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Abstract. For any Lie algebra, g, and integral level, k, there is defined an
invariant, Z,(M,L), of embeddings of links L in 3—manifolds M, known as the
Witten-Reshetikhin-Turaev invariant. It is known that for links in S®, Z} (S%,L)
is a polynomial in g=exp %, namely the generalised Jones polynomial of the
link L. This paper investigates the invariant Z:_Q(M,(b) when g=sls for a simple
family of rational homology 3—spheres, obtained by integer surgery around (2,n)
type torus knots. In particular, we find a closed formula for a formal power
series Zoo (M)EZ[[R]] in h=q¢—1 from which Z*_,(M,}) may be derived for all
sufficiently large primes r. We show that this formal power series may be viewed
as the asymptotic expansion, around g=1, of a multi-valued holomorphic function
of ¢ with 1 contained on the boundary of its domain of definition. For these
particular manifolds, most of which are not Z-homology spheres, this extends
work of T. Ohtsuki and H. Murakami in which the existence of power series with
rational coefficients related to ZZ(M,@) was demonstrated for integral homology
spheres. The coeflicients in the formal power series Z., (M) are expected to be
identical to those obtained from a perturbative expansion of the Witten-Chern-

Simons path integral formula for Z* (M,().

1: INTRODUCTION

Suppose that M is a compact oriented 3—manifold without boundary and that
L C M is a framed link. In [1], Witten formally defined a topological invariant
Z;(M, L) of this pair, dependent on additional pieces of data, namely a choice of
a Lie algebra g, of a level k € Z, along with a choice of representation, p; of g, for
each component, L;, of L. Witten’s formulation of Z;(M, L) was as a functional
integral,

Z,’;(M,L):/AHtrm (Pexpﬁ Ads) o i [y (AdAT A AN drpy 4 g gy

over a quotient of the space of G—connections on M by an appropriate gauge group.
The first term in the integrand is known as the Wilson loop associated with L;
it is the product of the traces of the holonomies of the connection A around the
components of L, the traces being taken in the representations attached to the
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components. The second term in the integrand is the exponential of a multiple of
the Chern-Simons action. The functional integral definition only makes sense when
k is an integer so that ¢ is a root of unity, since it is only then that the exponential of
the Chern-Simons action is invariant under the action of the gauge group. Although
many attempts have been made to directly make sense of this expression, it remains
only a formal expression from which valid results can be derived when the functional
integral is manipulated according to certain rules; see for example [2], [3], [4], [3],
[6], [7] and [8]. The approaches which are closest in spirit to that of (1.1) employ
the notion of a topological field theory (see [9]) whose definition is based on Segal’s
mathematical definition of conformal field theory. The situation is much like that
which existed for divergent series in the last century and indeed I will indicate some
rather close connections between these two stories in this paper.

Many alternative and completely rigorous formulations of Z} (M, L) have been
obtained, primarily using a presentation for M as obtained from S® by surgery
around some link. In particular, in [10], a construction for the link invariant,
Zr(S3,L), which takes values in polynomials in ¢ = exp %, i1s given in terms
of the quantum group U,g and representations p; of it, placed on the components
of L. In the case when g = sl; and all the components of L are endowed with
the 2-dimensional vector representation, Z;(S*, L) = V1,(q), the one-variable Jones
polynomial of L. More generally, when g = sl,, and all the components are endowed
with the m—dimensional vector representation, Z;(S®, L) = X1,(g,¢™ ") is a slice

of the two—variable HOMFLY polynomial.

Using the description of a compact connected orientable 3—manifold, M, with-
out boundary as obtained by Dehn surgery around a suitable link, Ly, in S,
Reshetikhin and Turaev [10] obtained Z}(M, L) as a combination of the values of
Z¥(S3, Ly UL') with all possible choices of irreducible representations attached to
the components of Ly;. Here L' C S®\ Ly is the image of the link L C M under
a surgery operation taking M to S3. This sum will only be finite when ¢ is a root
of unity. However, it is still something of a mystery that while Z;(S*,L) can be
defined for all values of ¢, being a polynomial in ¢, this is not true in any of the

definitions so far known for Z; (M, L) when M # S3.

