Witten-Reshetikhin-Turaev invariants of Seifert manifolds Ruth Lawrence^1 and Lev Rozansky

Abstract. For Seifert homology spheres, we derive a holomorphic function of

K whose value at integer K is the sl2 Witten-Reshetikhin-Turaev invariant, Z_K , at q=exp 2πi/K. This function is expressed as a sum of terms, which can be naturally corresponded to the contributions of flat connections in the stationary phase expansion of the Witten-Chern-Simons path integral. The trivial connection contribution is found to have an asymptotic expansion in powers of K^−1 which, for K an odd prime power, converges K–adically to the exact total value of the invariant Z_K at that root of unity. Evaluations at rational K are also discussed. Using similar techniques, an expression for the coloured Jones polynomial of a torus knot is obtained, providing a trivial connection contribution which is an analytic function of the colour. This demonstrates that the stationary phase expansion of the Chern-Simons-Witten theory is exact for Seifert manifolds and for torus knots in S3. The possibility of generalising such results is also discussed.

1. Introduction and main results

Suppose that M is a compact oriented 3–manifold without boundary. In [Wi], Witten formally defined a topological invariant Z_{k+čg}(M), dependent on some additional data, namely a choice of a Lie algebra g (with dual Coxeter number č_g) and of a level k ∈ Z, in the form of a functional integral,

Z_{k+čg}(M) = ∫ A/G e^{ik4π} ∫ M ⟨A,dA+ 1/3[A,A]⟩ dτ DA , (1.1)

over a quotient of the space of G–connections on M by an appropriate gauge group, G. For the integrand to be well-defined, that is invariant under G, one needs k to be an integer. Although many attempts have been made to give a direct and calculable meaning to this Feynman integral, it remains only a formal expression from which valid results can be derived when the functional integral is manipulated according to certain rules; see for example [A2], [AS1], [AS2], [B], [BN1], [R1], [R2] and [R4]. The approaches which are closest in spirit to that of (1.1) employ the notion of a topological field theory (see [A1]) whose definition is based on Segal’s mathematical definition of conformal field theory. From this perspective, Z_K (M) should be viewed as a special case of invariants of pairs (L, M), of a link (coloured by representations of G) contained in a 3-manifold M, the associated form of (1.1) containing additional factors, a Wilson loop corresponding to each component of the link L. When M = S^3, the invariant Z_K (S^3, L) is known as a quantum link invariant and is usually considered as a polynomial in q^{± 12} where q = e^{2πiK} ; they can be obtained independently using the quantum group U_qg.

In this paper, we consider only the cases G = SU(2) and G = SO(3); the associated invariants will be denoted Z_K and Z^′_K respectively. Many alternative and

1 The author is an Alfred P. Sloan Research Fellow.

completely rigorous formulations of Z_K (M) have been obtained, primarily using the description of a compact, connected, orientable 3–manifold M, without boundary, as obtained by Dehn surgery around a suitable link L_M , in S^3. Reshetikhin and Turaev [RT] found Z_K (M) as a combination of the quantum invariants of L obtained from all possible choices of irreducible representations attached to the components of L. This sum will only be finite when q is a root of unity. It is still something of a mystery that while quantum invariants of links in S^3 are defined for all values of q, being polynomials, this happy state of affairs is not true of any of the definitions so far known for Z_K (M, L) when M ≠ S^3; however, see [L3].

From the formulation of [RT], it is seen that Z_K (M, O/) can be defined for all roots of unity q, rather than just those of the form e^{2πiK} . Very few concrete computations of Z_K (M, O/), as a function of the order, K, of the root of unity q, have been carried out — see [FG], [J], [KL1], [KM1], [KM2] and [N] for some such computations. It follows quickly from its definition that, for fixed order K, Z_K (M, O/) can be written as an algebraic function of q, with rational coefficients. In the normalisation for which the invariant for S^3 is 1, denote the invariant for the pair (M, O/), as an algebraic function of q at K^{th} roots of unity, by Z_K (M). Kirby and Melvin [KM2] derived a symmetry principle for terms in the sum arising in Z_K (M) and thereby obtained a slightly finer invariant, which is just the associated SO(3)–invariant, Z^′_K (M). We now describe some of the known results on the forms of these functions of h = q − 1.

Theorem ([M1], [M2], [O1], [O2], [O3]) Suppose that K is an odd prime and M is an oriented Z/KZ–homology sphere. Let H = |H_1(M, Z)|, so that K | |H. (a) As a function of q, Z^′_K (M) ∈ Z[h], so that for some a_{m,K} (M) ∈ Z, one has Z^′_K (M) = ∑ m a_{m,K} (M)h^m. For 0 ≤ m ≤ K − 2, a_{m,K} (M) is uniquely determined by this condition as an element of Z/KZ.

(b) There exist rational numbers λ_m(M) ∈ Z[^1_2 ,^1_3 , . . . ,^1_{2m+1} ,^1_H ] such that, for any prime K ≥ 2m + 3, a_{m,K} (M) ≡ (_H K ) λ_m(M) as elements of Z/KZ, where (_H K ) denotes the quadratic residue while

λ_0(M) = H^{−1} , λ_1(M) = 6H^{−1}λ(M) ,

where λ(M) denotes the Casson–Walker [Wa] invariant of M in Casson’s normalisation.

As a result of part (b) of this Theorem, Ohtsuki defines a formal power series

Z_∞(M) = ∞∑ m=0 λ_m(M)h^m ,

with rational coefficients, which is an invariant of rational homology 3–spheres, M. The coefficients λ_m(M) in this series were computed explicitly in [L1] for the case of arbitrary surgery around (2, n) torus knots, and found to be expressible in terms of Bernoulli (or Euler) numbers. Furthermore, it was found in [L1] that this formal power series can be viewed as the asymptotic expansion of a holomorphic function of K, defined by an integral expression convergent on a half plane; see §4.8 for the form of these integrals.

Theorem ([L1], [L2]) Suppose that M is a rational homology sphere obtained by integer surgery around a (2, n) torus knot, with arbitrary framing and that K is an odd prime power coprime to H = |H^1(M, Z)| . Then

(a) Z_∞ ∈ Z[^1_2 ,^1_H ][[h]];

(b) the formal power series Z_∞(M) converges K-adically to ~Z_K (M); that is, there is an equality between Z_∞(M) and ~Z_K (M) as elements of Z_K [[h]]/ ( ϕ_K (1 + h) ) , where Z_K denote those rationals with denominators coprime to K, and ϕ_K (x) denotes the K^{th} cyclotomic polynomial, ∏ (n,K)=1 ( x − e^{2πinK} ) . Similar results are conjectured to hold for arbitrary rational homology spheres.

In particular, they are known from [R6] for K prime whenever M is either a Seifert manifold or obtained by surgery on S^3 around an arbitrary knot. The property of K–adic convergence gives an infinite set of congruences modulo powers of K satisfied by the terms λ_m(M), for each K, very much stronger than those given in Ohtsuki’s result.

In the current paper we provide a complete and self-contained analysis of WRT invariants of Seifert-fibred homology spheres (§4) and of torus knots in S^3 (see §5). The basic notation used in the paper is introduced in §2, and the construction of WRT invariants via both integer and rational surgery is summarised in §3. The main technique used in this paper is the Lemma of §4.2, a simple consequence of Cauchy’s residue theorem, which enables sums to be transformed into integrals, thereby rewriting a sum only meaningful for integer values of some parameter in a form analytically extendable.

For Seifert manifolds, the initial evaluation of Z_K (M) in §4.1 is as a sum of terms, the number of terms being proportional to K. This is tranformed into an integral in §4.3 for the case of K ∈ Z and in §4.4 for K ∈ Q. The reformulation of Z_K (M) is now as a sum of terms, some integrals and some residues, and these are seen to be able to be corresponded with the contributions in a stationary phase expansion of (1.1) from conjugacy classes of flat connections derived in [R3]. The precise form of the terms is discussed in §4.5, the integral term corresponding to the trivial connection and reducible connections, while the residue terms come from irreducible connections. From the form of the terms, it is also seen that each can be naturally extended to a holomorphic function of K.

The form of the trivial connection contribution, Z^0_K (M), as a simple integral enables an asymptotic expansion in powers of h = q − 1 to be carried out, leading to direct verification of the integrality properties of the coefficients, some new formulae for the second and third order coefficients and new conjectures concerning their divisibility properties in general (see §4.6). It also enables a new proof of K–adic convergence in §4.7. Some numerical data is given for the contributions from various connections in §4.9, both for the case of primitive roots of unity (K ∈ Z) and other roots of unity (rational K). Finally, the same techniques are applied to torus knots and some more general conjectures are given in §6.

2. Notation

2.1 Some elementary number theory

Suppose that M and N are integers with M odd. We use the Jacobi symbol (_N M ) . When M is prime it is defined to be 0, −1 or 1 according as N is divisible by M, is not a quadratic residue modulo M, or otherwise. It is extended to arbitrary integers M by multiplicativity with respect to M, with (_N 2 ) = (−1)^N .

Throughout this paper, whenever K is an integer, all expressions are to be understood algebraically as functions of q = exp^{2πi}_K , that is, as representing elements of Q[A], where A = exp^{πi}_{2K} is a fourth root of q, which is chosen so that it has order precisely 4K. By this means, all the expressions take on a meaning in Q[A], when q = exp^{2mπi}_K , where m is an integer coprime to 4K, now not necessarily 1. Despite this, we will use a (consistent) notation in which some expressions will not at first sight appear to be elements of Q[A]. In particular, i ≡ A^K , sin πα 2K ≡ 1 2i (A^α − A^{−α}) for α ∈ Z , √ K ≡ 1 2(1 + i) 4K−1∑

s=0 A^{s2} .

