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PERVERSE SHEAVES ON INFINITE-DIMENSIONAL STACKS,

AND AFFINE SPRINGER THEORY

ALEXIS BOUTHIER, DAVID KAZHDAN, YAKOV VARSHAVSKY

ABSTRACT. The goal of this work is to construct a perverse ¢-structure on the
oo-category of f-adic £ G-equivariant sheaves on the loop Lie algebra £ g and to
show that the affine Grothendieck-Springer sheaf S is perverse. Moreover, S is an
intermediate extension of its restriction to the locus of "compact" elements with
regular semi-simple reduction. Note that classical methods do not apply in our
situation because £ G and L g are infinite-dimensional ind-schemes.
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INTRODUCTION

0.1. Motivation and brief outline.
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0.1.1. The finite-dimensional case. Let k be an algebraically closed field, G a
connected reductive group over k, g the Lie algebra of GG, B a Borel subgroup of G, b
the Lie algebra of B, and W the Weyl group of G. Let B := G/B be the flag variety

and consider the variety

g:={(9B,7) € Bxg|(Adg™)(7) € b}.
The projection p/ : g — g is known as the Grothendieck-Springer resolution, and
its fibers B, are known as Springer fibers.

It was shown by Lusztig [Lusll §3] that p/™ is an Ad G-equivariant small projective
morphism, whose source is smooth and restriction to the regular semisimple locus
is a Galois cover with Galois group W. Therefore the derived pushforward S/ :=
p/mQ,[dim(g)] is an Ad G-equivariant semisimple perverse sheaf on g. Moreover,
S’ equals to the intermediate extension of its restriction to the regular semisimple
locus and it is equipped with an action of W. In particular, the action of W on S/
induces an action of W on the cohomology of each B,.

For each irreducible representation V' of W, we denote by S‘J;m the isotypical
component of S/™. Each S{;m is an Ad G-equivariant irreducible perverse sheaf on
g, and these sheaves are (Lie algebra analogs of) special cases of Lusztig’s character

sheaves |[Lus3|. Character sheaves play a central role in the Lusztig’s classification
of irreducible characters of G(F,) (see |[Lus2| [Lusd]).

A natural question is to develop an affine analogue of this theory. LusztigdAZs
works |[Lus6l, [Lus7] suggest that there exist affine analogs of character sheaves, and
that these objects are closely related to characters of representations of p-adic groups.

0.1.2. The affine case. The Grothendieck-Springer fibration has a natural affine
analog. Namely, let £(G) be the arc group of G, let evg : LT(G) — G be the
evaluation map, and set I := ev(_;l(B). Let £G be the loop group of G, and let
Sl := LG/I be the affine flag variety. Let € C Lg be the locus of "compact
elements" v € L g, that is, those v, whose "characteristic polynomial" has integral
coefficients. More precisely, we define € C £ g as the preimage € := (£ x) (LT (¢)),
where ¢ is the Chevalley space of g, and Lx : £Lg — L ¢ be the morphism, induced
by the characteristic map y : g — ¢.
Consider the ind-scheme

€= {(g,7) € FIx€|Ad(g)"'() € Lie(I)},

which is the affine analog of g. Then the projection p : ¢ — € is an affine analog of
the Grothendieck-Springer fibration, while fibers §L, of p are the affine Springer fibers
(see [KL]). Furthermore, Lusztig [Lus5| constructed an action of the extended affine

Weyl group W of the cohomology on the §l,’s, and a natural question is whether

other aspects of classical Springer theory can be extended to this setting as well.
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Note that it is impossible to study the fibration p using classical algebro-geometric
tools, because the source and the target are infinite-dimensional ind-schemes.

0.1.3. Letter of MacPherson. This project has begun with a letter from the
second author to MacPherson in Summer 2009, in which he asks if, by considering
the affine Grothendieck-Springer fibration, an appropriate counting of dimensions will
tell us that this map is small. MacPherson formulated the notion of smallness which
is applicable in our case, and provided the necessary computation which implies that
p is small (compare Proposition [.3.2). Nevertheless, he conclude his letter by the
following sentence:

"We don’t have a theory of intersection homology that works in this context, so the
general idea that the map is small doesn’t help in constructing a Weyl group
action, or reproducing the rest of Springer theory".

The main goal of this work is to establish such a theory. In addition, we general-
ize Lusztig’s observation [Lusll §3|, and provide a supporting evidence of Lusztig’s
conjectures |Lus6, [Lus7].

0.1.4. What is done in this paper. (a) By a prestack (over k), we mean a con-
travariant functor from the category of affine schemes over k to groupoids. To every
prestack X, we associate a cocomplete stable oo-category D(X) of f-adic sheaves on
X, and for every morphism f : X — ) of prestacks, we associate a pullback functor
f': D(Y) = D(X). In particular, for every prestack X we have a dualizing sheaf
wx € D(X), defined to be the !-pullback of Q; € D(pt).

(b) Let €, C € be the locus of generically regular semisimple elements, and let

Pe : € — &, be jhe restriction of p to &,. Then p, is £ G-equivariant, so it induces a
morphism p, : [€./ L G| — [€,/ L G] of quotient stacks, where we sheafify quotients
with respect to étale topology.

(c) The projection p, is locally ind-fp-proper (see [IL4H]), therefore the pullback i
has a left adjoint (p,)1. We set So := (P, )i(wg, /£ ¢) € P([€./ LG]), and call it the
affine Grothendieck—Springer sheaf.

(d) The main goal of this work is to define perverse t-structures on a certain class
of infinite-dimensional prestacks (actually, even oo-prestacks), which includes the

quotient stacks [€,/ LG] and [€,/ L G], and to show that the affine Grothendieck-
Springer sheaf S, is perverse. Moreover, S, is an intermediate extension of its re-
striction to a locus with regular semisimple reduction.

(e) In order to do this, we develop a dimension theory in the infinite-dimensional
setting, introduce a class of (semi)-small morphisms, and show that the fibration

Po : [€./£G] — [€,/ LG] is small.
0.1.5. Remark. Contrary to the finite-dimensional case, it is crucial for our ap-

proach that we divide by the action £ G. For example, we don’t know a framework in
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which the non-equivariant Grothendieck—Springer fibration p, is small, and our per-
verse t-structure on [€,/ £ G| does not come from a t-structure on a non-equivariant
category D(C,).

In the next four subsections we outline all necessary definitions, and provide more
precise formulations of our constructions and results.

0.2. (Topologically) placid oco-stacks. In this section we are going to introduce
a class of objects, which admits canonical perverse t-structures.

0.2.1. Infinity-stacks. (a) Our basic geometric objects are oo-prestacks (over k),
defined as contravariant functors Aff;” — & from the category Affy of affine schemes
over k to the oco-category of spaces. The collection of oco-prestacks form an oo-
category PreSty, which contains the usual prestacks as a full subcategory, but has
an advantage of being closed with respect to arbitrary homotopy colimits.

(b) Actually, we restrict ourselves to a subcategory Sty C PreSt; of co-stacks, that
is, functors Aff;” — & satisfying sheaf property with respect to étale topology. A

(c) We say that a morphism f : X — ) of oo-stacks is surjective or a covering, if
it has sections locally for étale topology.

0.2.2. Placid oco-stacks. Now we are going to introduce an important class of
oo-stacks, which is central for this work.

(a) We call an affine scheme X globally placid, if it has a presentation X ~ lim, X,
as a filtered limit of affine schemes of finite type over k with smooth transition maps.

(b) We call a morphism f : X — Y of affine schemes strongly pro-smooth, if X has
a presentation X ~ lim, X, over Y as a filtered limit of affine schemes such that all
transition maps and all projections X, — Y are finitely presented and smooth.

(¢) Mimicking Simpson’s construction of geometric n-stacks, we construct the class
of placid co-stacks and class of smooth morphisms between placid co-stacks. Namely,
they are characterized as the smallest classes satisfied the following properties:

e The class of placid oo-stacks contains globally placid affine schemes, and is
closed under coproducts.

e The class of smooth morphisms contains strongly pro-smooth morphism be-
tween globally placid affines schemes, and is closed under compositions, coproducts
and pullbacks.

e An oco-stack ) is placid, if there exists a covering of oo-stacks f : X — ) such
that X and X xy & are placid, while both projections X xy X — X are smooth.

IThis restriction is not essential, because like in the classical setting, the inclusion St C PreSty
has a left adjoint, called the sheafification, while categories of f-adic sheaves are not affected by
sheafification (see [I4AT(b)).
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e A morphism f : X — ) between placid oo-stacks is smooth, if for every
smooth morphism Y — ) from a globally placid affine scheme Y the fiber product
X xy Y is placid, and the projection X xy Y — Y is smooth.

e A morphism f : X — Y between placid oco-stacks is smooth, if there exists a
smooth covering of placid co-stacks Z — ) such that the composition Z2 — X — Y
is smooth.

(d) Similarly, replacing in (c) the class of strongly pro-smooth morphisms by the
class of pro-étale morphisms, we construct classes of DM-placid oco-stacks (where DM
stands for "Deligne-Mumford") and pro-étale morphisms.

0.2.3. Perfect co-stacks and topological equivalences. In some places of this
work we will want to "ignore" universal homeomorphisms. To make this procedure
formal, we introduce the following definition.

(a) We call a morphism f : X — ) between oo-stacks a topological equivalence,
if it lies in the strong saturated closure (see [2:3.)(a)) of universal homeomorphisms
between affine schemes.

Though a strong saturated closure is a very complicated notion in general, it turned
out that topological equivalences can be described very explicitly:

(b) We call an affine scheme X perfect, if every universal homeomorphism X’ — X
from a reduced affine scheme X’ is an isomorphism, and denote the category of perfect
affine schemes of Aff,.¢x. Notice that this notion coincides with the classical notion
of perfect schemes when the characteristic of k is positive.

(c) We denote by Stperx the oo-category of perfect oo-stacks, defined as functors
Aff;le)rka — O, satisfying sheaf condition with respect to étale topology. We have a
restriction functor ¢* : Sty — Stperrr With a fully faithful left adjoint ¢ : Stper —
Sty.

(d) For every oo-stack X, we set Xperr := 010*(X) and call it the perfection of X.
Notice that this notion extends the classical perfection functor, when X is an (affine)
scheme or an algebraic space.

(e) It it not difficult to see (see Lemma [2.3.6) that a morphism f : X — Y
between oo-stacks is a topological equivalence if and only if its restriction ¢*(f) is an
equivalence of perfect oo-stacks, or, equivalently the perfection fpert : Xpert — Vpert 1S
an equivalence. In other words, the oo-category of perfect oo-stacks can be described
as the localization of the co-category of oo-stacks by topological equivalences.

0.2.4. Topologically placid co-stacks. (a) For the purpose of the introduction,
we call an oo-stack X’ topologically placid, if there exists a placid co-stack ) and an
isomorphism Xperr ~ Vpers. (Notice that this notion is more restrictive than in the
main body of the paper).

(b) Next, we call a morphism f : X — ) of topologically placid oo-stacks topo-

logically smooth, if foert : Xpert — Vpert is isSomorphic to a perfection of a smooth
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morphism between placid oo-stacks. We also call f is a topologically covering, if the
restriction ¢*(f) : ¢*(X) — *(Y) is a covering in Stpert k-

(c) We call a topologically placid oo-stack topologically smooth, if the it the pro-
jection X — pt is topologically smooth.

(d) Finally, we call a morphism f : X — ) of topologically placid oo-stacks
topologically étale, if for every topologically smooth morphism Y — ) from a (topo-
logically placid) affine scheme Y, the induced map (X Xy Y )pert — Yper is isomorphic
to a perfection of a pro-étale morphism between DM-placid oo-stacks.

0.2.5. Extending classes of morphisms. (a) Let (P) be a class of morphisms of
oo-stacks X — Y, where Y is an affine scheme, which closed under pullbacks. Such
a class gives rise to a class of morphisms f : X — ) of oo-stacks, defined by the
property that if for every morphism Y — ) from an affine scheme Y, the pullback
fxypY : X xypY =Y belongs to (P).

(b) In particular, we can talk about (fp)-representable morphisms of oco-stacks,
where "fp" stands for "finitely presented", fp-proper, that is, proper and finitely
presented, (fp)-open/closed/locally closed embeddings, etc.

0.2.6. Constructible stratifications, stratified co-stacks, and perversity. It
turned out that we need to consider a larger class of co-stacks, which we call stratified.

Let X be an oo-stack, and let {X},cz be a collection of fp-locally closed oo-
substacks (see [0.2.5]).

(a) We say that {X, }aez form a finite constructible stratification of X, if Z is finite,
and there exists a full ordering a; < ... < «, of Z and an increasing sequence of
fp-open substacks ) = Xy C &) € ... C &, = X such that X,, C X; \ X;_1, and the
embedding &,,, — X; \ X;_; is a topological equivalence for all i« = 1,... n.

(b) More generally, we say that { X, }nez form a bounded constructible stratification
of X, if X has a fp-open covering X = U;i4; such that {X,}aez x,cr, form a finite
constructible stratification of U;.

(c) By a stratified co-stack, we mean an oo-stack X', equipped with a bounded
constructible stratification {X,}.ez by topologically placid co-stacks. In this case,
by a perversity of X we mean a function p, : Z — Z, or what is the same a collection
of integers {4 }aer-

(d) Actually, having further applications in mind, in the main body of the paper
we consider unbounded constructible stratifications as well.

0.3. Dimension theory, and (semi)-small morphisms. Our proof of perversity
of the affine Grothendieck—Springer sheaf is based on the observation (essentially
due to MacPherson) that the morphism p, is small. To define the notion of small
morphisms, we introduce a notion of equidimensional morphisms between oco-stacks.

0.3.1. Dimension function and (weakly) equidimensional morphisms.
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(a) To every morphism f : X — Y of schemes of finite type over k we associate a
dimension function dim, : X — Z defined by dim,(z) = dim,(X) — dim¢)(Y).
(b) It is not difficult to see (see Corollary B.1.7) that every Cartesian diagram

X/L_y/

|

X —Y

such that either f or ¢ are universally open, we have an equality dim, = g*dim,.

(¢c) We call a morphism [ weakly equidimensional (of relative dimension d), if
dim, is locally constant, that is, constant on each connected component (constant
function with value d). Moreover, we call f equidimensional, if in addition we have
dim ,(z) = dim, f~'(f(z)). Notice that every open weakly equidimensional mor-
phism is automatically equidimensional (see Corollary B.1.5]).

(d) By the property (b), the classes of weakly equidimensional morphisms and
equidimensional morphisms are stable under all pullbacks with respect to universally
open morphisms, while the class of universally open equidimensional morphisms is
stable under all pullbacks.

(e) We say that a locally closed subscheme Y C X is of pure codimension d, if the
inclusion map Y — X is weakly equidimensional of relative dimension —d.

0.3.2. (Weakly /universally open) equidimensional morphisms of co-stacks.
(a) Using observation [0.3.1[(d) and the fact that smooth morphisms and universal
homeomorphisms are universally open, we define the class of (weakly) equidimen-
sional morphisms of relative dimension d, to the smallest class (P) of morphisms
f: X = Y of topologically placid oo-stacks, such that
e P contains the corresponding class [I.3.1](c) of morphisms of schemes of finite
type over k;
e P stable under pullbacks with respect to topologically smooth morphisms and
coproducts;
e a morphism f: X — ) belongs to (P), if there exists a topologically smooth
covering )’ — ) such that the pullback f xy )’ belongs to (P);
e for every topologically étale covering g : Z2 — &', the morphism f : X — Y
belongs to (P) if and only if the composition fog: Z — ) belongs to P.
(b) Next, repeating the definition of [I.3.l(e), we can talk about fp-locally closed
substacks of pure codimension d.
(c) Moreover, using the fact that universally open equidimensional morphisms
is stable under all pullbacks, replacing topologically smooth morphisms in (a) by
all morphisms, we define a class of universally open equidimensional morphisms of

relative dimension d between (not necessarily topologically placid) oo-stacks.
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0.3.3. (Semi)-small morphisms. Finally, we define a class of (semi)-small mor-
phisms of co-stacks, extending the classical notion. Following a suggestion of MacPher-
son, we do it using codimensions on the source rather than on the target.

(a) Let Y be a stratified oo-stack with constructible stratification {),}a, let f :
X — Y be a morphism of oo-stacks, and X,, := f~1()),) be the induced constructible
stratification of X'. Assume that

e X is topologically placid;
e cach X, C X is of pure codimension b,;
e cach f, : X, — ), is equidimensional of relative dimension 9.

(b) We say that f is semi-small, if for every o € Z we have an inequality J, < b,.

(c) Moreover, U C Y be an fp-open substack, which is a union of strata {),}a.
We say that f is U-small, if for every a € Z such that X, € X ~\ U, we have a strict
inequality 0, < by.

0.4. (-adic sheaves on co-stacks, and perverse t-structures.

0.4.1. (-adic sheaves on co-(pre)stacks. (a) To every co-prestack X', we associate
a (presentable) stable co-category D(X) of f-adic sheaves on X, and for every mor-
phism / : X — Y of co-prestacks, we associate a pullback functor f': D(Y) — D(X)
(compare [RS]). We carry out the construction in three steps:

e When X is an affine scheme of finite type over k, we denote by D.(X) the oo-
derived category D2(U,Q;) of constructible f-adic sheaves on X, and by D(X) the
ind-category Ind D (X).

e When X is an arbitrary affine scheme over k, we write X as a filtered limit X =~
lim,, X, of affine schemes of finite type and denote by D(X) the colimit colim,, D(X,),
taken with respect to !-pullbacks. It is easy to see that the resulting oo-category is
independent of the presentation.

e Finally, for an arbitrary co-prestack X', we denote by D(X) the limit category
lim D(X), taken over all morphisms X — X, where X is an affine scheme.

(b) Notice that the oo-category D(X) is not affected by the étale sheafification,
that is, if X" is the sheafification of &, then the pullback i' : D(X*") — D(X),
corresponding to the canonical morphism i : X — X", is an equivalence.

(c) Using the fact that universal homeomorphisms induce equivalences of étale
sites, one shows that for every topological equivalence f : X — ) of oo-stacks the
induced map f': D(Y) — D(X) is an equivalence. In particular, for every oco-stack
X, the pullback 7' : D(X) — D(Xpert), corresponding to the projection 7 : Xpert — X
is an equivalence.

2see for comparison with the classical notion.
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0.4.2. Perverse t-structures on topologically placid oo-stacks. For every
topologically placid oo-stack X', we equip the oo-category D(X) with a perverse
t-structure. We carry out the construction in six steps:

(a) For every equidimensional affine scheme X of finite type over k, we equip
D(X) with the perverse t-structure (PD=%(X),?Dz°(X)) obtained from the classical
(middle dimensional) perverse t-structure by homological shift by dim X to the left.
In other words, and object K € D(X) is perverse in our t-structure if and only if
K[— dim X] is perverse in the classical ¢t-structure.

(b) Next, every affine of scheme X of finite type over k has a constructible strat-
ification {X;}; by locally closed equidimensional subschemes, where X; is the set
of all # € X such that dim,(X) = i. We denote by 7, : X; — X the in-
clusion, and let PD=0(X) C D.(X) (resp. PDZ°(X) C D.(X)) be the set of all
K € D.(X) such that n}(K) € PD=°(X;) (resp. ni(K) € PDz°(X;)). Now the fact
that (PD=0(X),?Dz%(X)) is indeed a t-structure follows from the gluing lemma of
IBBD].

(c) For an affine scheme X of finite type over k, we equipp D(X) with the unique
t-structure such that PD=9(X) = IndPD=%(X) and similarly for PD=°(X).

The main property of the t-structure we just constructed is that for every smooth
morphism or a universal homeomorphism f : X — Y of affine schemes of finite type,
the pullback f': D(Y) — D(X) is t-exact.

(d) We show that for every globally placid affine scheme X, there exists a unique
t-structure on D(X) such that for every strongly pro-smooth morphism f: X — Y
to an affine scheme Y of finite type over k, the pullback f': D(Y) — D(X) is t-exact.

(e) Then we show that for every placid co-stack X', there exists a unique t-structure
on D(X) such that for every smooth morphism f : X — X from a globally placid
affine scheme X over k, the pullback f': D(X) — D(X) is t-exact.

(f) Finally, we show that for every topologically placid oo-stack X', there exists a
unique t-structure on D(X') such that for every isomorphism Xpert > Vpersr, Where Y
is a placid co-stack, the natural equivalence D(X) ~ D(Xpert) =~ D(Vpert) =~ D(Y) is
t-exact.

0.4.3. Infinity-stacks admitting gluing of sheaves. Now we are going to intro-
duce a property of oo-stacks, we will need to define perverse t-structure in

(a) Let X be an oo stack, i : Z < X be an fp-closed embedding, and j : U — X
is the complementary fp-open embedding. Then the pullback j' : D(X) — D(U) has
a right adjoint j, : D(U) — D(X), while the pullback i' : D(X) — D(Z) has a left
adjoint 4, : D(Z) — D(X). Moreover, both adjoints are fully faithful, and satisfy
usual properties. On the other hand, the left adjoints j, of j' and i* of i, do not exist

in general.
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(b) We say that an oo-stack X' admits gluing of sheaves, if for every fp-open
embedding j : U — X, there exists a left adjoint j; of j', and that ji is fully faithful.
Note that this assumption also implies which the existence of the left adjoint ¢* of i,
(see Lemma [6.1.3).

(c) The class of oco-stacks, admitting gluing of sheaves includes two important
classes of examples: topologically placid co-stacks, and quotient stacks [X/H], where
X is an ind-placid scheme (that is, X can be represented as a filtered colimit X ~
colim; X;, where each X is a placid scheme, and each transition maps are fp-closed
embeddings), and H is an ind-placid group, (that is, group object in the category of
ind-placid schemes).

0.4.4. Perverse t-structures on stratified oo-stacks, admitting gluing of
sheaves. Let ) = {),}acz be a stratified co-stack, admitting gluing of sheaves.

(a) For every embedding 7, : Yo <= Y we have two pullback functors n*, 7., :
D(Y) = D).

(b) Using gluing lemma, for every perversity function p, on ), there exists a
unique t-structure on D()) such that PD=°()) is the set of all K € D(Y) such that
n,K € PD=7v(Y,) for all a. Moreover, PD=(Y) is the set of all K € D(Y) such
that n* K € PD=7"=(}),) for all a.

(c) Let U C Y be an fp-open oo-substack, equals to union of strata ), and let
j U — Y be the inclusion map. Then it follows from the definition that the
pullback j' : D(X) — D(U) is t-exact. Moreover, by usual procedure we can define
the intermediate extension functor j,. : Perv(U) — Perv(X).

0.4.5. Locally ind-fp-proper morphisms. (a) Let Y be an affine scheme. We
say that a morphism f : X — Y of co-stacks is ind-fp-proper, if X has a presentation
as a filtered colimit X ~ colim, X,, where each X, is an algebraic space, fp-proper
over Y (see[0.20]), and all transition maps are closed embeddings.

(b) More generally, we say that f is locally ind-fp-proper, if there exists an étale
covering Y/ — Y such that the pullback f xy Y’ is ind-fp-proper.

(c) Both classes (a) and (b) are closed under all pullbacks, so construction
applies. So we can talk about (locally) ind-fp-proper morphisms between oo-stacks.

0.4.6. First Main Theorem. For every semi-small morphism f : X — ), consider
perversity py := {Vs}aez on Y, defined by v, := b, + 4, for all a.

Our first main result (Theorem [6.4.0) asserts that if f : X — ) is a locally
ind-fp-proper semi-small morphism of co-stacks, where X" is topologically smooth,
while ) admits gluing of sheaves, then the pushforward K := fi(wy) is ps-perverse.
Moreover, if f is U-small, and j : Y — Y is an open embedding, then we have an
isomorphism K ~ j.j'(K).

0.5. Affine Springer theory.
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0.5.1. The GKM stratification. Following Goresky-Kottwitz-MacPherson [GKM],
we introduce a constructible stratification of €,, which plays a central role in what
follows:

(a) Consider the £ G-invariant constructible stratification {€;}4>¢ of €,, where
¢4 consists of points v € &,(k) C g(k((t))) such that valuation of the discriminant
D(v) equals d. By definition, this stratification is induced by the corresponding
stratification {cq}q>o of the regular part £ (c)e := L1 (¢)p2o of LT (c).

(b) Using results of [GKM], every stratum c¢; decomposes as a disjoint union ¢; =
U(w,r)Cw,r of connected components, parameterized by W-orbits of pairs (w,r), where
w is an element of W and r is a function R — Q> from the set of roots R of G.

(c) The decomposition of (b) induces a decomposition €4 = Uy r) &y of €4, thus
induces constructible stratifications {€,, y }y » 0f €, {&um}wm of €,, and {Lie(1)wr b r
of Lie(I)..

(d) Notice that the open stratum €, consists of the locus of points with regular
semisimple reduction.

0.5.2. Geometry of the affine Springer fibration. We show that:

(a) The fibration p : € — € is ind-fp-proper (see Lemma BI.4).

(b) Up to a topological equivalence, the restriction py : éo — & of p is an étale
Galois covering whose Galois group is the affine Weyl group W of G (see Corollary
R2.0). _

(c) For every GKM stratum (w, r), the restriction p,, » : €, — €, » is topologically
representable, that is, for every morphism Y — €, , from an affine scheme Y, the

perfectization (&w,r Xe,e Y )pert 18 an algebraic space. Furthermore, if Y is globally

w,r

placid, then reduction (&, X¢,, Y )red is an algebraic space, locally finitely presented
over Y (use Theorem [8.3.3)).

(d) In addition, every pyr : €pr — &, is universally open equidimensional of
explicit relative dimension d,,, (see Corollary R3.4).

0.5.3. The smallness of p,. One of the main goals of this work is to show that
affine Grothendieck—Springer fibration p, is small.

(a) By[0.5.2((a), the induced map p : [&./ LG] — €,/ LG] is locally ind-fp-proper.

(b) Note that we have a natural isomorphism [¢/ £ G] ~ [Lie(I)/I]. In particular,
the stack [€/ £ G] and hence also its open substack [€,/ £ G] is a smooth placid co-
stack. Moreover, for every GKM stratum (w,r), we have a canonical isomorphism
(€yr/ LG = [Lie(I)yr/1].

(c) The constructible stratification [0.5.1](c), gives rise to a constructible stratifica-
tions {[Cyr/ LG}y of [€a/ LG]. Moreover, every stratum (&, ,/ L G| is topologi-

cally placid (see Corollary BI.TT]), thus [&€,/ L G] is a stratified co-stack.
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(d) Since € is an ind-placid scheme, while £ G is an ind-placid group, the quotient
[€,/ L G| satisfies gluing of sheaves (using [IL43)(c)).

(e) Every stratum ¢, , C £ (c) is of pure codimension b, , with explicit formula
(see Proposition [[.3.2]). Moreover, using observation (b) flatness of the map Lie(/) —

L*(c) is flat (see Corollary [7.4.4]), we conclude that that [€, .,/ LG] C [€,/ LG] is
of pure codimension b, , as well.

(f) By@5.2(d), every p,,, : [Cuwr/ LG] = [€yr/ L G] is equidimensional of relative
dimension 4, .

(g) Using (c)-(f) we conclude that p, is [€y/ L G]-small (see Corollary [7.3.5)).

0.5.4. Perversity of S,, and W-action. (a) Since the fibration p, is locally ind-
fp-proper and [€y/ L GJ-small (see [1.5.3]), the result of [0.4.6(b) applies. Therefore
the affine Grothendieck—Springer sheaf S, is perverse. Moreover, it is isomorphic to
the intermediate extension of its restriction Sy to [€y/ L G].

(b) Using observation[0.5.2[(b), the restriction Sy of S, to [€y/ L G] is equipped with
a W-action. Thus, by (a), the W-action on Sy uniquely extends to an action on S,.
Furthermore, we have a natural algebra isomorphisms End(S,) ~ End(S,) ~ Q,[W].

0.5.5. The case of the affine Springer sheaf. Let p* : [€*/ LG] — [€%/ L] be
the restriction of p, to the topologically nilpotent locus. We denote by S be the
I-pullback of S and call it the affine Springer sheaf. We show that p, is semi-small,
Sy 2 (Pe)1(Wgs, £ ), and therefore the affine Springer sheaf S)' is perverse.

0.6. Possible extensions, generalizations and analogs.

0.6.1. The derived coinvariants. For every representation V' of W, we can con-
sider the derived V-isotypical component Sy € D([&,/ L G]).

(a) We expect that every Sy is perverse. Moreover, we can show this result
assuming purity of the homology of affine Springer fibers and a strengthening of a
theorem of Yun [Yun2] about the compatibility of the WW-action on the affine Springer
fibers and the action group of connected components of the centralizer. On the other
hand, the Sy’s are not intermediate extension of its restriction to &€, in general.

(b) If V is finite-dimensional, then the corresponding Sy is "constructible", by
which we mean in particular that all of its !-stalks are constructible.

0.6.2. Distributions. In this work we only construct t-structure on the category
D([€./ LG]), while the affine Grothendieck-Springer sheaf S naturally lives on a
larger category D([€/ LG]). A natural problem would be to try to construct a t-
structure on the whole of D([€/ £ G]) and to show that S is an intermediate extension
of its restriction to [€,/ L G] . This would be a categorical analog of the well-known
fact that many important invariant distributions on a p-adic group G(F') are locally

L', and therefore can be reconstructed from their restriction to G(F)".
12



0.6.3. Mixed characteristic case. We expect that our results and techniques can
be easily extended to the mixed characteristic case. In order to do this, one needs to
use the mixed characteristic version of the Affine Grassmannian, introduced by Zhu
|Zhu| and studied further by Bhatt—Scholze (|BS]). Actually, this is one of the reasons
why we carried out all of our constructions in the setting of perfectly /topologically
placid oco-stacks.

0.7. Plan of the paper. This work consists of three main parts.

In the first part we introduce our main players, that is, (topologically) placid oo-
stacks and (weakly) equidimensional morphisms. Namely, in Section 1 we discuss a
generalization of Simpson construction of n-geometric stacks. Then, in Section 2 we
apply this construction to construct placid algebraic co-stacks and their perfect and
topological analogs. We also introduce reduced and perfect co-stacks and study a
notion of topological equivalence, which is central for this work. Finally, in section
3 we develop dimension theory, which is interesting for its own and is crucially used
for the definition of the perverse t-structures.

In the second part of this work we study oco-categories of f-adic sheaves on oo-
stacks and introduce perverse t-structures. First, in Section 4 we introduce oo-
categories of (-adic sheaves on arbitrary oo-prestack and show various functorial
properties and base change isomorphisms. Then, in Section 5 we introduce perverse
t-structures on topologically placid oo-stacks, and show their exactness properties.
Finally, in Section 6, we study perverse t-structures on oo-stacks, which "admit
gluing of sheaves" and have constructible stratification by topologically placid oo-
stacks, and apply this in the case of (semi)-small morphisms.

In the last part of the work we extend parts of the classical Springer theory to
the affine setting. Namely, in Section 7, we study the Goresky-Kottwitz-MacPherson
stratification: first on the arc space of the Chevalley space, following very closely the
results of [GKM], and then on Lie /. Next, in Section 8, we study the geometry of
the affine Grothendieck—Springer fibration, and apply the constructions and results
from the previous parts in this case. In particular, we show that each GKM stra-
tum [€,, /L G] is topologically placid, define the perverse t-structure on [€,/ L G/,
study the structure of the fibration over each GKM stratum, show that the affine
Grothendieck—Springer fibration is small, and deduce the perversity of S, from it.
Finally, in section 9 we complete proofs of some of the results from Section 8.

0.8. Acknowledgments. We express our warm thanks to G. Laumon, with whom
discussions are always enlightening and fruitful. We also thank B. Hennion and S.
Raskin for their remarks and suggestions, P. Scholze for his suggestion to extend our
results to the setting of perfect oo-stacks, and N. Rozenblyum who taught us a lot

about oo-categories over the years. The research of Y.V. was partially supported
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Part 1. Topologically placid co-stacks and dimension theory
1. CATEGORICAL PRELIMINARIES

In this section we will carry out certain categorical constructions, which will be
needed for the construction of (topologically/perfectly) placid oo-stacks later. Be-
cause of the technical nature of this section, we recommend to skip it during the first
reading and come back to it when needed.

1.1. A version of Simpson’s construction. In this subsection we recall a general
categorical construction, which is essentially due to Simpson [Si|.

1.1.1. Set-up. (a) Let C be an oo-category, admitting all fiber products. Assume
that we are given

e a class Cov of morphisms in C, called coverings, containing isomorphisms and
closed under pullbacks and compositions;

e a class Oby(C) of objects in C, closed under isomorphisms, and

e a class Mor)(C) of morphisms in C between objects in Oby(C), which

(i) contains isomorphisms, and is closed under compositions;

(ii) closed under pullbacks with respect to morphisms between objects in Oby(C),
that is, for every pair of morphisms f : x — y in Mor§(C) and y' — y in Mor(C)
with 3" € Oby(C), the fiber product z x, 3’ in C exists, belongs to Oby(C), and the
projection = x, ¥ — ¢’ is in Mor§(C).

1.1.2. Construction. Assume that we are in the situation of [LI1.1l By recursion,
for every n > 0 we are going to construct a class of objects Ob,(C) C Ob(C), a class
of morphisms Mor?(C) of the form f : 2 — y, where x € Ob,(C) and y € Oby(C),
and a larger class Mor, (C) C Mor(C).

Assume that classes Ob,(C) and Mor? (C) are constructed.

(a) Denote by Mor,,(C) the class of all morphisms f : x — y in Mor(C) such that
for every morphism 3’ — y in Mor(C) with y’ € Oby(C), we have = x, y' € Ob,(C)
and the projection x x, ¢’ — y' is in Mor?(C).

(b) Denote by Ob,,1(C) the class of objects © € Ob(C) for which there exists a
covering ¢ : z — x in Mor, (C) with z € Oby(C).

(c) Denote by Mor?_  (C) the class of morphisms f : # — y with 2 € Ob,,;,(C) and
y € Obg(C) for which there exists a covering a : z — x in Mor,,(C) with z € Oby(C)
such that foa:z — y is in Mor?(C).

1.1.3. Remark. By construction, Mor,(C) is closed under all pullbacks.
14



The following technical but rather straightforward lemma summarizes basic prop-
erties of this construction.

Lemma 1.1.4. For every n > 0, we have the following assertions:

(a), If (f : © = y) € Mor,(C) and y € Oby(C), then f € Mor?(C), thus x €
Ob,,(C).

(b)n If (f : x = y) € Mor,(C) and y € Ob,(C), then x € Ob,(C).

(¢)n The class Mor,,(C) is closed under compositions.

(d), We have Ob,,(C) C Ob,11(C) and Mor,,(C) C Mor,,11(C).

(e)n The class Mor?(C) is closed under pullbacks with respect to morphisms between
objects from Oby(C), and we have an inclusion Mor?(C) C Mor,(C).

Proof. (a), Apply the definition of Mor, (C) for the identity id, : y — .

The remaining assertions we will show by induction on n, that is, will assume that
all assertions for n — 1 are satisfied.

(b),. Note that (b)y follows from (a)y, hence we can assume that n > 0. Since
y € Ob,(C) there exists a covering ¢y’ — y in Mor,,_1(C) such that ' € Oby(C). Then
x X,y — x is a covering, which belongs to Mor,,_;(C), and = x, " — 3’ belongs to
Mor?(C), because f € Mor,(C). Thus z x, 3’ € Ob,(C). Therefore there exists a
covering ' — x X, y" in Mor,_1(C) such that 2’ € Oby(C). Then 2/ — = X,y — «
is a covering from Mor,,_1(C) by (¢),—1. Thus € Ob,(C), as claimed.

(¢)n. Let f:2 — yand g : y — z be in Mor,(C), and we want to show that
go f € Mor,(C). Taking pullback with respect to 2/ — z with 2’ € Oby(C), we can
assume that z € Obg(C). Thus y € Ob,(C), hence = € Ob,(C) by (b),. We want to
show that go f € Mor? (C).

When n = 0, we have that f, g € Morj(C), thus g o f € Mor)(C) by assumption
LLING).

When n > 0, we want to construct a covering a : 2’ — x in Mor,_;(C) with
x’' € Oby(C) such that go foa: 2" — zis in Mor,_1(C) as well. Since g : y — z is
in Mor?(C) there exists 3’ — y in Mor,_1(C) such that ¢’ — 3 — 2 is in Mor?_,(C).

In addition, y' x, * — x is in Mor,,_1(C) (since Mor,,_1(C) is closed under pull-
backs), while y’ x,, z — y' is in Mor?(C), thus ¢’ x,, z € Ob,(C).

Thus, there exists a covering a : 2 — y' X, « in Mor,,_1(C) such that the compo-
sition 2/ — ' x, # — ¢/ is in Mor?_,(C). Thus the compositions 2’ — y — z and
¥ =y x, x — xisin Mor,_1(C) by (¢)n_1.

(d), Let x € Ob,(C). We want to show there exists a covering a : 2/ — z in
Mor,,(C) such that 2’ € Oby(C). If n = 0, we take f to be the identity map. If n > 0,
then there exists a covering f : ' — x in Mor,,_1(C) such that 2’ € Oby(C). So the
assertion follows from (d),,—; for morphisms.

Let © — y € Mor,(C), and we want to show that © — y € Mor,1(C). Taking

pullback with respect to y" — y with ¢’ € Obg(C), we can assume that y € Oby(C),
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thus « — y € Mor? (C). We want to show that there exists 2/ — = in Mor,(C) such
that 2/ € Oby(C) and 2/ — = — y € Mor?(C). If n = 0, the identity works. If
n > 0 there exists ' — x in Mor,,_1(C) such that 2’ € Oby(C) and 2/ — z — y €
Mor? ,(C), so we conclude again from (d),,_;.

(e)n By definition, the second assertion follows from the first, so we want to show
that for every morphism f : # — 5 in Mor?(C) and a : y' — y with 3’ € Oby(C), the
pullback x x,y’ — y' is in Mor? (C). If n = 0, the assertion is our assumption [LTI|(ii).
Let n > 0, and let g : z — z be a covering in Mor,,_;(C) such that the composition
z — x — yis in Mor?_,(C). Then by (c),_1, the composition z x, ¥ — = x, v’ — ¥’
is in Mor?_,(C). In particular, z x, 3’ € Ob,_1(C). Moreover, z X,y — x X, ' is a
covering in Mor,,_1(C). If n = 1, we are done.

If n > 1, there exists a covering 2’ — z x, ¢’ in Mor,_5(C). Then (by (c),—1
and (d),—2) we conclude the composition 2/ — z x, ¥y — x x, ¢/ is a covering in
Mor,,_1(C), while the composition 2’ — z x, ¥’ = x x, ¢y’ — ¢’ is in Mor,,_;(C). O

1.1.5. Notation. Objects from Ob, (C) will be called n-geometric and morphisms
from Mor,(C) will be called n-special. Moreover, we call on object of (resp. a
morphism) geometric (resp. special), if it is n-geometric (resp. n-special) for some
n. Of course, these notions depend on clases Cov, Oby(C) and Mor}(C) from [LTIL

Corollary 1.1.6. If z — y is an (n—1)-special covering, and x is n-geometric, then
Y 18 n-geometric.

Proof. Choose an (n — 1)-special covering z — x with 0-geometric z. Then the
composition z — x — y is an (n — 1)-special covering by Lemma [[LT.4(c), thus y is
n-geometric by definition. O

Corollary 1.1.7. For every special morphism f : x — y between 0-geometric ob-
jects, there exists a 0-special covering a : z — x with 0-geometric z such that the
composition foa:z — y is 0-special.

Proof. Assume that f is n-special. By decreasing induction, we will show that for
every m there exists an m-special covering a : z — = with 0-geometric z such that
the composition f oa: 2z — y is m-special. When m = n, the identity map a = id,
satisfies the property.

It remains to show that if m > 0, then the assertion for m implies that for m — 1.
By definition, there exists an (m — 1)-special covering 2/ — z with 0-geometric
z' such that the composition z/ — z — z is an (m — 1)-special covering. Then
2 — z — x — y is m-special by (¢),, and (d),,11, so there exists an (m — 1)-special
covering 2" — 2’ such that the composition 2" — 2’ — 2z — & — y is (m — 1)-special.
Since 2" — 2/ — z — z is an (m — 1)-special covering by (c),,—1, the induction step
follows. U
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1.1.8. Cech nerve. (a) Recall that to every morphism f : z — y one can associate
its Cech complex C(f) = {al™} . jcaor, parameterized by the semi-simplicial cate-
gory A, where each z[™ is defined to be the (m4-1)-times fiber product Xy X . Xy T
of z over y, and morphisms are projections ™! — zI™"] corresponding to injective
maps [m”] — [m/].

(b) It follows from Lemma [[.T.4] that if z is n-geometric and f is n-special then
all terms in the Cech complex C(f) are n-geometric and all maps are n-special. In
particular, we are going to apply this when y is (n+1)-geometric and z is 0-geometric.

(c) Assume now that C is an oo-topos, that is, C is of the form Shv(A) (see [[2.1]
below), and f : @ — y is surjective, that is, f(a) : x(a) — y(a) locally has a section.
Then the canonical morphism colimy,,c Ao xlm — y an equivalence (use, for example,
[Lull, Prop. 7.2.1.14]). Therefore, by the observation (b), every (n + 1)-geometric
object y can be written as a colimit of n-geometric objects with respect to n-special
morphisms. Similarly, every (n + 1)-special morphism y — z with z € Oby(C), can
be written as colimit of n-special morphisms z!™ — 2.

1.2. The case of oo-categories of sheaves. In this subsection we will specify
the construction of [LT] to the case where C is an oo-topos, that is, has the form
C = Shv(A) for some oo-category A equipped with a Grothendieck topology.

1.2.1. Notation. Let & be the oo-category of spaces, which are often referred as
oo-groupoids. For every oco-category A, we denote by PShv(A) the oo-category of
functors A? — &. Moreover, when A is equipped with a Grothendieck topology T,
we denote by Shv(A) C PShv(A) be the co-subcategory of sheaves in the T-topology.

1.2.2. Assumptions. Let A be an oo-category, is equipped with a Grothendieck
topology T, and let Oby(.A) C Ob.A and Mor)(.A) C Mor(.A) be classes of objects
and morphisms, satisfying the following assumptions:

(a) The class Obgy(.A) is closed under isomorphisms, while Mor)(.A) contains iso-
morphisms, and is closed under compositions and pullbacks with respect to mor-
phisms between objects in Obg(A).

(b) The topology T is subcanonical, that is, every representable presheaf is a sheaf.

(c) The class Oby(.A) C Ob(C) is closed under direct summands, by which we mean
that if @ € Obg(A) decomposes in C as a coproduct a =~ b LU ¢, then b,¢ € Obg(A),
and, moreover, inclusions b = a and ¢ < a belong to Mor)(.A).

(d) Every x € Oby(.A) has basis of T-coverings of the form {f, : o, — x} with
fo € Mord(A) for all a.

1.2.3. Remark. For our applications, .4 will be an ordinary category.

1.2.4. Construction. (a) To the data of [.2.2] we associate the data of [L1.1] as

follows:
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(i) Set C := Shv(.A), and let Cov be the class of all surjective morphisms in C,

(i) Let Obg(C) be the class of all objects of the form U,a,, with a, € Obg(.A) for
all a.