In this paper, we concentrate only on invariants of pairs in which the link is
empty and we take g = sly. In this case, Kauffman and Lins have given a simple
combinatorial formulation of Z}(M, ) in [11]; a self-contained summary of this
formulation is given in §2.2 while all the necessary basic notation used throughout
this paper is given in §2.1. In this formulation it is apparent that Z; (M, () can be

2ms

defined in this way for all roots of unity ¢, rather than just ones of the form e~ .
Very few concrete computations of Z; (M, ()), as a function of r = k + 2 (the order
of the root of unity ¢), have been carried out — see [12], [13], [14], [15], [16] and

[17] for some such computations.

It follows quickly from its definition that, for fixed order r of the root of unity
q, Z} (M, () can be written as an algebraic function of ¢ with rational coefficients.
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In the normalisation for which the invariant for S3 is 1, denote the invariant for the
pair (M, (), as an algebraic function of ¢ at r'! roots of unity, by Z.(M). We now
describe the results of [18], [19] and [20] on the forms of these functions of h = ¢—1
when r is an odd prime.

Theorem (Murakami/Ohtsuki) Suppose that r is an odd prime and M is an
oriented Z—homology sphere.

(a) (Murakami [18]) As a function of q, Z,(M) € Z[h], so that for some a,, »(M) €

Z, one has Z.(M) =) amr(M)h™. For0 <m < T;3, am,r (M) is uniquely

determined by this condition as an element of 7, and

ap (M) =1, ay (M) =6AM),

where \(M) denotes the (5(](2),) Casson invariant of M.

(b) (Ohtsuki [19]) There exist rational numbers a,, (M) such that, for any prime
r>2m+3, am (M) = am,00(M) as elements of Z,.

As a result of part (b) of this Theorem, one may define a formal power series

o0

Zoo(M) =Y amoch™,

m=0

with rational coefficients, which is an invariant of integral homology 3—spheres, M.
Some indication that similar results may be obtainable for 3—manifolds which are
not necessarily integral homology spheres, but only rational homology spheres is
given by the following theorem.

Theorem (Murakami [20]) Suppose that r is an odd prime and that M is a
Z,-homology sphere so that N = |Hy(M,Z)| is coprime to r. Let 7.(M) denote

the quantum SO(3)-invariant of M. Then Z,(M) = N{N}, r.(M), where {N},
denotes the Legendre symbol of N modulo r, has the following properties.

(a) Z,(M) € Z[R), say Z,(M) =3, am (M)h™ with ap, (M) € Z;
(b) aor(M) =1 and ay (M) = 3\ (M) where X' (M) denotes the Casson—Walker

invariant of M.
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Note that when M is a Z-homology 3-sphere, N = 1 and so ZT(JW) = Z.(M),

thus justifying the use above of the same notation, an, (M), for the coefficients of

powers of h in the expansions of Z,(M) and Z,(M). Indeed this second theorem is
an extension of part (a) of the first theorem above. The difference in the factors (6
and 3) preceding the Casson and Casson—Walker invariants is due to a difference in
the normalisations of these invariants in their definitions; see [21].

In this paper we restrict our attention to a particular two-parameter family of
rational homology 3—spheres, {M,, ¢}, given by integer t—surgery around a (2,n)-
torus knot. This family contains a sub-family of integral homology spheres, namely
those for which |n+t| = 1 while the Poincaré homology sphere is included as M_3 .
For these manifolds we compute the associated invariants, Z,(M), and derive a
closed formula for Ohtsuki’s invariant Z,(M); see Theorem 2 and equation (4.2.6).
From computations of some coefficients in the power series Z., (M, ¢) for various
n and t, it is suspected that Z. (M) € Z[[h]] whenever M, ; is a Z-homology
sphere (see Conjecture 4). In Theorem 5 it is shown that the values of Z,. (M), for
all sufficiently large primes r, can be reconstructed from Z.,(M), by projection of

Z[[Rh]] onto the quotient by the relation qu_—_ll = 0. In Theorem 6 it is shown that

Zoo(M) may be regarded as an asymptotic expansion around ¢ = 1 of a multi-
valued holomorphic function of ¢ whose domain of definition contains ¢ = 1 on the
boundary.