This notation is strictly valid, when evaluated in C only when m = 1 and in other cases signs may be introduced; for the particular expressions just discussed these signs are given below. i −→ (−1)^{m−12} i sin πα 2K −→ (−1)^{m−12} sin πmα 2K √ K −→ ( K m )√ K Observe in particular that the scaling factor in the transformation of √ K is multiplicative in K.

In the normalisation of manifold invariants discussed in the next section, the quantities G_0, G_+ and G_− will enter, where

G^{−1}_0 = √ 2 K sin π K , G_+ = A^{−3} 2(A^2 − A^{−2}) 4K∑ s=1 (−A)^{s2} = (−i)^K e^{−πi/4} √ K/2 A^3 sin^π_K , and G_− is given by exactly the same form as G_+, except that A is everywhere replaced by A^{−1}. Also denote by G_{m,n} the Gauss sum ∑_{n−1} s=0 e^{2πims2n} .

Suppose that P and Q are coprime integers. The Dedekind sum is defined by

s(P, Q) = 1 4Q Q−1∑ j=1 cot ( πj Q ) cot ( πP j Q ) ,

for Q > 0, with s(P, −Q) = −s(P, Q). For any matrix Λ = ( P R Q S ) ∈ SL(2, Z), the Rademacher function is defined by

Φ(Λ) = P + S Q − 12s(P, Q) ∈ Z ; when Q = 0, one sets Φ(Λ) =^R_S .

2.2 Manifold notation

Suppose that L is a (framed) link, embedded in three manifold M, whose components are labelled with elements of SL(2, Z), providing a string of matrices Λ = (Λ_1, . . . , Λ_c). This data enables one to construct another 3-manifold, denoted M_{L,Λ}, by rational Dehn surgery. That is, M_{L,Λ} is obtained as the result of gluing N, a disjoint union of tubular neighbourhoods N_j of the components L_j of L, to

M\N with the identification described by Λ. The j^{th} components of the common

boundary are identified according to Λ_j = ( P_j R_j Q_j S_j ) , considered as an element

of the mapping class group of the torus. That is, the gluing identifies the meridian on ∂N_j to the curve on the j^{th} component of ∂M\N homotopic to, P_j times a meridian plus Q_j times a longitude, and similarly for the longitude. The resulting manifold depends only on P_j and Q_j , but it will be convenient to specify Λ_j. Let

Φ(L, Λ) = ∑ j Φ(Λ_j ) − 3σ(L) ,

where σ(L) denotes the signature of the link L, that is, the signature of the linking matrix of L whose diagonal entries are^{Pj}_{Qj} .

There is a (K − 1)–dimensional representation, ρ_K , of P SL(2, Z) in which the

standard generators S = ( 0 −1 1 0 ) and T = ( 1 1 0 1 ) map to ( ρ_K (S) ) α,β = √ 2 K sin παβ K , ( ρ_K (T) ) α,β = e^{πi4} A^{α2} δ_{α=β} .

This representation has matrix entries lying in Q[A], when K is even, but only Q[ √ A] when K is odd. Let d^Λ_α denote the matrix element ( ρ_K (Λ) ) α,1 and let d^Λ denote the vector whose α^{th} component is d^Λ_α. In the phenomenology of topological field theory, at level K − 2, the vector space associated with a torus has dimension K − 1 and ρ_K gives the action of the mapping class group of the torus. In this sense, d^Λ is interpreted as the vector associated with a solid torus whose boundary has been twisted by Λ. The following explicit formula was obtained in [J], for Λ = ( P R Q S ) when Q ≠ 0,

d^Λ_α = i.signQ √ 2K|Q| e^{−πiΦ(Λ)/4} q−1∑ n=0 ∑ μ=±1 μ e^{πi2KQ} (_{P α2−2(2Kn+μ)α+S(2Kn+μ)2}) .

In the case of Λ = S, one finds that

d^S_α = A^{2α} − A^{−2α} A^2 − A^{−2}

= d_α ,

the quantum dimension of the α-dimensional representation of U_q sl_2.

3. Witten-Reshetikhin-Turaev invariants

3.1 Integer surgery presentation

Suppose that M is a 3–manifold obtained by surgery around the framed link L in S^3. Represent L by a link diagram, D, with the blackboard framing. The sl_2 Witten-Reshetikhin-Turaev invariant of the empty link in M, at the root of unity q, will be denoted Z_K (M). It can be computed generally as a suitably normalised version of the partition function of a certain state model, whose states are allowed assignments of an element of {0, 1, . . . , K − 2} to each of the components of L, as well as to each of the regions into which D divides the plane. Such an assignment is said to be allowed if the infinite region is labelled 0 and, for each edge of D, the triple of integers assigned to the two adjacent regions and the component containing the edge, form a q–admissible triple, that is, they have form (a, b, c) satisfying the Clebsch-Gordon conditions a + b + c ∈ 2Z, |a − b| ≤ c ≤ a + b, a + b + c ≤ 2(K − 2) . The weight, W_D, assigned to a state, σ, is defined as the product of local weights associated with each vertex, edge, face and component of D, each of which is, up to sign and powers of q, a sum of certain ratios of products of q-factorials, namely quantum dimensions, theta nets and quantum 6j symbols.

The invariant Z_K (M) is now obtained from the partition function of this state model by renormalisation, so that

Z_K (M) = G^{−n+}_+ G^{−n−}_− ∑ states σ W_D(σ) ,

where n_+ and n_− are the numbers of positive and negative eigenvalues, respectively, of the linking matrix defined by the framed link L. Also G_+ and G_− denote the partition function evaluations on an unknot with framings 1 and −1 respectively; they take the form of Gauss sums.

The WRT invariant can be alternatively computed from the generalised Jones polynomial of a link presentation. Whenever a link L is coloured by placing nonnegative integers (α_j )^c_{j=1} = α, one on each component of L, one may compute the coloured Jones polynomial Jα(L), as a polynomial in A^2 and A^{−2}, where we use the normalisation in which the value on the unlink is ∏ j d_{αj} . Suppose now that M is a three-manifold obtained by integer Dehn surgery around a framed link L. Then the Witten-Reshetikhin-Turaev invariant, normalised to be 1 for S^3 is computed by

Z_K (M) = G^{−n+}_+ G^{−n−}_− G^{−n0}_0 ∑ α Jα(L) |L|∏ j=1 d_{αj} , (3.1) where the sum is over α for which 1 ≤ α_j ≤ K − 1 for all j and n_0 is the rank of H_1(M, Z). Indeed Jα(L) is nothing but the state sum in the state model mentioned above, over a restricted set of states constrained by the condition that the label on the j^{th} component is α_j and the local contributions to the weight come from edges, regions and vertices, omitting components. When L is an unknot, this gives

Z_K (S^2 × S^1) = G_0^{−1} K−1∑ α=1 d^2_α = G_0 .

3.2 Rational surgery presentation

In this section we assume that M is presented as rational surgery around a link L, with surgery data given by a string Λ of matrices in SL(2, Z).

Suppose now that we are given a representation of each Λ_j = ( P_j R_j Q_j S_j ) as a

word in S and T; equivalently, pick a continued fraction expansion of^{Pj}_{Qj} . One can construct a framed link L(Λ) by adjoining to each component of L a simply linked chain of unknots, the length of each chain being the length of the corresponding continued fraction and the framing on the components being determined by the terms in the expansion. Then L(Λ) has the property that M = S^3_{L,Λ} is equivalently expressed as integer surgery S^3_{L(Λ)}. One may now compute Z_K (M) from (3.1) with L(Λ) in place of L. In [J], the following formula was derived for Z_K (M), directly in terms of L and Λ,

G_0^{−1}Z_K (M) = e^{πi4 K−2K Φ(L,Λ)} ∑ α Jα(L, K) |L|∏ j=1 d^{Λj}_{αj} . (3.2)

where the sum is over α for which 1 ≤ α_j ≤ K − 1 for all j.

Consider a Hopf link L. Perform rational^P_Q surgery around L_1 on the com-

plement of a neighbourhood, N_2, of L_2. Choose Λ = ( P R Q S ) ∈ SL(2, Z). The resulting surgery operation is equivalent to twisting the boundary of N_2 by SΛ, which has ratio −^Q_P . In the process a 2-framing correction is acquired, so that e^{πi4 K−2K Φ(L,Λ)} K−1∑ α=1 ( ρ_K (S) ) β,αd^Λ_α = e^{πi4 K−2K Φ(L2,Λ)}d^{SΛ}_β ,

where Λ = (S, Λ). Since σ(L) = 0, this reduces to

e^{πi4 K−2K Φ(Λ)} K−1∑ α=1 d^Λ_α sin παβ K = √ K 2 e^{πi4 K−2K} (_{Φ(SΛ)+3sign Q} P ) d^{SΛ}_β . (3.3)

This formula will be used later.

4. Seifert manifolds Suppose that P_j and Q_j , for j = 1, . . . , N, are non-zero integers for which P_j is coprime to Q_j for all j, while the P_j ’s are pairwise coprime. Construct a link, L, with (N + 1) components obtained by adjoining to an N–component unlink, a single unknotted component (which we count as the 0^{th} component) whose linking number with each of the components of the unlink is one. Let Λ denote rational surgery data on L whose ratios are^{Pj}_{Qj} for each of the components of the unlink and 0 on the final component. Then S^3_{L,Λ} is the N-fibred Seifert manifold which is usually denoted X(^{P1}_{Q1} , . . . ,^{Pn}_{QN} ), and which we shall denote by M. Throughout this section we put

P = N∏ j=1 P_j , H = P N∑ j=1 Q_j P_j = |H_1(X, Z)| ,

so that H and P are coprime integers. The signature of the link L can be calculated using σ(L) = N∑ j=1 sign ( Q_j P_j ) − sign ( H P ) . Also, it will be convenient to introduce

ϕ = 3 sign ( H P ) + N∑ j=1 ( 12s(Q_j , P_j ) − Q_j P_j ) , B = − signP 4 √ |P | e^{3πi4 sign}(^{HP} ) .