(iii) Let Mor(C) be the class of all morphisms of the form L, gbs s — Ualq, where
each by 5 — a, is in Mor(A).

(b) We claim that the class of morphisms Mor}(C) is closed under pullbacks with
respect to morphisms between objects in Oby(C).

Indeed, we have to show that for every morphism ¢ = Uy gca g — a = Uya, in
Mor}(C) and every morphism b — a in C with b € Oby(C), the fiber product bx,c — b
belongs to Mor)(C).

By definition, b decomposes as b = Lgbg with bg € Obg(A). Since coproducts
in C commute with pullbacks, we conclude that b x, ¢ decomposes as b x, ¢ ~
Ligbs X4 ¢, so replacing b by bg, we can assume that b € Obg(.A). Since coproducts
in C commute with pullbacks, b decomposes in C as b ~ U,b,, where b, := b X, a, is
in Oby(A) by the assumption [L2Z2(c¢). Thus b X, ¢ — a decomposes as a coproduct
of Ug(ba Xa, Cap) — bo. Now the assertion follows from the fact that Mord(A) was
closed under all pullbacks between objects in Obg(.A).

(c) We claim that the class Mor)(C) is closed under compositions.

Indeed, let f : b — a and g : ¢ — b be morphisms in Mor)(C) of the form
Ua,gbag — Uaaq and L, scy 5 — by, respectively. Then we have decompositions
by = Uap(by Xp bag) and cy5 = Ug g(cys Xp bag). By [L22(c), the fiber products
by Xp bag and cy5 Xp bap are in Obg(A). Thus the composition go f : ¢ = a
decomposes as Uy g4,5(Cy.5 Xp ba,g) = LaGq, Wwhere each composition

Cy,5 Xb ba,g — b.y Xp ba,g — baﬂ — Qg

is in Morj)(A) by LZZ(a),(c).
(d) By (b) and (c), the assumptions of [[LI.1] are satisfied. Thus the construction
[[.1.2] applies, and we can talk about n-geometric objects and n-special morphisms in

C.

Lemma 1.2.5. Let f : x — y be a morphism in C, and let z — y be covering in C.
Then f is n-special if and only if its pullback x x, 2 — z is n-special.

Proof. Since n-special morphisms are stable under pullbacks, the "only if" assertion
follows. Conversely, assume that = x, z — z is n-special. We want to show that
f:x xy,t—tis n-special for every morphism ¢ — y with 0-geometric ¢. Since ¢ has
a form t = Ugts with t3 € Oby(A), we conclude that = x, t — ¢ is the coproduct of
x X, tg — tg. Thus we can assume that t € Obgy(A).

Since z — y is covering, there exists a T-covering {t, — t}, such that every

composition t, — t — y has a lifting to t, — z. By our assumption [.2.2(d), we can
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assume that every t, — t belongs Mor)(A). Set t' := L,t, € C. Then the covering
t' — t belong to Mor)(C), and the composition #' — t — 3 has a lifting to ¢ — 2.
Since x X, z — z is m-special, and since n-special morphisms are stable under
pullbacks, the map = x, t' — t' is n-special. Thus there exists an (n — 1)-special
covering " — x x,, t’ such that the composition ¢ — ¢ is (n — 1)-special. Since
t" — t is a O-special covering, we get that the composition ¢’ — x x, ¢’ = 2 X, t
is an (n — 1)-special covering, and the composition t” — ¢ is (n — 1)-special. Thus
x X, t — t is n-special, and the proof is complete. O

As an application, we get a characterization of geometric objects and special mor-
phisms in the spirit of [0.2.2)(c).

Corollary 1.2.6. The classes of geometric objects in C and special morphisms be-
tween geometric objects can be characterized as the smallest classes, containing Obgy(.A)
and Mor)(A), closed under coproducts and satisfying the following properties:

(1) The class of special morphisms is closed under compositions and pullbacks.

(ii) An object y € C is geometric, if there exists a covering f : x — y such that
x and v X, x are geometric, while both projections x X, x — x are special.

(1ii) A morphism f : x — y between geometric objects is special, if for every
special morphism z — y with z € Oby(A) the fiber product z X, x is geometric, and
the projection z X, x — z s special.

(iv) A morphism f : x — y between geometric objects is special, if there exists
a special covering z — x such that the composition z — x — y s special.

Proof. First we claim that classes of geometric objects and special morphisms satisfy
properties (i)-(iv). Indeed, (i) follows from Lemma [[.T.4(c),(e), (ii) follows from a
combination of Lemma [[.2.5]and Corollary [[.T.6] while (iii) and (iv) follow essentially
from definitions.

Conversely, by induction on n, we claim that any pair of classes (Ob’, Mor') satisfy-
ing (i)-(iv) contains classes of n-geometric objects and n-special morphisms between
geometric objects for all n. This is clear for n = 0. Assume now n > 0.

By definition, for every n-geometric object y there exists an (n—1)-special covering
x — y from 0-geometric x. Then the fiber product x x, = is (n — 1)-geometric, and
both projections = X, x — x are (n — 1)-special. Thus y belongs to Ob’ by (ii) and
induction.

Finally, let f : * — y be an n-special morphism between geometric objects, and
let 2z — y be a special covering with 0-geometric z. Using (iii) and arguing as in
Lemma [[.2.5] it suffices to show that the pullback x x, z — z belongs to Mor’. But
this follows immediately from (iv) and induction. O

19



1.2.7. Restriction to a subcategory. (a) Let A" C A be a full subcategory,
compatible with 7, by which we mean that every x € A’ has a basic of covering of
the form {z, — z} with z, € A'.

(b) Let ¢ : A” — A be the inclusion. Then the restriction functor ¢* : PShv(A) —
PShv(A’) induces the functor ¢* : Shv(,A) — Shv(A’), whose left adjoint we denote
by ¢ : Shv(A) — Shv(A").

Lemma 1.2.8. In the situation of [LZ7, the functor v : Shv(A’) — Shv(A) is
fully faithful, and its essential image consists of all y € Shv(A) such that the counit
ut*y — y is an isomorphism.

Proof. We have to show that the unit morphism z — (*1z is an isomorphism for
every « € Shv(A’). Since ¢* and ¢ commute with (homotopy) colimits and every z is
a colimit of representable objects a € A’, it suffices to show that each map a — (*una
is an equivalence. By the Yoneda lemma and our assumption [L2.2(b), a is the
representable presheaf ¢(a), so the assertion follows from the fact that ¢ : A" — A is
fully-faithful. The second assertion is standard. U

1.2.9. Assumptions. (a) In the situation of [[2.7], assume that ¢ : A" — A has a
right adjoint (%, Assume furthermore that ¢ maps T-coverings to T-coverings.

(b) Let Oby(A’) C Ob(A’) and Morg(A’) € Mor(A') be classes satisfying the
assumptions of [L2.2l Thus we can talk about n-geometric objects and n-special
morphisms in C and C’ := Shv(A’).

Lemma 1.2.10. In the situation of [[.2.9, assume that 1®(Obg(A)) C Oby(A’) and
F(Mor(A)) € Morg(A').

(a) If x is n-geometric in C, then v*(x) is n-geometric in C'.

(b) If f : x — y is an n-special morphism between geometric objects in C, then
L*(f) is an n-special morphism in C'.

Proof. We will show both assertions by induction on n.

(a) If n = 0, then z is a coproduct of objects in Obgy(.A). Since ¢* commutes with
colimits, we can assume that x € Obg(.A). By definition, ¢*(z) is the representable
sheaf (%(x). Thus, *(z) = f{(z) € Obg(A’) by assumption.

Assume now that n > 0, and choose an (n — 1)-special covering y — = with 0-
geometric y. Then ¢*(y) — ¢*(x) is a covering, by assumption, and it is (n—1)-special
by the assertion (b) for (n — 1). As it was shown above that ¢t*(y) is 0-geometric, we
conclude that t*(z) is n-geometric by definition.

(b) Choose a covering z — y with 0-geometric z. Then = X, z — 2z is n-special,
and (*(z) — ¢*(y) is a covering. So by Lemma it suffices to show that the
projection v*(x X, z) & 1*(x) X,y t*(2) — ¢*(2) is n-special. Thus, replacing x — y
by z x, z = z, we reduce ourself to the case, when y is 0-geometric, hence z is

n-geometric.
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Assume first that n = 0. In this case, f : * — y decomposes as a coproduct of
fos ' Tap — Yo from Morp(A). Therefore ¢*(f) decomposes as the coproduct of
1*(fa.3), and each of them belong to Mor)(A’) by assumption. Therefore (*(f) is
0-special.

Assume now that n > 0, and choose an (n — 1)-special covering z — x with
0-geometric z such that the composition z — = — y is (n — 1)-special. Then
1*(z) = *(z) and *(2) — *(z) — *(y) are (n — 1)-special by assumption. Since
*(z) is 0-geometric, we conclude that o*(f) is n-special, as claimed. O

1.3. Passing to pro-categories. In our application the co-category A from [[.2.2]
will of the form A ~ ProB for some oco-category B. In this subsection, we will
describe what kind of data on B gives rise to the data of [L2.2

1.3.1. Construction. (a) Let B be an co-category, and let P be a class of morphisms
in B which contains isomorphisms, and closed under compositions and all pullbacks.
In particular, for every morphism z — y in P and every morphism z — y in B the
fiber product z x, z exists in B and the projection x x, z — 2z is in P.

(b) Let A := Pro(B) be the pro-category of B, and Obg(A) be the class of ob-
jects © € Ob(A) which have presentations as filtered limits = ~ lim, x,, where all
transition maps z, — x3 belong to P.

(c) Notice that assumption (a) implies that if f : z — y is in P C Mor(B) C
Mor(.A), then for every morphism y" — y in A the fiber product z x, 3’ exists in
A. Explicitly, if ¥’ ~ lim, v/, is a presentation of y’, then the projection vy — y
factors through a morphism y/, — y for all sufficiently large «, and lim,(y,, x, ) is
a presentation of z x, y'.

(d) We denote by P the class of all morphisms f’ : ' — v in A of the form
"~y x, f for some morphism f : 2 — y in P and a morphism 3y’ — y such that
"~y x, f. Notice that the class P also contains contains isomorphisms and is
closed under compositions and pullbacks. Moreover, P is nothing but ﬁ| B, where
the later is defined to be the class of all f': 2’ — ¢/ in P such that v’ € B.

(e) We denote by Morg(.A) the class of all morphisms f : 2 — y in A such that z
has a presentation as a filtered limit z ~ lim, x, over y such that all projection maps
Zo — y and transition maps x, — 3 are in P. This class contains all isomorphisms
and is closed under all pullbacks.

(f) Notice that x € Ob(.A) belongs to Oby(.A) if and only if there exists a morphism
(x = y) € Mory(A) with y € Ob(B).

1.3.2. Remark. For our applications, B will be an ordinary category, in which case,
A will be an ordinary category as well.

Lemma 1.3.3. In the situation of[1.3.1,
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(a) The class Morg(A) is closed under compositions.
(b) For every f : x — y in Morg(A) with y € Oby(A), we have x € Obgy(A).

Proof. Notice first that it follows from the observation [[L3(f) that assertion (b)
follows from (a). Thus, it remains to show that for every f: 2z — yand g:y — 2 in
Morg(.A) we have g o f € Morg(A).

Though it is not difficult to show this assertion directly by constructing a presen-
tation of x — z from presentations of x — y and y — z, we are going to deduce it
from a standard fact that every pro-category has all filtered limits. Our argument is
based on the following construction.

1.3.4. Construction. (a) Since the class P C Mor(A) contains all isomorphisms
and is closed under compositions, we can view P as a (non-full) subcategory of A.
Then the over-category 75/ z is a subcategory of A/z. Moreover, since A has all
filtered limits, the inclusion P/z C A/z gives rise to the functor

L: Pro(P/z) — Pro(A/z) Lim, Afz,

whose essential image is precisely the morphisms (x — z) € Morg(A).

(b) Since P is closed under pullbacks, for every pair of morphisms a — b and
¢ — b in P there exists a fiber product a X, ¢ € A such that both projections
a xpc— aand a X, ¢ — ¢ are in P. Mimicking the construction of [L3.1ld), we
denote by P the class of morphisms f : Z — § in Mor(Pro(P/z)) such that for every
(or equivalently for some) presentation y ~ lim,¢; y, of ¥, there exists 5 € I and a
morphism fz : x5 — yz in P/z such that f ~ lim,~5(ya Xy fs)-

(c) By assumption, y € A/z has a lift to a certain y € Pro(P/z).

(d) Since the class P € Mor(Pro(P/z)) is closed under compositions, we can view

P as a subcategory of Pro(P/z), and thus can consider category P/§ C Pro(P/z)/3.

Claim 1.3.5. Functor ¢ induces an equivalence of categoriesT: P/j = P/y.

Let us finish the proof of the lemma assuming the claim. By the definition of
Mor(.A), there exists a presentation x as a filtered limit x ~ lim,e; 2, over y such

that all projections z, — y and all transition maps z, — 3 are in P. In other
words, the assignment z. : @ — x, is a functor I — P/y. By Claim [[35 functor x.

has a natural lift to a functor Z. : I — P/§j : & — Za. Since Pro(P/z) has all filtered
limits, while ¢ preserves filtered limits, the limit = := lim, Z, € Pro(P/z) exists and
satisfies ¢(Z) ~ x. Thus z — z is in Mor(A), as claimed. O
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1.3.6. Remark. Our argument shows that if 7 € Pro(P/z) is a lift of (y — 2) €
Mory(A), then every morphism f : # — y in Morg(A) has a lift to a morphism

f:% — 7 in Pro(P/z).
It remains to show Claim [[.3.5

Proof of Claim[1.3.3. Choose a presentation y ~ lim, y, of y € Pro(75/ z). It clearly
induces a presentation y ~ lim, y, of y € A/z.

_First, we will show that 7 is essentially surjective. Take any object f : 2 — y in
P/y. By definition, there exists an index § and a morphism fz : x5 — ys from P

such that f ~y %, f,. Then the morphism fi= limass(Ya Xy, f3) belongs to ﬁ/’yv

and satisfies 7(f) ~ f.
It remains to show that 7 is fully faithful. Let f' : 2’ — y and f" : 2" — gy

be two objects in P /7 coming from morphisms fo x5 — yg and f5 2 — ys

from P/z. Now the assertion follows from the fact that both Hom /g( f', f") and

Homg , (2(f'),7(f")) are naturally isomorphic to

colimgs g Homp (Yo Xy, Tg, Yoo Xys T)-
U

1.3.7. Summary. (a) In the situation of [L3.1, we denote by Morp(.A) the class of
all morphisms f : 2 — y in Mory(.A) such that y € Obg(A), (and hence x € Obg(.A)
by Lemma [[3.3). By construction, the pair (Obg(A), Mor)(A)) satisfies all the
assumptions of [.2.2](a).

(b) Note that every Grothendieck topology 7T 5 on B induces a Grothendieck topol-
ogy T on A. Namely, for every presentation x ~ lim, x,,, coverings of x are generated
by coverings of the form {x x,, %a;}i, where {x,; — x,}; is a covering of z,. In
particular, if the Grothendieck topology 7 5 is generated by morphisms belonging to
P, then T satisfies the assumption [L2.2)(d).

1.4. Extension of classes of morphisms. In this subsection we will outline a gen-
eral procedure how to extend classes of morphisms in between objects in Obgy(.A) to
correspodning classes of morphisms between geometric objects in C. The construc-
tions and results of this subsection will not be used before subsection [3.21

1.4.1. M-special morphisms. In the situation of [LZ2 let M > Mor)(A) be a
class of morphisms between objects in Obg(.A), which is closed under compositions,
and under pullbacks with respect to morphisms in Mor](A).

(a) We say that a morphism f : x — y in C between 0-geometric objects z and y
is M{-special, if it decomposes as a coproduct f = U, gfas : UasTas — Ugys where

each f, 3 € M.
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(b) We say that a morphism f : z — y in C from a geometric = to a 0-geometric y
is My-special, if there exists a special covering z — x with 0-geometric z such that
the composition z — z — y is M-special (see (a)).

(c) We say that a morphism f : z — y in C between geometric objects is M-special,
if for every special morphism 3" — y with 0-geometric ¢/, the pullback z x, y' — ¢/
is M-special (see (b)).

1.4.2. Remarks. (a) As in [[.24(b),(c), the assumptions on M imply that the
class of MY-special morphisms from [LZI](a) contains Mor)(C) and is closed under
compositions and Mor{(C)-pullbacks.

(b) The class of Mg-special morphisms from [LZT(b) is closed under pullbacks
with respect to special morphisms 3" — y. Indeed, let * — y by M-special, and let
z — x be as in [LAT|(b). By definition, there exists a 0-special covering y” — v’ such
that the composition y” — 3y’ — y is O-special. Therefore, by (a) the composition
2 %,y =y is M{-special. Hence the composition z x, y” — y” — y' or, what is
the same, z X, vy’ — x X,y — vy’ is M@-special. Since z X,y — x X,y is a special
covering, we conclude that x x, y" — v’ is M-special, as claimed.

(c) By (b), every morphism from M,-special morphism is M-special (see[.4.T](c)).

(d) By definition, the class of M-special morphisms is closed under pullbacks with
respect to all special morphisms. Moreover, using (a) one sees that this class is closed
under composition and contains special morphisms.

(e) Note that if = EN y 2 z are morphisms in C such that f is a special covering
and g o f is M-special, then g is M-special.

(f) Notice that a morphism f := U, f, : * = Usxq — y is M-special if and only if
every f, is M-special. Indeed, the "only if" assertion follows from the fact that the
inclusion x, — L,z is special.

As for the converse, passing to the pullback with respect to special morphism
Yy — y with 0-geometric y, we can assume that y is O-geometric. Next, choose a
special covering g, : 2o — T, with 0-geometric z,, such that z, — x, — y is ./\/l8—
special, and set z := LU,2,. Then g := U,g, : 2 — x is a special covering, and the
composition z — ¥ — y is MY-special, by definition. Hence f is My-special, thus
M-special.

(g) By (f), a morphism f : x — y is M-special if and only if the pullback x x,y" —
y' is M-special for every special morphism y" — y with ¢’ € Obg(.A). Also by (e) and
(f), a morphism f : z — y is M-special if and only if the composition 2’ — =z — ¢/
is M-special for every special morphism 2/ — x with 2’ € Obg(A).

Lemma 1.4.3. Let f : x — y be a morphism in C such that pullback x X, z — z 1is
M-special for some special covering z — y. Then f is M-special.
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Proof. We want to show that z x, ¢ — t is in M for every special morphism t — y
with 0-geometric ¢. Set t' := 2z X, t. Then the projection t' = z x, t — z is a special
morphism, thus the pullback = x, t" — t' is M-special.

On the other hand the projection ¢ = 2z x,, t — t is a special covering, therefore
the composition x x, ¢ — t' — t, or (what is the same) x X, t' — = x,t — t is
M-special (by [L42(d)). Since x x, t' — = X, t is a special covering, we conclude
that  x, t =t is in M by [L.4.2(e). O

1.4.4. P-adapted classes. (a) Let P be as in [L3a), so the construction of
31l applies, and let @ D P be a class of morphisms in B, which is closed under
compositions, and P-pullbacks, that is, pullbacks with respect to morphisms from
P.

(b) We denote by Q4 the class of morphism f : x — y in A with 2,y € Obg(A)
such that for every two strongly pro-P presentations y ~ lim, y, and x ~ limgxg
the following condition is satisfied:

(%) for every «a there exists § and a morphism fz, : x5 — y, belonging Q
such that pr,of : x — y — y, factors as fg, 0 pry: z — 25 = Ya-

(c) By definition, the class Q4 is closed under compositions. Also, a morphism
f:x —yisin Qy if and only if for every strongly pro-P presentation y ~ lim, yq,
each composition pr,of : x — y, is in Q4.

(d) We say that the class Q is P-adapted, if for every x € Oby(.A), the identity
map id : x — x is in Q4.

1.4.5. Remarks. (a) Notice that if Q is P-adapted, @ D Q and P’ C P, then Q'
is P’-adapted.

(b) If Q is P-adapted, then in order a morphism f : x — y in A with z,y € Obg(A)
be in Q, it suffices to check that the condition (%) of [LZ4(b) is satisfied for some
presentations y ~ lim, y, and z ~ limg x3.

(c) Since Q is closed under composition, we can view Q as a (non-full) subcategory
of B. Thus we have a natural functor ¢ : Pro(Q) — A. Then Q is Q-adapted if and
only if ¢ induces an equivalence between Pro(Q) and a subcategory of A.

Lemma 1.4.6. Assume that Q is P-adapted. Then the class Q4 contains Morg(A)
and is closed under pullbacks with respect to all morphisms in Mor((A).

Proof. By remark [[3.0] for every lift 4 € Pro(P) of y € Obgy(A), every morphism
(f : . — y) € Mord(A) can be lifted to a a morphism f : ¥ — 7 in Pro(P). In other
words, for some presentations of y and z the condition (x) of [L44(b) is satisfied with
fs.a € P C Q. Hence, by remark [L45](c), this implies that f is in Q4.

Next, let g : z — y be in Mor)(A), while f :  — y is in Q4. We want to show
that the fiber product = x, z in A exists, belongs to Oby(A), and the projection

x X,z — zis in Q4. Note that since z — y is in Mory(A), the fiber product = x, z
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exists and x x, z — z is in Mor§(A) (see [L3dl(c)). It remains to show that the
projection x x, z — 2z is in Q4.

Choose a presentation z ~ lim,, z, over y such that each z, — y is in P. It suffices
to show that each projection z x, 2 — z — 2, is in Q4. Since this composition
decomposes as T X, z — T X, %o — Za, and the first map is in Mor(.A), it suffices
to show that the map = X, z, — 2, is in Q4. Replacing z — y by 2, — y, we can
assume that z — y in P. N

Choose a presentation, y ~ lim, y,. Since z — y in P, it is a pullback of some
morphism 2z, — Yy, in P. In particular, z has a presentation x >~ limg., xg with
Tg ~ Ty Xy, ys. By [L4d(c),(d), it suffices to show that x x,, 25 ~ 2 x, 2 = 2 — 25
is in Q. Thus, replacing z — y by 2, — Y., we can assume that z — y in P.

Choose a presentation z ~ limg xg. By definition, there exists § such that x — y
factors through some (x5 — y) € Q. Thus xx,2z — z factorsas x X,z = rgXx,2 — 2,
which is in Q, because z x, z — x5 X, 2 is in Morj(A), while 25 x,, 2 — 2 is in Q.

(b) Let f: 2 — yisin Qyu, and let g : z — y be as in the lemma. We want
to show that the fiber product = x, z in A exists, belongs to Oby(A), and the
projection x x, z — 2z is in Q4. Choose a strongly pro-P presentations y ~ lim, y,
and z ~ limg x4 of y and z, respectively.

By our assumption on g, we have g ~ g, X, y for @ and some morphism g, : 2z, —
Yo in B, thus z has a presentation z =~ limy/sq Yor Xy, 2. By our assumption on f,

the composition x — y — y, factors as z — x4 @) Yo With fzo € Q.

Then the fiber product = x, z >~ = X, 2, exists and has a strongly pro-P presen-
tation x X, z ~ limg~gxg Xy, 2. Since Q is closed under all pullbacks, we thus
conclude that the projection x X, z — z — 2z, is in Q4. Using [L44l(c), we thus
conclude that the projection z x, z = z is in Q 4, as claimed. O

1.4.7. O-special morphisms. In the situation of [[L4.4] assume that Q is P-
adapted. By Lemma [[L4.6] the class Q4 satisfies all the assumptions [L4AIl In
particular, Q gives rise to a class of O 4-special morphisms between geometric ob-
jects of C which we will simply call Q-special. By [[L44(d), the class of Q-special
morphisms is stable under pullbacks with respect to special morphisms.

1.4.8. Finitely presented morphisms. In the situation of [[.4.4] we say that

e a morphism f : 2 — yin A is fp, for the form f ~ f’ x,, y for some morphism
flZ =9y in B.

e a morphism f: 2z — y in A is fp, if for every morphism ¢ : yog — y with yo € A,
we have x x, yy € A, and the projection = x, yo — yo is p.

Lemma 1.4.9. Assume that the class Q from[1-].4)(a) is closed under all pullbacks
in B. Then

(a) The class Q4 is closed under pullbacks with respect all fp-morphisms in A.
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(b) The class of Q-special morphisms is closed under pullbacks with respect all
fp-morphisms in C.

Proof. (a) Let f: 2 — yisin Q4, and let g : z — y be fp. We want to show that the
fiber product x x,, z in A exists, belongs to Oby(A), and the projection = x, z — 2
is in Q4. Choose a strongly pro-P presentations y ~ lim, y, and x =~ limgzz of y
and z, respectively.

By our assumption on g, we have g ~ g, X, v for @ and some morphism g, : 2, —
Yo in B, thus z has a presentation z ~ limy/sq Yo Xy, 2o By our assumption on f,

the composition * — y — y, factors as z — xp % Yo With fzo € Q.

Then the fiber product z x, 2 ~ x X, 2, exists and has a strongly pro-P presen-
tation x X, z ~ limg~gxg Xy, 2. Since Q is closed under all pullbacks, we thus
conclude that the projection z x, 2 = z — 2, is in Q4. Using [[.4.4c), we thus
conclude that the projection z X, 2 — z is in Q 4, as claimed.

(b) Let f : z — y is Q-special, and let g : 2 — y be fp. We want to show that
the projection x x, 2 — 2z is O-special. Using Lemma [[.4.3] we can take pullback
with respect to a special morphism yy — y with yo € A, thus assuming that y (and
hence also z) is in A. Moreover, precomposing f with a special covering zq — x
with 0-geometric xy and using [LZ4(f), we can assume that © € A and f € Q4. In
this case, the assertion follows from (a). O

2. PLACID 0o0-STACKS AND THEIR ANALOGS

In this section we are going to introduce our basic geometric objects, namely placid
oo-stacks, and their perfect and topological analogs.

2.1. Placid oo-stacks. Let k be an algebraically closed field. In this subsection we
will study the construction of Section [I] in the case when B is the category Affit of
affine schemes of finite type over k, equipped with étale topology, and P is the class
of all smooth morphisms.

2.1.1. Globally placid affine schemes. (a) In the situation of [L31] let B be
the category Affit of affine schemes of finite type over k, and P = P, be the class
of all smooth morphisms. Then P satisfies the assumptions of [L3.I](a), thus the
construction of [L3.1] applies. In particular, we can form a category A := Pro B and
can form a class of objects Oby(A) C Ob(A) and a class of morphisms Morg(.A),
which we are going now describe explicitly.

(b) Recall that the category A is canonically equivalent to the category Aff) of
affine schemes over k, while Obgy(A) consists of all affine schemes X, which have
presentations as filtered limits X ~ lim X,, where every X, is in Affit and all

transition maps X, — Xz are smooth. Such presentations will be called placid.
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(¢) Using [EGAIV], 8.9.1 and 17.7.8], one sces that P is the class of all smooth
finitely presented morphisms between affine schemes. Therefore a morphism f : X —
Y in Affy, belongs to Morg(.A), if X has a presentation as a filtered limit X ~ lim, X,
over Y such that all projection maps X, — Y and transition maps X, — Xz are
fp-smooth.

(d) We will call objects of Obg(A) globally placid affine schemes, and morphisms
belonging Mory(.A) strongly pro-smooth.

(e) As in [L37(a), we define a subclass Mor)(A) C Morg(A).

2.1.2. Remark. We use the term globally placid instead of simply placid both
to emphasize the global nature of the definition and in order not to conflict with
Definition (compare remark ZTI3(b)).

The following lemma will be needed to show that various constructions will be
independent of a presentation.

Lemma 2.1.3. Let g: X — Y be a flat map between globally placid affine schemes
with presentations X ~ lim, X, and Y ~ limgYs. Then for every B and every

sufficiently large o the composition X —» Y e, Y3 factors as X P X, Gl Ys
with go 5 flat. Furthermore, if g is strongly pro-smooth, then for every sufficiently
large o, the morphism go 5 15 smooth.

Proof. Since X ~ lim, X, and Y} is of finite type over k, there exists « such that
prgog : X — Yj factors as X Doy X, 224 Ys. Thus prg = gu s o pr,, for every
o' > «a, and we would like to show that there exists o’ > « such that g, s is flat
(resp. smooth).

Let X/ C X, be the largest open subset such that g/, 5 := gas|x;, is flat (resp.
smooth). It suffices to show that the image of pr, is contained in X/. Indeed, in
this case, we would have a projection prl, : X — X/. Since X ~ lim, >, X, there

exists o’ > a such that pr/, : X — X/ factors as X =2 X, iy X, and pry,  is
smooth. Therefore g 5 = g, 5 0PIl , is flat (resp. smooth), as claimed.

Fix a point x € X, and set z,, := pr,(z) € X,. We want to show that g, s is flat
(resp. smooth) at z,. Set y := g(v) and yg := prg(y) € Y.

Notice that both X — X, and Y — Y} are strongly pro-smooth, thus flat. There-
fore the composition X — Y — Yj is flat, thus Ox, is faithfully flat both as an
Ox, z,-algebra and an (’)yﬁ,yﬁ—algebra. Therefore Ox,, ., is a flat (’)y&yﬁ—algebra, thus
Ja,p 1s flat at z,.

Assume now that g is strongly pro-smooth, thus pryog : X — Yj is strongly pro-
smooth. To show that g, s is smooth at z,, it remains to show that z, is a smooth
point in the fiber (X,),, (see [St, Tag 01V9]). Furthermore, it suffices to show that

any lift of z, is a smooth point in the geometric fiber (X, )yz. Taking base change
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with respect to the morphism 73 — Y}, and replacing = and z,, by their lifts, we can
assume that Yz = Speck.

To show that z, is a smooth point, it now remains to show that the sheaf of
differentials Qx, i, is locally free at z,, and the local ring Ox, ., is reduced (see [St]
Tag 04QP]).

Since X is strongly pro-smooth over Y3 = Spec k, it is reduced. Therefore the local
ring Ox . is reduced. Since Ox, is a faithfully flat Ox, . -algebra, we therefore
conclude that the canonical morphism Ox, ., — Ox, is injective, thus Ox, ., is
reduced.

Moreover, using faithful flatness of Ox, over Ox, ., again, to show that (2x_/ is
locally free at z,, it suffices to show that the pullback pr}, Q2x, /x is a flat Ox-module.
To prove this, we will show that there exists an exact sequence of Ox-modules

(2.1) 0 — pry, Qx.n — Qx/e — Qx/x. — 0,

and both Q0x/x, and Qx/; are flat Ox-modules.

Using the canonical identification €2y/x, =~ colimy/~q pry Q2x_,/x,, the flatness of
Qx/x, follows the fact that each Qx ,/x, is a flat Ox_,-module (because projection
Pry o @ Xor = X, is smooth). The flatness assertion for €2x/; follows by the same
argument, using the assumption that X — Spec k is strongly pro-smooth.

Next, since every projection pr, , : Xo — X, is smooth, we have an exact
sequence

0— pr:;/’a QXQ/k — QXa//k — QXa//Xa — 0
of Ox_,-modules. Since projection pr, : X — X, is flat, the pullback pr}, is exact,
thus we have an exact sequence of Ox-modules

(2.2) 0— pl":; QXQ/k — pI‘Z/ Qxa,/k — pr:;/ QXa//Xa — 0.

Since filtered colimits are exact, applying colim, to (2.2)), we get the exact sequence
(Z1) we were looking for. O

Applying Lemma 2.1.3 to the identity map, we get the following consequence.

Corollary 2.1.4. Let X be a globally placid affine scheme with two presentations
X =~ lim, Xy and X =~ lim, Xz. Then for every 8 and every sufficiently large o

the projection prg : X — X} factors as a composition X Py X, Joly Xp with ga.s

smooth.

Corollary 2.1.5. Let f : X — Y is finitely presented smooth covering between
globally placid affine schemes such that X is strongly pro-smooth. Then'Y is strongly
pro-smooth.

Proof. Choose a placid presentation Y =~ lim, Y, and strongly pro-smooth presenta-

tion X ~ limg X4, and we want to show that some Y, is smooth. Since f is finitely
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presented, there exists an index o and a smooth covering f, : X, — Y, such that
f =~ faxy, Y. Then X =~ limy-q(X, Xy, Yo ) is another placid presentation of
X, so it follows from Corollary 2.T.4] that for every [ there exists o/ such that the
projection X — Xj factors through a smooth map X, Xy, Y — Xp. Since Xjg
is smooth, we deduce that X, Xy, Y, is smooth. Since X, — Y, and hence also
Xa Xy, Yo = Y, is a smooth covering, we conclude that Y, is smooth. [

2.1.6. Infinity-stacks. (a) Let A = Aff;, as before, equipped with the étale topol-
ogy. In this case, the category of presheaves PShv(.A) is usually called the category
of co-prestacks over k£ and denoted by PreSt;. By analogy, we call the category
C = Shv(.A) the category of co-stacks over k and denote it by Sty.

(b) Let (P) be a class of morphisms f : X — Y from an oo-stack X to a
affine scheme Y, closed under pullbacks. We say that a morphism f : X — Y
of oo-stacks belongs to (P), if for every Y — ), where Y is an affine scheme, the
pullback X xy Y — Y belongs to (P). In particular, we can talk about repre-
sentable/schematic/affine (fp)-morphisms, where "fp" stands for "finitely presented".

2.1.7. Placid oo-stacks. (a) Let Oby(.A) C Ob(A) and Mor)(A) C Mor(A) be
the classes of objects and morphisms, constructed in 2.1.Il. We claim that all the
assumptions of are satisfied. Indeed, (a) and (d) follow from [[L377 (b) is
standard, so it remains to show (c).

Notice that for every F', F” € Sty, the coproduct F' = F' LI F” € St satisfies
the property for every X € Affy, we have F(X) = Ux—xux/F'(X') x F"(X"). In
particular, if X decomposes as X ~ F’ U F”, then the isomorphism X — F’ L F"
induces decomposition X = X’ X" and isomorphisms X’ = F', X" = F".

It remains to show that if X is globally placid, then X’ and X" also are. Indeed, let
X ~ lim, X, is a presentation of X, and let f € k[X] be the idempotent correspond-
ing to X’. Then f comes from an idempotent fz € k[Xp| for some index §, hence
induces a decomposition Xz = Xj U X7 of X. Hence X' is a globally placid affine
scheme with presentation X' = lim, (X, X x, X}), and similarly for X”. Moreover,
the embeddings X’ < X, X” < X are finitely presented open embeddings, thus
belong to Mord(A).

(b) By (a), the construction of [L2.4] applies. The corresponding (n-)geometric
objects of Sty will be called (n-)placid, and the corresponding (n-)special morphisms
will be called (n-)smooth.

2.1.8. Remarks. (a) All oo-stacks, considered in this work are actually usual 1-
stacks. On the other hand, the introduction of co-stacks is necessary, because 1-stacks
are not closed under homotopy colimits.

(b) In principle, one probably would like to sheafify for the fppf topology instead

of étale. On the other hand, to work with étale topology is easier.
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2.1.9. Examples. (a) Note that if X’ is an Artin stack of finite type over k, then
it is placid. Moreover, every smooth morphism f : X — ) between Artin stacks of
finite type over k in the classical sense is also smooth in the sense of ZT.7(b).

Indeed, since X' has a (classically) smooth covering X — X from an X € Affgt,
and X is 0-placid, the first assertion follows from the second one. Note that a smooth
morphism in Affit is O-smooth by definition, hence every affine smooth morphism
f X = Y between Artin stacks of finite type over k is 0-smooth. Then, by a
standard argument we see that every quasi-affine smooth f (between Artin stacks
of finite type over k) is 1-smooth, every schematic smooth f is 2-smooth, every
representable smooth f is 3-smooth, and every smooth f is 4-smooth.

(b) More generally, any locally finitely-presented morphism f : X — ) of algebraic
stacks, which is smooth in the classical sense is also smooth in the sense of 2Z.T.7(b).
Indeed, as in (a), one reduces to the case of a smooth finitely-presented morphism
f X = Y of affine schemes. In this case, f is a pullback of a smooth morphism in
Affgt. Hence it is 0-smooth, by definition.

Definition 2.1.10. (a) We call an affine scheme/scheme/algebraic space (n-)placid,
if it is an (n-)placid as an oo-stack.

(b) We call a scheme/algebraic space X globally placid, if it has a presentation as
a filtered limits X ~ lim, X, of schemes/algebraic spaces of finite type over k with
smooth affine transition maps.

2.1.11. Remark. Note that the notation of Definition 2.I.I0(b) is compatible with
terminology of Definition 2. 1.10(a). Namely, an affine scheme/scheme is globally
placid if and only if it is globally placid as an algebraic space. Indeed, assume that
an affine scheme/scheme X has a presentation X ~ lim, X, as a filtered limit of
algebraic spaces of finite type with affine transition maps. Then X, is an affine
scheme /scheme such for all sufficiently large « (see, for example, [Ry2l Prop 6.2 and

Cor 6.3]).

Lemma 2.1.12. (a) A globally placid algebraic space/scheme is placid.

(b) If f: X =Y be an fp-morphism from an algebraic space X to a globally placid
algebraic space Y. Then X is globally placid.

(c) Let f: X — Y be an fp-representable morphism of co-stacks such that Y is
placid. Then X s placid.

Proof. (a) Let X be a globally placid algebraic space/scheme with placid presentation
X ~lim, X,, and let X/, = X, be an étale covering from an affine scheme X/ . Then
X' =X xx, X/, has a presentation X’ =~ limg-,(Xz xx, X}), thus X' is a placid
affine scheme, and X’ — X is an fp-étale covering. Thus X is placid (use 2Z.1.9(b)),

as claimed.
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(b) Choose a placid presentation Y ~ lim, Y. Since X — Y is finitely presented,
it is a pullback of a morphism X, — Y, of algebraic spaces of finite type over k.
Then X ~ limg.,(Ys Xy, X,), thus X is a globally placid algebraic space.

(c) Choose a smooth covering Y — ) from a O-placid Y. Then the pullback
X xyY — X is a smooth covering, hence it suffices to show that X xy Y is placid.
Thus we can assume that ) is 0-placid. In this case, we have a decomposition ) ~
Uq Y, where each Y, is a globally placid affine scheme, which induces a decomposition
X ~ U,&X xyY,, therefore we can assume that ) is a globally placid affine scheme.
In this case the assertion follows from a combination of (b) and (a). O

2.1.13. Remarks. (a) A disjoint union X := X’ L X” of two globally placid affine
schemes is globally placid. Indeed, if X’ ~ lim, X, and X' =~ limg X} are placid
presentations of X" and X", then X ~ lim, 4(X], U X}) is a placid presentation of
X.

(b) By definition, every globally placid affine scheme is 0-placid. Conversely, every
0-placid affine scheme is globally placid. Indeed, by definition, every 0-placid affine X
is a disjoint union of LI, X, of globally placid affine schemes. Moreover, this disjoint
union is finite, because X is quasi-compact. Hence X is globally placid by (a). On
the other hand, we do not expect that every placid affine scheme is globally placid.

(c¢) Arguing as in one can show that if a scheme/algebraic space X has a
Zariski/étale covering by globally placid affine schemes, then X is placid. Again, we
do not expect that the converse is true.

2.1.14. Example. Let H be a group-scheme acting on a O-placid affine scheme
X. Assume that H is 0-smooth, that is, the projection H — pt is 0-smooth. Then
the quotient stack X' := [X/H] is 1-placid oco-stack, and the projection X — X is
0-smooth.

Indeed, the projection 7 : X — X is a covering, so it remains to show that 7 is
0-smooth. By Lemma [[.2.5] it suffices to show that the projection X xy X — X is
0-smooth. Since X xy X ~ H x X, and H — pt is 0-smooth, the assertion follows.

2.2. Reduced oo-stacks.

2.2.1. The reduced oco-substack. (a) Let Aff..q, C Affy be the category of
reduced affine schemes over k. Then the inclusion ¢ : Aff,eqr — Affy has a right
adjoint X — X eq.

(b) Recall that if f : X — Y is an étale morphism of affine schemes, and Y is
reduced, then X is reduced as well (see [St, 03PC(8)]). Therefore the étale topology
on Affy, restricts to the étale topology on Aff,eq x, thus the assumption [.2.7] is satis-
fied. In particular, we can consider the co-category Stieq := Shv(Aff,eq ), we have

the restriction map ¢* : Sty — Styeqr With left adjoint ¢ : Styeqr — Sti.
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(c) By definition, for every affine scheme X € St we have t*X = X;eq € Strea,
thus 1t* X = X.q € Sts.

(d) By analogy with (c), for every X € Sty, we set Xyeq := tt*X and call it the
reduced oo-stack of X. By adjointness, we have a natural counit map Xjeq — X.

(e) We call an oo-stack X' € Sty reduced, if the counit map Xeq — X is an
equivalence, and let (Sty).eq C Stx be the full subcategory of reduced oo-stacks.

Lemma 2.2.2. Let f : X — Y is an n-smooth morphism of placid oco-stacks (see
[2Z17(b)). Then the induced morphism X,eq — X Xy Vied @8 an isomorphism.

Proof. First we show the assertion when X and ) are globally placid affine schemes,
and f is strongly pro-smooth. When X,Y € Affgt and f is smooth, the assertion
is known. The general case follows from the fact that both functors X — AX.q and
X Xy Viea commute with limits. Namely, we first deduce the case when f is smooth
and finitely presented, and then when f is strongly pro-smooth.

Assume now that ) is a globally placid affine scheme. We will show the assertion
by induction on n.

If n = 0, then X decomposes as a coproduct X ~ L, X, where each f, : X, — Y is
a strongly pro-smooth morphism between globally placid affine schemes. Since both
functors ;eq and - Xy Yeq commute with colimits, we reduce to the case X, — Y,
shown before.

Let now n > 0 and choose an (n — 1)-smooth covering 7 : Z — X with 0-placid Z
such that the composition Z — X — Y is (n — 1)-smooth. By the observation [[.T.8]
7 gives rise to a presentation of X as a colimit of the Cech complex X' =~ colimyy, Zlml
where all f™ . ZIMl — X — ¥ are (n — 1)-smooth. By the induction hypothesis,
the assertion holds for each fl™. Thus, using the commutativity of both sides with
colimits, the assertion for f follows.

Assume now that ) is r-placid, and we argue by induction on r. When r = 0,
then ) decomposes as a coproduct ) ~ Ll,),, which induces the decomposition
X ~ U, X,, where &, = X xy V,, and the assertion for X — Y follows from that
for X, — Y., shown above. 5

When r > 0, we apply [LL8 to write ) as a colimit of the Cech complex ) ~
colimy,,) Z mlwhere each ZI"l is (r — 1)-placid. Then we reduce the assertion for f
to that for X xy ZI™ — ZIm and we conclude by the induction hypothesis. U

Corollary 2.2.3. (a) If f : X — Y is an n-smooth morphism (resp. covering)
of placid oo-stacks, then the induced morphism freq @ Xred — Yied 1S an n-smooth
morphism (resp. covering) as well.

(b)If X is a placid co-stack, then Xieq is a placid oco-stack as well, and the mor-

phism Xieq — X 15 a finitely presented closed embedding.
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Proof. (a) Since n-smooth morphisms/covering are closed under pullbacks, the as-
sertion follows from Lemma [Z.2.2

(b) By Lemma 2112 it suffices to show that X;eq — X is a fp-closed embedding.
It X e Affgt, the assertion is clear. Next, assume that X be a globally placid affine
scheme. Then X admits a strongly pro-smooth morphism X — X with X € Affit.
Then, X,oq ~ X Xx X,eqa by Lemma 2.2.2] thus the assertion for X,.,q — X follows
from that for X,.q — X.