Theorem (See Theorems 1-6 for details.) Suppose that n is an odd integer
and t # —n is an integer, while r is an odd prime not dividing t +n. Put h = ¢— 1.
(1) There is a formal power series, Zo (M, ) in h, with coefficients in Z {1 1 },

27 Jt4n|
such that the coefficients of h' in

Zo(Mn i) — [t + 0|7 Zoo(My.,)

are divisible by r for 0 < i < 22, (It is not necessary to assume t + n % 0(r)

for this part of the theorem.)

(ii) Zoo(My ) = (—1)1 A" qu;(Bl)__qq_Af)(B) where § = sgn(t + n) while Ay(z) and
Ay (z) are two quadratics given by (4.2.5) and we have used a symbolic notation

defined in §2.1.
(1ii) Zr(j\lmt) —{|t+n|}rZoo(My+) is divisible by 4=l i the ring of formal power

-1
series in h = q—1 with rational coefficients whose denominators are not divisible

by r.

(iv) The formal power series for Zo,(My+) in h = q — 1 may be obtained as an
asymptotic expansion around ¢ = 1 of an appropriate multi-valued holomorphic
function.

(v) It is conjectured that Zo.(M, ) € Z[[h]] when M, ; is a Z—homology sphere.
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The restriction to the particular family of manifolds discussed in this paper
is necessitated by the fact that it is only for these manifolds that the associated
state-sum expressions for Z,.(M) involve only ‘trivial’ quantum 6j-symbols which
cancel, leaving a relatively simple sum. The techniques developed in §3 to enable
the computation of Zo,(M) can currently only be applied in these cases, although it
is hoped that they can be extended to deal with all 3—manifolds with only relatively
minor modifications.

An outline of the present paper is as follows. In §2, the Kauffman-Lins formu-
lation of Z,(M) is summarised and is used to obtain a presentation for Z,(M, ¢)
in §2.3, as a quotient of two sums this is reformulated in §2.4 into a shape more
amenable to the techniques of the subsequent sections. The denominator is a Gauss
sum and the numerator is a two—dimensional variant. In §3, the modulo r properties
of sums over the same domain as in the numerator are investigated and these re-
sults are applied in §4 to obtain the asymptotic expansion Zo (M, ¢). In §5 a more
exact analysis of the sums involved in Z,(M, ¢) is carried out and enables these
values, for all sufficiently large primes r, to be reconstructed from Z. (M, ¢). In
§6, a reconstruction of a holomorphic function is carried out from the formal power
series for Zoo(My, ¢). Finally, in §7, some conjectures are made on generalisations
of the Theorems proved in this paper to more general manifolds.

2: WITTEN-RESHETIKHIN-TURAEV INVARIANTS

In this section a state-sum form is obtained for the Witten-Reshetikhin-Turaev
invariants Z;(M, Q) for the manifolds M used in this paper. This expression is
obtained in §2.3 using the formalism of [11] (summarised in §2.2) for computing
sly invariants derived from the recoupling theory of the Temperley-Lieb algebra.
A reformulation of the sum in a form more convenient for the computation of
asymptotic expansions in §4 is derived in §2.4.

2.1 Notation

Links and manifolds

Any compact connected oriented closed 3—-manifold may be obtained from $3
by surgery around an appropriate framed link. For integers n and ¢ with n odd,
let M, ; denote the manifold obtained from S* by integer surgery around the (2,n)
torus knot with ¢ additional twists. The framing number of the knot is n + ¢ and
therefore M, ; will be an integral homology sphere for ¢ = —n + 1 and a rational
homology sphere when t # —n.