The quantity ϕ is related to the Casson–Walker invariant (in Casson’s normalisation) λ(M) by −24λ(M) = ϕ + P H (N − 2 − ∑ j P^{−2}_j ) . (4.1)

4.1 Computation of invariants

Using (3.2), the invariant Z_K (M) may be computed. By [Wi],

Jα(L) = N∏ j=1 sin^{πβαj}_K ( sin^π_K ) ( sin^{πβ}_K )_{N−1} .

Thus, by (3.2),

Z_K (M) = e^{πi4 K−2K Φ(L,Λ)} ∑ β d^S_β ( sin^π_K ) ( sin^{πβ}_K )_{N−1} N∏ j=1 K−1∑ α_j=1

d^{Λj}_{αj} sin πβα_j K .

Applying (3.3) to evaluate the sums over α_j ’s for j ≠ 0, and recalling the definition of Φ(L, Λ) and the form of σ(L), one obtains

Z_K (M) = e^{πi4 K−2K}

(_{3 sign}

(^H_P )+

∑_{Φ(SΛj )})^{K−1}∑ β=1 (_K 2 )_{N/2} d^S_β ( sin^{πβ}_K )_{N−1} N∏ j=1 d^{SΛj}_β

= signP √ |P | e^{3πi4 K−2K sign}(^{HP} ) √ 2 K ( sin π K )_{−1} ( e^{− πi2K} ∑_{Φ(SΛj )}) · Σ by substituting for d^Λ_α, where Σ = K−1∑ β=1 ( sin πβ K )_{2−N N}∏ j=1

P_j −1∑

n_j=0 i 2 ∑ μ_j=± μ_j e^{πi2KPj} (_{−Qj β2−2(2Knj +μj)β+Rj(2Knj +μj)2}) .

Observe that Σ may be considered as a sum over β ∈ [1, K − 1], n ∈^N ∏ j=1 [0, P_j − 1]

and ¯ ∈ {−1, 1}^N , of a signed exponential which may be considered as the product

of N terms. The j^{th} term is invariant under the two changes (i) (β, n_j , μ_j ) −→ (β + 2K, n_j + Q_j , μ_j ) (ii) (β, n_j , μ_j ) −→ (β, n_j + P_j , μ_j ) Therefore, for each j_0, the complete summand is invariant under the change of variables, β −→ β + 2K P P_{j0} , n_j −→ n_j + Q_{j0} P P_{j0} δ_{j=j0} , ¯ −→ ¯ . Since P_j is coprime to Q_j , for each j while all the P_j ’s are coprime to each other, it is possible to perform the sum over n and β, for fixed ¯, by fixing n = 0 and letting β range over { c + 2Kd | | 1 ≤ c ≤ K − 1, 0 ≤ d < P } . Performing the sum over ¯ one now obtains,

Σ = e^{πi2K} ∑_{RjP} j ∑ β ( sin πβ K )_{2−N} e^{− πi2K HP β2} N∏ j=1 sin πβ KP_j , where the sum is over the set of (K − 1)P values in [0, 2KP − 1] just described. Since the summand is now an even function of β which is periodic with period 2KP , by the addition of a factor of^1_2 , the range of summation may be replaced by all integers in [−KP, KP ] which are not divisible by K. Putting this form for Σ back into the above expression for Z_K (M) now leaves the result,

Z_K (M) = BG_0 K e^{− πi2K ϕ} P K∑ β=−PK K ̸|β e^{− πi2K HP β2} N∏ j=1 ( e^{πiβKPj} − e^{− πiβKPj} ) ( e^{πiβ}K − e^{− πiβ}K )_{N−2} . (4.2)

4.2 Integral representations of sums

The aim of this section is to reformulate the sum of (4.2) into the form of a holomorphic function; in particular it will take the form of a sum of two terms, one an integral whose integrand is similar to the summand in (4.2), and the other term being a sum of a number of rational functions of exponentials, the number of terms being independent of K. For large K, such an expression is more easily computable than the sum of 2P (K − 1) terms in (4.2), while its behaviour and asymptotic expansions can be more easily determined.

We start by defining functions h_N (β, x) and f_N (β, x) by

h_N (β, x) = e^{− πi2K HP β2} e^{2πiβxK} ( e^{πiβ}K − e^{− πiβ}K )^{N−2}(1 − e^{−2πiβ} ) = f_N (β, x) 1 − e^{−2πiβ} .

Let C denote a contour in the complex plane which follows a line through the origin from (−1 + i)∞ to (1 − i)∞, except for a deviation close to the origin around a clockwise semicircle below the line. If^H_P is negative, then we modify the definition of C by rotating it through π/2 in a clockwise direction. Set

Θ_N (x) = ∫ C h_N (β, x) dβ .

Observe that

(i) h_N (β + 2P K, x) = h_N (β, x − HK) e^{4πiP x};

(ii) h_N (β, x) −→ 0 exponentially quickly as β −→ ∞ on C + x for any x ∈ R;

(iii) h_N (β, x) has poles at integer points on the real line;

(iv) Res ( h_N (β, x), β = n ) = (2πi)^{−1}f_N (n, x) when n ∉ KZ.

We deduce that

Θ_N (x) = ∫ C h_N (β, x) dβ = ∫ C+2P K h_N (β, x) dβ + 2πi 2P K−1 ∑ n=0 Res ( h_N (β, x), β = n )

= Θ_N (x − HK) e^{4πiP x} + 2πi 2P −1∑

m=0 Res ( h_N (β, x), β = mK ) + 2P K−1 ∑ n=0 K ̸|n f_N (n, x)

and therefore that when 2P x ∈ Z, 2P K−1 ∑ n=0 K ̸|n f_N (n, x) = Θ_N (x)−Θ_N (x−HK)−2πi 2P −1∑

m=0 Res ( h_N (β, x), β = mK ) . (4.3)

Since f_N (n, x) is a periodic function of n with period 2P K, the sum on the left hand

side of this equation may be replaced by one over any other period. The difference

of the two values of Θ_N can be written as a single integral,

Θ_N (x) − Θ_N (x − HK) = ∫ C f_N (β, x) ( 1 + e^{−2πiβ} + · · · + e^{−2πiβ(H−1)} ) dβ = ∫ C ( f_N (β, x) + · · · + f_N (β, x − (H − 1)K) ) dβ , the integrand being a sum of H terms. Note that the left hand side of (4.3) is

unaltered under the replacement x −→ x + K, whereas all terms in the right hand

side will change. The end result is the following.

Lemma Sums and integrals of f_N are related by P K∑ n=−PK K ̸|n f_N (n, x) + 2πi 2P −1∑

m=0 Res ( f_N (β, x) 1 − e^{−2πiβ} , β = mK )

= ∫ C f_N (β, x) ( 1 + e^{−2πiβ} + · · · + e^{−2πiβ(H−1)} ) dβ (4.4)

whenever 2P x ∈ Z.

4.3 Holomorphic representation of invariants

To apply the result of the previous section to the computation of the sum in (4.2), observe that the summand is a combination of terms of the form of f_N (β, x). Indeed, the sum may be written as 2P K−1 ∑ β=0 K ̸|β ∑ ϵ∈{+,−}^N (_N∏ j=1 ϵ(j) ) f_N (β, x_ϵ) ,

where x_ϵ =^1_2^N ∑ j=1 ϵ(j) P_j . Since 2P xϵ ∈ Z for all ϵ, thus (4.4), being a relation linear

in f_N also holds when f_N (β, x) is replaced by the summand, f(β), in (4.2).

Theorem 1 For an arbitrary Seifert manifold M = X(^{P1}_{Q1} , . . . ,^{PN}_{QN} ), the sl_2 WRT invariants at the K^{th} root of unity is given by

Z_K (M) = BG_0 Kq^ϕ4 (_{H−1} ∑ t=0 ∫ C f(β) e^{−2πitβ} dβ − 2πi 2P −1∑

m=0 Res ( f(β) 1 − e^{−2πiβ} , β = mK ))

(4.5)

where f(β) = q^{− Hβ24P} ( q^{β2} − q^{− β2} )_{2−N N}∏ j=1 ( q^{β2Pj} − q^{− β2Pj} ) and C is a diagonal line

contour through the origin, passing from (−1 + i)∞ to (1 − i)∞ for^P_H > 0, or rotated clockwise through^π_2 for^P_H < 0.

Special case of N = 3

In the special case of 3-fibred Seifert homology spheres, one has N = 3 and the residues appearing in (4.5) may be explicitly evaluated. Indeed the residue at β = mK in (4.5) is

R_m = 2 π HK(−1)^m e^{− HKπi2P m2} m P − 1 H + i HK 3∑ j=1 1 P_j cot πm P_j ∏ j sin πm P_j .

Meanwhile, let S_m denote the corresponding residue of the integrand appearing in the first term of (4.5),

S_m = Res ( f(β) · 1 − e^{−2πiHβ} 1 − e^{−2πiβ} , β = mK )

= − 4 π HK(−1)^m e^{− HKπi2P m2} ∏ j sin πm P_j .

It is fairly easy to see, from explicit calculations, that

R_{m+P} = (−1)^{P (1+} ∑_{1P} j )−HK(m+P/2) R_m − 1 2 S_{m+P} , S_{m+P} = (−1)^{P (1+} ∑_{1P} j )−HK(m+P/2) S_m , while R_{−m} = R_m − H^{−1}S_m and S_{−m} = −S_m, from which it follows that 2P∑ m=0 R_m = 1 2 P∑ m=0 S_m when P is even. When P is odd, this holds when HK ≡ 2 modulo 4, but not in general otherwise.

