auxiliary game G so that by playing an optimal strategy in T ∗

for G,
player II can obtain in Γ minmaxG. In fact, let y be an optimal strategy of player II in
G1(p, q;α, β) and given ε > 0, let τ(1) and N(1) such that:

γ̄l1n (σ, τ) � αl + ε, l = 0, 1, for all n � N(1) and all σ

and de�ne similarly τ(0) andN(0). LetN = maxfN(1), N(0)g and τ be the corresponding
strategy in T ∗

where 1 consists of playing y i.i.d., and 3 is to play τ(1) or τ(0).
Given a strategy σ of player I in Γ, let us consider the pay-o� γ̄pqn (σ, τ). It su�ces to

majorate γ̄1,qn (σ1, τ), but by de�nition of τ and θ one has:

Pσ1,τf tn = L j n � θ g = y
hence:

Eq,σ1,τ[gn j n � θ] = (G(1, q)y)2.

Moreover, under (σ1, τ), aθ will take the values T, L, R with the respective probabilities

y1, y2q
1, y2q

0
. Finally we have:

Eq,σ1,t[gn j n > θ and aθ = T] � v(1, q)
and if n � θ +N :

Eq,σ1,τ

�
(n� θ)−1

Xn

i=θ
gi
�� aθ = L

�
� α1+ ε

From the previous evaluations we deduce that nγ̄1qn (σ1, τ) is bounded by

Eσ1,τ[(θ ^ n)(G(1, q)y)2+ (n� (θ ^ n))fy1v(1, q) + y2(q1α1+ q0β1)g] + nε+ 2CN.

Let now F (x, y) � F (x, y; p, q;α, β) be the pay-o� in G1(p, q;α, β) when (x, y) is played.
Then we have:

γ̄n(σ, τ) � F (ξ, y) + ε+ 2CN/n

where ξl 2 ∆(S) with ξl2 = (1/n)Eσl,τ(θ ^ n), l = 1, 0. So �nally by the choice of y we get
that n � 2CN/ε implies:

γ̄n(σ, τ) � w1(p, q;α, β) + 2ε, for all σ.

Part D. Player II cannot get less than v̄.

We want here to exhibit good replies of player I. A priori such a strategy, i.e. mainly

a distribution of the stopping time θ given l, should depend on the posterior behaviour of

player II, which in turn could also be a function of θ. We are thus led to use a �xed point �

or minmax� argument. Given (p, q) �xed, let us denote by ϕ(α, β) the set of optimal stra-

tegies of player I in G1(p, q;α, β) de�ned as above by x
l, l = 1, 0. Denote by ψ(x) the set of

vectors (α, β) in A �B that minimise p1x11(q
1α1+q0β1)+p0x01(q

1α0+q0β0) or equivalently
that minimise the absorbing pay-o� given x inG1. Remark that (α, β) 2 ψ(x) i� α is a sup-
porting hyperplane to v(., 1) at the posterior probability π with π1(x) = Prf l = 1 j T, x g.
Since the correspondences ϕ and ψ are u.s.c. and compact-convex valued, it follows that
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ϕ Æψ has a �xed point, say x̄(= fx̄l(p, q)g). The construction of σ can now be explained:

given τ , strategy of player II, player I �rst plays Bottom until some stage N after which

the martingale qn of posterior probabilities on M is essentially constant. Player I now
uses x̄(p, qN) to compute the stage where his non-absorbing against τ is minimal and plays

then once x̄. Assuming this strategy for player I, a best reply of player II would be to use

(α, β) in ψ(x̄), hence the corresponding pay-o� is some w1(p, qN;α, β).
The formal proof follows. Denote by b the strategy of player I: �play always Bottom�,

and given τ , de�ne N such that:

(1) Eq,b,τ

�
kqn� qNk

�
� ε, 8n � N.

Use ζ(N) for the random variable x̄(p, qN), π
N
for π(x̄(p, qN)); and for n � N de�ne:

y1(n) = Pq,b,τftn = L jHNg and ym1 (n) = Pq,b,τmftn = L jHNg
So:

(2) Eq,b,τ

�
ky(n)� ym(n)k

��HN

�
� E

�
kqn+1� qNk

��HN

�
def

= δ(n+ 1, N)

Denote �nally by ρ′′(p, q;x, y) the non-absorbing pay-o� in G1(p, q), given x and y. For

ε > 0, de�ne N∗ � N such that:

(3) ρ′′
�
p, qN; ζ(N), y(N∗)

�
� ρ′′

�
p, qN; ζ(N), y(n)

�
+ ε, 8n � N.

σ is played as follows:

� play b up to stage N∗� 1.
� use ζ(N) at stage N∗

.

� if sn = B, keep playing b
� if sn = T, use an optimal strategy in the revealed game, namely:

� if aN∗ = L, use a strategy that gives at least v(πN, 1) at each further

stage, and similarly if aN∗ = R. (Recall that since player I was playing
b up to stage N∗� 1 the posterior probability pN∗ is precisely πN).

� if aN∗ = T: given ε > 0, choose a strategy and some N̄ such that

n � N̄ implies:

E
�XN∗+n

N∗+1
gi
��HN∗

�
� v(1, qN∗)� ε, 8τ.

(Since v(p, .) is Lipschitz, N̄ can be chosen uniformly w.r.t. qN∗).

Before evaluating the pay-o� let us compute the probabilities of the di�erent signals.

We have:

P
�
sN∗ = B

��HN

�
= p1ζ12(N) + p0ζ02(N),

P
�
aN∗ = T

��HN

�
= p1ζ11(N)y1(N

∗),

P
�
aN∗ = L

��HN

�
= (p1ζ11(N) + p0ζ01(N))q1Ny

1
2(N

∗).

and analogous formulae for B and R.

It follows, using (2), that for n � N̄ :

E
�XN∗+n

N∗+1
gi
��HN

�
�
XN∗+n

i=N∗+1

�
ρ′′(p, qN; ζ(N), y(i))� Cδ(i, N)

�
+ n

�
p1ζ11(N)y1(N

∗)v(1, qN∗) + p0ζ01(N)y1(N
∗)v(0, qN∗)� ε

+
�
p1ζ12(N) + p0ζ02(N)

�
y2(N∗)

�
q1Nv(πN, 1) + q

0
Nv(πN, 0)

�
� Cδ(N∗, N)

�
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Using (1), (3) and the choice of ζ imply that the right hand side can be minorated by the

pay-o� in G1:

E
�XN∗+n

N∗+1
gi
��HN

�
� F

�
ζ(N), y(N∗); p, qN;α, β

�
� 2nCε� 2nε

for all (α, β) in A �B. ζ(N) being optimal in G1 at (p, qN), we obtain, taking expectation
and using Jensen's inequality:

E
�XN∗+n

N∗+1
gi
�
� nVexmin

αβ
w1(p, q;α, β)� 2nε� 2nCε.

So that n � N∗ + N̄ implies γ̄n(σ, τ) � Vexminαβw1(p, q;α, β)� 5ε(C _ 1). �

3.c. Maxmin. We prove in this section the existence of the maxmin and give an

expression for it.

As in subsection 3.b we introduce the sets of vector pay-o�s that player I can obtain,

namely:

C = f γ = (γ1, γ0) j γ1r1+ γ0r0 � v(1, r), for all r in Q g
D = f δ = (δ1, δ0) j δ1r1+ δ0r0 � v(0, r), for all r in Q g

Note that, v(., q) being concave, we obviously have:

(4) p1γm + p0δm � v(p,m), m = 1, 0, for all p 2 P and all (γ, δ) 2 C �D

3.c.1. Sketch of the proof. Here player I can do better than using NS strategies and

then concavifying, because player II does not have a reply that could allow him to observe

the moves and to play non-revealing until the convergence of the posterior probabilities

on L. Basically a strategy of player I will be described by the distribution of the stopping

time θ and by the behaviour after θ. The second aspect is similar to subsection 3.b,

namely play in the game on P , at the posterior probability induced by his strategy if m is

revealed, or approach some vector pay-o� in C �D , if l is revealed. This last choice being
history-dependent, some minmax argument will also be needed. As for the �rst part, as

long as he is playing Bottom, player I observes the moves of his opponent. Because of (4),

we can restrict ourselves to monotone behaviour of the kind: Play Top i� the frequency

of Right exceeds some number, say z, like in the �Big Match� (cf. ex. VIIEx.4 p. 346).

It remains to choose this number and this can be done at random in a type-dependent

way. A best reply of player II will then be to evaluate these distributions and to play an

increasing frequency of Right up to some type-dependent level, say u, that can also be

random.

3.c.2. Preparations for the proof. We are thus led to de�ne U as the set of positive

measures µ with �nite support on [0, 1] and total mass less than 1 and V as the set of

probability distributions ν on [0, 1]. C̄ (resp. D̄) is the set of measurable mappings from

[0, 1] to C (resp. D). Given µ1 and µ0 in U let πl
be a Radon-Nikodym derivative of plµl

w.r.t. µ∗ � p1µ1+p0µ0 and ρl(z) = plµl(]z, 1])/µ∗(]z, 1]). Note that if µ1(dz) is interpreted
as the probability of �playing Top at level z� given l = 1, then π(z) is the posterior prob-
ability on P if θ arises at z and ρ(z) is the posterior probability, given Bottom up to this

level z. De�ne also a pay-o� function on P �Q� U 2� C̄ � D̄ � V 2 by:

ϕ(p, q;µ1, µ0; γ̄, δ̄; ν1, ν0) =
X

m
qmϕm(p;µ1, µ0; γ̄, δ̄; νm)
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with ϕm(p;µ1, µ0; γ̄, δ̄; νm) =Z 1

0

νm([z, 1])
�
zv
�
π(z),m

�
+ (1� z)

�
π1(z)γ̄m(z) + π0(z)δ̄m(z)

�	
µ∗(dz)

+

Z 1

0

µ∗(]z, 1])J(z,m)νm(dz)

and where J(z,m) = mino≤u≤zfug22(ρ(z),m) + (1� u)g21(ρ(z),m)g.
In order to state the result there remains to introduce:

Φ(p, q;µ1, µ0) = sup
C̄×D̄

inf
V 2
ϕ(p, q;µ1, µ0; γ̄, δ̄; ν1, ν0)

Φ̄(p, q;µ1, µ0) = inf
V 2

sup
C̄×D̄

ϕ(p, q;µ1, µ0; γ̄, δ̄; ν1, ν0)

Then we have:

Proposition 3.3. Φ(p, q;µ1, µ0) = Φ̄(p, q;µ1, µ0) on P �Q� U 2.
Proof. Remark �rst that ϕ depends upon γ̄ and δ̄ only through their values at the

�nitely many points fzig, i = 1, . . . , R in the union of the supports of µ0 and µ1. Hence

we can replace C̄ by the convex compact set (C \ [�C,C])R and similarly for D̄ . Note

now that V is convex and ϕ a�ne with respect to (γ̄, δ̄). We can then apply theorem 1.6

p. 4 to get Φ̄ = Φ. �

Remark 3.5. We shall use later the fact that a best reply to ν minimises

(5) γ̄1(z)q1ν1([z, 1]) + γ̄0(z)q0ν0([z, 1])

with γ̄(z) 2 C . It follows that γ̄(z) is a supporting hyperplane for v(1, .) at the point q(z)
with: q1(z) = q1ν1([z, 1])/fq1ν1([z, 1])+ q0ν0([z, 1])g. According to the previous interpret-
ation this corresponds to the posterior probability that player I computes given θ and z
(i.e. the conditional on M , given the event fu � zg).

Theorem 3.4. v exists on P �Q and is given by:

v(p, q) = sup
U2

Φ(p, q;µ1, µ0)

Proof.

Part A. Player II can defend v.

Given ε > 0 and σ strategy of player I, let R = 1/ε, zr = r/R, r = 0, . . . , R and de�ne:

τ(0) = play always L

�� Ql(0) = Pσl,τ(0)(θ <1), l = 1, 0,

then n(0) and P l(0) such that

P l(0) = Pσl,τ(0)

�
θ � n(0)

�
� Ql(0)� ε, l = 1, 0.

Introduce now inductively on r, given τ(r � 1) and n(r � 1):
T (r): the set of strategies that coincide with τ(r � 1) up to stage n(r � 1)

and such that Pτ(tn = R) � zr, 8n.
� �� Ql(r) = supτ∈T (r)Pσl,τ(θ <1), l = 1, 0

then τ(r) 2 T (r), n(r) � n(r � 1) and P l(r) such that:

P l(r) = Pσl,τ(r)(θ � n(r)) � Ql(r)� ε/2r, l = 1, 0.
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Let µl be the measure in U with mass P l(r) � P l(r � 1) at point zr, l = 0, 1, and let ν̄
in V 2 be an εC-optimal strategy for player II for the pay-o� Φ̄(p, q;µ1, µ0). We �nally

introduce ν as an atomic approximation of ν̄: νm has a mass ν̄(]zr−1, zr]) at point zr.
The strategy τ of player II is now described as:

choose zr according to νm, given m = 0, 1.
� �� play τ(r) up to stage θ and optimally thereafter in the revealed game.

In order to compute the expected pay-o� at some stage n � n(R) we �rst study the

di�erent events induced by aθ. Recall �rst that by construction the event f9r, τ(r) is

played and n � θ > n(r)g has a probability less than 2ε, so that we will work on its com-

plement. Since Pσl,τ(r)(θ > n(r)) = µ
l(]zr, 1]), we can compute the posterior probabilities

on L and get:

Pσ,τ(r)

�
l = 1

�� θ > n(r)� = ρ1(zr)
Now for j � r Pσl,τ(j)fn(r � 1) < θ � n(r)g = µl(]zr−1, zr]), so Pσ,τ(j)f l = 1 j n(r � 1) <

θ � n(r) g = π1(zr). Similarly for the posteriors on M induced by ν:

Pfm = 1 j n(r � 1) < θ � n(r) g = Pfm = 1 j τ(j) is played, with j � r g = q1(zr).
De�ne still ur = Pf tθ = R j n(r � 1) < θ � n(r) g and recall that

(6) ur � zr a.s.

One obtains thus the following description:

if θ > n and player II plays τ(r), his posterior probability on L is ρ(zr) and
he can minimise in J(zr,m).

�� if n(r � 1) < θ � n(r), P (tθ = R) = ur. The posterior probabilities at stage θ on
L�M are, given T: (1, q(zr)) and given L: (π(zr), 1).

It follows that for n large enough:

n
Xn(R)+n

n(R)
γn(σ, τ) �

XR

r=0

�
ur
�X

m
qmνm([zr, 1])v(π(zr),m)

	�X
l
plµl(]zr−1, zr])

	
+ (1� ur)

�X
m
qmνm([zr, 1])

	�X
l
plµl(]zr−1, zr])v(l, q(zr))

	
+ µ∗(]zr, 1])

�X
m
J(zr,m)qmνm(]zr−1, zr])

	�
+ 4Cε

Using (4), (5) and (6), there exists (γ̄, δ̄) 2 C̄ � D̄ such that:

n
Xn(R)+n

n(R)
γn(σ, τ) � ϕ(p, q;µ1, µ0; γ̄, δ̄; ν1, ν0) + 4Cε.

By the choice of ν and ν̄ it follows that:

n
Xn(R)+n

n(R)
γn(σ, τ) � ϕ(p, q;µ1, µ0; γ̄, δ̄; ν̄1, ν̄0) + 4Cε+ Cε

� Φ̄(p, q;µ1, µ0) + 6Cε

Finally there exists N̄ such that n � N̄ implies:

γ̄n(σ, τ) � Φ̄(p, q;µ1, µ0) + 7Cε

hence claim A.

Part B. Player I can guarantee v.
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Let us �rst choose µ that realises supU2Φ(p, q; �, �) up to ε and γ̄, δ̄, ε�optimal in the

corresponding Φ(p, q;µ1, µ0). We shall write Z for a �nite set f zr j r = 0, . . . , R g that

contains the support of µl, l = 1, 0 (we assume ε � (zr � zr−1) � 0), ζ lr for µ
l(zr) and γr,

(resp. δr) for γ̄(zr) (resp. δ̄(zr)).
Let us consider a family of stochastic games Γ∗(z) described by:�

�z∗ (1� z)∗
z �(1� z)

�
and write σ(z) for an ε-optimal strategy of player I in it, i.e. such that for all n � N(z)
and all τ :

(7) γ̄∗n(σ, τ) � �ε
Let N0 = maxfN(zr)g. We �rst de�ne a family of stopping times by: θ(0) = 1 and

inductively θ(r) is θ induced by σ(zr) from stage θ(r � 1) on. Let also θ(R + 1) = 1.

The strategy σ of player I is now as follows: given l, choose r 2 Z with probability ζ lr
or R + 1 with probability 1� µl(Z). Play then Bottom up to stage θ(r), 0 � r � R + 1,
and Top at stage θ(r). Obviously after θ, player I plays optimally in the revealed game

if aθ=L or R and approaches γr (resp. δr) if T (resp. B), with an (N1, ε)-strategy. Let

N = maxfN0, N1g.
We shall now prove that player I can guarantee, for each m, infz ϕ

m(p;µ1, µ0; γ̄, δ̄;ωz)
where ωz is the Dirac mass at z. By the properties of µ and (γ̄, δ̄) and the de�nition of v
the result will follow. Given n and τ , strategy of player II we de�ne:

I(r) = f j j θ(r � 1) ^ n < j � θ(r) ^ n g Ir = #I(r)

ur = 1tθ(r)=R ūr = (1/Ir)
X

I(r)
1tj=R

Hence player I is using σ(zr) during Ir stages on the bloc I(r), where (ur, ūr) describe the
behaviour of player II. Note also that if fθ = θ(r)g with aθ=L, the posterior on L is π(zr)
(de�ned through µ) and ρ(zr) if fθ > θ(r)g. We obtain thus that nγ̄p1n (σ, τ 1) �

(8) Es,τ

hXR+1

r=0
Ir

�Xr−1
j=0

�
uj
�
p1ζ1j + p

0ζ0j
�
v(π(zj), 1) + (1� uj)

�
p1ζ1jγ

1
j + p

0ζ0j δ
1
j

�	
1Ir≥N

�
+
�
p1
�
1�

Xr−1
1
ζ1j
�
+ p0

�
1�

Xr−1
1
ζ0j
�� �
g22(ūrρ(zr−1, 1) + (1� ūr)g21(ρ(zr−1, 1)

�i
�Cε

By the choice of σ(zr) we obtain on I(r) that EfIr.ūrg � N + E(Ir)(zr + ε), hence the

expectation of the last term in (8) is minorated by J(zr−1, 1)� ((R+ 1)N + 2ε)C. Using
again (4), we obtain:

(9) nγ̄p1n (σ, τ 1) � E
XR+1

r=1
IrU

1(zr) +D.C �
�
(R+ 1)N + 2ε

�
C

where U 1(z) stands for ϕm(p;µ1, µ0; γ̄, δ̄;ωz) and D = EfPr Ir
Pr−1

j=0 ζj(uj � zj)g. Remark

that uj�zj = uj(1�zj)+(1�uj)(�zj) is the absorbing pay-o� in Γ∗(zj), that this pay-o�
occurs at stage θ(j) and last for

PR+1
j+1 Ir stages. By the choice of σ(zj) we thus have:

E
X

j
Ij(uj � zj) � �εN, so that D � �εN(R+ 1).

We get now from (9): nγ̄p1n (σ, τ 1) � minrU
1(zr)� C(R+ 1)N � n(R+ 3)ε.

A similar result for γ̄p0n implies �nally that for all ε > 0, there exists N∗
and σ such

that, for all n � N∗
, γ̄n(σ, τ) � infV 2ϕ(p, q;µ1, µ0; γ̄, δ̄; ν1, ν0)� ε0, hence the result. �
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4. Stochastic games with incomplete information

We will consider in this section a family of two-person zero-sum stochastic games with

incomplete information on one side and full monitoring, described by a set of states K, a

probability p on K and for each k a matrix Gk
with absorbing pay-o�s where moreover

the set of absorbing entries is independent of k. One can view the set of states as K �L,
with incomplete information on one side on K and complete information on L; the �rst
component is chosen at the beginning of the game and kept �xed and the transition on

L is independent of it.

4.a. A �rst class. Here the game is described by matrices Gk
with #S = 2 where

the �rst line is absorbing.

4.a.1. Minmax. As we already saw in sect. 3 when considering games with state de-

pendent signalling matrices, the minmax of the in�nitely repeated game equals the value

of the one-shot game (prop. 3.1):

Proposition 4.1. v(p) = v1(p)

Before looking at the maxmin let us consider the n-stage game Γn.

4.a.2. Lim vn. We �rst remark that the recursive formula (3.2 p. 158) can be written

as:

(n+ 1)vn+1(p) = max
x

min
y

�
(n+ 1)

X
k
pkxk1G

k
1y +

X
k
pkxk2G

k
2y + nx2vn(p2)

	
where Gk

s is row s of the matrix Gk
, y 2 Y = ∆(T ), x = fxkg with xk in X = ∆(S),

x2 =
P

k p
kxk2, and p2 is the conditional probability on K, given p, x and the move s = 2.

It follows that the value of Γn is the same if both players use strategies independent

of the histories: From the above formula player I can compute inductively an optimal

strategy that depends only on the posterior on K (i.e. on his previous random choice in

XK
and move in S), hence is independent of the moves of II; now against such a strategy,

player II cannot do better than conditioning on his own previous moves and �nally as

soon as player I plays s = 1, the game is over. It su�ces thus to de�ne the strategies at

each stage, conditionally to a sequence of s = 2 up to that stage. This remark allows us

to approximate Γn for n large by a game in continuous time on [0, 1] (we do not need a

family as in subsection 2.d).

More precisely, a strategy of player II being a sequence (y1, . . . , yn) in Y , it will be
represented by a measurable mapping f from [0, 1] to Y : ft(ω) is the probability of move

t at time ω. Similarly, a strategy of player I being a K-vector of sequences in X will be

described by a family of K positive Borel measures of mass less than one on [0, 1], say ρk,
where ρk([0, ω]) denoted by ρk(ω), is the probability of playing move 1 before time ω in

game k. Given f and ρk, the pay-o� in game k will be absorbing from time ω on, with

probability ρk(dω) and value Gk
1f(ω), and non-absorbing at that time with probability

1� ρk(ω) and value Gk
2f(ω). Denoting by F and Q the corresponding sets for f and each

ρk, we now can de�ne a game Γ(p) on F �QK
with pay-o�: ϕ(f, fρkg) =Pk p

kϕk(f, ρk)
where

ϕk(f, ρk) =

Z 1

0

h
(1� ω)Gk

1f(ω)ρ
k(dω) +Gk

2f(ω)(1� ρk(ω))*(dω)
i

and * stands for the Lebesgue measure on [0, 1].

Lemma 4.2. Γ(p) has a value ν(p).
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Proof. Denote by ν(p) and ν(p) the maxmin and minmax of Γ(p) and similarly ν ′(p)
and ν ′(p) when player II's strategy set is reduced to F ′

, the set of continuous functions

from [0, 1] to Y . Since, for f in F ′
, ϕk(f, .) is continuous when Q is endowed with the

weak topology, for which it is compact, and moreover ϕk
is a�ne in each variable, prop. 1.8

p. 5 implies that ν ′(p) = ν ′(p). Obviously ν ′(p) � ν(p), hence it is enough to prove that

ν(p) � ν ′(p). For each ρ in Q and f in F there exists by Lusin's theorem a sequence in

F ′
converging to f , a.e. w.r.t. ρ and *. Hence the result follows by Lebesgue's dominated

convergence theorem. �

We now prove that Γ is a good representation of limΓn (and limΓλ).

Theorem 4.3. lim vn and lim vλ exist and both are equal to ν on Π.

Proof. We �rst show lim sup vn(p) � ν ′(p). Let f in F ′
be ε-optimal for player II

in Γ(p) and (uniform continuity) choose n large enough to have: kf(ω)� f(ω′)k � ε
for jω � ω′j � 1/n. Let player II use in Γn the following strategy τ = (y1, . . . , yn) with
yi = f((i � 1)/n). By the previous remarks, it is enough to consider a pure strategy σ
of player I in Γn de�ned by a sequence of moves in S; so let ik + 1 be the �rst time it

induces the move 1 against τ in game k, and take ik = n if only the move 2 is played.

The corresponding pay-o� is then:

nγkn(σ, τ) =
Xik

i=1
Gk
2f
�
(i� 1)/n

�
+
�
(n� ik)/n

�
Gk
1f(ik/n)

so that
��γkn(σ, τ)� ϕk(πk, f)

�� � ε, with πk
Dirac mass on ik/n. Letting π = (πk) we

obtain:

γn(σ, τ) � ϕ(π, f) + ε � ν ′(p) + 2ε,

hence the claim.

We now prove lim inf vn(p) � ν(p). Take ρ optimal for player I in Γ(p) (compact-

ness). For each k, de�ne a sequence σk = (xk1, . . . , x
k
n) with values in X such that,

θ denoting the stopping time at which player I plays 1 for the �rst time, one has:

Pσk(θ � i) = ρk(i/n), i = 1, . . . , n, and let player I use σ = (σk) in Γn(p). For each

τ = (y1, . . . , yn) take a step function f in F satisfying f(ω) = y1 on [0, 1/n] and f(ω) = yi
on ((i� 1)/n, i/n] for i = 2, . . . , n. We obtain thus:

nγkn(σ, τ) =
Xn

i=1

h�
ρk(i/n)� ρk((i� 1)/n)

	
Gk
1yi(n� i+ 1) +

�
1� ρk(i/n)

	
Gk
2yi

i
hence

��γkn(σ, τ)� ϕk(ρk, f)
�� � 2C/n, so that for n large enough:

γn(σ, τ) � ϕ(ρ, f)� ε � ν(p)� ε.
Finally it is easy to extend these results to Γλ: just replace the above uniform partition

of [0, 1) by the following: f[ωn, ωn+1)gn∈N, with ω0 = 0 and ωn =
Pn

i=1λ(1� λ)i−1. �

4.a.3. Maxmin. Consider now the maxmin. The main result of this section is the

following:

Theorem 4.4. v exists and equals ν on Π.

Comment 4.1. This result means that player I can play as well in the in�nitely re-

peated game as in a large �nite game or, conversely, that he cannot in large games take

advantage of the fact that they are �nite. This property also holds for the second class

we will consider (cf. subsection 4.b) and in fact is a conjecture for all games where player

I's information σ-�eld is �ner than that of his opponent, i.e. H II �H I
.
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Proof. The proof is rather long and split into two parts. We �rst prove:

Part A. Player II can defend �.

Notice that the stochastic aspect of the game prevents us to use the same proof as in

theorem 3.1, where player II could even guarantee lim vn. A preliminary result amounts

to remark that the pay-o� in the auxiliary game Γ(p) is the average between 0 and 1 of

the expected pay-o� at time ω. Namely let:

Φk(ρk, f, ω) =

Z ω

0

Gk
1f(ω

′)ρk(dω′) + (1� ρk(ω))Gk
2f(ω),

and Φ =
P

k p
kΦk

, then one has (recall that * is Lebesgue measure):

Lemma 4.5. ϕk(ρk, f) =
R 1
0
Φk(ρk, f, ω)*(dω).

Proof. Using Fubini's theorem, the initial de�nition for ϕk
and the above formula

are both equal to:
RR
0≤ω′≤ω≤1

�
Gk
1f(ω

′)ρk(dω′) + (1� ρk(ω))Gk
2f(ω)

�
*(dω). �

To construct a uniformly good reply of player II in large games, we shall use the fol-

lowing procedure. Given f optimal in Γ and σ strategy of I, player II can compute the

probability of absorption if he follows f , hence represent σ as a measure on the path

de�ned by f . Since, by the choice of f , the (time) average pay-o� is less than ν, there
exists an initial path on which the pay-o� is at most ν, and by keeping f constant there-

after player II can in fact achieve this pay-o�. So let us start with an ε-optimal strategy

f for player II in Γ(p). We �rst remark that f can be chosen to be a step function, more

precisely there exists a �nite family of points ωr in [0, 1] and of values fr in Y with:

� ω1 = 0 � � � � � ωR+1 = 1
� f(ω) = fr on [ωr, ωr+1), r = 1, . . . , R.

Given σ and ε > 0, de�ne inductively strategies τr, measures µkr and µkr and natural

numbers Nr as follows (recall that θ denote the stopping time of the �rst s = 1):

� τ1 is: play f1 i.i.d.
For each k de�ne: µk

1 = Prσ,τ1(θ < 1), and let µk1 and N1 satisfy: µ
k
1=Pσ,τ1(θ � N1) �

µk1 � ε.
� Similarly τr is: play τr−1 up to stage Nr−1 (included) and then fr i.i.d.

Then we let µkr = Pσ,τr(θ < 1). Nr and µ
k
r satisfy Nr � Nr−1 and µkr=Pσ,τr(θ � Nr) �

µkr � ε, for all k. De�ne positive atomic measures ρk on [0, 1) by ρk(fωrg) = µkr � µkr−1
so that, by de�nition of f , ϕ(ρ, f) � ν(p) + ε. This implies that for some ω in

[0, 1) Φ(ρ, f, ω) � ν(p) + ε. So let r be such that ω 2 [ωr, ωr+1) and remark that

Φ(ρ, f, ω) = Φ(ρ, f, ωr).
We now claim that by playing τr, player II can get an asymptotic pay-o� near ν. In

fact, for n � Nr, the pay-o� at stage n in game k will be of the form:

γkn(σ, τr) =
Xr

m=1
αk

mG
k
1fm +

�
1�

Xr

m=1
αk

m

�
Gk
2fr

with αk
m= Pσ,τr(Nm−1 < θ � Nm) for m < r (with N0 = 0) and αk

r=Pσ,τr(Nr−1 < θ � n).
Since µkr � µkr−1 � αk

r � µkr � µkr−1 + ε, we obtain
��γkn(σ, τr)� Φk(ρ, f, ωr)

�� � 2Cε, hence,
averaging on k, jγn(σ, τr)� Φ(ρ, f, ωr)j � 2Cε, and �nally γn(σ, τr) � ν(p) + 3Cε + ε for
n � 2NR/ε.

This proves claim A.

Part B. Player I can guarantee �(p).
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The idea of the proof relies basically on two facts: �rst, there exists a pair of �equal-

ising� strategies (ρ, f) in Γ such that the pay-o� at ω is constant; the second point is that

player I can adapt his strategy, essentially the stopping time θ, to the empirical frequency

of moves of II, such that the pay-o� in Γn corresponds to the one induced by ρ and f , if II
follows f , and is less otherwise. We �rst prove a preliminary result. Essentially it means

that given an optimal strategy of player I, there exists a best reply of player II equalising
in time, i.e. such that the corresponding pay-o� at ω is constant between 0 and 1.

Proposition 4.6. Let ρ be optimal in Γ(p). There exists f 2 F s.t. Φ(ρ, f, ω) = ν(p),
for all ω in [0, 1).

Proof. Let ρε be a non-atomic ε-optimal strategy for player I in Γ(p). We consider

an auxiliary game G (ρε) where player I chooses at random a point ω in [0, 1] and player II
chooses a function in F ′

. The corresponding pay-o� is Φ(ρε, f, ω). This game has a value

wε. Indeed the strategy set of player I, resp. II, is convex and compact, resp. convex.

Moreover the mapping f 7! Φ(ρε, f, ω) is a�ne and the mapping ω 7! Φ(ρε, f, ω) is conti-
nuous. Obviously one has wε � ν�ε, since I can use * to choose ω and then the pay-o� is

precisely ϕ(ρε, f). Let us prove that wε � ν. In fact, let m be an optimal (compactness)

strategy of I so that
R 1
0
Φ(ρε, f, ω)m(dω) � wε, for all f in F ′

. Replacing wε by wε� δ, we
can assume that m(ω) = m([0, ω]) is a strictly increasing continuous function from [0, 1]
to itself with m(0) = 0 and m(1) = 1. We can now use m to rescale the time, namely we

de�ne eρ in Q and ef in F by eρ(m(ω)) = ρ(ω) and ef(m(ω)) = f(ω). Hence we obtain:Z 1

0

Φ(ρε, f, ω)m(dω) =

Z 1

0

Φ(eρε, ef, ω)*(dω)
Since m de�nes a one-to-one mapping on F ′

this gives: ϕ(eρ, f) � wε � δ, for all f in F ′
,

hence wε � δ � ν. δ being arbitrary, the inequality follows. Let now for each ε = 1/n,
ρε = ρn and let fε = fn in F ′

with Φ(ρn, fn, ω) � ν + 1/n, for all ω in [0, 1], and let ρn
converge weakly to ρ: Φ(ρn, fn, ω) converges to Φ(ρ, fn, ω) for all ω. Finally let f in F
such that Φ(ρ, fn, ω) converges to Φ(ρ, f, ω) for all ω, so that Φ(ρ, f, ω) � ν, hence the

equality since ρ is optimal in Γ(p). �

Consider now ρ and f as above and let ω < 1 be such that ρk([ω, 1)) � ε/4, for all k.
Note that this implies:

(1)

X
k
pk
�
1� ρk(ω)

�
Gk
1y �

X
k
pk
�
1� ρk(ω)

�
Gk
1f(ω)� εC/2

for all y in Y . In fact otherwise, one obtains with g = f on [0, ω) and = y on [ω, 1) that
Φ(ρ, g, ω) = Φ(ρ, f, ω) on [0, ω) and Φ(ρ, g, ω) < ν on [ω, 1), contradicting the optimality

of ρ. Similarly on each atom of
P

k p
kρk, say ω, one has:

(2)

X
k
pkρk(fωg)Gk

1f(ω) = min
y

X
k
pkρk(fωg)Gk

1y

otherwise, by modifying f in some neighbourhood O of ω, one obtains a g satisfying

Φ(ρ, g, �) < Φ(ρ, f, �) on O and equality a.e. otherwise, contradicting again the optimality

of ρ. Given η = (1� ω)εC/4, let us now introduce a partition ω1, . . . , ωR+1 with ω1 = 0,

ωR = ω, ωR+1 = 1, and an adapted pair ef, eρ with:
ρk(fωrg) = eρk([ωr, ωr+1)) = eρkr and ef(ω) = efr on [ωr, ωr+1), with efR = f(ω)(3)

if

X
k
pkρk(fωg) > ε, then ω 2 fωrg, eρk(fωg)� ρk(fωg) � ε2 and efr = f(ωr)(4)
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eρk(ω)� ρk(ω) � ε, 8ω(5) eρ is η-optimal in Γ, and Φ(eρ, ef, ω) � ν + η on [0, ω)(6)

Obviously Φ(eρ, ef, �) is piecewise constant on [0, 1) and equal to:X
k
pk
hXr

j=1
eρkjGk

1
efj + �1�Xr

j=1
eρkj�Gk

2
efri on [ωr, ωr+1)

Now we claim that for any y = fyrgr<R with yr in Y :

(7)

X
k
pk
�
1� eρk(ωr)

�
Gk
2yr �

X
k
pk
�
1� eρk(ωr)

�
Gk
2
efr + η

implies: X
k
pk
Xr

j=1
eρkjGk

1yj �
X

k
pk
Xr

j=1
eρkjGk

1
efj � εC, 8r < R.

Otherwise de�ning g as yj on [ωj, ωj+1) if
P

k p
keρkjGk

1yj <
P

k p
keρkjGk

1
efj and ef otherwise

would give Φ(eρ, g, ω) < ν + η on [0, ω), by (6), and Φ(eρ, g, ω) < ν + εC/2� εC on [ω, 1),
by the choice of ρ, ω and (3). So that ϕ(eρ, g) < ν+ η� εC(1�ω)/2 < ν� η contradicting
by (6) the choice of eρ.

We introduce �nally a strategy σ for player I by letting σk
be: play s = 1 (for the �rst

time) at stage θr, with probability eρkr, where the stopping times θr are inductively de�ned

by the following procedure:

We �rst consider the probability of absorption. If
P

k p
keρk1 � 2ε, this implies thatP

k p
kρk is atomic at ω1 and we let θ1 = 1. Otherwise, we compute the expected non-ab-

sorbing pay-o� induced by ef , i.e. ψ1( ef) =
P

k p
k(1 � eρk1)Gk

2
ef1 = z1, and we consider an

optimal strategy α1 in an associated stochastic game with absorbing states, pay-o� ψ1
and level z1 (cf. ex. VIIEx.4 p. 346 and VIIEx.19 p. 351). More precisely, if θ denotes the
stopping time of absorption, there exists N1 such that for all n � N1 and every (pure)

strategy of II,

ψ1(tn) � z1� Cε) Pα1
(θ � n) � 1� ε, with tn = (1/n)

Xn

m=1
tm,(8) �

Eα1
(ψ1(tθ) j θ � n)� z1

�
Pα1

(θ � n) � ηε(9)

De�ne similarly, if
P

k p
keρkr � 2ε, θr = θr−1+ 1; otherwise let ψr( ef) = P

k p
k(1�

Pr
j=1 eρkj)

Gk
2f(eωr) = zr, and let αr and Nr be the corresponding optimal strategies and bound on

the number of stages. θr then follows the law of θ induced by αr from stage θr−1 on.
Let us compute the pay-o� given σ and some pure strategy τ of II (i.e. a sequence of

moves in T ), at some stage n � RN , with N = maxrNr. We �rst obtain a (random) se-

quence of blocs Bj, j = 1, 2, . . . , r, . . ., where player I uses α1, then α2 and so on. We shall

approximate the average pay-o� on each of these blocs, except when their length is smaller

than N or when the expectation of occurrence is to small: P (θr � n�
P

j<r θj) � ε. We

�rst notice that on Br, r = 1, . . . , R, since the length of the bloc is greater than N and

αr is used, (8) implies that with probability greater than 1� ε:

ψ(t(r)) � zr � Cε , where t(r) = (1/#Br)
X

m∈Br

tm

Remark now that the expected absorbing pay-o� at θr, hence on Br+1 is of the form:X
k
pk
X

j≤r
eρkjGk

1yj , with yj = E(tθj)
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If ωr is an atom of
P

k p
kρk one obtains

P
k p

keρkrGk
1yr �

P
k p

keρkrGk
1
efr�2ε2C by (2) and (4),

and there are at most 1/ε such points. Otherwise αr is used and if Pr(θr � n�
P

j<r θj) � ε
one has ψ(yr) � zr + η by (9), so that the absorbing pay-o� is at leastX

k
pk
X

j≤r
eρkjGk

1
efj � εC by (7)

hence by (5) greater than
P

k p
k
P

j≤r+1 eρkjGk
1
efj � 3εC. Finally on BR+1, using (1) and

(3), the new absorbing pay-o� is less than εC/4 and the non-absorbing one minorated byP
k p

k(1� eρk(ω))Gk
1
ef(ω)� εC/2. Hence the expected pay-o� at stage n is majorated by

a convex combination of terms of the form:

Φ(eρ, ef, ωr)� 2CRN/n� (1/ε)ε24C � 8εC

and the result follows from (6).