In the general case, choose a smooth covering X — X with 0-geometric X. Since
X is a coproduct of globally placid affine schemes, we conclude that the map Xjeq X x
X ~ Xieq — X is an fp-closed embedding (use Lemma [2.2.2]).

We want to show that an arbitrary morphism U — X from an affine scheme U,
the induced morphism X,.q Xy U — U is an fp-closed embedding. Since X — X
is a covering, there exists an étale covering V' — U such that V' — U — X factors
through X — AX. Thus by the proven above, Xieq Xy V — V is an fp-closed
embedding. Therefore by a faithfully flat descent, there exists an fp-closed embedding
U — U such that U’ xg V =~ Xeq Xx V over V.

It thus remains to show that X,eq Xx U ~ U’. But this follows from the fact that
both sides are identified with a homotopy colimit colimp,,(Xea X x Vimly, O

2.2.4. Remarks. Arguing as in Corollary 2.2.3|(b) it is not difficult to deduce from
Lemma [Z2.2] that if X' is a scheme (resp. algebraic space), then X,qq is the classical
reduced scheme (resp. algebraic space) corresponding to X

2.3. Perfect oco-stacks, and topological equivalences.

2.3.1. Topological equivalences. (a) Let S be a collection of morphisms in an
oo-category C. Recall that the saturated closure of S is the smallest collection of
morphisms S O S, which is closed under homotopy colimits, pushouts and 2-out-of-
3.

(b) We say that a morphism f : ) — X of co-stacks is a topological equivalence, if
if it lies in the strong saturated closure of universal homeomorphisms between affine
schemes.

Though in general, strong saturated closure is a very complicated notion, it turns
out that topological equivalences can be described in very explicit terms.

2.3.2. Perfectly reduced schemes. Following [BGH|, we call an affine scheme
X over k is called perfectly reduced or simply perfect, if for every universal homeo-
morphism of affine schemes X’ — X such that X’ reduced is an isomorphism. In
particular, every perfectly reduced affine scheme is reduced.

(b) Let A" := Aff ;¢ C Affy be the category of perfectly reduced affine schemes

over k. Then the inclusion ¢ : Aff ¢ < Affj has a right adjoint X — X, (see
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IBGH! 14.3.2]). More precisely, X, e is the inverse limit limy/_,x X’ taken over all
isomorphism classes of finitely presented universal homeomorphisms X’ — X.

2.3.3. Remark. Note that if the characteristic of k is zero (resp. positive), then
perfectly reduced means absolutely weakly normal (see [Ry1, App. B]) (resp. perfect)
(see |BS, Lem. 3.8]).

2.3.4. Etale morphisms and universal homeomeorphisms.

(a) Recall that for every universal homeomorphism ¢ : X — Y in Aff; the functor
Y' — X' := X Xy Y’ induces an equivalence of categories between étale (affine)
schemes over Y and étale (affine) schemes over X (see [St, 04DZ]).

(b) Recall that for every étale morphism f : X — Y of affine schemes, the canonical
morphism Xper — X Xy Yper is an isomorphism (see [Ryl, Prop B.6(ii)]), thus the
induced morphism fperr @ Xpert = Yperr 18 étale.

(c) It follows from (b) that if f : X — Y is an étale morphism and Y is perfect,
then X is perfect as well.

(d) If follows from (a) that every composition X Ly %z , where ¢ is universal
f

’ ’
/

homeomorphism and f is étale, decomposes as X % Y’ & Z, where ¢ is universal

homeomorphism and f’ is étale.

2.3.5. Perfect co-stacks. Let A = Aff;, be the category of affine schemes, equipped
with an étale topology, and let A" := Aff ;s C A be the subcategory of perfect affine
schemes.

(a) By 2334((c), the étale topology on A restricts to the étale topology on A’, thus
as in [[L27 we can consider the co-category Stpefr := Shv(Aff o). In particular,
we have the restriction map ¢* : Sty — Stperrr With left adjoint ¢ @ Stperrr — Sti.

(b) By definition, for every affine scheme X € Sty we have t*X = Xjerf € Stpert i,
thus ut* X = Xperr € Sty

(c) By analogy with (c), for every X' € Stj, we set Xperf := ut* X and call it the
perfectization of X. By adjointness, we have a natural counit map Xy — X.

(d) We call an oo-stack X € Sty perfect, if the counit map Xy — A is an
equivalence, and let (Sty)pert C Stg be the full subcategory of perfect co-stacks.

(e) If follows from Lemma [[L2§ that functor ¢ : Stper — Sti induces an equiva-
lence of co-categories Stpertx — (Str)pert With inverse ¢* : (Sty.)pert — Stpert,s- There-
fore we will not distinguish between these categories, and will refer to both of them
as the oo-category of perfect oco-stacks.

Part (b) of the following result describes topological equivalences explicitly.

Lemma 2.3.6. (a) For every X € Sty, the counit maps Xpert = X and Xpeq — X

are topological equivalences.
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(b) A morphism f :Y — X in Sty is a topological equivalence, if and only if
Jpert @ Voert = Xpert 15 an equivalence.

Proof. (a) Since topological equivalence are stable under homotopy colimits, we re-
duce (arguing as in Lemma [[.2.8]) to the case when X is an affine scheme X. In this
case the counit maps are simply Xpef — X and X,eq — X, respectively, which are
universal homeomorphisms between affine schemes, thus topological equivalences.
(b) Assume that fyer is an equivalence. Since topological equivalences are closed
by 2-out-of-3, f is a topological equivalence by (a). It remains to show that if f is
a topological equivalence, then f,ef is an equivalence. Note first that if f : Y — X
is a universal homeomorphism of affine schemes, then foerr @ Ypert — Xpert is a
universal homeomorphism between affine schemes such that Y, is reduced and
Xperf 1s perfectly reduced. Therefore foe¢ is isomorphism in this case. Thus, it
suffices to show that the collection of morphisms f such that f,es is an equivalence
is closed by homotopy colimits, pushouts and 2-out-of-3. But this follows from the
fact that the perfection functor ut* : X +— Xjerr preserves homotopy colimits. O

Corollary 2.3.7. (a) Topological equivalences are stable under pullbacks.

(b) A morphism f 1Y — X in Sty is a topological equivalence if and only if for
every morphism Z — X with Z affine the base change Y; == Y Xy Z — Z is a
topological equivalence.

(c) Topological equivalences are stable under quotients, that is, if f : Y — X is
an topological equivalence, equivariant with respect to an action of the oo-group stack
H, then the induced map [f] : [V/H]| — [X/H] is an topological equivalence.

(d) A morphism f Y — X in Sty is a topological equivalence if and only if the
morphism f(Z) : Y(Z) — X (Z) is an equivalence for every Z € Aff et .-

Proof. (a) Since (X Xy Z)pert =~ Xpert Xy, Zpert, the assertion about pullbacks
follows from Lemma 23.6(b).

(b) The "only if" assertion follows from (a). Since topological equivalences are
stable under comotopy colimits, the "if" assertion follows from the fact that the
pullbacks commute with homotopy colimits, and every co-stack is a colimit of affine
schemes.

(c) Recall that [V/H] is defined as the colimit colimp,)(H™ x )). Since f is
a topological equivalence, the induced map Idy~ X f is a topological equivalence
by (a). As topological equivalences are closed under colimits, [f] is a topological
equivalence as well.

(d) By Lemmal[23.6(b), we have to show that fpes = ¢10*(f) is an equivalence if and
only if t*(f) : t*(¥) = ¢*(X) is an equivalence in Stper k. Since o : Stperrx — (St )pert
is an equivalence of categories (see 2.3.5(e)), the assertion follows. O
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2.3.8. Notation. Let (P) be a class of morphisms f: X — Y from an oco-stack X
to a affine scheme Y, closed under pullbacks. Our main examples are classes of mor-
phisms of algebraic spaces, and its subclasses of affine/schematic/fp-proper /finitely
presented morphisms or (fp) open/closed/locally closed embeddings.

(a) We say that a morphism f : X — Y is topologically (P), if there exists a
morphism f: X — Y from (P) and an isomorphism .’vaerf ~ Xt OVEr Y.

In particular, we say that a morphism f . X > Y from an oo-stack X' to a
affine scheme Y, topologically representable/schematic/affine, if X et is an algebraic
space/scheme/affine scheme. Furthermore, using[2:34((a), we see that a topologically
representable f is topologically locally fp, if é?perf it has an étale covering by affine
schemes, which are topologically fp over Y.

(b) Notice that for every morphism Y’ — Y between affine schemes we have a
natural isomorphism (X Xy Y")perr 2 Xpert XYoot Y;erf and similarly for -,.q. Therefore
classes of topologically (P) morphisms are closed under pullbacks, so construction
2.1.6[(b) applies.

In particular, we can talk about topologically representable/affine/schematic/fp-
proper/fp/locally fp morphisms and (fp) open/closed/locally closed embeddings.

2.3.9. Remark. (a) In the situation of 2.3.8(a) we will add the word strongly before

topological, if there exists a stronger isomorphism X,oq >~ Xeq over Y. In this case,
we will add the word strongly in Z3.8(b) as well.

(b) In the situation of 2Z3.§|(a), assume that Y is a globally placid affine scheme,
and X — Y is a locally finitely presented morphism of algebraic spaces. Then X
is a placid algebraic space (see Lemma 2.1.12)), thus X,.q — X is finitely presented
(Corollary 2.2.3)), hence X,¢q is a locally fp algebraic space over Y. Therefore in this
case, f : X — Y is strongly topologically fp-proper/locally fp if and only if X,eq is
an algebraic space, which is fp-proper/locally fp over Y.

2.4. Topologically placid oo-stacks. In this subsection we will introduce a class
of topologically placid oo-stacks, which is more general than the one, considered in
the introduction.

2.4.1. Uh-smooth morphisms. As in 2.1.1] let B be the category Affgt. We
denote by P = Pun_sm be the smallest class of morphisms in B which is

(i) closed under compositions, contains smooth morphisms and universal homeo-
morphisms;

(ii) local in the étale topology and topology generated by universal homeomor-
phisms, that is, if f: X — Y and 7 : X’ — X are morphisms in B such that 7 is
either étale surjective or a universal homeomorphism and f o7 € P, then f € P.

We call morphisms from P uh-smooth, where "uh" stands for "universal homeo-
morphisms".
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2.4.2. Remark. For the purpose of this work one can replace P = Py,p,_qm by the
smallest class satisfying 2.4.T1(i) only.

For completeness, we now give two more explicit descriptions of the class Pup_sm-

Lemma 2.4.3. For a morphism f: X =Y in Affgt the following are equivalent:
(a) f belongs to Pun—sm;
(b) f can be completed to a commutative diagram

X2 v Iy

/| H

f/ ﬂ./
Y Y’ %8
where m and 7' are universal homeomorphisms, g is étale surjective and f' is smooth.

(c) The induced map foers : Xpert — Ypert 45 @ perfectly smooth in the sense of
IZhu|, that is, every x € Xper has an étale neighborhood p : U — Xperr such that the

oy D, f erf g’ pr
composition U' = Xper =+ Yoerr factors as U = Yoerr X (A™)pert —> Ypert, where ¢’

1s étale.

Proof. (a) = (c) We have to show that the class of morphisms from (c) satisfy
properties (i) and (ii) of 241l Clearly, (c) is closed under compositions. Since every
smooth morphism Zariski locally decomposes as a composition X % Y x A" 2V,
where g is étale, we conclude that any smooth morphism belongs to (c). Since the
functor X — X, maps universal homeomorphisms into isomorphisms, the class
of (c) contains universal homeomorphisms and is local with respect to universal
homeomorphisms. Finally étale local property follows from 2.3.4|(b).

(c) = (b) Assume that fyer is perfectly smooth. By 2.3.4(d), we conclude that

the composition U’ 5 Xpert = X decomposes as U’ 5V 4 X, where g is étale and

7 is a universal homeomorphism, while the composition U’ =% Yot — Y, or what
is the same,
UL (Y X A")pers = Y x A" B Y,

decomposes as U’ oy L Y, where f’ is surjective and 7’ is an universal homeo-
morphism. Finally, by standard limit theorems ([EGAIV] 8.10.5] and [St, 0EUJ]),

universal homeomorphisms X’ Z U % V descend to universal homeomorphisms
X' ZV' 5V with V' € A",
(b) = (a) follows directly from the definition of Pyp,_sm. O

2.4.4. Topological version of globally placid affine schemes. In the situation

of 311 let B be Aff/" and let P be Pyp_am (see ZAT).
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(a) Note that the class Pyp_sm is closed under all pullbacks. Indeed, we have
to show that the class of all morphisms f: X — Y in Affit such that the pullback
fxyY'" € Pyp_sm for all morphisms Y’ — Y satisfies properties 2.4.1[(i),(ii). But this
follows from the fact that all classes involved (smooth, étale, universal homeomor-
phisms, etc) are closed under pullbacks. (Alternatively, the assertion can be shown
by noticing that classes (b) and (c) of Lemma 2.4.3] are closed under pullbacks.)

(b) By (a), the construction of [L3.1] applies (compare ZI.T). In particular, we
can form a class of objects Obgy(.A) C Ob(A) and a class of morphisms Morh(A) C
Mor,(A) C Mor(A).

(c) We will call objects of Obg(.A) globally uh-placid affine schemes, and morphisms
belonging Mory(.A) strongly pro-uh-smooth.

2.4.5. Globally uh-placid algebraic spaces.

(a) We call a morphism f: X — Y in AlgSpit uh-smooth, if étale locally it is a
uh-smooth morphism in Affit.

(b) We call an algebraic space/scheme X globally uh-placid, if it has a presentation
as a filtered limit X ~ lim, X,, where each X, € AlgSpit and all transition maps
are uh-smooth and affine.

(c) Alternatively, globally uh-placid algebraic spaces can be obtained by applying
construction of [L3] to the category B = AlgSp{t and class P of affine uh-smooth
morphisms.

2.4.6. Perfectly placid oco-stacks.

(a) As in[2.3.5] we set A" := Aff s, C Aff; = A and have a natural identification
v Shv(A") =~ (Stg)pert-

(b) In the situation of 244 we set Obg(A’) := Oby(A)NOb(A’), and Mor(A') :=
Morj(A) N Mor(A’). We will call objects of Obg(A’) globally perfectly placid affine
schemes, and morphisms belonging Mory(A’) strongly perfectly pro-smooth.

(¢) Using Lemma Z4.7|(c) below and arguing as in Z.T.7(a), these data satisfies all
the assumption of [L2.2] therefore the construction of [L2.4] applies. We will call the
corresponding geometric objects of Sty perfectly placid, and the corresponding
special morphisms perfectly smooth.

(d) Recall (see 2.32)) that the inclusion functor ¢ : A" — A has the right adjoint
oA A CA X = Xpar

Lemma 2.4.7. (a) FEvery universal homeomorphism f : X — Y in Affy belongs to
Morg(.A).
(b) Functor 1 satisfies 1:(Obg(A)) C Obg(A) and t#(Mory(A)) C Morg(A), thus
F(Mor)(A)) € Mor)(A).
(c) The class Mor)(A) is closed under all pullbacks between objects in Obg(A’).
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Proof. (a) Assume that f is finitely presented. Then by the standard limit results,
f is isomorphic to a pullback of an universal homeomorphism f’ : X" — Y’ in
Affgt. Since f' € P = Pun_sm, we conclude that f € P C Morg(A). In general,
notice that X can be written as a filtered limit X ~ lim, X, over Y such that each
X, — Y is a finitely presented universal homeomorphism (see [St, Tag 0EUJ|). Then
all transition maps Xz — X, are finitely-presented universal homeomorphisms as
well, so f € Morg(.A) by definition.

(b) Note that for every X € Oby(A), the projection 7 : Xper — X is a universal
homeomorphism. Thus 7 € Mory(A) by (a), hence Xper € Obg(A) by Corollary
This shows the assertion for objects.

Similarly, for every morphism f : X — Y in Mory(A), the induced morphism
Jpert @ Xperf — Yperf decomposes as Xperr — X Xy Yper — Yperr. The first map
Xpert = X Xy Yper is an universal homeomorphism, thus it belongs to Mory(.A) by
(a). The second map X Xy Yput — Yper is @ base change of f, thus it belongs to
Morg(A) as well. Since Mory(.A) is closed under composition, the composition fper
belongs to Mory(A), as claimed.

(c) Notice that the pullback of (f : X — Y) € Mor(A") with respect to (g :
Z —Y) € Mor(A') is the composition f : (X Xy Z)pet — X Xy Z — Z. Thus,
arguing as in (b) one sees that it belongs to Morg(.A) if f € Morg(.A). If in addition,

Z € Oby(A), then f € Mor(A) N Mor(A'), thus f € Mord(A'), as claimed. O

Corollary 2.4.8. (a) For every placid X &€ Sty, then its perfection Xpers € (Sti)pert C
Sty 1s perfectly placid.

(b) For every smooth morphism f : X — Y of placid oco-stacks, its perfection
Jpert + Xpert = Vpert 18 perfectly smooth.

Proof. By LemmaZZ.7|(b) we get inclusions t#(Obg(A)) € Oby(A") and t#(Mord(A)) C
Mor((A’). Therefore both assertions follow from Lemma [2.10 O

Now we are ready to define topologically placid co-stacks.

Definition 2.4.9. (a) We call an oco-stack X topologically placid, if its perfection
Xpert € Sty is perfectly placid.

(b) We say that a morphism f : X — ) of oo-stacks is topologically smooth, if its
perfection fperr @ Xpert — Vpert is perfectly smooth.

(c) We say that a morphism f : X — Y of oo-stacks is a topological covering, if
the restriction ¢* f : t*X — (*) is a covering in Stperf k-

2.4.10. Remarks. (a) Notice that if f : X — ) is a topological equivalence of
oo-stacks, then fyer is an equivalence (by Lemma 2:3.6(b)). Thus X is topologically
n-placid if and only if ) is.
(b) If f: X — Y is a covering, then /*f : .*X — 1*) is a covering, thus f is a
topological covering.
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(c) Note that repeating arguments Lemma [2T.12(c) word-by-word one shows that
if f: X — ) be an fp-representable morphism of co-stacks such that ) is a topo-
logically placid oo-stack (resp. globally uh-placid algebraic space), then X is also
SO.

Corollary 2.4.11. (a) Every placid co-stack X is topologically placid.
(b) Every smooth morphism between placid oco-stacks is topologically smooth.

Proof. Both assertions immediately follow from Corollary 2.4.8 O

Finally, we are going to modify slightly our constructions to define a class of topo-

logically étale between topologically placid oo-stacks, extending the corresponding
notion from [0.2.4

2.4.12. Topologically étale morphisms. (a) Replacing in 24T smooth mor-
phisms by étale morphisms, we introduce the class of uh-étale morphisms in Aﬂ“it.

(b) We call a fp-morphism X — Y in Affy, uh-étale, if if is a pullback of an uh-étale
morphism in Affgt.

(c) We call a morphism X — Y in Affy, strongly pro-uh-étale, if X has a presenta-
tion as a filtered limit X ~ lim, X, over Y such that each projection X, — Y and
each transition map X, — Xp is uh-étale.

(d) Consider a pair (Obg(A), Mor)(A)), where Obg(A) is the class of globally
perfectly placid affine schemes, and Mor)(.A) is the class of strongly pro-uh-étale
morphisms between globally perfectly placid affine schemes. As in 2.4.0] this pair
satisfies all the assumptions of [[L2.2] therefore the construction of [L2.4] applies. We
will call the corresponding geometric objects of Stperr perfectly DM-placid, where
"DM" stands for "Deligne-Mumford", and special morphisms perfectly étale.

(e) More generally, we call a morphism f : X — ) of perfectly placid oco-stacks
perfectly étale, if for every perfectly smooth morphism Y — ), where Y is a globally
perfectly placid affine scheme, the pullback f xyY : X x3Y — Y is a perfectly étale
morphism of perfectly DM-placid oco-stacks.

(f) Finally, we call a morphism f : X — Y of topologically placid oo-stacks
topologically €tale, if its perfection fperf 1 Xperr — Vpert 1S perfectly étale.

3. EQUIDIMENSIONAL MORPHISMS

Our next goal is to introduce an important class of (weakly/universally open)
equidimensional morphisms, first in the case of schemes of finite type, and then
extend this notion to topologically placid oco-stacks.

3.1. The case of schemes of finite type.
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3.1.1. (Locally) equidimensional schemes and the canonical filtration. Let
Y be a scheme of finite type over k.

(a) Recall that for every y € Y, we can form the dimension Y at y, defined
to be dim,(Y) = minys,dim U, where U runs over all open neighbourhoods of
y. Alternatively, dim,(Y") is the maximal of dimensions of irreducible components,
containing y. We denote by dimy : Y — Z the function y — dim,(Y").

(b) Recall that Y is called equidimensional, if each irreducible component of Y
is of the same dimension. Equivalently, this happens if and only if the dimension
function dim, is constant.

(c) For every i € Z, we set Ys; = dimy' ({> i}), Y := dimy'({< i}) and
Y; := dimy' ({i}). By definition, each Y<; C Y is open, Ys; = Y \ Y<;_; is closed,
and Y; = Y5, MY, is locally closed. Explicitly, each Ys; is the union of all irreducible
components of Y of dimensions > ¢, and Y; = Y5, N\ Y544, In particular, Y; is
equidimensional of dimension ¢. Let 7; : Y; < Y be the embedding.

(d) We say that Y is locally equidimensional, if the dimension function dim, is
locally constant. This happens if and only if each connected component of Y is
equidimensional, or equivalently, if and only if each ¥; C Y from (d) is a union of
connected components.

3.1.2. Dimension function and (weakly) equidimensional morphisms.

(a) To every morphism f : X — Y be a morphism between schemes of finite type
over k, we associate the dimension function dim, := dimy — f*dim, : X — Z.
Explicitly, for every x € X we have dim;(z) = dim,(X) — dim () (Y).

(b) We call f weakly equidimensional, if the dimension function dim, is locally
constant.

(c) We call f equidimensional, if f is weakly equidimensional, and we have an
equality dim ,(x) = dim, f~'(f(z)) for all z € X

(d) We say that a locally closed subscheme X C Y is pure of codimension d,
and write codimy(Y') = d, if the embedding X < Y is weakly equidimensional of
constant dimension —d. For example, each stratum Y; C Y from B.I.I|(c) is of pure
codimension 0, and X C Y is of pure codimension dimY — dim X, if both ¥ and X
are equidimensional.

(e) For shortness, we will often call universally open equidimensional morphisms
simply wo-equidimensional.

3.1.3. Remarks. (a) Our notion of an equidimensional morphism is slightly stronger
than that of [EGAIV]. For example, an embedding of an irreducible component
i X' — X is always equidimensional in the sense of [EGAIV| but is not weakly
equidimensional in our sense, if dim X’ < dim X. On the other hand, both notions

coincide, if f is dominant or open.
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(b) Notice that f is automatically weakly equidimensional, if X and Y are locally
equidimensional. Also every morphism ¢ : pt — X is weakly equidimensional.

(c) Explicitly, f is weakly equidimensional of dimension d if and only if for every
i € N, we have f(X;) C Y;_q.

(d) Notice that a scheme X is locally equidimensional if and only if the structure
morphism X — pt is equidimensional.

Lemma 3.1.4. For every morphism f : X — Y of schemes of finite type over k,
we have an inequality dim (x) < dim, f~'(f(x)). Moreover, this inequality is an
equality, if f is an open map.

Proof. The assertion is well-known (see, for example, [EGAIV] 14.2.1] or [St, 0B2L]).
O

Lemma B.1.4] immediately implies the following corollary.

Corollary 3.1.5. If f is open and weakly equidimensional, then it is equidimen-
stonal.

Lemma 3.1.6. Let X LY % 7 be morphisms of schemes of finite type over k.

(a) If f is surjective, and g o f is (universally) open, then g is (universally) open.

(b) We have an equality dim ., = dim, + f*dim,.

(c) Assume that g is weakly equidimensional. Then f is weakly equidimensional if
and only if go f is.

(d) Assume that f is open surjective. If f and go f are weakly equidimensional,
then so is g.

(e) Assume that f and g are open, and f is surjective. If go f are weakly equidi-
mensional, then so are f and g.

Proof. (a) and (b) are clear, and (c) follows from (b).

(d) By (b), the assumption implies that f*dim, = dim ,;—dim is locally constant.
Since f is open and surjective, then dim, is locally constant as well.

(e) By Lemma[3.T.4], both functions dim ; and dim are upper semi-continuous, that
is, the preimage of {> i} is closed for all 7. Then f*dim, is upper semi-continuous
as well. Since the sum di_mgO = dim rt f *di_mg is locally constant, we conclude that
both function dim, and f*dim  are lower semi-continuous as well. This implies that
both dim; and f*dim, are locally constant, and hence (as in (d)), function dim, is
locally constant as well. 0

Corollary 3.1.7. Consider a Cartesian diagram of schemes of finite type over k

(3.1) X Yoy

|

X —Y
43



such that either f and g are open or ¢ and v are open.
(a) Then we have an equality dim,, = g*dim,.
(b) In particular, if ¢ is weakly equidimensional, then v also is.

Proof. (a) For every 2/ € X', weset x :=g(2') € X,y :=9¢(2') e Y and y = ¢(z) =
f(y') €Y. We want to show that dim,(z’) = dim,(z).

When ¢ and ¢ are open, then by Lemma B.1.4] we have to show the equality
dimg ¢~ (y') = dim, ¢~ '(y). Since our diagram is Cartesian, ¢ induces an isomor-
phism ¢~ (y') ~ ¢~ (y) x, v/, which implies the required equality.

Assume now f and g are open. Then, by the proven above, we have an equality
dim, = ¢*dim;. On the other hand, using Lemma B.I.G(b) for p o g ~ fo ¢', we
conclude that dim, + g*dim, = dim,, + ¢*dim , hence

di_mg — @D*dimf = dim*} — g*dim¢.

Sice the left hand vanishes by the proven above, the right hand side vanishes as well.
(b) The assertion follows easily from (a). Indeed, if dim, is locally constant, then
di_md} = dim 509 is locally constant as well. O]

Corollary 3.1.8. The class of universally open equidimensional morphisms is closed
under compositions and base change.

Proof. While the first assertion follows from Lemma B.I.4 and Lemma B.I.6|(c), the
second one follows from Corollary B.I.7 O

Corollary 3.1.9. Let X Ly % 7 be morphisms of schemes of finite type over k.
(a) If f and g are equidimensional, then so is g o f.
(b) Assume that f is open surjective. If f and go f are equidimensional, then so
18 g.
Proof. For every x € X,y := f(z) €Y and 2z :=g(y) € Z, we let f. : f 1 (g7'(2)) —
g~ 1(2) be the restriction of f. Then

(3.2) dim, f~ (g7 (2)) = dim, (z) + dim, g H2).

(a) Since go f is weakly equidimensional by Lemma B.1.6)c), Lemma B.T.4l implies
that it remains to show that for z € X we have dim, f~'(¢7'(2)) < dim,, (). Using
Lemma [B.1.4] and the assumption that f and g are equidimensional, we conclude
that dim; (z) < dim, f~'(y) = dim,(x) and dim, g~'(2) = dim,(y). Therefore we
conclude from (3.2) that

dim, f~' (97" (2)) < dim,(2) 4 dim,(y) = dim , ;(2),

as claimed.
(b) Since g is weakly equidimensional by Lemma B.1.6l(d), it remains to show that
for every y € Y we have dim, g7 '(z) = dim (y). Since f is open, its restriction
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f. is open as well. Therefore we conclude from Corollary BIT.7(a) that for every
z € f!(y), we have dim, () = dim(z). Since go f is equidimensional, we conclude
that dim, f~'(¢g~"(2)) = dim,,;(z). Hence, by (B2), we conclude that

dim,, g7 (2) = dim,, () — dim(z) = dim,(y).
0

Lemma 3.1.10. FEvery uh-smooth morphism between schemes of finite type over k
15 universally open equidimensional.

Proof. We have to show that the class of universally open equidimensional mor-
phisms satisfies properties (i),(ii) of 24l It is easy to see that it contains smooth
morphisms and universal homeomorphisms, and is closed under compositions (by
Corollary BI.8]). Moreover, since it contains étale morphisms, property (ii) follows
from Lemma B.1.6(a),(d). O

3.1.11. Remark. Notice that every flat morphism between schemes of finite type
is automatically universally open, but not necessarily weakly equidimensional. For
example, condider the projection X — pt from a non-locally equidimensional scheme.

3.2. Extension to topologically placid co-stacks. In this subsection we are going
to define classes of equidimensional, weakly equidimensional and uo-equidimensional
morphisms between topologically placid co-stacks. In order not to repeat the same
arguments three times, we will introduce the following notation.

3.2.1. Notation. (a) Let B := Aff{’, and let P, be the class of all universally open
and equidimensional morphisms. Then P, is closed under compositions a pullbacks
with respect to all morphisms in B (by Corollary B.1.8)). In particular, P, satisfies
all the assumptions of [L3T|(a).

(b) Let @ D P, be a class of morphisms in B such that

e Q is closed under compositions and P, -pullbacks (compare [L4.4)).

e Q is P, -local, by which we mean that for every morphisms X Ly % 7 of
schemes of finite type over k such that f € P, is surjective, and go f € Q, we have
g€ Q.

3.2.2. Remark. Notice that if Q is P, local, then for every composition X EN
Y % Z of schemes of finite type over k such that f € P, and go f € Q, we have

glrx) € Q. Indeed, apply the definition to the composition X EN f(X) g'E) Z.

Lemma 3.2.3. Let Q be either Py or one of the following classes of morphisms
(i) (universally) open morphisms;
(i) (weakly) equidimensional morphisms.

Then Q satisfies all the assumptions of [Z.21(b).
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Proof. Since every Q is closed under pullbacks with respect to universally open
morphisms (by Corollary BIT), we conclude that every Q is closed under P,-
pullbacks. Next, the fact that every Q is closed under composition follows from
Lemma B.1.6(c) and Corollary B.1.9(a), and the fact that Q is P, -local follows from
Lemma [B.1.6l(a),(d) and Corollary B.I.9(b). O

The following lemma plays a central role in this work.

Lemma 3.2.4. Let Q be either Py or the class of (universally) open morphisms.
Then Q is Q-adapted (see[1.7.7).

In other words, let X >~ lim, X, and X =~ limg X} be two presentations of an affine
scheme X with all transition maps in Q. Then for every B and every sufficiently

large o the projection pr, : X — X, factors as a composition X LN X M Xa
with fg,a e Q.

Proof. Since X, is of finite type over k, there exists 3 such that pr, : X ~limg X —
X, factors through fz, : X é — X,. We claim that there exists 0 > [ such that the

pr}
composition Xj il Xé i> X, belongs to Q.
Note that the projection pry : X — Xj factors through g : X, — Xj. Moreover,

increasing v we can further assume that v > o and the composition X, 5 X 5= Xa
is the transition map. In particular, fog € Q.

Similarly, there exists § > 3 such that pr, : X — X, factors through h : Xj — X,
and such that goh: Xj — X} is the transition map. Thus go h € Q as well.

First we claim that if Q is the class of (universally) open morphisms, then the
composition fogoh : X5 — X, belongs to Q. Set U C Xj be the image of g o h.
Since g o h is open, we conclude that U is open. Since fogoh = (f|y)o(goh), it
remains to show that f|y : U — X, belongs to Q. Set V := ¢g~'(U) C X,,. It is an
open subset, because U is. Note that the map g|y : V' — U is surjective, because
U=1Im(go f) CImg, and (f|y) o (g9]v) = (f o g)|v belongs to Q, because f o g is.
Therefore f|y belongs to Q by Lemma B.1.6(a).

Now assume that Q@ = P,. By the proven above, we can increase [3,v and ¢ if
necessary, so that f and g are open. In this case, we claim that the composition
f o goh is equidimensional. As before, it suffices to show that f|y is such. By
our assumptions, g|y is open surjective, f|y is open and (f|y) o (g|v) = (f o g)|v is
equidimensional. Therefore f|; is equidimensional by Lemma [B.T.6|(e), and the proof
is complete. O

3.2.5. Notation. (a) Let P = Py,_sm be the class of uh-smooth morphisms in B,

then P C P, (by Lemma B.1.10).
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(b) It follows from Lemma B.2.4] and [L4.5](a), that every class Q from B.2.1lis P-
adapted, so the assumption of [[4.7] are satisfied. Thus we can talk about Q-special
morphisms f : X — ) between perfectly placid oo-stacks.

(c) We say that a morphism f : X — ) of topologically placid oo-stacks is
topologically Q-special, if its perfection fper @ Xpert — Vpert is Q-special.

(d) By construction, the class of Q-special morphisms from (b) is closed under
pullbacks with respect to perfectly smooth morphisms. Therefore arguing as in
Lemma [24.7(c), we conclude that the class of topologically Q-special morphisms
from (c) is closed under pullbacks with respect to topologically smooth morphisms

The following proposition provides a much simpler characterization of Q-special
morphisms in some cases.

Proposition 3.2.6. Let f : X — Y be an fp-morphism between globally uh-placid
algebraic spaces. Then the following are equivalent:

(i) f is topologically Q-special in the sense of [3.2.3(c).

(ii) There ezists a uh-placid presentation Y ~ lim, Y, an index o and a morphism
fa: Xo =Yy in Q such that f ~ f, Xy, Y.

Before starting the proof of the proposition, we will give several equivalent refor-
mulations of the condition (ii) of Proposition [3.2.6

Lemma 3.2.7. Let f : X — Y be an fp-morphism between globally uh-placid alge-
braic spaces. Then the following are equivalent:

(a) There exists a uh-placid presentation Y ~ lim, Y, an index o and a morphism
fa: Xo =Yy in Q such that f ~ fo Xy, Y.

(b) For every uh-placid presentation Y ~ lim, Y,, an index o and a morphism f, :
Xo — Y, such that f ~ f, Xy, Y, there exists B > « such that fg := fo Xy, Yp € Q.

(c) For every presentation Y =~ lim,Y,, index o and a morphism f, as in (b),
there exists an open subset U C X, containing pr,(X), such that f,|y belongs to Q.

Proof. (a) = (b) By definition, there exists a uh-placid presentation Y ~ lim, Y/,
and a morphism f, : X/, =Y., in Q such that f ~ f/, xy» X!,. By Lemma [3.2.4]
there exists # > o and a morphism prg ,, : Y3 — Y, in Py such that prl, Y =Y
factors as Y — Y3 — Y.,. Increasing [ if necessary, we can guarantee that fz =~
ft, Xy+, Yg. Since fo € Q, and Q is closed under P,-pullbacks, we conclude that
fs € Qa, as claimed.

—> (c¢) by , the composition — — Y, or (what 1s the same
b By (b), th ition Xpg Y3 Y, hat is th
Prg o

Xg — X, £> Y, belongs to Q. Therefore we conclude from remark that
folpr, (x4 belongs to Q. Since prg ,(Xj) C X, is an open subset containing pr,,(X),
we are done.

(¢) = (a) Choose a presentation as in (c¢). Since U D pr,(X), the projection

pr, : X — X, defines a morphism X =~ limg., Xz — U, which induces a morphism
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Xz — U for some . For such a 3, the morphism f5 : X3 — Y} is a pullback of f, |y,
thus belongs to Q. O

Now we are ready to show Proposition [3.2.6]

Proof of Proposition[3.2.4. (ii)) = (i). Choose a presentation Y ~ lim, Y, and a
morphism f, : X, — Y, € Q be as in (ii). Then X has a presentation X o~
limgso X, with X := X, Xy, Y. Since Q is closed under P-pullbacks, we conclude
that fz := fo Xy, Y3 € Q. Since Q is P-adapted (by Lemma [3.2.4)), we conclude
that f is topologically Q-special by remark [L45(b).

(i) = (ii). Choose any uh-placid presentation Y ~ lim, Y,. Then there exists an
index a and a morphism f, : X, — Y, such that f ~ f, Xy, Y (see [St, 01ZM]).
By Lemma B.27(c), it suffices to show that there exists an open neighborhood U of
pr,(X) C X, such that f,|y is in Q.

Since f is topologically O-special, there exists a topological smooth covering g :
Z — X such that Z is a globally uh-placid affine scheme, and the composition
fog:Z — X — Yisin Q4 in the sense of [L4.4(b). Hence there exists a presentation
Z ~limg Z3 and a morphism hg, : Zg — Y, in Q such that 7 -+ X =Y =Y, or
(what is the same) Z — X — X, — Y, decomposes as hgq 0 prg : Z — Zg — Y.
Increasing 3, we can assume that pr,og : Z — X — X, factor as gg,0prs: Z —
Zg — X,. Increasing 3 further we can assume that hg, = fo009sa : 25 = X0 = Y.

Since g and pr, are topological smooth, we conclude from Lemma BI.T0 and
Lemma [3.2.4] that g, € Py. Since Q is P, -local, we deduce that the restriction
foc|g,8,a(ZB) is in Q.

Thus it suffices to show that pr,(X) C ¢s.(Z3), which follows from inclusion

pro(X) = pro(9(2)) = 95.0(pr5(2)) C g5,0(Z5),
where the first equality follows from the surjectivity of g. U

3.2.8. Notation. (a) Using Lemma B.2.3] we will say that a morphism f : X —
Y of topologically placid oo-stacks is equidimensional/weakly equidimensional/uo-
equidimensional /uo-special, if it is topologically Q-special (see B.2Z.5(c)) when Q is
the class of equidimensional /weakly equidimensional /universally open and equidi-
mensional /universally open morphisms, respectively.

(b) Note that all classes in (a) are closed under pullbacks with respect to topolog-
ically smooth morphisms (see B.2.5l(d)), while the classes of uo-equidimensional /uo-
special morphisms are closed under all fp-pullbacks (by Lemma and Corollary
BIS).

(¢c) When f is an fp-morphism between globally uh-placid algebraic spaces, the

classes of (a) have much more simple descriptions (by Proposition B.2.0)).
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3.2.9. Remark. We use somewhat strange terminology uo-special rather than sim-
ply universally open (unlike for the remaining classes of morphisms) to make sure it
does not conflict with the usual (topological) meaning.

3.3. Dimension function.

3.3.1. Notation.

(a) Let ¢ : X — Y be a finitely presented morphism of globally uh-placid schemes.
To this data, we associate a constructible dimension function dim, : X — Z, defined
as follows:

Choose a uh-placid presentation Y ~ lim, Y,. Since ¢ is finitely presented, it has
a form ¢ ~ ¢), Xy, Y for some morphism ¢z : Xz — Yj of schemes of finite type
(see [St, 01ZM]), and we set dim,, := m3dim,, , where 7 : X — X is the projection.
It remains to show that dim, is independent of all choices involved.

Since all transition maps Y, — Yj is universally open (see [ZZ.1]), it follows from
Corollary B.I.7 that dim, will not change if we replace ¢g : X5 — Y3 by ¢ Xy, Yo :
XXy, Yy — Y, for some @ > 3. From this we also deduce that di_m¢ is independent of
¢3, because every two choices became isomorphic after a pullback to some Y. Finally,
the independence of the presentation follows from Lemma [3.2.4 using Corollary B.1.7]
again.

(b) We call an fp-morphism ¢ : X — Y of globally uh-placid schemes weakly
equidimensional of relative dimension d, if the dimension function dim, is a constant
function with value d.

(c) As in the case of schemes of finite type (see B.I.2(d)), we say that a finitely
presented locally closed subscheme X C Y is of pure codimension d, if the embedding
t: X — Y is weakly equidimensional of relative dimension —d.

Lemma 3.3.2. An fp-morphism ¢ : X —'Y of globally uh-placid schemes is weakly
equidimensional if and only if the function dim, s locally constant. Furthermore,
¢ 1is equidimensional if and only if the locally constant function dim, also satisfies

dim(z) = dim, ¢~ (¢(x)) for all x € X.

Proof. Assume that ¢ : X — Y is weakly equidimensional /equidimensional. Then ¢
of the form ¢ ~ ¢, Xy, Y, and ¢, is weakly equidimensional/equidimensional (see
Proposition B.2.6). Then dim,_is locally constant/and dim, (z) = dim, ¢ (da(z))
for every x, € X,. Since dim, = pr}, dim,_, the first direction follows.

Conversely, it is easy to see or can be deduced from Lemma that there exists
the largest open subset U C X, such that ¢,|y is weakly equidimensional /equidimen-
sional. By Lemma B.2.7(c), it suffices to show that U contains pr, (X).

By assumption ¢ >~ ¢, Xy, Y satisfies that dim, = prf, dim, is locally constant.
Since basis of open subsets of Y are induced by open subsets of some Xz, and X

is quasi-compact, there exists § > « such that ¢z is constant on each connected
49



component of prg(X). Since Xz — X, is open, the same holds for § = «. This
shows the first assertion.
Next, the equality dim,(z) = dim, ¢~'(¢(z)) for all z € X implies that

dim, (z) = dim, 67" (¢a(@))
for all x € pr (X). Using Lemma [B.1.4] together with the upper semicontinuity of
the right hand side, we conclude that the locus of points for which equality holds is
open, which finishes the proof. O

We have the following extension of Corollary [3.1.7 to the uh-placid case.

Corollary 3.3.3. Consider Cartesian diagram (31) such that' Y and Y are globally
uh-placid schemes, ¢ is finitely presented, while [ is uo-special (see[T2Z8(a)).

(a) Then we have an equality dim,, = g*dim,.

(b) If in addition morphism ¢ is (weakly) equidimensional (of constant relative
dimension d), then so is 1.

Proof. Note that (b) is an immediate corollary of (a) and Lemma Moreover,
(a) is a formal consequence of a combination of Lemma [B.2.4] and Corollary B.I.7
Indeed, choose uh-placid presentations Y ~ lim,Y, and Y’ =~ limgY;. By the
definition of dim,, there exists an index o and a morphism ¢, : X, — Y, of schemes
of finite type such that ¢ ~ ¢, xy, Y and dim, = pr}, dim,_.

Since f is uo-special, there exists a strongly pro-uh-smooth covering 7 : Y — Y’
such that the composition f := for: Y’ — Y’ — Y isin Q4, where Q4 is the class
corresponding to the class Q of universally open morphisms in the sense of [L4.4{(a).
Since the assertion for f follows from the corresponding assertions for 7= and f, we
can assume that f is in Q4.

Therefore there exists an index 8 and universally open morphism fz. : Y — Y,
such that pr,of : Y" =Y — Y, decomposes as fgoopry: Y — Y = Y,

Consider Cartesian diagram

Y3
! /
X B Yﬁ

gByal lfﬁ,a
X, _Pa Y,

Then we have an equality gj ,dim, = dim, by Corollary B.I17 which implies the
equality

g*dim, = ¢g" pr, dim, = prjgs,dim, = prj dimwﬁ = dim,,
we were looking for. O

The following simple lemma motivates the definition [3.3.5] below.
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Lemma 3.3.4. Let f : X — Y be a topologically étale morphism (resp. covering)
of globally uh-placid affine schemes. Then we have dim X < dimY (resp. dim X =
dimY).