Thus, for the particular case of 3-fibred Seifert homology 3-spheres with P_1 = 2, (4.5) may be rewritten solely in terms of the integrand g(β) = f(β) ·^{1− e−2πiHβ}_{1− e−2πiβ} as

Z_K (M) = BG_0 Kq^ϕ4 (∫ C g(β) dβ − πi P −1∑

m=0 Res ( g(β), β = mK ) ) = BG_0 Kq^ϕ4 ∫ D g(β) dβ where the contour D consists of a union of line segments, being identical to C above the real axis, a translated version C + P K below the real axis, along with P open line segments along the real axis joining points jK to (j +1)K for j = 0, 1, . . . , P −1. That is, Z_K (M) is, up to a simple factor, the principal value of the integral of g(β) over a Z-shaped contour. To remove the dependence on K of the contour, one may rescale the variables, leading to the following theorem.

Theorem 2 Consider a three-fibred Seifert manifold M = X(^{P1}_{Q1} ,^{P2}_{Q2} ,^{P3}_{Q3} ). Let H = |H^1(M, Z)|, P = P_1P_2P_3 while ϕ and B are as defined at the start of §4, all constants dependent only on the manifold M. In either of the cases P_1 = 2 or HK ≡ 2 (4), the S^2 × S^1-normalised Witten-Reshetikhin-Turaev invariant of M at the K^{th} root of unity, may be expressed as an integral

Z_K (M) = BG_0 2πi q^{− ϕ4} H−1∑ t=0 ∫ e^{iHKy28πP −tKy} 3∏ j=1 ( e^{y2Pj} − e^{− y2Pj} ) ( e^{y2} − e^{− y2} ) dy

where the integral is the principal value of that taken around a Z-shaped contour running diagonally across the y-plane, from −(1 ± i)∞ into the origin, then up the imaginary axis to 2πiP and finally out to (1 ± i)∞, the sign being that of P .

4.4 Rational K

All the calculations so far in this paper have assumed that K is an integer, since they have used the interpretation in terms of braiding and fusing matrices from conformal field theory which only directly makes sense in this case. However Z_K (M) ∈ Z[q], so that Z_K (M) = f_K (q) for some polynomial f_K with integer coefficients dependent on K, where q = e^{2πiK} . One may therefore define

Z^r_s (M) = f_r ( e^{2πisr} ) , whenever r, s ∈ Z are coprime, to extend Z_K (M) to rational values of K. Indeed the formulation of Z_K (M) in terms of representations of quantum groups (see Reshetikhin-Turaev [RT] and Kauffman-Lins [KL2]) is really in terms of a parameter q = e^{2πiK} (which need only be a root of unity) rather than as a function of K. In this section we will derive an analogous integral expression for Z_K (M) to that found for the case of integer K in the previous section, to give the values of the invariant at these other roots of unity.

In (4.2), the right-hand side contains expressions which all lie in Q[x] where x = e^{πi2KP} is a 4KP^{th} root of unity and a 4P^{th} root of q. Indeed, it can be rewritten as

Z_K (M) = ϵ 2 √ 2K|P | x^{P ϕ} x^{2P} − x^{−2P} P K∑ β=−P K K ̸|β x^{−Hβ2} N∏ j=1 ( x^{βPPj} − x^{− βPPj} )

(x^{2P β} − x^{−2P β} )^{N−2} , (4.6)

where it may be noted that P ϕ is an integer and ϵ = e^{πi4 sign HP} is an eighth root of unity. Since it is known that the left-hand side has the form f_K (q) for some polynomial f_K with integer coefficients, the values at other K^{th} roots of unity may be computed by transforming the right hand side by the Galois action. Indeed, if x is replaced by another primitive 4KP^{th} root of unity, e^{πis2KP} , where s is coprime to 4KP , then by §2.1, the extra scaling introduced can be computed. For any s coprime to K, it is possible to choose to replace s by another element of its residue class modulo K, in such a way that it remain coprime to 4KP while having residue 1 mod 4. In this case, the scaling factor in (4.6) will come only from the square-root and ϵ, namely the sign (−1)^{s−14} (_s 2K|P | ) . Thus, for rational K =^r_s , the expression for Z_K (M) is exactly as in (4.2), except for the insertion of an extra factor and a change in limits,

Z_K (M) =

(−1)^{s−14} √ s ( s 2r|P | ) BG_0 K e^{− πi2K ϕ} P r∑ β=−P r r ̸|β e^{− πi2K HP β2} N∏ j=1 ( e^{πiβKPj} − e^{− πiβKPj} ) ( e^{πiβK} − e^{− πiβK} )_{N−2} . (4.7)

Note that in this expression G_0 is the function of K defined in §2.1, and not the ratio of the values of the invariant of S^1 × S^2 and of S^3, at the particular root of unity described by K. The argument of §4.2 that changes a sum into an integral as used in §4.3 for integer K, works in the same way here, with the translation now being β −→ β + 2P r. There are now poles of the function at points in Z ∪ KZ. Those integers not in KZ are precisely those not divisible by r and this leaves

Z_K (M) = D [_{Hs−1} ∑ t=0 ∫ C f(β) e^{−2πitβ} dβ − 2πi 2P s−1∑

m=0 Res ( f(β) 1 − e^{−2πiβ} , β = mK )] . where D is the term appearing before the sum in (4.7).

For three-fibred Seifert homology spheres under the same conditions as in the previous section, the part of the residue sum contributed by those terms with m ∈ sZ is precisely half the sum of residues of the integrand above at β = mr for 0 < m < P . These terms are therefore included in the integral by modifying the integral to be the principal value around a contour obtained from C by shifting the part in the lower half-plane by P r and inserting the line segment from the origin to P r. The remaining terms, when m is not divisible by s, have a zero sum in this case, there being an antisymmetry in the summand under m −→ m + P s. This leaves the following expression for Z_K (M) for a three-fibred Seifert manifold at K =^r_s , that is the WRT invariant of M at the root of unity q = e^{2πi sr} ,

Z^r_s (M) = ± iBq^{− ϕ4} q^12 − q^{− 1}2 √ 2 r ∫ 1 − e^{−2πiHsβ} 1 − e^{−2πiβ} 3∏ j=1 ( q^{β2Pj} − q^{− β2Pj} )

q^β2 − q^{− β}2 q^{− Hβ24P} dβ where the sign is that found in (4.7), and s ≡ 1 modulo 4 is chosen to be coprime to 4P r. The conditions required are that either P be even, or Hr ≡ 2 modulo 4. The path of integration is a Z-shaped curve, as in the previous section, with middle segment from 0 to P r and with outer segments pointing in the direction of ±1 − i.

At first sight it may seem that the expression just given for Z_K (M) when K is rational (not integer) depends on r in an essential way, and not only on K. In fact, the specific expression for K as a rational, that is in terms of r or s individually, enters thrice, once by the factor

√_2 r , the second time via the contour of integration, and finally via the exponent of s in the integrand. However, we claim these are all ‘natural’ in the following sense. Introduce a new parameter N, considered as a large integer. Then lim N−→∞ 1 N N∑ a=1 (−1)^aq^{a24} ∼ √ 1 2r up to multiplication by an eighth root of unity, while the integral over a Z-shaped contour with centre section from 0 to NP , will take the same value as for N = r, for any odd multiple N of s. Finally, since the value of the integral is unchanged under a translation of the contour through 2P r, one may equivalently change variables β −→ β + 2P r which brings an extra factor of e^{−2πiHsβ} into the integrand; this shows that the integral will scale by a factor of N whenever such a factor is introduced into the exponent in the numerator of the first term in the integrand. Combining these facts gives Z^r_s (M) as a limit as N −→ ∞ amongst odd multiples of s, of an expression identical to that given above except that

(a) the appearance of s in the integrand is replaced by N;

(b) the contour is chosen to have the same Z-shaped form, with centre piece from 0 to NKP ;

(c) the term

√_2

r is replaced by the reciprocal of^{NK} ∑ a=0 (−1)^aq^{a24} .

4.5 Asymptotic expansions

In all the discussions so far, K has been either an integer or rational, and indeed the WRT invariant which we were initially computing is only defined at roots of unity. We now consider the formula (4.5) to define a function of a complex-valued parameter K. Some care must be taken, however, since the shape of the residue terms changes abruptly when K becomes non-integer; indeed, we do not want to continue using a sum of residues away from integer K, but rather use the (unique) ‘simple’ holomorphic function of K which agrees with these values at integers. It is also necessary to choose the contour C appropriately. The existence of such a holomorphic function is demonstrated by the first approach below, where an explicit computation of the residues is performed.

Since the asymptotic behaviour of a holomorphic function possessing an asymptotic series is entirely defined by its behaviour at integer values, it is unnecessary in this section to compute with any non-integer values. In the following, we will equivalently consider Z_K (M) as a (multi-valued) function of q = e^{2πiK} = 1 + h.

Analytic structure

We will first discuss the analytic behaviour of Z_K (M), for which it is most convenient to transform the variable in (4.5) from β to y =^{2πiβ}_K , leaving the result

Z_K (M) = BG_0 q^{ϕ4} [ 1 2πi H−1∑ t=0 ∫ C^′ F (y) e^{Kgt (y)}dy − 2P −1∑

m=1 Res ( F (y) e^{Kg0(y)} 1 − e^{−Ky} , y = 2πim )]

(4.8)

where F (y) = ( e^{y2} − e^{− y2} )_{2−N}^N∏ j=1 ( e^{y2Pj} − e^{− y2Pj} ) and g_t(y) =^{iHy2}_{8πP} − ty, C^′ = iC.