Example 2.1.1  The mirror image of M, ; is M_,, _; for all n and ¢. The Poincaré
homology sphere is realised as M3 _5 and the framed knot in S?® giving rise to this
manifold is shown in Figure 1, where the knot is given the blackboard framing. This
diagram also serves to identify positive twists, the two extra curls being negative
twists.
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Y

Figure 1: Knot for Poincaré homology sphere

The q-symbols

Throughout this paper, r € N will denote the order of a root of unity ¢. Set
I={0,1,...,r —2}. Let A =¢'/* and define the ¢ numbers by

A2n _ A—Zn

e = —p ==

The gfactorials are defined by [n]!, = [[i=,[¢],- A triple of non-negative integers

(a,b,c) will be said to be g—admissible when b+ ¢ —a, ¢+ a —b, a + b — ¢ and
2r —4 — a — b — ¢ are all positive and even.

If a is a non-negative integer, set A, = (—1)*[a+1],. If (a,b, ¢) is a g—admissible

triple, set
/\g,b — (_1)(a—l—b—c)/ZA[a(a—|—2)—|—b(b+2)—c(c—|—2)]/2

&+ 1Yy [z — a)ly e — Blly [z — c]l,
fally [ 1T, ’

where 2 = a + b+ ¢. The latter expression is known as a #-net.

6(a,b,c) = (=1)°

Figure 2: Tetrahedral net

Suppose that {a;}5_, are non-negative integers such that (a;,a;,ax) is a ¢-
admissible triple for each (7, j, k) € S where S = {(1,2,3),(1,4,5),(2,4,6),(3,5,6)}.
If the edges of a tetrahedron are numbered 1 to 6 as shown in Figure 2 then the
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elements of S are precisely those triples of numbers whose associated edges share
a common vertex; that is, the elements of S index the vertices of the tetrahedron.
Considering the integer a; to be placed on the i*" edge, it is given that those triples
of integers on edges emerging from any vertex form a g—admissible triple. Define
the associated tetrahedral net (a variant of the quantum 6j-symbol) to be

L‘z; as CLG] - Hv,e[ye — 2]l ) (—=1)°[s + 1]l
H?:l[ai]!q szmax(rv) HU[S N $U]!q He[ye o S]!‘I

as az aq

Here 2z, = )., a; for each v € S while if e denotes a pair of opposite edges, of
which there are three, then 2y, = Zige a;.

It is easily verified that when all indices are elements of the set I, the quantity

A, along with the values of #-nets and tetrahedral nets are all non-zero. The 6-net

depends in a totally symmetric way on the three indices, while the tetrahedral net
exhibits the S; symmetry of the tetrahedron. The special values

NO 1 B(a,a,0) = Ay, [Q a a

I a a

} = 8(a,a,i)

will be used in the next section.

Symbolic notation

The final main piece of notation used in this paper is symbolic. Let B,, denote
the m'™ Bernoulli number, as defined by the generating function

iBmzm— © (2.1.2)
2Tl e 1 .

Following [22], we will use a symbolic notation employing the symbol ‘B’ so that
B™ refers to By,. This has the particular property that

b—1 b+ B
> fi) = / f(z) dz, (2.1.3)

i=a +B

for integers a and b. Using f(i) = (;), we get

b a B /g
) =G = L G
p+1 p+1 a+B \P
for all a,b € N. Since both sides are polynomial functions of a and b, this equality
also holds for any a,b € Q.
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Put

_ B+d
B,, = 2/ 2™ dz.
B+1

Using the generating function for By, in (2.1.2), it follows that

> szm z _z\—1
Z — :2<e4—|—e 4) . (2.1.4)
m=0
In particular, B,, = 0 for m odd while By =1, By = —%, B, = 2i Bs = %,
B = 615358356 and Big = 1822?;6. It follows from (2.1.4) that
m 9 o
Z ( m) 248B23 = 5m=0 5
purd 2s

from which one deduces that 2™ B,,, is an odd integer for all m. Indeed, 22mp .

is the m'" Euler number and other expressions for B,, are

—m— > 12)™ d

the series is absolutely convergent for m > 0 and convergent, but not absolutely

convergent, for m = 0. For large m, it may be seem that Bay ~ 2(2m)!(—4x2)~™

Suppose now that f(z) is a polynomial function of x. Then we may write

B+3 1 —
/ f(z) de = ~f(B), (2.1.6)