Proof. Using Corollary [LI.7, there exists a strongly pro-uh-étale covering of globally
uh-placid affine schemes U — X such that the composition U — X — Y is strongly
pro-uh-étale covering (resp. morphism). Thus we can assume that f is strongly
pro-uh-étale. In this case, the assertion is standard. U

3.3.5. Equidimensional morphisms of relative dimension d.

(a) We call a morphism f : X — Y from a topologically placid co-stack X to a
globally uh-placid affine scheme Y (weakly/uo) equidimensional morphisms of relative
dimension d, if there exists a topologically étale covering U,U, — X from a disjoint
union of affine schemes such that each composition U, — X — Y decomposes as

U, B Y, Iy Y, where 7, is topologically étale (see 2Z412), and f/, : V! — YV
is an fp-(weakly/uo) equidimensional affine morphism of relative dimension d (see

(b) We say that a morphism f : X — ) of topologically placid oo-stacks is
(weakly/uo) equidimensional of relative dimension d, if for every topologically smooth
morphism Y — Y from a globally uh-placid affine scheme Y, the pullback f xy Y :
X XY — Y is (weakly/uo) equidimensional of relative dimension d in the sense of
(a).

(c) It follows from Corollary B.33|(b), that the condition of (b) is automatically
satisfied, if there exists a topologically smooth covering Y — ) such that the pullback
fxypY X xypY =Y is (weakly /uo) equidimensional of relative dimension d.

The following simple lemma will be useful later.

Lemma 3.3.6. Let f : Y — X be an fp-morphism between strongly pro-smooth
schemes such that'Y s connected. Then f is a weakly equidimensional morphism of
constant relative dimension.

Proof. Choose a strongly pro-smooth presentation X =~ lim, X,. Since the morphism
f Y — X is finitely presented, it comes from an morphism f, : Y, — X,. Then Y
has a placid presentation Y =~ limg., Y3 with Y3 =Y, xx, Xp. Since Y is strongly
pro-smooth, it follows from Corollary [2.1.4lthat Y is smooth, if /5 is sufficiently large.
Moreover, since Y is connected, one can assume that Y3 is connected. Since Y3 and
Xp are smooth, thus locally equidimensional, we conclude that the morphism f, :
Ys — Xp is of constant dimension (see B.1.3[(b)). Therefore its pullback f:Y — X

is of constant relative dimension as well. ]
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Part 2. Sheaves on prestacks and perverse t-structures
4. CATEGORIES OF SHEAVES ON PRESTACKS

4.1. Limits and colimits of co-categories.

4.1.1. Notation and convention. Let k be a field, let ¢ be a prime different from
the characteristic of k.

(a) All categories are oo-categories, all functors are co-functors between co-categories,
and all limits and colimits are the homotopical one. In particular, if C is an ordinary
category, we will view it as an oco-category. We say that a morphism in C is an
isomorphism, if it is an isomorphism in the homotopy category of C.

(b) Let Catg, be the oo-category, whose objects are stable Q,-linear small oo-
categories, and morphisms are exact functors, i.e. those that preserve finite colimits.

(c¢) Let PrCatg; ¢ be the co-category, whose objects are stable Q,-linear presentable
oo-categories (see [Lull 5.5.0.1]), and morphisms are continuous functors, i.e., com-
muting with all small colimits.

(d) Recall that the oo-categories PrCaty  and Catg , have all limits and filtered
colimits (see [Lull, 4.2.4.8, 5.5.3.13, 5.5.3.18|, [Lu2, 1.1.4.4, 1.1.4.6]) and there is a
natural functor Ind : Catg, — PrCatg, : C — Ind(C), commuting with all small
filtered colimits (compare [Lull 5.3.5.10] or [DG 1.9.2]).

4.1.2. Adjoint theorem. (a) Let Z be a small category and ¥ : Z — PrCatg , a
functor. In particular, for every i € Z, we are given an oo-category C; and for every
morphism (i — j) € T we are given a functor 1, € Functepn(C;, C;).

(b) Suppose that for every morphism « : i — j in Z, the functor ¢, admits a

continuous right adjoint ¢,. Since adjoints are compatible with compositions, the
data (C;, o) extends to a functor ® : Z% — PrCaty, (see [Lull 5.5.3.4]).

The following result allows to rewrite a colimit as a limit and vice versa (see [Lull,
5.5.3.3] or [DG, sect. 1.7-1.9]).

Theorem 4.1.3. The colimit
C := colim ¥ = colim;e7 C; € PrCatg ¢
exists and is canonically equivalent to the limit

C:=lim® = lim C; € PrCatqy.
i€Zop ’
Moreover, the equivalence C = C is uniquely characterized by the condition that for
every i € I the evaluation functor ev; : C — C; is the right adjoint to the tautological
functor ins; : C; — C.
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4.1.4. Filtered case. Assume Z is filtered. Then one shows that for every i,j € 7
the composition ev; oins; : C; — C 5C— C; can be written as a colimit

ev; o ins; ~ coliMy:i—yk g:j—k P8 © Va-
This gives another description of the equivalence C — C in this case.

Corollary 4.1.5. For every object ¢ € C, the assignment i — ins; o ev;(c) € C gives
rise to the functor T — C, and the canonical map

(4.1) colim;e7 ins; o ev;(c) — ¢
s an isomorphism.

Proof. Though the assertion is standard among specialists (compare [Gal, 0.8.3]), we

sketch the argument for the convenience of the reader. Since C ~ 1'11% C;, for every
1€

d € C, we have a natural equivalence from the mapping space map;(c, d) to

l,ir% mape, (evi(c), evi(d)) ~ l‘ir% map, (ins; oev;(c), d) ~ mape(colim;er ins; o ev;(c), d),
(S 1€

the first of which follows from adjointness of ev; and ins;, and the second one by the
definition of the colimit. The assertion now follows from Yoneda lemma. 0

4.1.6. Compactly generated case. In the situation of L.I.2(a), assume that each
C; is compactly generated, and denote by C{ C C; be the sub-category of compacts
objects.

(a) Assume in addition that each v, preserves compact objects. Then the functor
U defines a functor Z — Catgy : ¢ — Cf, and we have a natural equivalence C ~
Ind(colim;ez Cf) (compare [.1.1(d)). In particular, C is compactly generated.

(b) Notice that assumption (a) is satisfied automatically in the situation of LT.2(b).

We finish this subsection by recalling a general result about existence of adjoints
in a limit and colimit of categories.

4.1.7. Assumptions.

(a) Let Caty be either Catg ¢ or PrCaty . Let Z be a small category, and let D.,C.
be two functors Z — Cat,. In particular, we are given categories C;, D; € Cat, and
functors C, : C; — C; and D, : D; — D; for every morphism o : ¢ — j in Z.

(b) Let ®. : C. = D. be a morphism in Funct(Z, Cat,). Then ®. gives rise to

e a functor ®; : C; — D; for every i € Z and
e an equivalence @, : D, o ®; ~ &, o C, for every morphism o : ¢ — j in Z.

(c) Assume that

e For every ¢ € Z the morphism ®; : C; — D; has a left adjoint ;.
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e (Beck-Chevalley condition) For every morphism « : ¢ — j in Z the base
change morphism BC,, : ¥; 0D, — C, o ¥; obtained by adjointness from the
counit map D, — Dy 0 ;0 ¥; ~ $;0C, o ¥, is an equivalence.

The following standard assertion will be central for what follows.

Proposition 4.1.8. Assume that we are in the situation of[4.1.7]
(a) The collection of ¥; and BC, can be upgraded to morphisms of functors W. :
D. —C. R R
(b) The limit functor ® = lim;ez ®; : limyer C; — limyez D; has a left adjoint WV,
and the natural base change morphism

(4.2) U, 0ev? = erf o U

is an equivalence for every i € I.
(c) Assume that T is filtered. Then the colimit functor ® : colim;ez C; — colim;er D;

has a left adjoint U, and the natural base change morphism
(4.3) ¥ oins? — ins§ o ¥,
1s an equivalence for every i € L.

4.1.9. Remarks. (a) One does not need the assumption that Z is filtered in Propo-
sition .I.8|(c). However, in this case the notion of a colimit and the proof is much
simpler and this is the only case, which is needed for this work.

(b) The notion of adjoint functors can be generalized to morphisms in an arbitrary
(00, 2)-category ([GR]). One can show that in the situation of 1.7 morphism .
in the (0o, 2)-category Funct(Z, Cat,) has a left adjoint W. : D. — C. such that the
base change morphism ¥; o ev? — ev® o . of functors D. — C; is an equivalence
for every ¢ € Z. Having this, to get Proposition [£.1.§ one has to observe that the
functors lim : Funct(Z, Cat,) — Cat, and colim : Funct(Z, Cat,) — Cat, are functors
of (00, 2)-categories.

4.2. Categories of /-adic sheaves on qcgs schemes and algebraic spaces.

4.2.1. Sheaves on algebraic spaces of finite type. Let AlgSpgt be the category
of algebraic spaces of finite type over k.

(a) Recall that for every X € AlgSp{t we have a stable oco-category D.(X) :=
DZ(X, @Z) whose homotopy category D.(X) is DS(X, @Z) (compare |LZ1],|LZ2| or
[GLY).

(b) Moreover, the correspondence X +— D.(X) naturally upgrades to a functor
of oo-categories D, = D, : (AlgSpit)OP — Catg o, which associates to every map
f: X — Y its l-pullback f' : DY) — D.(X). We also define functor D :=
Ind oD, : (AlgSp]")” — PrCatq,.
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(c) Note that for every morphism f: X — Y in AlgSpit, there exists a left adjoint
fi : D(X) — DY) of f'. In addition, there is a left adjoint f* of f;, when f is
proper, and a right adjoint f, of f', when f is étale. Namely, we have to check the
corresponding assertions for homotopy categories, which is standard.

4.2.2. Remark. Actually, functors f* and f, can be defined for all f (but not by
adjunction), but we will not need this fact later.

Lemma 4.2.3. Consider a Cartesian diagram of AlgSpit

X Ly

(4.4) l bl

X 15 v

(a) If b is étale, then the base change morphism f'b, — a.f is an isomorphism.

(b) If b is proper or f is uh-smooth, then the base change morphism a!f! — f'by is
an tsomorphism. N

(c) If b is proper, and f is uh-smooth, then the base change morphism a* f' — f'b*,
obtained from the isomorphism of (b), is an isomorphism.

Proof. Notice first that (a) and the first assertion of (b) follow from the proper base
change. Next, assertions (b) and (c) for smooth f are standard, while when f is a
universal homeomorphism they follow from the fact that f induces an equivalence of
étale sites. It remains to show that if g : 7 — X is an étale covering or a universal
homeomorphism, then the assertion for f o g implies that for f. As an illustration,
let us show (b). Since ¢' is faithful, it suffices to show that the map g'af' — ¢'f'bi is
an isomorphism. Therefore it suffices to prove the assertion for f o g and g (see the
argument of Proposition 4.2.7(a) below). Since the assertion for g was shown above,
we are done. U

4.2.4. Sheaves on qcqs algebraic spaces. Let AlgSp, be the category of quasi-
compact and quasi-separated algebraic spaces over k.

By applying the left Kan extension to the functors D, and D from [£.2.1|(b), we
get functors D, : AlgSp;” — Catg s and D : AlgSp;” — PrCatg . In particular, for
every morphism f : X — Y in AlgSp, we get functors f' : D.(Y) — D.(X) and
DY) — D(X).

4.2.5. Remarks. (a) By the explicit description of the left Kan extension, for every
X € AlgSp, we have a natural equivalence D.(X) ~ colimy_,y D.(Y), taken over
category (X/ AlgSpgt)"p, whose objects are morphisms X — Y with Y € AlgSpgt,

and similarly, for D(X).
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(b) Since AlgSpi' has finite limits, we conclude that the category (X/ AlgSpi')°
is filtered. By [A.1.6] we thus have a natural equivalence D(X) ~ Ind(D.(X)), thus
D(X) is compactly generated.

(c) Recall that every X € AlgSp, can be written as a filtered limit X ~ lim; X,
where each X; € AlgSpgt, and all transition maps are affine. Then we have a natural
equivalence D,(X) ~ colim, D,(X;), and similarly for D(X).

(d) Since passage to homotopy categories and to Ind commute with filtered col-
imits, we have an equivalence of homotopy categories Do(X) =~ colim; D.(X;), and
similarly for D.

(e) Recall that if f : X’ — X is a finitely presented morphism, then for every
presentation X ~ lim; X; as in (c), there exists an index 4, a finitely presented map
fi + X! = X, and an isomorphism X’ = X Xy, X/. Then X’ can be written as a
limit X =~ lim;>; X} with X7 := X xx, Xj, thus we have a canonical equivalence
D.(X') ~ colim!jZi D.(X}).

(f) By definition, for every morphism of qcgs algebraic spaces f : X' — X we
have a l-pullback functor f': D.(X) — D.(X’), but the other three functors f*, fi, f.
are not defined in general. The following proposition asserts that more functors are
defined by adjointness in some cases.

Proposition 4.2.6. Let f : X' — X be a finitely presented morphism in AlgSp,.

(a) Assume that either f is proper or X is globally uh-placid. Then f': D.(X) —
D.(X') has a left adjoint fi.

(b) Assume that f is étale. Then f' has a right adjoint f,.

(c) Assume that f is proper and X is globally uh-placid. Then the functor f, has
a left adjoint f*.

Proof. As in[f2.5(e), we can choose presentations X =~ lim;c7 X; and X' ~ lim;ez X/.
Moreover, by the standard limit arguments (see |[Ry2, Prop B3| and references
within), we can assume that each projection f; : X/ — X, is proper (resp. étale),
if f is such, and the transition maps m;; : X; — X, are uh-smooth, if X is globally
uh-placid. Since D.(X) ~ colim; D.(X;) and D,(X') ~ colim} D.(X}), all assertions
will be deduced from Proposition L.1.§|c). Since adjoints (h;),; are known to exist in
for finite type algebraic spaces (see Lemma [£.2.3]), we will only have to show that the

Beck-Chevalley condition in . 1.7(c) is satisfied. Consider the Cartesian diagram

(4.5) pl pr’”l



(a) We want to apply Proposition EEL8|(c) to the morphism ®. = f' of functors
I — Catgy : i = Do(X;),(i — j) = prj;. We have to show that the base
change morphism (f;); pr;{i — pr;»!’i( fi)1 is an isomorphism, when f; is proper or pr;;
is uh-smooth. This follows from Lemma £.2.3(b).

(b) Now we want to apply Proposition E.1.8(c) to the morphism ®. = f' of functors
I — Catgy @ @ = D (X)), (1 — j) — pr!j’i. The assumptions of [L.T.7|(c) are
satisfied since the base change pr};(f;)« — (f;)«prj, is an isomorphism, when f; is
étale (see Lemma [.2.3(a)).

(c) We want to apply Proposition LI.8(c) to the morphism ®. = (f.), of functors
I — Catyy : i = De(X;), (i = j) = prj,;. This follows from the fact that the
base change map f; pr’m — pr;»!ﬂ- fi is an isomorphism, when pr,; is uh-smooth (by

3 J,?

Lemma [£.2.3[c)). O

The adjoint maps from Proposition[4.2.6 satisfy the following base change formulas.

Proposition 4.2.7. Consider Cartesian diagram of qcgs algebraic spaces ({.4]) such
that b is finitely presented.
(a) If b is étale, then the base change morphism f'b, — a.f' is an isomorphism.
(b) If b is proper, then the base change morphism a!f! — f'by is an isomorphism.
(c) If Y is globally uh-placid and f is strongly pro-uh-smooth, then the base change
morphism agf! — f'b is an isomorphism.
(d) If b is proper, Y is globally uh-placid and f is strongly pro-uh-smooth, then
the base change morphism b* f' — f'a*, induced from the isomorphism of (b), is an
1somorphism.

Proof. (a) We want to show that the map f'b,(K) — a.f (K) is an isomorphism
for every K € Dc(?). Assume first that Y and Y are of finite type. Then we can
assume that ¥ = X, for some presentation X ~ lim X; of X. Then Y = )~(,~O,
)?i =X, Xy 57, so our assertion follows from Proposition L.I1.8(c), because our base
change is simply the map (4.3]).

In the general case, choose presentations Y ~ lim;Y; and Y ~ lim; 572 is L.2.4)(e)
and choose iy such that K is a pullback of some K, € DC(EO). Then the assertion
for K follows from the assertion for K applied to the right and the exterior square
of the Cartesian diagram

where



Namely, we have to show that the morphism f'b,p (Ko) — a*FﬁéO(KO) is an
isomorphism. But for this suffices to show that in the composition

1k (bio)« (Ko) — f'0., (Ko) — anf'Pl, (Ko)

the first map and the composition are isomorphisms. In other words, we have to
show the assertion for p;, : Y — X;, and p;, o f : X — Y, instead of f.

(b)-(d) The proofs of (b)-(d) are essentially identical to that of (a), except that
in the case when Y a globally uh-placid we only consider presentations Y ~ lim; Y},
where all transition maps Y; — Y; are uh-smooth.

O

4.2.8. Sheaf property. The functors D, : AlgSp;” — Catg, and D : AlgSp,” —
PrCatg ¢ are "sheaves" in the étale topology (and even for h-topology see, for exam-
ple, [RS] or [Va]). In other words, for every fp-étale covering 7 : X — Y in AlgSp,,
the induced map D.(Y") — limp, D.(X ™) is an equivalence, and similarly for D.

For convenience of the reader, we will sketch the argument. When 7 has a section,
the assertion is standard. In the general case, we show first that the pullback 7' :
D.(Y) — limp, D(X ™) has a right adjoint m,. For this we for every m, let m,
is the projection XI™ — Y. Then 7, is fp-étale, so ' has a right adjoint (m,,),.
Therefore 7' has a right adjoint 7,, which sends K = {K,,},, € limj, D (X)) to
iy, (70 ) (K -

Next, we claim that the unit X — 7 7'K is an isomorphism, that is, the map
K — limp ()45, (K) is an isomorphism. Since 7' is faithful, it suffices to check the
isomorphism after we apply 7'. Since 7' commutes with limits (because it has a left
adjoint m ), and with (7, ). (by Proposition[d.2.7|(a)), we reduce to the corresponding
assertion for the projection X Xy X — X. Since it has a section (the diagonal
X — X xy X), we are done.

Finally, we claim that the counit maps 7', (K) — K is an isomorphism. It suffices
to show that the map 7' (lim,,(m,,)+(K,,)) — Ko is an isomorphism. As above, the
assertion follows from the commutativity of 7' commutes with limits and (7,,)..

4.3. Sheaves on oo-(pre)stacks.

4.3.1. Construction. (a) Applying the right Kan extension to the functors D, and
D from 24 we get functors

D, : PShv(AlgSp,,)” — Cats, and D : PShv(AlgSp,)” — PrCate s .
Moreover, using sheaf property [4.2.8 these functors factor through the category

Shv(AlgSp,.) of sheaves in the étale topology.
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(b) Notice that the inclusion ¢ : Affy — AlgSp, gives rise to the commutative
diagram of categories

Affk s Stk E— PreStk E— Stk

AlgSp, —— Shv(AlgSp,) —— PShv(AlgSp,) —— Shv(AlgSp,,),

Moreover, it is a standard fact that the restriction functor .* : Shv(AlgSp,) —
Shv(Affy) = Sty is an equivalence of categories. Therefore the functors D. from (a)
can be viewed as functors from St;. Precomposing this with the projection PreSt;, —
Sty,, we can view them as functors D, : PreSt;” — Catg o and D : PreSt;” — PrCatg .

4.3.2. Properties. (a) By the Yoneda lemma, for every X € PShv(AlgSp,) the
natural morphism colimyx_,x X — X, where the colimit is taken over all mor-
phism X — X, where X € AlgSp,, is an equivalence. Therefore the natural
functors D.(X) — limyx_» D.(X) is an equivalence. In particular, functors D, :
PShv(AlgSp,, )% — Catg, and D : PShv(AlgSp, ) — PrCats, preserve limits.

(b) We claim that the induced functors D, : St;¥ ~ Shv(AlgSp,)? — Cats, and
D : St ~ Shv(AlgSp,)” — PrCatg, preserve limits. Indeed, we want to show
that if X' ~ colimghy(algsp,) Xa, then the natural map D.(X) — limD.(X,) is an
equivalence. Set X’ := colimpghy(AlgSp,) Xa- Then X is the sheafification of X ' thus
the natural map D.(X) — D.(X’) is an equivalence (by £.2.8). Since the natural
map D.(X’') — lim D.(X,) is an equivalence (by (a)), the assertion follows.

(c) Since the map PreSt;” — St;” is limit preserving, we obtain from (b) that the
functors D, : PreStY — Catg, and D : PreSt)” — PrCatg, are limits preserving.
Therefore arguing as in (a) one can show that they are equivalent to the right Kan
extension of their restriction to Aff}”.

(d) Let f: X — Y be a surjective morphism of co-stacks (that is, it has sections
locally for étale topology). Then ) is the colimit of the éech—complex with terms
X (see [LI8(c)). Hence we conlude by (b) D.()) is the limit of the corresponding
co-bar complex with terms D.(X™). In particular, the pullback f': D.()) — D.(X)
is faithful.

4.3.3. Remark. Notice that the inclusion D.(X) — D(X) induces a functor
Ind(D.(X)) — D(X), which is an equivalence, when X € AlgSp,, but not in general.

4.3.4. Ind-algebraic spaces. (a) We call an oo-stack X an ind-algebraic space/ind-
scheme, if X can be written as a filtered colimit X =~ colim, X, of qcgs algebraic
spaces/schemes, where all of the transition maps are fp-closed embeddings. By defi-
nition, we have a canonical equivalence D(X) ~ lim}, D(X,,).
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(b) Recall that for every fp-closed embedding i : X, — X3 in AlgSp, the functor
i' has a left adjoint i, (see Proposition EE2.6(a)). Then it follows from Theorem
that we have a natural equivalence D(X) =~ colim}, D(X,)

(c) It follows from (b) and that D(X) is compactly generated, and we have
a natural equivalence D(X) ~ Ind(colim!, D.(X,)).

4.3.5. Remark. Note that in the situation of [4.3.4] we have a fully faithful mor-
phism colim!, D,(X,) < D.(X), which is not an equivalence. In particular, we have
natural functors Ind(colim} D,(X,)) — Ind(D.(X)) — D(X), the first of which
is fully faithful, the second one is essentially surjective, and the composition is an
equivalence.

We finish this subsection by assertion that topological equivalences do not change
categories of sheaves.

Proposition 4.3.6. Let f : X — ) a topological equivalence between oo-stacks.
Then the induced maps f' : De(Y) — D(X) and f': D(Y) — D(X) are equivalences.

Proof. Since f is a topological equivalence, the induced map fperr @ Xpert — Vpert 1S
an equivalence (by Lemma [2.3.6]). Thus the proposition is an immediate corollary
Lemma [4.3.7] below. O

Lemma 4.3.7. For every co-stack X the canonical functors © : Do(X) — De(Xpert)
and  : D(X) — D(Xpexrt), induced by the projection 7 : Xpert — X, are equivalences.

Proof. We will write D. to treat both D and D... Since X" as a colimit of affine schemes
X ~ colim U, we have D.(X) ~ limD.(U). Since t;t* : X +— X, preserves colimits,
we get equivalence Xy o~ colim Upes, hence D.(Xpere) = im D.(Upert). Therefore it
suffices to show the induced map D.(U) — D.(Upet) is an equivalence. Since both U
and U are affine schemes, in this case we have D ~ Ind D,, so the assertion for D
follows from that for D..

Since 7 : Upey — U is a universal homeomorphism, U, has a presentation as
filtered limit Upes > limy U’, where each U" — U is an fp-universal homeomorphism
(see [Stl, Tag OEUJ]). Then D.(Uper) is filtered colimit D.(Uper) = colimyr D (U'),
so it suffices to show that each D.(U) — D.(U’) is an equivalence.

Note that every fp-universal homeomorphism U’ — U comes from a universal
homeomorphism between finite type schemes U] — Uy by [EGAIV] 8.10.5]. Writing
U as a limit U ~ limU; over Uy, we get that U' ~ lim; U] with U] = U; xy, Uj.
Thus it suffices to show that each functor 7' : D.(U;) — D.(U}) is an equivalence.
Since U] — U, is a universal homeomorphism between finite type affine schemes, the
assertion follows from the fact that 7 induces an equivalence between étale sites on
Ul and U;. O
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Since X,eq — X is a topological equivalence (see 23.T(a)), we get the following
corollary.

Corollary 4.3.8. For every oo-stack X the canonical functors ™ : Dy(X) — De(Xred)
and 7 : D(X) = D(X,eq), induced by the projection 7 : X,eq — X, are equivalences.

4.4. Base changes.

Definition 4.4.1. (a) We say that a morphism f : X — ) from ind-algebraic space
X to an affine scheme Y ind-fp-proper, if X has a presentation a filtered colimit
X =~ colim, X, such that each X, is fp-proper over Y.

(b) We say that a morphism f : X — Y from an oco-stack X' to an affine scheme
Y locally ind-fp-proper, if there exists an étale covering Y’ — Y such that the base
change f xy Y': X xy Y’ — Y is ind-fp-proper.

(c) Notice that classes of morphisms in (a) and (b) are stable under all pullbacks,
therefore construction of ZZT.6[(b) applies. In particular, we can talk about locally
ind-fp-proper morphisms of oo-stacks.

4.4.2. Example. Let f : X — ) be a locally ind-fp-proper morphism between
oo-stacks, which is equivariant with respect to an action of an co-groups stack H.
Then the induced morphism f : [X/H] — [V/H] is locally ind-fp-proper.

Proof. Indeed, let Y — [V/H| be any morphism with Y affine. By definition, there
exists an étale covering Y’ — Y such that the composition Y — Y — [V/H] lifts to
a morphism Y’ — Y. Thus it suffices to show that the pullback 7 X(y/m Y is locally
ind-fp-proper. Since as in the classical case, we have an isomorphism f x /Y~ f

(use [9.2.2)), the assertion follows.

Proposition 4.4.3. Let f : X — Y be a locally ind-fp-proper morphism of oo-stacks.
Then the pullback f' has a left adjoint fi, satisfying base change. More precisely, for
every Cartesian diagram of prestacks

x—2-x
1
Y-y
the base change map

(4.6) hgt = b
18 an isomorphism.

Proof. Our argument is almost identical to the one outlined in |Gal, Prop. 1.5.2].

Step 1. It is enough to show the assertion when ) and Y are affine schemes.
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Proof. Write ) as a colimit ) ~ colim U of affine schemes. It induces a presentation
X ~ X xyU, and every fy: X xyU — U is locally ind-fp-proper. If every f{; has a
left adjoint (fy);, satisfying base change, then Proposition LL8(b) implies that the
left adjoint of f' exists and satisfies the base change for morphisms U — ) with U
affine. _

To see the base change in general, notice that since D()) ~ lim D(U) taken over
all morphisms U — ) with affine U. Therefore it suffices to show that for every
morphism « : U — Y the base change morphism o' fij' — o'h'fi. Arguing as in
Proposition .2.7(a), it thus suffices to show the base change for the morphisms
a:U—>)7andhooz:U—>y,shownabove. O

Step 2. The assertion holds, if f is fp-proper.

Proof. Arguing as in Step 1, one reduces the assertion to the case when ) and Y are
affine. In this case, the existence of fi was shown in Proposition £.2.6/(a), and the
base change property was shown in Proposition .2.7(b). O

Step 3. The assertion holds, if ) ~ colim, Y, is an ind-algebraic space, and f is
the inclusion f=1i,:Y, = ).

Proof. Since 1, is fp-proper, the assertion follows from Step 2. O
Step 4. The assertion holds when ) and Y are affine and f is ind-fp-proper.

Proof. Choose a presentation X ~ colim X, of X over Y, let 7, : X, — X be the
embedding, and set f, := foi, : X, — Y. By Step 3, the adjoint (i), exists and
satisfies base change.

By the adjoint function theorem [Lul], to show the existence of f it suffices to
show that f' preserves all small limits. Since D(X) ~ lim, D(X,) and 3., preserves all
limits by Step 3, it suffices to show that the composition f} =i, of': D(Y) — D(X,)
preserves all small limits. Since f,, is fp-proper, the pullback £ has a left adjoint (f,);
by Proposition £.2.6(a). Therefore f' preserves all small limits, and the existence of
fi follows.

Recall (see Corollary LT.H) that for every K € D(X) we have a canonical isomor-
phism colim, (i, )i, K — K. Since all functors in ([f6) preserves small colimits, it
suffices to check that the induced map f. G'(ia)1 — h' fi(iy); is an isomorphism. As in
the proof of Proposition L.2.7(a) it suffices to show that (i,), and (f,) satisfy base
change. Since f,, are fp-proper, the assertion follows from Step 2 and 3. O

Step 5. Completion of the proof.

By Step 1, we can assume that ) and 37 are affine. Choose an étale covering
m: U — Y such that the base change f Xy U : X Xy U — U is ind-fp-proper.

Then D(Y) is a limit lim D(UM), where U™ is the Cech-complex, corresponding
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to the covering U — ) (see £:3.2(d)), and also D(X) ~ lim D(X[™), where X .=
X xy» UM Since every induced morphism X™ — U™l is ind-fp-proper, we conclude
from Step 4 and Proposition EEL8(b) (as in Step 1) that f' has a left adjoint, which
satisfies base change for the morphism 7.

To show base change in general, we set U:=Y x y U. Arguing as in Step 1, it
suffices to show the base change with respect to the morphisms 7 U — Y and
U — y — ), that is, U—>U— Y Since pullbacks of f to U (and hence also to U)
are ind-fp-proper, the base change for 7 and 7 was shown in the previous paragraph,
while the base change for the morphism U — U was shown in Step 4. O

4.4.4. Remark. Actually, as in [Ga| one can consider a more general notion of
pseudo-proper morphisms, in which we do not require in Definition E4Tl(a) that the
colimit colim, X, is filtered and no restriction on the transition maps. The assertion
Proposition £.4.3] also hold for pseudo-proper morphisms as well. Namely, all steps
in the argument except Step 3 work word-by-word. Though an analog of Step 3 is
not difficult as well, one seems to need a slightly more general categorical framework
of (00, 2)-categories to give an honest proof of it.

Proposition 4.4.5. (a) Let X by a topological n-placid co-stack, and let h : X' — X
be an fp-representable morphism.

Then there exists a left adjoint hy : D(X') — D(X) of ' : D(X) — D(X).
Moreover, if in addition h is proper, then there exists a left adjoint h* : D(X) —
D(X") of hy.

(b) Let f : Y — X be a topologically n-smooth morphism, let h:Y =Y and
f' Y — X be the pullbacks of h and [, respectively.

Then the base change morphism ?L!f” — f'hy s an isomorphism. Moreover, if h is
fp-proper, then the induced base change morphism h* f' — f"h* is an isomorphism
as well.

Proof. The proof goes by induction on n.

(a)p. If n =0, then X decomposes as a coproduct X ~ U, X, of globally uh-placid
schemes X,, and &’ decomposes as a X' ~ U, X/. Thus we are reduced to the case
when X = X, is a globally uh-placid affine scheme. In this case the assertion was
shown in Proposition .2.6(a),(c).

(b)o. Arguing as in (a)g, we reduce to the case of when f : Y — X is strongly
pro-uh-smooth morphism between globally uh-placid algebraic spaces. In this case,
it is enough to show the D, version instead of D, and the assertion was shown in
Proposition E27(c),(d).

Form now on, we will assume that assertions (a),, and (b), are satisfied.

(a)n+1 Choose a topologically n-smooth covering p : X — X with topologically

O-placid X. Then, as in [LLI.8, the covering gives rise to the presentation X =~
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colimyp,, X ™ where each X[™ an n-topologically placid co-stack, and all transition
maps are n-topologically smooth. Moreover, h induces an fp-representable morphism
X'ml — Xl for all [m], which is proper if h is such. Since assumptions (a), and
(b),, hold by the induction hypothesis, the assumptions of Proposition EL.8(b) are
satisfied. Therefore there exists an adjoint hy of h' (and also h* of hy, if h is proper),
which satisfies the base change with respect to p.

(b)n+1 Assume first that there exists a topologically n-smooth covering p : Y — Y
such that the composition fop:Y — X is topologically n-smooth, and let p' : Y/ —
V' and hy : Y’ — Y be its base changes. Notice, that this assumption is satisfied
automatically, if f is topologically n-smooth.

Since p' is faithful, to show that f* — f'hy is an isomorphism, it suffices to show
that the pullback p'hyf* — p'f'hy is an isomorphism. Since we have seen during the
proof of (a),41 that the base change (hy)ip" — p'hy is an isomorphism, it suffices
to show that the base change (hy)i(f' o p’)' — (f op)'hs is an isomorphism. Since
fop:Y — X is topologically n-smooth by assumption, it can be completed to a
topologically n-smooth covering. So the first assertion follows from (a), while the
proof of the second assertion is similar.

In the general case, choose a topologically n-smooth covering p : X — X with
topologically 0-placid X, and let py : YV xx X — Y and fx : Y xx X — X be
pullbacks. Then p}, is faithful, so it suffices to show the base change with respect to
py and py o f'. Since p, hence also py is topologically n-smooth, the assertion for
py follows from the particular case, shown above. Next p} o f' ~ fi op', and the
assertion for p' was shown in (a). Hence it remains to show the assertion for fi. In
other words, we can assume that X is topologically 0-placid.

Since f is topologically (n 4 1)-smooth, there exists an n-topologically smooth
covering p : Y — ) such that the composition fop : Y — X is n-topologically
smooth. Thus the assertion follows from the proven above. O

4.5. (Fp) locally closed pushforwards.

4.5.1. Complementary oo-substacks, and support.

(a) Let X be an oo-stack, and let ) C X be an co-substack, that is; ) is an oo-
stack, and that Y(U) C X (U) is a subspace, that is, a union of connected components
for every U € Affy.

(b) For every U € Affy, consider the subspace (X \ Y)(U) C X(U) consisting of
all morphisms a : U — X such that U xx Y = (. We claim that X \ Y C X is an
oo-substack.

Indeed, to see that it is an oo-prestack, notice that every morphism V' — U in

Aff;, induces a morphism V xy Y — U x4y Y. Therefore we have V xy Y = 0, if
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U xxY =1. To see that it is an oo-stack, notice that if V' — U is an étale covering,
then V xx Y — U xx ) is surjective. Therefore we have U xxY =0,if Vxp Y = (.
(c) By definition, for every morphism f : X’ — X of co-stacks, we have a natural
identification (X N\ Y) xx X' ~ X' (Y xx &).
(d) Notice that we always have an inclusion Y C X \ (X \')), but we don’t have
an equality in general.

4.5.2. The case of open and closed embeddings.

(a) Notice that if X' is a scheme X and U is an open subscheme U, then the reduced
complement (X ~\ U)ea [E5I(b)) is the reduced closed subsheme (X N U)yea C X.
Therefore it follows from 4.5 Tl(c) that if & C X is a (fp)-open oco-substack, then the
complement X \ U C X is a topologically (fp)-closed substack.

(b) Conversely, if Z C X is a topologically (fp)-closed co-substack, then the com-
plement X ~ Z C X is a complementary (fp)-open oo-substack. Indeed, using
4.5dc), one reduces to the case when X = X is an scheme. In this case, Z,q C X
is a closed subscheme, and X \ Z = X \ Z,¢q is an (fp)-open subscheme.

(c) It follows from .5.1](c) and the scheme case that we always have an equality
U =X~ (XU) when U is open, and Z,eq = (X N (X N U))reqa when Z C X is
topologically closed.

Lemma 4.5.3. Let be j : U — X an fp-open embedding with a complementary
topologically fp-closed embedding i : Z — X. Then

(a) There exists a right adjoint j. of j' : D(X) — D(U), which preserves D, and
satisfies base change.

(b) There exists a left adjoint iy of i* : D(X) — D(Z), which preserves D, and
satisfies base change.

(c) Functors iy and j, are fully faithful, and j'i, ~ 0.

(d) For every K € D(X), the unit and counit maps extend to a fibered sequence

WK — K — jj'K.

Proof. (a) A presentation X ~ colim X of X' as a colimit of affine schemes, induces
a presentation U =~ colimy Xz, where Xy := X Xy U is an fp-open subscheme of
X. In particular, j' : D(X) — D(U) is a limit limy j : limy D(X) — limx D(Xy)
and similarly for D,. Since the pullback j% : D.(X) — D.(Xy) has a right adjoint
(see Proposition [.2.6(b)), which satisfies base change (see Proposition [£2.7(a)) the
existence of j, follows from Proposition II.§(b), applies to D as in the proof of
Proposition L2.0(b). To show the assertion about the base change, we argue as in
Proposition 143l

(b) The argument is similar, except we use Corollary [4.3.8 and Proposition 1.2.6(a)
and Proposition [£.2.7(b) instead. Notice that all assertions except the one about D,

can be easily deduced from Corollary 3.8 and Proposition [£.4.3
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(c) We have to show that the morphisms Id — 4'i, and Id — j,j' are isomorphisms,
and j'i, ~ 0. Since all functors are defined as limits of the corresponding functors
in the case of qcgs schemes, we immediately reduce to the case of qcgs schemes. In
this case, D ~ Ind D, so we reduce to the case of D.. Next, using Corollary [4£.3.8]
we can assume that i : Z — X is fp-closed. In this case, all functors are colimits of
the corresponding functors between schemes of finite type, hence we reduce to this
case. In this case, the assertions are standard.

(d) Let K’ be the fiber of the unit map K — j,j'K. We have to show that the
counit map #i' K — K factors canonically as a composition iji' K — K’ — K.

Since j'i, ~ 0, the composition iyi' K — K — j,j'K is naturally equivalent to zero.
Therefore the counit map iyi' K — K factors canonically as iji' K — K' — K. It
remains to show that iyi' K — K’ is an equivalence.

Using equivalence D(X) ~ limyx D(X) and observing that iyi' K — K’ is a limit
of the corresponding morphisms in D(X), we reduce the assertion to the case of
schemes. Next, using Corollary 4.3.8 we can assume that ¢ is finitely presented.
Next, we reduce the assertion to D, and observe that iji' K — K’ comes from a
corresponding morphism for schemes of finite type. In this case the assertion is
well-known. U

4.5.4. Sheaves with support. (a) Let X be an oo-stack, let ) C X be an oo-
substack, and let ¢ : X N\ Y — X be the inclusion. Let Dy(X) C D(X) be the full
oo-subcategory consisting of K € D(X) such that /K ~ 0, and say that objects
K € Dy(X) are supported on ).

(b) Notice that for every morphism f : X’ — X we have an inclusion f'(Dy (X)) C
Dy var(X’). Indeed, this follows from the commutative diagram

XNYxxp Xl — X

l |

X\Y — X.

(c) Notice that canonical isomorphism D(X) ~ limx_, » D(X) induces an isomor-
phlSHl Dy(X) ~ th_vg DXXX))(X)~

Proof. We have to show that if K € D(X) corresponds to a compatible system
{Kx € D(X)}x—x, then K € Dy(X) if and only if Kx € Dxy,y(X) for every
X — X. The "only if" assertion follows from (b). Conversely, assume that Kx €
Dxx,y(X) for every X — X, and we want to show that ('K ~ 0, that is, for every
a: X - X\)Y CX wehave Ky :=a'K ~ 0. By assumption, X xy Y = 0, then
Kx € Dy(X) ={0}. O

Lemma 4.5.5. Let n: Y — X be a topologically fp-locally closed embedding. Then
n' induces an equivalence of categories ' : Dy(X) — D(YV).
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Proof. The equivalence X ~ colimy_,» X induces an equivalence ) ~ colimx_, y (Y X y
X), and hence equivalences Dy (X) ~ limy_,x Dxx,y(X) (see 54(c)) and D(Y) ~
limy ,» D(X xx Y). Thus it suffices to show that 1 induces an equivalence 77}X :
Dxx,y(X) = D(X xx)Y). In other words, we reduce to the case then X is an affine
scheme X.

Then using Corollary [4.3.8 we can assume that 7 is an fp-locally closed embedding,

that is, 7 decomposes as Y -+ Z —» X, where i (resp. j) is an fp-closed (resp.
open) embedding. Next we observe that it is enough to show the assertion separately
forn=17and n=j.

We claim that both assertions easily follow from Lemma 53] Assume first that
n = i. Since the left adjoint 7 is fully faithful, the unit map Id — 4 is an iso-
morphism. So it suffices to show that 4, induces an equivalence D(Z) = Dz(X).
Since j'iy =~ 0, the image of i, lies inside Dy(X). Conversely, if K € D,(X) we have
§'K ~ 0, then the map 4i' K — K is an isomorphism (by Lemma 5.3(d)), thus K
lies in the essential image of ¢,. Since 4, is fully faithful, we are done.

In the case n = j : U — X, the argument is similar. Namely, since the right
adjoint j, is fully faithful, the counit map j'j, — Id is an isomorphism, so it suffices
to show that j, induces an equivalence D(U) = Dy (X). We complete as before. [

~

4.5.6. Functor 7,. In the situation of Lemma .55 we denote by 7, : D()) —
Dy(X) C D(X) the inverse of n' : Dy(X) = D(Y).

4.5.7. Examples. Arguing as in Lemma [4.5.5] one can show that if 7 is an fp-open
(resp. topologically fp-closed) embedding j : U — X (resp. i : Z < X), then n,
coincides with j, (resp. ).

Indeed, using the fact that i'j, ~ 0 (resp. j'iy =~ 0), one sees that j, (resp. i)
induces a functor j, : D(U) = Dy(X) (resp. iy : D(Z) = Dz(X)). Next, the
fact that j, (resp. 4,) is fully faithful implies that the unit Id — j,j' (resp. counit
iyi* — Id) is an isomorphism, hence by Lemma the functor j, (resp. ') is the
inverse of the equivalence j': Dy (X) = D(U) (resp. i' : Dz(X) = D(Z)).

Lemma 4.5.8. Let n: X — Y be a topologically fp-locally closed embedding. Then
for every Cartesian diagram of co-stacks

RN

L

y = X.
Then we have a canonical isomorphism

f!77* = 77*9!-
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Proof. Notice that for every K € D(Y), we have 7,g'(K) € Dy(X), n.(K) € Dy(X),

thus f'n.(K) € Dy(é‘? ) (by E5.4(b)). Therefore by Lemma FE5.5] it suffices to con-
. . ~ pl ~~ ] . | ~~ .
struct an isomorphism 7’ f'n, ~ n'n,.g’. Since n'n, ~ Id and n'n, ~ Id, the composi-
tion
~ o DSl
N e = gnn.~g =g
does the job. O

Corollary 4.5.9. Letn:) Tz X bea composition of topologically fp-locally

closed embeddings. Then the functor n, coincides with the composition 1. o ..

Proof. Since 7, : D(Y) = Dy(Z) is the inverse of " : Dy(Z) = D(Y), it suffices
to check that 7! induces an equivalence Dy(Z) = Dy(X), inverse to n”'. Since
! (Dy(Z)) C Dy(X) (by Lemma 5.8 for n”), the assertion follows from the fact
that 0/ : D(Z) = Dz(X) is an equivalence, inverse to n". O

4.5.10. Decomposable case. (a) We call a topologically fp-locally closed embed-

ding n : X — Y decomposable, if it decomposes as a composition Y —s U —2+ X,
where i (resp. j) is a topologically fp-closed (resp. fp-open) embedding.