We proceed to discuss the form of the two terms in (4.8). The second may be explicitly evaluated. Start by defining generalised Bernoulli-type numbers, B^n_m, by their generating function ∞∑ m=0 B^n_mz^m = z^n ( e^z2 − e^{− z}2 )^n

so that B^n_0 = 1, B^n_1 = 0 and B^n_2 = −^n_{24} . By expanding F (y) into a sum of terms

F (y) = ( e^{y2} − e^{− y2} )_{2−N} ∑ ϵ:[N]−→{±} ϵ e ∑_{ϵ(j)2P} j y ,

we may calculate the residue in (4.8) to be

Res ( F (y) e^{KG0(y)} 1 − e^{−Ky} , y = 2πim ) = ∑ ϵ ϵ(−1)^{m(N−1)} e^{πi} ∑_{ϵ(j)P} j m−^{πiHK}2_P m2 ∑ r,s,t≥0 r+s+2t≤N −2 B^{N−2}_r B^1_s (_{iH} 8πP )_t K^{s+t−1} t!(N − 2 − r − s − 2t)! ( 1 2 + ∑ ϵ(j) 2P_j − mHK 2P )_{N−2−r−s−2t} .

It may be checked that the coefficient of K^{−1} in this expression always vanishes, so that the dependence of the contribution of the residues to Z_K (M) upon K has the form

Z^{res}_K (M) = G_0q^{− ϕ4} 2P −1∑

m=1 e^{− πiHm22P K} H_m(K) (4.9) where H_m(K) is a polynomial in K of degree at most N − 3. There is therefore defined an extension of Z^{res}_K (M) to a holomorphic function of K away from the origin, only using combinations of rational and exponential functions.

For the first term in (4.8), it is sufficient to note that its integrand is an analytic function of y and K away from K = 0 and from y ∈ Z, with a double zero at P Z. In order to keep the integrand convergent, with Gaussian type behaviour along the contour of integration, we choose this contour to be a line through the origin in the direction of √_{iP} HK . Combining the two terms, we now obtain a (double-valued) holomorphic function of K, away from the origin, whose value at integers coincides with the WRT invariant.

Flat connection contributions

From the physical perspective with respect to the Feynman path integral formulation of Z_K (M) in (1.1), it is expected that a stationary phase expansion will yield an asymptotic expansion for large K consisting of a sum of contributions labelled by equivalence classes of flat connections.

Starting from (4.8), and translating the contours in the individual terms so as to form paths of steepest descent, we pick up extra residues,

Z_K (M) = BG_0 q^ϕ4 [ 1 2πi ∫ C^′ F (y) e^{Kg0 (y)}dy + H−1∑ t=1 1 2πi ∫ C^′_t F (y) e^{Kgt (y)}dy

− 2P −1∑

m=1 Res ( F (y) e^{Kg0 (y)} 1 − e^{−Ky} , y = 2πim ) − H−1∑ t=1 [^{2P t}_H ]∑ m=1 Res ( F (y) e^{Kgt (y)}, y = −2πim )] ,

where C^′_t is a contour parallel to C^′ and passing through the stationary phase point of the integrand, namely y = −4πi^P_H t. The first term, denoted Z^0_K (M) in what follows, is the trivial connection contribution. The second term is a sum of contributions from reducible flat connections, while the sum of the last two terms give the contribution from irreducible flat connections.

In the notation of [R3], the reducible connections are labelled by integers m_j (0 ≤ j ≤ N) with 0 ≤ m_j ≤ P_j − 1 for which 0 < β_{st} ≡^{2KP}_H ( m_0 − ∑_{mj} P_j ) < K. The precise correspondence with the contributions to the second term above labelled by integers t with 1 ≤ t ≤ H − 1 is t = H P s + c , where s ∈ Z and |c| <^H_{2P} making c = ∑_{mj} P_j − m0 and mj ≡ −sQj mod Pj . (It may be noted that the normalisation used in [R3] differs from that here by a factor of G_0, since here we normalise with respect to S^3, rather than S^1 × S^2.)

The irreducible connections in [R3] are labelled by (m_j , l) with l = 0, 1 and 0 ≤ m_j ≤^{Pj}_2 while m_j ∈ Z +^1_2 Q_j l for 1 ≤ j ≤ N. The correspondence with the labels m and (m, t) in the last two terms in the above expression for Z_K (M) is via m ≡ l mod 2, while t − Hm 2P = −m_0 + ∑ ± m_j P_j , for some m_0 ∈ Z ,

for the last term, the same expression being used with t omitted for the third term.

Observe that this makes the trivial connection contribution to Z_K (M), namely

Z^0_K (M) = BG_0 Kq^{ϕ/4} ∫ C q^{− Hβ24P} ∏ ( q^{β2Pj} − q^{− β2Pj} )

(q^β2 − q^{− β}2 )^{N−2} dβ , (4.10) into a holomorphic single-valued function of K away from the origin, there being two occurrences of a choice of square-root, one in G_0 and the other in the direction of the contour. For the case of rational K, a similar shifting of contours may be carried out, so as to pass through the relevant stationary phase points, and then the first term will, up to sign, have exactly the same analytic expression Z^0_K (M) as for integer K, where G_0 is now defined by G^{−1}_0 =

√_2

r sin^π_K .

Theorem 3 For Seifert manifolds, there is a natural (double-valued) holomorphic function of K, defined away from the origin, whose value at integers coincides with the WRT invariant. It is a sum of polynomial multiples of exponential functions (residues) and integrals, obtained from the expression in Theorem 1 by translating contours so as to pass through stationary points. The terms can be identified with the contributions from all flat connections (trivial, reducible and irreducible) appearing from a stationary phase expansion of (1.1). Up to correct accounting of signs, the holomorphic extension, Z^0_K (M), of the trivial connection contribution is also valid for rational K.

Thus the stationary phase approximation is exact for Seifert manifolds, giving exactly the value of Z_K (M), not just asymptotically for large K, but also exactly for small (finite) K.

Asymptotic structure of trivial connection contribution

To find the asymptotic expansion of the trivial and reducible connection contributions in (4.8), one deforms the contour in each individual integral, so as to pass through the stationary point of g_t, namely y = y_t =^{4πP}_{iH} t. Now applying Laplace’s method gives a contribution from the t^{th} term (for 0 ≤ t < H) of

Z^t_K (M) = 2Bq^{− ϕ4} q^12 − q^{− 1}2 √ iP πH e^{2πi PH Kt2} ∞∑ n=1 a_{n,t}Γ ( λ_{n,t} + 1 2 ) K^{−λn,t} (4.11)

where a_{n,t} are the coefficients in an asymptotic expansion of F (y) about y = y_t,

F ( g^{−1}_t ( g_t(y_t) − x ) ) ∼ ∞∑ n=1 a_{n,t}x^{λn,t} .

Here, for each t, the sequence {λ_{n,t}} must be strictly increasing, with λ_{0,t} > −1. For t = 0, F (y) has a double zero at the origin and thus λ_{n,0} = n, while for t ≠ 0, λ_{n,t} = n − 1. When the imaginary part of K has the same sign as^H_P , the reducible connection contribution will be exponentially smaller than that of the trivial connection. The trivial connection contribution is

Z^0_K (M) ∼ 2Bq^{− ϕ4} q^{12} − q^{− 12} √ iP H ∞∑ n=1 F^{(2n)}(0) n! ( 2πiP HK )_n . This result may be compared with equation (2.28) in [R6]. However, F (z) is a meromorphic function with poles at 2πim for m ∈ Z\{0}, so we may write

F^{(2n)}(0) = −(2n)! ∑ m∈Z\{0} Res ( F (z) z^{2n+1} ; z = 2πim ) .

The ratio of coefficients of (_{2πi} K )_n and (_{2πi} K )_{n−1} (or equivalently, of h^n and h^{n−1}) in the expansion of Z_K (M), is thus asymptotically for n large, P H (2n + 1)(2n + 2) n + 1 ( 1 2πi )_2 ∼ − P π^2H n . 4.6 Computing coefficients and integrality properties

In order to obtain more precise properties of the coefficients appearing in the asymptotic expansion of the trivial connection contribution, Z^0_K (M), in powers of h = q − 1, rather than K^{−1}, one may return to (4.10). Expand N∏ j=1 ( q^{12Pj} − q^{− 12Pj} )

(q^{12} − q^{− 12} )^{N−2} = ∞∑ m=2 c_mh^m , (4.12)

observing that the function on the left hand side has a double zero at q = 1. Then we compute ∫ C f(β) dβ = ∞∑ m=2 c_m ∫ C q^{− Hβ24P} (q^β − 1)^m dβ . Expanding the integrand into a sum of m + 1 Gaussians, we may evaluate them, obtaining, as an asymptotic series

Z^0_K (M) ∼ BG_0 Kq^ϕ4 ∞∑ m=2 c_m m∑ s=0 (−1)^{m−s} ( m s )√ 2KP iH q^{P s2H}

= q^{12 − ϕ4} 2h √ H ∞∑ m=2 c_m m∑ s=0 (−1)^{m−s} ( m s ) q^{P s2H} .

Let ~Z_∞(M) = H^{32} q^{−6λ(M)}Z^0_K (M) be a normalised version of the trivial connection contribution, so that ~Z_∞(M) = Hq 1 2 −^ϕ4 −6λ(M) 2h ∞∑ m=2 c_m m∑ s=0 (−1)^{m−s} ( m s ) q^{P s2H} (4.13)

considered as a formal power series in h. To see that this makes sense, the coefficient of each h^n in ~Z_∞(M) being a finite sum of terms, observe that m∑ s=0 (−1)^{m−s} ( m s ) s^a = d^a dx^a | | |_{x=0} ( e^x − 1)^m ,

which therefore vanishes for a < m. Hence, for a fixed value of m, the coefficient of h^n in the contribution to ~Z_∞(M) will vanish for 2(n + 1) < m. The expansion ~Z_∞(M) = ∞∑ n=0 L_n(M)h^n = Hq^{−6λ(M)} ∞∑ n=0 λ_n(M)h^n therefore defines invariants L_n(M) closely related to the invariants λ_N (M) whose existence was shown by Ohtsuki in [O3]; however, it will be seen that L_n obey more natural properties than do λ_n.