This completes the proof of theorem 4.4. �

4.b. A second class. A second family of games that we will study here is given

by matrices Gk
with S lines and T columns but where the �rst column is absorbing. It

is easily seen (compare exercises of ch.VII) that the values of the (stochastic) n stage,

discounted or in�nite game where player I use non-revealing strategies are equal and we

will write u(p) for this common value. As in the previous section we will prove here that

v(p), lim vn and lim vλ exist and are equal. Note that in the current framework also, there

is no direct way of proving that player II can defend lim inf vn. Nevertheless the proof will
be roughly similar to the previous one.

4.b.1. Maxmin and lim vn.

Theorem 4.7. v(p) = lim vn = lim vλ = Cav u(p)

Proof. We �rst remark that player I can concavify as usual (cf. e.g. 1.2 p. 184), so

that vn and vλ are greater than Cav u and player I can guarantee Cav u. (Note that he can
even get u(p) at each stage). We prove now that player II can defend Cav u. Basically he

will play a best reply to the expected strategy of player I in the non-revealing game at the

current posterior after each stage except when the expected variation of this martingale

is large. This last event having a small expected frequency the result will follow. Let us

�rst consider Γ∞ and assume that player I is using σ. Let us write T ′
for the set of player

II's strategies with values having a support included in the set T n f1g of non-absorbing
columns. De�ne now τ ′ in T ′

and N in N satisfying:

(10) Eσ,τ ′
XN

m=1
(pm+1� pm)2 � sup

τ∈T ′
Eσ,τ

X∞
m=1

(pm+1� pm)2� ε

and consider τ de�ned by: Play according to τ ′ up to stage N included and thereafter

play at each stage m a best reply to E(σ(hm) j hm) in D(pm). Note that (10) implies that

Eσ,τ(
P∞

m=N+1(pm+1 � pm)2) � ε. We want to majorate the average pay-o� up to some

stage n � N . Letting θ′ be the �rst time where player II is using move 1 and de�ning

θ = min(θ′, n), we obtain (as in sect. 4 p. 298):

(11) nγn(σ, τ) � 2NC + E
�Xθ

m=1
u(pm) + (n� θ)u(pθ+1)

�
+ CX(p)

withX(p) = E
�Pθ

N+1 jpm+1� pmj+(n�θ) jpθ+1� pθj
�
. Since E(

Pθ
m=1 pm+(n�θ)pθ+1) = p

by the martingale property, the second term is majorated by nCav u(p) (using Jensen's
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inequality). As for X(p), it can be written as E(
P∞

m=N+1 jpm+1� pmjZm), where

Zm =

8><>:
0 for m > θ

n�m+ 1 for m = θ and pm constant for m > θ

1 for m < θ

Hence,

X(p) � E
�X

(pm+1� pm)2�
X

(Z2m)
�1/2

�
�
E(
X

(pm+1� pm)2
�1/2�

E
X

(Z2m)
�1/2

� ε1/2n.

We obtain thus γn(σ, τ) � Cav u(p) + C
�
2N/n+ ε1/2

�
, and the result follows.

As for Γn, recall that for any σ one has: Eσ,τ

Pn
m=1(pm+1 � pm)2 � L, uniformly in τ

(cf. 2.1 p. 186), hence the number of stages in Γn where E(pm+1�pm)2 � L/n3/4 is at most

n3/4. On the other stages, say m in M , the probability of the set of histories hm, where
E((pm+1�pm)2 j hm) � L/n1/2, is less than n−1/4. Now de�ne τ as being a pure best reply
to E(σ(hm) j hm) in D(pm) at each stage m in M where the variation E((pm+1�pm)2 j hm)
is smaller than L/n1/2 and any non-absorbing move otherwise. It follows, using the same

majoration than in (11) that:

nγn(σ, τ) � 2C(n3/4+ n.n−1/4) + Cav u(p) + C
�
(nL)1/2+ nL1/2/n1/4

�
and this �nishes the proof.

Finally for Γλ, let N = λ−3/4. Then the number of stages where E(pm+1� pm)2 � L/N
is less than N . On the complement of this set of stages the histories on which the condi-

tional quadratic variation is larger than L/N2/3 have a probability less than N1/3. Now

the weight of these stages is at most (1� (1� λ)N+1), which is of the order of λN , hence

we obtain a majoration of γλ(σ, τ)� Cav u by a term of the order of λ1/4. �

4.b.2. Minmax. We assume from now on T = f1, 2g.
As in the previous case and as in the next ones, v will be obtained through an auxiliary

game, or more precisely here through a sequence of auxiliary games, as in sect. 3. (For

an alternative approach in special cases, leading to an explicit formula, cf. ex. VIIIEx.8,

VIIIEx.10 and VIIIEx.11 p. 395). For each L in N de�ne GL by the following strategy sets

ZL for I and FL for II and pay-o� ΨL (GL should be GL(p) but we will keep p �xed during

the whole section, hence we drop it): ZL = (∆L(S))
K×L

, where ∆L(S) is the triangulation
of the simplex ∆(S) with mesh 1/L and FL is the set of mappings f from sequences of

length less or equal to L in ∆L(S) to half space s in RS
. The pay-o� corresponding to a

pair (z, f) in ZL�FL is ΨL(z, f) =
P

k p
kΨk

L(z
k, f), with:

Ψk
L(z

k, f) = (1/L)
X�−1

m=1
zkmG

k
1 +

�
1� (*� 1)/L

�
zk�G

k
2

where * = min(fm j zkm /2 f(zk1, zk2, . . . , zkm−1 g [ fL+ 1g). GL is thus a matrix game (only

�nitely many di�erent f give di�erent pay-o�s) with value wL. The interpretation is that

player I is playing i.i.d. on blocs (his strategy can obviously be assumed independent of

the moves of player II since it is enough to de�ne it at each stage n, on the event θ � n,
where θ is the �rst time II uses t = 1, recall that T = f1, 2g), and player II uses on each
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bloc an optimal strategy in the stochastic game with absorbing states de�ned by the half

space at that stage.

Theorem 4.8. limwL and v exist and are equal.

Proof.

Part A. I can defend lim supwL.

We will show that given z for player I in GL and τ for player II in Γ∞, there exists f
and σ such that for n large enough γn(σ, τ) is near ψL(z, f). Given τ , strategy of player

II, we �rst can assume that one has for all n and all strategies of I, P (θ = n) � 1/L2; in
fact, it is easy to see that if player II can guarantee d, she can also guarantee it with such

a strategy. We now de�ne a probability induced by τ on a set of f in FL (it is su�cient

to describe their intersection with ∆L(S)). Given z in ∆L(S) let ζ(z) = Pσ(z),τ(θ < 1),
where σ(z) is play z i.i.d. De�ne τ(;) = f z 2 ∆L(S) j ζ(z) � 1/L g, and for z in τ(;), let
N(z) such that Pσ(z),τ(θ � N(z)) 2 [1/L, 1/L+ 1/L2]. If z /2 τ(;), let N(z) =1.

We �rst de�ne f(;): On the extreme points of ∆L(S), 1f(∅) = 1τ(∅). On the one-di-

mensional faces of ∆L(S), z belongs to f(;) i� there exists an extreme point z′ and some

z′′ both in τ(;) with z on [z′, z′′]. f(;) is now de�ned on the whole simplex by the half

space that coincides with it on the previous one dimensional faces.

We now de�ne f(fz1g). If z1 /2 f(;), f(fz1g) is arbitrary. If z1 2 f \τ(;) we �rst intro-
duce ζ(z1, z) = Pσ(z1,z),τ(θ < 1) where σ(z1, z) is the strategy of I de�ned by z1 i.i.d. up
to stage N(z1) and then z i.i.d. As above let τ(z1) = f z j ζ(z1, z) � 1/L g and for z in this

set let N(z1, z) be such that Prσ(z1,z),τ(N(z1) < θ � N(z1, z)) 2 [1/L, 1/L + 1/L2]. Now

f(z1) is de�ned from the set τ(z1) exactly as f(;) from τ(;). Finally if z1 2 f(;) n τ(;),
there exists (#S) points zi1 in f \τ(;) such that z1 is a barycentre, z1 =

P
iλ

izi1. τ de�nes
then a mixture at z1: play f(z

i
1) with probability λi. For the general construction, given

a sequence (z1, . . . , z�), consider �rst the (random) sequence that II has generated: say

(zi11 , . . . , z
ij
j , . . . ) as long as zj+1 2 f(zi11 , . . . , z

ij
j ), (otherwise f is from then on arbitrary),

the z
ij
j being de�ned from zj as above. On each path of length j we apply the same con-

struction, introducing �rst ζ, then τ and N and �nally f . Note that we have described

this way a behavioural strategy Fτ on FL. Given any array z = (z1, . . . , zL) in ∆L(S), we
introduce a (non-revealing) strategy σz for I in Γ∞ such that for n large enough the average
pay-o� against τ if k, γkn(σz, τ) will be near

R
ψk

L(z, f)Fτ(df) = ψ
k
L(z, Fτ). If z1 /2 f(;), z1

can also be written as a barycentre of points yi1 /2 τ(;)[f(;), say z1 =
P

iµ
iyi1. σz is then:

play with probability µi, yi1 i.i.d. for ever. The corresponding expected pay-o� is then

obviously (at each stage) z1G
k
2 = ψ

k(z, Fτ) up to 2C/L (corresponding to the probability

that θ will be �nite). If z1 2 f(;), consider the same points zi1 introduced above and let

σz satisfy: with probability λi play zi1 i.i.d. up to stage N(zi1).
Now to de�ne σz at some further stage we �rst consider the (random) sequence gen-

erated up to now say zi11 , . . . , z
ij
j :

either zj+1 /2 f(zi11 , . . . , z
ij
j ) then one introduces points y

i
j+1 /2 f [τ(zi11 , . . . , z

ij
j )

and σz is, from N(zi11 , . . . , z
ij
j ) on, the corresponding splitting of i.i.d. sequences;

�� or zj+1 2 f(zi11 , . . . , z
ij
j ) and one de�nes the points zij+1 2 τ \ f(zi11 , . . . , z

ij
j ) as

above and σz is, with probability λi (obviously function of (zi11 , . . . , z
ij
j )), play

zij+1 i.i.d. from stage N(zi11 , . . . , z
ij
j ) + 1 to N(zi11 , . . . , z

i
j+1).
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Thus for n � N = L�maxfN(z1, . . . , zL) j z 2 ∆L(S)
L g, one obtains that the average

pay-o� up to stage n is an expectation of terms of the form (with * being the �rst time

where zj is not in f):

(1/L)
X

j<�
z
ij
j G

k
1 +

�
1� (*� 1)/N

�
yi�G

k
2 , up to 2C

�
L� 1/L2+ 1/L+ 1/L

�
,

where the �rst term corresponds to the error on the absorbing pay-o�s, the second is for

the non-absorbing pay-o� and the third takes care of the stages up to N(zi11 , . . . , z
i −1

�−1 ).
Now the expectation of yi� is precisely z�, and moreover, by construction the probabil-

ities of the sequences (zi11 , . . . , z
ij
j ) are the same under σz and Fτ. It follows that for

n � N : γkn(σz, τ) � ψk(z, F τ) � 6C/L. Finally, given ε > 0, let L0 > 6/ε such that

wL0
� lim supwL � ε and let χ be an optimal strategy for I in GL0

. A strategy σ in Γ∞
is then de�ned by: choose z = (zk) according to χ; given k and z, use the above strategy
σzk. We thus obtain, for n � N :

γn(σ, τ) = Eχ

X
k
pkγkn(σzk, τ) � Eχ

X
k
pkψk

L0
(zk, Fτ)� 6C/L0

hence γn(σ, τ) � ψL0
(χ, Fτ)� ε � lim supwL� 2ε.

Part B. II can guarantee lim inf wL.

We will �rst represent a strategy f in GL as a strategy τ(f) in Γ∞ and then show

that for n large enough the pay-o� it induces against some σ (in Γ∞) is near a pay-o�

corresponding to f and some z(σ) in GL. The choice of an L realising the liminf up to

some ε, and then of a strategy τ associated to an optimal mixture (with �nite support)

in GL then implies the result.

We shall proceed as in part B of the previous sect. 4.a.3, and given f , construct a
strategy that corresponds to a sequence of optimal strategies in some auxiliary games

with absorbing states. The computations being roughly similar we will mainly describe

the procedure. To each half space f(z1, . . . , zj) is associated a strategy τ(z1, . . . , zj) such
that: P (θ � n) is near 1 as soon as n � M(z1, . . . , zj) and the empirical frequency of

moves of I up to n is at a distance at most 1/L from f(z1, . . . , zj); moreover E(sθ j θ � m)
is with probability near one within 1/L2 of f(z1, . . . , zj), as soon as the probability of

the event fθ � mg is not too small. Given a (pure) strategy of I (i.e. in this case a

sequence of moves), let us introduce a sequence of stopping times. θ1 follows the law of

θ under τ(;). Further ω1 is such that P (θ1 � ω1) is near 1 (and 1 if no such number

exists). Finally if ω1 is �nite, let x1 = E(sθ j θ1 � ω1) and choose z1 as a closest point

to x1 in ∆L(S). θ2 follows the law of θ under τ(z1) from stage ω1 + 1 on. We de�ne

similarly ω2, x2 and z2, and θj inductively up to j = L. τ is obtained by choosing j at
random, uniformly in f1, . . . , Lg and playing t = 1 for the �rst time at stage θj. Hence

for n large enough (like L2 � maxzM(z1, . . . , zL) = L2M) the average expected pay-o�

up to stage n given (s1, . . . , sn) and τ will be, for any k, near some average of Ψk(y, f),
with y in ∆L(S). In fact considering the sequence ωj, one obtains when ωj+1 � ωj is

large (� M) that the average frequency of moves of player I during these stages is with

probability near one, within 1/L of a point yj+1 not in f . Moreover with a probability

near 1 the sequence z1, . . . , zj is compatible with f , i.e. one has zi 2 f(z1, . . . , zi−1). Since
the probability of each event fθ = θig is 1/L we obtain that the average pay-o� on the

stages in (ωj, ωj+1] is roughly (adding another error term of the order of 1/L), given k:
(1/L)

P
i≤j ziG

k
1 + (1� (j + 1)/L)yj+1G

k
2, hence in the range of Ψk(�, f).
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It remains to see that the total weight of the �small blocs� is at most L�M so that

by taking expectation over k, γn(σ, τ) will be near the range of ψ(�, f) on ZL. �

4.c. Minmax: two more examples. Recall we conjecture that lim vn, lim vλ and

max min v exist and coincide in games where one player is more informed than his oppon-

ent.

The purpose of this section is thus to give examples where on the other hand the

existence of the minmax is established, again through an auxiliary game, but moreover

with an explicit description.

4.c.1. Example A. Let Gk, k 2 K be a �nite set of 2� 2 pay-o� matrices of the form

Gk =
�
ak∗ bk

ck dk

�
, where as usual the star

∗
denotes an absorbing pay-o�.

4.c.1.i. An auxiliary game. G(p) is the (one-shot) game in normal form de�ned by AK

(resp. B) as strategy set of player I (resp. II) and pay-o� f where: A = N [ f∂g (N is

the compacti�cation N [ f1g of the set of positive integers N and ∂ is some isolated

point with ∂ >1), B = f0, 1gN and the pay-o� f is the average of the state pay-o� fk,
f(α, β) =

P
k p

kfk(αk, β) with �nally:

fk(n, β) = ak
�
1�

Yn−1
0
β′
m

�
+
�Yn−1

0
β′
m

��
βnc

k + β′
nd

k
�

for n 2 N

fk(1, β) = ak
�
1�

Y∞
0
β′
m

�
+
�Y∞

0
β′
m

�
dk

fk(∂, β) = ak
�
1�

Y∞
0
β′
m

�
+
�Y∞

0
β′
m

�
bk

where β = (β0, . . . , βm, . . . ) 2 B, β′
m denotes 1 � βm, and

Q−1
0 = 1. De�ning

θ(β) = minfm j βm = 1 or m =1g, it is clear that θ(β) determines the pay-o�, hence B
can also be written as N. Then one has, with ξ 2 A:

fk(ξ,m) = 1ξ≤m−1d
k + 1ξ=mc

k + 1ξ>ma
k

for m 2 N , and

fk(ξ,1) = 1ξ≤∞d
k + 1ξ=∂b

k.

We write G(p) for the mixed extension of G(p) where player I's strategies are prob-

abilities on AK
(or as well K vector of probabilities on A, since f is decomposed on AK

),

say χ in ∆(A)K, and player II's strategies are probabilities with �nite support on B, say
Ψ in ∆(B).

Proposition 4.9. G(p) has a value w(p).

Proof. For each β, fk(�, β) is continuous on A. In fact either β corresponds to some

m in N and fk is constant on αk > m, or to 1 and fk is constant on N. Moreover AK
is

compact, hence by prop. 1.17 p. 7, the game G has a value (and player I has an optimal

strategy). �

Theorem 4.10. min maxΓ(p) exists and v(p) = w(p).

The proof will follow from the two next lemmas.

Note �rst that for all Ψ 2 ∆(B) there exists δ 2 [0, 1]N s.t.
R
f(α, β)Ψ(dβ) = f(α, δ)

for all α 2 AK
. In fact by the above remarks Ψ can be described as the distribution of

the stopping time θ. δn is then just the conditional probability on the nth factor, given

fθ � ng.
Lemma 4.11. Player II can guarantee w
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Proof. Given ε > 0, let Ψ be an ε/4 optimal strategy of player II for w(p) and as

above represent Ψ by some δ in [0, 1]N. De�ne now τ , strategy of player II in Γ(p) as:
play δ0 i.i.d. until the �rst Top of player I, then play δ1 i.i.d. until the second Top, then

δ2, and so on. Let also ρ =
Q∞

m=0 δ
′
m and de�ne N such that: if ρ = 0,

QN−1
m=0 δ

′
m < ε/4,

and if ρ > 0,
Q∞

m=N δ
′
m > 1� ε/4.

Let us majorate γn(σ, τ) for n � N . It is enough to consider γkn(σ
k, τ) for each k.

Since τ is independent of the previous moves of player II, we can assume that σk
has the

same property (one can replace at each stage σk
by its expectation w.r.t. τ on J without

changing the pay-o�). Moreover we can consider best replies and assume σk
pure. It

follows then that σk
is completely described by the dates M1, . . . ,Mm,. . . of the successive

Top. We obtain thus, for n 2 ]Mm,Mm+1[, with M0 = �1:

γkn(σ, τ) = Eσk,τ(g
k
n)

= ak
�
1�

Ym−1
�=0

δ′�
�
+
�Ym−1

�=0
δ′�
�
(δmc

k + δ′md
k)

= fk(m, δ).

Now for n �MN, the expected stage pay-o� satis�es:

� if ρ = 0,
��γkn(σ, τ)� ak�� � ε/2, thus ��γkn(σ, τ)� fk(1, δ)�� � ε/2.

� if ρ > 0,
� either player I plays Bottom and one has

��γkn(σ, τ)� �ak(1� ρ) + ρdk��� � ε/2
by the choice of N , thus:��γkn(σ, τ)� fk(1, δ)�� � ε/2,

� or player I plays Top and we obtain similarly:��γkn(σ, τ)� fk(∂, δ)�� � ε/2.
It follows that every expected stage pay-o�, except at most K�N of them, corresponding

to fMmg,m = 1, . . . , N , for each σk
, is within ε/2 of a feasible pay-o� against Ψ in G(p).

Hence n � 8KN/ε implies: γn(σ, τ) � w(p) + ε. �

Lemma 4.12. Player I can force w.

Proof. Consider �rst χ, optimal strategy of player I in G(p). Given ε > 0, χ, and
a strategy τ of player II in Γ(p), we shall de�ne a strategy σ of player I in Γ(p) by the

following procedure (similar to sect. 2): We introduce a family, indexed by A, of �non-re-
vealing� strategies in Γ(p), i.e. transition probabilities from H to S, say µα. σ

k
will then

be: select some α according to the probability χk
on X and play µα. Let η be the stopping

time of reaching the absorbing entry: η = minffm j im = T, jm = L g [ f1gg and de�ne

N such that χk(N) � ε/3 for all k in K.

For each m � N , de�ne inductively strategies µm and times Lm as follows:

� µ0 is always Bottom. Given µ0 and τ , let t
0
n = Pµ0,τ(jn = L) and L0 be the �rst

time * where:X
k
pkχk(0)(t0�c

k + t0′� d
k) � inf

n

�X
k
pkχk(0)(t0nc

k + t0′nd
k)
�
+ ε/3.

� µ1 is Bottom up to stage L0 (excluded), Top at that stage L0, and always Bottom

after.
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� Similarly given µm, let t
m
n = Pµm,τ(jn = Left j η > Lm−1) and let Lm be the �rst

* > Lm−1 where:

(12)

X
k
pkχk(m)(tm� c

k + tm′
� d

k) � inf
n

�X
k
pkχk(m)(tmn c

k + tm′
n d

k)
�
+ ε/3

µm+1 is then µm up to stage Lm (excluded), Top at that stage and Bottom there-

after.

For m > N , we introduce a new stopping time L′
and a non-revealing strategy µ′

satisfying:

(13) π = Pµ′,τ(η � L′) � sup
µ∈M

Pµ,τ(η <1)� ε/9

where M is the set of strategies that coincide with µN up to LN−1 (included). If

N < m � 1, let µm = µ∞: play µ′ up to stage L′
(included) and then Bottom for

ever. Finally we de�ne µ∂ as: play µ
′
up to stage L′

(included) and then always Top.

Let also δ in [0, 1]N satisfy:

δm = tmLm
, for m < N,

δN = u, where π = 1�
�YN−1

m=0
δ′m
�
u′ (note that 1 � π � 1�

YN−1
m=0

δ′m)

δm = 0, for m > N,

and we shall prove that for n � L′
:

(14) γpn(σ, τ) �
Z
f(α, δ)χ(dα)� 2ε/3

In fact we can decompose the above pay-o� on the events fµα is playedg, with α in

A, so that:

γpn(σ, τ) =
X

k
pkγkn(σ

k, τ) =
X

k

X
α
pkPσk(µα)γ

k
n(µα, τ) =

X
x
ϕn(α, τ).

For m � N we obtain, using (12):X
k
pkχk(m)

��
1�

Ym−1
0

δ′�
�
ak +

Ym−1
0

δ′�(t
m
n c

k + tm′
n d

k)
�

�
X

k
pkχk(m)

��
1�

Ym−1
0

δ′�
�
ak +

Ym−1
0

δ′�(δmc
k + δ′md

k)
�
�ε/3

�
X

k
pkχk(m)fk(m, δ)� ε/3.

For N < m � 1, we get, using (13):X
k
pkχk(m)

�
Pµm,τ(η � n)ak +

�
1� Pµm,τ(η � n)

�
(tmn c

k + tm′
n d

k)
�

�
X

k
pkχk(m)(πak + (1� π)dk)� ε/3

since the choice of µ′ and L′
implies (1 � Pµm,τ(η � n))tmn � ε/9. Similarly, when µ∂ is

used the pay-o� is at least:
P

k p
kχk(∂)(πak + (1� π)bk)� ε/3.

It follows that for all m 2 X, m 6= N , ϕn(m, τ) �
P

k p
kχk(m)fk(m, δ) � ε/3. Since,

by the choice of N ,jϕn(N, τ)j as well as
��P

k p
kχk(N)fk(N, δ)

�� are bounded by ε/3, we
obtain (14) by summing. Hence n � 6L′/ε implies γpn(σ, τ) � w(p)� ε.

This completes the proof of theorem 4.10. �

For a geometric approach with an explicit description, cf. ex. VIIIEx.9�VIIIEx.11.
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4.c.2. Example B. We consider now the case where Gk =
�
ak∗ bk

ck dk∗
�
.

We will prove that v is the value w(p) of the one-shot game with incomplete informa-

tion with pay-o� matrices

Bk =

0BBBBBB@

LeL LgLR L eR ReL RgRL R eR
T eT ak ak ak ak ak bk

TgTB ak ak ak ak ak dk

T eB ak ak ak ck dk dk

B eT ak ak bk dk dk dk

BgBT ak dk dk dk dk dk

B eB ck dk dk dk dk dk

1CCCCCCA
???

Theorem 4.13. w(p) = v(p).

Proof.

Part A. Player II can guarantee w.

Let (α1, α2, α3;β1, β2, β3) be an optimal strategy of player II in the auxiliary game.

Player II uses it to choose a column and play according to the following dictionary: LeL
is Left then always Left, L eR is Left then always Right and LgLR is Left then (x, 1 � x)
i.i.d. for any �xed x in (0, 1), and similarly for the columns starting with R. Assume that

player I plays Top at stage one, then his expected pay-o� after stage n, where n is such

that the stopping time θ of reaching a � is smaller than n with probability near 1 when

II plays (x, 1� x), is essentially of the form (with α =
P

iαi):

αak + β1a
k + β2a

k + β3b
k

if only Top is played (corresponding to T eT ),
αak + β1c

k + β2d
k + β3d

k
if only Bottom is played (corresponding to T eB),

and αak + β1a
k + β2(ya

k + (1� y)dk) + β3dk else.

Note now that if ak � dk the above pay-o� is maximal for y = 1 and corresponds to

TgTB. Finally if ak < dk player I can obtain, by playing Bottom then (ε, 1 � ε) i.i.d., a
pay-o� near α1a

k + α2d
k + α3d

k + βdk, hence better and corresponding to BgBT . Hence

by the choice of τ , for any η > 0, for n large enough and for all σ: γn(σ, τ) � w(p) + η.
Part B. Player I can defend w.

Given τ player I can compute the probability that II will play Left if he plays Top

always, say x, hence by playing Top a large number of times then still Top or Bottom he

can get if k, either xak+(1�x)bk or xak+(1�x)dk. By playing Top then always Bottom

he will obtain for n large enough some pay-o� of the form: yak+ zck+(1� z� y)dk, with
obviously y + z � x. De�ne then α′ = y, β′

1 = z, β
′
3 = (1� x); note that if player I starts

by Bottom the pay-o� is dk with probability (1� y) at stage 1, so that the same analysis

starting with Bottom allows us to de�ne α′
i.

This proves that τ gives the same pay-o� than a strategy in the auxiliary game, hence

if π = (qki ; r
k
i ) is an optimal strategy of player I in the auxiliary game if k, we de�ne σ

if k as: with probability q =
P

i qi, play Top at stage 1, with (total) probability q3 (that

corresponds to T eB) play from then on Bottom; otherwise play Top until stage n where

Pr(θ � n) is within ε of its supremum, and from then on keep playing Top (with probab-

ility q1 corresponding to T eT ) or play Bottom for ever (with probability q2 corresponding



392 VIII. EXTENSIONS AND FURTHER RESULTS

to TgTB), and similarly with r. The pay-o� corresponding to σ, τ in Γ∞ is thus near the

pay-o� induced by π and some (α′
i, β

′
i) in the auxiliary game. This completes the proof of

the theorem. �

Exercises

1. A stochastic game with signals. (Ferguson et al., 1970) We are given two states of

nature with the following pay-o� matrices:

G1 =

�
1 0
1 0

�
G2 =

�
0 1
0 0

�
The transition from 1 to 2 is a constant (1� �) 2 (0; 1), independent of the moves. From state

2, one goes to state 1 i� player I plays Bottom. Player I knows everything, player II is told only

the times of the transition from 2 to 1. We will consider �λ, the discounted game starting from

k = 1, and write vλ for its value. Let us take as state variable the number m∗ of stages since the
last transition from 2 to 1.

Consider the following class of strategies for player I:

X =
�
x = (xm)

�� xm = Pr(play Top j m∗ = m)
	

and similarly:

Y =
�
y = (ym)

�� ym = Pr(play Right j m∗ = m)
	

for player II.

Given x and y, let Um (resp.Wm) be the pay-o� of the �-discounted game starting at m∗ = m
and k = 1 (resp. k = 2).

a. Prove that:

Um = (1� ym)�+ (1� �)
�
�Um+1+ (1� �)Wm+1

�
Wm = (xmym)�+ (1� �)

�
xmWm+1+ (1� xm)U0

�
and that this system has a unique bounded solution with:

U0 = �

�P∞
j=0(1� yj)[�(1� �)]j + (1� �)

P∞
j=1

�
�j−1P∞

m=j[xmym(1� �)m
Qm−1

l=j xl]
	��

1� (1� �)(1� �)
P∞

j=1

�
�j−1P∞

m=j[(1� xm)(1� �)m
Qm−1

l=j xl]
	�

b. Prove that if the game has a value on X � Y , this value is vλ (and the corresponding

strategies are optimal in �λ).

c. Let r in N satisfying �r−1 > 1=2; �r � 1=2 and de�ne �x in X by:

�xm =

8><>:
1 m < r

�r=(1� �r) m = r

�=(2� �) m > r

Show that U0(�x; y) depends only of (yl); 0 � l < r, that a best reply gives yl = 1; 0 � l < r, and
that the corresponding pay-o� is:

V =
[1� (1� �)r][1� �(1� �)]� �f1� 2[�(1� �)]rg
[1� (1� �)r+1][1� �(1� �)] + 2(1� �)r+1�r�

:

De�ne �y in Y by:

�ym =

(
1 m < r

(1� �)V m � r

Prove then that Wm(�x; �y) = (1� �)V , for m � r.
To show that �x is a best reply to �y, assume �rst that x coincides with �x from some stage on

and then conclude. Deduce then that vλ = V .
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d. Let v0 = limλ→0 vλ =
r(1−π)−(1−2πr)
(r+1)(1−π)+2πr and de�ne y∗ by:

y∗ =

(
1 m < r

v0 m � r

Prove that 8" > 0, 9�∗ such that, 8� � �∗, 8� 2 �, 8� 2 T :

�λ(�x; �) � v0� " and �λ(�; y
∗) � v0+ ":

2. Examples with no value. (Mertens and Zamir, 1976b; Waternaux, 1983b,a)We con-

sider games as in sect. 2, with #K = 2. A S means that the entry is revealing hence the pay-o�

thereafter is 0. Note that the results are more precise than theorem 2.2 p. 363 since the auxiliary

games G or G are �nite; in particular minmax and maxmin are algebraic.

a. Let G1 =
�
x211 x12
x21 x22

�
and G2 =

� y11 y12

y21 y222

�
.

Show that the maxmin is the value of the following game:

G =

0BBBBBB@

eL eR e�eT y11 x12+ y12 �y11+ �′y12eB x21+ y21 x22 �x21+ �′x22
]1� " y11 x12 0e" y21 x22 0
B1 y11 x12 �(�y11+ �′y12)
T1 y21 x22 �′(�x21+ �′x22)

1CCCCCCA
and obviously a dual result holds for the minmax. eT corresponds to the strategy always Top, ???

similarly for eB; eL; eR; e� is playing Left with probability � i.i.d. and ]1� " corresponds to the

strategy with support (Top, Bottom) and frequency of Top 1; Tn stands for n exceptional moves

Top, similarly for Bottom. Finally �′ is 1� �.
Show that II has an optimal strategy using a single value of �.

b. In the following example

G1 =

�
�1S 2
2 �4

�
G2 =

�
�4 2
2 �1S

�
show that v = �1=2 with optimal strategies (1=4; 1=4; 1=4; 1=4; 0; 0) for I and (1=4; 1=4; 1=2](1=2))

for II in G; v = �2=3 and (1=6; 1=6; 2=3](1=2)) for I and (1=6; 1=6; 0; 0; 1=3; 1=3) for II are optimal

in G.

c. Let now G1 =
�
x211 x12
x21 x22

�
and G2 =

�
y11 y212
y21 y22

�
Show that the minmax is the value of

G =

0BBBB@

eL eR e�eT y11 x12 0eB x21+ y21 x22+ y22 �(x21+ y21) + �′(x22+ y22)e" y21 x22 0
T1 y21 x22 �′(�x21+ �′x22) + �(�y21+ �′y22)
T2 y21 x22 �′2(�x21+ �′x22) + �2(�y21+ �′y22)

1CCCCA
and the maxmin the value of ???

G =

� eL eR ]1� " e"eB x21+ y21 x22+ y22 x21+ y21 x22+ y22e� �y11+ �′y21 �x12+ �′x22 0 0

�
???
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d. For G1 =
�
72 −3
−7 3

�
and G2 =

�−31 112
31 −11

�
, show that v = 1=4 with (0; 0; 0; 2=3; 1=3) optimal

for I and (0; 0;g1=4) optimal for II; and v = 0, with (0;g1=2) and (0; 0; 0; 1) optimal for I and II.

From now on we are in the framework of sect. 4

3. Consider the games introduced in subsection 4.a and prove that:

w(p) = inf
F ′

X
k
pkmax

ω
�k(f; !)

with:

�k(f; !) = (1� !)Gk
1f(!) +

Z ω

0
Gk
2f(!

′)`(d!′):

Assume #K = #S = #T = 2. Show that w(p) = infc[pc+ (1� p)J(c)] with

J(c) = max
ω
f�2(f; !) j �1(f; !′) � c for all !′ g

Deduce the existence of optimal strategies for II and an explicit formula for them.

4. Let G1 =
�
1∗ 0∗
0 0

�
and G2 =

�
0∗ 0∗
0 1

�
. Show that:

u(p) = Cav u(p) = p(1� p)

�(p) = (1� p)[1� exp(�p=(1� p))]

f(x) =

(
L=(1� x) on [0; 1� L]

1 on [1� L; 1]
with L = exp(�p=(1� p));

�1(x) =

(
�((1� p)=p) ln(1� x) on [0; 1� L]

1 on [1� L; 1]

�2(x) � 0:

Note that v and lim vn are transcendental functions.

In the two following examples � has an atomic part.

5. Let G1 =
�
4∗ −2∗
0 0

�
and G2 =

�
0∗ 1∗−1 2

�
. Show that:

� for 0 � p � 1=7 : u(p) = �(p) = v1(p) = 4p
� for 1=7 � p � 1:

�(p) = (1� p)
�
1� (1=3) exp[(1� 7p)=3(1� p)]

�
f(x) =

(
1=3 + L=(1� x) on [0; 1� 6L]

1=2 on [1� 6L; 1]
; with L =

1

9
exp

1� 7p

3(1� p)
;

�1(x) =

(
�((1� p)=2p) ln(1� x) on [0; 1� 9L]

1 on [1� 9L; 1]
;

�2(x) =

(
0 on [0; 1� 9L)

1 on [1� 9L; 1]

6. Let G1 =
�
3∗ −1∗
2 0

�
and G2 =

�−1∗ 1∗
1 −1

�
. Prove that:

� for 0 � p � 1=3:

�(p) = p;

f(x) = 1=2 on [0; 1]

�1(x) = �2(x) = 1� (1� x)1/(1−3p) on [0; 1]
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� for 1=3 � p � 2=3:

�(p) = (1=9)(4� 3p)

f(x) =

(
1=2� 2=9(1� x2) on [0; 1=3]

0 on [1=3; 1]

�1(x) = (2=3� p)=p on [0; 1]

�2(x) =

(
[2(2=3� p) + (3p� 1)x]=(1� p) on [0; 1=3)

1 on [1=3; 1]

� for 2=3 � p � 1:

�(p) = p(1� p)

f(x) =

(
[1� p2=(1� x)2]=2 on [0; 1� p]

0 on [1� p; 1];

�1(x) = 0 on [0; 1]

�2(x) =

(
x=(1� p) on [0; 1� p)

1 on [1� p; 1]

7. Consider the game of ex.VIIIEx.4. Prove that (with x′ = 1� x):

(n+ 1)vn+1(p) = max
s,t

min
x

�
(n+ 1)psx+ p′t′x′+ n(ps′+ p′t′)vn

�
ps′=(ps′+ p′t′)

�	
and deduce the following heuristic di�erential equation for lim vn(p):

y(p)(2� p) = 1� p� (1� p)2y′(p):

Adding the initial conditions leads to: �(p) = (1� p)f1� exp(�p=(1� p))g. Prove by induction,

using the recursive formula, that vn � � � L=n and vn � � + L=n1/2, for some L large enough.

8. Let G1 =
�
1∗ 0
0∗ 0

�
and G2 =

�
0∗ 0
0∗ 1

�
. Prove that:

v(p) = inf
ρ∈Q

sup
0≤t≤1

h
p

Z 1

0
(1� s)�(ds) + (1� p)t(1� �(t))

i
= p

�
1� exp(1� (1� p)=p)

�
Note that in this example the minmax is a transcendental function.

9. A Geometric Approach to the Minmax. Player I can defend a set D in RK, if for

every " > 0 and every � there exists a strategy � and a number N , such that for all n � N there

exists d in D with kn(�; �) � dk � ", for all k. Prove that if player I can defend the half spaces

H(p; g(p)) = f t 2 RK j hp; ti � g(p) g for all p 2 �, then he can also defend H(p;Cav g(p)).
Player II can guarantee a point M in RK, if for every " > 0 there exists a strategy � and

a number N , such that for every �, n � N implies: kn(�; �) � Mk + ", for all k, (i.e. he can

approach M �RK
+).

Show that the set of points that player II can guarantee is convex.

Denote by DI the intersection of the half spaces of the form H(p; �) that I can defend and

by DII the set of points that II can guarantee.

Prove that: v(p) exists and equals mind∈Dhp; di () D = DI = DII (D is then called the

minmax set).
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10. Let G1 =
�
1∗ 0
0∗ 1

�
and G2 =

�
0∗ 1
1∗ 0

�
. Show the minmax set is CofM1;M2;Mg+R2+ with:

M1 = (1=2; 1) (player II plays optimal for k = 1)

M2 = (1; 1=2) (player II plays optimal for k = 2)

M = (2=3; 2=3) (player II plays once (1=3; 2=3), then guarantees

M1 (resp. M2) if s1 = Top (resp. Bottom).