(b) Notice that the class of decomposable topologically fp-locally closed embed-
dings is closed under compositions. For this we have to show that a composition
n:Y -1 Z -5 X, where i (resp. j) is a topologically fp-closed (resp. fp-
open) embedding is decomposable. Since j is a fp-open embedding, the co-substack
T = Z\)Y C Z is topologically fp-closed, and j induce an isomorphism ) ~ Z T .
Therefore 1 decomposes as 1 : YV ~ Z )Y — X T <= X of a topologically
fp-closed embedding and an fp-open embedding. Thus 7 is decomposable.

(c) Conversely, for every decomposable fp-locally closed embedding n : Y AN

U%X, set V i=U~ ). Thenndecomposesasn:y—>U\VL>X\L{(—>
X of a topological equivalence, a fp-open embedding and a topologically fp-closed
embedding.

(d) Using Corollary and 5.7 we get that every decomposable n = j oi as
in (a), the functor 7, coincides with the composition 7, o 1.

(e) Let n = j oi be a decomposable topologically fp-locally closed embedding of
topologically placid oo-stacks. Then the pushforward 7, = j, o4 (by (d)) has a
left adjoint n* = i* o j' (use Proposition EE4.5|(a) for i*). Moreover, n* satisfies base
change with respect to topologically smooth morphisms (by Proposition LZH(b)).

4.5.11. Remarks. (a) Since every fp-locally closed embedding of schemes 7 has a
decomposition as in [L.5.7(b), we can define 7, by the formula 4, o j,. Moreover, it is
not difficult to see that this composition is independent of the decomposition, thus

7. is well defined.
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(b) Moreover, since iy and j, commute with all I-pullbacks, one show that factors
Ny from (a) commute with !-pullbacks, thus give rise to functors 7, in general.

(c¢) Though the definition of 7, using (a) and (b) is the standard way of doing it,
we feel that our way is more intrinsic, because it does not use any choices.

(d) Repeating arguments Proposition one can show that in the situation of
M.5.10(e) the left adjoint n* exists and the base change holds without the decompos-
able assumption.

(e) By an argument, similar to (a) and (b) one can define h, for every (topo-
logically) fp-representable morphism between prestacks, which generalizes functors
15 = 1) and j,, defined in Lemma [ and is compatible with compositions and
satisfies base change. We do not need this fact for this work.

4.6. Endomorphisms of wy.

4.6.1. (Classical) presheaves on fSets.
(a) Let fSets be the category of finite sets, and Pro(fSets) the category of pro-finite
sets. By definition, we have a natural embedding

Pro(fSets) < PShyin (fSets)” : X — Hompyo(fsets) (X, —),

where PShy;, (fSets) := Functy,, (fSets, Sets) is the category of limit preserving func-
tors.

(b) Recall that the restriction functor ¢* : PSh(Sets)®” — PSh(fSets)® has a left
Kan extension ¢ : PSh(fSets)” — PSh(Sets)°, which is fully faithful, and induces a
functor PShy;y, (fSets)?? — PShy;, (Sets)P.

(c) For every F € PShy,(fSets) and A € Sets, we set A := (4 F)(A) € Sets.
This is compatible with the standard notation for representable functors. Since
F and hence also ¢/ F' preserves limits, we conclude that for every algebra A, the
corresponding set A% is naturally an A-algebra.

4.6.2. Functor m,. (a) Recall that to every X € Aff;, one can associate a profinite
set mo(X). In other words, 7 is a functor Affy — Pro(fSets) C PShyy, (fSets)”.

(b) Let m, : PreSt, — PSh(fSets)®” be the left Kan extension of m. Explicitly,
for every X € PreSty, we have my(X) ~ limy_x xeas, m0(X) € PSh(fSets). In
particular, we have m,(&X') € PShyp, (fSets).

(c) We say that X' is connected, if my(X) = pt € fSets C PSh(fSets)?.

4.6.3. Remarks. (a) By definition, the functor m, : PreSt, — PSh(fSets)® pre-
serves colimits. One can show that its restriction m, : Sty — PSh(fSets)? preserves
colimits as well.

(b) Using (a) one can show (arguing as in Corollary below) that if X — Y is
surjective map, and X" is connected, then ) is connected.
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Lemma 4.6.4. For every X € Sti, the endomorphism algebra Endp(x)(wx) is a

discrete Q;-algebra, canonically isomorphic to @lEO(X). Moreover, for every Q,-vector
space V', we have a canonical isomorphism of Endpx(wx)-modules

(4.7) Hompx)(wx, V ®g, wx) ~ Endp(x)(wx) ®g, V-
Proof. Note first that if X € Affit, then we have a canonical isomorphism

— . —m(X
Hompx)(wx,wx) ~ Hompx)(Q;, Q;) ~ ar™,

where the first isomorphism follows from the Verdier duality, and the second one
from the fact that the constant sheaf @, has no negative self-exts.

Next, let X € Aff;, and choose a presentation X ~ lim, X, as a filtered limit,
where X, € Aff{" for all . Then End(wx) = colim, End(wyx, ) by [Ro]. Thus it is a
discrete Q;-algebra, being a filtered colimit of discrete spaces, which by the proven
above is isomorphic to colim,, @?O(Xa) = @TO(X).

Then, for an arbitrary X € St;, the identification X ~ colimx_,» X, gives an
identification D(X) ~ limx_,» D(X), under which wy corresponds to the compatible
system of the wx’s. Thus End(wy) ~ limy_,» End(wx), hence it is a discrete algebra

isomorphic to limy_,x @?O(X) ~ @?O(X).

For an arbitrary Q;-vector space V, the isomorphism (7)) for X € Aff, follows
from the fact that wx € D.(X) is compact in D(X). Finally, isomorphism (47) for
an arbitrary X follows from that for X € Aff; using the fact that tensor product
with a fixed vector space commute with all limits. O

Corollary 4.6.5. Let f: X — Y is surjective map in Sty such that End(wy) ~ Q.
Then End(wy) ~ Q.

Proof. Since f is surjective, the natural morphism colimj, (X (ml) — Y is an isomor-
phism. Thus, as in the proof of Lemma 6.4}, the induced map of discrete Q;-algebras
End(wy) — limp,) End(wypm) is an isomorphism. Since Homa, ([0], [m]) # 0 for ev-
ery m, we conclude that the pullback f': End(wy) — End(wy) is injective. Since
End(wym) = End(wy) ~ @, by assumption, we thus conclude that End(wy) ~ Q,,
as claimed. U

4.6.6. Quotient by a discrete group.

(a) Let T" be a discrete group acting on oco-stack X, let ) := [X/I'] the quotient
oo-stack, and let f: X — ) be the projection.

(b) Notice that since the trivial I-torsor I' x X — X is clearly ind-fp-proper, we
conclude from that f is locally ind-fp-proper.

(¢) By (b) and Proposition B.4.3] the pullback f' : D(Y) — D(X) admits a left
adjoint fi : D(X) — D(Y), satisfying base change.
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Lemma 4.6.7. In the situation of [{.6.0, we have a natural isomorphism of Q-
algebras
s Ao (X)
End(fi(wx)) ~ QI ©g, Q
Proof. The group action of I' on X over Y induces a group homomorphism I' —
Aut(fi(wx)), commuting with the action of End(wy). Hence it induces a homomor-
phism of Q;-algebras

(4.8) Q[ ®g, End(wx) — End(fi(wx))-

=70 (X)

Since End(wy) ~ Q (by Lemma [M.6.4), it now suffices to show that (4.8)) is
an isomorphism of Q;-vector spaces. Since f is a I-torsor (by @.2.2(c)), we have a
Cartesian diagram

IxXx 25 X

T

x —1uy

Since f; commutes with base change, we get a natural isomorphism
f filwx) ~ prya’(wy) ~ pry(wrer) ~ QI ®g, w-
Therefore by adjunction we have an isomorphism
End(fi(wx)) ~ Hom(wy, f' filwx)) ~ Hom(wy, Q[T ®g, wr) ~ QI ®g, End(wy),

where the last isomorphism follows from (47)). Unwinding the definitions, one sees
that this isomorphism coincides with the canonical homomorphism (4.8]), we started
from. O

Corollary 4.6.8. f : X — Y be a morphism of co-stacks, and let I' be a discrete
group acting on X over ) such that the induced map [f] : [X/T'] — Y is a topological
equivalence. Then f': D(Y) — D(X) has a left adjoint f, : D(X) — D(Y), and we
have a natural isomorphism of Q,-algebras

End(fi(wx)) ~ QI ©g, Q"

Proof. Set V' := [X/T], and let f': X — )’ be the projection. Since [f]: Y — Y
is a topological equivalence, the pullback [f]' : D(Y) — D()”’) is an equivalence
(by Proposition .3.6), hence has a left adjoint [f];. Therefore f' ~ f" o [f]' has
a left adjoint f, := [f]i o f/. Now the assertion follows from Lemma [.6.7 and the

observation that [f]; is an equivalence. O
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5. PERVERSE ¢{-STRUCTURES ON TOPOLOGICALLY PLACID 00-STACKS

5.1. Generalities.

5.1.1. Recollections. Let D be a stable oco-category.

(a) Recall (see Lurie [Lu2, 1.2.1]) that a t-structure on D is a pair (D= D=0) of
full subcategories of D satisfying certain properties. In particular, the embedding
D=9 — D (resp. D=" — D) has a left (resp. right) adjoint

Ts0 : D — D=0 (resp. 7<q : D — D=Y).

Similarly, we define truncation functors 7>; and 7<_;. Notice that
(5.1) x € D=(resp. x € D=°) if and only if 751 (z) = 0 (resp. 7<_1(x) = 0).

(b) Let F' : D; — D, be an exact functor between stable oco-categories equipped
with t-structures. Recall that F is right (resp. left) t-ezact, if F satisfies F(D:°) C
D5 (resp. F(D7") € D5°), and it is called t-exact, if it is both left and right t-exact.

(c) Every t-exact F' commutes with truncation functors. Indeed, for each object
x € Dy, functor F maps the fiber sequence 7<o(z) — & — 71 () to the fiber sequence
F(TS(](ZL’)) — F(LU) — F(TZl(Jf)>. Since F(TS(](LU)) S D;O and F(721($>) S D;l by
assumption, we conclude that F(7<o(z)) ~ 7<o(F(z)) and F(1s¢(x)) ~ 7=0(F(2)),
as claimed.

(d) Recall that F' is called faithful, if F'(z) % 0 when z % 0.

Lemma 5.1.2. (a) For every t-structure on D has a unique extension to a t-structure
on Ind D such that Ind(D)=° is closed under filtered colimits. Ezplicitly, Ind(D)=0 =
Ind(D=%) and Ind(D)=° = Ind(D=Y).

(b) Let D be a stable co-category with a t-structure. Then D= is closed under all
colimits that exist in D and D=° is closed under all limits that exist in D.

(c) Assume that F' : Dy — Dy be a t-exact and faithful functor between stable
oo-categories. Then for every object x € Dy we have

z € D’ if and only if F(z) € D5°
and similarly for DZ-ZO.

(d) Let F' : Dy — Dy and G : Dy — D3 be functors between stable co-categories,
equipped with t-structures such that G is t-exact and faithful. Then F is t-exact if
and only if Go F' is.

(e) The t-structure (D=, D=%) on D is uniquely determined by D=°. Namely, an
object x € D belongs to D=C if and only if Homp(z,y) ~ 0 for every y € D=1

Proof. (a),(b) follow from |[GR] 4.1.2.4] and [Lu2l Cor.1.2.1.6], respectively.
(¢) By (B1)), we have z € D if and only if 75, (z) =~ 0, while F(z) € D3 if and
only if 751 (F(x)) ~ 0. Since 7>1(F(z)) ~ F(7>1(z)) (because F is t-exact), we have
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to show that 7>1(x) ~ 0 if and only if F(7>;(z)) ~ 0. Since F' is faithful, we are
done.

(d) The "if" assertion follows from (c), while the converse is clear.

(e) is standard. O

Lemma 5.1.3. Let 7 be a category and ¥ : T — Catg s a functor. Assume that
for every object a € T the category D, is equipped with a t-structure, and for every
morphism o« : a — b in I the induced functor v, : D, — Dy, is t-exact. Then

(a) Assume that T is filtered. Then there exists a unique t-structure on D :=
colimgezr D, such that every functor ins, : D, — D is t-exact. Explicitly, D=° :=
colimger D=0 and similarly for D=°.

(b) There exists a unique t-structure on D := limgezor D, such that every functor
evy : D — D, is t-exact. Explicitly, D" = lim,c7 D=° and similarly for D=°.

Proof. (a) Let us prove that subcategories (D=Y, D=°), defined as D= := colim,ez D=°
and D=° := colimger D=0, equip D with a t-structure. Recall that every z € D is
of the form z = ins,(z,) for some x, € D,. By assumption, there exists a fibered
sequence T<gTq — To — T>1T4 in D, with 1<z, € D=0 and 7517, € DZ'. Applying
ins,, we get the corresponding fiber sequence for x.

It remains to show that for z € D= and y € D!, we have Hom(x,y) ~ 0. Since
T is filtered, x and y come from z, € D=° and y, € D='. As the colimit is filtered,

it follows from [Rol 0.4 that

HOIIlD<SL’, y) = COhmaEa \Z Home (wa (xa>7 wa (ya>>7

As 1), are t-exact, and a\Z filtered, thus weakly contractible [Sr, Cor. 3.9|, we
conclude that

Homp(z,y) ~ colimyeq\ 7 Pt ~ pt,

as wished.
(b) We want to show that subcategories (D=, D=Y), defined as D=° := lim,e7 D=°
and D=0 := lim,e7 D20 equip D with a t-structure. First we claim that for every

x € D=V and y € D=! we have Hom(z,y) ~ 0. Indeed, using for example [DG], 1.6.2]
and [Lull 3.3.3.2] one has
(5.2) Hom(z,y) ~ lim Hom(ev,z, ev,y).

a€el

Now, ev,x € D=0 and ev,y € D=L, all spaces on the right hand side are contractible.
So the assertion follows from the standard fact that a (homotopy) limit of contractible
spaces is contractible.

Next we claim that the inclusion functor D=° < D has a left adjoint 7¢. Namely,
since every D, is equipped with a t-structure, the inclusion D=° — D, has a left

adjoint, and since every 1, is t-exact, these left adjoints satisfy the Beck-Chevalley
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condition (use EITl(c)). Therefore the existence of 759 : D — D= follows from
Proposition I.I.8(b). Now for every x € D, let 7512 be the cofiber of the counit map
T<ox — x. It suffices to show that 712 € D='. But this follows from the fact that
cofiber in the limit category is a compatible system of cofibers, that the cofiber of
each 7<o(ev, (7)) — evy(z) lies in D21 and D=! = lim,er D21 O

The following assertion is not needed for the perversity of the affine Springer sheaf.

Proposition 5.1.4. Let ¥ : T — PrCats be a functor a — D,. Assume that T
is filtered, for every object a € I the category D, is equipped with a t-structure such
that D=0 is closed under filtered colimits, and for every morphism o : a — b in T the
induced functor v, : D, — Dy is t-exact, and has a continuous right adjoint ¢, .
Then there exists a unique t-structure (D=, D=%) on D := colimgez D, such that
D=% is closed under filtered colimits and every functor ins, : D, — D is t-ezact.

5.1.5. Remarks. (a) For every a € Z, denote by ev, : D — D, the right adjoint of
ins, (which is automatically continuous by Theorem . 1.3]). It follows from the proof
below that

(5.3) D= = {x € D|ev,(x) € D= for all a € T}.
Furthermore, this is the only ¢-structure on D satisfying this property (see Lemma
5.12(e)).

(b) For applications we currently have in mind, all categories D, are compactly
generated. In this case, Proposition B.1.4] can be deduced from a combination of
Lemma [5.1.2(a) and Lemma 5.1.3(a).

Namely, let D C D, be the subcategory of compact objects. Then D, ~ Ind D¢,
while the assumption that the right adjoints ¢, are continuous implies that ¥ induces
a functor Z — Catg s : a — D.. Hence we have a natural equivalence D =~ Ind D¢
with D¢ := colim,ez D5.

Next, the assumption that each D2° is closed under filtered colimits implies that
the t-structure on D, induces a t-structure on D¢. Hence Lemma [5.1.3|(a) provides
us with a t-structure on D¢, while Lemma [B.1.2(a) provides us with a ¢-structure on
D such that D=0 is closed under filtered colimits.

Proof. Let D=" C D be the smallest full subcategory, containing ins,(x,) with z, €
D=Y and closed under all colimits, and let D=° C D be the full subcategory, defined
by (5.3). We claim that pair (D=, D=0) defines a t-structure on D.

First of all, we have to check that for every x € D= and y € D=! we have
Hom(z,y) ~ 0. By the definition of D=Y we can assume that z = ins,(x,) with
z, € DY, In this case, we have

Hom(z,y) = Hom(ins,(z,),y) ~ Hom(z,, ev,(y)) ~ 0,

because z, € DY (by assumption), and ev,(y) € D=1 (by (5.3)).
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Next, we are going to show that for every x € D there exists a fibre sequence
T<g = & — 31 with <o € D=0 and z>; € D='. By Corollary BTG for every
x € D, we have a natural functor Z — D : a + ins,(x,) with z, := ev,(z) € D,, and
that the natural map colim, ins,(z,) — z is an isomorphism.

Recall that the perverse t-structure on D, we get a fibred sequence

Sa : TS()(SCCL) — Tq — TZl(SL’a>

with 7<o(z,) € D=° and 75 (z,) € D=1

We claim that the functor a — ins,(z,) extends to the functor a — ins,(S,). It
suffices to show that a collection of morphisms x, — 7>1(x,) gives rise to a morphism
ins,(z,) — ins,(7>1(x,)) of functors Z — D.

The main point is to show that the assignment a +— ins,(7>1(z,)) is functorial in
a € Z. In other words, we want to show that every morphism « : a — b in Z induces
a canonical morphism ins,(7>1(x,)) — insy(7>1(x)).

Since ins, ~ ins, 01),, it suffices to construct a morphism 1, (7>1(x,)) = 7>1(2s),
or, by adjointness, a morphism ¢, : 751(24) = ¢a(7>1(2p)). Since v, is t-exact, we
conclude that ¢, is left t-exact. Thus ¢, (7>1(z3)) € DZ!, so the natural morphism

Hom(7>1(%a), pa(m>1(23))) — Hom (24, pa(7>1(3))) = Hom (¢u(wa), >1(2)),

induced by the morphism pro; : z, — 7>1(z,), is an isomorphism, and we define
lo : T>1(24) = ¢a(7>1(25)) to be the morphism corresponding to the composition

ot
Va(Ta) = Vo 0 Gals) = @ — To1(73).
Taking the colimit colim, ins,(S,), we get a fibred sequence
T<p := colim, ins,(T<o(x4)) = & — x>1 := colim, ins,(7>1(x,)).

Since T<o(z,) € DY, the definition of D= implies that z<o € D=0.

Next we show that z>; € DZ', that is, evy(z>,) € D' for all b. Since ev,
commutes with all (filtered) colimits, and Dbzo is closed under filtered colimits, we
conclude that D=! is closed under all filtered colimits. Thus it suffices to show that
for every y, € D2, we have ins,(y,) € D>', that is, we have ev, o ins,(y,) € D;' for
all b e 7.

Since evy o ins, is a filtered colimit colimy.q—ye e @5 © Vo (see L1.4]), and Dbzl is
closed under all filtered colimits, it suffices to show that ¢z o, (y,) € Dbzl. But this
follows from the fact y, € DZ!, while both ¢5 and 1, are left t-exact.

This completes the proof that (D=, D=°) is a t-structure. Moreover, in the course
of the proof we shown that ins, is left t-exact and that D= is closed under filtered
colimits. Furthermore, ins, is right t-exact by the definition of D=0,

Assume now that (D'<Y, D'2%) is another ¢-structure on D such that D2 is closed

under filtered colimits and every functor ins, : D, — D is t-exact. We are going to
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show that in this case we have inclusions D= C D'<Y and DZ° C D20, therefore
both inclusions have to be equalities (say, by Lemma [E1.2(c)).

First of all, for every x, € DZ° we have ins,(z,) € D'<Y, because ins, is t-exact.
Since D'<Y is closed under all colimits, the first inclusion follows from the definition
of D=V, Next, for every x € D=° we have ev,(z) € D=° by (5.3)), thus ins,(ev, (7)) €
D'=Y because ins, is t-exact. Hence z ~ colim, ins,(ev,(z)) € D'=Y because D'<? is
closed under filtered colimits. O

5.2. Extension of t-structures. Let Caty be the co-category of (small) stable
oo-categories.

Lemma 5.2.1. In the situation of[1.2.4], assume that we are given a limit-preserving
functor D : C®? — Catg, and that D(x) is equipped with a t-structure for every
x € Oby(A) such that f' := D(f) is t-evact for every f € Mord(A). Then

(a)y. For every 0-geometric x, there exists a unique t-structure on D(x) such that
for every decomposition x ~ U,x, with 1, € Obo(A), each pullback i\, : D(z) —
D(xy), corresponding to the embedding i, : T, — x, is t-exact.

(0 )nn>0. For every n-geometric x € Ob(C) there exists a unique t-structure on
D(x) such that for every (n — 1)-special morphism f :y — x in Mor(C) with y €
Obg(A) the functor f' is t-ezact.

(b)nn>0- For every n-special morphism f :y — x in Mor(C) with n-geometric x,
the functor f' is t-exact.

Proof. (a)o Recall that every 0O-geometric z decomposes as = ~ L,z, with z, €
Obg(A). Therefore D(x) decomposes as a product [ [, D(z,), so there exists a unique
t-structure on D(x) such that every pullback i\, : D(z) — D(z4) is t-exact.

We claim that this ¢-structure is independent of the decomposition. Indeed, let
x =~ Ugys be another decomposition with yz € Obg(A), and let jg : yg — = be the
inclusion. We want to show that the pullback jj : D(x) — D(yp) is t-exact.

For every a, 3, we set Yo 3 1= Y Xz To. Then we have a decomposition yg ~ UaYa, s,
which implies that each y, 3 € Obg(A) and each embedding i, : Ya,3 — ys belongs
to Mor)(A) (see L22(c)). By symmetry, each ju. s : Ya3 — To belongs to Mor)(A)
as well.

Note that since D(ys) =~ ], D(ya,3) and each pullback i), 5 : D(ys) = D(Ya,s)

is exact (because i, 3 € Mor)(A)), in order to show that jlﬁ is t-exact, it suffices to

show that the composition D(z) 2, D(yp) o D(ya,p) is t-exact.

i s .
Finally, 7, 5 0 j; decomposes as D(x) —= D(z,) il D(;v;aﬁ), the pullback i,
is t-exact, by the construction of t-structure on D(zx), and Ja,p 18 T-exact, because

ja,g € Morg(A)
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(b)o Every O-special f decomposes as a disjoint union of fu 5 : Yo s — xo from
Morg(A). Since every f; 5 Is t-exact by assumption, the t-exactness of f ' follows.

It thus remains to show assertions (a),1; and (b),1; for all n > 0. By induction,
we can assume that for every n-geometric z, the category D(z) is equipped with an
t-structure, and for every m-special morphism f between n-geometric objects, the
pullback f'is t-exact. Indeed, for n = 0 this follows from assertions (a)o and (b)o,
shown above.

(a)p+1. Choose an n-special covering f : y — z with y € Obg(C). Then all
terms in the Cech resolution {yl™}, are n-geometric (see [LLY) and all mor-
phisms are n-special. Moreover, since D is limit preserving, the canonical map
D(z) — limy, D(y™) is an equivalence. By the induction hypothesis, each D(y™)
are equipped with a t-structure, and each transition maps are t-exact. Therefore it
follows from Lemma[5.1.3[(b) that there exists a unique ¢-structure on D(x) such that
all (™)' are t-exact.

In particular, the pullback f*is t-exact and faithful, thus the ¢-structure on D(z)
is uniquely characterized by the property that f' is t-exact (by Lemma 5.1.2(c)).
Furthermore, it follows from (a)y that if y ~ U,y, with y, € Obg(A), and f, :=
fois : Yo — z, this t-structure is characterized by the property that each f, is
t-exact. Since every f, is n-special, the uniqueness property follows.

By the above observation, it suffices to show that for every n-special morphism
f' 9y — x with 0-geometric 3/, the pullback f" : D(x) — D(y') is t-exact. Set
y" :=yx,y'. Then pr’ : y” — ¢ is an n-special covering between n-geometric objects,
hence the pullback pr” is t-exact and faithful by induction. Thus, by LemmaB5.1.2(d),
it suffices to show that the composition D(z) — D(y') — D(y") is t-exact. But this

composition decomposes as D(z) TN D(y) % D(y"), which is t-exact, because f' is t-
exact by construction, and pr' is exact because pr : y” — y is an n-special morphism
between n-geometric objects.

(b)n11 Since x is (n + 1)-geometric, and f is (n + 1)-special, we conclude that y
is (n + 1)-geometric (by Lemma [[LT.4[b)). Choose an n-special covering g : z — y
with O-geometric z. Thus, by the characterization of the ¢-structure on D(y), the
pullback ¢' is t-exact and faithful. Thus, by Lemma [E.T.2(d), it remains to show that
the pullback (fog)' is t-exact. If fog: z — x is n-special, the assertion follows from
the characterizing property of the ¢-structure on D(x). In particular, this finishes
the proof in the case when f is n-special.

In the general case, let h : ¢ — = be an n-special covering with 0-geometric t.
Then t X, y — t is (n + 1)-special, while ¢ X, y — y is an n-special covering. Hence
the pullback D(y) — D(t X, y) is t-exact and faithful by the proven above, thus it
suffices to show the t-exactness of the composition D(z) — D(y) — D(t X, y), or,
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what is the same, of D(x) LN D(t) EN D(t X, y). Since h' is t-exact by (a),,1, while
f*is t-exact by the particular case, shown above, the assertion follows. [l

Corollary 5.2.2. In the situation Lemma[5.21,

(a) For every geometric x € C, there exists a unique t-structure on D(x) such that
for every special f :y — x with y € Oby(A) the functor f' is t-evact.

(b) For every special morphism f : y — x with geometric x, the functor f' is
t-exact.

Proof. First of all the uniqueness assertion in (a) follows immediately from Lemma
B.21l(a), so it suffices to construct ¢-structures, which satisfy (b).

For every geometric x, choose n such that x is n-geometric, and equip D(x) with
the t-structure from Lemma[5.2.T)(a),,. We claim that this t-structure is independent
of n. Notice that x is m-geometric for all m > n (by Lemma [[L.T.4)(d)), so it suffices
to show that the ¢-structure on D(z) from Lemma [5.2.1)(a),, satisfies the property of
the t-structure on D(z) from Lemma 5.2.1a),. If n > 0, this follows from the fact
that every (m — 1)-special morphism is (n — 1)-special (by Lemma [[.T.4(d)), while
for n = 0, this follows from the fact that every embedding x, — U,z is 0-special

(by [2:2l(c)).
Finally, for every special morphism f : y — = with geometric x choose n such that
x are n-geometric and f is n-special. Then f' is t-exact by Lemma 5.2.1I(b). O

Lemma 5.2.3. In the situation of [L.3.1, assume that we are given a functor D :
AP — Catg preserving filtered colimits and that D(x) is equipped with t-structure
for every x € Ob(B) such that

(i) functor f' is t-exzact for every f € P C Mor(B).

(i) for every x € Obg(A) with two presentations v ~ lim, x, and x ~ limg 2 as
in[L.37(b) and every B3 there exists o such that the projection prjy : ¥ — x factors
through a morphism f : x, — x5, whose pullback fis left t-exact.

Then

(a) For every x € Oby(A) there exists a unique t-structure on D(x) such that for
every morphism (f : x — y) € Mord(A) with y € Ob(B), the functor f': D(y) —
D(x) is t-exact.

(b) Moreover, for every morphism f € Mory(A), the pullback f' is t-ezact.

Proof. (a) Fix a presentation z ~ lim, z, as in [L3J|(b). Since D commutes with
filtered colimits, the natural map colim, D(x,) — D(z) is an equivalence. Hence,
by Lemma [51.3((a) there exists a unique t-structure (D=°(x), D=°(x)) on D(x) such
that the pullback pr!, : D(z,) — D(x) is t-exact for every a. Explicitly, D=%(x) is
the essential image of colim, D=°(x,) — D(x) and similarly for D=%(z).
We claim that this ¢-structure is independent of the presentation.
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Let x ~ limg SL”B be another presentation. Then, by (ii), every projection pr’B Cxr—

2 decomposes as x Proy e L ay, with left t-exact f'. Therefore prj = prj, of' is
left t-exact as well, that is, we have an inclusion

(5.4) pry(D°(zy)) C D>°(z) for all 3.

Now let (D'<%(z), D'2%(x)) be the t-structure on D(x), corresponding to the presen-
tation x =~ limg zj;, and we want to show that it coincides with (D=°(x), D=°(x)).
By Lemma [5.1.2)(e), it suffices to show that D'Z%(z) = D=%(z). Since the inclusion
D'29(z) € D=%(z) follows from (5.4]), and the opposite inclusion follows by symmetry,
we get the assertion.

Now let us show that the t-structure we constructed is the unique ¢ structure such
that f' is t-exact for every (f : @ — y) € Mor)(A) with y € Ob(B). First of all,
for such an f, there is a presentation x ~ lim, x, such that f = pr,  for some ay.
In particular, f' is t-exact. Conversely, since pr, :  — x, belongs to MorJ(.A) for
every a, and our t-structure is the unique t-structure for which all pr’, are t-exact,
and the proof is complete.

(b) We want we show that for every A € D=(y) we have f'A € D=(z) and
similarly for D=°. Choose a presentation y ~ lim,%,. Then, by construction,
D=(y) =~ colim, D=(y,), thus A ~ pr.(A,) for some A, € D=(y,). Thus it
suffices to show that f'opr!, = (pr,of) is t-exact.

But pr,, € Morj(A) by the definition of Mor)(.A), and f € Mor)(.A), by assump-
tion. Therefore pr, of € Mor)(.A), and (pr, of)' is t-exact by (a). O

5.3. t-structures on schemes of finite type over k.

5.3.1. Classical (middle-dimensional) perverse t-structures.

(a) For a scheme Y of finite type over k we denote by (P¢D=(Y'), P4 D29(Y")) the
classical, that is, middle dimensional perverse t-structure on D.(Y).

(b) Let f: X — Y be a morphism of schemes of finite type over k such that all
non-empty fibers of f are of dimension < d. Then functors f*[d] and f[d] are right
t-exact, that is, preserve D=0, while f'[—d] and f.[—d] are left t-exact (see [BBD),
4.2.4]).

5.3.2. Glueing of t¢-structures. Let Y be a scheme of finite type over k, and
assume that we are given a stratification ¥ = U,Y, of Y by locally closed sub-
schemes, and let 7, : Y, — Y be the embedding. Suppose that we are given a
t-structure (D=%(X,), DZ°(Y,)) on each Y,. Then by the gluing lemma [BBD], Thm.
1.4.10] and induction on the number of strata, there exists the unique t-structure
(D=(Y), D2°(Y)) on D.(Y) such that all functors 7}, are right t-exact, and all func-

tors 1!, are left t-exact.
79



Explicitly, for K € D.(Y), we have K € D=°(Y) (resp. K € DZ°(Y)) if and only
if n* K € D=(Y,) (resp. n\,K € DZ°(Y,)) for all a.

5.3.3. l-adapted perverse t-structure (see Remark below for the explana-
tion of the term). Let Y be a scheme of finite type over k.

(a) Assume that Y is equidimensional of dimension d. We define PD=°(Y") (resp.
PD29(Y)) be the set of all K € D.(Y) such that K[—d] belongs to P4#D=°(Y") (resp.
PaDZ0(Y)). In other words, (PD=0(Y),PDZ%(Y)) is (PaD==4(Y),P+D2=4(Y)), that
is, the classical perverse t-structure, shifted by dim Y to the left.

(b) Let now Y be arbitrary, and let Y; be the canonical equidimensional strat-
ification from B.I.T(c). We define PD=°(Y) (resp. PDz°(Y)) to be the set of all
K € DY) such that n;K € PD=0(Y;) (resp. niK € PDZ°(Y;)) for all i. Then
(PD=(Y),PD2°(Y)) is t-structure by the gluing lemma (see (5.3.2).

5.3.4. Renormalized s-pullback. Let X € Aff/’, and K € D (X).

(a) For every d € Z we set K(d) := K[2d|(d) € D(X). More generally, to every
locally constant function d : X — Z, we associate an object K(d) € D(X) such that
for every connected component X° C X, we have K (d)|xo := K|xo(d(Xp)).

(b) For every weakly equidimensional morphism f : X — Y in Affit, we define
functor f*" : D.(Y) — D(X) by f*"(K) := f*(K)(dim;).

Lemma 5.3.5. (a) Let f: X — Y be an equidimensional morphism in Affgt. Then
foren is right t-exact, while f' is left t-exact.

(b)) If f : X — Y is a weakly equidimensional locally closed embedding of di-
mension —d (see [3.1.2(d)), then the pullback f*[—d] : D.(Y) — D.(X) (resp.
f'l=d] : DY) = D.(X)) are right (rest. left) t-exact.

(c) If f : X — Y is uh-smooth, then the pullback f' is t-ezact. In particular, f' is
t-exact, if f is smooth or a universal homeomorphism.

Proof. (a) Replacing X by its connected component, we can assume that f is equidi-
mensional, that is, there exists d € N such that dim,(z) = d for all x € X. Then
forer = f*(dy, all non-empty fibers of f are equidimensional of dimension d, and
morphism f induces a morphism f; : X; — Y;_4 for all i. We want to show that for
every K € PDSY(Y') we have f*""(K) € PD=°(X).

Assume first that Y is equidimensional, and hence X is equidimensional as well.
Then our assumption K € PD=0(Y) = PaD=~dmY(Y) implies (by B.3.1i(b)) that
f*(K) g papsd—dimY(x) = ppsdtdimX=dim¥Y (¥) " Gince dim X —dim Y = d, this im-
plies that f*(K) € PD=*(X), thus f*"*(K) € PD=°(X), as claimed. In particular,
the assertion holds for each morphism f; : X; — Y;_4.

In the general case, our assumption K € PD=°(Y') implies that n; ;K € PD=°(Y;_,4)
for all 7. Therefore, by the assertion for f;, we conclude that

i (f27 () 2= 0 (f(K)(d) = fi*(ZzZ—dK ){d) = f77" (g K) € "DZ(X;)



for all 4, thus f*""(K) € PD=°(X). The proof of the assertion for f' is similar.

(b) The argument is similar to (a) but simpler. Namely, as in (a), one reduces to
the case when Y is equidimensional. In this case, the assertion follows from the fact
that f* (resp. f') is right (resp. left) t-exact for the classical perverse t-structure.

(c) If f is smooth or a universal homeomorphism, then f is equidimensional, and
we have a canonical isomorphism f*"" = f'. Thus the assertion follows from (a).

To show the assertion for uh-smooth morphisms, we have to check that morphisms
f for which f'is t-exact satisfy properties (i),(ii) of ZZ4.1l Now (i) was shown above,
while (ii) follows from Lemma [(5.1.2(d) together with the observation that if 7 is
étale surjective or a universal homeomorphism, then 7' is faithful and t-exact (by
above). O

5.3.6. Remarks. (a) The reason why we consider this ¢-structure rather than the
standard one is to guarantee that for (uh)-smooth morphisms the !-pullback is ¢-
exact. This will enable us to define perverse t-structures on (topologically) placid
oo-stacks later.

(b) By a standard argument, one can show that if f is a uh-smooth morphism,
then we have a canonical isomorphism f*"" = f'. This would give a slightly more
conceptual explanation why f'is t-exact in this case. Moreover, the same applies to
a more general class of so-called cohomologically smooth morphisms.

We finish this section by a partial generalization of Lemma [5.3.5(a).

Lemma 5.3.7. If all non-empty fibers of f : X — Y are of dimension < d, then the
functor f*[2d] is right t-exact.

Proof. Assume first that f : X < Y is a locally closed embedding. In this case, we
have to show that f* is right t-exact, that is, f*(K) € PD=°(X) for all K € PD=(Y).

Observe that there exists a constructible stratification X, of X such that both
embeddings 1, : X, — X and fon, : X, — Y are weakly equidimensional of
constant dimensions. Indeed, let X; and Y; be the the canonical equidimensional
stratifications from B.I.T)(c), and take {X,}, be the union of the canonical stratifi-
cations of X; NY;. Since f*(K) is an extension of (n,)m} f*(K), it suffices to show
that (n,)m:f*(K) € PD=9(X) for all a.

We let —a, and —b, be the dimensions dim, and dimg,, , respectively. By
Lemma 5.3.5(b) and adjunction, we conclude that (f o7n,)* and (1,)r send PD=0 to
PDs"ba and PDS% | respectively. Since X, C X C Y, we conclude that a, < by, thus
(ne)mif*(K) € PD=°(X), as claimed.

Assume now that X and Y are equidimensional. Then the argument of Lemma
B.3.5(a) implies that for every K € PD=0(Y) we have f*(K) € pDsdtdimX—dimY(x)
Since for every z € X we have dim X — dimY = dim () < dim, f~'(f(z)) < d, we
thus have f*(K) € PD=%4(X), as claimed.
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The general case now follows from the two cases shown above. Indeed, let n; : X; —
X be as in BIT(c). Since f*(K) € PD=?(X) if and only if n; f*(K) € PD=*(X;) for
every 4, replacing f by fon;, we may assume that X is equidimensional. Then, by a
similar argument, we can assume that X is irreducible. Then the closure f(X) C Y
is irreducible, hence equidimensional, and f decomposes as X m LY.

Finally, since ¢* and ¢g*[2d] are right t-exact, by the particular cases, shown above,
their composition f*[2d] is right t-exact as well. O

5.4. Perverse t-structures on globally uh-placid affine schemes. Our goal
now it to apply the results from the previous two subsections to define perverse
t-structures globally placid affine schemes and its uh/perfect analogs.

Proposition 5.4.1. For every Y € Affit, we equip the category D.(Y) is equipped
with the perfect t-structure, defined in[2.3.3. Then

(a) For every globally uh-placid affine scheme X, there exists a unique t-structure
on D.(X) such that for every strongly pro-uh-smooth morphism f : X — Y with
Y € AfH', the pullback f' - D(Y) — Do(X) is t-exact.

(b) Moreover, the t-structures from (a) satisfy the property that for every strongly
pro-uh-smooth morphism f : X — Y between globally uh-placid affine schemes, the
pullback f': D.(Y) — D.(X) is t-exact.

Proof. Assume that we are in the situation of[2.4.4] that is, B := Affgt, A = Affy, and
P = Pun—sm is the class of uh-smooth morphisms. We would like to apply Lemma
(.23 to the data consisting of the functor D, : (Affy)®? — Catg, from 2.1 and
perverse t-structures on D.(Y') constructed in [5.3.3l It remains to check that all the
assumptions Lemma are satisfied. Now, D, commutes with filtered colimits,
because it defined as a left Kan extension, and (i) follows from Lemma [5.3.5)(c). Since
every uh-smooth morphisms are universally open and equidimensional (by Lemma
[B.1.10), the assertion follows from a combination of Lemma[3.2.4land Lemma[5.3.5](a).
Now Lemma [5.2.3] applies, and the assertion follows. O

We will apply the above construction in the case of globally placid (and perfectly
placid) affine schemes.

5.4.2. Two particular cases. Since a globally placid (and perfectly placid) affine
schemes X are globally uh-placid, Proposition B.4T|(a) provides a t-structure on
D.(X) in both these cases. Moreover, since every strongly pro-(perfectly) smooth
morphism f : X — Y between globally (perfectly) placid affine schemes is strongly
pro-uh-smooth, the pullback f' is t-exact by Proposition B.Z1I(b).

Lemma 5.4.3. Let X is a globally placid affine scheme.
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(a) The perverse t-structure on D.(X) from [543 can be characterized as the
unique t-structure on D.(X) such that for every strongly pro-smooth morphism f :
X =Y with Y € Aftl') the pullback f': D(Y) — D.(X) is t-ezact.

(b) The perfection Xper is a globally perfectly placid affine scheme, and the pullback
7 De(X) = De(Xpert), corresponding to the projection m : Xpor — X is t-ezact.

Proof. (a) Choose a placid presentation X ~ lim, X,. Since every projection pr,, :
X — X, is strongly pro-smooth, so it follows from Proposition 5.41] that every
pullback pr!, : D.(X,) — D.(X) is t-exact. On the other hand, it follows from
Lemma [5.1.3(a), that there exists a unique t-structure on D.(X) =~ colim, D.(X,),
satisfying this property.

(b) Since m : Xper — X is strongly pro-uh-smooth (by Lemma 2.4.7(a)), the
assertion follows from Proposition B.4T(b). O

5.4.4. Remark. It follows from Lemma[5.4.3|(a), that ¢-structures on globally placid
affine schemes can be also constructed directly by applying Lemma [5.2.3] in the
situation of 2.1.1]

5.4.5. Perverse t-structures on D(X).

(a) Recall that for every affine scheme X, the oo-category D(X) is the ind-
category Ind D.(X) (see E2ZT). Therefore every t-structure (PD=°(X),PDz%(X))
on D.(X) gives rise to a unique t-structure (PD=(X),?D=°(X)) on D(X) such that
PD29(X) = Ind(PD2°(X)) and similarly for PD=?(X) (see Lemma [E.T.2(a)). In par-
ticular, the subcategory PD=Y(X) C D(X) is closed under filtered colimits, and for
every morphism f : X — Y such that the pullback f': D, (Y) — D.(X) is t-exact,
the corresponding functor f': D(Y) — D(X) is t-exact as well.

(b) By (a), for every globally (uh)-placid affine scheme X, the perverse t-structure
(PD=Y(X),PD2°(X)) on D.(X) defined in Proposition B.ZT] (or B.44]) gives rise to
the perverse t-structure (PD=°(X),?D=%(X)) on D(X).

5.5. Perverse t-structures on perfect and topologically placid oco-stacks. We
will write D.(X) to refer both to D.(X) and D(X).

Proposition 5.5.1. For every globally perfectly placid affine scheme X, we equip
D.(X) with t-structure, constructed in[5.4.3 and[5.7..

(a) For every perfectly placid oco-stack X, there exists a unique t-structure on
D.(X) such that for every perfectly smooth morphism f : X — X from a globally
perfectly placid affine scheme X, the pullback f' is t-ezact.

(b) Moreover, the t-structures from (a) satisfy the property that for every perfectly
smooth morphism f : X — Y between perfectly placid co-stacks, the pullback f' is
t-ezxact.

Proof. In the notation of 2.4.6] take A = Aff ¢ 1 equipped with étale topology, while

Obg(A) and Mor)(.A) are the classes of globally perfectly placid affine schemes and
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strongly pro-perfectly smooth morphisms. Then the construction of [L2.4] applies,
and C is the oo-category Stpefr of perfect oo-stacks over k, which identify with
(Stk)porf C St as in (e)

We would like to apply Lemma B.2.T] to the restriction D.|s,),.., of the functor
D. : (Sty)? — Caty from[d.3.Il By construction, it commutes with limits. Moreover,
by Proposition [.4.Tl(b) that the assumption of Lemma [5.2.] is satisfied, and the

assertion follows. O

5.5.2. Perverse t-structures for topologically placid oco-stacks.

(a) By definition, if X is a topologically placid co-stack, then its perfection Xpeys is a
perfectly placid oo-stack, thus D.(Xpef) is equipped with a t-structure by Proposition
B.5.1a).