B+1 2

using a symbolic notation in which B"™ is replaced by B.,. In this notation, f(B) =
f(=B) for all polynomials f. From (2.1.5), it follows that an integral presentation

for f(B) is given by
f(B) :4/ M. (2.1.7)

27z —27z
—oo © + e
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2.2 A summary of Kauffman-Lins formulation

Suppose that M is a 3—manifold obtained by surgery around the framed link
L in S3. Represent L by a link diagram, D, with the blackboard framing and place
the checkerboard colouring on the regions into which D divides the plane where
the exterior region is unshaded. The sl Witten-Reshetikhin-Turaev invariant of
the empty link in M, at the root of unity ¢, will be denoted Z,(M). We here
summarise the state-sum formulation of Z, (M) given in [11].

Define a state model in which by a state is meant an allowed assignment of
an element of I to each of the components of L as well as to each of the regions
into which D divides the plane. Such an assignment is said to be allowed so long
as the infinite region is labelled 0 and, for each edge of D, the triple of integers
assigned to the two adjacent regions and the component containing the edge form a
g—admissible triple. For a fixed state, o, define local weights on each vertex, edge,
face and component of D as follows. If e is an edge of D, set

we(o) =6(a,b,c)™ X,

where a, b, ¢ are the assignments given by ¢ to the component of L containing e and
the two regions adjacent to e and x is the Euler characteristic of the edge (1 unless
the edge contains no vertices, in which case it is 0). If f is a face or component of

D set

wi(o) = A7y

where y = 1, unless f is a face containing no vertices in which case x = 0. Finally,
if v is a vertex of D, set

wle) = 008 (¢ 0]

where 1,7 and a,b, ¢, d are the labels assigned to the two components of L and the
four regions meeting at v, respectively, while € = £1 according to the orientation of
the crossing (over/under) relative to the local shading of regions. The convention on
local labels and the sign € is determined by Figure 3 in which the sign is positive.

Figure 3: Local labels at a vertex in D
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To the state o we now assign a global weight

Wo(o)= [ wolo) [T welo) T wete) [ welo).

vertices edges regions components
v e f c

The invariant Z, (M) is now obtained from the partition function of this state model
by renormalisation, so that

Z(M)=G{"GZ"" Y Wpla),

states o

where ny and n_ are the numbers of positive and negative eigenvalues, respectively,
of the linking matrix defined by the framed link L. Also G4 and G_ denote the

partition function evaluations on an unknot with framings 1 and —1 respectively.

Finally, to simplify computations, it may noted that if a link is changed by
altering the framing on one of its components, then the global weight associated
with a state scales by the term

(_1)a,tAa(a—|—2)t ’

where n denotes the number assigned by the state to the component and ¢ denotes
the number of positive twists added. Applying this fact to compute G4 one obtains

‘ A_3E 2r—1 Y
.= S AL LA CR DA\ S e — —1)eAce 2.2.1
G ;( ) a G(A_z - Az) az:;)( ) s ( )

which is a Gauss sum. For odd r, putting ¢ = A*, one has
AT (1= A7) 2 e
G, = E €a” 2.2.2
(A2 _ A7) 21 (2:2:2)

a=0

One important property of the invariant Z,(M) is that it transforms according to
g — ¢! when the manifold M is replaced by its mirror image.

2.3 Computing the invariants

In this section we apply the method of §2.2 to compute Z,(M, ) for odd n
with n # —t. Let D, be the link diagram of the (2,n) torus knot containing n
vertices with n + 2 regions, precisely two of which are unshaded in the associated
checkerboard colouring. Figure 4 shows Dj; the associated blackboard framed link

defines Ms g.
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e

Figure 4: Link diagram for Mj5 o

In the state model for Z,(My o) described in §2.2, the states are indexed by a
pair a,i € I, where a is the label assigned to the single component of L (and thus
also to the n shaded regions) and ¢ is the label assigned to the interior unshaded
region. The only constraint is that (a,a,7) be a g—admissible triple, that is, 7 must
be even with 0 < ¢ < min(2a,2r —4—2a). The n vertices all have e = —1 and so the
global weight contribution to Z, (1, o) associated with this state for the diagram
D, 1s