11. Let G1 =
�
8∗ −2
−4∗ 1

�
and G2 =

�−3∗ 2
6∗ −4

�
. Prove that the minmax set is D′ [ D′′ + R2+

with:

D′ = f (x; f(x)) j x 2 [0; 1]; f(x) = 3� (3=4)x� (1=4)x1/5 g; and

D′′ = f (g(y); y) j y 2 [0; 2]; g(y) = 4� (4=3)y � (1=3)(y=2)2/5 g
12. Consider the games introduced in sect. 3.a p. 371 and assume #K = 2.
Prove that the minmax set is the intersection of the positive half spaces (i.e. of the form

H(p; �), cf. ex.VIIIEx.9) that contains one of the following �ve sets: The point V , the segments

[C;D], [A;B _ D], [Q;P ] or [Q′; P ′] where A (resp.B;C;D) is the point (a1; a2), V = (v1; v2)
where vk is the value (minmax would su�ce) of �∞(k); Q = (a1; c2); P = (v1; d2) and similarly

Q′ = (a2; c1; P ′ = (d1; v2). (Given two points M and N , M _N is (maxfm1; n1g;maxfm2; n2g)).
Deduce that v is the value of a one-shot matrix game.

13. Consider a game as in sect. 4.c.1 and 4.c.2 where the matrix Gk is of the form:

Gk =

�
ak∗ bk∗
ck∗ dk

�
Prove that v is the value of the one-shot game with incomplete information and in�nite pay-o�

matrices Bk with:

Bk =

0BBBBBBB@

ak bk bk : : : bk bk

ck ak bk : : : bk bk

ck ck ak : : : bk bk

...
...

...
. . .

...
...

ck ck ck : : : ak bk

ck ck ck : : : ck dk

1CCCCCCCA
:

Show that for any �xed #K, one can replace Bk by �nite matrices.



CHAPTER IX

Non-zero-Sum Games with Incomplete Information

1. Equilibria in Γ∞

In this section, we will study equilibria in games with incomplete information. The

analysis will be limited to 2 players and some major questions are still open.

As seen in ch.VI, in the zero-sum case, when there is lack of information on both

sides, the value may not exist hence there is no equilibrium, even in a weak sense, i.e. E0
is empty. We are thus led to consider games with lack of information on one side. We

will moreover assume full monitoring hence the game Γ∞ is described by the action sets

S and T , the state space K with initial probability p and, for each k, S�T vector pay-o�

matrices Gk
with elements in R2.

We shall write uI(p) (resp. uII(p)) for the value of the game GI(p) =
P
pkGk,I

(resp.

GII(p) =
P
pkGk,II

) where player I (resp. II) maximises. γn(σ, τ) is the expected (vector)

pay-o� at stage n and γ̄n(σ, τ) the corresponding average up to stage n. Remark that

the equilibrium condition for I (the informed player) can equivalently be written by using

γ̄k,In , conditional pay-o� given the true state, i.e.

γ̄k,In = Ek
σ,τ(ḡ

I,k
n ) = Eσ,τ(ḡ

I,k
n j k) = Eσk,τ(ḡ

I,k
n )

This leads to a vector pay-o� for I and we shall also use this formulation.

We will �rst prove a partial result
1
concerning the existence of uniform equilibria and

then give a complete characterisation of E∞ in Γ∞.

1.a. Existence. Following (Aumann et al., 1968), we de�ne a joint plan to be a

triple (R, z, θ) where:

� R (set of signals) is a subset of Sm
for some �xed m,

� z (signalling strategy) is a K-tuple where, for each k, zk 2 ∆(R) and we can

always assume

z(r) =
X

k
pkzk(r) > 0

� θ (contract) is a R-tuple where, for each r, θ(r) 2 ∆(S � T ) (correlated move).

To each joint plan is associated a family of probabilities p(r) on Π = ∆(K) where

pk(r) = pkzk(r)
z(r) (conditional probability on k given r induced by z) and pay-o�s:

ak(r) =
X

s,t
Gk,I

st θst(r) bk(r) =
X

s,t
Gk,II

st θst(t) 8k 2 K
α(r) = hp(r), a(r)i β(r) = hp(r), b(r)i
ak =

X
r
zk(r)ak(r) β =

X
r
z(r)β(r)

Each joint plan will induce a pair of strategies as shown by the following

1The existence theorem 1.3 p. 399 is valid for any K, cf. (Simon et al., 1995).

397
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Proposition 1.1. A su�cient condition for a joint plan to generate a uniform equi-
librium in Γ∞(p) with pay-o� (a = (ak);β) is

(1) β(r) � VexuII(p(r)) 8r 2 R,
(2) hq, āi � uI(q) 8q 2 Π, where ā is such that:
(3) ak(r) � āk 8r, 8k , and

P
k p

k(r)ak(r) =
P

k p
k(r)āk 8r.

Proof. Player I uses z to select a signal r and plays during m stages according to r.
After these stages, both players are required to follow an history h(r) where the empirical

distribution of the couple of moves (s, t) converges to θs,t(r), (compare with sect. 4 p. 162).

It is thus clear that the corresponding asymptotic pay-o�, given r, will be a(r), β(r)
(k-vector pay-o� for player I, real pay-o� for player II).

Consider now player II after stage m, given r. Since, from this stage on, player I
is playing non-revealing, player II posterior on K will remain precisely p(r). It follows

that, if player II deviates, by not following h(r), player I can use a punishing strategy σ
satisfying g̃n(σ, τ) � VexuII(p(r)), where g̃n is the conditional expected pay-o� given r at
each stage n following the deviation. To prove this, consider the 0-sum game with pay-o�

GII starting at p(r) where player I is informed and minimises and use V.3. Condition 1

thus implies that there is no pro�table deviation for player II.
Consider now player I. He has two kinds of possible deviations:

� First to send a wrong signal, namely if he is of type k to use some r′ 6= r, r′ 2 R
with pk(r′) = 0 < pk(r). Note that this deviation is not observable by player

II but, by condition 3, player I cannot gain by it, since his (future) pay-o� will

then be ak(r′) � āk = ak(r). Similarly I cannot gain by using another signalling

strategy z′.
� The second possibility is for player I to make a detectable deviation at some

stage. We then require player II to approach, from this stage on, the vector ā,
and this is possible due to 3.c p. 195 and condition 2. It is now easy to see that

the above strategies de�ne a uniform equilibrium. �

Remark 1.1. For an extension of such construction, cf. the next sect. 1.b.

There remains thus to exhibit a joint plan satisfying 1, 2 and 3, i.e. an equilibrium

joint plan (EJP for short). We shall use the following notations:

Y (p) = f y 2 Y = ∆(T ) j y is optimal for player II in GII(p) g
fy(q) = max

x
xGI(q)y

C(y) = f (q, d) 2 Π�R j d � fy(q) g
D = f (q, d) 2 Π�R j d � Cav uI(q) g
D1 = f (q, d) 2 Π�R j d � uI(q) g

(Note that these sets are closed and the �rst two are convex). By the de�nition of uI, D1
and C(y) have, for all y, an intersection with empty interior. On the other hand, if D
and C(y) have the same property, they can be weakly separated and the minmax theorem

(applied to S and T ) implies the existence of x satisfying, for all q, xGI(q)y � uI(q). Thus:
Lemma 1.2. If C(y) \D has an empty interior for some y in Y (p), then there exists

an EJP at p.

Proof. In fact, take R = ; (the joint plan is non-revealing), θ = x 
 y, where x
is as above, and note that 2 follows and 3 is void. Now 1 comes from y 2 Y (p) hence
β � uII(p) � VexuII(p). �
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Denote by SEJP these special EJP and let Π1 = f q 2 Π j there exists a SEJP at q g.
It is then clear that Π1 is closed (and equals Π if uI is concave in particular if #S = 1).

Now we restrict the analysis to the case #K = 2 and #S > 1.

Theorem 1.3. Assume #K = 2. Then for each p, there exists an EJP at p.

Proof. Assume p0 2 Π◦ nΠ1 and y0 2 Y (p0). Since uI is algebraic and C(y0)\D1 has
an empty interior, the projection of C(y0)\D on R is included in some open interval, say

(q1, q2), on which Cav uI is linear. So that there exists c in R2 with Cav uI(q) = hc, qi on
[q1, q2] and Cav uI(qi) = uI(qi) for i = 1, 2. De�ne Q(y) = f p 2 Π j fy(p) � hc, pi =
minq fy(q) � hc, qi � ζ(y) g. Note that Q is a u.s.c. convex valued correspondence,

that ζ is continuous and, as above, for each y, there exists some x with, for all q,
xGI(q)y � hc, qi � ζ(y), hence the equality. Finally, ζ(y) � 0 implies that the interior of

C(y) \D is empty.

By de�nition of y0, we have Q(y0) � (q1, q2) and ζ(y0) < 0.
Let now p1 and p2 be in Π1 [ ∂Π with p0 2 (p1, p2) and (p1, p2) \ Π1 = ;. Since Y (p)

is also an u.s.c. convex valued correspondence, Q(Y (p1, p2)) is connected, hence, by the

choice of the pi's, one has

(1) ζ(y) < 0 and Q(y) � (q1, q2) for all y 2 Y (p1, p2)
By compactness, one gets y′1 2 Y (p1) and x′1 with
(2) x′1G

I(q)y′1� hc, qi = ζ(y′1) � 0 and Q(y′1) \ [q1, q2] 6= ;
Assume �rst p1 2 Π1. Then, either C(y1) \ D has an empty interior (write y1 = y′1,
x1 = x

′
1), or there exists y1, a closest point to y′1 in Y (p1) having this property. But then

(1) holds for y 2 [y′1, y1) and one gets (2) for y1 and some x1 implying ζ(y1) = 0. Now,

if p1 = (1, 0), let y′1 = y1. Note �rst that fy1
� c1, hence we can de�ne a supporting

hyperplane c1 = (c1, c
′
2) to fy1

with c
′
2 � c2 and fy1

(q) = hc1, qi for some q 2 (q1, q2). Again
this implies the existence of x1 with x1G

I(q)y1 = hc1, qi. A dual analysis holds for p2.
Finally, let R = 2 and de�ne z to be the splitting strategy (prop. 1.2 p. 184) of player I
generating p1 and p2. De�ne now θ(r) as xr 
 yr, then we have an EJP at p. In fact, 1

follows from yr 2 Y (pr), 2 holds with ā = c and 3 with a(r) = cr. �

1.b. Characterisation (Hart, 1985). In the above proof, the splitting property

was used to convexify in p the set of non-revealing EJP leading to the same vector pay-

o� for player I. Note also that, for a �xed p, the set of equilibrium pay-o�s is convex

(the players can use their moves to construct a jointly controlled lottery (Aumann et al.,

1968), cf. below). The content of the next result is that a repetition of such operations

in fact characterises the set of equilibria. Namely each equilibrium pair generates such a

sequence and any such sequence leads to an equilibrium.

We �rst de�ne the set of non-revealing feasible pay-o�s:

F = CofGk
s,t j s 2 S, t 2 T g � RK �RK

and W =�
(a, β, p) 2 RK �R�Π

�� i) β � VexuII(p)

ii) hq, ai � uI(q) 8q 2 Π

iii) 9(c, d) 2 F such that a � c and hp, ai = hp, ci, hp, di = β
	

(Compare with prop. 1.1 p. 398 and note that these conditions correspond to a �non-re-

vealing� joint plan.)
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Before introducing the next set, we �rst de�ne a �W -process� starting at w in

Rk�R�Π to be a bounded martingale wn = (an, βn, pn) from an auxiliary space (Ω,F , Q)
with an atomic �ltration Fn to Rk �R � Π with w1 = w, satisfying, for each n, either
an+1 = an, or pn+1 = pn a.e. (i.e. (an, pn) is a �bi-martingale�), and converging to some

point w∞ in W . De�ne now W � = fw 2 RK �R�Π j there exists a W -process starting

at w g. The main result of this section is:

Theorem 1.4. (a, β) 2 Rk �R belongs to E∞(p) i� (a, β, p) 2W �.

Proof. The proof is divided into two parts:

First, given any L-equilibrium with pay-o� (a, β), we show that it induces aW -process

starting at (a, β, p).
Second, given any W -process starting at (a, β, p), we construct a uniform equilibrium

in Γ∞(p) with pay-o� (a, β).

Part A. From equilibrium to W -process.

A heuristic outline of the proof is as follows. pn will be the posterior probability on K
induced by σ, hence is a martingale converging to some p∞. Thus player I will be asymp-

totically playing non-revealing, hence the asymptotic pay-o�s corresponding to σ, τ , say
c∞, d∞, will be in F . In the de�nition of W , conditions 1 and 2 of prop. 1.1 correspond

to the individually rational requirements (cf. 4.a p. 162). Remark that the equilibrium

condition on the equilibrium path implies that the sequence of conditional future expec-

ted pay-o�s de�ne a martingale converging to (c∞, hp∞, d∞i). Condition 3 indicates that

player I cannot cheat (i.e. send a wrong signal) and �nally the bi-martingale property will

be obtained by conditioning on half histories, i.e. just after a move of player I. Formally, let

Hn+1/2 = Hn�S = (S�T )n−1�S, N′ = N+1/2,M = N[N′
. We de�ne thus Hm and the

corresponding σ-algebraHm form inM and all the martingales will be with respect to this

�ltration. Fix now a Banach limit L, an initial p in Π and L-equilibrium strategies (σ, τ)
inducing the pay-o� (a, β) so that ak = L(γ̄I,kn (σ, τ)), β = L(γ̄IIn(σ, τ)), hp, ai = L(γ̄In(σ, τ)).
De�ne also pkm = Pσ,τ,p(k j Hm), αm = L(Eσ,τ,p(ḡ

I,k
n j Hm)), βm = L(Eσ,τ,p(ḡ

II,k
n j Hm)) and

note the following:

pm is a martingale in Π converging to some p∞ , and pn+1/2 = pn+1 for n 2 N(3)

αm is a bounded martingale converging to some α∞ with α0 = hp, ai(4)

The Banach limits commute with conditional expectations, the σ-�elds Hm being �nite:

βm is a bounded martingale converging to some β∞ with β0 = β(5)

We now de�ne conditional vector pay-o�s with respect to the marginal distribution

E′
induced by σ, τ and p on H∞ (and not H∞ �K) conditional to Hm. Since τ is inde-

pendent of k, this amounts to take the expectation with respect to Ep(σ j Hm), namely

the average, non-revealing strategy of player I, given Hm, with value
P

k p
k
m(hm)σ

k(hm)
on hm. Hence, let c

k
m = L(E′(ḡI,kn jHm)), d

k
m = L(E′(ḡII,kn jHm)). Then we have:

(6) cm and dm are bounded martingales converging to (c∞, d∞) with (c∞, d∞) 2 F a.s.

The last assertion follows from the fact that, for all m, (cm, dm) belongs to the compact

convex set F . Moreover, the convergence of pn implies:

(7) α∞ = hp∞, c∞i and β∞ = hp∞, d∞i
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Proof. Remark that, for n, m in N, n � m, E(gI,kn j Hm) = E′(
P

k p
k
n+1g

I,k
n j Hm) =P

k p
k
m E′(gI,kn j Hm) +

P
k E′((pkn+1� pkm)gI,kn j Hm). Letting πm =

P
k supn≥m

��pkn+1� pkm��,
we obtain jαm� hpm, cmij � C E′(πm j Hm). Since pkn converges to pk∞, θ

k
m =

supn≥m

��pkn+1� pk∞�� is a non-increasing positive sequence converging to zero. Hence

E′(θkm j Hm) is a supermartingale converging to 0. Finally, πm � 2
P

k θ
k
m implies the

result. The other equality is proved similarly. �

We have thus de�ned some asymptotic pay-o�s; we use now the equilibrium properties:

(8) β∞ � VexuII(p∞) a.s.

In fact, given any history hm, the posterior probability on K is pm and player II can
obtain, from this stage on, an asymptotic pay-o� of VexuII(pm) (cf. theorem 2.12 p. 190).

It follows that, if for some hm in Hm with P (hm) > 0, one had βm(hm) < VexuII(pm),
then player II could increase his total pay-o� βm =

P
P (hm)βm(hm) by switching to the

previous strategy after hm. The result follows letting m!1, using the continuity of uII.
To get a similar property for player I, we have to consider again the vector pay-o�s.

We start by a sequence that majorates cm. Let �rst ekm = supσ′L(Eσ′,τ(ḡ
k,I
n j Hm, k)) =

supσ′L(Eσ′k,τ(ḡ
k,I
n jHm)).

Note that the expectation is now given k and that we can assume σ′ non-revealing.

ek0 = a
k em � cm(9)

em+1/2 = E(en+1 jHn+1/2) 8n 2 N ekn(ht) = max
s
ekn+1/2(ht, s) 8k, 8ht(10)

Proof. (9) follows from the de�nition since σ is an equilibrium strategy and the pay-

o� cm is attainable by player I. The �rst equality in (10) comes from the fact that player

I is a dummy between stages n + 1/2 and n + 1. The second comes from the fact that,

for each k, the player can �rst choose a move and then play optimally. �

The previous result proves that em is a supermartingale. To get a martingale, we �rst

introduce a sequence λn of random variables in [0, 1], n 2 N′
with C � ekn = λn+1/2(C �

ekn+1/2) 8n 2 N, and we de�ne �nally fm by C � fkm = (C � ekm)
Q

n∈N
n<m

λn+1/2 8m 2M.

fm is a bounded martingale converging to some f∞ with

f0 = a fn = fn+1/2 8n(11)

f∞ � c∞ and hp∞, f∞i = hp∞, c∞i(12)

Proof. (11) follows from the de�nitions since λn is Hn-measurable, n 2 N′
. Now

fm � em � cm 8m 2M.

Finally, by (3) and (11), (pn, fn) is a bi-martingale, so hpn, fni a martingale:

E(hp∞, f∞i) = hp, f0i = hp, ai = α = E(α∞) = E(hp∞, c∞i)

by (4) and (7), hence (12). �

Remains to check the individual rationality condition for the pay-o�s f∞ of player I:

(13) hq, f∞i � uI(q) 8q 2 Π
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Proof. At each stage, given any history, player I can, by playing optimally non-re-

vealing in GI(q), get a stage pay-o� greater than uI(q). Thus, for all m,

uI(q) � L sup
σ′

X
qk Eσ′(ḡI,kn jHm)

� hq, emi
Hence the result since fm � em. �

To conclude, (fm, βm, pm) is the required W -process using (c∞, d∞) and (3), (5), (6),

(7), (8), (12) and (13).

Part B. Second part: From W -process to equilibrium.

Observe �rst that W �
is not enlarged if one only required the W -process, say

Wn = (an, βn, p) on a probability space (Ω,Fn, Q), to satisfy �an+1 or pn+1 is constant
on each atom of Fn� rather than on all of them (adding some intermediate �elds reduces

to the initial case). Now, the �ltration being atomic, it is usefully represented by an

oriented tree, where the nodes at distance n from the origin are the atoms of Fn. Such a

node, say wn, leads to all wn+1 in Fn+1 with wn+1 � wn and the corresponding arc has the

probability Q(wn+1 j wn). Further, we can assume that each wn has two successors and,

moreover, Q(wn+1 j wn) = 1/2 for each. In fact, the �rst assertion is proved by adding

intermediate �elds (i.e. nodes) with the appropriate probabilities. For the second point,

one can replace the arc between wn and its successor by an in�nite tree corresponding to

the �rst occurrence of 1 in a sequence of i.i.d. centred random variables on f�1, 1g. Write

Q(wn+1 j wn) =
P∞
1 λm/2

m
and let wn+1 be associated to the �rst 1 at stage m i� λm = 1.

It is easy to see how to extend the W -process while keeping all its properties.

We henceforth assume that the W -process possesses the above properties. Basically,

the proof will require both players to �follow the above tree�, namely,

� to realise the transitions from one node to its successor. This is done by signalling

strategies of player I if pn+1 6= pn, and by jointly controlled lotteries if an+1 6= an,
� to play a speci�ed sequence of moves between wn and wn+1 in order to realise the

required pay-o�, roughly an and βn,
� to use the parameters at wn to punish if a deviation occurs between wn and wn+1.

Step 1. Preliminary results.

We �rst represent points in F as pay-o�s associated to correlated strategies. For all

(c, d) in F , there exists θ 2 ∆(S � T ) with
ck =

X
s,t
GI,kst θ(s, t) dk =

X
s,t
GII,kst θ(s, t)

and write c = GI�θ, d = GII�θ. We thus obtain, using a measurable selection theorem (cf.

7.j p. 427), that there exists a random variable θ∞ with values in ∆(S � T ), s.t. Q-a.s.
a∞ � GI�θ∞ and hp∞, a∞i = hp∞, GI�θ∞i, β∞ = hp∞, GII�θ∞i.

Approximate now E(θ∞ j Fn) by Fn-measurable random variables θn s.t. nθn is inte-

ger-valued and kθn� E(θ∞ j Fn)k � 1/n.
We shall also use the following properties. Since hq, a∞i � uI(q), one has, by taking

expectation

(14) han, qi � uI(q) for all n

Similarly, from β∞ � VexuII(p∞), one has, using Jensen's inequality

βn = E(β∞ j Fn) � E(VexuII(p∞) j Fn) � VexuII(E(p∞ j Fn)) � VexuII(pn)
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Step 2. Construction of the strategies.

As in the previous proofs, the strategies will be de�ned through a cooperative proced-

ure � master plan � and punishments in case of detectable deviation. Stages m = n!
for n in N will be communication stages and related to the transition from one node to

its successor. The remaining stages will be devoted to the pay-o�s, while the reference

node will be kept �xed. We de�ne now inductively histories consistent with the master

plan and a mapping ζ from histories to nodes. Let us write fs′, s′′g, ft′, t′′g for two pairs

of moves of each player that will be used to communicate. Assume now m = n! � 1,
hm−1 de�ned and consistent with the master plan and ζ(hm−1) = wn−1. Recall that the

successor of wn−1 is a random variable wn with equally likely values w′
n and w′′

n.

To de�ne the behaviour at stage m, we consider the two cases:

� if pn 6= pn−1, player I uses a signalling strategy with support on fs′, s′′g to gener-
ate pn (cf. prop. 1.2 p. 184) namely σk(hm−1)(s′) = pkn/2p

k
n−1, the move of player

II is arbitrary and ζ(hm−1, s′) = w′
n.

� if an 6= an−1, both players randomise equally on the above moves, namely

σk(hm−1)(s′) = σk(hm−1)(s′′) = 1/2, θ(hm−1)(t′) = θ(hm−1)(t′′) = 1/2, and

ζ(hm−1, s′, t′) = ζ(hm−1, s′′, t′′) = w′
n, and w

′′
n otherwise.

(Note that P (w′
n j wn) = 1/2 as soon as one of the players is using the above procedure:

No cheating is possible. This is a jointly controlled lottery.

We now look at the pay-o� stages (from n! + 1 to (n + 1)! � 1). Given wn, consider

θn = θn(wn) introduced in b). The players are then requested to play n-cycles of pure
moves realising θn during this bloc n. The node associated to such an history is still wn.

Let us �nally consider deviations and punishments. If m+1 is the �rst stage where a

detectable deviation occurs, de�ne ζ(hm+1) as ζ(hm) where hm precedes hm+1 and assume

that ζ(hm) = wn = (pn, an, βn);

� if player I is the deviator, player II uses, from stage m + 1 on, a strategy that

approaches an (cf. 2.c p. 190 and use (14) above), namely such that, for * � N0,
Eσ′,τ(ρ� j Hm+1, k) � akn, for all σ′, where ρ� is the average pay-o� of player I
between stages m+ 1 and *.

� in the case of player II, let player I use a strategy inducing in GII(pn) a stage

pay-o� less or equal to VexuII(pn). (Note that player I is minimising and use 2.b

p. 188).

This ends the de�nition of σ and τ .

Step 3. Probabilities and pay-o�s.

We now prove that the probabilities and pay-o�s induced by (σ, τ) on H∞ � ℘(K)
correspond to the arcs and nodes of the initial probability tree. For every wn = (an, βn, pn)
and n! � m < (n+ 1)!� 1,

Pσ,τ,p(ζ(hm) = wn) = Q(wn)(15)

Pσ,τ,p(k j hm) = pkn(ζ(hm))(16)

Proof. Both properties are proved by induction. (15) follows from the fact that, at

each communication stage, say r = *!, P
�
hr, ζ(hr) = w

′
�

�� ζ(hr−1) = w�−1
�
= 1

2 . (16)

comes from the fact that player I is playing non-revealing during pay-o� stages and uses

the right signalling strategy at the communication stages. �
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Consider now the pay-o�s. If φm denotes the empirical distribution of moves up to

stage m, and λm = n!/m, one has:

(17) 8s, t,m (n! � m < (n+ 1)!� 1),
��φm(s, t)� [λmθn−1(s, t) + (1� λm)θn(s, t)]

�� � 4/n

This follows easily from the fact that most of the stages are in blocs n � 1 or n where

both players play θn−1 or θn by cycles.

From the previous properties, we can now deduce

lim γ̄I,km (σ, τ) = ak(18)

lim γ̄IIm(σ, τ) = β(19)

Proof. Consider �rst (19). From (17), we obtain, using (15) and conditioning on

each history γ̄IIm(σ, τ) =
P

hm
Pσ,τ,p(hm)E(ḡII,km j hm) =

P
wn
PQ(wn) hpn, GII�φmi, so that��γ̄IIm(σ, τ)� EQ(hpn, GII�(λmθn−1+ (1� λm)θn)i

�� � R/n with R = 4C �#S �#T .
Hence as m!1, we obtain lim γ̄IIm(σ, τ) = EQ(hp∞, GII�θ∞i) = E(β∞) = β.
Similarly, one �rst gets

(20) lim γ̄Im(σ, τ) = EQhp∞, a∞i = hp, ai
(Recall that hpn, ani is a martingale).

To get the equality component-wise, we �rst obtain, from (17), that

(21) ḡI,km �
�
λma

k
n−1+ (1� λm)akn

�
+R′/n with R′ = 5C(#S)(#T )

since ḡIm = GI�φm and an = E(a∞ j Fn) � E(GI�θ∞ j Fn) � GI�θn�1/n. We know that the

probability induced by σ, τ , p on the nodes of the tree (through the mapping ζ) coincides
with the initial Q. Now, when considering only akn, we have the same property with σk

and

τ , for all k. In fact, σ is non-revealing except at the stages where pn changes but then an is
constant. We obtain thus γ̄I,km = Ek(ḡI,km ) � λm Ek akn−1+(1�λm)Ek akn+R

′/n � ak+R′/n,
hence (18) by using (20). �

Step 4. Equilibrium conditions.

Up to now, σ and τ are adapted to the tree and de�ne the right probabilities and

pay-o�s. There remains to check the equilibrium conditions.

Consider �rst player II after some history hm with ζ(hm) = wr. His posterior prob-

ability on K is precisely pr by (16). If m + 1 is a signalling stage with pr = pr+1, player
II can make an non-detectable deviation but without a�ecting the distribution of out-

comes (jointly controlled lottery) and its future pay-o� will be the same. In other cases,

a deviation will be detected and player II punished.
The pay-o� thereafter will be VexuI(pr) � βr, while, if player II keeps playing the

equilibrium strategy, he could expect E
�
hpn, GII�θni

�� Hr

�
on each of the following blocs

n. For n large enough, this in near E
�
hp∞, GII�θ∞i j Hr

�
= E

�
β∞ j Hr

�
= βr. Hence,

the above argument shows that (σ, τ) is an L-equilibrium. To get the uniform condition,

recall that the punishment strategy of player I is uniform. Since hpn, GII�θni converges a.e.
to hp∞, GII�θ∞i = hp∞, d∞i = β∞ = limβn, there exists, for every ε > 0, a subset Ω1 of Ω
with probability greater than 1� ε on which the convergence is uniform.

De�ne hence N so that, on Ω1, n and n′ � N implies
��hpn, GII�θni � βn′

�� � ε.
Given any τ ′, consider the game up to stage m � (N + 1)! and denote by X + 1 the

time of the �rst deviation (with X = m if no deviation occurs before m). Until stage X,

the pay-o�s under τ and τ ′ coincide so we have only to consider the pay-o�s after. For

simplicity, let us write, if X + 1 � m, fτ(X) for (1/m)Eτ(
Pm

X+1 g
II,k
n j hX) and similarly
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fτ ′(X). Assume n! � m < (n + 1)!, from stage X + 1 to m, the pay-o� under (σ, τ) is
mainly according to θn−1 or θn and we have��fτ(X)� (1/m)(m�X + 1)Eσ,τ(βn j hX)

�� � CP (Ω1 j hX) +R/n
Moreover, the conditional expectation, given hX, depends only on ζ(h(X)) = w�, hence

βn being a martingale E(βn j hX) = β�.
On the other hand, under (σ, τ ′), the expected pay-o� after stage X + 1 is at most

β� so that we get �nally EX(fτ ′(X)� fτ(X)) � ε+R/n+ C/m, hence, for m su�ciently

large, γ̄IIm(σ
′, τ) � γ̄IIm(σ, τ) + 2εC.

Consider now player I again after some history consistent with the master plan and

with ζ(hm) = wn. We claim that, by deviating, player I cannot get more than an. This is
clearly the case if the deviation is observable since player II can approach an. Otherwise,
it occurs at some communication stage where either player I cannot cheat or he has to use
a signalling strategy, hence an+1 = an. But, as seen above, the future expected pay-o� per

bloc is at most an. Since an is a martingale with expectation a, the result will follow. In
fact, consider the average pay-o� up to stagem, with n! � m < (n+1)! under some σ′ and
τ . Let X + 1 be the time of a �rst observable deviation as before. Write ζ(hX) = wr and

let us compute �rst the pay-o� until X: then we have, using (21), Ek
�
(1/m)

PX
1 g

I,k
�

�
�

Ek
�
(X/m)akr

�
+ Ek

�
(X/m)((r � 1)!/X)(akr−1� akr)

�
+ Ek

�
(X/m)(1/r)

�
5R′

. Note that the

random variable in the last term is always less than 1/n. As, for the second term, if r < n,
the integrand is smaller than 2C/n and, �nally, by conditioning on h = h(n−1)!, one gets
Ek(1{r=n}(akr−1 � akr) j h) = 1{r=n} Ek(akr−1 � akr j h) = 0 by the martingale property for

akn, since the laws induced by (σ, τ) and (σ′, τ) coincide until X. So that:

(22) Ek
�
(1/m)

XX

1
gI,k�

�
� Ek

�
(X/m)akr

�
+ (5R′ + 2C)/n

Finally, for the pay-o� after X + 1, we obtain

(23) Ek
σ′τ
�
(1/m)

Xm

X+2
gI,k�

��HX

�
�
�
m� (X + 2)/m

�
akr + (2C/

p
m)

since player II approaches akr. (22) and (23) together imply

γ̄I,km (σ′, τ) � Eσ′,τ a
k
r + (C/m) + (5R+ 2C)/n+ 2C/(

p
m� 1)

and, since Eσ′τ(a
k
r) = a

k = limm→∞ γ̄I,km (σ, τ), we �nally obtain: 8ε > 0, 9M : 8m �M
γ̄I,km (σ′, τ) � γ̄I,km (σ, τ) + ε

This �nishes the proof of the second part and of theorem 1.4. �

2. Bi-convexity and bi-martingales

This section is devoted to the study of the new tools that were introduced in the

previous section, namely bi-martingales and the corresponding processes. X and Y are

two compact convex subsets of some Euclidian space and (Zn) is a bi-martingale with

values in Z = X � Y , namely there exists a probability space (Ω,F , P ) and a �ltration

with �nite �elds Fn, Fn � F such that (Zn) is a (Fn)-martingale and, for each n, either
Xn = Xn+1 or Yn = Yn+1. For each (Fn) stopping time θ, Zθ

is the bi-martingale stopped

at θ (i.e. Zθ
n(ω) = Zn∧θ(ω))(w)) and converges to Zθ

∞. Given a subset A of Z, we now de�ne

the following sets: A�
(resp. Af, resp. Ab) = f z j there exists a bi-martingale Zn

starting

at z and a (resp. �nite, resp. bounded) stopping time θ such that Zθ
∞ 2 A a.s. g. Observe

that this de�nition is unambiguous: even if Zθ
∞ 2 A a.s. was only interpreted in the sense
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that the outer probability of this event is one, by removing the exceptional set one would

obtain another probability space with a �ltration of �nite �elds and a bi-martingale on

those, with now Zθ
∞ 2 A everywhere.

We will give a geometrical characterisation of these sets and prove that they may

di�er. In particular, this will imply that the number of communicating stages needed to

reach an equilibrium pay-o� may be unbounded. (See also ex. IXEx.2 p. 419).

We start with some de�nitions.

A set A in Z is bi-convex if, for all x, resp. y, the sections Ax = f y j (x, y) 2 A g,
resp. Ay are convex. Similarly, a function on a bi-convex set A is bi-convex if any of its

restrictions to Ax or Ay is convex. Given A in Z, bicoA is the smallest bi-convex set con-

taining A or, equivalently, bicoA = [An where the An are constructed inductively from

An−1, by convexifying along X or Y starting from A1 = A. (Note that contrary to the

convex hull operator bico may require an unbounded number of stages of convexi�cation,

cf. example 2.2 in (Aumann and Hart, 1986).)

Since An corresponds precisely to the starting point of bi-martingales fZθ
mg with θ � n,

we obtain

Proposition 2.1. Ab = bicoA.

We thus obtain a �rst distinction between Ab and Af by the example in �gure 1:

Figure 1. An unbounded conversation-protocol

A = f zi j i = 1, . . . , 4 g hence bicoA = A

To prove that w1 belongs to Af, consider the (cyclic) process splitting from wi to zi and wj

with j � i+1 (mod 4). This induces a bi-martingale and the stopping time corresponding

to the entrance in A is clearly �nite a.s.



2. BI-CONVEXITY AND BI-MARTINGALES 407

We consider now separation properties. Given a bi-convex set B, a set A � B and

z 2 B, say that z is (strictly bi-) separated from A if there exists a bounded bi-convex

function f on B such that

f(z) > supf f(a) j a 2 A g = f�(A)
nsB is the set of points of B that cannot be separated from A (not separated). It is easy

to see that nsB is a bi-convex set containing bicoA. Note nevertheless that, contrary to

the convex case (when the corresponding set nsB equals CoA), one may have:

� bicoA  nsB (cf. example 1 above);

� the separation by bi-af�ne functions is not su�cient (Aumann and Hart, 1986,

example 3.4);

� the resulting set depends on B (Aumann and Hart, 1986, example 3.5).

We are thus led to apply repeatedly this separating process and we de�ne inductively

B1 = Z and, for every ordinal α, Bα =
T

β<α nsBβ. Hence Bα converges to some set C

denoted by bisA (bi -separated) which satis�es C = nsC and is the largest superset of A
having this property. We are now ready to give the second characterisation.

Proposition 2.2. Af = bisA.

Proof. Let us show that Af shares the characteristic properties of bisA. First,

Af = nsAf. In fact, starting from z in Af, consider the associated bi-martingale Zθ
n.

Given any bounded bi-convex function f on Af, f(Z
θ
n) is then a bounded sub-martingale,

hence θ being a.e. �nite,

f(z) � E(f(Zθ
∞))

Since Zθ
∞ belongs to A a.s., we obtain

f(z) � f�(A)
so that z belongs to nsAf.

Assume now that A � B = nsB. De�ne φ on B by

φ(z) = inf P (Zn /2 A, 8n)
where the in�mum is taken over all B-valued bi-martingales starting from z. (Observe

that, since each Zn takes only �nitely many values, the event considered is measur-

able, even for non-measurable A.) Clearly, φ is bi-convex and equals 0 on A, hence
φ(z) = 0, 8z 2 B = nsB. It follows that

1 = 1� φ(z) = supP (Zθ
∞ 2 A)

where the supremum is taken over all bi-martingales starting from z and all a.e. �nite

stopping times θ. To prove that the supremum is reached (hence that z belongs to Af),

note that, given any positive ρ and for each z, there exists m = m(z) and an adapted

bi-martingale with P (Zm 2 A) > ρ. If A is not reached at time m, start a new process

adapted to Zm and so on (Recall Zm takes only �nitely many values). This way, A will

be reached in a �nite time with probability one. �

To obtain A�
, we have to consider separation by bi-convex functions continuous at

each point of A. Thus, as above, we de�ne the set nscB of points of B that cannot

be strictly separated from A by such functions and inductively biscA as the largest set

satisfying B = nscB (c for continuous).

Proposition 2.3. Assume A is closed. Then A� = biscA.
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Proof. First A� = nscA�
. Given z in A�

, an associated bi-martingale Zn and a

bounded bi-convex function f on A�
continuous at every point of A, one has that f(Zn)

is a submartingale and Zn ! Z∞ 2 A. Hence, f(Zn)! f(Z∞) so that

f(z) � Ef(Zn) � Ef(Z∞) � f�(A)

hence z 2 nscA�
. Assume now B = nscB. Let d(�, A) be the distance to the (closed) set

A and de�ne ψ on B by

ψ(z) = inf E[d(Z∞, A)]

where the in�mum is taken over all bi-martingales starting from z. Note that ψ is bi-con-

vex. Now ψ(�) � d(�, A) implies that ψ vanishes and is continuous on A, hence ψ(z) = 0
for any z in B = nscB. To prove that the in�mum is actually reached (hence Z∞ 2 A
a.e. and z 2 A�

), we de�ne, for any z in B and any ρ > 0, some m = m(z, ρ) and an

adapted bi-martingale satisfying E(d(Zm, A)) � ρ. If A is not reached at stage m (= m1),
start from Zm with ρ/2 and so on. This de�nes inductively an entrance time θ in A and

a sequence of stages mn with E(d(Zθ
mn
, A)) � ρ/n, hence E(d(Zθ

∞, A)) = 0. �

Finally, to prove that Af and A
�
may di�er, consider the following example:

Example 2.1. (Aumann and Hart, 1986) X = Y = [0, 1]2. De�ne T = [0, ε] with
ε > 0 small enough, and points in Z = X � Y by:

bt = (1, 3t� 2t2; 2t, 4t2) ct = (t, t2; 1, 3t� 2t2)

dt = (2t, 4t2; 2t, 4t2) et = (t, t2; 2t, 4t2)

Let B = fbtgt∈T and similarly C, D and E. De�ne A as B[C[f0g with 0 = ((0, 0); (0, 0)).
It is easy to see that D [E is in A�

since one has

dt =
�
t/(1� t)

�
bt +

�
(1� 2t)/(1� t)

�
et (y constant)

et =
�
t/(1� t)

�
ct +

�
(1� 2t)/(1� t)

�
dt/2 (x constant)

and dt, et ��!t→∞ 0. On the other hand (D [ E) \ Af = ;. In fact, consider z in D [ E and???