(b) Recall that the pullback 7' : D.(X) — D.(X,et) is an equivalence of categories
(see Lemma [£.3.7). Thus there exists a unique ¢-structure on D.(X) such that the
pullback 7' is t-exact.

(c) Let f: X — Y be a topologically smooth morphism between topologically
placid oo-stacks. Then fperr 1 Xperr — Vpert 1S @ perfectly smooth morphism between
perfectly placid oo-stacks, hence féorf is t-exact by Proposition B.5.1(b). Thus, by
the definition of t-structures in (b), the pullback f': D.(Y) — D.(X) is t-exact.

(d) Notice that if X is perfectly placid, then X is perfect, hence the projection
T @ Xpet — X is the equivalence between perfectly placid oo-stacks. Thus, by
Proposition £.5.1(b), the t-structure on D.(X), given in (b), coincides with the ¢-
structure from D.(X) from Proposition (£.5.1(a).

(e) For every topologically placid co-stack X, the subcategory PD=°(X) C D(X)
is closed under filtered colimits. Indeed, choose a topologically smooth covering
f: X — X, where X is a disjoint union of globally perfectly placid affine schemes.
Since f' is t-exact, faithful and commutes with colimits, we reduce the problem to the
case when X is a globally perfectly placid affine scheme (compare Lemma [5.T.2)(c).
In this case, the assertion follows by construction (see [2.4.5]).

5.5.3. Perverse t-structures on placid oco-stacks. Since every placid oo-stack X
is topologically placid, the construction of (.5.2(b) provides D.(X') with a ¢-structure.
Moreover, since every smooth morphism f : X — ) between placid affine schemes
is topologically smooth, the pullback f* is t-exact by 5.5.2(c).

Lemma 5.5.4. For every globally placid affine scheme X, we equip D.(X) with
t-structure, constructed in[5.4.2 and[5.4.5, and let X be a placid co-stack.

Then the perverse t-structure on D.(X) from can be characterized as the
unique t-structure on D.(X) such that for every smooth morphism f: X — X from

a globally placid affine scheme X, the pullback f' is t-exact.
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Proof. Choose a smooth covering f : X — X, where X is a disjoint union X ~ U, X,
of globally placid affine schemes, and let f, : X, — X be the restriction of f. Then,
by Lemma [5.T.2(c) (or Lemma [5.2.]), there exists at most one ¢-structure on X such
that all pullbacks f' are t-exact.

It now remains to show that for every smooth morphism f : X — X from a
globally placid affine scheme X, the pullback f': D.(X) — D.(X) is t-exact. Note
that since 7' : D.(X) — D.(Xpert) is an equivalence and t-exact (by Lemmal5.4.3(b)),
it suffices to show that the composition 7' o f': D.(X) — D.(Xperf) is t-exact. Since
this composition can be rewritten as a composition

7'('! f! er
D.(X) D D(Xpert) 25 D.(Xpers),
the first map of which is t-exact by the definition of ¢-structure in [.5.2(b). Finally,
our assumption on f implies that fpers @ Xpert — Xpert 1S @ perfectly smooth morphism
from a global perfectly placid affine scheme (by Corollary 2.4.8)), thus féorf is t-exact
by Proposition [5.5.1] O

5.5.5. Remarks. It follows from Lemma [5.5.4] that t-structures on placid oo-stacks
can be also constructed directly by applying Lemma [5.2.1 in the situation of 2217

5.6. t-exactness properties.

Lemma 5.6.1. (a) Let X be a topologically placid oco-stack. Then wy € PD=(X).

(b) Let f: X — Y be a equidimensional morphism (see(3.2.8(a)) of topologically
placid co-stacks. Then the functor f' is left t-exact.

(c) Let f : X — Y be an fp-proper morphism of topologically placid co-stacks,
equidimensional of relative dimension d. Then the functor f*(d) is right t-exact.

(d) Let f: X — Y be a decomposable (see [{.5.10 and remark [5.6.2) fp-locally
closed embedding of topologically placid oco-stacks of relative dimension —d. Then
the pullback f*[—d] (resp. f'[—d]) is right (resp. left) t-exact.

(e) In the situation of (d), assume that Y is topologically smooth. Then f*(wy) €
PDST2( X)),

5.6.2. Remark. The only reason we assume that f is decomposable in (d) is because
we showed the existence of f* only in this case (see EE5.10(e)). In particular, using
remark [5.TT)(d) one can show that assertion (d) holds without this assumption as
well.

Proof. For shortness, we will omit the word "topological" and will show all assertion
in the placid case only.
(a) Assume first that X € Affit, and let 7 : X — pt be the projection. If X is
locally equidimensional, then wx = 7'(wy) € PDZ%(X) by Lemma E.3.5(a). In the
85



general case, let X; be the equidimensional stratification from BI.I(c). Since the
assertion holds for each X;, we have n}(wx) ~ wx, € PD=°(X;), thus wx € PD=°(X).

Next, let X € Aff; be a globally placid affine scheme with a placid presentation
X ~ lim, X,. Then wy =~ pr',(wy,) € PDZ°(X), because wyx, € PD=°(X,), and pr',
is t-exact.

Finally, for an arbitrary &X', choose a smooth covering f = U, f, : Uy Xy — X,
where each X, is a globally placid affine scheme. Then, by the proven above,
fwy) ~ wx, €PD22(X,) for all a, therefore wy € PD2(X), as claimed.

(b) Choose a smooth covering Y — Y, where Y ~ 1, Y,, and each Y, is a globally
placid (affine) scheme. Since it suffices to show a result after a base change to each
Y., we can assume that ) is a globally placid affine scheme Y. Next, choose a smooth
covering X — X', where X ~ L, X, and each X, is a globally placid affine scheme.
Since it suffices to show the assertion for each X, - X — X — Y, we can assume
that X is a globally placid affine scheme X.

In this case, it suffices to show the assertion for D.. Choose placid presentations
X ~lim, X, and Y ~ limg Y. Then D.(Y) =~ colimg D.(Y}3), so it suffices to show
the left -exactness of each f'opry ~ (prgof)".

Replacing X by a smooth strongly pro-smooth covering if necessary, we can assume

that prgof decomposes as X Py X, @) Y3, where f, s is equidimensional. Then
pr. is t-exact, because pr,, is strongly pro-smooth, and while f& 5 1s left t-exact by
Lemma 5.35(a). Hence (prgof)' ~ pr) of}, 5 is left t-exact, as claimed.

(c)-(e) By Proposition A.4.5(b), the pullback f* satisfies the base change with
respect to smooth !-pullbacks. Thus (as in (b)), we can assume that ) is a globally
placid affine scheme Y. Then X := X is an algebraic space, fp over Y.

(c) As in (b), we choose a placid presentation Y ~ lim, Y, and it suffices to show
the right t-exactness of f*(d) o pr, : D.(Y,) — D.(X) for all sufficiently large a.
Since f is fp-proper, we can assume that f is a pullback of a proper equidimensional
morphism f, : X, — Y,. Since pr,, is strongly pro-smooth we have an isomorphism
f{d) opr, ~ pr! of*(d). Since pr!, is t-exact, because pr, : X — X, is strongly
pro-smooth, it remains to show that fX(d) is right t-exact. Since fi(d) ~ f>"" it is
right t-exact by Lemma [5.3.5](a).

(d) Arguing as in (c), we reduce the assertion to the corresponding assertion for
Schf’. In this case, the assertion follows from Lemma F3.5(b).

(e) Assume first that Y € AlgSp};t, and let pry : Y — pt and pry : X — pt be
the projections. Since Y is smooth, pry is equidimensional, and we have a canonical

. . !
isomorphism wy =~ pry (wpt) >~ pry’ " (wpt). Therefore we have

F () d) = 7 wy) = 7 (pr () =PI () € PDZ(X)

by Lemma 5.3.5(a), thus f*(wy) € PD="2(X).
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In the general case, we choose a strongly pro-smooth presentation Y =~ lim, Y,.
Then, in the notation of the proof of (c¢), we have

Frwy) = f*(pro(wy.)) = pro(falor.)).
Hence it belongs to PD="2¢(X), because f*(wy,) € PD="24(X,), by the previous
case, shown above, and pr', is t-exact. U

5.6.3. Generalizations.

(a) Extending the construction of[5.3.4] one can define renormalized pullback f
for every weakly equidimensional morphism f : X — ) of topologically placid oo-
stacks. Namely, it is characterized by the condition that it is compatible with com-
position and satisfies f*™" ~ f' when f is topologically smooth.

(b) Lemma [5.6.1(c) has a generalization asserting that for every equidimensional
morphism f : X — ) of topologically placid co-stacks, the renormalized *-pullback
forem is right t-exact. Namely, as soon as functors f*"*" are constructed, this can be
shown by repeating the arguments of Lemma [(.6.Ti(b),(c) almost word-by-word.

(c) Lemma[5.6.1](e) has a generalization asserting that if f : X — ) is a pro-weakly
equidimensional morphism of topologically placid co-stacks and )Y is topologically
smooth, then f*""(wy) € PD0(X).

(d) Moreover, assertion (c) actually easily follows from (b). Indeed, since my :
Y — pt is topologically smooth, we have wy ~ 7}, (wy) ~ 73" (wy), thus

Frrny) 2 R ) 2 T () € PDE0(X)

by (b), because my : X — pt is weakly equidimensional by assumption, thus equidi-
mensional.

*,Ten

The following lemma will play a central role later (see Theorem [6.4.5]).

Lemma 5.6.4. Let f : X — Y be a morphism between topologically placid oo-stacks,
which s locally ind-fp-proper, and equidimensional of relative dimension d. Then the
functor fi[—2d] is left t-ezact.

Proof. Replacing f by its the pullback with respect to a topologically smooth mor-
phism Y — ), we can assume that ) is a globally uh-placid affine scheme Y, and
f X — Y is ind-fp-proper. Choose a presentation X =~ colim, X,, where each
fa 1 Xo = Y is fp-proper and all transition maps are fp-closed embeddings.

Denote by i, : X, — X the inclusion. By Corollary LT.5 for every K € D(X),
we have a natural isomorphism K = colimy, (i, )i, K, which induces an isomorphism
fil K) ~ colim, (fa)iL (K). Since filtered colimits are t-exact, it suffices to show that
each composition (f, )i [—2d] is left t-exact.

Next, since f, is an fp-proper morphism between globally placid algebraic spaces,
(fa)r has aleft adjoint f (by Propositiond.2.6c)). Therefore passing to left adjoints,

it suffices to show that each composition (i, )i f*[2d] is right t-exact.
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For every 3 > «, consider the inclusion i, : X, — Xp. It suffices to show
that each composition (i, )1 f5[2d] is right t-exact. Consider the open embedding
Jap : Xp N\ Xo = Xg. Since (iap)1fs = (ia,p)iis, 5f5, we have a fibered sequence

f512d] = (iap)ifal2d) = (Gap)iia,sf5[2d + 1]

Therefore it suffices to show that functors on the left and the right are right ¢t-exact.
Since jfxﬁ if t-exact, and hence (j, )i is right t-exact (by adjointness), it suffices to
show that each functor f3[2d] is right t-exact. But this follows from a combination
of Lemma .37 and Claim B.6.5 O

Claim 5.6.5. All non-empty fibers of each fz are of dimension < d.

Proof. By definition of equidimensional morphisms of relative dimension d (see[3.3.5]),
there exists a topologically étale covering a : U — X such that U = U;U; is a
disjoint union of affine schemes, and each composition U; - X — Y decomposes

as U; 5 Y/ fé Y, where m; is topologically étale, and f/ : Y/ — Y is fp-affine
equidimensional of relative dimension d.

Fix y € Y. Then every non-empty fiber Y/ = fI7Y(y) is equidimensional of
dimension d, while m; : U; — Y/ induces a topologically étale morphism of fibers
Uiy — Y, In particular, it follows from Lemma [3.3.4] that every non-empty U;, is
of dimension d, thus every non-empty fiber U, = L;U; , is of dimension d.

Next, since X3 C X is an fp-closed subscheme, the pullback Ug := U xy X is an
fp-closed subscheme of U, hence while the map a, : Ug, — X3, of fibers, induced
by a, is a topologically étale covering.

Assume that Xz, = fz '(y) is non-empty. Then Ug, and hence also U, are non-
empty, and it follows from Lemma [3.3.4lthat dim X3, = dim U, < dimU, =d. O

6. STRATIFIED 00-STACKS, SEMI-SMALL MAPS, AND PERVERSITY

In this section we will define a larger class of oco-stacks, which admit perverse
t-structures. We will also introduce (semi)-small maps and extend classical (finite
dimensional) results to this setting.

6.1. oco-stacks admitting gluing of sheaves.

Definition 6.1.1. We say that an co-stack X' admits gluing of sheaves, if for every fp-
open embedding j : U < X there exists a fully faithful left adjoint j, : D(U) — D(X)
of ' : D(X) — DU).

6.1.2. Remark. We will see later that co-stacks satisfying gluing of sheaves in the

sense of Definition [6.1.1] satisfies the gluing of sheaves in the sense of [BBD.
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Lemma 6.1.3. Let X be an oo-stack, admitting gluing of sheaves, let j : U — X
be an fp-open embedding with a complementary topologically fp-closed embedding i :
Z — X. Then

(a) There ezists a left adjoint i* of iy : D(Z) — D(X).

(b) We have i* o jy ~ 0.

(c) For every K € D(X) the unit and counit maps extend to a fibered sequence

JJK = K — ii'K.

Proof. All assertions are rather straightforward applications of Lemma [£.5.3]

(a) We have seen during the proof of Lemma that 4, induces an equivalence
D(Z) = Dz(X) C D(X). Thus to define a functor i*, it suffices to define a functor
ii* : D(X) — Dz(X). Consider functor ii* : D(X) — D(X), which sends K to
the cofiber Cof(jij'K — K). Then j' Cof(jij'K — K) ~ Cof(j'jij'K — j'K) ~ 0,
where the last isomorphism follows from the assumption that 7 is fully faithful thus
4'j1 ~ Id. Hence the image of functor 4,i* lies in Dz(X), as claimed.

To show that ¢* is the left adjoint of ), we have to construct a functorial isomor-
phism Hom(i* K, L) ~ Hom(K, i L). Since 4, is fully faithful, we get isomorphisms

Hom(i*K, L) ~ Hom(ii* K, 4,L) ~ Hom(Cof(jij' K — K),i/L) ~

~ Fib(Hom(K,i\L) — Hom(jj'K,i/L)) ~ Hom(K, L),
where the last isomorphism holds, since Hom(jij'K, 4 L) ~ Hom(j'K, j'iyL) ~ 0 (use
Lemma A.5.3|(c)).
(b) Since i* o jy is the left adjoint of j' 04, ~ 0, we are done.
(c) follows from our construction of i*. O

Corollary 6.1.4. (a) Let X be an oo-stack admitting gluing of sheaves, and let
n:Y — X be a decomposable topologically fp-locally closed embedding (see[f.5.10).

Then the pullback n' : D(X) — D(Y) has a fully faithful left adjoint n, : D(Y) —
D(X), while the pushforward functor n, : D(Y) — D(X) from[[.5.6 has a left adjoint
n*:D(X) — D).

(b) Moreover, suppose that we have a Cartesian diagram
RN
L
y —— X,

where X is an oo-stack admitting gluing of sheaves as well, and functors f' and ¢'
admit left adjoints f, and g, respectively. Then we have a canonical isomorphism

n i~ gn.
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Proof. (a) By definition, n decomposes as J — U % X, where j (resp. i) is an
fp-open (resp. topologically fp-closed) embedding.

Recall that j' has a fully faithful left adjoint j; (because X admits gluing of
sheaves), j, has a left adjoint j' (by the definition of j,), i' has a fully faithful left
adjoint ¢, (by Lemma [.5.3(b),(c)), while 4, has a left adjoint * (by Lemma [6.1.3]).

Therefore the composition ' = i' o j' has a left adjoint 7 := j o 4, while the
composition 7, = j, o (see 5I0(d)) has a left adjoint n* :=i* o 5.

(b) Since n* fi and ¢:i* are left adjoints of functors f'n, and 7,g', respectively, the
assertion follows from Lemma [4.5.8 U

Lemma 6.1.5. (a) Assume that X admits gluing of sheaves, and letn: Y — X be
a decomposable topologically fp-locally closed embedding (see[{-5-6]). Then Y admits
gluing of sheaves as well.

(b) Assume that X has a presentation as a filtered colimit X = colim,, X,, such that
each X, satisfies gluing of sheaves and each transition map is an fp-open embedding.
Then X satisfies gluing of sheaves as well.

Proof. (a) Let j : U — Y be an fp-open embedding. Then v :=noj : U — X
is a decomposable topologically fp-locally closed embedding as well (see EE5T0(D).
Therefore the pullback ¢! has a fully faithful left adjoint v : D(U) — D(X), while
N« has a left adjoint n* : D(X) — D()) (by Corollary [E.4(b)). We claim that the
composition j : n*1vy : DU) — D(Y) is a fully faithful left adjoint of j'.

By construction, ji is a left adjoint of v'n, ~ j'(n'n.) ~ j', where n'n, ~ Id by
the definition of 7, (see .5.6]). Finally, since 7 and vy = n o jy are fully faithful, we
conclude that 7 is fully faithful, as claimed.

(b) Let j : Y — X be an fp-open embedding. Then the presentation X =
colim, X, induces the presentation ) = colim, ),, and the induced maps j, : Vo —
X, are fp-open embeddings. Therefore D(X) ~ lim, D(X,), D(Y) ~ lim, D(V.,),
and the pullback j' : D(X,) — D(V,) has a left adjoint (j, )i : D(V.) — D(X,) by
our assumption on X,. Thus in order to apply Proposition LLT.8(b) and to conclude
the proof, one has to show that the Beck—Chevalley condition is satisfied, that is,
the base change map (jﬁ)!ﬁg,a — 7T!ﬁ7a(ja)g, where 75, denote the transition maps
Xs — &, and Xy — &, is an isomorphism. Passing to right adjoints, the assertion
follows from Lemma [A.5.3|(a). O

Now we are going to provide two classes of oo-stacks, admitting gluing of sheaves.
Lemma 6.1.6. Every topological placid co-stack X admits gluing of sheaves.

Proof. By Proposition [4.4.5(a), for every fp-open embedding j : U — X there exists
a left adjoint j, of j' : D(X) — D(X’). It remains to show that j is fully faithful,

that is, the unit map Id — j'j is an isomorphism. Choose a topologically smooth
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covering p : X — X with topologically O-placid X. It suffices to show that the
map p' — p'j'ji is an isomorphism. Using Proposition LZ5|(b), we have to show
that p' — j'jip' is an isomorphism, thus reducing to the case X = X. Passing to a
connected component, we can thus assume that X is globally uh-placid affine scheme
X. Choosing a presentation X ~ lim, X,, we reduce to a case when X &€ Affgt. In
this case, the assertion is well-known. 0

6.1.7. Ind-placid schemes. We call an ind-scheme X ind-placid, if it has a pre-
sentation of the form X ~ colim, X, such that every algebraic space X, is globally
placid.

Proposition 6.1.8. Let X be an ind-placid algebraic space, and let H be an ind-
placid group, that is a group object in ind-placid algebraic spaces, acting on X. Then
the quotient X = [X/H] admits gluing of sheaves.

Proof. Our strategy will be similar to Lemma 53] though some extra care will be
needed. We set U :=U Xy X. Then U — X is an fp-open embedding, and we have
a natural equivalence U ~ [U/H].

First we will show the assertions when H = 1, thus X = X is an ind-placid
algebraic space. Choose a presentation X = colim, X,, where each X, is a placid
algebraic space, and all transition maps are fp-closed embeddings. This presentation
induce a presentation U = colim, U, of U. Then D(X) ~ colim, D(X,) (see I3,
and similarly for U.

Since left adjoint ji exist for placid algebraic spaces (see Proposition L2.0(a)),
in order to apply Proposition [1.1.8|(c), we have to check that the Beck-Chevalley
condition is satisfied. Explicitly, we have to show that for the Cartesian diagram

Uaj—“>Xa

I
Us —225 X

the base change morphism (j,)it1 — t(jg) is a isomorphism. But this follows from
the fact that all functors involved are left adjoints of !-pullbacks, and the diagram
is commutative. Next, the fully-faithfulness of j, follows the corresponding assertion
in the case when X is a algebraic space of finite type, in which case it is standard.

In the general case, using the Cech complex, corresponding to the projection X —
X, we get equivalences D(X) ~ limp,) D(H™ x T') (see E33(c)), and similarly for
DU).

By the case of ind-placid algebraic spaces, shown above, there exists a left adjoint
jrof 5 : D(H™ x X) — D(H™ x U). Thus, in order to apply Proposition EET.8(b)
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and to finish the proof, we have to show that j, satisfy base change with respect to
pullbacks n' : D(H" x X) — D(H™ x X).

Notice that every morphism H™ x X — H"™ x X decomposes as a composition
of the action morphisms H x X — X : (h,z) — h(z), multiplications morphisms
H x H — H and projections. Since the action morphism H x X — X decomposes
as a composition of the isomorphism H x X = H x X : (h,z) — (h,h(z)) and the
projection, it suffices to show that j, satisfy base change with respect to pullbacks,

corresponding to projections. Thus the assertion follows from Lemma [6.1.9] below.
O

Lemma 6.1.9. Consider the Cartesian diagram

UxY — 5 XxY

Pry l pPry l

v -1 X
where Y is an placid ind-algebraic space. Then the base change morphism ji pry, —
pri, ji is an isomorphism.

Proof. Assume first that X and Y are placid algebraic spaces. In this case, the
assertion for D = Ind D, follows from that for D.. When X and Y are algebraic
spaces of finite type, the assertion for D, is well known. Namely, passing to Verdier
duals, we have to show that the natural morphism j,K X Q, — j,(K X Q,) is a
isomorphism, known also as Kunneth formulas (see [SGAS| Exp III, Prop 1.7.4]). In
the general case, notice that every object of D.(X) comes from some algebraic space
of finite type, so the assertion follows from the one for algebraic spaces of finite type.

Next we assume that X is placid algebraic space, but Y is a placid ind-algebraic
space. Choose presentation Y = colim, Y,, and let 7, : Y, — Y be an inclusion.
Then we have a natural equivalence colimg, 74,1 pr!Ya ~ colim,, 1707!77; pr!Y ~ prly. Since
Ji commutes with colimits and 7,,, the assertion for X and Y follows from the
corresponding assertion for X and Y,, shown before. Finally, the extension to the
case when X is a placid ind-algebraic space is similar. U

6.2. Stratified oo-stacks.

6.2.1. Notation. (a) Let X be an oco-stack, and let {X,,},ez be a collection of non-
empty disjoint topologically fp-locally closed oco-substacks of X, that is, X, N Xz = ()
for every a # 3 in Z.

(b) For every oo-substack X' C X, we set Zy .= {a € T| X, C X'}.

(c) We say that X" is {X,, }4-adapted, if for every o € T\ Ty, we have X, NX" = 0.
In other words, X’ is {X,}.-adapted if and only if for every o € Z we have either
X, C X or X,NX' =0, or equivalently, X, C X \ X".
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(d) By definition, the class of { X, },-adapted co-substacks is closed under arbitrary
intersections and complements.

6.2.2. Constructible stratification. In the situation of B.2.T)(a),

(a) we say that {X, }aer form a finite constructible stratification of X, if Z is finite,
and there exists an full ordering o; < ... < «,, of Z and an increasing sequence of
fp-open substacks ) = Xy C &) € ... C &, = X such that X,, C X; \ X;_1, and the
embedding &, — X; \ X;_; is a topological equivalence for all : =1,...,n.

(b) we say that {X,}aez form a bounded constructible stratification of X, if X
can be represented as a filtered colimit & = colimy¢ s Xy such that each Ay is an
fp-open {X,},-adapted substack of X', and {Xa}aesz form a finite constructible
stratification of Ay;.

(c) we say that {X,}aer form a constructible stratification of X, if X can be
represented as a filtered colimit X' ~ colimyep &) such that each X, is a topologically
fp-closed { X, }o-adapted substack of X', and {XQ}QGIXA form a bounded constructible
stratification of X\.

6.2.3. Remarks. In the situation of [6.2.1],

(a) a collection {X, }aecz form a finite constructible stratification of X if and only
if there exists § € T such that X3 C X is topologically fp-closed, and {X,}aer
form a finite constructible stratification of X ~ Ajp.

Indeed, if such a § exists, then the embedding & < X ~\ (X \ Xjp) is a topological
equivalence (see [L5.2)(c)). Conversely, in the situation of [(.2.2(a), we have X, _; =
X N\ A, , so = «, satisfies the required property.

(b) assume that Z C X is a topologically fp-closed {X,, },-adapted substack such
that {X,}acz, (resp. {Xa}aez, o) form a finite constructible stratification of Z
(resp. X N\ Z). Then {&,}scz form a finite constructible stratification of X

Indeed, this easily follows from (a) by induction on the cardinality of Zz.

The following lemma summarizes simple properties of the notions we introduced.

Lemma 6.2.4. Assume that {X,}acz form a (finite/bounded) constructible stratifi-
cation of X.

(a) For a morphism f : Y — X of co-stacks, the collection { ™1 (Xa) }aez, i-1(20)20
form a (finite/bounded) constructible stratification of Y.

(b) If X' is {X,}o-adapted, then {Xy}aez,, form a (finite/bounded) constructible
stratification of X'.

(c) If {Xu5}pes. form a finite constructible stratification of X, for all o € I, then
{Xas}act peg, form a (finite/bounded) constructible stratification of X

(d) For every o € I, the embedding 1, : X, — X is decomposable (see[{.5.10).

Proof. (a) In the case of a finite stratification, note that the sequence of fp-open

substacks X; C X from[6.2.2)(a) induces a sequence of fp-open substacks f~!(X;) C V.
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So the assertion follows because f~1(X;\X;_1) ~ f~1 (X))~ f1(Xi_1) (see E5TN(c)),
and topological equivalences are stable under pullbacks (by Corollary 2Z3.7)(a)).

For the general case, notice that the presentation X' = colimye s Ay from G22(b),
induces a similar presentation ) = colimyes f~1(Xy), while the presentation X =
colimyep Xy from [6.2.2(c), induces a similar presentation ) = colimycp f~1(Xy).

(b) follows immediately from (a).

(c) Choosing a presentation X' =~ colimyep X from [6.2.2(c) and a presentation
X = colimyes Xy from [6.2.2(b), we reduce to the case when Z is finite. Then
by 6.2.3(a), there exists o' € Z such that X,, C X is topologically fp-closed and
{X4}aer o form a finite constructible stratification of X \ X,,. By assumption and
induction on |Z|, we conclude that {X, s}acz o’ peg. (resp. {Xo p}ses,) form a
finite constructible stratification of X \ X, (resp. X,/). Now the assertion follows
from [6.2.3((b).

(d) Notice that a presentation X =~ colimy X, from[6.2.2(c), induces a presentation
X, =~ colimy(X, N X,). Therefore there exists A € A such that X, N Xy # 0.
Since X, C X is {X,}.-adapted, this implies that X, C X, thus 7, factors as
X, — X\, — X. Since X, C X is a topologically fp-closed embedding, we can thus
replace X by X), thus assuming that the stratification is bounded. Next, arguing
similarly, one shows that in the situation of 6.2.2[(b), there exists U € J such that
X, C Xy, and reduce to the case of finite stratification.

In this case, in the notation of [6.2.2(a), there exists ¢ such that o = a;. Then 7,
decomposes as a composition &, — X; — X of a topologically fp-closed embedding,
and an fp-open embedding. O

6.2.5. Stratified oo-stacks and perversity function.
(a) We call an oco-stack X' an Z-stratified (or simply stratified), if it is equipped
with a constructible stratification {X, },e7 such that each X, is topologically placid.
(b) By a perversity on an Z-stratified co-stack X, we mean a function p, : Z —
Z : a > v,, or, what is the same, a collection p, = {v, }aez of integers.

6.2.6. Remark. Note that if (X, {X,}.) is a stratified co-stack, which admits gluing
of sheaves, then every D(X,) is equipped with a (!-adapted) perverse t-structure
PD(X,) (see55.2). It also follows from Lemma [6.2.4(d) and Corollary that we
have two pullback functors 7', % : D(X) — D(X,).

Proposition 6.2.7. Let (X, {X,}acz) be a stratified co-stack, admitting gluing of
sheaves, and equipped with a perversity p, = {v,}.
(a) Assume that the stratification is bounded. Then there exists a unique t-structure

(P D=O(X),P»DZ(X)) on D(X) such that
(6.1) wD(X) = {K € D(X) | n,K € PD>""*(X,) for all o € T},

(6.2) DY) ={K € D(X) | nf K € PD=""*(X,) for all a« € T}.
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Moreover, the subcategory P*D=°(X) C D(X) is closed under filtered colimits.
(b) In the general case, there exists a unique t-structure (P*D=0(X),»D=(X)) on

D(X) satisfying (61).

Proof. (a) Assume first that Z is finite. In this case, the assertion follows from the
gluing theorem [BBD| Thm.1.4.10| by induction on |Z:

Since |Z| = 1 the assertion is clear, we may assume that |Z| > 1. By[G.2.3(a), there
exists § € 7 such that Z := X3 C X is topologically fp-closed, and {X, }aez. s form
a constructible stratification of U = X ~ Z. Then (U, {X,}aczp) is a stratified
oo-stack, admitting gluing of sheaves, with a perversity function p/, = {v, }aer (see
Lemma below). Therefore, by the induction hypothesis, there exists a unique
t-structure (P»D=(U),»D=°(U)) on U satisfying ([6.1) and ([6.2) for a € T \ S.

Now let ¢ : Z < X and j : U — X be the corresponding topologically fp-closed
and fp-open embeddings. Since X admits gluing of sheaves, we conclude from Lemma
453 and Lemma that all the assumptions of [BBDI 1.4.3| are satisfied. There-
fore by [BBD, Thm.1.4.10] there exists a unique t-structure (P*D=0(X),P»D=(X))
on D(X) such that K € D(X) belongs to P»D=(X) (resp. P»D=°(X)) if and only
if we have j*K € »D=(Y) and *K € PD<""(Z) (resp. j'K € P»D>°U) and
i'K € PD=7"=(Z)). This finishes the argument when Z is finite.

In the general case, X' can be written as a filtered colimit X ~ colimy Xy, where
each Ay C X is an fp-open substack having a finite constructible stratification
{Xa}aez,. Since each Ay admits a gluing of sheaves (see Lemma [B.1.5(a)), we
deduce from the finite case shown above that each D(Xy) is equipped with a unique
t-structure, satisfying (6.1) and (6.2) (for o € Zy, ). Furthermore, equalities (6.1])
and (62) imply that for every Ay C Ay the restriction functor D(Xy) — D(Ay)
is t-exact. Therefore it follows from Lemma [E.I1.3(b) that there exists a unique ¢-
structure on D(X), satisfying (6.1]) and (6.2]) for all o € Z.

Finally, since every functor 7/, commutes with colimits, the last assertion follows
from (61]) and the corresponding assertion for topologically placid oco-stacks (see
552(e)).

(b) By assumption, X can be written as a filtered colimit X =~ colimyey X},
where each X has a bounded stratification by {XQ}CVGI)Q\7 and all transition maps
ixu o A — X, are topologically fp-closed embeddings.

Then, by (a), each D(X)) has a perverse t-structure (P»D=°(X)),?»D=2(X))) sat-
isfying (6.I]) and such that the subcategory »*D=%(X,) C D(X,) is closed under
filtered colimits. Moreover, each pushforward (i) ) : D(X)) — D(X),) is t-exact (see
Lemma [6.3.6(a) below), and has a continuous right adjoint 4 ,.

Therefore all the assumptions of Theorem and Proposition [5.1.4] are satisfied,
hence the limit=colimit category D(X) = lim, D(X)) is equipped with a canonical
t-structure (PD=0(X),P»D=%(X)). Let iy : X\ — X be the inclusion. Then the
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formula (B3] says in our case that
(6.3) DY) = {K € DUX) |i\K € »*D>°(X,) for all A € A}.

Combining (6.3) and equality (6.I)) for each P»D=(X' X € A), we conclude that equal-
ity (6.1)) holds for 7»D=%(X). Finally, the uniqueness assertion follows from (G.1]) and
Lemma 5.1.2/(e). O

6.2.8. The "canonical" perversity by codimension.

(a) Let X be an topologically placid oo-stacks, and let {X,}.er be a bounded
constructible stratification. Then every X, is topologically placid (see 2.4.10(c)),
therefore X' is an Z-stratified oo-stack.

(b) Assume now that each X, C X is of pure codimension v,. We denote by pean
the canonical perversity pean ‘= {Va}a on X.

The following lemma explains why we call this perversity canonical.

Lemma 6.2.9. In the situation ofl6.2.8, the canonical t-structure P»D(X) on D(X),
defined by the perversity pean, coincides with the !-adapted perverse t-structure PD(X).

Proof. Using and Lemma [5.6.1](d), our assumption on 7, : X, — X imply that
for every K € PD=9(X) (resp. K € PD=(X)), we have n’ K € PD=""=(X,) (resp.
n,K € PD>""(X,)). Therefore by formulas (6.I) and (6.2), we have inclusions
PDO(X) C PenDSO(X) and PD=0(X) C PrD=29(X). But then both inclusions have
to be equalities (see Lemma [5.1.2(c)), and the assertion follows. O

6.3. Functorial properties. Below we show that many of the properties of the
classical perverse t-structure extend to our setting almost word-by-word.

Lemma 6.3.1. Let (X, {X,}a) be an Z-stratified co-stack, admitting gluing of sheaves,
and let j : U — X an fp-open immersion. Then (U,{j7"(X.)}a) is an I-stratified
oco-stack, admitting gluing of sheaves as well.

Moreover, if p, = {Va}a is a perversity on X, and p!, = {v,}a is the corresponding
perversity on U, then the functor j' is t-exact, ji is right t-ezact and j, is left t-ezact.

Proof. Since U admits gluing of sheaves by Lemma [6.1.5] the first two assertions
follow from the fact every fp-open oo-substack of a topologically placid co-stack is
topologically placid (see 2ZA£T0(c)).

When |Z| = 1, the oco-stack X is topologically placid, and j is topologically smooth.
In this case, the t-exactness of j' is clear (see[5.5.2)(c)), while the t-exactness assertions
for 7, and j, follow by adjunction.

In the general case, it suffices to show that j' and j, are left t-exact. Using (6.1])
together with the fact that functor j, satisfies base change (see Lemma [.5.3(a)), we

reduce to the case of |Z| = 1, shown above. O
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6.3.2. Bounded case. When the stratification is bounded, then the argument can
be slightly simplified. Namely, t-exactness of j' follows from (6.I)) and (6.2) and the
|Z| = 1 case, while the t-exactness properties of j; and j, follow by adjunction.

6.3.3. The intermediate extension. Let X be a stratified co-stack, admitting glu-
ing of sheaves and equipped with perversity p, let j : Y — X an fp-open immersion,
and let p’ be the induced perversity on U.

(a) For every K € Perv? (U), we define

K = Im(PH (1K) — PH°(j,K)),

induced by the canonical map 0 : 1K — j,K, and call it the intermediate extension of
K. In particular, we have a canonical surjection 6; : PH°(jiK) — ji. K and injection
0y : j. K = PH°(j.K).

(b) We say that K € D(X) is supported on X ~ U, if K € Dy y(X), that is,
J'K ~0.

Corollary 6.3.4. In the situation of 633, let K € Perv? (U). Then

(a) The kernel of 61 : PH(j1K) — ju K and cokernel of 0 : ji. K — PH°(j.K) are
supported on X ~\U.

(b) The perverse sheafPHO(j1K) (resp. PH(j.B)) has no non-zero quotients (resp.
subobjects) supported on X \U.

(c) The intermediate extension j.(K) € PervP(X) is the unique perverse sheaf
K € Perv?(X) such that j'(K) ~ K and K has no non-zero subobjects and quotients,
supported on X N U.

Proof. All assertions formally follow from Lemma and adjunctions.

(a) Follows from the fact that j' is t-exact and j'(6) is an isomorphism.

(b) Assume that L € Perv?(X) is supported on X \ U, that is, j'L ~ 0. As
H(K) € PD=Y(X) and j.(K) € PD=°(X) (by Lemma [6.3.1]), we have isomorphisms

Hom(*H(4jK), L) ~ Hom(j, K, L) ~ Hom(K,j'L) ~ 0
and
Hom(L,? H°(j,K)) ~ Hom(L, j,K) ~ Hom(j'L, K) ~ 0.

(c) Since j' is t-exact, we have j'j, K ~ K. Next if L is a subobject (resp. quotient)
of ji, K, supported on X \ U, then L is a subobject (resp. quotient) of PH°(j,K))
(resp. pHO(j!K))).~So L ~0by (b) (resp. (a)). N

Conversely, let K € Perv?(X) such that j'K ~ K and K has no non-zero subob-
jects and quotients in supported on X' ~\U. By adjunction, the isomorphism j 'K~ K
gives rise to morphisms 5 K — K — j, K, hence to morphisms

PHOGLK) % K 5 PHO(,K).
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We want to show that a is surjective, while b is injective. Since j' is t-exact, we
deduce that Coker a and Ker b are supported on X \U. Hence both of them are zero
by the assumption on K. O

Corollary 6.3.5. In the situation of 633, let A, B € Perv? (U). Then the pullback
4" Hom(ji, A, ji.B) — Hom(A, B) is an isomorphism.

Proof. As j1A € PD=°(X) and j,B € PD=%(X), we obtain natural isomorphisms
Hom(j A, j.B) = Hom(PH(5,A),?H(j,B)) < Hom(j., A, ji.B),
where the isomorphism on the right follows from Corollary [6.3.4(a),(b). Since the
map A — j'jA is an isomorphism, j' induces an isomorphism
Hom(5,A, j,B) ~ Hom(j'j1A, B) ~ Hom(A, B),
thus the assertion follows. O

Finally, when j : i < X is an fp-open embedding of a { X, } ,-adapted oo-substack,
we have the following result.

Lemma 6.3.6. Let (X,{X,}o) be an I-stratified oco-stack, equipped with perversity
py. Let j:U — X is an fp-open inclusion of an {X,}q-adapted co-substack, and let
1: 2 :=X~U— X be the complementary topologically fp-closed embedding. Equip
U and Z with the induced perversities, and let K € PervP” (U).

(a) The functor i, is t-exact, functor i is left t-exact, while i* is right t-ezact.

(b) The intermediate extension ji. KK € Perv’(X') is the unique perverse extension
K of K such that i* K € D<"Y(Z) and i'K € »D>'(Z).

(c) Assume that the stratification is bounded. Then ji. K € Perv’(X) is the unique
perverse extension K of K such that for all « € T \ Iy, we have

K € "D Y X,) and n\ K € PDZ ().
Proof. (a) By adjunction, it suffices to show that 7' and 4, are left t-exact. Both
assertions immediately follow from formula (6.I)) and identity ‘i, ~ Id.

(b) By Corollary B34(c), it suffices to show that a perverse sheaf K € Perv? (X)
has no non-zero subobjects (resp. quotients) supported on Z if and only if i'K €
»D2Y(Z) (resp. *K € PD="1(Z)).

Notice that if L € Perv?(&X') is supported on Z, then L ~ 4 M for some M €
Perv?”(Z). Indeed, since j'L ~ 0, we have L ~ /M with M := 'L (by Lemma
E5.3(d)). Since 4, is fully faithful, we conclude that M = i'L ~ i*L. Finally, since L
is perverse, we conclude from (a) that M is perverse.

Now all assertions are easy. By (a), we have i'K € PD°(Z). Then for every
M € Perv?(Z), we have an equivalence

Hom(iyM, K) ~ Hom(M,i'K) ~ Hom(M,? H°(i'K)).
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It follows that if ' K € »»D>!(Z), then Hom(i,M, K) ~ 0. Thus K € Perv?(X) has
no non-zero subobjects supported on Z. Conversely, if i' K € P D20(Z) \ P»D(Z),
then P HO(i'K)) 0, thus there exists a nonzero morphism a : iiM — K (corre-
sponding to the identity map of p”HO(i!I?)). Then the image of a is the quotient of
1M, hence is supported on Z.

The proof of the second assertion is similar.

(¢) Note that when the stratification is bounded we have *K € P»D<"!(Z) if and
only if g K € PDSva=1(X,) for every o € Iz = T . Ty (by (62)) and similarly for
i'K € »D>'(Z). Now the assertion follows from (b). O

6.4. Semi-small morphisms.

6.4.1. Notation.

(a) Let ) a stratified oco-stack with bounded constructible stratification {V, }a,
let f: X — Y be a morphism of oco-stacks, and X, := f~!(),) be the induced
constructible stratification of X'. Then we have a Cartesian diagram

X, o x

(6.4) fal fl

Vo —25 Y.

(b) Assume that X is topologically placid, that each X,, C X is of pure codimension
ba, and each f, : X, — YV, is equidimensional of relative dimension d,, (see B.3.9).

(c) We say that f is semi-small, if for every a € Z we have an inequality J, < b,.

(d) Let Y C Y be a {V,}o-adapted fp-open substack. We say that a semi-small
map is U-small, if for every o € Z \ Iy, we have a strict inequality d, < b,.

6.4.2. Remarks. Assume that f : X — Y is a dominant morphism of irreducible
schemes of finite type over k all of whose fibers are equidimensional.

(a) One can show that there exists a constructible stratification Y, of ¥ such that
each Y, is irreducible and each f, := fly, : X4 — Y, is equidimensional of relative
dimension ¢,. Then X, is equidimensional, thus is of pure codimension b, in X. In
other words, f satisfies the assumptions of

(b) Recall that classically a morphism f is called semi-small, we have inequalities

codimy (Y,) :=dimY — dim Y, > 24, for all a,

and we claim that they are is equivalent to our inequalities §, < b,. It suffices to
show that

(6.5) codimy (Y,,) = b, + d, for all a.
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In the case of open stratum Y,,, both inequalities imply that , = b, = 0, thus f
is generically finite. Hence dim X = dimY’, so identity (6.0 follows from equalities
dim X, =dimY, + J, and dim X = dim X, + b,.

(c) Equality (6.5]) also implies that a morphism f is small in the classical sense if
and only if it is Y,,-small in our case.

(d) Note that though our assumptions [6.4.1l(b) are never satisfied when not all
fibers of f : X — Y are equidimensional, it is possible to modify them in order to
include a more general case as well.

6.4.3. Perversity, induced by f.
In the situation of [6.4.1)(a),(b), we consider perversity ps := {Vs}aez, defined by
Vo = by + 0, for all a. Then f is semi-small, if and only if we have

(6.6) 20, < Vg < 2D, for every a € T.
Moreover, f is U-small, if and only if we have
(6.7) 204 < Vg < 2b, for every a € T\ Tyy.

6.4.4. Remark. Our definition of the perversity p; is motivated by the observation
that in "good" cases, e.g. when f : X — Y is a dominant generically finite morphism
between irreducible schemes of finite type over k, the perversity ps coincides with
the canonical perversity from (see ([6.3)), thus the corresponding t-structure is
the l-adapted perverse t-structure (see Lemma [6.2.9)).

Theorem 6.4.5. (a) Let f : X — Y be a locally ind-fp-proper semi-small morphism
of oo-stacks, where X is topologically smooth, while Y admits gluing of sheaves. Then
the pushforward K := fi(wx) is py-perverse.