O.a/\a,ay—1 {0 a a] "
/\a7 (/\z ) ;
1 a a

An—HAi = A A; by
. 8(a,a,i)f(a,a,0) (A7)

The invariant for the manifold M, ; is therefore

2 min(a,r—2—a) -
Z (_1)atAa,(a—|—2)t' AuAy; ((_1>a—jAa(a—|—2)—2j(j—|—1)> 7

0 j=0

T

1

Zr(l\/fn’t) — G_
0

I

(2.3.1)
where § = sgn(n + t) and we have put « = 2j.

2.4 Reformulating the sum

In this section we reformulate the sum in (2.3.1) into a more manageable form
for the purpose of computing asymptotic expansions. Puttinga = b—1and j = k—1
gives

r—1 min(b,r—b)
GJZr(-Z\InJ) _ (_1)1‘, Z(—1)(t+1_n)bA(t_n)(b2_1)[b]q Z (—1)nkan(k_1)/2[2k _ 1](1
b=1 k=1
(2.4.1)
Since [—a], = —[a],, the inner summand scales by (—1)"*! =1 under the transfor-

mation & — 1 — k; indeed, under this transformation, the term A**=2/(A4% — A~2)
in [2k — 1], transforms to the other half of [2k — 1],. Therefore, replacing the double
summation by one over a diamond for (b,k) defined by max(b + 1 —r,1 —b) <
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kE < min(b,r — b) doubles the result, while if one of the terms of [2k — 1], is simul-
taneously removed then the result remains unchanged. Next change variables to
x =k +0band y = k — b; the region of summation now consists of those integer
points (z,y) € [1,r] x [1 — r,0] for which = + y is even. Thus

T

_ (=prArTTE )tA" 2 1)) +y(2n—1-1))/2
G(sZr(l\fn’t) = (A E E
=1yt (2.4.2)

At @y + 5 Bn—t)ey <A<3—n>z+<1—n>y_A<1—n>x+<3—n)y> _

For the rest of this paper we assume that r is odd. Under the transformatlon
b — r — b, the summand in (2.4.1) scales by a factor (—l)r'i'(r"'b)(t ) A= ")r

since [r —b], = [b],. Since r is odd, this means that a factor (1 —(— A" )I7™) may be
extracted from the sum by 1estr1ct1ng the region of summation to even b. In (2.4.2),
this results in a restriction of the region of summation to those integer points in
[1,7] x [1 —r,0] whose coordinates are congruent modulo 4. Thus, putting ¢ = A*,

(_1)tAn—t—2 2 r 0
GaZi(Mu) = = gy (1= (A7) 0 30 sl =),

r=1 y=1—r
z=y(4)

(2.4.3)

where
Spy = (_1)(1:(t—|—1)—|—y(2n—t—1))/2 ’
1 L 1 1 1

gl y) = et +n)(@ +y7) + Bn —they + 2 —njz + (1 —n)y.
Observe that g(z,y) takes integer values while s, , = (—1)"? on the region of
summation in (2.4.3). Since r is odd, we may define a Z,—valued function, g:(z,y)
on Z x Z for which 16¢(z,y) = 16¢1(z,y) (r). Clearly g1(z,y) is well-defined on
Z, X Z,, that is, g1(z +r,y) = g1(x,y + r) = g(x,y) as elements of Z,. The double
sum in (2.4.3) can now be rewritten as

ST (1) g (—1)r g )
— 20: (-1 91(1’7y)_|_ Z Z (_1)qu1(y—r,17+r)

r=1 y=1—r r=1-—r
y=x(4 y—r= a:-|—r(4)
r 0
— Z (=1)Ygo(@w)
r=1 y=1—r
y=x(2
r—1 r—1
1 2 2 14r po1
r—21 b r —r
S ST (et
a_l—’l’ _1—r
== =
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where in the last line we have changed variables according to x = a + and y =

b+ 1;’". The exponent of g in the last line may be rewritten as i(3a—|—b—|—2) +G(a,b)

where

147r
2

t—n n
-0 -=cZ,.
TR

Gla,b) = Sla+b) +
Combining this with (2.2.2) in (2.4.3) and observing that —A™ = A=, we obtain
E (_1)qu(a,b)—|—%(3a—|—b)

t—l—aAn—t—i—él + A-(ntor? (a,b)eX
1_|_A—5r2 r—1 ’