(Zθ
n) an adapted bi-martingale with θ a.e. �nite. Let F+ = f z 2 Z j x2 > 0 and y2 > 0 g,

F0 = f z 2 Z j x2 = 0 and y2 = 0 g, and F = F+ [ F0. F is clearly convex and contains

A, hence also A�
and Af. In particular, Zθ

n 2 F for all n, but z 2 F+ implies moreover

Zθ
n 2 F+ since Xn and Yn cannot change simultaneously. This implies z 2 (A \ F+)f. On

the other hand on A \ F+ one has x1+ y1 � 1, hence the same property on Co(A \ F+),
hence for z, but no point of D [ E satis�es it.

One can also show that (A�)� may di�er from A�
(Aumann and Hart, 1986, example

5.3) and that A closed does not imply A�
closed (Aumann and Hart, 1986, example 5.6).

3. Correlated equilibrium and communication equilibrium

An r-device (r = 0, 1, . . . ,1) is a communication device (3.c p. 92) where players

make inputs only until stage r. Thus, for r = 0, we obtain the autonomous devices (3.b

p. 90) and for r =1 we obtain the communication devices. The corresponding standard

devices (3.c p. 92) have corresponding sets of inputs In (by the players) and of messages
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Mn (to the players) relative to stage n of the game (n = 1, 2, . . . ), for r > 0:

I I0 = K #I II0 = 1

I In = T I IIn = S M I
n = S M II

n = T for 1 � n < r
#I In = 1 #I IIn = 1 M I

n = S(S×T )n−r

M II
n = T (S×T )n−r

for n � r
using (the proofs of) theorem 3.7 p. 91 and Corollary 3.16 p. 93. (One could also use

Dalkey's theorem (1.3 p. 53) to eliminate redundancies inM I
n, M

II
n for n > r � thus STn−r

and T Sn−r

� but the present formulation leads, for r � 1, to a set of pure strategies for

the device, (S � T )H with H = K �Sn≥0(S � T )n, which is independent of r � and the

canonical device or equilibrium is a probability distribution over this set). And for r = 0

we could take M I
n = SK×Tn−1

, M II
n = T Sn−1

, so we get, as for correlated equilibria, the

product of the two pure strategy spaces as strategy space for the device.

As in sect. 3 p. 88, an r-communication equilibrium is an r-device together with an

�equilibrium� of the corresponding extended game. It is called canonical if it uses a ca-

nonical r-device and if the equilibrium strategies are to report truthfully and to follow the

recommendation. As in ch. IV, de�nition 1.4 and in sect. 1 here, we do not in fact de�ne

the equilibria, because of the ambiguity of the pay-o� function, but just the corresponding

set of pay-o�s E∞ � RK � R, consisting of a vector pay-o� to player I and a scalar to

player II. Recall E∞ �exists� (though conceivably empty) i� any equilibrium pay-o� cor-

responding to any Banach limit is also a uniform equilibrium pay-o�. The corresponding

set for r-communication equilibria is denoted Dr. So D∞ is the set of communication

equilibria, and D0 the set of extensive form correlated equilibria.

We �rst need the following analogue of theorem 3.7 p. 91 and cor. 3.16 p. 93:

Lemma 3.1. For any Banach limit L and any corresponding equilibrium of some r-
device, there exists a corresponding canonical L-r-communication equilibrium.

Proof. Is as in theorem 3.7 p. 91 and Corollary 3.16 p. 93. Observe that the players'

personal devices, which handle all communications with the central device and compute

the players' strategy � thus receiving from the player as input until stage r his reported
signal in the game and give him as output a recommended action, and which will form

the canonical device when taken as whole with the central device, can be taken to receive

in fact no inputs from the player from stage r on, by recommending to him an action

conditional on the signals he received in the game from stage r on. �

3.a. Communication equilibrium. Let Z = fa 2 RK j hq, ai � uI(q), 8q 2
∆(K)g. Consider the following class of communication devices: Player I �rst reports

k 2 K to the device, next (c, d, z) 2 F � Z is selected according to some probability

distribution P k
and (c, d) is transmitted to both players. At every later stage the players'

inputs consist of either doing nothing, in which case nothing happens, or of hitting an

alarm button, in which case �z� of transmitted to both players. Some Borel map ϕ from

F to (S � T )∞ is �xed yielding for every f 2 F a sequence of moves with this average

pay-o�. The players' strategies are the following: player I reports the true state of nature
k; both follow the sequence of moves ϕ(c, d), transmitting nothing to the device, until

they notice a deviation by their opponent, in that case they hit the alarm button. As

soon as �z� is announced, player I holds player II's pay-o� down to (VexuII)(p(� j c, d, z))
(theorem 3.5 p. 195), and player II holds player I down to z (cor. 3.33 p. 218 or lemma

3.36.2 p. 223 for the measurability).
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Observe that, with such a device, the game remains a game with incomplete in-

formation on one side: Both players know at every stage the full past history, except

for the state of nature and player I's �rst report, which remain his private informa-

tion. Let D∞ = fp, (a, β), (P k)k∈K j the above strategies are in equilibrium, with pay-o�

(a, β) 2 RK � Rg (with the understanding that P k
and ak are not to be de�ned when

pk = 0) and D
1
∞ = Proj∆(K)×RK×R(D∞), D

2
∞ = Proj[∆(F×Z)]K(D∞). Then we have clearly:

Proposition 3.2. (p, a, β, (P k)k∈K) belongs to D∞ i�

(i) Ek(ck) = ak 8k 2 K s.t. pk > 0
(ii) Ek max[cl,Ek(zl j c, d)] � al 8(k, l) 2 K �K s.t. pk > 0
(iii) Ehp(� j c, d), di = β
(iv) hp(� j c, d), di � E[(VexuII)(p(� j c, d, z)) j c, d] a.s.

More precisely, for every solution, the corresponding strategies form a uniform equilibrium
with pay-o� (a, β).

Remark 3.1. In principle, one needs ii only for those (k, l) such that pk > 0, pl > 0,

but one can always set zl = al = maxs,tG
I,l
s,t under all p

k
when pl = 0, and obtain then

equivalently the above system. Observe that now al is de�ned, and constrained, even for

pl = 0.

Proposition 3.3. Let D̃∞ be the set of all (p, a, β, P̃ ) 2 ∆(K)�RK�R�∆[∆(K)�
F �Z] such that, denoting by π, (c, d) and z the random variables under P̃ which are the

1th, 2th, and 3th projection, and by E the expectation under P̃ :

(i) E(πkck) = pkak 8k 2 K
(ii) Emax[E(πkcl j c, d),E(πkzl j c, d)] � pkal 8(k, l) 2 K �K
(iii) Ehπ, di = β
(iv) E(hπ, di j c, d) � E[(VexuII)(π) j c, d] a.s.
(v) E(πk) = pk 8k 2 K

Also, for P̃ 2 ∆(∆(K) � F � Z) de�ne ϕ(P̃ ) 2 [∆(F � Z)]K by [ϕ(P̃ )]k being the con-

ditional distribution on F � Z given k under P̃ , the distribution on K � F � Z induced
by P̃ . And for p 2 ∆(K), (P k)k∈K 2 ∆(F � Z), let Ψ(p, (P k)k∈K) be the distribution
on ∆(K) � F � Z of [p(� j f, z), f, z] under the distribution on K � F � Z induced

by p and (P k)k∈K. Then the map (p, a, β, P̃ ) 7! (p, a, β, ϕ(P̃ )) maps D̃∞ onto D∞ and

(p, a, β, (P k)k∈K) 7! (p, a, β,Ψ(p, (P k)k∈K)) maps D∞ to D̃∞, and yields the identity on
D∞ when composed with the �rst.

Proof. Is straightforward. Observe that inequalities i and ii, being multiplied by pk,
become now valid for all k. Use Jensen's inequality to deduce iv in prop. 3.2 from iv

here. �

Corollary 3.4. One could equivalently replace iv by

(iv′
) E[hπ, di j c, d] � E[uII(π) j c, d]

Or even require in addition that, with probability 1, uII(π) = VexuII(π).

Proof. Use a measurable version of Carathéodory's theorem (Castaing and Valadier,

1977, Th. IV.11) or (Mertens, 1987a) to replace π by its image by a transition probability

Q from ∆(K) to itself such that, 8π,Q(fq j uII(q) = VexuII(q)g j π) = 1. �
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Remark 3.2. Denote by Ze the set of extreme points of Z. By remarks 3.12 and

3.13 p. 296 � which could already have been made after prop. 3.44 p. 230 � Co(Ze) is
compact and Z = Co(Ze) + R

K
+ , and there exists a universally measurable (in fact, one

could even have Borel measurability here, due to the �nite dimensionality of Z, using a

Borel version of Carathéodory's theorem) transition probability Q from Z to Ze such thatR
yQ(z, dy) � z, 8z 2 Z. Such a Q can be used to modify any P̃ in D̃∞, without changing

the distribution of (π, c, d) � and hence (p, a, β) �, to another one carried by Ze (in ii,

the expectation given any (c, d) is decreased, and in iv one uses Jensen's inequality �

the new z is less informative). So nothing essential is changed in D̃∞ by requiring P̃ to be

carried by a compact subset Z̃ of Z containing Ze (like Co(Ze), or Ze, or Z \ [�C,C]K).
Similarly then � cf. remark after prop. 3.2 � (p, a, β, P̃ ) 2 D̃∞ , (p, a′, β, P̃ ) 2 D̃∞ with

(a′)k = min(ak, C
k
) where C

k
= maxs,tG

I,k
s,t. Observe that the inequalities i and ii always

imply that ak � Ck = mins,tG
I,k
s,t. So, for any closed, convex subset A of RK

that contains

Πk∈K[C
k, C

k
] and has a maximal point, nothing essential would be changed if we were

to restrict a to A in the de�nition of D∞. Only the coordinates of a corresponding to

zero-probability states are possibly restricted.

Proposition 3.5. (1) D̃ = f (p, a, β, P̃ ) 2 D̃∞ j a 2 A, P̃ (Z̃) = 1 g is compact.

(2) D̃∞ is convex in the other variables both for P �xed and for a �xed.
(3) D̃1∞ = Proj∆(K)×RK×R(D̃∞) is unchanged if P̃ is restricted to have �nite support.

More precisely we can assume # Supp(P̃ ) � [(#K)2+ (#K) + 1]2 and P̃ (Ze) = 1.

Proof. 1) The set is a subset of the compact space ∆(K) � (A \ Πk∈K[C
k,1]) �

[�C,C] � ∆[∆(K) � F � Z̃]. It is closed because, in conditions i, iii and v, the left-

hand expectation is a continuous linear function of P̃ , and conditions ii and iv are, by

a monotone class argument, equivalent to E[πkclf(c, d) + πkzl(1 � f(c, d))] � pkal and
Ef[(VexuII)(π) � hπ, di]f(c, d)g � 0 for every continuous f : F ! [0, 1], and now the left

hand members are continuous linear functionals of P̃ .
2) follows in the same way.

3) Choose �rst P̃ such that P̃ (Ze) = 1 (cf. remark after Corollary 3.4). Let

q(dπ, dz j c, d) be regular conditional probability distribution under P̃ on ∆(K) � Ze

given F (ex. II.1Ex.16c p. 76). Use q to transform the left hand member of conditions i,

ii, iii and v into expectations of measurable functions of (c, d). There are (#K)�(#K+1)
such independent equations by deleting one from group v, and deleting the inequalities of

group ii for k = l, since, given those of group i, those amount to E(πk(ck � zk) j c, d] � 0
a.e. Delete from F the negligible set where one of those conditional expectations, com-

puted with q, is negative and also those points where condition iv, computed with q, does
not hold. Let F0 be the remaining set.

We can change the marginal of P̃ on F0, while keeping the conditional q, preserving
the value of those (#K)� (#K +1) left hand members, and such that the new marginal

has at most (#K)2 + (#K) + 1 points (of F0) in its support (ex. I.3Ex.10 p. 34). For

each of those points, consider now the conditional distribution q on ∆(K)�Ze given this

point. It can be changed to any other one provided we preserve the expectations of πk

(conditions i, iii and v), and of (VexuII)(π). Then condition iv is also preserved, and

we have now already #K di�erent expectations, � and for condition ii we just have to

preserve in addition the expectations of πkzl, yielding (#K)2 more expectations: Again

we can do this with (#K)2+ (#K) + 1 points. This �nishes the proof. �
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Comment 3.3. 2) shows something more: Let D = f (p, y, β, P̃ ) 2 ∆(K) �RK×K �
R �∆(∆(K)� F � Z̃) j conditions i to v are satis�ed, using ykk (resp. ykl) in the right

hand member of condition i (resp. ii), and (
P

k y
kl)l∈K 2 A g. Then D is compact convex,

and D̃ = f (p, a, β, P̃ ) j (p, (pkal)k,l∈K, β, P̃ ) 2 D g, i.e. D̃ is the �linear� one-to-one im-

age by (p 7! p,
P

k y
k,l 7! al, β 7! β, P̃ 7! P̃ ) of D \ f (p, y, β, P̃ ) j yk,l = pk

P
n y

n,l g.
It follows in particular that, if µ 2 ∆(D

1
∞), and if β =

R
β̂µ(dβ̂), p =

R
p̂µ(dp̂),

and pkal �
R
p̂kâlµ(dp̂, dâ) with equality if k = l, then (p, a, β) 2 D

1
∞, (letting

P̃ =
R
P̃ (p̂, â, β̂)µ(dp̂, dâ, dβ̂) where P̃ (p̂, â, β̂) is a measurable selection). Further call

(p, a, β) �extreme� if such a µ is unique. Then for every (p, a, β) there is such a µ carried

by at most (#K)2+ (#K) + 1 extreme points (ex. I.3Ex.10 p. 34).

Theorem 3.6. D∞ exists and equals the projection of D
1
∞(p) = f (a, β) j (p, a, β) 2

D
1
∞ g on RK0�R, with K0 = f k j pk > 0 g.

Proof. The remark after prop. 3.2 shows that is su�ces to prove the theorem when

pk > 0 8k 2 K. And prop. 3.2 yields that D
1
∞(p) consists of uniform equilibria. So there

remains to show, using lemma 3.1, that any canonical L-communication equilibrium pay-

o� (α, β) belong to D
1
∞(p).

Let Hn =
Qn

m=1(M
I
m �M II

m � (S � T )m � I Im � I IIm) for n = 0, . . .1, with H = H∞.
Our basic probability space is K �H with the σ-�elds K �Hn, where K and Hn are

the (�nite) σ-�elds generated by K and Hn. K is interpreted as I I0, the initial report of
player I; the actual pay-o� function (state of nature) is indexed by l 2 L, a copy of K
� as in the inequalities in prop. 3.2 and prop. 3.3. We �x p as initial probability on K,

assuming implicitly that player I always reports the true state of nature. So his strategies
have to be speci�ed only after that; we will only use the set Σ of his strategies where

he ignores K and L and always reports truthfully player II's move. The strategy of the

device, p, and any pair of strategies σ and τ of the players induce a probability Pσ,τ on

K�H, with conditional P k
σ,τ on H. For the equilibrium (i.e., truthful and obedient) stra-

tegies σ0 and τ0, P and P k
will stand for Pσ0,τ0 and P

k
σ0,τ0, and a.e. for P�a.s.. Eσ,τ,E

k
σ,τ,E

and Ek
will denote corresponding (conditional) expectation operators. Observe that the

posterior probabilities Pσ,τ(k jHn) do not really depend on the pair (σ, τ), hence we can
denote them by pkn(h), which is a well-de�ned point in ∆(K) for every h 2 Hn that is

reachable (i.e., under some pair σ, τ and for some k) given the strategy of the device. pn
is a ∆(K)-valued martingale w.r.t. Hn, for every Pσ,τ, and converges, say to p∞, Pσ,τ-a.e.

for every (σ, τ).

Part A. Expected pay-o�s (conditions i and iii)

Observe (gI,lm, g
II,l
m )l∈L is an F -valued random variable on Hm � thus independent of

K. By ex. I.2Ex.13f p. 24, viewing (gIm, g
II
m) as elements of L(2L)∞ , σ(L∞, L1), we have an

F -valued H∞-measurable random variable (c∞, d∞) = L(gIm, gIIm) � and since K �Hn is

�nite for n <1, one has thus for all n = 0, 1, . . . ,1

(1) E[(c∞, d∞) j K �Hn] = LE[(gIm, g
II
m) j K �Hn]

Further, by de�nition

(2) al = LE(gI,lm j k = l) = E(cl∞ j k = l) = El(cl∞)
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and β =
P

l p
lLE(gII,lm j k = l) =

P
l p

l E(dl∞ j k = l). And dl∞ is H∞-measurable, so

E(pl∞d
l
∞) = E[1{k=l}dl∞] = pl E[dl∞ j k = l], hence

(3) β = Ehp∞, d∞i
Part B. Equilibrium condition for player I (condition ii)

Let xln = supσ∈ΣLEσ,τ0[g
I,l
m j K �Hn]: x

l
is a supermartingale w.r.t (K �Hn)n∈N,

under Pσ,τ0, 8σ 2 Σ � by a standard �dynamic programming� argument. So

(4) E(xl∞ j K ) � xl0 � al

because player I has no pro�table deviation. And the de�nition of xl implies with (1) that

(5) xln � L[E(gI,lm j K �Hn)] = E[cl∞ j K �Hn], so xl∞ � cl∞ a.e.

Let also zln = supσ∈ΣLEσ,τ0(g
I,l
m j Hn): z

l
is a bounded supermartingale w.r.t. Hn and

Pσ,τ0, 8σ 2 Σ. Further z = (zl)l∈L is Z-valued. Indeed, after every history h 2 Hn,

(1) After each stage, I is fully informed of the past, save for k 2 K, since II uses τ0;
(2) The pair formed by the device and player II can be considered as a single op-

ponent, whose strategy τ �rst selects k 2 K with probability pkn(h), next plays
τ k;

(3) Viewed this way, II no longer needs I's signals (which are truthful anyway), and

we can further worsen I's situation by restricting him to strategies σ 2 Σ that do

not listen to the device's messages after h � he remains fully informed of h.
(4) Therefore zn(h) is now at least as large as the best vector pay-o� player I can

expect against τ in a zero-sum game (GI,l)l∈L with lack of information on one

side, and standard signalling. By cor. 3.33.1 p. 218, zn(h) 2 Z.
Further, I, even when actually forgetting k as here, can try to exhaust the information

about k. Indeed, for this problem, the pay-o� function Gl
is irrelevant, so we can assume

that I is ignorant of both k and l. And our �ctitious opponent can view k 2 K as his initial

private information, after which he plays τ k. So we have again a game with incomplete

information on one side, this time the opponent being the informed player.

Here every stage consists of �rst the opponent sending a message to I, next both play-

ers choosing simultaneously an action [(3) above]. When putting such a stage in normal

form, one obtains a case of non-standard signalling, but where I's signals are equivalent
to knowing Hn after every stage n [(1) above]. Since gI,lm is H∞-measurable, we get that,

for all σ

pkn
��Eσ,τ0(g

I,l
m j K �Hn)� Eσ,τ0(g

I,l
m jHn)

�� � CpknPσ,τ0(� j K �Hn)� Pσ,τ0(� jHn)


Hence, by the de�nition of x and z, using xl,k(h) for xl(k, h):

pkn(h)
��xl,kn (h)� zln(h)

�� � C ′pvn(h)
for h 2 Hn, using ex.VEx.17 p. 264 in the right hand member. Therefore, under the

strategy σ′ = στ of that exercise, we get pk∞x
l,k
∞ = pk∞z

l
∞, Pσ′,τ0a.s. Recall �nally from the

exercise that the strategy σ′ can be chosen to coincide with an arbitrary strategy σ until

stage n. So we get, by the supermartingale property of xl, that 8l, 8k, 8σ, 8n, Pσ,τ0-a.s.:

pknx
l,k
n � pkn Eσ′,τ0(x

l,k
∞ j fkg �Hn) = Eσ′,τ0[p

k
∞x

l,k
∞ jHn] = Eσ′,τ0[p

k
∞z

l
∞ jHn]

= pkn Eσ′,τ0[z
l
∞ j K �Hn]
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hence xln � Eσ′,τ0[z
l
∞ j K �Hn] 8l, 8n, Pσ,τ0-a.s. 8σ. Thus, with Qn the transition probab-

ility from K �H to Z de�ned by Qn(B) = Pσ′,τ0(z∞ 2 B j K �Hn) for every B Borel in

Z, we obtain xln �
R
Z
zlQn(dz) a.s.. Select a limit point Q∞ in the sense of ex. II.1Ex.17b

p. 76, we have then xl∞ �
R
Z
zlQ∞(dz) a.s., since zl is continuous on Z and inequalities are

preserved under σ(L∞, L1) convergence. Denote by P∞(Pn) the probability on K�H�Z
generated by P and Q∞(Qn); the inequality becomes xl∞ � E∞(zl j K �H∞) a.s..

Together with (4) and (5) this yields

(6) E∞(maxfcl∞,E∞(zl j K �H∞)g j K ) � al

Part C. Equilibrium condition for Player II (condition iv)

Since the variable z constructed sub B appears as an information to player II in his

equilibrium condition, we have to �nd a way to give player II access to it. Player I ac-
cessed it by using the strategy σ′. So we will here construct a strategy of II that mimics

any strategy σ′ 2 Σ of player I, in the sense of giving, against σ0, the same history to

the device as (σ′, τ0), and such that player II can reconstruct by some map f , from the

full history under (σ0, τ
′) � which he knows because of σ0 �, the full history under

(σ′, τ0) which determined z. It su�ces to do this for pure strategies σ′ 2 Σ, which can by

Dalkey's theorem (1.3 p. 53), be taken as giving player I's next action as a function of his

past messages and of player II's past actions. Player II knows both under σ0, since player
I follows the recommendation, so he can compute this next action sn recommended by

σ′. His strategy τ ′ = τ(σ′) consists them of reporting always to the device that player I
used this computed action, and of always following the device's recommendation. It is

clear that (σ0, τ
′) will then yield the same history to the device � and hence the same

actions by the device � as (σ′, τ0), and hence our map f maps a history of the form

(mIn,m
II
n,m

I
n,m

II
n,m

II
n, sn)

∞
n=1 � which are the only ones arising with positive probability

under any (σ0, τ
′)� to (mIn,m

II
n, sn,m

II
n,m

II
n, sn)

∞
n=1. Since this map f is independent of the

speci�c σ′ used, we can now in the same way transform a mixed strategy σ′ into a mixed

strategy τ ′, by transforming all underlying pure strategies, and still use f , thus obtaining
P k

σ′,τ0(E) = P
k
σ0,τ ′(f−1(E)), 8k 2 K, 8E 2 H∞. Since σ′ can be assumed to coincide with

σ0 during the �rst m stages, and since then τ ′ also coincides with τ0 during those stages,

the same result still holds conditionally to h 2 Hm with P (h) > 0. In particular, with

y∞ = z∞ Æ f :

(7) Qm(B) = Pσ′,τ0(z∞ 2 B j K �Hm) = Pσ0,τ ′(y∞ 2 B j K �Hm) a.s.

Now βn = supτ LEσ0,τ[g
II,k
m jHn] is a Pσ0,τ-supermartingale w.r.t. Hn, for every τ , because

under σ0 player II is fully informed ofHn. But also player II can play independently of the
device in the future; the game starting after h 2 Hn is then an Indexincomplete informa-

tion on 1 side!zero-sum repeated@zero-sum repeated games within�nitely repeated game

with incomplete information on one side and standard signalling, viewing player I together
with the device as a single informed opponent � which thus no longer needs player II's
input. The initial distribution on K is then pn(h), so that βn � (VexuII)(pn), Pσ0,τ-a.s. 8τ ,
by theorem 3.5 p. 195. Hence β∞ � (VexuII)(p∞) Pσ0,τ ′-a.s., so that, y∞ being H∞-mea-

surable, and using Jensen's inequality (ex. I.3Ex.14bi p. 37):

βn � Eσ0,τ ′[β∞ jHn] � Eσ0,τ ′
�
(VexuII)[(Pσ0,τ ′(k jH∞, y∞))k∈K]

��Hn

�
� Eσ0,τ ′

�
(VexuII)[(Pσ0,τ ′(k jHn, y∞))k∈K]

��Hn

�
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For m � n, assume now that σ′ coincides with σ0 until m, hence τ ′ with τ0. By (7), the

joint distribution of k and y∞ given Hn under Pσ0,τ ′ is the same as that of k and z given
Hn under Pm(= P.Qm). So we get βn � Em

�
(VexuII)[(Pm(k j Hn, z))k∈K]

�� Hn

�
using Em

for the expectation under Pm.

Let now m!1. Since the conditional distribution under Pm on K�Z given h 2 Hn

has that under P∞ as a limit point (weak
�
), ex. IIIEx.4 p. 142 yields that

βn � E∞
�
(VexuII)[(P∞(k jHn, z))k∈K]

��Hn

�
So, by the supermartingale property of β, we get for i � n

βi � E∞
�
(VexuII)[(P∞(k jHn, z))k∈K]

��Hi

�
Hence, when n!1, using the martingale property of conditional probabilities, and the

bounded convergence theorem:

βi � E∞
�
(VexuII)[(P∞(k jH∞, z))k∈K]

��Hi

�
and �nally

β∞ � E∞
�
(VexuII)[(P∞(k jH∞, z))k∈K]

��H∞
�
P∞-a.s.

By de�nition,

βn � LE[gII,km jHn] =
X

k
pkn E(dk∞ j k,Hn)

so β∞ � hp∞, d∞i. But, by (3), β = Ehp∞, d∞i � E(β∞) � β0, and one must have equality

since player II is in equilibrium. So β∞ = hp∞, d∞i a.s., and
(8) hp∞, d∞i � E∞

�
(VexuII)[(P∞(k jH∞, z))k∈K]

��H∞
�
P∞-a.s.

Part D. End of the proof.

Let B∞ be the σ-�eld generated by (c∞, d∞). By Jensen's inequality H∞ can be re-

placed by B∞ in (6), and in (8) also � when replacing p∞ by [P∞(k j B∞)]k∈K in the left

hand member � by taking �rst conditional expectations w.r.t. the intermediate σ-�eld
spanned by B∞ and z. Now those modi�ed inequalities, together with (2) and (3), can

be expressed in terms of the conditional distributions P k
of the F � Z valued random

variable (c∞, d∞, z) given k, yielding the conditions of prop. 3.2.

�

3.b. �Noisy Channels�; characterisation of Dr (0 < r < 1). Let Φ denote the

space of continuous convex functions on ∆(K) which are � uII. A �noisy channel� is a

1-device where player I �rst reports k 2 K to the device, next (c, d, z, ϕ) 2 F � Z � Φ
is selected according to P k

and (c, d, z) is transmitted to player II while (c, d, ϕ) is to

player I. The corresponding strategies of the players are to play the sequence of moves

associated with (c, d) by the same Borel map as sub 3.a until the other deviates from it.

From that stage on, player I holds player II down to ϕ (e.g., in the sense of comments

3.44 and 3.45 p. 226) and player II holds player I down to z (cor. 3.33 p. 218 or prop. 3.46.2
p. 232). Further player I reports truthfully the state of nature. The device is such that

those strategies are in equilibrium.

Let N = f (p, a, β, (P k)k∈K) j the above strategies are in equilibrium, with pay-o�

(a, β) 2 RK � R g (with the understanding that P k
and ak are not to be de�ned when

pk = 0). And N1 = Proj∆(K)×RK×R(N). Then we have clearly, as in sect. 3.a � with the

same remark after the proposition:

Proposition 3.7. (p, a, β, (P k)k∈K) 2 ∆(K)�RK�R� [∆(F �Z�Φ)]K is in N i�:
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(i) Ek(ck) = ak 8k 2 K s.t. pk > 0
(ii) Ek max[cl,Ek(zl j c, d, ϕ)] � al 8(k, l) 2 K �K s.t. pk > 0
(iii) Ehp(� j c, d, z), di = β
(iv) hp(� j c, d, z), di � E[ϕ(p(� j c, d, z, ϕ)) j c, d, z] a.s.

More precisely, for every solution, the corresponding strategies form a uniform equilibrium
with pay-o� (a, β).

Proposition 3.8. Let Ñ denote the set of all (p, a, β, P ) 2 ∆(K)�RK�R�∆[∆(K)�
F �Z�Φ] s.t., denoting by π, (c, d), z and ϕ the random variables under P which are the
successive projections, and by E the expectation under P :

(i) E(πkck) = pkak 8k 2 K
(ii) Emax[E(πkcl j c, d, ϕ),E(πkxl j c, d, ϕ)] � pkal 8(k, l) 2 K �K
(iii) Ehπ, di = β
(iv) E(hπ, di j c, d, z) � E(ϕ(π) j c, d, z) a.s.
(v) Eπk = pk 8k 2 K.

Then Ñ equals N in the same sense as D̃∞ was related to D∞ in prop. 3.3.

Remark 3.4. The same remark applies as after prop. 3.3. In addition, for the same

reason Φ can be replaced by Φe, and all functions in Φe have uniform norm and Lipschitz

constant � C. So Φ can also be replaced by any compact subset Φ̃ of Φ that contains Φe,

like the closure, or the closed convex hull, or like all functions in Φ having uniform norm

and Lipschitz constant � C.
Proposition 3.9. (1) N = f (p, a, β, P ) 2 Ñ j a 2 A , P (Z̃ � Φ̃) = 1 g is com-

pact.
(2) Ñ (or N) is convex in the other variable both for p �xed and for a �xed.
(3) The same remark applies as after prop. 3.5 p. 411.

Comment 3.5. One cannot show as in prop. 3.5 p. 411 that one can always select P
with �nite support. Indeed the analogous procedure would be to �rst replace π by its

conditional expectation given (c, d, z, ϕ), next try to replace the conditional distribution

of (z, ϕ) given (c, d) by one with �nite support and �nally to apply Carathéodory's the-

orem to (c, d). But the second step involves both the conditional distribution of z given
ϕ and that of ϕ given z. An example is given in (Forges, 1988b, footnote 3 p. 202) of the

di�culties to which such conditions can lead.

Theorem 3.10. Dr (0 < r <1) exists and equals the projection of N1(p) = f (a, β) j
(p, a, β) 2 N1 g on RK0�R, with K0 = f k j pk > 0 g.

Proof. Again it su�ces to prove the theorem in case K0 = K. By prop. 3.7 and

lemma 3.1, it su�ces to show that any canonical L-r-communication equilibrium pay-o�

(a, β) belongs to N1(p). We will consider only n > r, i.e. all strategies coincide with

(σ0, τ0) until r, except possibly for player I being untruthful. The notation (including

Σ) is the same as in the previous section, except that on H we will, in addition to

the σ-�elds Hn, consider H
I
n generated by

Q
m≤n(M

I
m � (S � T )m � I Im) and H II

n byQ
m≤n(M

II
m� (S � T )m� I IIm), and Jn =H I

n \H II
n . Finally pkn stands for Pσ,τ(fkg jH II

n ).

Part A. expected pay-o�s.

(c∞, d∞) 2 F is de�ned as previously, and J∞-measurable. It satis�es

(9) E[(c∞, d∞) j K �Hn] = LE[(gIm, g
II
m) j K �Hn]
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(10) al = El(cl∞)

(11) and : β = Ehp∞, d∞i , d∞ being H II
-measurable

Part B. Equilibrium condition for player I.

Let now xln = supσLEσ,τ0(g
I,l
m j K �H I

n ). As before we get

(12) E(xl∞ j K ) � al

(13) and : xl∞ � cl∞ a.e., cl∞ being H I
∞-measurable

Consider now the game starting at stage n as a zero-sum game with incomplete inform-

ation, with T I = L � K � H In as set of types of player I and H IIn �
Q

m>nM
II
m = T II

for player II. Further worsen player I's situation by assuming that the device wont

send any messages to him after stage n. Observe that the distribution R on T I � T II
is independent of the players' actions in the new game, and that the distribution on

T II given T I is independent of L, while the pay-o� matrix GI,l depends only on L.
Player II's strategy τ0 is a strategy in this game. So xl has decreased say to xl; and
xln = supσLEσ,τ0(g

I,l
m j K � L�H I

n ). By VIEx.12bii p. 324 there exists a T II-measurable

map zn to Z, such that xln � E[zln j K � L�H I
n ] = E(zln j K �H I

n ) (by the condi-

tional independence property of R), and hence xln � E(zln j K � H I
n ), 8n, for some

H II
∞-measurable maps zn to Z.
The supermartingale property of x yields then xln � E(zli j K �H I

n ) 8i � n, and
hence for a σ(L∞, L1) limit point z we obtain that xln � E(zl j K �H I

n ) 8n, hence z is
an H I

∞-measurable random variable with values in Z such that xl∞ � E(zl j K �H I
∞).

Combining this with (12) and (13), we obtain

(14) al � E[max[cl∞,E(z
l j K �H I

∞)] j K ]

Part C. Equilibrium condition for player II.

βn = supτ LEσ0,τ[g
II,k
m j H II

n ] is a supermartingale, 8τ . Let us minorate βn by con-

sidering the game with incomplete information starting at date n where this time player

II receives no more messages after stage n and player I receives all his future messages

immediately � thus T II = H IIn , T
I
n = K�H In�

Q
m>nM

I
m. Applying now VIEx.12bi p. 324

to this new game, we obtain a T I-(hence K �H I
∞-)measurable transition probability Qn

to Φ, such that, for the induced probability Pn on K �H � Φ, we have

βn � En[ϕ[(Pn(k jH II
n , ϕ))k∈K] jH II

n ]

So, by the supermartingale property, we get for i � n
βi � En[ϕ[(Pn(k jH II

n , ϕ))k∈K] jH II
i ]

and since, by Jensen's inequality,

En[ϕ[(Pn(k jH II
n , ϕ))k∈K] jH II

i , ϕ] � ϕ[(Pn(k jH II
i , ϕ))k∈K]

we get

βi � En[ϕ[(Pn(k jH II
i , ϕ))k∈K] jH II

i ]

We can now let n ! 1 using ex. IIIEx.4 p. 142; taking then conditional expectations

given j � i we obtain
βj � E∞[ϕ[(P∞(k jH II

i , ϕ))k∈K] jH II
j ]
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Let now i ! 1, using the martingale property of posteriors and the dominated conver-

gence theorem:

βj � E∞[ϕ[(P∞(k jH II
∞, ϕ))k∈K] jH II

j ]

so �nally we can let j !1

β∞ � E∞[ϕ[(P∞(k jH II
∞, ϕ))k∈K] jH II

∞]

As in the previous theorem, one obtains now β∞ = hp∞, d∞i a.e., so

(15) hp∞, d∞i � E∞[ϕ[(P∞(k jH II
∞, ϕ))k∈K] jH II

∞]

Part D. End of the proof.

Since Q∞ isK �H I
∞-measurable, we have that under P∞,H II

∞ and ϕ are conditionally

independent given K �H I
∞. Therefore, since z is H

II
∞-measurable, E∞[z j K �H I

∞, ϕ] =
E[z j K �H I

∞]. So (14) yields

al � E∞[max[cl∞,E∞(zl j K �H I
∞, ϕ)] j K ]

Jensen's inequality allows to decrease here H I
∞ to the σ-�eld generated by (c∞, d∞); si-

milarly in (15) we can �rst reduce the H II
∞ appearing in p∞ and that in the conditional

expectation to the σ-�eld spanned by (c∞, d∞, z) (recall z is H II
-measurable), next use

Jensen's inequality as before to do the same replacement for H II
∞ in the conditional prob-

ability. This, plus conditions (10) and (12), shows that the conditional distributions P k

of (c∞, d∞, z, ϕ) given k, under P∞, satisfy the conditions of prop. 3.7.

�

Exercises

1. Incomplete information on the opponent's pay-o�. (Shalev, 1988); (Koren, 1992);

(Israeli, 1989) Consider a game with incomplete information on one side as in sect. 1 where

moreover GII is independent of k.
a. Prove that E∞(p) is the set L(p) of completely revealing E.J.P. pay-o�s, i.e. satisfying

R = K and pk(r) = 1{r}(k) in prop. 1.1 p. 398. (Observe it depends only on the support of p).

Hint. To prove that E∞ ⊆ L:

(1) either use theorem 1.4 p. 400, prop. 2.3 p. 407 and show that L can be strictly separated from

any point in its complement by a bi-convex continuous function; or

(2) de�ne θst(k) = L(Eσk,τ(ln(s, t)) where ln(s, t) is the empirical frequency of (s, t) up to stage n,
and introduce a, b, α, β as in 1.a p. 397.

Note that βm = L(Eσ,τ,p(gIIn | Hm)) = L(E′
σ,τ(g

II
n | Hm)) ≥ uII.

Show that Eσk,τ

[
L
(
E′
σ,τ(g

II
n | Hm)

) − L
(
Eσk,τ(gIIn)

)] −−−→m→∞ 0, so β(k) = GII[θ(k)] =∑
s,tG

II
stθst(k) = L(Eσk,τ(gII

n)). Use then prop. 1.1 p. 398.

b. Prove that E∞(p) 6= ; for all p.

Hint. Use a splitting leading to a S.E.J.P.

c. Prove that D∞ = E∞.

Hint. Extend the construction of 2 above.
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d. Given two matrices A and B, consider all the games de�ned as sub IXEx.1a above with

G1,I = A and GII = B. Show that there exists � (function of the pay-o� matrices) such that

the projection of E∞ on the (a1; �) components is the set of feasible pay-o�s in (A;B) satisfying
a1 � �, � � uII.