The coefficient of h^0 comes only from the term m = 2 and is

L_0(M) = Hλ_0 = H 2 c_2 2P H = 1 since c_2 = P^{−1}. The coefficient of h^1 in ~Z_∞(M) can be computed to be

L_1(M) = H 2 [ P H ( 7P H − ϕ 2 ) c_2 +

P^2 H^2

(18c_3 + 12c_4) ] − 6λ(M) = 0

using (4.1) with c_2 = P^{−1}, c_3 = −P^{−1} and c_4 =^1_{24P} (∑ j P^{−2}_j + 24 − N ) , which is in accordance with the work of Murakami who showed that λ_1(M) = 6H^{−1}λ(M). Later coefficients have more complicated forms and may be computed using Mathematica [Wo].

Theorem 4 The normalisation ~Z_∞(M) = q^{−6λ(M)}H^{32} Z^0_K (M) of the trivial connection contribution has an asymptotic expansion in powers of h = q −1, ~Z_∞(M) = ∑_∞ n=0 L_n(M)h^n in which L_0(M) = 1 and L_1(M) = 0, while for Seifert manifolds,

L_2(M) = − 1 24 + P^2 24H^2 ∑ j<k P^{−2}_j P^{−2}_k + (2 − N) ∑ j P^{−2}_j + ( 2 − N 2 ) ,

L_2(M) + L_3(M) =

P^3 72H^3 ∑ i<j<k (P^{−2}_i − 1)(P^{−2}_j − 1)(P^{−2}_k − 1) .

Observe that the denominator of L_2(M) is a divisor of a power of 2H. When H = 1 so that we have an integer homology sphere, it is also possible to check that λ_2(M) is an integer divisible by 3, in agreement with [LW].

Corollary For any integer homology sphere M appearing as a Seifert fibred manifold, L_2(M) ∈ 6Z and L_2(M) + L_3(M) ∈ 48Z.

Also note that when M is replaced by its mirror image M, the effect on Z_K (M) is to replace q by q^{−1}, and this has non-trivial effects on the coefficients λ_n(M) and L_n(M), so that λ_1(M ) = −λ_1(M) ,

λ_2(M ) = λ_1(M) + λ_2(M) ,

λ_3(M ) = −λ_1(M) − 2λ_2(M) − λ_3(M) ,

while in terms of L_n, we have that L_1(M) ≡ 0 for all M, with L_2(M ) = L_2(M) and L_2(M) + L_3(M) reversing sign under change of orientation. This may be explicitly verified in this case. For computations of higher order Ohtsuki invariants, see [L1] and [R6], the latter for surgeries around the knots 4_1 and 6_1. On the basis of these computations we make the following conjecture. In terms of the Ohtsuki invariants, L_2 = Hλ_2 +^1_2 Hλ_1(1−Hλ_1) while L_2 +L_3 = Hλ_3 +H(1−Hλ_1 )(λ_2 −^{H2}_3 λ^2_1 +^H_6 λ_1).

Conjecture L_2(M) ∈ 6Z and L_2(M) + L_3(M) ∈ 48Z for any integer homology sphere M.

Integrality properties

The coefficients c_m in (4.12) lie in Z[^1_{2P} ]. Thus, looking at (4.13), it may be seen that λ_m(M) ∈ Z[^1_{2P H} ]. We now use a variant of the argument of [R5] to show that in fact ~Z_∞ ∈ Z[^1_H ][[h]]. Just as we computed the expansion for Z_K (M) in (4.13) by integrating Gaussian terms coming from the expansion (4.12), one may start from an expansion of the same product with one less term, say the i^{th}, with ∏ j≠i ( q^{1Pj} − 1 )

(q − 1)^{N−2} = ∞∑ m=2 c^′_mh^m . Now observe that f(β) is an even function and thus ∫ c f(β) dβ can be computed

as −2 ∫ c g_i(β)q^{− β2Pi} dβ where g_i(β) is obtained from f(β) by removing the i^{th} term.

Thus ∫ C f(β) dβ = −2 ∞∑ m=2 c^′_m ∫ C q^{− Hβ} 2 4P +^β2 (_{N−2−}∑ j≠i P −1 j ) (q^β − 1)^mq^{− β2P}i dβ , which may be integrated as a sum of Gaussians and leads to an expression similar to (4.13), ~Z_∞(M) = − H h ∞∑ m=2 c^′_m m∑ s=0 (−1)^{m−s} ( m s ) q^{PH} (_{s−1+ 1} 2 ∑_{(1−P −1j )})2_{− ϕ4 −6λ(M)+ 12} . The factor P_i does not appear in the denominators of c^′_m and can only appear in Z_∞(M) from the expansions of power of q appearing in this last equation. However, by (4.1), −^ϕ_4 +^P_H^1_{4P 2i} does not contain powers of P_i in its denominator. Thus ~Z_∞(M) ∈ Z[^1_{2H} ,^Pi_P ]. Furthermore, using (4.1) it can be seen that for H odd there

will be no factors of 2 in the denominator of the exponent of q in ~Z_∞(M). Since v^{2a} ( u/v a ) ∈ Z whenever u ∈ Z and v, a ∈ N, thus we deduce that ~Z_∞(M) ∈

Z[^1_H ,^{Pi}_P ][[h]]. Since this holds for any choice of i, we deduce the following result.

Theorem 5 If M is a Seifert fibred manifold then ~Z_∞(M) ∈ Z[^1_H ][[h]].

4.7 K-adic convergence

We now assume that K ∈ Z is an odd prime power, say K = p^r, coprime to H. Since the P_j are coprime, K must be coprime to all but at most one of the P_j ’s, which we denote P_i. In a similar way to the previous section, perform an expansion

f_i(h) = N∏ j=1 ( q^{12Pj} − q^{− 12Pj} )

(q^{12} − q^{− 12} )^{N−2} = ∞∑ m=2 d_mh^m , (4.14)

so that the coefficients d_m are rationals with denominators coprime to K, that is, d_m ∈ Z_K .

Observing that G_{−1,4P K} = 2(1 − i) √ P K, the SO(3)–invariant Z^′_K (M) is now given, from (4.2), by G_{−H,4P K} G_{−1,4P K} Z^′_K (M) = Z_K (M) = q^{12 − ϕ4} hG_{−1,4P K} P K∑ β=−PK K ̸|β q^{− Hβ24P} ( q^{β2P}i − q^{− β2P}i ) f_i(q^β − 1) .

By [O3], Z^′_K (M) ∈ Z[h]. Meanwhile, from (4.10), √ HZ^0_K (M) = q^{12 − ϕ4} 2h √ iH 2KP ∫ C q^{− Hβ24P} ( q^{β2P}i − q^{− β2P}i ) f_i(q^β − 1)dβ

This last expression has a unique asymptotic expansion around q = 1, which may be obtained by substituting the expansion (4.14) for f_i(q^β − 1), and the result will be an element of Z_K [[h]], by Theorem 5.

As complex numbers, rather than algebraic numbers,

2q^− P HP 2 i P K−1∑

β=−P K q^{− Hβ24P} q^{ϵβ2Pi +sβ}dβ = q P 4P 2i (H ∗−H^−1) q^{P H ∗ s2+ ϵP sH} ∗ Pj G_{−H,4P K} ,

q^− P HP 2 i √ iH 2KP ∫ C q^{− Hβ24P} q^{ϵβ2Pi +sβ}dβ = q^{P s} 2 H +^{ϵP s}_{HPj} , for ϵ = ±1, where H^∗ denotes the inverse of H mod K. Let A_s denote the term on the right hand side of either of the last two expressions, where in the first case the factor G_{−H,4P K} is omitted. Then A_s defines an element of Z_K [[h]], and the two possible choices of A_s will give identical elements in R = Z_K [[h]]/ ( ϕ_K (1 + h) ) , using q^a = q^b in R whenever b − a ∈ KZ_K . Next observe that the combination 1 2h q 1 2 +^P4_P 2 i −^ϕ4 ∞∑ m=2 ∑ ϵ=± ϵd_m m∑ s=0 (−1)^{m−s} ( m s ) A_s

will give Z^′_K (M) or √ HZ^0_K (M), respectively, as elements of R, according to the choice of A_s. For the first case, we can ignore contributions from β ∈ KZ since then q^β − 1 = 0 in R. The innermost sum is an element of h^mR, while all the coefficients in this combination lie in Z_K since^ϕ_4 ∈^P_{4HP 2i} + Z_K , by (4.1).

Theorem 6 (See also [L1], [L2], [R6].) For Seifert manifolds M and odd prime powers K coprime to P , the asymptotic expansion of √ HZ^0_K (M) in powers of h = q − 1 converges K–adically to Z^′_K (q) ∈ Z[q], in the sense that they agree when considered as elements of Z[^1_{2H} ][[h]]/(ϕ_K(1 + h)), where ϕ_K (q) is the K^{th} cyclotomic polynomial.

Note that the factor of √ H which appears in the comparison of the trivial connection contribution to Z_K (M) and the K–adic series for Z^′_K (M) appears in the above calculation as the result of the ratio of a Gaussian sum and the associated Gaussian integral. It should also be pointed out that our version of the SO(3)- invariant, Z^′_K (M), differs by a sign from the Kirby-Melvin normalisation [KM2].