(b) Moreover, assume that f is U-small, and let j : U — Y be the open embedding.
Then we have an isomorphism K ~ j.,.j'(K).

Proof. By Proposition and Lemma [6.3.6] we have to show that we have
K € PD<7"(),) and n., K € PD=""(Y,)
for every a € Z, and stronger inclusions
niK € PD="""1(Y,) and n, K € PD=""FH(Y),).

for every a € T \ Iy. Using (6.6) and (6.7)), it thus suffices to show that for every
a € 7 we have

(6.8) n K € PD="?(Y,) and 0, K € PD="%=(}),).

Since f is locally ind-fp-proper, every f, is locally ind-fp-proper as well. More-
over, diagram (6.4) gives rise to a natural isomorphism of functors 0} fi ~ (fo)i7
(see Corollary B.1.4)) and 7., fi ~ (fa)i7, (see Proposition E.4.3)). Therefore we get
isomorphisms 7K =~ (fai(wx,) and 755 = (fa) i (wx).
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Since X is topologically smooth, and n, : &, — X is fp-locally closed, weakly
equidimensional of relative dimension b,, we conclude from Lemma [(.6.T(e) that
ni(wy) € PD="2%(X,). Moreover, since f, is equidimensional, the pullback f! is
left t-exact (by Lemma [B.6.1[(b)). Therefore by adjunction, we conclude that (f,); is
right t-exact, thus

MoK = (fah(Ma(wx)) € PD="2 V),
proving the first inclusion in (6.8).

Similarly, since wy, € PD=°(X,) (by Lemma[.6.1((a)), and the functor (f,)i[—2d]
is right t-exact (by Lemma [5.6.4]), we deduce that

K = (fohi(wx,) € D720 (V,),
proving the second inclusion in (6.8)). O

Part 3. The affine Springer theory
7. THE GORESKY-KOTTWITZ-MACPHERSON STRATIFICATION

7.1. Arc and loop spaces. We set O = k[[t]], K = k((t)). We recall some basic
definitions on arc and loop spaces. Most of the material can be found in [EM| 2-3|.

7.1.1. Notation. (a) If X is an O-scheme of finite type, n > 0, we consider the
functor on k-algebras £ (X) : A — X (A[t]/(t"*1)). Tt is representable by a k-scheme
of finite type, and for every n € N, the transition maps £, ;(X) — L}(X) are affine.

(b) We can consider its arc space L7(X) = @E:(X), which is a k-scheme,

n>0

representing the functor A — X (A[[t]]) (see, for example, [Bh, Cor.1.2|).

(c) Denote by evy : LT(X) — X the evaluation map, induced by the projection
Allt]] — A.

(d) For every affine scheme X of finite type over K, we consider its loop space £ X,
representing the functor A — X (A((¢))). It is an ind-affine ind-scheme. If moreover,
X has a structure over O, then we have a closed embedding £(X) — £ X.

Lemma 7.1.2. Let X — Y be an étale map of schemes of finite type over O. Then
the commutative diagram

LT (X) —— LT(Y)
| |
X — Y

is Cartesian. In particular, the induced map LY(X) — LT(Y) is étale and finitely

presented.
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Proof. We have to show that for every ring A the commutative diagram
X(A[lE]]) —— Y(A[[t])

| |

X4 —— Y(A)
is Cartesian. But this follows from the fact that an étale map is formally étale. [

7.1.3. Remarks. (a) By Lemma[.T.2] if U is open in X, £L*(U) is open in L7 (X).
On the other hand, Z < X is closed, then £*(Z) — L£*(X) is also a closed embed-
ding, but of infinite type.

(b) If the scheme X is smooth, then the schemes £} (X) are smooth and transition
maps L, ,(X) — L£}(X) are smooth, surjective. Therefore the arc space £1(X) is
strongly pro-smooth.

(c) Let H be an algebraic group, and X — Y be a H-torsor between varieties
over k (see 0.2.2). Then the induced morphism £ (X) — LT(Y) is an L7(H)-
torsor. Indeed, since H is smooth, there exists an étale covering Y’ — Y such
that X xy Y' — Y’ is a trivial H-torsor. Then £ (X) xz+y) LT(Y') = LT(Y')
is a trivial £L1(H)-torsor, hence £L7(X) — LT(Y) is an LT (H)-torsor (by Lemma
[C12). In particular, the natural map £¥(H)\ LT(X) — L7(Y) is an equivalence
(see @2.2(c)).

7.1.4. Stratification by valuation: the A'-case.

(a) Recall that the arc space £T(A!) the classifies a functor A — A[[t]]. Thus
L (A') ~ Spec k[{a; }ien].

(b) For every n € N let L*(A')s,, € LT(A') be the closed subscheme, given by
equations ag = ... = a,_1 = 0, and set LT(A')<, := LT(A') <\ LT(A)>,1. Then
LT (AY) ., € LT(A') is an fp-open subscheme, and {£T(A') <, },>0 gives an fp-open
covering of LT(A'), := LT (A1)~ {0}.

(c) For every n € N, consider the open subscheme £T(A'),, C LT (A!)s,, given by
the inequality a,, # 0. Explicitly, £ (A'), (A) classifies power series Y2, b;t* € A[[t]]
such that by = ... =0b,_; =0 and b, € A*.

(d) By definition, we have LT (A!),, = LT(A')s, NLT(A)<,, and {LT(A'),} form
a bounded constructible stratification (see [6.2.2) of LT (Al),.

(e) The open embedding G,, — A! induces an isomorphism L£L¥(G,,) = LT(A'),
and an embedding (of functors) £(G,,) — L(A'). Moreover, the composition
LT(AY), — LT (A) — L(A') induces an embedding LT (A), — L(G,,).

7.1.5. Stratification by valuation: the general case. Let X be an affine scheme
over O, and f € O[X] a regular function.
(a) Then f induces a morphism f : £1(X) — LT (A'), and we denote by LT (X)(f:>n).
LF(X)(f;<n) and L1(X) () the reduced preimages f~ (L1 (AY) > )reds fHLT(AY) < )rea
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and f~1(LT(A),)red, respectively. Moreover, if g € O[X] is another regular function
we can form the reduced intersection £%(X)(fn),(gim) of LT(X)(m) and LF(X)gm)-

(b) Note that L1 (X)f,5n) C LT(X) is a reduction of an fp-closed subscheme, and
LX) (fm) C LT(X)(s;>n) 1s a basic open subscheme given by equation f*(a,) # 0.
In particular, both £7(X) s>, and L7 (X)(s.n) are affine.

(c) By[Z1.4(d) and Lemmal6.2.4((a), we conclude that {L*(X)f.n) } form a bounded
constructible stratification of £ (X) 0.

(d) Let Xy C X be the open subset f # 0. Using [Z.T.4{(e), we get an isomorphism
LY(Xf)rea = LT(X)(f:0) and an embedding £7(X) () — L£(X). In particular, it
induces an isomorphism L7 (Xy)gn) — L7 (X)(gm),(:0) for every g € O[X] and n.

Lemma 7.1.6. In the situation of [71.5, assume that f decomposes as a product
f= Hle fi- Then LY(X) () decomposes as a disjoint union

Uma,..., Mg,y mi:n£+(X)(f1§m1) ~~~~~ (fresmp)-

Proof. By induction, we reduce to the case kK = 2. Moreover, by considering mor-
phism f = (f1, f2) : X — A? we reduce to the case when X is the affine space
A? with coordinates z,y and f = zy. In other words, we have to show that the
stratum L£1(A?) .,y decomposes as a disjoint union U2, L% (A?) gm). (ysn—m), Which
is straightforward. U

7.1.7. The smooth case. In the situation of [[LT.0, assume that X is smooth over
0.

(a) The affine scheme £ (X)) is pro-smooth (see[LT3(b)). Therefore L(X)f,<n) =
f7HLT(AY)<,) is a pro-smooth scheme, while f~'(LT(A')s,), and f~1(LT(A)<,)
are finitely presented subschemes of £7(X). Also £7(X) has an open covering
L7(X) = Up=oL(X) (1,<n)-

(b) By (a) and Lemma 2.T.12, both f~'(£*(A')s,), and f~1(LT(A!)<,) are glob-
ally placid affine schemes. It now follows from Corollary 2.23(b) that £ (X)(f,>n)
and L7 (X)) are globally placid affine schemes as well. By [L1T(d), we have
LX) (pr0) = LT(Xp).

7.2. Root valuation strata. In this subsection, we review the results of Goresky-
Kottwitz-MacPherson [GKM]| and prove Theorem [7.2.5], which is a slight strength-
ening of [GKM| Thm. 8.2.2(3)].

7.2.1. Basic notation. (a) Let G be a connected reductive group over k, and g
be the Lie algebra of G, Ad : G — GL(g) the adjoint representation. Let (B,T)
be a Borel group and a maximal torus of G, respectively, W its Weyl group, X, (T)
the lattice of cocharacters, and R the set of roots. We also set t := Lie(7") and
b := Lie(B). Let r = dim(t), we suppose that the characteristic of k is prime to the

order of W.
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(b) We define the extended affine Weyl group W := X, (T') x W.

(c) Let ¢ := t/W = Spec(k[g]®) be the Chevalley space of g. Then we have
canonical projections x : ¢ — ¢ and 7 : t — ¢ (compare [Ngo, Thm.1.1.1]). Recall
that 7 is finite, flat and surjective.

(d) Let ® := [] da be the discriminant function. Then ® € k[c] = k[, and

a€ER
the regular semisimple locus ¢"* C ¢ is the complement of the locus of zeros of .

We denote by g™ := x~!(¢"*) and t"* := 7 !(¢"*) the preimages of ¢"*.

(e) Note that the morphism x : g — ¢ induces a morphism y : LT (g) — L7 (c)
between arc spaces.

(f) Let I := ev;'(B) C L*(G) be the Iwahori group scheme, whose Lie algebra is
Lie(I) = evy ' (b) C L*(g).

7.2.2. Stratification of L7(t).

(a) Let X =t, and ® € k[t] be the discriminant function. Then, by [[.1.5(c), we
have a bounded stratification of L*(t)e := L¥ ()00 by LT (£)(0.n)-

Since ® = [[,cp do, it follows from Lemma [Z.T.6 that each £¥(t)(p,,) decomposes
as a disjoint union £*(t)(p;n) = Urty, where r runs over functions r : R — Z>( such
that dy := >, .pr(a) equals n.

(b) Explicitly, t, classifies power series Y .., x;t", where z; € t for all ¢ such that
afr;) = 0 for 0 < i < r(a), and a(x;) # 0 for i = r(a). In other words, t, C tis
given by finitely many equalities of linear functions, and finitely many inequalities. In
particular, t. C tis a connected strongly pro-smooth locally closed affine subscheme.

(c) Note that the natural action of W on t induces a W-action on L ().
Moreover, every u € W induces an isomorphism t, = t,), where u(r) is defined by
the rule u(r)(a) = r(u=!(a)), where u='(a)(z) = a(u(z)) for all z € t.)

7.2.3. The twisted version. (a) Let m be the order of W, and set O’ := k[[t'/™]].
We choose a primitive m-th root of unity £ € k, and let o € Aut(O’'/O) be the
automorphism o (/™) = £t1/™. We set t' := Rorjo(t xo @). In particular, o defines
an automorphism of £ (), whose scheme of fixed points is LT (t).

(b) By [[22(a), the space LT (¥)o.0 has a bounded constructible stratification
by L7()(@m) for n € %Zzoa and every L*(t');, decomposes as a disjoint union
L () (o) = Uet},, where r runs over functions r : R — %Zzo such that d, = n.

(c) For each w € W, define t, as the scheme of fixed points of wo in ¥. Then
L*(t,) is the scheme of fixed points of wo in L*(t'), and L (t,) ;) is the scheme
of fixed points of wo in LT (¥) .. The decomposition L (t')(9.n) = Lt from (b)
is o-invariant and induces a decomposition L7 (t,) @) = Ur [w(r)=r tw,r-

(d) Note that £(t) ~ lim, £} (¥) is a pro-vector space, and the action of wo
on L1 (¥) comes from a compatible system of linear actions on vector spaces L (¥).
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Therefore the scheme of fixed points t, = £ ()% is a pro-vector space, thus it is
connected and strongly pro-smooth.

Similarly, t,, is the scheme of fixed points t,, = (t.)?) and t, is an fp-open
subscheme of a pro-vector space. Therefore t,, is an fp-open subscheme of a pro-
vector space as well, thus it is connected and strongly pro-smooth as well.

(e) We set t := Uyewt,. The natural morphism t — ¢ induces a morphism

L) @m) — LT(¥)@m). Moreover, since W acts freely on L£*(t')p.), the map
L) 0m) — LT(t)m) is a closed embedding. By (c), we have a decomposition

£+(t)(©;n) - Uw,rtw,r-

(f) The W-action on t induces W-actions on t', £¥(t)0.n) and L (t)@pm C
LT () (om). Moreover, the W-action is compatible with the stratification of (e).
Namely, for every u,w € W and r : R — %sz the wu-action induces an isomor-

phism w : ty; = tyu—1ur) (compare [[.2.2(c)).

7.2.4. The Chevalley space. Notice that the W-equivariant morphism 7 : t — ¢,
induces a W-equivariant morphism ¢ — ¢, which restricts to a TW-equivariant t — c,
hence induces a W-equivariant morphism £+(t) — £*(c¢). In particular, for every
n e %Zzo, we get a WW-equivariant morphism £+(’€)(gm) — L7(¢)(on)-

Theorem 7.2.5. The map 7 : L*(€)0m) — LT(¢)(m) s a W-torsor.

Proof. To simplify the notation, we set X := L*(t)(p;n) and Y := L7 (¢)(p;n)-

Step 1. For every algebraically closed field K/k, the map 7 : X(K) — Y(K) is
surjective, and every fiber is a W-torsor.

Proof. Recall that points of Y (K') are elements y of ¢(K[[t]]) N ¢"*(K((t))) such that
v(D(y)) = n, while points of X(K) are elements X of t(K[[t"/™]]) Nt"s(K((t'/™)))
such that v(D(z)) = n and o(z) = w™'(z) for some w € W.

Since the 7 : " — ¢’ is a W-torsor, every fiber of X (K) — Y(K) is either a
W-torsor or empty. Thus it suffices to show that = : X(K) — Y (K) is surjective.
Fix y € Y(K).

Since y € ¢"(K((t))) and 7 : £* — ¢"* is a W-torsor, there exists a finite Galois
extension M /K ((t)) of degree m/|m such that y € w(t"*(M)). Since m is invertible in
k, we have M ~ K ((t'/™)), thus there exists 2 € €"*(K((t'/™))) such that 7(z) = y.
Moreover, m(o(z)) = o(n(z)) = o(y) = y. Thus there exists w € W such that
o(z) = w™(z). Finally, since y € ¢(K][[t]]) and t — ¢ is finite, thus proper, it follows
from the valuative criterion that x € t(K[[t'/™]]). O

Step 2. It suffices to show that the map 7 : X — Y is étale and finitely presented.

Proof. Assume that 7 is étale. Since 7 is surjective (by Step 1), it is faithfully flat.

Thus it suffices to show that the map a : W x X — X Xy X : (w,z) — (wz,x) is
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an isomorphism. Since a is surjective by Step 1, it suffices to show that a is an open
embedding.

Since 7 is étale, the diagonal map X — X xy X is an open embedding. Therefore
the map a,, : X — X Xy X :  — (wz, x) is an open embedding for all W. Moreover,
by Step 1, the images of the a,’s do not intersect. Thus a is an open embedding,
and we are done. O

Step 3. It suffices to show that the map t, — L7 (¢)@,n), induced by =, is étale
and finitely presented for all r : R — Z>.

Proof. Since LT (t)(o.n) is a disjoint union of the L¥(t,)o;n)’s, it suffices to show that
the map L (t,)@m) — L7(c)(p;n) is étale and finitely presented.

Assume that map t, — L7 (c)(o.n) is étale and finitely presented for all r. Since
L (t) (o) is a disjoint union of the t.’s, we conclude that the map L (t)p,,) —
L7 (¢)(:n) is étale and finitely presented. Applying this to ¢ instead of t, we conclude
that the map L7 (t)@.n) = LT(¢) (0. is étale and finitely presented.

Finally, since L% (t,)(@;n) (resp. L£1(¢)(@.n)) is the scheme of fixed points wo (resp.
o inside L1 (t')(p;n) (resp. L7(¢')(om)), the assertion follows from Lemma [Z.2.6] below.

U

Lemma 7.2.6. Let f : T — S is separated, étale and finitely presented morphism of
schemes, and let o € EndT and ¢ps € End S be endomorphisms such that f o ¢ =
¢g o f. Then the induced map between schemes of fized points f® : T®T — S95 is
étale and finitely presented.

Proof. (compare [GKM, 15.4.2(3)]). Restricting f to the S%s C S, we may assume
that ¢g is the identity. Set ¢ := ¢r. Then we claim that the embedding v : T¢ — T
is an clopen (that is, open and closed). Hence f* = f|+ is étale and finitely presented,
as claimed.

The diagonal map A : T' — T xg T is an open embedding, because f is étale,
hence a clopen embedding, since f is separated. Taking pullback with respect to
(Id,¢) : T — T xg T, we conclude that the map T® — T is a clopen embedding as
well. O

7.2.7. Remark. Since f is formally étale, it is immediate to show that f¢ is for-
mally étale as well. So the main point of Lemma [7.2.6] was to show that f¢ finitely
presented.

For the rest of the proof, we follow [GKM, 11.1] very closely.
Step 4. We may assume that g is semisimple.

Proof. Indeed, we have a decomposition g = g X 3, where g, is the derived algebra
of g and 3 is the center of g. Moreover, the morphism L£*(t)@.n) — L£7(¢)@m)
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decomposes as a product of the corresponding map for g,, and the identity map on
L£7(3). Thus the assertion for g follows from that for gs. O

Step 5. It suffices to assume that minr = 0.

Proof. By Step 4, we can assume that g is semisimple. We set s := minr, and
r’ :=r —s. Recall that the map t — ¢ is G,,-equivariant. Thus the map L£(t) — L(c)
is L(G,,)-equivariant. Moreover, element ¢* € £(G,,) induces isomorphisms t, — t,
and L7 (¢)@:n—s\r)) — L£L1(¢)(@m). Therefore the assertion for r’ implies that forr. O

Step 6. Assume now that minr = 0. Then R := {a € R|r(a) > 0} is a
root system of a proper Levi subgroup M of G. Consider the Chevalley space ¢,
of M. Then the discriminant function ® € k[cys] decomposes as D = D0,
where Dy = [ e da and D =[],z g da. Then the map 7 : t, — L7(¢)p.m)
decomposes as

t — ‘C+(CM)(DM;7L),(DM;O) = ‘C+(CM)(©;TL),(©M;O) — ‘C+(c)(®;n)-

So it remains to show that both maps are étale and finitely presented. The assertion
for the first map follows by induction on |R|, so it remains to show the assertion for
the second map.

Step 7. Consider the open subscheme cgjg/g = (cp)om C cpr. Thus, by [L14e),
it suffices to show that the map £+(c§\flg/g)(gm) — L7(c)(py is étale and finitely
presented. We claim that the entire map £¥(c}%/®) — £*(c) is étale and finitely

presented. Namely, the map ¢}’ /% 5 ¢ is étale, so the assertion follows from Lemma

aw U

a€R/

7.2.8. Stratification of L7 (c).

(a) By Theorem [.Z5, the map 7 : £+ (t)(0.n) = L7 (¢) (0.0 is finite étale surjective
and finitely presented, and that we have a decomposition £+(I)(®;n) = Uty r, taken
over all (w,r) such that d, = n (see [[2.3(e)). Therefore for all pairs (w,r), the
induced morphism 7y, : t,r = L£7(¢)(9.4,) is finite étale.

(b) Since t,, is connected, m,, induces a surjective finite étale morphism 7, :
tw,r — Cur, for a certain connected component ¢, » of £¥(¢)@.q,)-

(c) Let W, , be the stabilizer of (w, r) in W via the action u(w, ) := (vwu™!, u(r)).
Then u € W induces an isomorphism t,, — ty@r (see [2.3(f)). Since 7 is a W-
torsor, we conclude that for every u € W we have ¢y(yr) = Cu,r, the map my,» 1 tyr —
Co,r 18 & W), p-torsor, and L£(¢) 0., decomposes as a disjoint union £(¢) ;) = Uy r,
taken over all representatives of W-orbits of pairs (w,r) such that d, = n.

(d) Since ¢, is a connected component of L£¥(¢);,), we conclude that ¢, is a
locally closed finitely presented affine subscheme of £¥(¢). In particular, ¢, , is a

connected globally placid affine scheme.
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(e) Since Tyy @ tyr — €y, is finite étale covering (by (d)), t,r is strongly pro-
smooth (by [.2.3(d)), while ¢,,, is a connected globally placid affine scheme (by (e)),
we conclude from Corollary 2.1.5] that ¢, , is strongly pro-smooth.

7.2.9. Remarks. (a) It is not difficult to write a pro-smooth presentation of each
Cw,r €xplicitly.
(b) We don’t know whether that the closure of a stratum c¢,,, is a union of strata.

7.3. Codimension of strata.

7.3.1. Notation. (a) Recall that t,, C L (t,) and ¢, C LT (c) are strongly pro-
smooth locally closed finitely presented subschemes (see [[.2.3[(d) and [[2.8[(b)(e)).
Hence they are of pure codimension (see Lemma [3.3.6]), so we can consider codimen-
SIONS @y r 1= codimp+ (g, ) (tyr) and by, r 1= codimg+ (o) (Cur)-

(b) Recall that r is the rank of G, and d, = ) pr(a). We set ¢, := r — dim t*

and 0,y 1= —dr;Cw

The following formula of [GKM| Thm 8.2.2(2)] is crucial for this work.
Proposition 7.3.2. For every (w, r) we have an equality by » = 6yr+ Gy r+ Cu-

Corollary 7.3.3. For every (w, ) we have an inequality by, » > 6y, and the equality
holds if and only if w =1 and r= 0.

Proof. The inequality by, , > 0, follows from Proposition and observation that
Ay, Cpw > 0. Furthermore, equality holds if and only if ¢, = a,r = 0. Note that
equality ¢,, = 0 holds if and only if w = 1. In this case, equality a,, = 0 holds if
and only if the subscheme t,,, = t, C £7(t) is open, and this happens if and only if

r=0. O

7.3.4. The topologically nilpotent locus.

(a) Consider the closed subscheme ¢* := ev1(0) C LT (c), where ev, : LT(¢) — ¢
is the evaluation map. In particular, ¢* C L£7(¢) is a strongly pro-smooth connected
finitely presented closed subscheme of codimension dim ¢ = r.

(b) For every w € W, we denote by t C L*(t,) the preimage of ¢* C L™ (c).
Recall that £*(t,) classifies power series > oo z;t"/™ such that w=!(z;) = &', for
all i (see [[2.2(b) and [[23](c)). In particular, we have zy € t*.

Under this description, t* C L7 (t,) classifies power series with xy = 0. Therefore
t“ is a connected strongly pro-smooth affine scheme, and t* C L£*(t,) is a finitely
presented closed subscheme of codimension dimt* = r — ¢,,.

(c) Notice that we have inclusions t,,, C t and ¢, , C ¢ if r(a) > 0 for all « € R,
and t,, C t, Nt and ¢, C ¢, \ ¢y, otherwise. In the first case, we say that
(w,r) > 0.

(d) For every (w,r) > 0, we set by . := by, — 7 and a; . := codim (t,r) (use

Lemma [3.3.6]).
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Then we have the following formula

Corollary 7.3.5. For every (w,r) > 0, we have b, ,. = 0y, + af, .. In particular,
we have an inequality b)) . > 6y, and an equality holds if and only if t,, » C &, is an
open stratum.

Proof. Since codimg+,)(t,) =7 — ¢y (see [L3.4(b)), we conclude that

)y = Gy — (T — Cu) = Gur + Cp — T

Therefore by Proposition [7.3.2] we have
b;m = Owr + Qur+ Co — 7 = pr + ai,r.
O

7.4. Flatness assertion. Next we study the induced GKM stratification on £ (g)
and Lie(7).

7.4.1. Notation. (a) For each n € N, let ev,, : L}(g) — g be the evaluation
map, set Lie(]),, := (ev,4) ' (b), and let v, : Lie(I),, — L (¢) be the restriction of
Xn : £5(g) = L} (c). Note that the isomorphism £F(g) — lim, £ (g) induces an
isomorphism Lie(/) = lim,, Lie(]),.

(b) For every GKM stratum ¢,, C L7(c), we denote by g,, C L£¥(c) and
Lie(I),» C Lie(I) its preimages.

We have the following result.

Theorem 7.4.2. For every n € N, the morphisms x, : L (g) — L} (¢) and v, :
Lie(I),, — L} (c) are flat.

7.4.3. Remarks. (a) The strategy of proof was communicated to us by V. Drinfeld.
(b) In the case when the characteristic of k is zero, a theorem was proven by Mustata-
Einsenbud-Frenkel [Mul.

Proof. We prove both assertions at the same time. It suffices to show that there
exist faithfully flat morphisms Z, — L£}(g) and Z;,, — Lie(I), such that both
compositions Z, — L (g) — L} (¢) and Z;,, — Lie(I),, — L} (c) are flat. We will
use a global argument that involves flatness of the Hitchin fibration and its parabolic
variant. For convenience of the reader, we will divide our argument into steps.

Step 1. Consider two distinct points z, co € P*(k) and an effective divisor D on P!,
supported on P! \ {z,00}. We have a G,,-action on g by homothety that commutes
with adjoint action, thus inducing an G,,,-action on ¢. Hence we can form the twisted
versions ¢p := ¢ x®m ZX(D), where Z*(D) is the G,,-torsor, corresponding to the
line bundle O(D) and similarly gp := g ® O(D). Both are vector bundles over P!,

trivialized on P* \. D. For every G-torsor E on P!, let ad(E) be the corresponding
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vector bundle on P!. Then the map y : g — ¢ induces a morphism H°(P! ad(E) ®
O(D)) — H(PY, ¢cp).

We choose D sufficiently big so that the restrictions to the n-th formal neighbor-
hood at x and evaluation at co:

(7.1) (ev™ evy.) : HO(PY, gp) — H(nx Uoo,gp) ~ L () D g,
(7.2) (ev™ evy) : HO(PY, ¢p) — H(nx U oo, cp) ~ L (¢) P,

are both surjective.

Step 2. Set Ap . = {a € H'(P!,cp) | ev(a) € ¢}, and let Mp o, be the
corresponding Hitchin total space. More precisely, Mp o, classifies pairs (E, ¢),
where F is a G-torsor on P! and ¢ € H°(P!,ad(E) ® O(D)) such that x(¢) € Ap -

From surjectivity of (Z.2), we get that

(7.3) the map ev(™ : Ap o, — £ (c) is smooth and surjective.

Step 3. Following Yun (see [Yunl]), we consider the parabolic Hitchin space
M, which classifies triples (E, ¢, Ep) such that

L4 (Ea ¢) € MD,ooa
e Epis a B-reduction of the restriction E|, such that ev,(¢) € ad(E|,) belongs
to ad(Ep).

By |[Ngo, 4.16.4], [Yunl), 2.5.2], the fibrations

par

MD,oo — -AD,oo and D,o0 — AD,oo

are faithfully flat, so by (Z.3)), the compositions

EU(n) ar EU;(vn)
(74) MD,oo — AD,oo = E,J{(c) and M%po — AD,oo — ﬁ:(C)
also are.

Step 4. Let M}’ — Mp be the L (G)-torsor, classifying trivializations ¢ of
E at the n-th formal neighourhood at x. Then one has a map

res, : Mpoo = £,(a),

which sends triple (F, ¢, ) to the image of ¢ under the natural map

(n)
HO(P' ad(E) ® O(D)) & H(nz,ad(E)) = L (g).
Let Z,, C My, be the largest open substack of M7y, where res, is smooth.

Step 5. We claim that the restriction r, : Z,, — L7 (g) of res, is faithfully flat,
and its composition with y,, is flat.
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Proof. First of all, r, is smooth, by assumption, hence flat. Next, since the first
map of (Z4) and the projection MY — Mp . are flat, we conclude from the
commutativity diagram

(7.5) Zn —= My — L, (g)

l lxn

-AD,oo —_— E:[c

that the composition Z,, — L1 (g) — L ¢ is flat.

We claim that r,, is surjective. More precisely, we claim that the locus of those
triples (E, ¢,¢), where F is trivial, is contained in Z, and the restriction of res,
to such points is surjective. Let Zn be the moduli space of quadruples (E, ¢, n,t),
where (E,7,t) € Mp,, and 7 is a trivialization of F, and let w : Zy — Do DE
the forgetful morphism.

Then the image of w consists of all triples (E, ¢, ), where E is trivial, and it
suffices to show that the composition res,, ow is smooth and surjective. Indeed, since
the morphism res,, ow is a smooth morphism between smooth stacks, the differential
d(res, ow) is surjective, therefore the differential dres, is surjective. Since res, is a
morphism between smooth algebraic stacks (by [Ngol Thm 4.14.1]), this implies that
res,, is smooth at each point in the image of w, and we are done.

Note that Z,, is canonically isomorphic to the product of £} (G) and the open sub-
set H(PY, gp)oo_rs C H°(P!, gp) consisting of ¢ € H°(P!, gp) such that ev,(¢) €
g"°. Moreover, under this identification, res, ow is nothing else but composition of
the evaluation map evl” : £H(G) x HO(P', gp)e_rs — L1 (G) x L (g) and the ac-
tion map L7 (G) x LI (g) — LI (g). Therefore the smoothness and surjectivity of
res, ow : Zn — L (g) follows from the surjectivity of (7). O

Step 6. Similarly, one considers moduli space M5, which classifies quadruples

(E, ¢, Ep,t) such that

L4 (Ea ¢a EB) € M%ILO’
e | is a trivialization of F at the n-th formal neighborhood at z, which induces
a trivialization of Epg.

Then we have a Cartesian diagram

(7.6) %“f;m — Lie(1), ,

T

o ——= L (g)
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so the pullback rr,, : Z;,, — Lie(I), of r, : Z,, — L} (g) is smooth and surjective, so
it remains to show that the composition Z;,, — Lie(/), — L} ¢ is flat. But the last
composition decomposes as a composition of three flat maps

Zpn — MITIT 5 MBS L,
the first of which is an open embedding, the second one is smooth, and the third
one the second map of (). Therefore the composition is flat, and the proof is
complete. O

Corollary 7.4.4. The morphisms L} (x) : LT(g) — LT (c) and v : Lie(I) — L*(c)
are flat.

Proof. Since property of being flat is preserved by base change and passing to a
filtered limit, the assertion follows from Theorem [7.4.2] O

Corollary 7.4.5. The locally closed subschemes Lie([),, » C Lie(I) and g, C g are
of pure codimension by, , (seel[7.31).

Proof. Since L (x) and v are flat morphisms between globally placid affine schemes
(by Corollary [[.4.4]), they are uo-special (by Lemma 2.1.3)) in the sense of B.2.8(a).
Since ¢, C L7(¢) is of pure codimension b, , (by Proposition [(.3.2)), the assertion
follows from Corollary [3.3.3 U

8. GEOMETRY OF THE AFFINE GROTHENDIECK-SPRINGER FIBRATION

8.1. Generalities.

8.1.1. The affine Grothendieck-Springer fibration.

(a) The Chevalley morphism x : g — ¢ induces a morphism of ind-schemes L x :
L g — L ¢, which we denote by simplicity by x. We set € := x~1(L¥(¢)) C Lg.

(b) Since L*(¢) C Lc is an fp-closed subscheme, the preimage € C Lg is an fp-
closed ind-subscheme of £g. Since L£g is an ind-placid scheme (with presentation
L g~ colim; t~"L*(g)), we conclude that € is an ind-placid scheme as well.

(c) Set € := £ G x' Lie(I), that is, € is a quotient of [£ G x Lie(I)]/I by the action
h(g,7) == (gh=,(Adh)(7)). Then £G acts on € by the rule h(lg,7]) = ([hg,7]),
and we have a natural equivalence [€/ £ G] ~ [Lie(I)/1].

(d) We have a natural projection map p : € — € : [g,7] — (Ad g)(y), called the
affine Grothendieck-Springer fibration. The fibers of this map are affine Springer
fibers, studied by Kazhdan-Lusztig in |[KLJ.

8.1.2. Remark. The notation € comes to indicate that this is the locus of "compact"

elements in L g.
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8.1.3. The affine flag variety. (a) Let §l := LG/I be the affine flag variety.
Notice that the map ¢ : € — FIx Lg: [g,2] — ([g], (Adg)(z)) identifies € with the
closed ind-subscheme of §[ x€ given by

{(lg],7) € x| (Adg™")(y) € Lie(I)}.

Under this identification, the fibration p : € — € of B.I.T] corresponds to the projec-
tion to the second factor.

(b) Note that §I has a structure of an ind-projective scheme over k, with a canon-
ical presentation §[ ~ colim; Y; as a colimit of its I-invariant closed projective sub-
schemes.

(c) The presentation of (b) induces a canonical (I x I)-equivariant presentation
EG ~ cohm,Y,- of LG, and a presentation of the ind-scheme ¢ = colim; € with
¢ =Y x! Lie(7).

(d) Notice that each Y; — Y; is an I-torsor, hence it is pro-smooth. Therefore each
Y is a globally placid scheme, thus £ G ~ colim; Y; is an ind-placid scheme.

Lemma 8.1.4. The projection p : ¢ s ind-fp-proper.

Proof. Recall that p factors as a composition of the closed embedding ¢ : ¢ Sxe€
and the projection p : Fl x&€ — €. Since Fl is ind-projective, the projection p is
ind-fp-proper. Thus it remains to show that the closed embedding ¢ is ind-finitely
presented.

Note that the action morphism a : LG x € = Lg : a(g,z) = (Adg™')(z) gives
rise to the morphism @ : FIx€ — [Lg/I], and by definition ¢ is the preimage
of [Lie()/I] C [£g/I]. Since the embedding [Lie(!)/I] — [Lg/I] is ind-finitely

presented, the assertion is clear. U

8.1.5. Maximal tori. Recall that there is a natural bijection w — T, between
conjugacy classes of elements in W and conjugacy classes of maximal tori in G.
Notice that the Lie algebra t, := Lie T, is canonically isomorphic to the Lie algebra
described in [7.2.3(c). In particular, we have an embedding of t,, < g, unique up to
conjugacy.

8.1.6. GKM strata. (a) Recall that we have defined strata t,, of LT (t,) (see
[[2.3(c)) and the corresponding strata ¢, , of L1 (c) (see [[.2Z8(a)). Moreover, every
projection 7 : t,, — €y is & W, p-torsor (see [[.2.8(c)).

(b) The GKM strata of £7(¢) induce the GKM strata €, := x *(¢cyr) C € and
6: = pH(Cyy) C €. We have an identification &w,r ~ LG x! Lie(I),,, hence
[ w r/EG] [Lie(I)yr/I]. Projection p induces projections p,,  : glw’r — € r and
P,

e [Cur/ LG] = [Cur/ LG,
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(c) The embedding of t,, — g from B T.5linduces an embedding t,, , < €, ., unique
up to conjugacy, and hence induces a canonical morphism ¥, : tyr — [Cwr/ LG].
In turn, ¥, induces a morphism ¥, , : ¢y = [twr/War] = [€ur/ LGI.

(d) Set €y := Cor Xy tur-

8.1.7. Constructible stratification. (a) We set ¢, := L7 (¢)o20 C L£1(¢), and also
¢o:=x'(ca) C €, Lie(I) := v (c,) C Lie(I) and &, := p~1(¢,) C €. In particular,
we have a natural identification &. ~ LG xT Lie(I),.

(b) For every m € N, we set ¢<p, 1= LF(¢)(,<m) (see [[15), and let €, C €
and égm C € be the preimages of ¢<m. Notice that ¢<,, C L1(c) is an fp-open
embedding, €,,, C € is an fp-open embedding, thus €, is an ind-placid scheme (by
BITi(b)). Note also that c<o = L1(c"™®) (see [[LT).

(c) By definition, we have an fp-open covering ¢ = Uy;,>0¢<pm, Which gives rise to
a constructible stratification {L£*(¢);m)} of ¢ (by [LLT), and an fp-open covering
Q:. == Umzoq:gm.

(d) Since ¢, is a connected component of L7 (¢)(p,q,) for each (w, ) (see[LZLE(b)),
we conclude that {cy,,}wr form a bounded constructible stratification of ¢, (use
Lemma [6.2.4)(c)).

(e) The constructible stratification {c, y}wr Of ¢o induces a constructible stratifi-
cation {[€,,/ LG}y of [€e/ LG] (see Lemma [6.2.4)(a)).

Lemma 8.1.8. For every GKM stratum (w, r), have natural isomorphisms
L(G/Ta) X tur 3 € (9,2) = (Adg)(2),2) and
L(G[Ty) x"Wor by p 5 €y s (g9,2) = (Ad g)(2).
Proof. Recall that the map (g, z) — ((Ad g)(x), z) induces an isomorphism

~

(G/Ty,) x 12 = g™ Xers 7
over t/*. Since functor £ preserves limits, it induces an isomorphism

L(G/Ty) x L(£) = L(g"°) X g(ersy L(E))

over L(t;7). Restricting it to t,r C L7 (tw)@,4,) C L(L) (see [[I1TH(d)), we get an
isomorphism (G/T,,) X tyr — L£(g") X () tur-
Now the first isomorphism of the lemma follows from identifications

E(gm> ><E(c”"“’) tw,r =~ Eg Xre JCw,r =~ Q:w,r ch,r Jcw,ra

the first of which follows from identification g™ ~ g x. ¢"*, thus £(g"*) ~ L£g X
L(c"*), while the second one from the identification €, >~ L£g X €y -
Finally, the second isomorphism of the lemma is obtained from the first one by
taking the quotient by W, . U
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The following result will be proven in the next section (see [0.3.2]).

Theorem 8.1.9. For every (not necessary split) mazimal torus S C Gy, the pro-
jgection g 1 [LG/(LS)rea] = L(G/S) is a topological equivalence.

Corollary 8.1.10. The map [Yw.r] : [twr/Wwr X (LTy)red] = [€w.r/ LG], induced
by the map ), » from[81.6(c) is a topological equivalence.

Proof. Since the projection ¢, : [LG/(LTy)rea) = L(G/T,) is a topological equiv-
alence by Theorem B.1.9] it induces an (£ G x W, ,)-equivariant topological equiva-
lence [LG/(LTy)red] X twr = L(G/T,) X t, . Taking quotient by W, ., we deduce
from Lemma B.I1.§ and Corollary 2.3.7(c) that the map

(8.1) [LG/(LTw)rea) XV tyr — LIG)Ty) XV tyr =~ €yt (g,2) = (Ad g)(z)

is an £ G-equivariant topological equivalence. Dividing by £ G and using Corollary
2.37(c) again, we get that

[djw,r] : [tw,r/Ww,r X (»C Tw)rod] — [Q:w,r/EG]
is a topological equivalence, as claimed. U

Corollary 8.1.11. The oco-stack [€,, ./ L G] is topologically placid, and the projection
U twr = [Cur/ LG] from[8I10(c) is a topologically smooth covering.

Proof. Recall that t,, is a placid scheme (see [[.2.3[d)) and (LT} )rea is & group
scheme, whose neutral connected component is the strongly pro-smooth group £*(T,,)
(see @.24(b)). Therefore Wy, X (L Ty)rea is a 0-smooth group scheme, thus, by
2114, the quotient [ty /Wi,y X (LTy)wea) is a placid stack, and the projection
pr: tyr = [twr/Wer X (LTy)rea) is @ smooth covering. On the other hand, by
Corollary B.I1.10, the map [tyr] : [twr/Wuwr X (L Tw)red] = [€wr/ L G] is a topolog-
ical equivalence. This implies that [€,,/ L G] is a topologically placid stack, and
Ywr = [Ywr] o P is a topologically smooth covering. O

8.2. The Affine Springer fibration over a regular stratum. .

Lemma 8.2.1. The map (I/LT(T)) x LT(¢"*) — Lie(I)<q : (g,z) — (Ad g)(x) is an
1somorphism.

Proof. Note that the map (g, z) — (Ad g)(z) induces an isomorphism

~

(8.2) (B/T) x 7 5 b"™.

The assertion now follows formally. Namely, isomorphism (82) extends to an iso-
morphism G xZ (B/T x t'*) = G xP b, which is nothing else but

(8.3) (G/T) x = =g,
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where 7 : g — g is the Grothendieck-Springer resolution, and g"* is the preimage of
g"¢. Applying LT, we get an isomorphism

(8.4) LY(G)T) x LT(A7%) = LT(g™).
Taking fiber product of (82) and (84]) over (83), we get an isomorphism
(85) (£+(G/T) X(G/T) (B/T)) X £+(frs) = £+(§r5) Xgrs b".

Using [T.T.3(c), we get a natural isomorphism
LYG/T) xcry (B/T) = (LYG)/LY(T)) X(cyr) (B/T) = I/L(T).

Moreover the projection 7 : g"* — g is étale. Thus, by Lemma [Z.T.2] 7 induces an
isomorphism

LF(g7) xges b7 = L¥(g) x4 b7 = Lie(I) x, b = Lie(I) <o,
as claimed. -

Corollary 8.2.2. We have a natural isomorphism [€<o/ £ G] ~ [C+(¢%)/LT(T)).

Proof. Dividing the isomorphism from Lemma B.2.1l by the action of I, we get an
isomorphism [£1(t"%)/LT(T)] = [Lie(I)<o/I]. Since [€<o/ L G] =~ [Lie(I)<o/I], we

are done. O

Corollary 8.2.3. We have a natural commutative diagram

(LG/LH(T)) x L) —— €

(86) prJ/ pgoJ/
£(G/T) xW £+(fm) —/ Q:SO'
Proof. The top isomorphism is obtained as a composition
(LG/LT(T)) x LT(t) ~ LG < [(I/LT(T)) x LT(t)] = LG x! Lie(I)<o ~ &soa

induced by isomorphism of Lemma R.2.1, while the bottom isomorphism is the iso-
morphism of Lemma [8. 1.8 applied to the open stratum (w,r) = (1,0). The fact that
the diagram is commutative is straightforward. U

Corollary 8.2.4. The projection (LG/LY(T)) — L(G/T) is ind-fp-proper.

Proof. Since p : € — € is ind-fp-proper (by Lemma [8.T.4), its restriction p< : ESO —
€ is ind-fp-proper as well. Using the identification of (8.0), the projection

pr: (LG/LH(T)) x L) — L(G/T) x"V LT (¢)
is ind-fp-proper as well. Restricting this map to a fibre over any point of £L*(¢"*) =
[Lt(¥®) /W], we conclude that the projection (LG/LT(T)) — L(G/T) is ind-fp-

proper. U
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8.2.5. The W-action on égo.

(a) Let N := Ng(T) be the normalizer. The identification W ~ (£ N)yea/LH(T)
gives rise to an action of W on (£ G/LF(T)) x LT (%) over L(G/T) xW L+ (), given
by the formula w(g, ) := (gw™',w(z)). Moreover, the quotient of (£LG/L*(T)) x
LF(t%) by W is naturally identified with (£G/(L£T)wea) xV LT (1),

(b) Using the identification (8.6]), we obtain from (a) an action of W on €§0 over
<o, which induces an identification [€<0/W] (LG/(LT)req) XV LT(£79).