Prove that the maximum of such � is

max
x∈∆(S)

min
y∈B(x)

xAy; with B(x) = f y 2 �(T ) j xBy � uII g;

and is obtained for K = 2 and G2,I = �B.
Hint. Use a fully revealing equilibrium with xk maximising miny∈B(x)xG

k,Iy. For the other inequal-
ity, use that a has to be approachable by II.

e. Incomplete information on both sides. Consider a non-zero-sum game in the independent

case (K = L�M), with standard signalling satisfying moreover:

G(l,m),I = Gl,I; G(l,m),II = Gm,II and #S � #L ;#T � #M:

Prove that:

E∞(p; q) =
�
(a; b) 2 Rl�Rm

�� 9�(l;m) 2 �(S � T ); c(l;m) 2 Rl; d(l;m) 2 Rm; s:t: :X
m
qmGl,I[�(l;m)] = al;

X
l
plGm,II[�(l;m)] = bm;

al �
X

m
qm maxfGl,I[�(l′;m)]; cl(l′;m)g; 8l′;

bm �
X

l
pl maxfGm,II[�(l;m′)]; dm(l;m′)g; 8m′;

8l;m : hc(l;m); �i � uI(�) 8� 2 �(L); hd(l;m); �i � uII(�) 8� 2 �(M)
	

Hint. To get equilibrium strategies use a joint plan completely revealing at stage one; then player

II approaches c(l,m) if (l,m) is announced and player I does not follow θ(l,m). For the other inclusion,
de�ne θ(l,m) as in a) and introduce:

cl(l′,m) = lim sup
t

Eσl′,τm sup
σ′

L(E′
σ′,τ(g

l,I
n | Ht))

f. Show in the following example:

G1,I =

�
3 0
0 1

�
; G2,I =

�
3 3
1 1

�
; G1,II =

�
1 0
0 3

�
; G2,II =

�
1 3
1 3

�
that E∞(p) is non-empty i� p1 � 1=6 or q1 � 1=6 or 1=p1+ 1=q1 � 10.

2. On the number of revelation stages. (Forges, 1984) In the notation of sect. 1, let

Wn be obtained from W by n steps of �bi-convexi�cation� (each step is �rst in p then in a).
a. Show that in the following game, where the pay-o� is independent of I's move:

G1 =
�
(10;�10); (4;�3); (4; 0); (0; 5); (10; 8); (0; 9); (8; 10)

�
G2 =

�
(8; 10); (0; 9); (10; 8); (6; 5); (4; 0); (4;�3); (10;�10)

�
W2 di�ers from W1.

b. In the following example:

G1 =
�
(6;�6); (2; 1); (8; 6); (4; 9); (0;�10); (0;�2); (0; 4); (0; 8); (0; 10)

�
G2 =

�
(4; 9); (8; 6); (2; 1); (6;�6); (0; 10); (0; 8); (0; 4); (0;�2); (0;�10)

�
W � 6= bicoW (cf. example of �gure 1).

Hint. Look at the points in W with a1 + a2 = 10.
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c. Finally take:

G1 =
�
(0;�5); (0;�1); (�1; 2); (3; 4); (1; 5)

�
G2 =

�
(1; 5); (3; 4); (�1; 2); (0;�1); (0;�5)

�
and show that W2 = bicoW but that W;W1;W2 and W

� all di�er: one obtains the con�guration

of �gure 1.



APPENDIX A

Reminder on Analytic Sets1

1. Notation

Denote by P a collection of subsets � a �paving� � of a set X. Let T = NN,

Tn = Nn
, Tf =

S
nTn. For t 2 T or t 2 Tk, k � n, tn is the natural projection to Tn. A

(disjoint) Souslin scheme is a map t 7! Pt from Tf toP (such that (
T

nPsn)\(
T

nPtn) = ;
8s 6= t 2 T), and has as kernel

S
t∈T
T

nPtn. Ps (resp.Psd) is the paving consisting of the

kernels of all (disjoint) Souslin schemes. Pσ, P+, Pδ, Pc denote the pavings consisting

respectively of the countable unions, the countable disjoint unions, the countable inter-

sections, and the complements of elements ofP . Pσδ = (Pσ)δ, and so on. P(α), where α
is a string of one or more of the above operations on pavings, denotes the stabilisation of

P under the corresponding operations, i.e., the smallest paving P∗
containing P such

that P∗ =P∗
O for every operation O in the string α. If X is a topological space, F , G ,

K , Z will denote the pavings of closed, open, compact and zero sets (i.e., sets f−1(0) for
f real valued and continuous).

2. Souslin schemes

2.a. Ps =P(s,σ,δ), Psd =P(sd,+,δ).

2.b. Ps is the set of projections on X of (P �J )σδ in X �T or X � [0, 1], where
J is the paving of closed intervals (i.e., on T the subsets with a �xed initial segment in

Tf.)

2.c. If ; 2 P , Ps is the set of projections on X of (P � F )s in X � Y if Y is

K-analytic (cf. below).

2.d. Second Separation Theorem. (cf. II.2Ex.5 p. 85) Assume Pc � Ps. If

Cn 2 Psc (n 2 N), 9Dn 2 Psc s.t. Dn � Cn and Dn is a partition of
S

nCn. In par-

ticular:

AssumePc �Ps. If An 2Ps, An\Am = ;, 9Bn 2Ps\Psc: An � Bn, Bn\Bm = ;.

2.e. Assume Pc �Ps. Then Psd �Psc.

2.f. AssumePc �P(σ,δ). Then the σ-�eldP(σ,δ) �Psd and every X 2P(σ,δ) is the

kernel of a disjoint Souslin scheme Pt with
S

tn=sn

T
kPtk 2P(σ,δ) 8sn 2 Tf. (This is hard

� not really an exercise).

1E.g., (Rogers et al., 1980)

421
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3. K-analytic and K-Lusin spaces

A Hausdor� topological space X is called K-analytic (K-Lusin) if it is the image of

T by a compact valued u.s.c. map Γ (with disjoint values). [Γ is u.s.c. (upper semi-con-

tinuous) means f t j Γ(t) � O g 2 G T, 8O 2 G X
]. Denote by A X

(L X
) the paving of

K-analytic (K-Lusin) subspaces of a Hausdor� space X. Li
X

will denote the Lindelöf

subsets (every open cover contains a countable subcover).

3.a. Images ofK-analytic (K-Lusin) spaces by compact valued u.s.c. maps (with dis-

joint values) are K-analytic (K-Lusin). Their countable products and closed subspaces

are also. A X � LiX.

3.b. L = Lsd � Fsd; A = As � Fs;

3.c. For Y K-analytic, ProjX(F
X×Y
s ) = FX

s and, if X and Y are in addition com-

pletely regular: ProjX(
fZ X×Y
s ) � Z X

s , with fZ = Z \L i.

3.d. Zc � Z+δ+ (hence Z(+,δ) is a σ-�eld � the Baire σ-�eld).

A regular Lindelöf space is paracompact. For X compact, Z X
c,δ = Li

X \ G X
δ .

3.e. For X 2 A X
, denote by G the graph in T�X of the corresponding u.s.c. map.

G is a Zcδ-subset of its Stone-�ech compacti�cation bG.
Hint. First prove G is T3; by (3.a) G is Lindelöf; use then (3.d).

[In particular, K-Lusin spaces are the continuous one-to-one images of the K+δ+δ sub-

sets of compact spaces, and the K-analytic spaces the continuous images of Kσδ subsets

of compact spaces.]

3.f. The �rst separation theorem. For An 2 A X
, F 2 FX

s , with F \
�T

n∈NAn

�
=

;, 9Bn 2 G X
(σ,δ), Bn � An, F \

�T
n∈NBn

�
= ;. (So one can increase F to an F(σ,δ)-set).

One could replace G by any pavingP containing a basis of neighbourhoods of every point

� in particular, by F if the space is regular, and by Z if completely regular. Note the

following consequences:

3.g. L X � FX
(σ,c) (the Borel sets)

G X � FX
s ) L X � G X

(σ,δ)

X regular ) L X � FX
(σ,δ)

X completely regular ) L X � FX
(+δ)

X completely regular and GX � FX
s ) L X � Z X

(+δ)

X completely regular, L 2 L X ) [L 2 Z X
(+δ) , 9f : X ! RN continuous,

f(L) \ f({L) = ;].

3.h. For X 2 A X
, one has:

FX
s \FX

sc = FX
(σ,δ) \ G X

(σ,δ) (by 3.f) [is a σ-�eld between Baire and Borel σ-�elds.]

In particular, G X � FX
s ) G X

(σ,δ) = F
X
(σ,δ) (= Borel sets, = FX

sd by 2.e and 2.f).

X completely regular ) FX
(+δ) = F

X
sd (� FX

s \FX
sc = Z X

(+δ)).

Z X
(+δ) = Z

X
s \Z X

sc (hence = Z X
sd by 2.e) (the Baire sets).
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4. Capacities

En and F are Hausdor� spaces.

A multicapacity on
Q

nEn is a map I from
Q

n℘(En) to R+ which is

� monotone: Xn � Yn ) I(X1, X2, . . . ) � I(Y1, Y2, . . . )
� separately left continuous: Xk

n " Xn ) I(X1, X2, . . . , X
k
n, Xn+1, . . . ) " I(X1, X2,

. . ., Xn, Xn+1, . . . )
� right continuous: for Kn compact and ε > 0 there exist open sets Un � Kn

with Un = En for all but �nitely many indices such that I(U1, U2, . . . ) �
I(K1,K2, . . . ) + ε.

A capacity operation on
Q

nEn with values in F is a map I from
Q

n℘(En) to ℘(F ) which
is

� monotone

� separately left continuous (i.e. 8f 2 F , 1I(··· )(f) is a multicapacity), and

� right continuous: for Kn compact, I(K1,K2, . . . ) is compact, and for each of its

neighbourhoods V there exist open sets Un � Kn with Un = En for all but �nitely

many indices, such that I(U1, U2, . . . ) � V .

4.a. If I is a capacity operation (multicapacity) on
Q

nEn, and the Jn's are capacity
operations from

Q
kEn,k to En, then the composition is a capacity operation (multicapa-

city).

4.b.

4.b.1. If Γ is an u.s.c. map from E to K F
, then IΓ(X) =

S
x∈X Γ(x) is a capacity

operation from E to F . (In particular, any K-analytic set A is the form IΓA(T)).
4.b.2.

T
nXn and

Q
nXn are capacity operations J and P . (In particular, T =

P (N,N,N, . . . ), so A = IA(N,N,N, . . . ) for A 2 A and IA = IΓA Æ P .)
4.b.3. Given a capacity operation I with En = N, de�ne ψI : T ! K F

by

ψI(n1, n2, . . . ) = I(n̄1, n̄2, . . . ), with n̄ = f1, 2, . . . ng: I(N,N, . . . ) = sup I(n̄1, n̄2, . . . )
� reducing �rst by evaluation to a multicapacity, then using �rst left continuity, �nally

right continuity. Also ψI is u.s.c., so I(N,N,N . . . ) = ψI(T) is K-analytic.

4.b.4. It follows thus from (4.a here above) that capacity operations map K-analytic

arguments to K-analytic values, and conversely every K-analytic set can be obtained in

this way, using just (N,N, . . . ) as argument.

4.b.5. With E0 = f1, 2, 3, . . .g, J(X0, X1, X2, . . . ) =
S

n∈X0
Xn is a capacity operation

[so
S

n≥1Xi = J(N, X1, X2, . . . )].
4.b.6. With E0 = T, Et = X for t 2 Tf, I(X0, . . . , Xt, . . . ) =

S
x∈X0

T
nXxn is a

capacity operation, yielding the kernel of the Souslin scheme as I(T, . . . , Xt, . . . ).
4.b.7. If µ is a probability measure on the Borel sets, such that µ(K) = inffµ(O) j

K � O, O open g for any compact set K, the outer measure µ∗ is a capacity (µ∗(A) =
inffµ(B) j A � B, B Borel g, for every subset A).

4.b.8. For X completely regular, denote byMX
σ,+ the space of non-negative countably

additive bounded measures on the Baire σ-�eld, which are regular in the sense of inner

approximation by zero-sets. For µ 2 MX
σ,+, denote by µ

∗
the corresponding outer meas-

ure. Endow MX
σ,+ with the weak

�
-topology determined by the duality with all bounded

continuous functions.

Let I(A,B) = supµ∈Aµ
∗(B) for B � X, A �MX

σ,+. I is a bi-capacity.
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Hint. µ∗(K) = inf{ ∫ f dµ | f > 1K, f continuous and bounded } by regularity. Use Dini's theorem

on the compact subset of MX
σ,+ to select some f0.

4.c. For I a capacity operation or a multicapacity, one has:

I(A1, A2, . . . ) = sup
Kn⊆An

I(K1,K2, . . . ) = inf
Bn⊇An

I(B1, B2, . . . )

for AnK-analytic, Kn compact, Bn 2 G(σ,δ) (or Bn 2P(σ,δ) where the pavingP contains a

basis of neighbourhoods of each point) (for a multicapacity, the inf is obviously achieved).

Hint. It su�ces to consider the case of a multicapacity. The �rst formula follows then from (4.a)

and (4.b.4), which reduce the problem to the case An = N, which was solved in (4.b.3). The second

follows now by showing that J(X1, X2, . . . ) = infBn⊇Xn
I(B1, B2, . . . ) is a multicapacity, equal to I on

compact sets, hence by the �rst formula also equal on K-analytic sets.

[In particular, this yields the �rst separation theorem (3.f p. 422), at least for F 2 Fσ.

It su�ces indeed to consider F 2 F , then JF(Y ) = 1F∩Y �=∅ is a capacity, and

I(Y1, Y2, . . . ) =
T

nYn a capacity operation (4.b.2), so the above can be applied to the

multicapacity (4.a) JF Æ I.]

4.d.

4.d.1. Given a measurable space (Ω,B), de�ne the σ-�eld Bu of universally measur-

able sets as consisting of those sets which are µ-measurable for any probability measure

� and then for any measure � on (Ω,B). Then Bu = Bus.

Hint. Since Bu = Buu, it su�ces to show that Bs ⊆ Bu. Reduce �rst to the case B separable,

then to (Ω,B) = ([0, 1],F(σ,δ)), then use (4.c).

4.d.2. A probability as in (4.b.7) (or (4.b.8) on a K-analytic space X is regular.

Hint. Reduce by (4.c) to the case of a compact space; use then Riesz's theorem.

4.d.3. If A 2 A X
, X completely regular, and L 2 A MX

σ,+ are such that µ(A) = 0
8µ 2 L, there exists a Baire set B containing A, such that µ(B) = 0 8µ 2 L � using

4.b.8 and 4.c

5. Polish, analytic and Lusin spaces

Definition 5.1. A polish space is a regular Hausdor� space which is a continuous,

open image ofT. An analytic (Lusin) space is aK-analytic (K-Lusin space where G � Fs

and where theBorel σ-�eld is separable.

5.a. X is polish i� it is separable and can be endowed with a complete metric. (cf.

ex. II.2Ex.8d p. 87) The separable metric spaces are the subspaces of the compact metric

spaces. If X = P , P Hausdor�, then X 2 G P
δ if X can be endowed with a complete

metric. Conversely, a metrisable Gδ in a compact space or in a complete metric space

can be endowed with a complete metric. A polish space is homeomorphic to a closed

subspace of RN; conversely, a metrisable space which has a proper map to RN is polish.

[A map f is proper if it is continuous, maps closed sets to closed sets and has compact

point inverses.]
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5.b. The analytic spaces are the continuous, Hausdor� images of T. The uncount-
able Lusin spaces are the continuous, one-to-one images of T [N.

Hint. To prove separability of the Borel σ-�eld, use that (X × X) \ ∆ (∆ is the diagonal) is the

continuous image of a separable metric space, hence Lindelöf, so there exists a weaker Hausdor� topology

with a countable base � and use 3.h p. 422. In the other direction, show that closed subspaces of T

are continuous images of T � and, if uncountable, continuous one-to-one images of T ∪ N. Also, one

does not need the Borel σ-�eld to be separable, it su�ces that it contains a separable and separating

sub-σ-�eld; this is then generated by a sequence On of open sets and their complements, which separate

points, and belong to Fs by assumption. Apply then the following lemma:

Lemma For a K-analytic ((K-Lusin) space to be analytic (Lusin), it su�ces already that there exists a

sequence of pairs (C1
n, C

2
n) of disjoint sets in Fsc, such that ∀x1, x2 ∈ X, ∃n : x1 ∈ C1

n, x2 ∈ C2
n.

Indeed, let Ki
n be an u.s.c. map from T to K X corresponding to (Cin)c; Ln : {1, 2} × T → K X,

Ln(i, t) = Ki
n(t); L : S = [{1, 2} × T]N → K XN, L(i1, t1; i2, t2; . . . ) =

∏
nLn(in, tn). L is u.s.c., and

L(S) = XN. Denote by ∆ the diagonal in XN, and let ψ(s) = L(s) ∩ ∆, F = { s | ψ(s) �= ∅ }: F is a

closed subset of NN, and ψ is single-valued on S, thus a continuous map onto ∆ (which is homeomorphic

to X). This proves the K-analytic case. If X was K-Lusin, the above proves it is analytic, hence � cf.

supra � there exists a weaker Hausdor� topology with a countable base Ok. So we can take for (C1
n, C

2
n)

all pairs of disjoint sets Ok. Their complements are then K-Lusin, so we can choose the maps Ki
n to have

disjoint values. The map ψ is then one-to-one. This proves the lemma, and thereby our claim.

5.c. For a K-analytic (respectively K-Lusin) space to be analytic (Lusin), it su�ces

already that there exists a sequence Un of open sets, such that for every pair of distinct

points (x, y), x 2 Un and y /2 Un for some n.

Hint. Since the projection from the graph G of the correspondence is continuous, and one-to-one in

the K-Lusin case, it will su�ce to show that G is analytic (Lusin) �cf. 3.e p. 422. The u.s.c. character

of the map means that the projection π from G to T is proper. Viewing T homeomorphically as the

irrationals in [0, 1], this means that the extension π̂ : Ĝ→ [0, 1] is such that π̂[Ĝ\G] is the set of rationals.
Let thus V2n+1 enumerate all open subsets of Ĝ of the form { g | π̂(g) > q } and of the form { g | π̂(g) < q }
for q rational. Let also V2n be the largest open set of Ĝ such that V2n ∩ G equals the inverse image of

Un in G. The open sets Vn have the property that for any pair of distinct points (x, y) of Ĝ, such that

at least one of them lies in G, one has x ∈ Vn, y /∈ Vn for some n. Stabilise the sequence Vn under �nite
intersections, and consider then all �nite open coverings (Vni

)ki=1 of Ĝ: there are countably many of them.
For each such cover, there exists a corresponding continuous partition of unity, i.e., continuous functions

(fi)
k
i=1 with fi ≥ 0,

∑
i fi = 1, {x | fi(x) > 0 } ⊆ Vni

. We claim that the resulting countable family

of continuous functions separates points of G: for x1, x2 ∈ G, x1 �= x2, consider �rst open sets O1, O2,

among the Vn with xi ∈ Oi, xj /∈ Oi. For each point z ∈ Ĝ \ (O1 ∪O2), let Oiz be an open set among the

Vn with z ∈ Oiz, xi /∈ Oiz, and let Oz = O1
z∩O2

z. Extract by compactness a �nite subcovering from O1, O2

and the Oz: since xi belongs only to Oi, O1 and O2 will belong to the subcovering, and the corresponding

continuous functions fi will satisfy fi(xi) = 1 � and fi(xj) = 0. Thus we have a one-to-one continuous

map ϕ from G to [0, 1]N. Let Wn be a basis of open sets in the latter: the sets ϕ−1(Wn) are open, for
each pair of distinct points (x1, x2) in G there exist two disjoint such sets U1 and U2 with xi ∈ Ui. Since
also G is K-analytic ((K-Lusin), the assumptions of the lemma sub(5.b) above are satis�ed; G is analytic

(Lusin).

5.d. For any analytic space X there exists a weaker analytic topology with countable

base. If the space is regular, there exists both a weaker and a stronger metrisable analytic

topology. The latter also exists if the space has a countable base, and can in any case

be chosen as being an analytic subset of the Cantor space f0, 1gN. Those topologies can
further be chosen such as to leave any given sequence of open sets open.

Hint. For the �rst, use that (X×X)\∆ is Lindelöf (by (5.b)) (and that regularity implies complete

regularity (3.d p. 422); hence, every open set being Lindelöf belongs to Zc). To get the stronger metrisable

topology, use the sequence (1Bn
) as a measurable one-to-one map to {0, 1}N, with continuous inverse �

taking for Bn either the countable base of the space or the closures of the images of a countable base of

T. Use (5.e) below to deduce that the image is analytic.
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5.e. Let X be K-analytic, with its bianalytic σ-�eld B = Fs \Fsc = F(σ,δ) \ G(σ,δ)
(3.h p. 422). Let (E, E ) be an analytic space with its Borel sets, and f : (X,B)! (E, E )
a measurable map. Then f(X) is analytic. If f is one-to-one, it is a Borel isomorphism

with f(X) (so X is analytic by (5.c) and (5.d)). If furthermore X is Lusin, then f(X) is
a Borel set, and even Lusin if E is Lusin.

Hint. Because E is separable and separating, the graph F of f belongs to (B × E )σδ, hence is K-

analytic. So f(X) is K-analytic, hence analytic by (5.c). This, applied to elements of B, together with

the �rst separation theorem, yields also the second statement. If E and X are Lusin, then F is Lusin by

the above argument as a Borel subset of the Lusin space E ×X, so that the one-to-one projection yields

that f(X) is Lusin � and in particular Borel (3.b, 3.g, 3.h). If just X is Lusin, to show that f(X) is still
Borel, use (5.d) above to change the topology of E, without changing its Borel sets, �rst to an analytic

topology with countable base, then to a metrisable analytic topology, which is a subspace of a (Lusin)

compact metric space.

Remark that the same argument shows that for X Lusin, f one-to-one, f(X) will be
Lusin if E is a Hausdor� space with countable base, or if E is a regular Hausdor� space

which is the continuous image of a separable metric space � more generally if there exists

a stronger topology on E with the same Borel sets, under which it is a subspace of Lusin

space. But for E analytic? The problem reduces to: given a continuous map from T onto

the Cantor space, is the quotient topology Lusin?

5.f. 3.b, 3.g and 3.h imply that, in a Lusin space, the Lusin subsets are the Borel

sets. Thus the Lusin subsets of a Hausdor� space are stable under countable unions.

5.g. Every bounded Borel measure on an analytic space is regular.

Hint. Use (5.d) and (4.d.2): observe that, in a space where there exists a weaker Hausdor� topology

with countable base, K ⊆ Gδ.

6. Blackwell spaces and standard Borel spaces

A Blackwell (standard Borel) space is a measurable space (E, E ) where E is the Borel

σ-�eld of an analytic (Lusin) topology on E. It follows from (5.b) and (5.e) that all

uncountable standard Borel spaces are isomorphic, and from (5.d) and (5.e) that every

Blackwell space is isomorphic to an analytic subset of the Cantor space.

Given a measurable space (E, E ), de�ne the equivalence relation R on E where two

points of E are equivalent if they are not separated by E . Call E a Blackwell σ-�eld
if the quotient space of (E, E ) by this equivalence relation is a Blackwell space � the

equivalence classes of E are also called the atoms of E .
5.e implies then that, for X K-analytic with bianalytic σ-�eld B, all separable sub

σ-�elds of B are Blackwell. And such a σ-�eld C contains all elements B of B which are

a union of atoms of C . [Consider the map from (X,B _ C )) to (X,C )]. In other words,

if f1 and f2 are two real-valued random variables on (X,B) � functions such that the

sets fx j f(x) � α g and fx j f(x) � α g are analytic (i.e., 2 FX
s ) �, and if f2(x) is a

function of f1(x), then it is a Borel function: f2 = hÆf1 with h : R! R Borel measurable.

Similarly, 5.e implies that, if f is a measurable map from a Blackwell space (B,B) to a

separable and separating measurable space (E, E ), then f(B) is a Blackwell space, f is

an isomorphism with f(B) if f is one-to-one, and if in addition B is standard Borel then

f(B) 2 E .
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7. Spaces of subsets

Given a topological space X, the Hausdor� topology on K X
has as basis of open

subsets fK 2 K X j K �
S

i∈IOi, K \Oi 6= ; 8i 2 I g for all �nite families (Oi)i∈I in G
X
.

Also, the E�rös σ-�eld EX
on FX

is spanned by the sets fF 2 FX j F � F0 g
8F0 2 FX

.

7.a. If Y is a (closed) (open) subspace of X, so is K Y
in K X

. If X is compact or

metrisable, so is K X
. Hence if X is polish, or locally compact, so is K X

.

7.b. If X is compact metric, EX
is the Borel σ-�eld of K X

.

7.c. ET is the Borel σ-�eld of the topology with as subbase of clopen sets fF 2 FT j
F is excluded by h g for h 2 Tf. De�ne d(F1, F2) as k

−1
, where k is the smallest integer

for which there exists h 2 Tf with sum of its terms � k such that either F1 is excluded
by h and F2 not or vice versa. Show that this distance induces the above topology, and

that (FT, d) is complete: the topology is polish, and ET is standard Borel.

7.d. If f : X1 ! X2 is continuous, let, for F 2 FX1, φ(F ) = f(F ). Then

φ : FX1 ! FX2 is measurable. If f is an inclusion, φ is an isomorphism with its im-

age.

7.e. If f : X1! X2 is open, let, for F 2 FX2, ψ(F ) = f−1(F ). Then ψ : FX2 ! FX1

is measurable. If f is continuous (so ψ(F ) = f−1(F )) and onto, ψ is an isomorphism with

its image. If furthermore X1 has a countable base, then ψ(FX2) 2 EX1.

7.f. Conclude from (7.c) and (7.e) that EP
is standard Borel for any polish space P .

7.g. Conclude from (7.d) and (7.f) � and App.6 above � that, if S is analytic, all

separable sub-σ-�elds of E S
are Blackwell.

[Note that this property of a measurable space (Ω,C ) is su�cient to imply all nice prop-

erties mentioned sub F about Blackwell spaces � including that Cs\Csc = C �; it is also

this property which was obtained for the σ-�eldB on aK-analytic space; characterisation:

every real-valued random variable on (Ω,C ) has an analytic range.]

7.h. Show that the map c : FT ! T which selects in each closed set the lexico-

graphically smallest element is Borel measurable (in fact, u.s.c. in the lexicographic order,

which spans the Borel σ-�eld).

7.i. Kuratowski-Ryll-Nardzewski selection theorem. Conclude from (7.e) and

(7.h) that, for any polish space P , there exists a Borel function c : F P ! P such that

c(F ) 2 F 8F 2 F P
s.t. F 6= ;.

7.j. von Neumann selection theorem. Given a measurable space (Ω,C ) and a

Blackwell space (B,B), and given a subset A 2 (C �B)s, there exists a map c̃ from Ω
to B, with (ω, c̃(ω)) 2 A whenever possible, and which is ((Cs)(σ,c)�B)-measurable.

Hint. Reduce to (Ω,C ) separable, then a subset of [0, 1], then [0, 1]. B can also be viewed as an ana-

lytic subset of [0, 1], so A becomes an analytic subset of [0, 1]× [0, 1]. Let ϕ be the continuous map from T

onto A, and use (πB◦ϕ)
(
c[(πΩ◦ϕ)−1(ω)]

)
� check that ω  → (πΩ◦ϕ)−1(ω) is ((As)(σ,c)−ET)-measurable.

8. Some harder results

8.a. Assume Y is a regular Lusin space, S � X � Y is bianalytic for the paving

P �F Y
, where P is a paving on X and Sx 2 K Y

σ 8x 2 X. Then ProjX(S) 2Ps\Psc.
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8.b.

8.b.1. In particular, if also Sx 2 F Y 8x 2 X, the map x 7! Sx is E�rös measur-

able (cf. App.7) w.r.t. Ps \Psc. 7.i yields then the existence of a Ps \Psc-measurable

selection, when Y is polish, or when Sx 2 K Y
.

8.b.2. Under the assumptions of 8.a, if in addition either Y is metrisable or Sx 2
K Y 8x 2 X, there even exists a sequence of Ps \Psc-measurable selections giving at

every x a dense sequence in Sx � so that, if B is a separable σ-�eld w.r.t. which these

selections are measurable, one can construct a sequence of selections fn such that the

closure of f fn j n 2 N g under point-wise convergence of sequences equals the set of all

B-measurable selections.

Hint. Use, for some weaker metrisable Lusin topology (sect. App.5), a theorem of Louveau implying

that S =
⋃
nS

n, where Sn is bianalytic and Snx ∈ K Y ∀x.

8.c. Let X be a polish space and Θ: ℘(X)! ℘(X).
Θ preserves analytic sets if for any polish space W and any analytic A � X �W ,

Θ∗(A) = f (y, w) 2 X �W j y 2 Θ(Aw) g

is again analytic in X �W (where Aw = fx 2 X j (x,w) 2 A g.
Assume Θ is an analytic derivation, i.e.:???

� Θ is increasing

� Θ(A) � A
� Θ preserves analytic sets.

Let Θ0(A) = A, Θα+1(A) = Θ(Θα(A)) and Θβ(A) =
T

α<βΘ
α(A) if β is a limit ordinal.

Let also Θ∞(A) =
T

αΘ
α(A), the largest �xed point of Θ included in A.

Moschovakis' Theorem. (Moschovakis, 1980, 7c.8, p. 414)

� Θ∞ is an analytic derivation. In particular Θ∞(A) is analytic if A is so.
� If A is analytic Θ∞(A) = Θχ1(A)@1?
� If A is analytic, B is coanalytic and Θ∞(A) � B, then Θα(A) � B for some
countable α.

9. Complements on Measure Theory

9.a. Any measurable function from a subset of a measurable space to a standard

Borel space has a measurable extension to the whole space.

Hint. Take the standard Borel space to be [0, 1]: consider then �rst indicator functions, next step

functions, �nally arbitrary measurable functions (use e.g. lim inf).

9.b. Assume f : X ! Y continuous, Y Hausdor�, and endow the spaces ∆(X) and
∆(Y ) of regular probability measures on X and Y with the weak

�
topology (1.10 p. 6).

Let f̄ : ∆(X)! ∆(Y ) be the induced continuous map (1.16 p. 7).

9.b.1. If f is one-to-one, so is f̄ .
9.b.2. If f is an inclusion [i.e., a homeomorphism with f(X)] (and f(X) 2 F Y

, or

Z Y
, or Z Y

cδ ), so is f̄ � and f̄(∆(X)) = fµ 2 ∆(Y ) j µ(f(X)) = 1 g.
9.b.3. If X is K-analytic, and f onto, so is f̄ .
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9.b.4. If X is K-Lusin, and f is one-to-one and onto, then f is a Borel isomorphism.

Hint. For (9.b.1): two di�erent measures di�er already on some compact subset.

For (9.b.2), the formula for f̄(∆(X)) is clear. Given that f̄ is continuous and one-to-one (9.b.1), it

will be an inclusion if we show that the image of a sub-basic open set f̄{µ ∈ ∆(X) | µ(U) > α } with

U open in X � is open in f̄(∆(X)): this is because U = f−1(V ) for V open in Y , so that our set

equals { ν ∈ f̄(∆(X)) | ν(V ) > α }. Finally, if X is closed in Y , ∆(X) is so in ∆(Y ) by de�nition of

the topology, if f : Y → [0, 1], X = f−1(0), then ∆(X) = {µ ∈ ∆(Y ) | µ(f) = 0 }, and if X =
⋂
nOn,

On = { y | fn(y) > 0 } with fn continuous with values in [0, 1], then ∆(X) =
⋂
n∆(On) =

⋂
n

⋂
k{µ ∈

∆(Y ) | limi→∞µ(fn,i) > 1 − k−1 } with fn,i = min(1, i·fn), so ∆(X) =
⋂
n

⋂
k{µ | ϕn,k(µ) > 0 } where

ϕn,k(µ) =
∑
i 2

−i[µ(fn,i)− 1 + k−1]+ is continuous.

For (9.b.3), �x µ ∈ ∆(Y ), and let, for A ⊆ X, I(A) = µ∗(f(A)): by 4.a, 4.b.1 and 4.b.7, I is a

capacity on X. Hence by 4.c there exist compact subsets K of X such that f(K) has arbitrarily large

measure. So µ =
∑∞

1 αnµn, with αn ≥ 0 and µn ∈ ∆(Y ) carried by some f(Kn), Kn compact in X. It

su�ces thus that µn = f̄(νn), for νn ∈ ∆(Kn): this reduces the problem to the case where X � and

hence Y � is compact. Then f̄(∆(Y )) is compact, as a continuous image of a compact set (1.12 p. 6),

and contains all probability measures with �nite support, since f is onto. Since those are dense [by the

separation theorem (1.e p. 8)], the result follows.

For (9.b.4), let F ∈ FX, F and hence f(F ) are K-Lusin (3.a), so f(F ) is Borel (3.g).

9.c. If X is K-analytic (resp. K-Lusin, resp. a Zcδ subset of a compact space, resp.

analytic, resp. Lusin, resp. polish), so is ∆(X).

Hint. For Zcδ subsets, use 9.b.2 above and 1.12 p. 6. In the K-analytic (K-Lusin) case, X is a

continuous (one-to-one) image of a Zcδ subset G of a compact space (3.e p. 422), so ∆(X) has the same
property, by 9.b.3, (and 9.b.1) above, and the previous case � hence (3.a) ∆(X) is K-analytic ((K-Lu-

sin). The argument for the latter three cases is the same, given that the compact space can then be taken

metrisable (5.a, 5.b).

9.d. f : X ! Y , with Y a T2 space, is universally measurable i� it is µ-measurable

(cf. 1.11 p. 6) 8µ 2 ∆(X).
A � X is universally measurable i� 1A is so (Recall (4.d.1) Bu is the σ-�eld of uni-

versally measurable sets). Then:

9.d.1. Universally measurable maps are stable under composition and under count-

able products (i.e.,
Q

n fn :
Q

nXn !
Q

nYn is universally measurable if each fn is).

9.d.2. If f : X ! Y is universally measurable, then [(∆(f))(µ)](B) = µ(f−1(B))
de�nes ∆(f) : ∆(X)! ∆(Y ).

9.d.3. If Y is a separable metric space, f : X ! Y is universally measurable i�

f−1(B) 2 Bu for every Borel set B.

9.e. Endow the space MX of probability measures on a measurable space (X,X )
with the σ-�eld spanned by the functions µ 7! µ(Y ) for Y 2X .

A transition probability to (X,X ) is then just a measurable map to MX.

If X is analytic, the Borel σ-�eld on ∆(X) coincides with the above de�ned one for

X the Borel σ-�eld on X. Thus if X is standard Borel, or Blackwell, so is MX.

Hint. X being separable if X is analytic, our σ-�eld on MX will be separable and separating. It is

coarser than the Borel σ-�eld, because µ  → µ(Y ) is Borel measurable for the weak�-topology. Therefore
both coincide by (5.e) and the analyticity of ∆(X) (9.c above). Use again (9.c) for the �nal conclusion.

9.f. Given a transition probability P from (E, E ) to (F,F ), and X 2 Fs, f e 2 E j
Pe(X) > α g and f e 2 E j Pe(X) � α g belongs to Es.

Remark 9.1. Since P can also be viewed as a transition probability from E to E�F ,
the same result holds if X 2 (E 
F )s.
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Hint. X already belongs to (F0)s for a separable sub σ-�eld F0 of F ; for some separable sub σ-�eld
E0 of E , P will still be a transition probability from E0 to F0, and it su�ces to show the sets are in (E0)s.
There is no loss then in passing to the quotient, so E and F can be viewed as subsets of [0, 1] with
the Borel sets. P can then be viewed as a transition probability from E to [0, 1], (under which F has

outer probability one), so can be extended (by (9.a) and (9.e) above) as a transition probability from

[0, 1] to [0, 1]. X is the trace on F of an analytic subset X of [0, 1]. Further, Pe(X) = Pe(X) for e ∈ E
� indeed for a Borel set B of [0, 1] with X ⊆ B and Pe(X) = Pe(B) one has Pe(X \ B) = 0, because
any compact subset of X \ B is negligible: Pe(X) ≥ Pe(X). Similarly (with B ∩ F ⊆ X) one obtains

Pe(X) ≥ Pe(X). Therefore, { e ∈ E | Pe(X) > α } = E ∩ { e ∈ [0, 1] | Pe(X) > α }: it su�ces to prove

the result for E and F compact metric � or (again 9.e), that if X is analytic in a compact metric space

F , Mα = {µ ∈ MF | µ(X) > α } is analytic. Let X be the projection of a Borel set in F × [0, 1]: Mα is

the projection of the Borel set {µ ∈MF×[0,1] | µ(B) > α } (7.j), hence analytic.

10. �-Radon Spaces

10.a. A τ -Radon space is a T2 space where every probability measure µ on the Borel

sets satisfying µ(
S

αOα) = supαµ(Oα) for every increasing net of open sets is regular.

A quasi-Radon space is a T2 space where, for P 2 ∆(∆(X)), the barycentre P̄ = β(P )
de�ned by P̄ (B) =

R
µ(B)P (dµ) for every Borel set B (observe µ(B) is a Borel function

of µ) � is regular.

10.a.1. For the regularity of µ (or of P̄ ), it su�ces already that supK∈K µ(K) = 1.
10.a.2. A τ -Radon space is quasi-Radon.

Hint. Observe µ(Oα) is l.s.c.

A K-analytic space is τ -Radon.

Hint. Observe µ also satis�es µ(K) = inf{µ(O) | K ⊆ O ∈ GX } ∀K ∈ K X (T2-assumption), hence

use 4.d.2 p. 424.

10.a.3. If A is universally measurable in X, and X is quasi- or τ -Radon, so is A.
τ -Radon subspaces are universally measurable.

10.a.4. For f : X ! Y universally measurable, ∆(f) � cf. 9.d.2 � is universally

measurable if X is quasi-Radon.

Hint. For P ∈ ∆(∆(X)), �nd Kn ∈ K X increasing with P̄ (Kn) → 1 and f|Kn
continuous: then

µ(Kn) ↗ 1 P -a.e. By Egorov's theorem [or 9.d.3, with Y = C(N∪{∞})], ∃C ∈ K ∆(X) s.t. P (C) ≥ 1−ε
and µ(Kn)|C [is continuous and] converges uniformly to 1. To show the continuity of [∆(f)]|C, choose F
closed in Y : we have to show that µ(f−1(F )) is u.s.c on C. Since µ(Kn) → 1 uniformly, it su�ces to

show that µ(Kn ∩ f−1(F )) = µ[(f|Kn
)−1(F )] is u.s.c., which follows from the continuity of f|Kn

.