4.8 Comparison of integrals

In §4.3, an integral expression was found for Z_∞ for Seifert manifolds. However, in [L1], another such expression was found for the case of the manifold M_{n,t}, obtained by integer surgery around a (2, n) torus knot with t additional twists. That is, for a two parameter family of manifolds indexed by the odd integer n and the integer t, with | |H^1(M_{n,t}, Z) | | = |n + t|. Another description of M_{n,t} is as a

three-fibred Seifert manifold X

(_2 −1 ,^n_{(n+1)/2},^{t−n}_1 ) ; see [Mos]. The formula of [L1] is Z_∞ = 2

(−1)^tq^{n2} 1 − q^{−δ} ∞∫ −∞ q^{Δ1(iz)} − q^{Δ2(iz)} e^{2πz} + e^{−2πz} dz, where

2(t + n)Δ_1(x) = 4n(t − n)x^2 + 4tx − 1 4 n(t + n) − 1 2 , 2(t + n)Δ_2(x) = 4n(t − n)x^2 + 4(t − 2n)x − 1 4 n(t + n) − 9 2 . In this case, P = 2n(t − n), H = t + n and N = 3. The integral coming from Theorem 2 is

Z_K (M) = BG_0 2πi q^{− ϕ4} H−1∑ r=0 ∫ e^{(t+n)Kiy} 2 16πn(t−n) −rKy ( e^{y2n} − e^{− y2n} )( e^{y2(t−n)} − e^{− y2(t−n)} ) e^y4 + e^{− y}4 dy . Both integrals share the same asymptotic expansion, and when the contours are suitably turned and shifted so as to follow paths of steepest descent, both give the same numerical results. However, it should be noted that they are distinct!

4.9 Example

For the Poincaré homology sphere (opposite orientation), p = (2, 3, 5), at K = 11 we have P = 30, H = 1, λ = −1 and ϕ =^{181}_{30} , giving values

Z_{11}(M) = 2.49611 + 1.29639i, Z^{res}_{11} (M) = 2.54609 + 1.75882i,

Z^{int}_{11} (M) = −0.04998 − 0.46243i,

where the integral was evaluated on the standard contour C which is a line in the direction 1 − i. The contributions of flat connections are thus,

Z^0_{11}(M) = −0.04998 − 0.46243i, Z^{A1}_{11} (M) = −2.45952 + 1.87797i, Z^{A2}_{11} (M) = 5.00562 − 0.11916i, there being two irreducible flat connections providing non-trivial contributions, aside from the trivial connection, on the Poincaré homology sphere. In terms of the sum over m running from 1 to 2P − 1 = 59 which makes up Z^{res}_{11} , these two connections come from the terms with m-values in {1, 11, 19, 29, 31, 41, 49, 59} and {7, 13, 17, 23, 37, 43, 47, 53}, respectively. In terms of the labelling of connections by l and m_j , these connections both have l = 1 while m = (^1_2 ,^1_2 ,^1_2 ) and (^1_2 ,^1_2 ,^3_2 ), all the other connections providing trivial contributions. Their contributions are Z^{Aj}_K (M) = − √ K 5 e^{πi4} sin^π_K e^{− 181πi60K} sin jπ 5 e^{− m2πiK60} , as also computed in [FG]. Note however that we here have an exact accounting of all of Z_{11}(M), even for a relatively small value of K, whereas in [FG], only the irreducible (non-trivial) connection contributions were used, and they thus only gave a good approximation for numerically large K.

To work out the value of the invariant at the second 11^{th} root of unity, we use s = 13, seeing that it is congruent to 1 mod 4, and coprime to P = 30. The sign appearing in the expression for Z 13_{11} (M) in the evaluation (4.7) for rational K, is

(−1)^{s−14} ( s 2r|P | ) = (−1)^3 ( 13 11.3.5 ) = −1 . The value of the WRT invariant of the Poincaré sphere at q = e^{4πi11} is thus −Z 13_{11} (M) = 1.55773 − 0.08019i .

This value may be obtained from the polynomial for the 11^{th} roots of unity, namely Z_{11}(M) = 1 + q − q^7 , by substituting the particular value of q. From the alternative description as a holomorphic function involving a sum of integrals and residues, the individual terms contributing are Z^{int}13_{11} (M) = 0.49086 + 0.10697i ,

Z^{stat}13_{11} (M) = −2.03617 − 2.63598i ,

Z^{res}13_{11} (M) = −0.01242 + 2.60918i ,

whose sum can be seen to agree with the value of Z 13_{11} (M) given above. Here, Z^{int} is the sum of the integrals with contours shifted so as to pass through stationary points, Z^{stat} is the sum of residues acquired in the process of this shifting of contours and Z^{res} is the sum of residues acquired in the process of converting sums into integrals in §4.4. Meanwhile the trivial connection contribution, given by the term with t = 0 alone, is Z^0_{1311} (M) = −0.136139 − 0.0296678i

5. Torus knots

For coprime integers P and Q, let K_{P,Q} denote a torus knot of type (P, Q). Choose integers R and S so that P S − QR = 1. Consider a four component link L_0 ∐ L_1 ∐ L_α ∐ L_2 in which the last three components form an unlink, the first component having linking number 1 with them. Observe that rational surgery on S^3 around the three components L_0, L_1 and L_2 with framings 0, −^P_R and^Q_S reproduces the 3-sphere while transforming the unknot labelled α to K_{P,Q} ⊆ S^3. The Jones polynomial of K_{P,Q} may therefore be described as a combination of invariants on the 4-link in S^3, or equivalently, by doing the S-surgery around L_0, as a combination of invariants on the three-link in S^1 × S^2. The sum is over labels β, α_1 and α_2 on the three components of the link on which surgery is carried out, leaving Z(S^3, K^α_{P,Q}) = e^{πi4 K−2K Φ(L,Λ)} K−1∑ β=1 d^S_β

sin^π_K sin^{πβ}_K K−1∑ α1,α2=1 d^{Λ1}_{α1} d^{Λ2}_{α2} sin πβα_1 K sin πβα_2 K sin πβα K .

Here Λ_1 = ( P −Q − R S ) and Λ_2 = ( Q −P S −R ) describe the two non-zero surg-

eries. As in §4.1, we apply (3.3) to evaluate the sums over α_1 and α_2 and include the appropriate framing correction, giving (see [R5]),

J_α(K_{P,Q}) = G_0 e^{− πi2K P Q(α2−1)} K−1∑ β=1 sin^{παβ}_K sin^{πβ}_K d^{SΛ1}_β d^{SΛ2}_β

= e^{πi2K (P Q(1−α2)− PQ − QP )} 2i sin^π_K √ 2K|P Q| e^{πi4 signP Q} .Σ

by a substitution of the formula for d^Λ_β from §2.2, where

Σ = ∑ sin^{παβ}_K sin^{πβ}_K¯ e^− πiβ2 2KP Q − πiβ K [2K(^{n1}_P +^{n2}_Q )]+^{μ1}_P +^{μ2}_Q ]−2πi (_{n1μ1Q} P +^n2^μ2^P_Q +^{KQn} 2 1 P +^{KP n} 2 2 Q ) . The sum is over 1 ≤ β ≤ K − 1, 0 ≤ n_1 ≤ P − 1, 0 ≤ n_2 ≤ Q − 1, μ_j = ±1 and

¯ = μ1μ2. Observe that the summand is invariant under the change of variables,

(n_1, n_2, μ_1, μ_2, β) −→ ( n_1 + a, n_2 + b, μ_1, μ_2, β − (2aQ + 2bP )K ) , for any integers a and b, while it is periodic in n_1 and n_2 of periods P and Q, respectively. Thus one may carry out the sum equivalently by keeping n_1 = n_2 = 0 and letting β range over { c + 2Kd | | 1 ≤ c ≤ K − 1, 0 ≤ d < P Q} .

Performing the sum over ¯ and noting that the resulting expression is symmetric under β −→ −β, one now obtains,

Σ = −2 2P QK−1 ∑ β=1 K ̸|β f_α(β)

where

f_α(β) = sin^{παβ}_K sin^{πβ}_K sin πβ KP sin πβ KQ e^{− πiβ22KP Q} . This is a sum of exactly the same form as (4.2) and therefore can be transformed into the sum of an integral and a sum of residues, as was done in (4.5) in §4.3. In this case, one obtains as a function of q = e^{2πiK} , J_α(K_{P,Q}) = q^{P Q4 − P4Q − Q4P} q^{− 1}2 − q^12 e^{πi4 signP Q} √ |P Q| √ 2 K q^{− P Qα24} (∫ C f_α(β)dβ + I^{res} )

using the fact that f_α(β + 2P QK) = f_α(β) e^{−2πiβ}. The contour C here is a line through the origin in the direction 1 − i, while

I^{res} = −2πi 2P Q−1 ∑ m=1 Res ( f_α(β) 1 − e^{−2πiβ} , β = mK )

= − πα K 2P Q−1 ∑ m=1 (−1)^{m(α+1)} sin πm P sin πm Q e^{− πiKm22P Q} .

Asymptotic behaviour

Considering α to be of the same order as K, by putting a =^α_K and doing a stationary phase expansion for large K with a staying finite, one finds that the integrand f_α(β) splits into two parts, with distinct (symmetric) stationary phase points at β = ±P QKa. Shifting the contour so as to pass through the stationary phase points one obtains ∫ C f_α(β)dβ = −i e^{πiP QKa2 /2} ∫ C e^{− πiβ22P QK} sin (_{πβ} KP + πQa ) sin (_{πβ} KQ + πP a ) sin (_{πβ} K + πP Qa ) dβ+I^{stat}

where the residues acquired are

I^{stat} = 2K [P Qa]∑

m=1 (−1)^m e^{πiαm} e^{− πiKm22P Q} sin πm P sin πm Q .

When the parameter a is sufficiently small, a <^1_{P Q} , the term I^{stat} completely disappears. This gives the entire asymptotic behaviour of J_α(K_{P,Q}) and in particular

J_α(K_{P,Q}) = J^0(a, K) + J^{res}(a, K) ,

where J^0 is the trivial connection contribution and is an analytic function of the two variables a =^α_K and K. The term J^{res} is a sum of two sets of residues, coming

from a combination of I^{res} and I^{stat}.