Corollary 8.2.6. The projection p<g : [QSO/W] — €<q is a topological equivalence.

Proof. The identifications of (8.6) and B.2.5] identify p<, with the topological equiv-
alence (8] in the case w =1 and r = 0. O

8.3. The fibration over a general stratum. Recall that in B2.8(a) we defined a
class of uo-equidimensional morphisms between topologically placid co-stacks.

Proposition 8.3.1. The fibrationp,, . : [éw,r/ L G| = €y r/ LG] is uo-equidimensional.

Proof. Since the projection Lie([)y,, — [Lie(1)y /1] ~ [éw,r/ﬁG] is a smooth cov-
ering (see 2.1.14)), it suffices to show that the composition

P : Lie(D)yr — [Lie(I) /1] ~ [€pr/ LG] = [€pr/ LG

is uo-equidimensional. Consider the Cartesian diagram

Lie(l),, % Lie(I)uwy ——— Lie(I)u,
o | ) e | |
P

Cor  —2 [Cur/LG] T

Since the map 1y, = @wm oy i a topologically smooth covering (see Corollary
RIIT, while 7y : tyyr — ¢y is a finite étale covering (see [L2.8(c)), we conclude
that 1, . is a topologically smooth covering. Therefore it suffices to show that the

pullback g, : Lie(]),, . = ¢y is uo-equidimensional. Since pr olp is the identity,

w,r
—_ —

Juwr decomposes as vy, © wwr, so it suffices to show that both v, , and ¢wr are
uo-equidimensional.

Since v, is a pullback of @w,r’ it is a topologically smooth covering. Thus it is
uo-equidimensional. Finally, v, : Lie,(I) — L1 (c) is flat morphism between irre-
ducible varieties (by Theorem [T.4.2]), we conclude that each v, is uo-equidimensional
(see BI3(b)). Hence its projective limit v = lim, v, : Lie(/) — L*(c) is uo-
equidimensional as well. Therefore the pullback v, , of v to ¢, , is uo-equidimensional

(see B:22.8(b)), and the proof is complete. O
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8.3.2. The A,-action on &,wm-
Set Cowr = Cur Xy twr, and Ay, := Ap, (as in[0.2.4).

(a) Note that the embedding ¢ : ¢ FIx€ of BI.3 identifies &w,r with a closed
ind-subscheme

{(lg];2) € FUxCyr | (Adg™")(x) € Lie(I)}.
(b) Using isomorphism L£(G/T,,) X tyr = €4y from Lemma 8. 1.8, the ind-scheme
¢ wr can be identified with a closed ind-subscheme

{([g], h, ) € FIx L(G/T,) X twr| Ad(g~'h)(z) € Lie(I)}.

Note that g € LG is defined up to a right I-multiplication, thus ¢g=*h € L(G/T,),
thus Ad(g~'h)(z) € L g is defined up to an Ad I-action, thus the condition Ad(g~'h)(z) €
Lie(/) makes sense.

(c) Consider the action of L£L(T,,) on Flx L(G/T,) X t,r over L(G/T,,) X tyr,
defined by the formula #([g], h, z) := ([(hth™1)g], h, z). Using the equality

g Hhth DY th =g 'ht ' hth = gt

we conclude that the closed ind-subscheme &tw,r C §Ix L(G/Ty) X ty, from (b) is
L(T,)-invariant. Thus we obtain an action of £(T,,) on €, over €y, .

(d) Recall that A,, = X,(T;,)"™ is naturally a subgroup of £(T,,) via the embedding
A — A(t). Therefore the action of £(7),) from (c) induces an action of A, on €y,

over €, . Thus we can form a quotient €, 1= [€q,./Ay).

Recall that in 2.3.§(b) and 23.9(a) we defined classes of strongly topologically
schematic, locally fp and fp-proper morphisms between topologically placid co-stacks.
The proof of the following result will be proven in the next section (see [0.3.6]).

Theorem 8.3.3. The projection ét,w,'r‘ — Cow,r 15 strongly topologically schematic,
locally fp, and the induced morphism €, . — €. is strongly topologically fp-proper.

Corollary 8.3.4. Consider a Cartesian diagram

Ko 225 (€ n) L]

(8.7) gw,rl EWl

tor 22 [€ym/ LG,

(a) Then (X r)rea @5 a scheme locally of finite type over t,., and the quotient
(X r)red/Nw] = [Xw.r/Aulrea s an algebraic space, which is fp-proper over t, .
(b) Moreover, the projection Gy, . : [Xuwr/Awlred = tw,r vo-equidimensional of di-

MENSION Oy, p-
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(c) The map P, is topologically locally fp-representable. Moreover, it is uo-
equidimensional of relative dimension dy p.

Proof. (a) Since the morphism 1), factors through t,, = Ciur = Cyr Xy, tur
x> (z,x), it follows from Theorem R3.3] that the projection )A(:wﬂr — t,, s strongly
topologically schematic, locally fp, and the induced morphism [)Z'wJ/Aw] — tyr 18
strongly topologically fp-proper. Since [)?w/Aw]red ~ [()zwm)red/]\w], and t,, is
a globally placid affine scheme (by [[.23(d)), the assertion now follows from the
observation 2.3.9(b).

(b) By Proposition B3], the projection g, : )Z'ww — t,r is uo-equidimensional,
therefore the induced morphism g, , : [jzw,r JAylreda = tyr is such as well. Next we
recall that all fibers of g, are affine Springer fibers, which are equidimensional of
dimension d,,, (see [Be]). Since g, , is finitely presented, the last assertion follows
from Lemma 3.3.21

(c) For the first assertion, we have to show that for every morphism ¢ : Y —
[€y,r/ LG] from an affine scheme Y, the pullback p,,, Xe,./cc Y is topologically
locally fp-representable. By (a), the assertion holds for ¢ = t,,. Since ¥, is
surjective in the étale topology, there exists an étale covering Y’ — Y such that the
composition Y — Y — [&, ./ LG] factors through 1, — [€,r/ LG]. Since the
class of topologically locally fp-representable morphisms is closed under pullbacks
and local in the étale topology, we conclude that it contains p,,, X[e,./cq) Y’ and
hence also p,, , X(e,,./c61 Y-

Similarly, for the second assertion, we have to show that the pullback p,, . X(¢,,./ £ g
Y it is uo-equidimensional of relative dimension ¢, , when ¢ is topologically smooth.
By (b), the assertion holds for ¢ = 1, . Since ¢, , is a topologically smooth covering,
the assertion about the uo-equidimensionality follows from Lemma [[.4.3] while the
assertion about relative dimension follows from Lemma [3.3.21 O

8.4. The perversity of the affine Grothendieck—Springer sheaf.

8.4.1. The affine Grothendieck-Springer sheaf.

(a) Note that the ind-fp-proper map p : € — € (see Lemma B14) is £ G-
equivariant, and therefore induces a locally ind-fp-proper map p : [€/ L G] — [¢/ L G]
(see AZ2).

(b) By Proposition E43, the pullback p' : D([¢/ LG]) — D([&/EG]) has a left
adjoint p, : D([&/ LG]) = D(|€/ LG)), satisfying base change.

(c) We set

S = ﬁ!(w[i/gc}) € D([¢/ LG])

and call it the affine Grothendieck—Springer sheaf.
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(d) We denote by S, € D([€,/ LG]) and S<p € D([€<o/ LG]) the restrictions of
S. Since p; admits base change, we have S, = (p,)(wg, , £ o)), Where p, : [€0/ LG] —
€./ L G] is the restriction of p.

(e) Let j : [€<o/ LG] — [€,/ LG] be the inclusion of the open stratum. By
definition, j'(S,) =~ S<o.

Lemma 8.4.2. (a) The co-stack [€./ LG] admits gluing of sheaves, the collection
{[€uwr/ LG} oy form a constructible stratification of [€./ LG], and each stratum
€./ LG is topologically placid.

(b) The co-stack €/ L G] is smooth, the projection p, : [€o/ LG| — [&€/ LG] is

locally ind-fp-proper, semi-small, and small relative to the open stratum (1,0).

Proof. (a) Recall that since each €, is an ind-placid scheme (see BIT(b)), while
LG is an ind-placid group scheme (see BI3(d)), the quotient [€<,,/ L G] admits
gluing of sheaves by Proposition [6.I.§ Moreover, since [€,/ L G] is a colimit of the
[€<m/ LG]’s, all of whose transition maps are fp-open embeddings (see BI1.7(c)), it
therefore admits gluing of sheaves by Lemma [G.I.5(b). Next [€, ./ LG] is a topo-
logically placid oco-stack by Corollary BI.IIl Finally, the fact that {[€y /L G]}uwr
is a constructible stratification was already mentioned in B.1.7

(b) The first two assertions follow from the facts that [€/ LG] ~ [Lie(I)/I] is
smooth, and p is locally ind-fp-proper (see B4 T|(a)).

Next, since Lie(I),, C Lie(/) is a locally closed subscheme of pure codimen-
sion by, (see Corollary [[AH), we conclude that [Lie(]),,/I] C [Lie(I)/I] is a lo-

cally closed subscheme of pure codimension b, (by B.33(d)), that is, [€,,/ LG] C
€/ LG] is a locally closed subscheme of pure codimension b,,,. Now the smallness

assertion follows from Corollary [83.4(c) and Corollary [[.3.3 O

8.4.3. The perverse t-structure.

(a) By Lemma 842 ([€./LG],{[Cwr/LG]}wy) is a stratified oo-stack, which
we equip with the canonical perversity p, = {1}, defined by vy, = dy + @y
(see [[31)). By Proposition [6.2.7], this perversity p, gives rise to the t-structure on
D([€./ L G]), which we call the perverse t-structure.

(b) Notice that perversity p, coincides with the perversity ps := pp, , corresponding
to the Grothendieck—Springer fibration p, (see[6.4.3]). Indeed, by definition perversity
pp is defined by pg(w,r) = by + 0y (see [L3)), so the assertion follows from the
Goresky-Kottwitz-MacPherson codimension formula Proposition [[.3.2]

Now we are ready to prove the main result of this work.
Theorem 8.4.4. (a) The affine Grothendieck-Springer sheaf So € D([€/ LG]) is

pp-perverse and satisfies Se 2 ji(S<o).

(b) There are natural algebra isomorphisms End(S,) ~ End(S<g) ~ @é[/Wv]
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8.4.5. Remark. It follows from (b) that S, is equipped with a natural action of w.
Namely, it follows from the proof (see Proposition 8.4.6)) that the action of W on S¢

is induced by the geometric action of W on €<, over €<y, and this action uniquely
extends to the action on S.

Proof. (a) is an immediate consequence of the combination of Lemma and
Theorem

(b) The first isomorphism follows from (a) and Corollary [6.3.5 while the second
one is shown in Proposition below. O

Proposition 8.4.6. We have a natural algebra isomorphism End(S<g) ~ @Z[W]

Proof. Note that the topological equivalence [€<o/ W] — <o from Corollary B.2.6]in-
duces a topological equivalence [€<o/ LG x W] = [€<o/ LG] (by Corollary 2.3.7(c)).
Thus the projection pg : [€<o/ L G] — [€<o/ L G| satisfies the assumption of Corol-

lary 4.6.8 with I' := W. Since S<¢ ~ (ESO)!(W[Ego/EG}) (see BATN(d)), it suffices to

show that @lﬂO([QSO/EGD ~ Q.

Since [€<o/ L G] ~ [LT (%) /LT (T)] (see Corollary B22), and the map LT (£%) —
[LT(£7%)/LT(T)] is surjective, while LT (¢"*) is a connected, the assertion follows from
Corollary 6.5 O

8.4.7. The affine Springer sheaf.

(a) Recall (see [T34(a)) that ¢* C L*(c) is a closed finitely presented subscheme,
and let ¢ C ¢,, € C &,, Lie(I)" C Liel, etc. be the preimage of ¢* C L*(¢). In
particular, i : [€¥/ LG] — [€,/ L G] is a finitely presented closed embedding.

(b) Recall (see [[.3.4)(c)) that ¢ C ¢o (and hence also €} C €, and Lie()} C
Lie([),) is a union of all strata ¢,, » such that (w,r) > 0. Therefore {[€,, »/ £ G} (w,r)>0
is a constructible stratification of [€}/ LG]. As in Lemma [8.4.2] we therefore con-
clude that [€}/LG] admits gluing of sheaves (by Proposition and Lemma
6.1.5(b)).

(c) Let py : [X)/ LG] — [€¢/ LG] be the restriction of p.

(d) We set S* := (i*)'S € D([€*/ LG]), and call it the affine Springer sheaf. We
also let S¢ € D([€Y/ LG]) be the !-pullback of S*.

Lemma 8.4.8. The oco-stack [@j/ﬁG] is smooth, the affine Springer fibration p, :
€Y/ LG] — [€¢) LG] is locally fp-proper, and semi-small, and the corresponding
perversity ps := py satisfies pg(w, T) = (bu,r — 1) + du,r (compare[8.4.5(a)).

Proof. The argument is almost identical to that of Lemma 8.4.2l The smoothness

assertion follows from the isomorphism [@j / L G| ~ [Lie(I)¥/ Lie(!)] and smoothness

Lie(I)*. The locally ind-fp-properness of p, follows from that for p,. Next, since
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Lie(I)* C Lie(I) is a closed subscheme of pure codimension 7, we conclude that (as
in Lemma BZ2) that [¢ wr/ LG] C [€4/ L G] is a locally closed subscheme of pure

codimension by, — r. The remaining assertions now follow from Corollary [8.3.4](c)

and Corollary [T.3.5] O

Theorem 8.4.9. The affine Springer sheaf S is py-perverse and satisfies S ~
(Po)r(@iLie(nz/n)-

Proof. Since p, is locally ind-fp-proper, the base change morphism (Ff)'(;“)' —
(i)' (p, )1, corresponding to the Cartesian diagram

[Lie(1)¢/1] —— [Lie()s/1]

| |
€/ LG —2 [¢./ LG

is an isomorphism (by Proposition L43). Therefore we get an isomorphism S ~

(Po)1(WiLie(n)z/n)- The assertion now follows from a combination of Lemma [8.4.8 and
Theorem O

One can ask whether S} is a intermediate extension of its restriction to a suitable
fp-open substack, and what is the minimal subset satisfying this property.

8.4.10. Conjecture. (a) Note that for every w € W the affine scheme t! is irre-
ducible. Therefore there exists a function r} : R — Qs such that t, + C t; is an
open stratum. 7

(b) We conjecture that the union Uyc,, .+ is open in ¢*. More precisely, {c,, .+ }wew
gives a constructible stratification of a certain fp-open subscheme ¢** C c¥.

8.4.11. Remark. Assume that conjecture BZI0(b) holds, and let €T C €% be
the preimage of ¢+ C ¢}. Then [€“"/LG] C [€¢/ LG] is an open union of strata.
Then Lemma [R.4.8 Corollary and Theorem would imply that S¥ is the
intermediate extension of its restriction to [€**/ L G]. Moreover, this is the largest
open union of strata, satisfying this property.

8.4.12. Example. Assume that G = SL,. In this case, ¢ =~ A, ¢ C £¥(c) is the
locus LT(A')sq, and ¢+ C ¢¥ is the locus LT(A')s; N LT(A!)<s, that is, the union
of two strata L7 (A!); and LT (A')y. In particular, our conjecture holds in this case.

8.5. Perverse t-structure on [(Lg)./ LG].

8.5.1. The G,,-action. (a) Recall that the natural G,,-action (a,z) — ax on g
commutes with the adjoint action of G. Thus it induces the G,,-action on ¢ = g//G
such that the projection x : g — ¢ is G,,-equivariant. In particular, the induced map
m:t— ¢ is G,,-equivariant.
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(b) Furthermore, there exists a (noncanonical) isomorphism ¢ = A” under which
the G,,-action on ¢ corresponds to a G,,-action on Al  given by a(xy,...,7,) =
(e, ... a%x,) for certain positive integers di, . .., d,.

(c) The G,,-actions on t and ¢ induce £ G,,-actions on Lg, Lt, and L ¢ such that

the induced maps xy: Lg — Lcand 7 : Lt, — L¢ are L G,,-equivariant.

8.5.2. Constructible stratification of (L c),.

(a) By definition, for every GKM-stratum t,,, C £7(t,,) and every n > 0 the action
of element t" € LG,, on Lt, from BET(c) induces an isomorphism t,, — tyrin,
that is, ty rin = "ty r-

(b) Since the GKM stratum ¢, , C £ (c) is defined to be the image m(t,,), and
7 is L G,,-equivariant, we conclude that the action of element t" € L G,, induces an
isomorphism ¢, » = Cwrtns ThAt 1S, Coppin = 0y p

(c) For every pair (w,r), where w € W and r : R — Q, we choose n > 0 such that
r +n > 0. To this data we can associate an fp-locally closed subscheme ¢,y C
L*t(c) C Lc (see [[2.F)), so we can consider another fp-locally closed subscheme
Cwr = t "Cyrin C Lc. Moreover, using observation of (b) one sees that ¢, is
independent of the choice of n (hence coincides with that of [[Z2.8 when r > 0).

(d) We claim that the collection {cyr}yr form a constructible stratification of
(,C C). = (,C C)@#Q.

First of all, since £7(¢) C Lc is an fp-closed subscheme, the same is true for
each t™"L*(¢) C L¢. Moreover, using isomorphism £(A!) ~ colim, t 7L (A!) and
B.5.Ti(b), we conclude that we have presentation £ ¢ ~ colim, ¢t "L*(c) as a filtered
colimit of its fp-closed subschemes, hence a similar presentation (L ¢), >~ colim,, t~"¢,.

Next we notice that we have ¢, C "L (c) if and only if ¢,y p1r = "€ r C LT (c).
Since {¢yr bwr>0 form a bounded constructible stratification of ¢, (see BILT(d)), we
thus conclude that {cy, y fwr>—n form a bounded constructible stratification of ¢t~"c,,
hence {¢,r}wr form a constructible stratification of (£ ¢)e := (£ ¢)p0.

8.5.3. The perverse t-structure. Set (L£g), :== x }((Lc)s) C Lg.

(a) For every (w,r) as inB5.2(c), the the preimage (£ g)wr := X *(cwr) C Lgisa
fp-locally closed ind-subscheme, and {(£ @)y r }w,r form a constructible stratification
of (£g)e (by B5.2(d)). Therefore the quotient co-stack [(Lg)e./ LG] is equipped
with a constructible stratification {[(£ @)wr/ L G]}wr-

(b) Since x is Gy,-equivariant, the action of t" € LG,, on Lg induces an iso-
morphism (£g)wr — (£ 8)wrin, hence [(L@)wr/ LG] = [(L@)wrin/ LG]. Using
equality (£g)wr = €y for all r > 0, we thus conclude from Corollary BTl that
each [(L£g)wr/ LG] is topologically placid.

(c¢) By (a) and (b), [(Lg)s/ LG] is a stratified co-stack. Moreover, arguing as in
Lemma [8.4.2] it follows from Proposition that [(L£g)s/ L G| admits gluing of

sheaves.
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(d) Notice that for every GKM stratum (w,r) from B43 and every n > 0, the
expression v, , satisfies vy, yin = Vyr + ndim G.

(e) For an arbitrary (w,r), we choose n > 0 such that r + n > 0. In this case,
Vi r+n Was defined in 843 and we set vy, = Vyrin — ndimG. By (d), vy, is
independent of n and coincides with that of when r > 0.

(f) By Proposition [6.2.7], the perversity p, := {vyr} gives rise to the t-structure
on D([(Lg)s/ LG]), which we call the perverse t-structure.

9. COMPLETION OF PROOFS.
9.1. Quotients of ind-schemes.

9.1.1. Let a group A act on an ind-scheme Z over an ind-scheme Y.

(a) We say that A acts discretely, if for every qcgs fp-closed subscheme 7' C Z,
the set of § € A such that 6(Z') N Z’ # () is finite.

(b) We say that A acts freely, if the action map a : A X Z — Z x Z : (§,x) —
(0(x),x) is injective.

Proposition 9.1.2. Let h : Z — Y be an ind-fp-proper morphism between ind-
schemes, and let A be a group acting on Z overY , freely and discretely. Then,

(a) The quotient Z = [Z/A] is an ind-algebraic space, ind-fp-proper over Y.

(b) Assume that for every fp-closed qcqs subscheme Y' C'Y there exists a closed
qegs fp-subscheme Z' C Z such that h™'(Y'(K)) C Usea 0(Z'(K)) for every alge-
braically closed field K.

Then h is strongly topologically schematic, locally fp, and the induced morphism
h:Z —Y is strongly topologically fp-proper.

Proof. Note that any presentation Y =~ colim; Y; of Y induces a presentation Z =~
colim; Z; with Z; := Z xy Y;. Since all assertion for h : Z — Y formally follow from
corresponding assertion for h; : Z; — Y;, we can replace h by h;, thus assuming that
Y is a qcgs scheme.

Let Z' C Z be an fp-closed qcgs subscheme. For every finite subset D C A, we
denote by 7}, := Usepd(Z') C Z the smallest closed subscheme of Z, containing each
d(Z'). Then for every subset A" C A, we set Z), := colimpcas Zp. Since Z' - Y
is fp-proper, we conclude that Z;, — Y is fp-proper for every D, thus Z), — Y is
ind-fp-proper.

We claim that the inclusion Z), < Z is a fp-closed embedding. For this we have to
show that for every fp-closed qcgs subscheme Z” C Z, the intersection Z\,NZ" C Z"
is an fp-closed subscheme. Since homotopy colimits commute with pullbacks, we have
ZyNZ" = colimp(Z,NZ"), and each Z;,NZ" C Z" is a closed subscheme, it suffices
to show that the family {Z,NZ"}p stabilizes. Since the action of A on Z is discrete,

the set of 6 € A such that §(Z") N Z” # () is finite, so the stabilization follows.
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Note that Z) := colimp Zj, is the smallest A-invariant closed ind-subscheme of
Z, containing Z'. We form the quotient 2’ := [Z /A].

Claim 9.1.3. (a) The ind-scheme Z)\ is a scheme, locally fp over Y.

(b) The quotient Z' is an algebraic space fp-proper on'Y , and the projection Z' —
7' is surjective.

(c) For every pair of fp-closed qcqs subschemes Z' C Z", the induced map Z' — Z"
s an fp-closed embedding.

We now complete the proof of Proposition [0.1.2] assuming the claim.

(a) Choose a presentation Z ~ colim, Z, of Z. Since Z, C Z,a C Z, we get an
isomorphism Z ~ colim, Z, A. Taking the quotient by A, we get an isomorphism
7 ~ colim, Z,. Since every Z, is an algebraic space, fp-proper over Y (by Claim
@.13(b)), and each Z, — Zg is an fp-closed embedding by (by Claim [@.1.3(c)), and
the assertion follows.

(b) By our assumption, there exists a such that Za(K) = Za o(K) and Z(K) =
Zo(K) for all algebraically closed fields K. In particular, for all Z5 O Z,, the fp-
closed embeddings Za o — Za g and Z o — 75 induce bijections on K-points. Hence
the induced maps (Zaa)red — (Zag)red and (Za)red — (Zp)rea are isomorphisms.
Therefore the maps (Za o )red — Zrea and (7a)red — Z,eq are isomorphisms as well.
Since Za, — Y is schematic, locally fp (by Claim @1.3(a)), while Z, — Y is
fp-proper (by Claim 0.1.3(a)), the assertion follows. O

It remains to show Claim [0.1.3]

Proof of Claim[9.1.3. (a) We have to show that every point x € Z) has an open
neighbourhood, which is a scheme finitely presented over Y. Since every point of
Z)\ is a A-translate of a point of Z’, it is sufficient to prove it for z € Z’. We claim
that the whole Z’ has such a neighborhood. Let X := {6 € A | 6(Z')NZ" # 0}. By
assumption, it is a finite set.

Then Z) 5, C Z is a closed subfunctor, hence U := Z), \ Z) 5y C Z is an open
subfunctor. Since Z'NZ) . = 0 by the definition of X, we have Z’ C U, and clearly
U C Z5,.. Thus U is an open subscheme of Z%,, hence it is a scheme, locally of finite
presentation over Y, as claimed.

(b) As A acts freely, it defines an étale equivalence relation on Zj, thus Z' =
[Z\/A] is an algebraic space (see [Stl, Tag. 0264]), locally of finite presentation over
Y.

Moreover, since Z) is a filtered colimit colimp Z, with Z7, proper (thus separated)
over Y, we conclude that Z/ is separated over Y. Next we claim that the map Z’ — Y

is separated.
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We have to show that the map a : A x Z\, — Z)\ Xy Z)\ is proper. It suffices
to show the properness of the restriction of a to the inverse image of Z}, xy Z, for
every finite subset D C A. But this inverse image is the disjoint union of maps
aps: Zp N6 NZp) — Zj, Xy Z5,. As the action is discrete, this union is finite. So
one has to prove that each ap s is a closed embedding. But each ap s is the restriction
of the graph of § : Zy, — Z},, which is a closed embedding, as Z\ — Y is separated.

Finally, we claim that Z’ — Y is fp-proper. Indeed, since Z’ — Z' is surjective,
7' is fp-proper over Y and Z’ separated over Y, we conclude that Z’ — Y is proper
by [Stl Tag 08AJ]. As it is both locally of finite presentation and proper, it is finitely
presented.

(c) Since Z' C Z" is a closed subfunctor, we conclude that Z, C ZX and hence also

7 < 7" is a closed subfunctor. It is finitely presented by [Stl Tag 02FV], because
both Z' and Z are fp-proper over Y . O

9.1.4. Remark. In the situation of Proposition [0.1.2] assume that for every alge-
braically closed field K, the map Z(K) — Y (K) is a A-torsor. Then the assumption
of Proposition [@.I.2(b) is equivalent to the assumption that for every fp-closed qcgs
subscheme Y’ C Y there exists an fp-closed qcgs subscheme Z' C Z such that
f(Z'(K)) 2 Y'(K) for every algebraically closed field K.

9.2. Passing to tame Galois invariants.

Lemma 9.2.1. Let h : Z — Y and A that satisfy the assumptions of Proposition
[9.1.2, and let T" be a finite group, acting on Z, Y and by group automorphisms on
A such that the map h and the action map A X Z — Z are I'-equivariant. Then the
induced map h' : ZU — YT between ind-schemes of invariants is ind-fp-proper, and
the action of AU on Z' satisfies all the assumptions Proposition[9.1.2 as well.

Proof. Though the assertion is a straightforward generalization of the argument of
IKL], we sketch the argument for the convenience of the reader.

First of all, the assertion that the action of A" on Z' is a free and discrete follows
from the corresponding assertion for A and Z. Next, replacing Z — Y by its
pullback to Y', we can assume that I" acts trivially on Y. As in Proposition 0.1.2,
it is sufficient to check the assertion after pullback by fp-closed qcgs subscheme, so
we assume that Y is a qcgs scheme. Choose a presentation Z = colim, Z,. Then
each Z; — Y is fp-proper, thus the scheme of I'-fixed points ZL C Z, is a closed
finitely-presented subscheme (by [GKM, Lem 15.2.1]). Hence it is fp-proper over Y
as well, therefore Z' = colim, Z! is ind-fp-proper over Y.

It remains to show that if h satisfies the assumption of Proposition @.T.2(b), then
h' satisfies the assumption of Proposition @ 1.2(b) as well. By assumption, there
exists a closed qcgs fp-subscheme Z' C Z such that Z(K) = [Jsop 6(Z'(K)) for

all algebraically closed fields K. We want to construct a qcqgs fp-closed subscheme
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7" < Z' such that

(9.1) 7" (K) c | 6(2"(K)).
seAT

For every v € T, let D, C A be the set of all § € A such that §(*Z') N Z’ # 0.
By assumption, every D, is finite. Consider the map ¢ : A — nyel“ A, defined as
¢(8) = {0770} er, and set D := $(A) N [[ cp Dy Then D is finite, hence there
exists a finite subset C' C A such that ¢(C) = D.

We claim that Z” = (Js;e(0(Z') N Z") satisfied the required property. Since
Z' C Z is an fp-closed qcgs subscheme and C' is finite, we conclude that Z” c Z
is an fp-closed qcgs subscheme as well. It suffices to show that Z” satisfies (O.1), or
,equivalently, that

Z"K)c | (Z/(K)).

SEAT.C
But this is straightforward. Indeed, set A’ := ¢~1(D) C A. First we claim that
(9.2) Z"(K) c | (2 (K)).
sen

Indeed, for every z € Z'(K) C Z(K) = Usca 6(Z'(K)) there exist § € A and
2 € Z'(K) such that z = §(z'). We want to show that § € A’. Since z € ZV'(K),
for every v € T' we have 6(z') = 7(6(2")) = 75(7%’), therefore §~175(72') = 2/. In
particular, we have 67176 € D., for every v € I'. Thus ¢(d) € D, hence 6 € A’

It suffices to show that

(9.3) A=Al C.

For every § € A’ choose ¢ € C such that ¢(§) = ¢(c), and set § := dc~'. We claim
that &' € A, Indeed, for every v € I', we have 6 17§ = ¢ ¢, hence 6c=! = 7§7cL.
Thus &' = 7§, as claimed. O

9.2.2. H-torsors. (a) Let H be a group ind-scheme over k acting on an oo stack
X. In this case, we can form the quotient [X/H]| € Sty.

(b) We say that a morphism f : X — ) of co-stacks is an H -torsor, if f is surjective
in the étale topology, and the natural map a : H x X — X Xy X : (h,z) — (h(z),x)
is an isomorphism.

(c) As in the classical case, if f : X — ) is a H-torsor, then the morphism
f . [X/H] — Y induced by f is an isomorphism. Indeed the isomorphism a :
HxX — X xy X is (H x H)-equivariant, and taking quotient by H x H, we get
an isomorphism [X/H] — [X/H] xy [X/H], which implies that f is an embedding,
that is, [X/H|(U) — Y(U) is an embedding of spaces for each U € Affy. On the
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other hand, since f is a surjective map of sheaves, we conclude that f is surjective,
thus an isomorphism.

(d) As in the classical case, the quotient map X — [X'/H] is an H-torsor, and has
the property that for every U € Affy, the co-space [X/H]|(U) classifies pairs ((7 , 5),
where U — U is an H -torsor, and 5 :U— Xisan H -equivariant map.

Indeed, consider ) € PreSty, such that Y(U) satisfies pairs (U, ¢) as above. Then
we have natural map f: X — Y, which maps h: U - X to H x U — X : (h,u) —
h(¢(u)). One can check that ) is actually an co-stack, and f is an H-torsor. Then,
by (¢), the induced map [X/H| — Y is an isomorphism, and the assertion is proven.

Lemma 9.2.3. Let h: Z — Y be an H-torsor between ind-schemes, and let I" be a
finite group that acts on Z,Y and by group automorphisms on H such that the map
h and the action map H X Z — Z are I'-equivariant.

Assume that

(1) H can be written as a filtered limit of algebraic groups H ~ lim; H;, each H;
15 smooth and connected, and each projection H; 1 — H; 1s a surjective map,
whose kernel K; is a vector group.

(2) The action of I' on H extends to an action of I' on the projective system
{H;}, and the order of T is prime to the characteristic of k.

(3) The induced map f*: Z¥ — YV is surjective.

Then f' is an H"-torsor.

Proof. By definition, the action a : H X Z — Z Xy Z is an isomorphism. Therefore
the induced map H' x ZV' — Z' xyr Z' is an isomorphism. It suffices to show that
the projection Z% — YT is surjective in the étale topology.

Taking base change with respect to a morphism S — YT, where S is affine, we
can assume that Y is affine and I acts trivially on Y.

For every i, we set Z; := Z x H;. Since Z — Y is an H-torsor, and H ~ lim; H;,
we conclude that each Z; — Y is an H;-torsor, and Z =~ lim; Z;. Taking I'-invariants,
we conclude that the action map H} x ZF — ZI Xy Z! is an isomorphism.

Since Z; — Y is a H;-torsor, while H; is smooth, we conclude that the projection
Z; — Y is smooth. Asthe order of I is prime to the characteristic of k, the projection
Z{ — Y is smooth (by [GKM, 15.4.2]). Moreover, it is surjective by assumption,
thus an H;-torsor.

By construction, Z;;; — Z; is a K;-torsor. Since |I'| is prime to the characteristic
of k, we conclude that HY(I', K;) = 0. Hence Z,, — Z] is surjective, so by the
previous paragraph, it is a K -torsor.

Since Kj is a vector group, we conclude that K is a vector group as well, thus every

K[ -torsor between affine schemes is trivial. Therefore each projection Z},, — Zj
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has a section, hence the same is also holds for ZU' — ZI'. Since Z] — Y is surjective
in the étale topology, the same holds for Z' — Y, and the proof is complete. 0

9.2.4. Loop groups on tame tori. (a) Recall that every torus S over F' has a
natural structure of a smooth group scheme Sy over O, also known as the Neron
model. Moreover, when S is tame, that is, split over a tamely ramified extension
F'/F, it has the following explicit description. Namely, let F’/F be the splitting
field of S with Galois group I' := Gal(F”/F'). Then the torus S’ := Sp is split, thus
has a natural structure S}, over O, and we set So := (S,,)''. Then we can define
the arc group L1(5) := L7(S0).
(b) Set Ag := X,(S)'. We claim that we have a natural isomorphism

(£ S)red ~ £+(S) X AS-

Indeed, when S is split, the assertion reduces to the case of S = G,,, which is easy.
In the general case, let S" := Sp be as in (a). Then (L£5"),eq = LT(S") X Agr, by the
split case. Thus, taking [-invariants, we get ((£S5")rea)" =~ L7(S) x (Ag)'.

Since Ag = (Ag/)", by definition, and £7(S")' ~ £7(S) and £L(S")" ~ L S, because
loop and arc-functors commute with limits, it suffices to show that ((£S")eq)! =~
(£S5 rea- Since ((£5)Nred € ((£5)rea)’ € £S5, it suffices to show that
(LS rea)t =~ LT(S)T x (Ag)' is reduced, or what is the same, that £1(S") is
reduced. Since £7(S) ~ lim £;7(S")", and |T'| is prime to the characteristic of k,
each £} (S is smooth (see [GKM, 15.4.2|), thus reduced.

9.3. Proof of Theorem [8.1.9 and Theorem [8.3.3l Our proof of Theorem [8.1.9)
will be based on the following simple criterion.

Lemma 9.3.1. (a) If f : X — Y is a topological equivalence of co-stacks, then
f(K): X(K)— Y(K) is an equivalence for every algebraically closed K.

(b) Conversely, let f : X — Y be a topologically proper (see[2:3.8) morphism of
oo-stacks such that f(K) : X(K) — Y(K) is an equivalence for every algebraically
closed field K. Then f is a topological equivalence.

Proof. (a) Since an algebraically closed field K is perfect, the assertion follows from
Corollary 2.3.7(d).

(b) By Corollary 2.3.7(b), it order to show that f is a topological equivalence, it
suffices to show that the induced map fy : U xy & — U is a topological equivalence.
Since condition (i) for f implies that for f;, we can assume that ) = U is affine. Next,
since Xperf — X 1S a topological equivalence, we can assume that X is an algebraic
space, and f is proper. In this case, our assumption that f(K) is a bijection for
all K implies that f is a universal homeomorphism. In particular, f is quasi-finite,
thus it follows from the Zariski Main theorem (see [Stl, Tag. 082K]) that f is finite.

Therefore X is affine as well, hence f is a topological equivalence by definition. [
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9.3.2. Proof of Theorem[81.9. By Lemma Q.31 it suffices to show that g is topo-
logically proper and induces a bijection on K-points for every algebraically closed
field K. For the assertion about K-points, it suffices to show that the projection
ILG(K)/ LG(K)] — L(G/S)(K) is bijective. Since this projection can be rewritten
as G(K((t)))/S(K((t)) — (G/S)(K((t))), it is bijective, because H' (K ((t)), S) = 1.
Thus it remains to show that g is topologically proper.

By 0.2.4(b), we have the natural isomorphism between Ag ~ [(£.S)wa/LT(9)].
In particular, the group Ag acts naturally on [£G/L*(S)] and we have a natural
isomorphism [£ G/(L S)rea] =~ [[LG/LT(S)]/As]. Therefore Theorem immedi-
ately follows from a combination of Proposition and Claim below. O

Claim 9.3.3. (a) The projection [LG/LT(S)] — L(G/S) is ind-fp-proper.
(b) The action of Ag on [LG/LT(S)] is free and discrete.
(c) The action of Ag satisfies the assumption of Proposition[J.1.2(b).

Proof. First we a going to show all assertions in the split case, and than in general.

Split case. Assume first that S is split. Replacing S by its conjugate, we can
assume that S = T. In this case, assertion (a) was shown in Corollary B2Z4l Next,
Ar acts freely on [LG/LT(T)], because Ap N LT(T) = {1}.

Note that the presentation £ G ~ colim; Y; of £ G (see BL3(c)) induces a presen-
tation £G/LH(T) ~ colim;(Y;/LT(T)) of £LG/L*(T). Thus to show that the action
is discrete, we have to check that for every i the set of A\ € A such that }7, A F‘lfﬁ £ ()
is finite. This is an assertion about K-points, and is standard.

Finally, by remark [0.1.4] we have to show that for every fp-closed subscheme
Z C L(G/T) there exists i such that the projection p : LG — L(G/T) satisfies
p(Yi(K)) 2 Z(K) for every K.

First, choose an fp-closed subscheme Z' C L(G/T) such that the action map
a: LG x L(G/T) — L(G)T) satisfies a(LTG x Z) C Z'. Next, let U C G be a
maximal unipotent subgroup, normalized by T'. Then the map p’ :=p|y : U — G/T
is a closed embedding, thus Z” := p~}(Z') € LU is an fp-closed qcqs subscheme.
Finally, choose i such that the £*G - Z" C Y;.

We want to show that p(Y;(K)) 2 Z(K) for every K. Choose a point

2€ Z(K)C LIG/T)(K)=LGK)/ LT(K).
Using decomposition LG(K) = LYG(K)-LU(K)-LT(K), there exist g € LT(G)(K)
and v € LU(K) such that p(gu) = z. Then p(u) = g7z € a(LT(G) x Z) C Z'.
Thus u € Z", and gu € LT(G) - Z" C Y,
This completes the proof in the split case.

General case. To prove the assertion in general, we set S’ := Rp//pSp and
G' = RprGp. By the split case, the map p : [LG'/LT(S")] — L(G'/S') is
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ind-proper, and the action of Ag on [LG'/L*(S")] satisfies all the assumptions of
Proposition @.1.2 Then the assertion follows from a combination of Lemma [0.2.1]
proven above and Lemma [0.3.4] below. O

Lemma 9.3.4. The natural embeddings L(G/S) — L(G'/S) and LG/LT(S) —
(LG /LTS are isomorphisms.

Proof. Note that G’ — G’/S’ is an S'-torsor. Since S’ is smooth, and I' is prime
to the characteristic of k, we conclude from Lemma that the induced map
(G"HY — (G"/S")Y is an (S")F-torsor, thus the natural map (G")Y/(S")T — (G'/S") is
an isomorphism. Since G' = (G')' and S = (S")' we conclude that the natural map
G/S — (G'/S")! is a isomorphism. Since loop functor £ commute with all limits, we
conclude that the maps £(G/S) — L(G'/S)' and LG — L(G')' are isomorphisms.
The proof of the second assertion is similar. Namely, the map LG' — LG'/LT(S")
is an LT(9')-torsor, and L£1(S") ~ lim, £(S’). Now I' naturally acts on every
L¥(S"), and Lemma applies. Therefore we conclude that the map (£LG')" —
(LG'/LT(S)) isa LT(S") -torsor. Hence the map (LG /L (S — (LG'/LT(S")E
is an isomorphism, thus the map £G/L(S) — (LG'/LT(S))' is an isomorphism,
as claimed. O

Corollary 9.3.5. For every fp-closed qcqs subscheme Z C L(G/S), there exists i
such that for every algebraically closed field K the projection prg : LG — L(G/S)

satisfies prg' (Z)(K) C Yi(K) - Ag, thus prg(Yi(K)) 2 Z(K).

Proof. Note that prg decomposes as LG — LG /LTS LA L(G/S). By Claim[@.3.3|(c),
there exists an fp-closed qcqs subscheme Z' C LG/LTS such that f71(Z(K)) C
As - Z'(K) for every K. Set Z" := a~'(Z') C LG. Then Z" is an fp-closed qegs
subscheme, thus Z” C Y; for some i. By construction, we have
prs’(Z(K)) = a 'Y Z(K)) C a”'(As - Z'(K)) = Ag - Z"(K) C Ag - Y;(K).
U

9.3.6. Proof of Theorem[8.3.3. We are going to show that all assumptions of Propo-
sition are satisfied. Recall that the projection p : € — € is ind-fp-proper (by
Lemma [8.1.4). Taking pullback to €, ,, we conclude that the map P, : &,wm —
€t r is ind-fp-proper.

Next we claim that the action of A, on Etvw,r is discrete. Note that the presentation
Sl = colim; Y; from BI.3(b) gives rise to a presentation &,w,r = colim; &t,wvr,ia where
&t,wm - Ehw,r consists of triples (g, h, x) such that g € Y;. Thus it suffices to show
that for every i, the set A € A,, such that )\(Etw,r,i) N Ehw,r,i = () is finite.

By definition, for every such A there exist g € Y; and h € L(G/T,) such that

g = (hAh™1)g € Y;. Choose representatives g € Y; of g and h € LG of h. Then
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g = (?L)\%_l)fq' €Y, thus AL =G 1 e }7,)72-_1. Then the conjugacy class of such
N's in LG is bounded, thus the set of such \’s is finite.

To show that that A, acts freely, notice that A has a fixed point if and only if
hAh™lg € gI, that is, A € (h™'g)I(h'g)7", that is, A € A, N (A 'g)I(h™g)~!. But
the latter intersection is torsion free, discrete and bounded, thus trivial.

Thus, the conditions of Proposition are satisfied, hence Ew,r is an ind-
algebraic space, ind-fp-proper over €, .

To show that it is topologically proper, we have to check that the condition of
Proposition [0.1.2(b) is satisfied as well, that is, for every fp-closed subscheme Z of
Cowr ~ L(G/T,) X tyy, there exists ¢ such that
(9.4)

for each (g,h, x) € fy.(Z)(K) there exists A € A, such that (hAh™')g € Vi

Recall (see Lemma BI.8(a)) that the action map (g,x) — (Ad g)(z) induces a finite
map a : L(G/Ty) X tyy =~ €y — €y Therefore a ' (Liel) C L(G/T,) X ty, is
an fp-closed qcgs subscheme, thus there exists fp-closed qeqs subschemes 77, Zy C
L(G/T,) such that Z C Z; x t,, and a ' (Lie I) C Zy X t, .

By Corollary [0.3.5] there exist indexes 41, ¢5 such that prTw(il(K ) 2 Z1(K) and
pry (Za(K)) C Yi,(K) - Ay. We claim that every index i such that Y;, 37;2_1 c Y,
satisfies (0.4]).

Indeed, choose a representative g € LG(K) of g. Since (h,x) € Z C Z; X
t,r, there exists a representative h € Y;,(K) of h. Since (g,h,z) € €, we have
Ad(§~'h)(x) € Lie(I). Hence pry, (G~'h) € Z,, therefore there exists A € A, such
that g *AA"! € Y;,. Then (hAh™1)g = h(g~*hA~')~* belongs to 21172-2_1 C Y}, hence
(hAR™1)g €Y}, as claimed. O
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