10.a.5. quasi- or τ -Radon spaces are closed under countable products.

10.a.6. For X quasi-Radon, β : P 7! P̄ is a continuous map from ∆(∆(X)) to ∆(X).
10.a.7. For X quasi- or τ -Radon, so is ∆(X).

Hint. Assume �rst X τ -Radon, let µ be an appropriate (i.e., as in the de�nition � also called a

�τ -smooth� measure in the literature) measure on ∆(X). Then µ̄ is appropriate on X, hence µ̄ ∈ ∆(X).
Choose Ci ∈ K X disjoint with µ̄(Kn) → 1, where Kn =

⋃
i≤nCi. By Egorov's theorem, we have thus

that, ∀ε > 0, ∃δn ↘ 0: µ(C) > 1− ε with C = { ν ∈ ∆(X) | ν(Kn) ≥ 1− δn, ∀n }. C is compact in ∆(X)
� e.g. as the continuous image of the corresponding set on the (locally compact) disjoint union of the

Ci's. Hence, by (10.a.1), µ ∈ ∆(∆(X)): ∆(X) is τ -Radon.
Assume now X quasi-Radon, and �x P ∈ ∆(∆(∆(X))). Then P̄ is an appropriate measure on

∆(X), hence ¯̄P on X. Also, with the continuous map β of 10.a.6 above from ∆(∆(X)) to ∆(X), we have
[β ◦ (∆(β))](P ) = ¯̄P � compute for each Borel set B. So ¯̄P ∈ ∆(X). Finish now as in the τ -Radon case,

with P̄ instead of µ.

10.b. A countably Radon space is a τ -Radon space with countable base.
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10.b.1. In a countably Radon space, every probability measure on the Borel sets is

regular (use the countable base to show it is appropriate).(Such spaces are called Radon

in (Bourbaki, 1969)).

10.b.2. Countably Radon spaces are closed under countable products, and by taking

universally measurable subspaces.

10.b.3. If X is countably Radon, so is ∆(X) � and the Borel σ-�eld on ∆(X) is the
smallest making the functions µ 7! µ(B) � B Borel in X � measurable.

Hint. A sub-basis for the topology on ∆(X) are the sets {µ | µ(O) > α } for O open in X. One can

then clearly further restrict α to be rational and O to be a �nite union of basic open sets in X: ∆(X) has
a countable sub-basis � hence is countably Radon by 10.a.7. Another consequence is that every open

set, and hence every Borel set, belongs to the σ-�eld spanned by the sub-basic open sets � hence to the

σ-�eld making all functions µ  → µ(O) measurable.

10.b.4. If X is countably Radon, there exists a stronger topology with the same Borel

sets under which it becomes a universally measurable subset of the Cantor space.

Hint. Declare all basic open sets to be clopen. To show universal measurability of the image, choose

µ giving outer measure 1 to the image: µ induces a probability measure on the space itself, which is

regular (10.b.1), hence carried by a Kσ-subset � and the compacts are metrisable by the countable basis

assumption, so the Kσ is Lusin (5.f p. 426), hence (5.e p. 426) it is Borel in the Cantor space: the image

has also µ-inner probability one.

10.b.5. A map from a topological space to a countably Radon space is universally

measurable i� the inverse image of every Borel set (and then also of every universally

measurable set) is universally measurable.

Hint. Use 10.b.4 and 9.d.3.

10.b.6. If a map from a countably Radon space to a Hausdor� space is universally

measurable, then it is still so for any other countably Radon topology with the same

universally measurable sets.

Hint. Apply (10.b.5) to the identity from the space to itself, and 9.d.1. Alternatively, observe such

a map is universally measurable i� f−1(B) ∈ Bu for every Borel set B and, ∀µ ∈ ∆(X), there exists

a union of a sequence of disjoint compact metric subsets which has measure 1 under f(µ) (an analytic

subset would already be su�cient) � use (5.d) the fact that a compact analytic space is metrisable.

Remark 10.1. By (10.b.1), two countably Radon topologies that have the same Borel

σ-�eld also have the same σ-�eldBu. (10.b.5) and (10.b.6) say that, if they have the same

Bu, they have the same universally measurable maps to and from all topological spaces,

by (10.b.1) they have also the same set ∆(X), with the same universally measurable sets

on ∆(X) (the sets which are µ-measurable for every probability measure µ on ∆(X) en-
dowed with the σ-�eld spanned by the maps P 7! P (B), for B universally measurable in

X). Also, the σ-�eld Bu on a countable product depends only on those on the factors

(recall the countable base . . . ).

Remark 10.2. To make the picture complete, one would still like an example of such

a space, which is not countable, and for which there exists no universally measurable

isomorphism with [0, 1] (or a theorem to the opposite e�ect).

Remark 10.3. The concept is not quite satisfactory in the sense that analytic spaces

have the same properties (5.g for 10.b.1, use 5.d and 10.b.1 to prove 10.b.5 and hence

10.b.6, 10.b.2 for closed, or analytic, subspaces is obvious, and use 9.e). In addition, they

lead to a more restrictive set of measurable spaces (sect. App.6), so one would have liked

a concept here that would include all analytic spaces � just like K-analytic spaces are

τ -Radon (10.a.2).
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10.b.2, 10.b.3, 10.b.5 and 10.b.6 remain true for �countably quasi-Radon� spaces, and in

10.b.4 one would just have to drop the �universally measurable�.



APPENDIX B

Historical Notes

1. Chapter I

1.a. Section 1. The original proof of Sion's theorem (1958) (theorem 1.6) uses the

kkm lemma (ex. I.4Ex.18) in Rn
(which is equivalent to the �xed point theorem). How-

ever he wrote �the di�culty lies in the fact that we cannot use a �xed point theorem (due

to lack of continuity) nor the separation of disjoint convex sets by a hyperplane (due to

lack of convexity)�.

Also in Sion's paper is the proof that his theorem implies Fan's theorem (1953) (cf.

the remark after prop. 2.10).

The proof of Sion's theorem using lemma 1.7, as well as the lemma itself and its proof,

appear in (Berge, 1966, p. 220, resp. p. 172). In fact he wrote: �Signalons aussi que c'est

la démonstration de Sion qui nous a suggéré l'énoncé du théorème de l'intersection�. On

the other hand the original proof of the lemma (Berge, 1959) uses also kkm.

A direct proof of prop. 1.17 was obtained by Kneser (1952) (all these results in the

Hausdor� case).

A survey and speci�c results for games on the square can be found in (Yanovskaya,

1974).

1.b. Section 2. The proof of ex. I.2Ex.17 is due to Karamata (cf. e.g. Titchmarsh,

1939, p. 227).

1.c. Section 3. The original �nite minmax theorem (ex. I.3Ex.1) can be proved by

�elementary tools� namely the theorem of the alternative (von Neumann and Morgen-

stern, 1944, pp. 138, 154�155) (also Ville, 1938): the iterated elimination of variables

implies the existence of optimal strategies (and a fortiori the value) in the ordered �eld of

coe�cients. The �rst analysis in this framework and theorem 3.8 are due to Weyl (1950),

cf. ex. I.3Ex.13. This elementary aspect was used later by Bewley and Kohlberg (1976b)

in analysing stochastic games.

Another elementary proof by induction on the size of the matrix is due to Loomis

(1946).

1.d. Section 4. Theorem 4.1 was proved in the �nite case using Kakutani's (1941)

�xed point theorem (Nash, 1950) and Brouwer's �xed point theorem in (Nash, 1951).

He constructed explicitly an �improving mapping� from σ to τ as follows: τi(si) =
fσi(si) + (F i(si, σ−i)� F i(σ))+g/f1 +

P
ti∈Si

(F i(ti, σ−i)� F i(σ))+g.
Glicksberg (1952) extends Kakutani's theorem and the �rst proof of Nash and hence

obtains theorem 4.1. A similar extension of Kakutani's theorem is due to Fan (1952).

Ex. I.4Ex.17 bears a clear relation with the �xed point theorems of Eilenberg and

Montgomery (1946) and Begle (1950).

433
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Debreu (1952) uses this result to prove an equilibrium theorem for a game with con-

straints, namely where the set of feasible outcomes is a subset of the product of the

strategy spaces.

Other related topics include puri�cation of strategies and equilibria (Aumann et al.,

1983), ε-equilibria (cf. e.g. T¼s, 1981), and the study by Blume and Zame (1994) of

algebraic-geometrical aspects of the manifold (cf. ex. I.4Ex.4) of equilibria.

2. Chapter II

2.a. Section 1. The initial de�nition of Kuhn (1953) extends the approach of von

Neumann and Morgenstern (1944, pp. 67�79). In the former, a sequence of dates is as-

sociated to the nodes and is public knowledge: hence it is our model of a multistage

game, except that only a single player moves at every node. This means, the following is

impossible:

I
❅

❅
❅

❅❅❘

❅
❅

❅
❅❅� ❅

❅
❅

❅❅❘

✲

✲✛

✲✛

❅
❅

❅
❅❅�

✛

IIII �

�

�

�

�

✍✌
✎�

✎

✍

�

✌

✎

✍

�

✌

Figure 1. Perfect recall, and not multistage.

Isbell's construction (1957) extends Kuhn's de�nition (which considers only linear ga-

mes) and essentially corresponds to the notion of tree described in ex. II.1Ex.8 (in the

�nite case).

An extension of theorem 1.4 to the in�nite case is in (Aumann, 1964). Distributional

strategies as de�ned in ex. II.1Ex.16c appear in (Milgrom and Weber, 1985).

2.b. Section 2. For the use of games with perfect information in descriptive set

theory Jech (cf. 1978, ch. 7), Dellacherie et al. (1992, ch.XXIV).

On topological games, cf. the survey of Telgársky (1987).

2.c. Section 3. Correlated equilibria are due to Aumann (1974). The canonical rep-

resentation appears explicitly in (Aumann, 1987) but was known and used before; similar

ideas can be found in the framework of coordination mechanisms (cf. Myerson, 1982).

Communication equilibria and extensive form correlated equilibria were �rst introduced

in the framework of non zero-sum repeated games with incomplete information (Forges,

1982a), (Forges, 1985), (Forges, 1988a); then formally de�ned and studied for themselves

in (Forges, 1986a). They also appear in (Myerson, 1986).

2.d. Section 4. Blackwell's theorem plays a crucial rôle in games with incomplete

information, cf. ch. V and VI.

The fact that any set is either weakly-approachable or weakly-excludable (cf.

ex. II.4Ex.2) has been proved by Vieille (1992).

The results of ex. II.4Ex.8 have been extended to game forms in (Abdou and Mertens,

1989).
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3. Chapter III

Harsanyi (1967) (1968a) (1968b) made precise the di�erence between games with in-

complete information (lack of information about the description of the game), and games

with imperfect information (lack of information about the play of the game). In the �rst

framework he remarked that this leads to an in�nite hierarchy of beliefs, called �sequen-

tial expectation model�. Then he proposed to represent the situation through a consistent

probability on the product of the set of types by the set of states, each type being identi-

�ed with a probability distribution on the product other types � states. He also observes

that non-consistent situations may occur. In the �rst case the above reduction amounts

to represent a game with incomplete information as a game with imperfect information,

adding a move of nature. Then several interpretations are possible: the usual one is that

each player's type is chosen at random. Another way to look at it is to consider each type

as a player, the actual players in the game being chosen at random � one in each �group�

� according to the initial probability of the types (Selten game).

Böge and Eisele (1979) consider games with unknown utility functions and construct

the hierarchy of beliefs under the name �system of complete re�exion� (and refer to a

previous construction of Böge called �oracle system�), cf. Ex. IIIEx.3b.

The construction of the universal belief space [i.e., point 3 of theorem 1.1] is due to

Mertens and Zamir (1985), and the content of this paper is the basis of this chapter.

They assume K compact and proceed as in Ex. IIIEx.2. Further constructions include

(Brandenburger and Dekel, 1993), in the polish case, and (Heifetz, 1993), which is similar

to the one exposed here. The present treatment is the �rst to o�er a characterisation

[points 1 and 2 of theorem 1.1].

Theorem 2.5 was given informally in (Mertens, 1986b). The rest of this chapter is

new.

Lemma 3.2 extends theorem 2 in (Blackwell and Dubins, 1962).

Further relations between common knowledge and belief subspaces can be found in

(Vassilakis and Zamir, 1993).

4. Chapter IV

The general model of repeated games appears in (Mertens, 1986b) and sect. 2 and 3

are based on this paper.

A speci�c version of theorem 3.2 has been obtained by Armbruster (private commu-

nication, 1983).

4.a. Section 4. The �Folk Theorem� (4.1) was already known in the sixties by Au-

mann and Shapley among others. Theorem 4.2 is in (Sorin, 1986b) (but was probably

known before), as well as prop. 4.3.

Most of the results of sect. 4.b can be found in Lehrer except prop. 4.5. The content

of 4.b.2 is in (Lehrer, 1992a), 4.b.3 is in (Lehrer, 1992c), 4.b.4 in (Lehrer, 1990).

The notion of subgame (cf. subsection 1.a) has been emphasised by Selten who intro-

duced the notion of subgame perfection: cf. (Selten, 1975) and ex. IV.4Ex.3�IV.4Ex.8.

There has been a tremendous amount of literature on re�nement of equilibria and

their applications to repeated games, cf. e.g. the surveys by Kohlberg (1990) and by

Van Damme (1992). Somehow the structure of speci�c � namely public perfect � equi-

librium pay-o�s in discounted games is easier to characterise (in the spirit of ex. IV.4Ex.5),

cf. (Fudenberg and Levine, 1994). ???
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Ex. IV.5Ex.4 is a typical example of �recursive structure� and can be found in (Black-

well and Girshick, 1954, pp. 69�73).

5. Chapter V

Most of the basic results of this chapter (until sect. 3.c) are introduced and proved by

Aumann and Maschler (1966) for the full monitoring case and (1968) for the general case.

The construction and proof of sect. 3.d are due to Kohlberg (1975b).

Theorem 3.1 is new.

Sect. 3.e�3.h are new.

Section 4 is based on the papers of Mertens and Zamir (1976a) for theorem 4.1, (1977b)

for theorem 4.3 and (1995) for sect. 4.c.

The recursive formula (lemma 4.2) appears in (Zamir, 1971�1972).

Section 5 uses the results of Zamir (1973a) for 5.a and 5.b and (1971�1972) for 5.c.

Ex.VEx.5 is due to Mertens and VEx.7 to Sorin (1979). Ex.VEx.10 comes in part

from Zamir (1971�1972) and (1973b). Ex.VEx.17 is an extension of Stearns' measure of???

information (1967).

6. Chapter VI

The basic model and the �rst results are due to Aumann and Maschler (1967) and

Stearns (1967). They consider the independent case with standard signalling and proved

theorem 3.1 (existence and computation of the minmax) in this framework. The con-

struction of the strategy exhausting the information (lemma 3.3) is due to Stearns. The

extension to the dependent case with general (state independent) information structure

is due to Mertens and Zamir (1980) and is exposed in sect. 3.a.

Section 3.b is new.

Previously Mertens and Zamir (1971) proved the existence of lim vn with standard

signalling; then Mertens (1971�1972) in the general case: this is the content of sect. 4.

Corollary 4.9 gives a better bound (n1/3) on the speed of convergence than the original

one (n1/4).
Section 5 is in Mertens and Zamir (1971) and (1977a).

Part of the results of sect. 7 can be found in (Mertens and Zamir, 1981). Example 7.4

is in (Mertens and Zamir, 1971) as example 8.5.

Ex.VIEx.6 is due to Ponssard and Sorin (1980a), (1980b). Ex.VIEx.7 comes from

Sorin (1979) (cf. also Ponssard and Zamir, 1973) and Ponssard and Sorin (1982).

Ex.VIEx.8 comes from (Sorin and Zamir, 1985).

The material of ex. VIEx.9 can be found in (Mertens and Zamir, 1977a), and (Sorin,

1984b) for the dependent case.

7. Chapter VII

7.a. Section 1. Stochastic games were introduced by Shapley (1953) who considered

the �nite two-person zero-sum case with a strictly positive probability of stopping the

game in each state. He proves the existence of a value and of optimal stationary stra-

tegies; the result, which basically corresponds to the discounted case was then extended

by Takahashi (1962), Parthasarathy (1973), Couwenbergh (1980), Nowak (1985b) among

others.

The non-zero-sum discounted case was studied by Fink (1964) and Takahashi (1964),

Federgruen (1978), Sobel (1971). For a survey cf. (Parthasarathy and Stern, 1977) and???
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(Parthasarathy, 1984).

The existence of stationary optimal strategies is still an open problem, cf. (Nowak

and Raghavan, 1992) and (Parthasarathy and Sinha, 1989). For ε-equilibria cf. (Rieder, ???

1979), (Whitt, 1980), (Nowak, 1985a); they basically use approximation by games that

do have stationary equilibria.

The content of 1.c is due to Mertens and Parthasarathy (1987) and (1991).

7.b. Section 2. The �rst papers devoted to the asymptotic analysis are due to Bew-

ley and Kohlberg (1976b). They worked in the �eld of Puiseux series to get theorem 2.3,

in the spirit of theorem 3.8.

For similar results concerning the limit of �nite games, cf. ex. VIIEx.2 and VIIEx.6

and (Bewley and Kohlberg, 1976a).

7.c. Section 3. The undiscounted case was introduced by Everett (1957) who proves

the existence of a value in the irreducible case (ex. VIIEx.10), (cf. also (Ho�man and Karp,

1966) and in the perfect information case (Liggett and Lippman, 1969)), and suggest an

example that was later solved by Blackwell and Ferguson (1968). The ideas introduced

for studying this game (�Big Match�, ex. VIIEx.4) were deeply used in further work: ex-

istence of the value for games with absorbing states (Kohlberg, 1974), and �nally in the

general case. This is the content of sect. 3 and is due to Mertens and Neyman (1981).

Some of the results of sect. 3.d can be found in (Bewley and Kohlberg, 1978) and

(Vrieze et al., 1983).

The content of sect. 4.a is in (Sorin, 1986a), and of sect. 4.b in (Vrieze and Thu¼sman,

1989).

Part of ex. VIIEx.9 was is some unpublished notes of Neyman.

More recent results on dynamic programming problems can be found in (Lehrer and

Monderer, 1994), (Lehrer and Sorin, 1992), (Monderer and Sorin, 1993) and (Lehrer,

1993).

8. Chapter VIII

Section 1 is due to Forges (1982b) after a �rst proof in the deterministic case in

(Kohlberg and Zamir, 1974).

Section 2 corresponds to a class introduced by Mertens and Zamir (1976b) and solved

for the minmax and maxmin in a speci�c 2� 2 case. This result was generalised by Wa-

ternaux (1983b) to all 2� 2 games, then to the general case (1983a). This is the content

of 2.c. (The 1983b paper contains also a more precise description of optimal strategies).

Part 2.d is due to Sorin (1989).

Section 3 follows (Sorin, 1985b) and the content of sect. 4 can be found in (Sorin,

1984a), (Sorin, 1985a) and (Sorin and Zamir, 1991).

9. Chapter IX

The �rst approach to non-zero-sum games with lack of information on one side is due

to Aumann et al. (1968). They introduce the notions of joint plan and of jointly controlled

lottery.

They gave a su�cient condition for equilibria as in prop. 1.1 with condition 3 replaced

by the stronger condition ak(r) = āk. They also exhibit examples of equilibrium pay-o�s

that require several stages of signalling.

The content of 1.a is in (Sorin, 1983).
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Section 1.b follows (Hart, 1985).

The content of sect. 2 is taken from (Aumann and Hart, 1986).

The results of sect. 3 are due to Forges (1988b). More precise results concerning a

speci�c class (information transmission game) can be found in (Forges, 1985): the set of

communication equilibrium pay-o�s equals the set of (normal form) correlated equilibrium

pay-o�s. For a parallel study in the Selten representation, cf. (Forges, 1986b).
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measurable function

on topological space, 123

to topological space, 74, 75

ball

intersection with, 235

radius of, 235

barycentre, 24, 25, 29, 39, 77, 102, 114, 125, 206,

207, 222, 226, 230�232, 234, 296, 297, 386,

430

barycentric

coordinates, 163

map, 115

subdivision, 36

base, see countable basis

Bayes' formula, 184, 187

Bayesian approach, 107

behaviour

asymptotic, 153, 236

monotone, 375

posterior, 373

beliefs, 107, 127

admissible

restrictions on, 116

aspects of

measure-theoretic, 132

topological, 132

coherency, 141

consistency, 107, 107, 126, 127

common knowledge of, 121

intuitive meaning of, 120

distribution (canonical consistent), 118, 120,

121, 121, 122, 126, 128, 129, 132, 139, 141

unique, 132

hierarchy, 107, 435

lower level, 116

subspace, 107, 117, 117, 118, 119, 119, 121,

126�129, 142, 435

canonical, 121

closed, 121

consistent, 126, 129, 132, 136

countable intersection of, 119

�nite, 126, 129, 131, 131, 256

intersection of, 119

minimal, 127, 136

point of, 117

smallest, 127

topological, 119

union of, 119

universal, 142

Bernoulli process, 235

Bertrand competition

undercutting argument, 43�45

variations on, 43

best reply, 3, 29, 46, 47, 64, 133, 134, 167, 170,

196, 197, 219, 220, 234, 253, 330, 340, 342,

352, 363, 374�376, 384, 389, 392

ε-, 3, 343
. . . -measurable, 234

correspondence, 39, 96

acyclicity, 48

countable set of, 18

existence of, 382

Markov

stationary, 339

pure, 40, 220, 385

set of, 39, 340

convexity, 47

stage by stage, 350

betting system, 199

bi-af�ne (functions)

separation by, 407

bi-capacity, 423

bi-convex (functions), 406

bounded, 407, 408

continuous, 407, 418

separation by, 407

bi-convex (sets), 405

bi-convexi�cation

steps of, 419

unbounded number of stages, 406

bi-linearity, 44, 77, 318

piecewise, 36, 36, 220, 317, 317

I-II-, 318
bi-martingale, 400, 401, 405, 405�408
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adapted, 407, 408

existence of, 405

inducement of, 406

in�mum over, 408

starting point of, 406

stopped, 405

bi-separation, 407

strict, 407, 418

Big Match, 346, 375, 437

Blackwell, see comparison of experiments

σ-�eld, 426
sub, 426, 427

bloc, 150, 165, 168, 169, 201, 207, 262, 292, 368,

369, 403, 404

beginning of, 202

even, 173

incomplete, 207

last, 202

length of, 206, 233, 370, 383

longer, 233

odd, 173

pay-o� on, 369

relative size of, 168

sequence of, 173

random, 383

small

total weight of, 388

successive, 206, 336

preservation of independence between, 292

super-, 165, 168

family of, 168

bloc decomposition, 34

Boolean algebra, 27, 119

Borel

σ-�eld, 7, 65, 75, 76, 116, 120, 123, 124, 129,
130, 142, 422, 424�427, 429, 431

product of, 125, 126

game, 81

non-zero-sum, 84

measurable function

on topological space, 6, 12, 60, 62, 63, 68�

71, 75, 91, 121, 123, 133, 144, 159, 163,

229�232, 348, 409, 415, 426, 427, 430, 431

to topological space, 76, 228, 229, 231, 232,

332

bound, 264

best, 318

conditional, 213

Gaussian, 212

lower, 215, 251, 252, 347

uniform, 293

upper, 246, 347, 360

establishment of, 248

least, 246, 248

boundedness, 18, 48

canonical

non-, 73

capacitance, 86

capacity operation, 423, 423, 423, 424

case

dependent

extension to, 436

deterministic, 437

discounted, 327

irreducible, 437

chance, see move, chance

cheating, 235

impossibility of, 403

choice, see also move

�nal, 369

future, 318

history-dependent, 375

initial, 224, 366

random, 379, 387

simultaneous, 183

circular reasoning

avoidance of, 321

class

equivalence, 426

ergodic, 347, 352

closure, 221, 289, 293, 416, 428

transitive, 135

uniform, 331

weakly compact, 24

coalition, 105

proper, 98

code, 167

cohomology

�ech, 47

coin tosses

fair, 215

repeated, 212

column

linear combination of, 226

non-absorbing, 384

probability distribution on, 309

combinatorial form, 155, 156

common knowledge, 99, 107, 119, 126, 126, 127,

128, 136, 140, 141, 156, 166, 171, 194, 248,

343, 435

σ-�eld, 166, 171
believed, 127

consistency and, 120

formal de�nition of, 127

lack of, 168

common prior, 90

communication

pre-play, 100�102

communication device, 92, 92, 408

class of, 409
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standard, 92

universal, 94, 95

communication equilibrium, 92, 92, 92, 94, 95,

97, 99, 100, 101, 101, 102, 151, 167, 323,

408, 409, 434

L-r-, 416
canonical, 409

r-, 409
canonical, 409

canonical, 93, 100, 101

�rst canonical representation, 93

pay-o�, 99

polyhedra of, 94

second canonical representation, 93

set of, 409

standard, 92, 92�94

communication scheme, 101

commutative diagram, 108�115

compacti�cation

one-point, 40, 123, 131, 332, 388

Stone-�ech, 123, 422

compactness, 6, 7, 10, 13, 14, 16, 17, 19, 38, 56,

57, 74, 114, 115, 121, 135, 143, 145, 203,

206, 216, 222, 225, 229, 230, 233, 294, 297,

329, 342, 351, 380, 382, 399, 425

dispensing with, 16

uniform topology, 228

comparison of experiments (Blackwell's), 78, 135

complementarity

linear, 40, 40�41

strong, 29, 29

concave functions, 4, 24, 138, 140, 183, 184, 191,

220, 242, 247, 254, 262, 266, 306, 307, 316,

329

I (w.r.t. �), 137, 274, 274, 289, 298, 301, 304,

314

bounded, 24

cone of, 78

continuous, 23, 296

in�mum of, 139

jointly, 132

minimal, 185

minimum of, 298

restriction, 274

smallest, 230

strongly, 138, 138

upper semi-continuous, 136

concave-like, 20, 20

strictly, 39

concavi�cation, 137, 137, 185, 210, 218, 274,

295, 305, 309, 323, 324, 375, 384

linear, 226

w.r.t. I, 274
concavity, 59, 139, 184, 256, 261, 306, 307, 311

constructive proof of, 184

of composition, 137

properties of, 192

requirements of, 132

strict, 254

strong, 139

usual, 139

cone

asymptotic, 8, 30

Cobb-Douglas, 29

convex, 10, 30, 78, 210

closed, 33, 218

dual, 30

locally compact, 9

polyhedral, 29, 30, 30, 30, 36

pointed, 30

simplicial, 36

tangent, 306, 307

conjugate functions, 263

connectedness, 172, 399

components, 34, 41

equivalence with pathwise, 41

consistency, see beliefs, consistency

constant

invariance under addition of, 226, 234, 244

universal, 346

constant functions, 9, 78, 206, 225, 328, 381, 388

piecewise, 383

continuity, 3, 9, 56, 157, 172, 177, 196, 206, 217,

222, 231, 235, 293, 294, 297, 303, 306, 322,

338, 348, 360, 401, 430

absolute, 323

mutual, 349

assumption of, 48

functions (continuous �), 5, 7, 8, 10, 18, 19,

23, 26, 42, 44, 74, 76, 86, 87, 89, 120, 124,

125, 130, 132, 133, 196, 216, 230, 232, 233,

249, 275, 292, 294, 303, 327, 329, 330, 338,

349, 351, 360, 361, 365, 380, 388, 421, 425

Banach algebra of, 75, see theorem, Stone-

Weierstrass

Banach lattice of, 302, see theorem, Stone-

Weierstrass

Banach space of, 21, 34, 133, 254

bounded, 4, 94, 120, 123, 223, 329, 423, 424

canonical, 116

composition of, 125

countable dense set of, 130, 227

countable separating set of, 425

increasing, 293

induced, 428

maximisers of, 232

one-to-one, 124, 425, 426, 428, 429

sequence of, 126, 131

strictly increasing, 382

uniform convergence to, 161
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weak�, 292

joint, 133, 133, 233, 329, 332

lack of, 14, 343, 433

left, 22, 423

separately, 423

maps (continuous �), 48, 107, 108, 110�113,

115, 117, 133, 142, 232, 234, 382, 425�427,

430

norm, 349

points of (dis-), 22, 23, 179

right, 61, 423

separate, 5, 12, 20, 21, 87, 329, 345, 362

bi-linear, 133

uniform, 74, 87, 295, 303, 380

modulus of, 197, 303

weak, 329

weak�, 232

continuum hypothesis, 25

contractibility

criterion of, 47

contraction mapping, 328

convergence, 211

Abel's sense, 25

Cesàro's sense, 25

in measure

topology of, 16, 24

monotone, 227, 335

of pay-o� functions, 9

point-wise, 9, 12, 38, 77, 214, 224, 229, 428

topologies of, 38

radius of

interior of, 334

speed of, 216, see error term

exact bound for, 200

strongest possible form of, 225

su�cient condition for, 164

topological, 76

uniform, 133, 144, 191, 192, 201, 216, 222, 224,

233, 246, 254, 303, 328, 338, 404, 430

need for, 347

non-, 216

topology of, 38, 223, 302

weak, 10, 39, 49, 382

weak�, 144

convex cone, 13, 17

convex functions, 3, 4, 5, 5, 16, 23, 37, 38, 59,

136, 137, 143, 144, 145, 145, 202, 205�207,

217, 219, 220, 222�227, 229�231, 234, 283,

293, 294, 306, 307, 313, 324, 376

II (w.r.t. �), 137, 274, 274, 283, 300, 301,

304, 314, 320

approaching, 218

cone of, 11, 132

continuous, 138, 142, 145, 203, 205, 222, 224,

232, 293, 415

strictly decreasing sequence of, 225

discontinuous, 218

implication of, 307

increasing, 207�209

largest, 231

lower semi-continuous, 135, 221, 234

minimal, 223�225, 227, 231, 297

minorated, 207

piecewise a�ne, 226

piecewise linear, 143

real valued, 38, 294

restriction, 221, 274

separately, 132

set of, 206, 296

supremum of, 211

convex sets, 57, 89, 139, 164, 211, 229, 288, 289,

365, 433

convex-like, 20, 20

convexi�cation, 38, 137, 137, 204, 205, 209, 229,

231, 292, 295, 305, 309, 332, 399, 406

convergence of, 295

uniquely de�ned, 292

w.r.t. II, 274
correlated equilibrium, 88, 88, 89, 90, 91, 94�

97, 99, 99, 100, 151, 165, 166, 167, 168, 218,

348, 408, 409, 434

Bayesian interpretation of, 142

behavioural strategy, 88

canonical, 89, 89

convexity of, 89, 89

distribution, 99, 167

set of, 89

existence of, 95, 96

existence of stationary public, 348

extensive form, see extensive form correlated

equilibrium

general strategy, 88

mixed strategy, 88

pay-o�, 96

pure strategy, 88, 89, 91

correlation device, 88, 89, 100, 101, 151, 165, 167

canonical, 89, 174

universal, 94

correlation, internal, 174

correspondence, 330, 331, 333, 349, 425

convex valued, 330

compact, 373

upper semi-continuous, 399

equilibrium, 332

measurable

compact valued, 331

one-to-one, 76

semi-algebraic, 27, 27

upper semi-continuous, 232, 233, 329, 330, 373

weak�-, 331
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countable basis, 227, 228, 293, 425, 431

analytic topology with, 425, 426

assumption of, 431

Hausdor� topology with, 426

images of, 425

space with, 293, 425, 427, 430

countably compact, 13

covering, see open covering

n-, 81, 81, 82
curves

equations of, 315

cycles

play by, 404

cylinders, 186

dates

sequence of, 434

decision

adaptive competitive, 356

decoding key, 95

sequence of, 94

decomposition, 164, 173

bloc, see bloc decomposition

unique, 30

de�nition

inductive, 365

density, 274, 292, 295, see derivative, Radon-Ni-

kodym

normal, 244, 246, 265

area under, 268

derivatives, 265

standard, 236, 238

tangents to, 266

derivation

analytic, 428

derivative, 208, 209, 271

directional, 12, 307

existence of, 306

discontinuous, 262

formula for, 345

left, 261

partial, 272, 307, 308

�rst, 269

Radon-Nikodym, 76, 143, 232, 324, 375

right, 261

root of, 212

sequence of, 262

deviation, 163, 164, 165, 168, 172�174, 235, 236,

398, 402�405

absorbing, non-absorbing, 345

detectabilty of, 99, 100, 168, 171, 398, 403�

405, 409

probability of, 168

pro�table, 171

history-independent, 168

one-stage, 172

probabilistic, 236

pro�table, 163, 164, 171�173, 398, 413

ε-, 168, 168
one-stage, 172, 330

standard, 208, 235

device

r-, 409
canonical, 409

equilibrium of, 409

autonomous, see autonomous device

canonical, 91, 409

central, 92, 93, 409

communication, see communication device

correlation, see correlation device

information transmission, 185

personal, 409

standard, 408

strategy of, 412

strategy space for, 409

di�erentiability, 11, 11, 12, 308

properties of, 307

twice, 250, 258

di�erential, 12

dimensionality

�nite, 411

discontinuity, see continuity, points of

discount factor, 59, 149�151, 328, 331, 343

adjustment of, 339

games with small, 150

standard discounting, 332

distance

Euclidian, 333

Hausdor�, 249

uniform, 328

distribution, 42, 52, 75, 92, 101, 120, 150, 157,

166, 183�186, 191, 192, 203, 218, 219, 227,

234, 256, 262, 276�278, 285, 289�292, 305,

340, 359, 409, 435

algebraic, 98

canonical, see beliefs, distribution

Cantor, 42

conditional, 54, 64, 69, 99, 100, 118, 120, 130,

144, 187, 195, 207, 213, 231, 237, 256, 263,

278, 279, 284, 291, 292, 349, 410�412, 415,

416, 418

dilatation of, 217

consistent, see beliefs, distribution

cumulative, 55

empirical, 169, 345, 398

expected, 370

feasible, 69

�xed, 214

image, 73

induced, 226, 410

initial, 70, 148, 153, 185, 287, 414
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joint, 141, 204, 206, 225, 292, 415

marginal, 54, 72, 76, 141, 148, 154, 192, 193,

195, 205, 206, 219, 263, 273, 274, 349, 400,

411

product of, 371

natural, 292

normal, 236, 239, 241, 244

cumulative, 238

rôle of, 235

standard, 238

posterior, 101, 186, 256

prior, 128, 183, 185, 236

product, 100

rational, 98

sequence of, 192

set of, 102, 375

singular, 42

support of, 167

convex hull of, 35

in�nite, 211

uniform, 26, 196, 203

convex combination of, 167

domination

ε-, 17
strict, 39

dual

of bounded continuous functions, 223

unit ball of, 77, 223

dual face, 30

dual of a system, 28

dual program, 32

duality, 28, 136, 323, 423

duel, 180

accuracy function, 22, 23

symmetric, 180

noisy, 23, 180

silent, 23

Dunford-Pettis' equi-integrability criterion, 20,

24

dynamic programming, 339, 353

discounted, 353, 355

negative, 353

non-stationary, 264

positive, 353

e�cient frontier, 33, 203, 216

not closed, 33

E�rös

σ-�eld, 427
element

lexicographically smallest, 427

maximal, 318

partition, 295

elementary tools

proof by, 433

embedding, 77

end e�ect, 258

entrance

law, 132, 138, 157, 157, 157

position, 88

time, 177

entry

absorbing, 359, 360, 389

set of, 344, 379

non-absorbing, 360

non-revealing

set of, 359

subset of, 362

revealing, 393

epigraph

extreme points of, 254

equality

component-wise, 404

equations

countable family of, 69

di�erential, 308, 313

heuristic, 395

solution of, 238, 239

functional, 275

existence and uniqueness of, 302

procedures for solving, 273

linear, 120

polynomial, 253, 333

system of, 333

recursive

solution of, 359

unique solution of, 312

equicontinuity, 21, 137, 137

problem of, 137

equilibrium, 39, 39, 41, 42, 94, 96, 102, 330, 331,

348

L-, 400, 404
ε-, 3, 167�169, 339, 343, 434, 437
pure, 85

asymptotic set of, 163

behavioural strategy, 59, 90

communication, see communication equili-

brium

condition, 171, 342, 344, 397, 400, 404, 413,

414, 417

proof of, 345

condition of, 340

correlated, see correlated equilibrium

existence of, 96, 332, 343, 353

proof of, 341

extensive form correlated, see extensive form

correlated equilibrium

extreme point, 95

for incomplete information, 131

fully revealing, 419

joint plan, 398
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existence of, 399

non-revealing, 399

special, 399

lower, 173

manifold, 39

algebraic-geometrical aspects of, 434

Markov

non-existence of, 253

semi-algebraic, 341

stationary, 333, 340, 341, 349

measurable, 348

mixed, 42, 43

completely, 49

Nash, see equilibrium

nonatomic, 43

one-shot

sequence of, 165

path

strategies on, 168

pure strategy, 43, 44, 48, 54, 59, 85, 91, 94

re�nement of, 435

separability of, 44

set of, 332, 348, 399

stationary, 332

existence of, 349

games without, 437

subgame perfect, 331

subgame perfect, 152, 165, 172, 172, 330, 330

existence of, 330, 332

property of, 172

recursive formula for, 172

su�cient condition for, 437

sunspot

stationary Markov, 332

symmetric, 39, 39, 41, 43

uniform, 152, 152, 152, 341, 398, 410, 412, 416

construction of, 400

existence of, 397

general characterisation of, 165

unique, 43�45

equilibrium point, see equilibrium

error term, 159, 189, 216, 233, 235, 236, 242,

246, 246�248, 253, 257, 258, 273, 304, 304,

318, 322, 356

additive, 355

exact bound for, 218, 436

errors

bounds on, 217

constraints on, 216

convergence to zero of

uniform, 214

convex functions of, 217

estimation

size of, 216

non-normalised

maximum, 212

norm-summability of, 214

objective, 128

type I, 128

type II, 128

essential supremum, 14

Euclidian distance, 232, 233

Euclidian norm, 4

Euclidian space, 22

event

past

σ-�eld of, 335

probability of, 387

excludability

criterion, 235

su�cient condition for, 104

expansion

asymptotic, 348

Taylor's, 251

expectation, 186, 207, 249�251, 276, 282�284,

286, 291, 299, 375, 400�402, 410, 411, 415,

416

conditional, 192, 208, 216, 281, 282, 285, 291,

400, 405, 411, 415�418

converging, 264

current, 331

�nite, 174

left-hand, 411

martingale with, 405

expected pay-o�, 142

expected utility, 142

extension

Borel, 68, 71

continuous

unique, 302

convex, 38

Daniell-type, 13

Lipschitz, 221

monotone, 302

regular

unique, 76

extensive form correlated equilibrium, 90, 90,

91, 94, 95, 97, 99, 99, 332, 348, 409, 434

canonical, 91

pay-o�, 96

extreme points, 58, 95

convex combination of

minoration by, 184

convex hull of, 30

set of, 59

face

dual, 30

one-dimensional, 386

open, 224, 228�230, 232

restriction to, 224
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feasible pay-o�s

set of

convexi�cation of, 163

feasible play, 52, 64, 65, 67

�nitely many

case of, 52

set of, 52

�ctitious input, 95

�ctitious play, 46, 46

�eld

σ-, see σ-�eld
commutative, 26

ordered, 26, 26�28, 433

real closed, 27

�ltering family, see net

�ltration, 400

atomic, 400, 402

�nite memory

strategy with, 347

�nite support, 157

beliefs with, 126

optimal strategies with, 41�42

ε-, 7, 17�19, 96, 133, 136
probabilities with, 129, 144, 145

strategies with, 7

�niteness

assumption, 151

restriction, 136, 327, 334

�xed point, 47, 88

closed interval of

non-empty, 176

formula

Euler's, 346

explicit, 394

recursive, 157, 236, 236, 237, 239, 243, 247,

251�256, 258, 259, 318, 379, 395, 436

absence of, 257

conjugate, 263

general, 237, 256

induction using, 258

Stirling's, 213, 215, 264

fortune, 178

new, 178

fraction

rational, 340

framework

canonical, 323

deterministic, 154

frequency

empirical, 418

expected winning, 154

maximisation of, 156

relative, 262

full monitoring, 172

function

u-, 205, 218, 219, 221, 222, 302
R-valued, 14, 31, 223

convex, 38

Rn-valued, 39

φ, 239, 244
bounded, 12, 14, 25, 26, 270, 337

locally, 214

space of, 13, 158, 159

uniformly, 331

canonical, 65, 116

characteristic, 105

decreasing, 209

exponential, 211

graph of, 333

indicator, 74, 80, 120, 329, 428

monotone, 13, 60, 61, 135, 140, 178, 210, 234,

268, 270, 294, 338

w.r.t. I, 138, 138
multilinear, 59

ratio of, 59

positively homogeneous, 143, 234, 345

convex, 323

power, 336

step, 77, 380, 381

u.s.c.-l.s.c.