6. Generalisations

In this paper we have carried out a precise analysis of the invariants of Witten and Reshetikhin-Turaev associated with sl_2, in the case of Seifert fibred manifolds and of coloured torus knots in S^3. In both cases, it has been seen how, by transforming a sum into an integral with additional residue contributions, the various terms can be identified with contributions which arise from a stationary phase expansion of the corresponding Chern-Simons-Witten path integral. This technique also allows these invariants to be naturally extended to holomorphic functions. In the case of the invariants of 3-manifolds, the new function is a holomorphic function of the parameter K which usually defines the order of the root of unity, and in the case of the coloured Jones polynomial for torus knots, it is the colour variable which has been extended to non-integer values. In both cases, the stationary phase expansion was exact, for finite K. The trivial connection contribution has been seen to play a major role, providing the complete invariant at a K-adic level.

It is conjectured that similar results hold in general, for all WRT invariants of pairs of links contained in 3-manifolds.

Conjecture Let M be a rational homology sphere with H = |H^1(M, Z)|.

(a) The stationary phase expansion, ∑ A Z^A_K (M), of the Chern-Simons-Witten path integral (1.1) for Z_K (M), decomposed into terms labelled by conjugacy classes, A, of flat connections, is exact.

(b) There is an integral expression for the trivial connection contribution Z^0_K (M) which is also valid (up to signs) for rational K.

(c) The normalised trivial connection contribution ~Z_∞(M) = q^{−6λ(M)}H^{32} Z^0_K (M) has an asymptotic expansion in h = q − 1 which lies in Z[^1_H ][[h]].

(d) For any odd prime power K coprime to H, √ HZ^0_K (M) has an asymptotic expansion in powers of h = q − 1 which converges K–adically to Z^′_K (M).

(e) The coefficient L_n(M) in the expansion of (c) is a finite type invariant (see [G], [Le] and [LMO]) of order n, with L_0(M) = 1, L_1(M) = 0 (by [M1]). Furthermore, L_2(M) ∈ 6Z and L_2(M) + L_3(M) ∈ 48Z, if M is an integer homology sphere.

The reader is referred to [L3] for a construction of a holomorphic invariant of 3-manifolds for general rational homology spheres. It is hoped that just as there is a perfect and calculable correspondence (see [BN2] and [K]) between Feynman diagrams coming from a perturbative expansion of (1.1) and contributions to the quantum invariants of links labelled by chord diagrams, the same will come to hold for invariants in general 3–manifolds. The better understanding of the decomposition of the invariants into terms Z^A_K (M) and of their behaviour away from integer values of K is a step in this programme.

Acknowledgements The first author would like to thank P. Etingof for bringing their attention to the paper of Mordell [Mor] where similar integrals and their relation to sums are treated, although it is intriguing to note that the integrals appearing in this case in §4.8 are of precisely the type (when a certain expression is half-integer) for which Mordell’s discussions fail! She would also like to thank J. Bernstein, D. Kazhdan and F. Rodriguez Villegas for helpful discussions and encouragement. The work of the first author is partially supported by NSF grant DMS-9626544 and an Alfred P. Sloan Research Fellowship.

References [A1] M.F. Atiyah, ‘Topological quantum field theory’, Publ. Math. IHES 68 (1989) 175–186.

[A2] M.F. Atiyah, “The Geometry and Physics of Knots”, Cambridge University Press (1990).

[AS1] S. Axelrod, I.M. Singer, ‘Chern-Simons perturbation theory’, Proc. XX^{th}Int. Conf. Diff. Geom. Methods in Th. Phys., World Scientific (1991) 3–45.

[AS2] S. Axelrod, I.M. Singer, ‘Chern-Simons perturbation theory II’, J. Diff. Geom. 39 (1994) 173–213.

[B] J.C. Baez, ‘Link invariants of finite type and perturbation theory’, Lett. Math. Phys. 26 (1992) 43–51.

[BN1] D. Bar-Natan, ‘Perturbative Chern–Simons Theory’, J. Knot Th.

Ramif. 4 (1995) 503–547.

[BN2] D. Bar-Natan, ‘On the Vassiliev knot invariants’, Topology 34 (1995) 423–472.

[FG] D.S. Freed, R.E. Gompf, ‘Computer Calculation of Witten’s 3– Manifold Invariant’, Commun. Math. Phys. 141 (1991) 79–117.

[G] S. Garoufalidis, ‘On finite type 3-manifold invariants I’, J. Knot Th. Ram. 5 (1996) 441–461.

[J] L.C. Jeffrey, ‘Chern-Simons-Witten Invariants of Lens Spaces and Torus Bundles, and the Semiclassical Approximation’, Commun. Math. Phys. 147 (1992) 563–604.

[KL1] L.H. Kauffman, S. Lins, ‘Computing Turaev-Viro Invariants for 3–manifolds’, Manuscripta Math. 72 (1991) 81–94.

[KL2] L.H. Kauffman, S. Lins, “Temperley–Lieb recoupling theory and invariants of 3–manifolds”, Princeton University Press (1994).

[KM1] R. Kirby, P. Melvin, ‘Evaluations of the 3–Manifold invariants of Witten and Reshetikhin-Turaev for sl(2, C)’, in “Geometry of lowdimensional manifolds”, Cambridge Univ. Press, Lond. Math. Soc. Lect. Note Ser. 151 (1990) 101–114.

[KM2] R. Kirby, P. Melvin, ‘The 3–manifold invariants of Witten and Reshetikhin-Turaev for sl(2, C)’, Invent. Math. 105 (1991) 473–545.

[K] M. Kontsevich, ‘Vassiliev’s knot invariants’, Adv. Soviet Math. 16 (1993) 137–150.

[L1] R. Lawrence, ‘Asymptotic expansions of Witten-Reshetikhin -Turaev invariants for some simple 3–manifolds’, J. Math. Phys. 36 (1995) 6106–6129.

[L2] R. Lawrence, ‘Witten-Reshetikhin-Turaev invariants of 3-manifolds as holomorphic functions’, Lecture Notes in Pure and Applied Mathematics 184 (1996) 363–377.

[L3] R. Lawrence, ‘Holomorphic invariants of 3-manifolds and q-gamma functions’, in preparation.

[Le] T.Q.T. Le, ‘An invariant of integral homology 3–spheres which is universal for all finite type invariants’, preprint (1995).

[LMO] T.Q.T. Le, J. Murakami, T. Ohtsuki, ‘On a universal quantum invariant of 3–manifolds’, preprint q-alg/9512002 (1995).

[LW] X.-S. Lin, Z. Wang, ‘On Ohtsuki’s invariants of integral homology 3-spheres, I’, preprint (1995).

[Mor] L.J. Mordell, ‘The definite integral ∫_∞ −∞ e^{ax} 2+bx e^{cx}+d dx and the ana-

lytic theory of numbers’, Acta Mathematica 61 (1933) 323–360. [Mos] L. Moser, ‘Elementary surgery along a torus knot’, Pacific Journal of Mathematics 38 (1971) 737–745.

[M1] H. Murakami, ‘Quantum SU(2)–invariants dominate Casson’s SU(2)–invariant’, Math. Proc. Camb. Phil. Soc. 115 (1993) 253– 281.

[M2] H. Murakami, ‘Quantum SO(3)–invariants dominate the SU(2)– invariant of Casson and Walker’, Math. Proc. Camb. Phil. Soc. 117 (1995) 237–249.

[N] J.R. Neil, ‘Combinatorial calculation of the various normalizations of the Witten invariants for 3–manifolds’, J. Knot Th. Ram. 1 (1992) 407–449.

[O1] T. Ohtsuki, ‘Polynomial invariant of integral homology 3–spheres’, Math. Proc. Camb. Phil. Soc. 117 (1995) 83–112.

[O2] T. Ohtsuki, ‘Finite type invariants of integral homology 3–spheres’, J. Knot Th. Ramif. 5 (1996) 101–115.

[O3] T. Ohtsuki, ‘A polynomial invariant of rational homology 3– spheres’, Invent. Math. 123 (1996) 241–257.

[RT] N.Yu. Reshetikhin, V.G. Turaev, ‘Invariants of 3-manifolds via link polynomials and quantum groups’, Invent. Math. 103 (1991) 547–597.

[R1] L. Rozansky, ‘Witten’s invariant of 3–dimensional manifolds: Loop expansion and surgery calculus’, in ‘Knots and applications’ World Scientific (1995) 271–299.

[R2] L. Rozansky, ‘A contribution of the trivial connection to the Jones polynomial and Witten’s invariant of 3d manifolds I, II’, Commun. Math. Phys. 175 (1996) 275–296, 297–318.

[R3] L. Rozansky, ‘Residue formulas for the large k asymptotics of Witten’s invariants of Seifert manifolds. The case of SU(2).’, Commun. Math. Phys. 178 (1996) 27–60.

[R4] L. Rozansky, ‘Witten’s invariants of rational homology spheres at prime values of K and trivial connection contribution’, Commun. Math. Phys. 180 (1996) 297–324.

[R5] L. Rozansky, ‘Higher order terms in the Melvin-Morton expansion of the colored Jones polynomial.’, preprint q-alg/9601009 (1996).

[R6] L. Rozansky, ‘On p–adic convergence of perturbative invariants of some rational homology spheres.’, preprint q-alg/9601015 (1996).

[Wa] K. Walker, “An Extension of Casson’s Invariant”, Annals of Mathematical Studies 126 Princeton University Press (1992).

[Wi] E. Witten, ‘Quantum Field Theory and the Jones Polynomial’, Commun. Math. Phys. 121 (1989) 351–399.

[Wo] S. Wolfram, “Mathematica: a system for doing mathematics by computer”, Addison Wesley (1989).

Department of Mathematics, University of Michigan, Ann Arbor MI 48109 E-mail: lawrence@math.lsa.umich.edu Department of Mathematics and Computer Science, University of Illinois Chicago IL 60607 E-mail: rozansky@math.uic.edu

© March 1997 R. Lawrence and L. Rozansky