convex cone of, 9

functional

linear, 8, 78

continuous, 8, 24, 29, 35�38, 77, 124, 125,

226, 230, 249, 411

positive, 13, 17, 24, 25, 37, 58, 74

supremum of continuous, 224

sublinear, 8, 26, 78

functor, 110

contravariant, 110

covariant, 110, 116

future

strategy for, 264

gain

expected total, 342

one-shot, 164

gambler, 199

game

N person, 49

n-stage, 185, 227, 379
values of, 298, 304

3 person, 40, 172

symmetric, 40

almost strictly competitive, 45

approximating

sequence of, 368

asymptotic properties of, 154, 156

auxiliary, 179, 202, 234, 276, 290, 290, 291,

361, 371, 373, 382, 385, 388, 391, 392

comparison with, 368
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�nite, 393

one-player, 199

pay-o� in, 381

sequence of, 385

average, 218, 226

bell-shaped, 42

bi-matrix, 3, 41

equilibria of, 40

Borel, see Borel, game

class of, 246

closed, 80

compound, 134

convergence of, 23

current, 328

determined, 80, 80, 80, 81, 81, 84

discounted, 59, 132, 149, 151, 157, 159, 163,

172, 183, 192, 384, 392, 435, 436

λ-, 158, 185, 192
pay-o� of, 392

perfect equilibria in, 173

duration of, 150

extended, 90, 91, 94, 409

extensive form, 3, 51, 51, 53, 59, 99, 132, 148,

226

family of, 384

�ctitious, 96

�nite, 45, 49, 58, 94, 97, 135, 204, 368

�nitely repeated, 149, 151, 157, 159, 164, 167,

183, 191, 246, 295, 322

n-stage, 317
asymptotic value of, 273

large, 380, 381

limit of, 437

long, 150

optimal strategies in, 263

sequence of, 261

generalised convex, 42

Gleason's, 192

in�nite, 79

in�nitely repeated, 24, 105, 151, 163, 183, 185,

227, 283, 356, 380, 384

general, 165

general model of, 435

maxmin, 273, 283

minmax, 273, 283, 379

value, 190

length of

�xed, 318

limit

construction of, 368

linear, 52, 53, 53, 56, 59, 63, 73, 88, 434

countably, 63, 88

non-, 53, 56

lower-, 276

matrix, 3, 34�36, 102, 191, 298, 312, 315, 385

one-shot, 356

symmetric, 31

value of, 385

mixed extension of, 3, 3, 12, 21, 48, 49, 388

bi-linear, 21

separately continuous, 21

multi-move

discounted, 172

multistage, 90, 90, 92, 93, 97, 98, 99, 434

�nite, 147

framework of, 99

stationary, 147

non-cooperative, 3, 147

non-revealing, 187, 192, 192, 193, 247, 297,

309, 312, 315, 384

non-zero-sum, 151, 218

�rst approach to, 437

normal form, 3, 3, 49, 52, 58, 105, 132, 149,

150, 152, 175, 183, 317, 350, 361

normal form of, 55

one-shot, 162, 163, 166, 172, 175, 177, 187,

192, 193, 205, 222, 273, 281, 327, 330, 352,

361

approachability in, 135

auxiliary, 361

class of, 327

equilibria of, 151

normal form, 174, 388

value of, 287, 371, 379, 396

open, 80

perturbed, 44

play of, 156

polyhedral, 31, 31�32, 35�36

polynomial, 29

positive, 350

probability of stopping

strictly positive, 436

rational, 42

algebraic solution of, 42

recursive, 175, 176, 177, 341, 347, 350

applications of, 177

value of, 176

reduced, 177, 318

repeated, 51, 105, 132, 137, 147, 148, 151�153,

162, 178, 184, 188, 191, 192, 276, 327

applications to, 435

asymptotic behaviour of, 26

basic aspects of, 160

general, 350

general model of, 147

zero-sum, 323

ruin, 178, 178

Selten, 132, 132, 435

semi-canonical, 324

sequential, 318
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set of, 221

stochastic, see stochastic game

symmetric two-person �, 41, 46

zero-sum, 29

symmetries of, 39, 312

topological, 86, 434

tree, 56

true, 136

two-person, 46, 138, 166, 175

two-stage, 183

two-state, 263

undetermined, 80

undiscounted, 437

upper-, 276

usual sense of, 131

value of, 11, 17, 19, 23, 35, 42, 83, 84, 88, 97,

104, 105, 133, 134, 150, 150, 151, 160, 161,

175�179, 185, 190, 191, 202, 220, 228, 246,

263, 273, 287, 299, 303, 305, 309, 318, 328,

329, 345, 351, 352, 356, 359�362, 368, 372,

379, 382, 388, 392, 393, 396, 397

asymptotic, 244

existence of, 133, 351, 359, 397, 436, 437

positive, 179

unambiguous, 20

vector pay-o�, 131, 132

with constrained strategies, 434

without value, 87

zero-sum, 3, 3, 42, 45, 46, 56, 85, 95, 97, 105,

132, 149, 149, 150, 152, 154, 156, 157, 164,

177, 183, 187, 296, 343, 398, 436

one-shot, 132

general replies, 64

generality

level of, 246

graph

K-analytic, 426

closed, 349

compact, 293

projection from

continuous, 425

guaranteeing, 262, 277, 283, 287

Hahn decomposition, 14

Harsanyi doctrine, 90

Harsanyi's approach

formal expression of, 116

Hausdor�, 10, 13, 18, 78

heuristics, 237, 239

history, 73, 79, 85, 88, 152, 160�166, 172, 173,

179, 186, 195, 204, 214, 219, 221, 222, 234,

253, 264, 277, 284, 292, 318, 330, 347, 351,

354, 385, 398, 402�405, 413, 414

n-
J-tuple of, 292

II-, 186, 187, 195, 197, 198, 217

actual, 163

all possible

average over, 189

blank

strategies on, 361

conditioning on, 400, 404

cycle of, 165

empty, 165

even, 82

expectation over, 243

�ctitious, 327

�rst stage, 342

independence of, 228

inductively de�ned, 403

minimal, 161

odd, 318

past, 73, 82, 165, 410, 414

fuction of, 204

function of, 341

knowledge of, 177

probability distribution on, 62, 64, 154, 222,

385

set of, 52, 61, 62, 79, 85, 148, 185, 224, 264

transition probability from, 327

vector pay-o� function on, 198

homeomorphism, 40, 107�109, 111, 112, 114,

115, 428

a�ne, 136

canonical, 108, 110, 132

unique system of �s, 108

homogeneity, 11

homomorphism

algebra-, 75

of rings, 73

homotopy, 40

invariance, 47

hull

comprehensive, 205

convex, 34, 203

convex, 44, 225, 331

closed, 364, 365, 416

extreme point of, 360

interior of, 322

hyperplane, 5, 102, 433

closed, 5

supporting, 190, 200, 253, 254, 307, 373, 376,

399

image, 59, 225, 410

analytic, 425

continuous, 422, 425, 426, 430

Hausdor�

compact, 39

continuous, 425

inverse, 62, 425, 431

linear, 205
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measurability of

universal, 431

one-to-one, 425

continuous, 422, 429

linear, 412

open

continuous, 424

image measure, 75, 126

density w.r.t., 292

regular, 78

improving mapping

explicit construction of, 433

inclusion, 112, 427�429

incomplete information

about play, 435, see imperfect information

games with, 95, 101, 122, 131, 142, 435

modelling of, 116

repeated, 147, 152, 183

standard form, 132

models of, 129

basic concepts of, 107

on opponents' pay-o� function, 418

situation of, 119, 131

zero-sum games with, 132

incomplete information on 1 side, 117

non-zero-sum games with, 98, 100

non-zero-sum repeated games with, 397, 397,

410, 418, 434, 437

equilibria, 397

zero-sum discounted games with, 261

zero-sum games with, 183, 391, 396

zero-sum repeated games with, 183, 190, 191,

192, 219, 225, 236, 244, 256, 260, 287, 289,

291, 305, 318, 373, 413, 434

full monitoring, 185

zero-sum stochastic games with, 359, 371, 379,

379

incomplete information on 1 1
2 sides, 117

zero-sum repeated games with, 318

incomplete information on 2 sides

dependent, independent, inconsistent, 118

non-zero-sum repeated games with, 419

zero-sum games with, 184, 302

zero-sum repeated games with, 246, 273, 359,

397, 417

dependent case, 318, 319, 322

independent case, 305, 307, 317, 322

probabilistic structure of, 277

state-dependent signals, 51, 53, 179, 356,

371

symmetric case, 359

incremental information, 54, 63

independence

conditional, 280, 281, 291

measure of, 275

induction

assumption by, 318

computation by, 186

deduction by, 318

de�nition by, 314, 334, 387, 408

hypothesis, 240, 247, 251

proof by, 228, 239�241, 243, 251, 256, 259, 262,

265, 303, 322, 348, 352, 356, 359, 395, 403,

433

step, 228

inequality

Cauchy-Schwartz, 250, 300

functional, 301, 303

Hölder's, 264, 284

Jensen's, 189, 239, 275, 375, 384, 402, 410,

411, 414, 415, 417, 418

application of, 283

recursive, 243

system of, 232

linear, 340

triangle, 275, 327, 337

in�mum, 407

in�nite support

probability distribution with, 211

in�nite tree, 79

information, 174, 185, 204, 221, 235, 257, 277,

278, 298, 324

σ-�eld of, 151, 192

additional, 235, 296

amount of, 284

buying of, 277

collection of, 192

complete, 379

game with, 117, 162, 195

situation of, 117, 193

exhaustion of, 264, 413, 436

imperfect, 435

in�nite games, 83

incremental, 90

initial, 147, 151, 153, 160, 218, 274, 277, 289,

321, 323, 359

independence of, 160

loss of, 142

measure of, 284, 436

non-available, 256

non-trivial, 277

partition, 149

perfect

case of, 339

in�nite games, 79

private, 107, 117, 139, 156, 218, 287, 410, 413

exogenous, 142

initial, 219

public, 117

revealed, 304
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amount of, 195

semi-standard, 171

correlated equilibrium with, 173

symmetric, 56

transmission of, 152

trivial, 173

information incentive, 193

information lag, 147, 153

two-move, 160

information scheme, 122, 122, 122, 129�131,

134�136, 138�140, 157

canonical, 132, 134, 138, 141

canonical distribution of, 140

information set, 51

information transmission

channel for, 185

games of, 100, 100, 438

initial condition, 395

initial position, 51, 90

selection of, 56

injective, see function, one-to-one

inputs

set of, 408

integers

positive

set of, 388

integrable, 336, 338

Bochner-, 77

equivalence classes of, 77

continuous, 337

Pettis, 76

scalarly well �, 78

integral

of bounded continuous functions, 6

lower, 14, 37

lower semi-continuous, 294

integrand

jointly continuous, 295

interior, 207, 218

empty, 87, 398, 399

non-empty, 218

relative

disjoint, 8

interpolation

linear, 210, 311, 313, 314, 337

interpretation

heuristic, 368

probabilistic, 235

intersection

countable, 421

strategy in, 221

intervals

closed

paving of, 421

�nite union of, 340

invariance

under addition of constants, 226

time shift, 147

inverse

point

compact, 424

irrationals

closed subspaces of, 425

continuous images of, 425

continuous open images of, 424

isometric aspect, 77

isometries

canonical

existence of, 77

isometry, 78

isomorphic

Borel, 63

isomorphism, 115, 426, 427

Borel, 131, 140, 228, 293, 426, 429

measurable

universally, 431

iteration, 72

Jensen's inequality, 37, 207, 208, 231

joint measurability, 61

K-analytic, 112, 114

stability under capacity operations, 423

kernel, 31, 76, 77, 421

equivalence classes of, 76

positive, 175

knowledge

public, 160, 168, 195, 434

signal, 205

Künneth's formula, 48

lattice, 10, 30, 137, 210, 264

Banach

isomorphisms of, 78

vector, 302, 302

law

entrance, 156

induced, 405

law of large numbers, 200

lemma

Farkas', 28, 31

Fatou's, 12, 16, 217, 324

Urysohn's, 49

Zorn's, 8, 45, 74, 137, 206, 223, 228

level

individually rational, 151

type-dependent, 375

lifting, 73, 74, 74

Borel-measurable, 75

linear, 74, 74

convexity of the set, 74
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set of all, 74

strong, 74

linearity of, 76

operator interpretation of, 76

strong, 74, 78, 79, 113, 126

lim vλ, 368
lim vn, 368, 380, 384
existence of, 436

guaranteeing, 381

limit, 113

Banach, 24, 26, 152, 218, 288, 323, 400, 409

canonical, 26

Cesàro, 149, 175

Hausdor�, 109

medial, 25

point-wise, 13, 91

convex hull of, 332

projective, 81, 108, 109, 111, 112, 115, 124,

141

uniqueness of, 112

uniform, 136, 303

weak�, 144

weak�-, 332

line

equation of, 316

interior

unique, 316

linear complementarity problem, 41

linear function, 31, 36, 143, 184, 196, 204, 216,

218, 227, 247

I-, 318
II-, 318
continuous, 133, 411

piecewise, 184, 223, 226, 227, 314

supremum of, 143, 233

linear function combinations of, 125

linear inequality

strict, 30

weak, 30

linear program, 31, 31�32, 35�36

�dual� of a, 32

linearity, 59

assumption of

need for, 53

direction of, 308

piecewise, 315

Lipschitz, 6, 36, 144, 205, 230, 294, 337, 338

condition, 337

constant, 30, 137, 214, 222�224, 228�230, 233,

258, 293, 294, 323, 336, 367, 416

Lipschitz condition, 12

Lipschitz functions, 12, 30, 31, 38, 184, 187, 193,

196, 197, 205, 208, 214, 216, 220, 222�224,

231, 249, 254, 306, 336, 360, 374

n-, 351

bounded, 143, 223

class of, 223

concave, 214, 215, 295, 296

continuous, 360

convex, 224, 295

decreasing sequence of, 206, 207

set of, 137

uniformly, 298, 299

locally compact, 10

log-convex, 211, 211

lottery, 95, 134, 183, 184, 187, 188, 216, 277, 282,

284, 285, 298

k-dependent, 183
initial, 153

joint

general, 98

jointly controlled, 95, 402, 403, 404, 437

construction of, 399

general, 97

move dependent, 147

outcome of, 184, 277, 278

announcement of, 281

result of, 277

type-dependent, 288

type-independent, 288

Louveau

theorem of, 428

lower semi-continuity, 11, 12, 18, 22, 38, 142,

144, 145, 222, 294, 324

left-, 22

property of, 143

uniform, 230

lower semi-continuous functions, 4, 7, 9, 12, 13,

17�19, 49, 83, 134, 136, 221, 222, 227, 292�

294, 296, 329, 360

bounded, 109, 293

convex, 136, 142, 145

real valued, 294

sequence of, 293

Lusin-measurability, 6, 6, 7

majoration, 208, 210, 231, 258, 373, 385, 401

majorator

a�ne, 372

majorisation, 384

map

Borel, 71, 75, 77, 78, 124

surjective, 141

evaluation, 230, 294

identity, 92, 130

inclusion, 228, 230, 293

image of, 294

linear

continuous, 77, 143

positive, 75, 76

maximal, 139
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measurability, 294

one-to-one, 167, 298, 382

open, 87

projection, 109, 117, 130, 134

proper, 424

quotient, 130, 131

range of, 324

scalarly measurable, 77

to space of continuous functions, 20

map, mapping, see function

marginal, 136

�xed, 143, 144

product of, 122, 274

set of, 136

uniform, 155

Markov chain, 58, 347

induced, 348

martingale, 105, 186, 187, 240, 243, 256, 284,

286, 384, 400, 401, 404, 405

(Fn)-, 405
n-, 239
∆(K)-valued, 412
bounded, 239, 400, 401

construction of, 240

converging, 400

general result about, 239

inductively constructed, 240

strong law of numbers for, 105

uniformly bounded, 186

mass, 230

Dirac, 380

matching pennies, 212, 213, 215, 216

matrix, 226, 258, 261, 290, 298, 302, 305, 309,

359, 379, 384, 396

2× 2 pay-o�

�nite set of, 388

absorbing boxes of, 347

antisymmetric, 29

average of, 371

correlation, 174

description by, 379

family of, 361

�nite

replacement by, 396

pay-o�, 164, 187, 194, 195, 219, 224, 226, 236,

244�246, 253, 256, 257, 262, 289, 309, 312,

315, 318, 319, 321, 341, 343, 371, 391, 392,

417

expected, 223

�nite collection of, 359, 361

function of, 419

in�nite, 396

real, 46

transformations to, 245

vector, 397

signalling, 138, 194, 202, 219, 221, 246, 247,

256, 257, 273, 281, 291, 320, 359, 371

games with state dependent, 371, 379

public, 174

size of, 433

space of, 234

zero-free, 179

maximisation

domain of, 267

maximiser, 183, 190, 202

maximum, 231, 247, 254, 261, 268, 269

global, 271

obtaining upper bound for, 271

local, 269, 271

sum of, 225

term by term, 224

unique, 255

upper bound at, 271

maxmin, 3, 81, 150, 155, 185, 277, 283, 296, 298,

312, 323, 350, 363, 375, 379, 380, 384, 393,

437

algebraic, 393

characterisation of, 283

existence of, 375

expression for, 375

minoration of, 176

mean

Cesàro, 370

measurability, 12, 17, 18, 21, 37, 283, 329, 409

µ-, 122
assumption of, 65

Borel, 122, 411

conditions of, 352

Lusin, 6

problems with, 17

proof of, 348

properties, 79

standard, 324

symmetric case of, 17

universal, 122

measurable

Borel, 69, 75, 122, 351, 423, 426, 427, 429

measurable function, 14, 55, 60, 61, 61, 62, 67,

89, 91, 113, 125, 149, 156, 157, 324, 331,

379, 426, 428, 429, 431

T II-, 417

U -, 353, 354

H̃ I
n-, 278

µ-, 6, 14, 20, 37, 49, 429
Borel, 79, 126, 230

bounded, 21, 26, 60, 83, 155, 328, 329

composition of, 332

decreasing sequence of, 331

E�rös, 428

expectations of, 411
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�nite collection of, 275

lower semi-continuous, 329

maximal, 224

monotone class, 15

one-to-one, 425, 426

positive, 60

real valued, 12, 327, 330

set of, 65, 375

step, 63, 77, 96, 133, 428

completion of, 77

isometry on, 77

measurable, 77, 275

sequence of, 123

uniformly bounded, 362

unique system of, 116

universally, 69, 71, 78, 108, 115, 116, 429, 429,

429, 431

bounded, 76

inductively de�ned, 73

non-negative, 120

measurable map

Q-, 122
E i-, 124
µ-, 79
scalarly-, 76

measure, 332

τ -smooth, 430
absolutely continuous, 143

arbitrarily large, 429

asymptotic, 363

atomic

positive, 381

barycentre of, 35

Borel, 78

bounded, 426

family of K positive, 379

regular, 13, 75, 76, 110, 255, 426

bounded

countably additive, 423

non-negative, 143

set of all, 230

canonical, 295

convergence in

topology of, 15

counting, 300

dilatation of, 232

disintegration of, 79

ergodic, 349

Haar, 154, 155

image, 113, 124, 140, 297, 324

regular, 78, 79, 113, 122, 125

support of, 126

inner, 37, 111

invariant, 349

set of, 349

Lebesgue, 23, 26, 49, 55, 61, 63, 67, 379, 381

limit in, 16

mutually singular, 297

non-negative, 14

bounded, 292

norm of, 264

outer, 38, 423, 431

positive, 49, 274

bounded, 23, 226

set of, 375

probability, 7, 14, 17, 34, 138, 226, 230, 283,

292, 293, 297, 424, 431

Borel, 142

consistent, 122

full, 64

inducement of, 431

initial, 323

regular, 20, 24, 39, 109, 112, 293, 428

regularity of, 430

simplex of, 276

space of, 63, 132, 429

space of all, 223

uniquely determined, 142

product, 7, 122, 323, 362

regular, 19

Radon

non-negative, 58

regular, 6, 6, 6, 7, 8, 21, 108, 125, 126, 230

bounded, 20

non-negative, 34

regularity of, 6, 137

space of, 78

vector, 226, 332

measure theory

complements on, 428

mechanism

coordination, 434

member

right-hand, 208, 212, 214, 231

message, 221

device, 413

future, 417

past

function of, 414

set of, 408

string of

corresponding, 222

metric

complete, 424

Hausdor�, 30

separable, 6

metrisability, 12, 113, 113

metrisable, 18

minima, 227

minimal elements
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set of, 137

minimiser, 263

right hand side, 202

minimum

unconstrained, 248

minmax, 3, 81, 83, 150, 169, 185, 277, 283, 288,

293, 312, 323, 348, 352, 363, 371�373, 379,

380, 385, 388, 393, 395, 396, 437

algebraic, 393

characterisation of, 283

computation of, 436

de�nition of, 372

existence of, 361, 388, 436

proof of, 371

geometric approach to, 395

guarantee of, 288

level, 162

minoration, 213, 223, 224, 228, 230, 366, 375,

378, 384, 417

mixed strategies, see strategy, mixed

model

�sequential expectation�, 435

extensions of, 359

true extensive form, 69, 70

modi�cation

δ-, 203
moment

�nite, 105

�rst

�nite, 216

second

�nite, 216

second-order, 102

monitoring

full, 147, 162, 163, 185, 185, 247, 359, 371,

379

assumption of, 187, 246, 305, 397

case of, 190�192, 194, 198, 246, 248, 253,

304, 436

game with, 195, 236, 244, 250, 253, 262, 263,

302

games with, 193, 304

omission of assumption of, 191

partial, 165

perfect

statistically, 226

statistically perfect, 297, 298

both sides with, 324

game with, 323

restriction of, 323

monotone, 219, 231

monotone (decreasing) class, 14

monotone class, 15

argument, 60, 115, 123�125, 411

monotonicity, 10, 36, 177, 207, 211, 216, 226,

252, 256, 294, 302

assumptions of, 141

particular case of, 138

properties of, 140

property of, 140

requirements of, 132

strict, 209

monotonicity of vn, 256, 257
morphism, 110, 116

unique, 110

universally measurable, 116

move, 149, 153, 155, 164, 168, 185, 217�219, 247,

256, 257, 262, 273, 291, 327, 364, 399, see

also choice

σ-�eld generated by, 278

actual, 147

arbitrary, 403

chance, 132, 183, 263

initial, 187

choice of, 178, 318, 401

communication through, 166

correlated, 166, 397

couple of, 359, 398

current, 147

distribution of

empirical, 404

empirical frequency of, 387

exceptional, 363, 366, 393

uniformly distributed, 362, 363

�nite set of, 154

�nitely played, 363

�rst

conditioning on, 262

frequency of

average, 387

empirical, 382

function of, 329

independence of, 379

independently selected, 157

mixed, 59, 173, 185, 187, 195, 197, 198, 202,

235, 237, 263, 342

average, 186

cycles of, 165

equivalence classes of, 169

�rst stage, 251

optimal, 189, 253

pair of, 261

set of, 192, 343

uniformly, 248

vector of, 163, 186

non-absorbing, 385

non-revealing, 175

set of, 247, 359

observation of, 375



470 SUBJECT INDEX

optimal, 245, 250

uniformly, 244

unique, 245

pair of, 175, 277, 291, 343, 403

last, 279

partition on, 166

past, 72, 221, 263

previous, 263, 327

independence of, 389

pure, 164, 169, 170, 173, 192, 199, 203, 235,

237

n-cycles of, 403
choice of, 235

�rst, 235

optimal, 245

pair of, 304

vector of, 163

random, 168, 171, 364

recommended, 409, 414

relations between, 166

restriction on use of, 318

revealed, 175

revealing, 168

existence of, 175

sequence of, 185, 193, 380, 383, 387, 409, 415

speci�ed, 402

set of, 93, 175, 257, 261, 320

�nite, 148, 350

sets of

�nite, 317

signals on

games with no, 350

simultaneous, 175, 413

singular, 368

unannounced, 350

uniform, 250

uniformly optimal

strictly mixed, 245

uniformly spread, 366

vector of, 148, 155, 164, 171, 330

multicapacity, 423, 423, 423, 424

Nash

�rst proof of, 433

natural tree structure, 59

nature, 131, 219

choice of, 101

initial choice of, 278

mixed strategy of, 292, 292

move of, 59, 435

moves of, 56, 65, 350

restrictions on, 67

neighbourhood, 119, 423

ε-, 171
basis of, 7

closed, 230

compact, 9

disjoint, 6

interior of, 58

open, 143, 233

neighbourhood of zero, 234

neighbourhoods

Baire

basis of, 123

basis of, 9, 227�229, 422, 424

compact

basis of, 10

�lter of

trace on, 293

open

basis of, 125

decreasing net of, 21

decreasing net of all, 74

polars of, 78

net

decreasing, 9, 75, 113

uniformly bounded, 74

increasing, 113

ultra�lter on, 332

of functions

decreasing, 223

increasing, 223

no value

examples with, 393

node, 402

reference

�xed, 403

nodes, 403, 434

histories to

mapping from, 403

transition between, 402

noise, 332

noisy channel, 415

non-Bayesian players, 260

non-expansive map, 9, 176, 177, 253, 254

monotone, 302, 303, 356

non-expansiveness, 255

non-monotonicity

property of, 140

non-monotonicity of vn, 256
non-polyhedral case, 29

non-revealing

de�nitions of, 274

norm

convexity of, 275

maximum, 234, 254, 276, 345

uniform, 223, 228, 234, 360, 416

number

natural, 381

ordinal, 351

occurrence
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expectation of, 383

open covering, 87, 233, 422

�nite, 230, 425

extraction of, 233

operation

Souslin, 85

operations research, 40

operator

beliefs-, 119

concavi�cation, 79, 140

variant of, 141

conditional expectation, 137

contracting, 329

convex hull, 406

expectation

conditional, 412

iterated, 140

knowledge, 119, 127

monotonicity of, 303

non-expansive

monotone, 303

on bounded functions, 159

smoothing, 137

value, 9

operator Ψ
properties of, 345

operator V
properties of, 360

opponent

�ctitious, 413

informed, 414

move of, 347

optimality

ε-, 84
oracle system, 435

order

cyclic, 160

lexicographic, 427

ordered �eld, 37, 41

real closed, 26

ordinal, 80

countable, 82, 88

limit, 428

orthant

positive, 218

outcome

random, 222

outcomes

σ-�eld generated by, 278

distribution of, 404

distribution on, 174

feasible

set of, 434

outline

heuristic, 400

parabola

maximum of, 269

parallelepiped, 35

parameter

state, 318

time dependent, 149

part

atomic, 394

partition, 96, 99, 131, 165, 273, 280, 295, 297,

318, 363, 382, 421

C -measurable, 52

Borel, 144, 229, 230

�nite, 294

continuous, 233

countable, 139

�neness of, 171

�nite, 317

formation of, 280

information, 186

measurable, 54, 60, 65

countable, 63

�nite, 144

player

measurable extension of, 68

natural, 62

private, 156

product, 171

uniform, 380

partition elements

maximum diameter of, 222

partitions

Borel

increasing sequence of, 222

countable

increasing sequence of, 38

measurable

increasing sequence of, 324

measurable �nite

increasing sequence of, 129

past

far-away

in�uence of, 327

full information of, 413

in�nite, 327

non-absorbing, 343, 350

whole, 279

past gamble experience, 199

past history, 61

path

equilibrium, 342, 400

feasible, 70, 72, 162

initial, 381

length of, 386

measure on, 381

pattern



472 SUBJECT INDEX

signalling

symmetric, 359

paving

smallest, 421

pavings

operations on

string of, 421

pay-o�, 22, 32, 34, 40, 41, 43, 44, 49, 131�133,

260, 261

absorbing, 175, 176, 341, 342, 343, 345, 346,

360, 371, 378, 379, 384, 388

error on, 387

expected, 383

game with, 360

minimisation of, 373

achievement of, 381

actual, 105

admissible

feasible individually rational, 341

asymptotic, 361, 362, 381, 398, 400, 401

average, 134, 153, 192, 288, 367, 386, 387, 403,

405, 409

approximation of, 383

asymptotic, 352

expected, 283, 298, 370

majoration of, 384

random, 223

time, 381

bounded

uniformly, 226

closest possible, 261

component of

absorbing, 372

non-absorbing, 372

computation of, 366, 383

concave

upper semi-continuous, 135

conditional, 188, 397

constant, 341, 382

continuous, 151

correspondence

games with, 49

cumulative excess of, 259

current, 147, 157, 159, 341

decomposition of, 355, 390

deterministic, 153

equilibrium, 45, 49, 151, 152, 163, 167, 171,

173, 342, 343, 406, 409, 437

L-, 167
L-communication, 412
ε-, 152
canonical, 416

communication, 152

completely mixed, 49

correlated, 152, 173

maximal, 342

Nash, 331, 333

uniform, 165, 169

expected, 58, 133, 134, 153, 158, 185, 188, 196,

204, 205, 237, 261, 262, 340, 361, 372, 381,

384, 386, 391, 405, 412, 416

average, 150, 151, 190, 369, 387

computation of, 377

conditional, 242, 282, 286, 361, 398

conditional future, 400

constant, 151

future, 172, 345

majoration of, 197

maximal, 135

per bloc, 405

single stage, 339

expected cumulative

conditional, 237

feasible, 162, 163, 172, 342, 389

non-revealing, 399

�ctitious, 217

�rst stage, 250

expected, 237

future, 330, 404

guarantee of, 322, 323, 346, 347, 350, 352, 360,

366, 371, 372, 377, 378, 381, 384, 387, 388,

391, 396

guaranteed, 160, 339

gurantee of, 188

individual rationality of

condition of, 401

individually rational, 163

feasible, 342

individually rational (i.r.), 163

induced, 392

inducement of, 400

integral, 40

irrational, 40

limiting average, 163

limsup, 351

Lipschitz, 43

lower semi-continuity of, 142

matrix, 40, 44

maximal, 187, 342, 391

minmax, 44

minoration of, 364

non-absorbing, 345, 350, 374, 384, 387

expected, 383

non-convergent, 179

non-individually rational, 342

non-normalised

future, 329

normalised, 333, 342

observable, 169

past, 322
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random, 212, 291

rational, 94, 100, 102

real, 398

recursively de�ned, 153

revealing, 356

separable, 44

stage, 152, 158, 163, 175, 402, 403

average, 191

expected, 163, 389

expected average, 202

state

average of, 388

state independent, 151

tomorrow's, 328

total, 158, 165, 172, 355, 401

undiscounted, 344

unexpected, 261

uniformly bounded, 334, 348

vector, 102, 105, 131, 148, 153, 198, 219, 224,

235, 291, 327, 375, 397, 399, 401, 409, 413

k-, 398
average, 201, 234, 253

conditional, 400

estimated, 203

expected, 235, 397

full, 222

majoration to, 201

non-random, 291

random, 291

strategy that approaches, 373

upper bound for, 227

well de�ned, 344

pay-o� for the future

choice of, 328

pay-o� function, 3, 3, 16, 23, 24, 31, 39, 44, 45,

49, 51, 57�59, 85, 89, 91, 96, 103�105, 122,

132, 147, 149, 150, 175, 183�185, 192, 219,

220, 222, 291, 295, 296, 327, 328, 337, 353,

356, 361, 375, 412, 413

ambiguity of, 409

analytical, 42

bi-af�ne, 36

bi-linear, 36, 183

Borel, 84, 85

bounded, 331

continuity of, 96

continuous, 39, 44, 96, 331

joint continuity of, 16

jointly uniformly continuous, 23

measurable extension of, 68

normal form, 56

polynomial, 57

rational, 42, 58

space of, 40

uniformly bounded, 183, 330

upper analytic, 351

upper semi-continuous, 48

vector, 175, 291

pay-o� range, 150

pay-o�s, 148

(random) vector

game with, 222

absolute value of

bound on, 184

maximum, 223, 340

absorbing

matrix with, 379

actual, 217

barycentre of, 169

communication equilibrium

set of, 438

comparision of, 369

convex combination of

�nite, 171

correlated equilibrium

set of, 438

discounted

limit of, 344

distance between, 188

EJP

completely revealing, 418

equilibrium

convex combination of, 332

public perfect, 435

set of, 99, 152, 163, 166, 172, 341�343, 399

structure of, 435

expected

sum of, 342

feasible, 348

set of, 419

set of all, 331

sets of, 341, 348

feasible and individually rational

set of, 163, 163

feasible individually rational

set of, 171

�nite set of, 153

individually rational

set of, 167

maximum di�erence between, 258

Nash equilibrium

set of, 332

set of all, 331

non-random, 233

random, 216, 234

separability of

additive, 204

sequence of, 84

set of, 331, 409

convex hull of, 162
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stage

sequence of, 149, 150

sum of, 350

stream of, 148, 175

subgame perfect equilibrium

set of, 172

sum of previous, 175

transition on, 148

uniform bound on, 176

uniform boundedness of, 184

uniformly bounded, 148, 162, 219, 226

vector

closed convex set of, 372

game with, 190, 201, 205, 218, 234, 235, 291

history of, 219

joint distribution of, 291

set of, 373

sets of, 375

space of, 233

perfect information, 79

assumption of, 83

case of, 339

game with, 54, 85�87, 348

normalised form of, 339

stochastic, 349, 350

games with, 84, 434, 437

normal form of, 339

perfect recall, 52, 59�61, 64, 64, 66, 66, 67, 67,

70, 90, 99, 149, 434

assumption of, 55, 61, 65, 99

assumptions of, 67

e�ectively, 53, 54, 55, 72, 72, 73, 89, 90, 148

game with, 54

essentially

game of, 203

game with, 83

game without, 89

games with, 54, 61, 63, 99

games without, 99

strong sense of, 67

stronger form of, 67

personal device, 92, 93

perturbation

ε-, 196, 197
perturbations

sequence of, 173

phase

checking, 174, 175

punishment, 172

report, 174, 175

Picard's contraction principle, 159

plan, 163, 163, 163, 172

joint, 397, 397, 437

completely revealing, 419

equilibrium, 398

exhibition of, 398

non-revealing, 398, 399

master, 403

consistency with, 403, 405

plane

real

function on, 307

play, 148, 164, 165, 171, 175, 176

�feasible�, 60

�very revealing�, 187

cyclical order of, 156

device-independent, 414

feasible, 56, 57, 65, 72, 79, 149

�rst stage, 257

future, 147, 157

non-revealing, 187, 375, 398, 403

asymptotic, 400

optimal, 402

non-terminating, 179

optimal, 237, 242, 261, 298, 322, 377, 378, 401

player, 3

�pseudo-�, 69

approached, 323

approaching, 323

behaviour of, 378

cheating, 400, 405

controlling, 341

deviating, 403

dummy, 60, 99, 150, 163, 198, 339, 401

�ctitious, 72

informed, 185, 191, 247, 318, 413

more informed, 388

passive, 340

uninformed, 185, 190, 192, 202, 236, 256, 260,

263, 318

optimal strategy for, 198

untruthful, 416

players

asymmetry between, 277

ranking of

cyclical order, 155

set of

�nite, 148

symmetry between

complete, 323

plays, 150

distribution on, 353

in�nite sequence of, 147

measurable space of, 186

probabilities on

set of, 354

set of, 52, 79, 186

space of, 157

point

(σ(L∞, L1))−limit



SUBJECT INDEX 475

weak�, 217

admissible, 170

extreme, 164, 170, 171, 193, 205, 207, 222, 226,

287, 291, 296, 340, 348, 349, 386, 412

existence of, 386

�xed, 177, 328, 330, 332, 349, 428

bounded, 172

existence of, 348

unique, 327, 328

generic, 187

guarantee of, 395

initial, 170

interior, 203

isolated, 388

limit, 294, 414

weak�-, 415

maximal, 170, 411

randomly chosen, 382

rational, 262

single

convergence to, 331

threat, 162, 164, 341

typical, 281, 298

well-de�ned, 412

points

admissible

set of, 170

barycentre of, 170, 386

convex hull of, 222

compact, 205

extreme

set of, 203, 296, 411

family of

�nite, 381

limit

convex hull of, 218, 288

set of, 364

locus of, 306, 311

rational combination of, 173

set of, 395, 407

guarantee of, 395

Poisson distribution, 26

polyehdral case, 225

polyhedra, 5

compact, 30

convex hull of, 30

product of, 58

convex

compact, 58

product of, 317

convex hull of, 30

closed, 30

disjoint, 31

extreme point of, 35

product of, 29

structure of, 29

sum of, 29

polyhedron, 32, 223

compact, 5, 30, 38

admissible point of, 45

convex, 184, 317

closed, 29, 273, 276

compact, 38, 57�59, 89, 91, 94, 203

convex combination of inequalities of, 29

dual of, 29

extreme points of, 220

non-empty, 249

one-point, 36

projection of, 29, 184

strategy, 36

convex, 57

sub-, 220

triangulation of, 220

polynomial

function, 57, 58

homogonenous, 57

polynomials

cone of, 44

position, 51

initial, 160

terminal, 51, 54

positions

set of, 79, 80

sets of

disjoint, 177

positively homogeneous, 9

power-expansion

everywhere convergent, 210

precompactness, 16

preferences, 147

principle

�contraction mapping�, 327

contraction

use of, 328

prior distribution

common, 107

Prisoner's Dilemma, 164

private information, 90

games with

universal beliefs space in, 142, 142

probabilities

conditional

martingale property of, 415

sequence of, 186

consistent

decreasing net of supports of, 121

set of, 133

support of, 361

supports of, 121

family of, 397
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independent

product of, 168

marginal

product of, 323

polyhedron of, 340

posterior

computation of, 377

convergence of, 375

martingale of, 374

martingale property of, 418

sequence of, 264

prior

simplex of, 274

product

set of, 305

subset of, 305

projective system of, 115

regular

induced map between, 113

product of, 117

projective system of, 109

set of

dominated, 329

simplex of, 276

space of, 130

transition

composition of, 61

convergence of, 76

sequence of, 62, 93

set of, 284, 323

space of, 293

strong continuity assumption on, 329

vector of, 388

probabilities with �nite support, 18

probability

P -transition, 64
H̃ I
n-measurable, 282

approximation of, 366

asymptotic, 362

atomic, 52

Borel

regular, 76, 78

canonical, 158

more informative, 135

completion regular, 75

compound, 275

computation of, 391

conditional, 60, 69, 97, 107, 121, 122, 138, 161,

186, 195, 204, 225, 249, 250, 259, 275, 284,

287, 289, 305, 379, 388, 397, 418

H̃ I
n-measurable, 279

common, 122

�xed, 184

regular, 75, 411

consistent, 128�131, 135, 137, 141, 256, 435

canonical, 129, 134, 135, 138

minimal, 136

posterior, 323

unique, 127, 140

convergence in, 133, 200

topology of, 365

convergence with, 200

dense, 129

�xed, 21

independent, 168

induced, 404, 417

induction, 72

initial, 160, 279, 318, 353, 359, 361, 397, 412

inner, 37

µ-, 431
marginal, 138, 256, 275, 292, 295, 297

non-atomic

�xed, 332

outer, 37, 63, 66, 406, 430

posterior, 185, 186, 187, 193, 195, 227, 248,

253, 274, 288, 324, 359, 373�379, 398, 400,

401, 404, 412

�objective�, 203

constant, 188

current, 360, 384

prior, 120, 323

product, 165, 305

regular, 19, 22

regular, 18, 20, 39, 75, 109

strictly positive, 289

subjective, 90, 121, 128

transition, 34, 52, 61, 62, 68, 71, 72, 75, 92,

100, 101, 115, 116, 122, 130, 133, 148, 154,

175, 191, 273, 275, 278, 279, 282, 286, 287,

290, 291, 296, 300, 323, 324, 327, 328, 330,

331, 339, 340, 343, 361, 389, 410, 414, 417,

429, 430

Borel, 353

Borel measurable, 121, 122

deterministic, 350

existence of, 349

nonatomic, 331

purely atomic, 332

regular, 76, 133

universally measurable, 116, 296, 411

unique, 314

probability distribution

invariant, 34

probability measures

set of

arbitrary, 225

problem

n-dimensional moment, 57
dynamic programming

one-person, 348
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linear programming

dual, 317

value of, 318

problems

dynamic programming

results on, 437

procedure

cooperative

strategies de�ned through, 403

process

W -, 400, 400, 402

extension of, 402

inducement of, 400

decision

Markov, 339

learning, 247

separating

repeated application of, 407

product

associative, 7

countable, 121, 422, 429, 431

�bered, 112, 113, 114

scalar, 348

tensor

completed, 77

products

countable

closed under, 430, 431

pro�le

strategy

behavioural, 66

program

�dual�, 31

dual, 35

primal-dual, 36

projection, 99, 101, 121, 124, 125, 130, 141, 148,

154, 167, 193, 203, 223, 229, 274, 291, 322,

399, 416, 419

analytic, 69�71

canonical, 122

continuous, 109

inverse image of, 348

deterministic, 52

natural, 82, 109, 421

one-to-one, 426

projections

set of, 421

successive, 416

projective limit, 7

proof

analytic, 319

properties

asymptotic, 153

Lipschitz, 137

property

�Borel�, 83

asymptotic, 159

Baire, 86

bi-martingale, 400

equilibrium, 401

Hausdor�, 6

independence

conditional, 417

lattice, 302

Lipschitz, 184, 230, 233, 234, 248, 261, 276,

296, 298, 299, 307, 308, 337, 339

martingale, 384, 405

minimality, 29

separation, 407

splitting, 399

stationarity

weak, 331

subordination, 26

supermartingale, 413, 415, 417

protocol

conversation

unbounded, 406

protocol of communication, 99

protocols, 99

punishment, 163, 164, 165, 168, 173, 402�404

phase of, 165

punishment phase, 169

puri�cation, 354

quasi-convexity, 4

quasi-concavity, 4, 59

assumption of, 47

quanti�er elimination algorithm, 31

quantile

p-, 238
quotient

metrisable, 130

random walk, 212

randomisation

equal, 403

rate

discount

�xed, 331

rational

computation, 340

piecewise, 253

rational function, 58, 339

rationality

individual

requirements of, 400

rationals

set of, 425

real closure, 26

recall

function, 66, 73
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measurable, 73

perfect

assumption of, 359

recommendation, 414

recursive formula, 158, 159, 161, 175, 177, 180

regularisation, 14

Lipschitz, 223, 224, 234

lower semi-continuous, 222

regularity, 6, 120, 425

complete, 425

relation

equivalence, 426

recursive, 243

reply

good, 373

uniformly good

construction of, 381

report

initial, 412

truthful, 412

representation

canonical, 135, 157, 226, 323, 434

dimensional

�nite, 232

Selten, 438

restricted game starting from h, 318
restriction

Borel, 69

continuous, 330

Lipschitz, 219

normalised

barycentre of, 230

reward function, 332, see pay-o� function

rewarding

phase of, 165

rows

probability distribution on, 309

set of, 309

rule

stop, 352

stopping, 352

saddle point, 159

scalar, 409

scheme

canonical, 141

information, 323

Souslin, 85, 86, 421

disjoint, 421, 421

kernel of, 421, 423

semi-algebraicity, 41, 333, 340

semi-algebraicity of v∞, 253

semi-compactness

strict, 12, 48

semi-norm, 78

continuous, 78

section

convex, 306

segment

horizontal, 212

initial

�xed, 421

vertical, 212

SEJP, 399, 418

selection

Borel, 49, 232, 332

measurable, 54, 220, 233, 329, 331, 332, 349,

412, 428

B-, 428

µ-, 331
existence of, 223, 332

selections

Borel

dense family of, 351

sequence of, 428

semi-algebraic

functions, 27, 27, 202, 333

real valued, 333

separability, 74

assumption of, 65

proof of, 425

separable modi�cation, 75

separation

strict, 31

strong, 5

sequence

admissible, 46

arbitrary, 213, 217

bounded, 303

Cauchy, 77, 327, 338

constant, 318

convergence of, 321

weak�, 324

convergent, 327

point-wise, 214

converging, 327, 380

uniformly, 338

decreasing, 224, 225

limit of, 224, 231

of continuous functions, 205, 233

dense, 78, 87, 143, 229, 428

countable, 121

disjoint, 79

elements in

convex combination of, 365

equicontinuity of, 303

equicontinuous, 303

increasing, 318

uniformly converging, 303

inductively de�ned, 162

initial, 148
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length of, 385

metrisable, 126

monotonically decreasing, 303

monotonically increasing, 303

pay-o�, 191

positive

non-increasing, 401

probability of

limit in, 365

radom, 386

separable, 324

additively, 210

slowly converging, 202

stabilisation of, 425

strictly decreasing, 337

strictly increasing, 352

uniformly bounded, 16

uniformly integrable, 24, 25

weak�-convergent, 144

sequences

K-vector of, 379

probabilities of

construction of, 387

set of, 62

splitting of, 386

series

convergent, 348

absolutely, 333, 334

Puiseux

�eld of, 437

series expansion

Puiseux, 333

Puiseux-, 333

set

K-analytic, 114

µ-measurable, 7, 78, 79
µ-negligible, 72
(pseudo) metric

compact, 21

action, 63, 131, 156, 204, 276, 327, 328, 332,

397

compact, 330

compact metric, 329

�nite, 185, 220, 331, 333

�niteness of, 332

pure, 219

standard Borel, 88, 91

variable, 56

actions, 171

analytic, 69, 86, 351, 428

K-, 423, 424

negligible, 69, 69

non-negligible, 70

approachable, 102, 102�104, 104, 199, 202,

226, 227

Baire, 424

closed, 75

open, 123

bi-convex, 406, 407

smallest, 406

Borel, 6, 13, 18, 21, 22, 34, 37, 55, 60, 61,

63�65, 68�71, 75, 78, 79, 81, 82, 85, 113,

115, 116, 119, 120, 122�126, 135, 139, 143,

144, 230, 232, 293, 351, 353, 414, 422, 426,

429�431

negligible, 69

projection of, 430

bounded, 365

Cantor, 63

capacity on, 429

cardinality of, 80

characterisation of

geometrical, 406

clopen, 82, 82, 85, 431

closed, 82, 102, 104, 119, 120, 229, 293, 407,

408, 427

distance to, 408

weak�-, 89, 94

co-analytic, 69

coanalytic, 352, 428

compact, 58, 87, 113, 120, 125, 148, 223, 232,

249, 295, 303, 332, 360, 362, 380, 388, 411,

416, 423, 424, 427

closed, 7

convex hull of, 35

disjoint, 79

image of, 429

metrisable, 74

probability on, 149

projection on, 201

compactly generated, 218

closed, 289

compactness of, 13

convex, 3, 3�5, 30, 35, 37, 38, 104, 120, 218,

223, 224, 227, 230, 235, 289, 292, 296, 305,

306, 411, 416

approachability of, 235

arbitrary, 235

closed, 8, 103, 133, 218, 411

compact, 4, 5, 16, 22, 24, 39, 47, 48, 58, 136,

220, 235, 289, 293, 349, 365, 376, 382, 400,

405, 412

concavi�cation over, 139

�nite dimensional, 47

open, 29

weak�-closed, 15

convex hull of, 14, 15, 25, 31, 34, 102, 170, 171,

175, 341

closed, 103

convexity of, 120
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countable, 73

countably compact, 8

defense of, 395

dense

countable, 329

disjoint

pair-wise, 86

equicontinuous, 78, 223

equilibrium, 171

excludable, 102, 104, 104

�nite, 295, 378

index, 302

information, 31, 59, 60, 89

justi�ed

existence of, 349

Lindelöf, 425

measurable, 24, 120

µ-, 424, 431
universally, 424, 431

metric

compact, 21, 25, 74, 78, 79, 157, 349

separable, 94

metrisable, 427

minmax, 395, 396

negligible, 68, 122, 123, 126, 411

non-empty, 300

compact, 333

open, 423, 425, 431

basic, 431

closure of, 120

indicator of, 109

non-empty, 86

sub-basic, 429

partition of, 171

paving of, 421, 421, 424, 427

player, 96, 107, 131

product, 76, 122

semi-algebraicity of, 49

semi-algebraic, 27, 27, 41, 333

standard, 82, 82, 82

complement of, 82

standard Borel, 55, 60, 61, 64, 69, 73

state, 356

�nite, 258, 333

states

active, 177

strategy, 32, 62, 94, 96, 97, 131, 132, 152, 154,

193, 220, 221, 291, 296, 361, 368, 380, 382,

385, 388

compact convex, 228

pure, 53, 225, 226, 233

trace of, 68

trace on, 330

type, 100

type dependent action

product of, 131

weak�-compact, 232

weakly approachable, 104

weakly-approachable, 434

weakly-excludable, 434

winning, 80, 84, 156

set of points

convex hull of, 4

sets

µ-measurable
sequence of, 123, 126

action

product of, 131

analytic

increasing sequences of, 70, 71

preservation of, 428

basic open

�nite union of, 294

Borel

decreasing sequences of, 70

measure on, 21

probability measure on, 423, 430, 431

regularity on, 123

clopen

subbase of, 427

closed convex

polyhedra among, 31

co-analytic, 67

compact

decreasing sequence of, 221

disjoint, 10

disjoint union of, 131

product of, 130

convex

approaching, 218

separation of, 8

countable union of, 82

disjoint

pairs of, 425

sequence of pairs of, 425

disjoint convex

separation of, 433

disjoint union of, 222

locally compact, 430

�nite

increasing net of, 49

product of, 149

interiors of, 230

locally compact

disjoint union of, 131

open

base of, 80

basis of, 425

�nite union of, 431

increasing net of, 430
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sequence of, 229, 425

subbase of, 294

pavings of, 421

pooling of, 222

union of

�nite disjoint, 125

universally measurable

σ-�eld of, 353, 424, 429

sigleton, 57

signal, 90�93, 99, 100, 148, 149, 151, 152, 156,

166�170, 173, 175, 217

�blank�, 361

arbitrary, 174

deterministic, 52

encoded, 94

frequency of, 151

initial, 54, 160, 273

old

uncorrelated, 221

output, 95

partially revealing, 194

past, 72, 99

private, 122

probability distribution of, 193

public, 94, 171, 175, 332

random, 157

report of, 171

reported, 409

transmitted, 327

wrong, 168, 398, 400

signal 0

probability of getting, 368

signalling, 257

non-standard, 413

nontrivial, 173

restrictions on

omission of, 191

standard, 162, 162, 263, 304, 322, 413, 414,

419, 436

independent case with, 436

state dependent, 248

games with, 248

state independent, 246

case of, 248

trivial, 173

signalling function

natural extension of, 174

state dependent, 323

signals, 147, 148, 149�151, 153, 206, 218, 223,

225, 235, 256, 262, 273, 277, 287, 289, 290

accumulation of, 157

action which is conditional on, 409

announcement of, 165

anounced, 277

common, 248

distribution of, 148, 205

empirical, 171

distribution on, 174, 287

frequencies of

vector of, 200

game with

stochastic, 392

games with no, 359, 361, 361

hearing of, 277

history of, 204

line of, 175

maximising string of, 207

more informative, 256

old, 221

pair of, 277, 291

distribution of, 279

pairs of

J-tuple, 292
sequence of, 291

past, 203, 221

sequence of, 90

pay-o�s and

joint distribution of, 205

possible

set of, 94

probabilities of

computation of, 374

probability distribution on, 235

public

uniformly distributed sequence of, 94

random

extension to, 361

random pair of, 205

randomness of, 292

sequence of, 168, 192, 195

�nite, 167

sequences of, 91

set of, 88, 93, 235, 276, 397

common, 359

�nite, 148

sets of, 191

space of, 92

state independent, 193, 246

statistics on, 171

submatrix of, 175

transition on, 148

truthful, 413

vector of, 153

silent duel, 22

simplex, 3�5, 48, 91, 96, 163, 193, 226, 233, 284,

302, 371, 386

arbitrary functions on, 303

boundary of, 34

continuous function on, 304

extreme points of, 153
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function on, 274

in�nite dimensional, 218

interior of, 5

probability distribution on, 297

re�exion of, 34

strategy, 57

subset of, 184, 305

triangulation of, 385

simplices

product of, 59

singleton, 65, 100, 131, 142, 333

singletons

indicator functions of, 89

situations

non-consistent

occurrence of, 435

solution

�uniformly discount optimal�, 341

continuous, 361

fraction

rational, 341

measure theoretic

�purely�, 115

monotone, 179

pure strategy, 339

purely atomic, 42

strictly monotone, 179

unique bounded

system with, 392

solutions

set of all

semi-algebraic subset of, 339

Souslin scheme, 68

spacd

Banach

weakly measurable, 78

space

∗-Radon, 430
K-Lusin, 111, 124, 131

K-analytic, 111

T2, 430

τ -Radon, 111, 430, 430, 430, 431
�containing�, 52

�moment�, 44

action, 51, 61, 62, 91, 92, 142, 159, 327, 353

�niteness of, 58

a�ne, 8, 30, 32, 36, 57

analytic, 71, 141, 424, 425, 425, 426, 431

K-, 421, 422, 422, 424�431

compact, 431

subset of, 429

arti�cial, 291

auxiliary, 55, 61, 64, 72, 165, 400

Baire, 86

Banach, 15, 38, 77, 78, 253, 275, 329

beliefs, 122, 131, 141

alternative construction of, 141

canonical, 122

Blackwell, 64, 65, 353, 426, 426, 426, 427, 429

Borel, 119, 121, 296, 429, 431

standard, 328, 330, 353, 426, 426�429

Cantor, 426, 431

analytic subset of, 425, 426

universally measurable subset of, 431

choice, 3

closed, 119

compact, 9, 13, 18, 111, 113, 114, 124, 229,

293, 424

Hausdor�, 4

metrisable, 429

quasi-Radon, 125

subset of, 411, 429

subspaces of, 120

compact metric, 113, 115

completely regular, 120

conditioning, 64

consistent, 128

convex

locally, 78

countably Radon, 111

dimension of, 234

dual of, 76

embedding, 63

Eucidian, see Eucidian, space

Euclidian, 102, 276, 405

subset of, 333

existence of non-constant continuous func-

tions, 114

factor, 277, 278

�nite, 330

�nite dimensional, 219

function

classical, 74

�nite dimensional a�ne, 10

half, 385�387

defense of, 395

Hausdor�, 7, 18, 39, 74, 78, 79, 87, 107�110,

112, 126, 422�424, 428, 431, 433

compact, 47, 48, 78, 294

completely regular, 422�424

in�nite compact, 10

locally compact, 86

locally convex, 24

Lusin subsets of, 426

regular, 422, 424, 426

homeomorphic, 142

hyperstonian, 75

image, 115

compact, 123

in�nite dimensional, 38
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isometric, 77

isomorphic, 426

universally measurably, 115

Lindelöf, 425

regular, 422

linear

locally convex, 39

locally compact, 40, 427

locally convex, 78, 230

Hausdor�, 58

Lusin, 111, 126, 424, 426, 431

K-, 422, 422, 424, 425, 429

analytic, 424

Borel subset of, 426

regular, 427

subset of, 429

subspace of, 426

uncountable, 425

measurable, 14, 54, 61, 76, 116, 123, 127, 219,

323, 327, 424, 426�429

arbitrary, 289, 330

auxiliary, 79

�nite, 275

property of, 427

separable, 330, 426

separating, 330, 426

universally, 430�432

measure, 300

message, 90

metric, 119, 336

compact, 12, 21, 63, 64, 86, 129, 130, 143,

227, 229, 230, 293, 294, 324, 328, 348, 424,

426, 427, 430

complete, 86, 327, 328, 424

separable, 6, 89, 91, 94, 111, 121, 142, 144,

223, 349, 424�426, 429

metrisable, 87, 87, 119, 424, 431

Namioka, 87

natural, 156

non-countable, 431

one-point, 115

ordering on, 132

paracompact, 422

partition of, 142

pay-o�, 331

Polish, 111

polish, 21, 424, 424, 424, 427, 428, 435

Borel subset of, 351, 352

subset of, 429

position, 54

probability, 38, 64, 71, 78, 88, 90, 122, 123,

126, 129, 130, 144, 186, 275, 279, 291, 402,

405, 406, 412

abstract, 134

auxiliary, 17, 54, 61, 204

basic, 186

complete, 73

essential property of, 279

private, 88, 90

product, 23

space of probabilities on, 195

pure strategies

compact, 151

quasi-Radon, 111, 115, 116, 430, 430, 430

countably, 432

quotient, 19, 332, 426

compact metric, 113

metrisable, 18, 24, 130

Radon

countably, 430, 431, 431

range, 276

regular, 425

completely, 74

separable, 38, 68, 424, 426, 427, 429

separating, 426

signal, 51

countable, 88

partition of, 51

standard Borel, 62�68, 70, 72, 93

state, 132, 142, 156, 158, 185, 256, 273, 291,

318, 327, 328, 331, 332, 353, 397

Borel subset of, 332

countable, 350

extended game with, 349

extension of, 339

�nite, 256, 345, 347

metrisable, 329

separable, 331

supremum norm over, 334

transition on, 148

transitions on, 152

strategy, 3, 16, 17, 23, 44, 49, 132, 133, 183,

220

compact, 44, 96, 135

compact convex, 59

compact Hausdor�, 49

compact metric, 23, 44

�nite, 96

mixed, 133

pure, 58, 89, 91, 324, 409

topological, 4, 6, 7, 20, 22, 86, 107, 108, 110,

115, 421, 427

Hausdor�, 76

compact, 7, 15, 39

convex, 4, 4, 5

Hausdor�, 422

linear, 4

map from, 431

map to, 431

regularity of, 20
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topological vector

Hausdor�, 47

topologically complete, 87

type, 134

universal beliefs

construction of, 435

universally measurable, 116, 119

utility, 142

vector, 13, 28, 30, 37, 302

�nite dimensional, 28, 29, 31, 45, 306

Hausdor� locally convex topological, 5

locally convex, 24

ordered, 302

real, 28

topological, 8, 12, 47, 58

weakly closed, 21

whole

measurable extension to, 428

spaces

beliefs

sequence of, 141

union of, 122

compact

product of, 133

subsets of, 422

half

intersection of, 395, 396

Hausdor�

product of, 109

projective system of, 109

measurable

more restrictive set of, 431

product of, 274

strategy

T2-assumption on, 227

�nite family of games with same, 356

product of, 434

splitting, 264, 292, 295, 322, 418

process

cyclic, 406

splitting procedure, 184

stage, 176

behaviour at, 403

communication, 403, 405, 406

current, 176

�rst, 237, 253, 256, 261

game resulting after, 195

outcome of, 183

signals following, 194

n

stochastic, 384

normal form, 413

pay-o�, 403

signalling, 404

stage pay-o�

uniformly bounded

discounted sum of, 172

stage pay-o�s

sum of, 58

stages

blocs of, 167

revelation

number of, 419

sequence of, 408

set of, 173, 385

signalling, 437

subset of

random, 370

weight of, 385

standard Borel, 55

standard Borel restriction, 63

standard communication device, see communic-

ation device, standard

standard communication equilibrium, see com-

munication equilibrium, standard

standard devices

pure

space of, 93

state, 155, 176, 217

absorbing, 149, 177, 332, 341, 345, 350, 355

active, 176

actual, 185

completely revealed, 361

consistent, 128, 129

constant, 152

continuous

stochastic game with, 159

current, 153, 154, 157, 159, 176, 327, 329, 355

function of, 331

stationary functions of, 331

exclusion of, 257

inconsistent, 128, 129

information about, 256

collection of, 247

initial, 147, 153, 156, 175, 329, 330, 332, 350,

361

dependence on, 348

independence of, 338, 348

solvable, 353

internal

current, 347

new, 347

non-absorbing, 341

partition of, 153, 154, 156

revealed, 362, 370, 374, 377, 378

value of, 361

solvable, 352

today's, 327

tomorrow's, 327

function of, 332
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true, 153, 156, 291, 359, 397

neighbourhood of, 121

state of mind, 107, 118

state of nature, 107, 116, 122, 127, 129, 138, 147,

183, 185, 192, 203, 212, 213, 216, 218, 273,

305, 318, 319, 392, 410, 412

independence of, 273, 287

random move to choose

games with, 117

single, 233

true, 127, 298, 324, 409, 412

truthful report of, 415

unknown, 142

state of the world, 107, 107, 116, 116, 117, 118,

127, 129, 136, 319

actual, 128, 129

conceivable, 117

consistent, 126

inconsistent, 129

real, 127

true, 136

state sets

�nite

stochastic game with, 350

statement

�non-topological�, 225

conditional, 264

states, 148

absorbing

lim vn for games with, 346
auxiliary game with, 387

game with, 346, 350

games with, 343, 346, 437

set of, 343

stochastic game with, 359, 383, 386

two-person games with, 343

absording

two-person game with, 341

�nite set of, 153

probability distribution on, 253

sequence of

past, 331

set of, 153, 156, 177, 183, 379, 435

�nite, 148, 175

signals and

correlation between, 359

solvable

existence of, 352

transition on, 148

winning

set of, 154

states of nature

set of, 287, 289, 305

states of the world, 90

stationarity, 331, 345

stationary

function of history, 153, 327

step

induction, 252

inductive

main, 259

stime

stopping, 405, 406

bounded, 405

�nite, 407

Stirling's formula, 264

Stone-�ech compacti�cation, 24

stochastic game, 26, 56, 147, 150, 152, 152, 159,

327, 334, 339, 339, 350

analysis of, 433

auxiliary

leavable, 352

deterministic, 159, 350

discounted, 177, 329, 330, 334, 341, 349, 351

λ-, 333, 334, 336, 339
family of, 378

�nite, 333, 336, 339

su�ciently long, 343

�nite non-zero-sum, 330

general non-zero-sum, 330, 436

in�nitely repeated, 339

introduction of, 436

irreducible, 192, 348, 348

leavable, 352

non-zero-sum, 348

one-person, 347

one-player, 353

one-shot, 339

operator solution for, 351

repeated

�nitely, 341

in�nitely, 351

truncation of, 332

two-person non-zero-sum, 352

undiscounted, 334, 341

two-person non-zero-sum, 341

value of, 328, 329, 334, 337, 339, 347, 351, 352

existence of, 328

non-normalised, 347

zero-sum, 175, 327, 331, 334, 339�341, 343,

345, 351

value of, 343

stochastic game aspect of, 381

stochastic process, 75

stop rule, 85

stopping time, 175, 279�281

constant, 280

strategies, 148, 149

NR-, 289
ε-optimal
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existence of, 354

family of, 338

�su�cient�

compact spaces of, 227

adding convex combinations of, 219

behavioural

compact set of, 52

continuity of, 136

map to, 157

mixture of, 220

representation of, 277

set of, 133, 220

class of, 361, 372, 392

combinations of

convex, 228

conditionally de�ned, 379

constant

set of, 287

construction of, 403

convex set of, 183

correlated

pay-o�s associated to, 402

corresponding, 188

discounted

limit of, 344

dominated, 43

duplication of, 221

equalising

pair of, 382

equilibrium, 410, 415

construction of, 341

existence of, 343

equilibrium pair of, 342

equivalence of, 54

equivalent, 52

existence of

su�cient conditions for, 334

general

sequence of, 65

generalisd

random selection between, 94

generalised

equivalence of, 72

independent, 90

inductively de�ned, 381

interpretation of, 362

Markovian

set of, 353

measurability of, 332

mimicking of, 361

mixed

map from, 157

vector of, 163

non-revealing

indexation by, 389

set of, 192, 274, 287

non-separating

set of, 371

obedient

truthful, 412

optimal

asymptotic behaviour of, 151

construction of, 190, 318

existence of, 133, 179, 394, 433

extreme pair of, 35

limit of, 352

pair of, 29

precise description of, 437

sequence of, 387

set of, 373

pair of, 256, 278, 279, 281, 283, 286, 397, 412

pay-o� equivalent, 297

pure

convex combination of, 133, 221

countable mixture of, 96

joint, 93

mixtures of, 219, 220, 232

pair of, 235

point-wise limit of, 13

probability distribution over, 63, 72, 203

set of, 409

puri�cation of, 434

sequence of, 233, 352

set of, 261, 284, 355, 376, 384, 390

speci�cation of, 412

stationary

set of all, 200

stationary optimal

existence of, 437

undominated

limits of, 44

strategy

(SM∗)
stationary Markovian, 356

NR-, 290
extreme, 290

ε-optimal, 3, 9, 10, 17, 19, 23, 83
Markov, 161

non-atomic, 382

universally measurable, 352

ε-guaranteeing, 360
ε2-optimal, 11
εα-optimal, 10
(ε-)optimal, 20
(pseudo-), 70

(pseudo)-, 69

�general�, 52

algebraic, 41

approach, 226

approachability, 190, 190, 198, 288
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Blackwell's, 322

approximately optimal, 264

arbitrary, 335, 413

Bayes, 105

behavioural, 52, 52�59, 61, 61�64, 67, 69, 72,

76, 89, 93, 96, 154, 157, 158, 204, 220, 221,

226, 232, 233, 264, 277, 278, 291, 292, 331,

386

�µ-completely mixed�, 72

continuous, 133, 135, 136

�xed, 56

optimal, 298

completely mixed, 233, 264

computation of, 409

conditional, 350

constant, 103, 104, 273

construction of, 198, 369, 387, 436

correlated, 162

decomposition of, 363

discounted, 344

distributional, 76, 434

dominant, 3, 45, 185

dominated, 3, 20, 43

duplicating, 173

empirical, 47

equilibrium, 43, 45, 49, 89, 91, 92, 164, 166,

167, 171, 342, 345, 401, 404, 409, 419

L-, 400
neighbourhood of, 45

symmetric, 41

unique, 45

equlibrium, 45

expected, 384

�rst stage, 243, 318

for the future, 54, 204

general, 52, 53, 54, 54, 55, 55, 61, 63, 72

generalised, 61, 61, 62�64, 72, 92, 94, 204, 221,

231

history-independent, 253, 379

inducement of, 366

inductively de�ned, 389

initial, 171, 363

joint, 85

local

w-, 178
Markov, 176, 176, 327, 331, 346

ε-optimal, 176

stationary, 329, 330, 332, 339, 343, 344, 348,

350

Markovian, 253, 356

Markovian character of, 332

measurable, 330

A(σ,c), 351

mimicking, 414

mixed, 6, 7, 17, 19, 39, 43, 48, 52, 53, 54, 54�

57, 61, 61�63, 72, 90, 93, 96, 102, 149, 154,

203, 204, 221, 226, 231�233, 237, 292

�playable�, 19

complete, 292

completely, 233

generality of, 17

transformation of, 414

undominated, 45

with �nite support, 20

monitoring

full, 198

non-atomic, 23

non-revealing, 185, 192, 193, 194, 204, 205,

218, 221�223, 225, 232, 235, 273, 273, 274,

284, 289�291, 297, 322, 371, 384, 386, 390,

401, 404

average, 400

one-stage, 284

one-shot, 339

one-stage, 235, 273

non-revealing, 273, 273

optimal, 4, 16�18, 20, 23, 29, 31�34, 42, 83,

84, 96, 97, 133, 150, 158�160, 178, 180, 188,

190, 194, 198, 202, 205, 206, 212, 218�220,

227, 231, 232, 237, 244, 245, 250, 253, 261,

263, 282, 286, 290, 298�300, 318, 329, 341,

346, 347, 354, 355, 363, 366, 371, 373, 374,

382, 383, 386�389, 391�393

(δALkλk)-, 335, 336
η-, 363, 383
ε-, 84, 133, 134, 149, 150, 150, 151, 154,
155, 160, 177, 180, 184, 328, 334, 336, 339,

343, 350, 351, 353�355, 360, 363, 366, 368,

378, 380, 381

ε/4, 389
εC-, 377
εm-, 179
n−1-, 191

(ε/2n), 176
A -measurable, 329

asymptotically, 322

Borel-measurable, 329

construction of, 200

explicit, 190

explicit construction of, 253

�rst stage component of, 158

�xed, 195, 225

inductively computed, 379

interior, 32

Markov, 339

Markovian, 253

pure, 20, 23, 365

strictly mixed, 245

undominated, 45
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uniformly discount, 339

unique, 29, 42

optimality of, 382

pro�table

4ε, 168
ε-, 168

pseudo-, 68

pseudo, 69

punishing, 169, 398

punishment, 173

uniform, 404

pure, 11, 13, 16, 20, 23, 29, 39, 40, 45, 48, 51,

52, 53, 53�56, 58, 63, 72, 73, 79, 80, 88, 89,

91, 97, 105, 133, 149, 150, 151, 154, 157,

162, 166, 174, 203�207, 219, 221, 222, 226,

277, 302, 364, 366�369, 380, 383, 387, 414

optimal, 20

optimal Borel, 159

underlying, 414

winning, 80

revealing, 175

signalling, 397, 398, 402, 403, 405

simple, 170

splitting, 399

stage, 158

standard, 288

stationary, 176, 176, 199, 201, 327, 330, 331,

339, 347, 368

ε-optimal, 328
assumed, 200

optimal, 160, 339, 436

strictly mixed, 201

strictly dominated, 3, 247

strictly mixed, 201

support of, 378

type-independent, 290

winning, 80, 80�84, 86, 88

strategy pro�le, 131

behavioural, 65

strategy set, 3

convex

closed, 205

strategy space

convex subset of

(weak�) closed, 220

strategy with full support, 44

strong complementarity, 32

strong complementarity property, 31, 33, 33

strong law of large numbers, 20, 199

usual, 199

structure

Borel, 294

standard, 296

convex

canonical, 132

information, 301

state independent, 436

measurable, 230

probabilistic, 277

recursive, 156, 436

repeated games without, 361

signalling, 154, 169, 175, 195, 256, 257

non-trivial, 167

nontrivial, 166

stationary, 172

universally measurable, 115

super-bloc, 208

sub σ-�eld, 62, 65
sub σ-�elds
separable, 65, 66

sub-σ-�eld
separable, 68

sub-basis

countable, 431

sub-coalition

proper, 98

sub-martingale

bounded, 407

sub-tree

i-winning, 80
subadditivity, 252

subcover

countable, 422

subcovering, 425

�nite, 5, 18, 425

subgame, 79, 80, 83, 148, 152, 172, 336, 435

open, 80

subgame perfection, 435

subgame property, 336, 338

submartingale, 286, 408

bounded, 178, 335

subsequence

converging, 294, 365

extraction of, 324

increasing

limit of, 293

subset

analytic, 430, 431

Baire, 126

Borel, 80, 120, 122, 296

disjoint, 140

closed

inclusion of, 112

compact, 429, 430

convex, 274

Lindelöf, 422

metric

compact, 431

polyhedral

closed, 306
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semi-algebraic, 340

universally measurable, 120

subsets

co-�nal

generation of, 297

collection of, 421

compact

measurable map to, 331, 332

disjoint compact

sequence of, 123, 130

disjoint union of

locally compact, 123

open

basis of, 427

space of, 427

subspace

K-Lusin

paving of, 422

K-analytic

paving of, 422

τ -Radon
universally measurable, 430

analytic, 431

closed, 121, 422, 427, 431

dense, 77, 125

measurable

universally, 431

open, 427

successes

frequency of, 212

sum

maximum of, 225

sunspots, 92

superadditivity, 105

supergame, 162

supergames, 165, 341

theory of

starting point of, 163

supergradient, 322

supermartingale, 264, 401, 413, 417

Pσ0,τ)-, 414

bounded, 130, 413

positive, 103, 264

supermartingale property, 130

supermartingales

Doob's maximal inequality for, 103

superset, 407

support, 6, 132, 193, 206, 207, 220, 248, 261,

344, 347

bounded, 216

disjoint, 359, 365

�nite, 230, 235, 294, 411, 416

ε-optimal strategies with, 362, 368
η-optimal strategy with, 365

measure with, 230

measures with, 375

optimal mixture with, 387

probabilities with, 388

probability measure with, 429

strategy with, 363, 365, 366, 368

full, 120

probability with, 153

projection on, 287

restriction of, 323

strategy with, 393, 403

support function, 14, 218, 224, 227, 288

supports

union of, 376

suprema, 225

supremum, 223, 407

surjectivity, 114

proof of, 114

switching control, 340

symmetry

preservation of, 239

system

a�ne

polynomial, 333

beliefs

inconsistent, 127

dual, 28

knowledge

usual, 127

linear, 339

polynomial, 27

projective, 108

quasi-Radon, 116

system of complete re�exion, 435

tangents

de�nition of, 306

Tarski's principle, 28

team, 49

team problem, 49

term

error, 245, 249, 251, 259

expansion of, 239, 244

games with, 250

su�cient condition for, 250

�rst stage, 256

leading

coe�cient of, 236

terms

combination of

convex, 384

expectation of, 387

the program of a player's machine, 51

theorem

�intrinsic�, 17

approachability, 201, 210, 227, 235

Blackwell's, 198, 200
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extension of the, 235

implications of the, 217, 227

approximation, 129

Ascoli's, 21, 223, 295

Banach-Alaoglu, 144

Blackwell-Stein-Sherman-Cartier-Fell-Meyer-

Ionescu-Tulcea, 78

Blackwell's, 434

bounded convergence

Lebesgue's, 329

Carathéodory, 34

Carathéodory's, 275, 416

Borel version of, 411

measurable version of, 348, 410

Central Limit, 235, 236, 239

Choquet's integral representation, 296

convergence

bounded, 415

dominated, 214, 418

martingale, 38, 60, 74, 217, 227, 280, 324

monotone, 221

supermartingale, 103

Dalkey's, 54, 276, 278, 409, 414

Dini's, 6, 38, 216, 233, 424

dominated convergence, 130

Lebesgue's, 91, 329, 380

Dudley-Skohorod, 144, 294

Egorov's, 144, 430

equilibrium, 434

existence, 397

Fan's, 20, 39, 433
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