Zo(Mng) = (—1) (2.4.4)

r—1
2
coordinates have opposite parity.

where a = and X denotes the set of integral points in [—a, a] X [—a, a] whose

It may now be verified that the expression on the right hand side of (2.4.4)
is invariant under the simultaneous transformation on the variables ¢,n and ¢ in
which t — —t, n — —n and ¢ — ¢, so that the manifold M,, ; changes to
that with the opposite orientation. The only term for which this is not immediate
is the sum over X in the numerator. For this term note that G transforms to —G
under t — —t, n — —n so that applying the transformation (a,b) — (—a, —b)
now verifies invariance.

For the purposes of investigating the behaviour of Z,(M, ) as a function of
g when r varies, it is convenient to consider a slight variant of Z, (A, ) defined
as follows. Let ¢,(m) = A7™(1 + A_mTQ). Let 7,«(1\4,”) be given by (—1)!T>A?"

times the ratio of the sums involved in (2.4.4), so that

er(n+1t)

Zo(My ) = e (3)

Z (M 1)

In particular, Z,.(M,, {) can be written as a polynomial in q.

3: CONGRUENCE PROPERTIES OF SUMS OVER SPECIAL SETS

Throughout this section, it is assumed that r = 2a + 1 1s an odd prime. All
parameters are integral and all congruences are modulo r, unless otherwise stated.
Also X denotes the subset of [—a,a] X [—a, a] consisting of integral points whose
coordinates have opposite parity.
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3.1 Gauss sums

Before investigating the behavior of the sum in the numerator of the right
hand side of (2.4.4), we will consider that of the Gauss sum in the denominator.
Put ¢ = e*. Then

— ea? - (ek)l — 21
PO D D aD DLAE
a=0 i=0 a=0
However, {1,...,r — 1} forms a cyclic group of order r — 1 under multiplication
modulo r and therefore,
r—1 X .
Zai — {—1 1f(r—‘1)|z,
g 0 otherwise.
Hence
r—1 (ek‘) 7’;1
}:ff:— oy FORTT). (3.1.1)
a=0 (T)

This equation holds modulo 7, in the sense that the coefficient of k* in the expansion
of the left hand side is a rational whose denominator is not divisible by r, for
0 <1 < r — 1. Furthermore, for each 1, this rational is congruent modulo r to the
coefficient of k' in the right hand side.

3.2 Sums over X

Next consider sums of the form involved in the numerator of (2.4.4), that is, of
functions (—1)Y f(z,y) over the region X, where f is a polynomial in ¢ and b. Let
(i) denote the usual binomial coefficient with (g) defined to be 1 for all z. Now the

functions {a!(réz) ‘ a € NU{0}} form a basis over Z[1/2] for polynomial functions
in z with coefficients in Z[14]. Indeed, working modulo r, only those basis elements
with a < r are relevant. Therefore, it is only necessary to compute sums of the form

sw= % o ("P)("7):

(z,y)eX

where 0 < a < b < r. Note that S, s is antisymmetric in a and b.

Lemma 3.2.1

SabE

1

{0 f0<a<b<r-—1,

(0L (M) = (™)) if0<a<b=r—1.

a+1 a+1
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PROOF: Assume that 0 < a < b < r. Let ¢, = Y (%2) for © = 0,1. Then
ezi(2)

Sap = clcg - cb Observe that

dows ¥ ()= (H) () o

r=—a
T even

Thus S, = —cg(cg + cll)) and the first case of the lemma is now immediate.

Next note that (rfl) = 0 unless * = —1, in which case it is = 1. Thus
09—1 + c}«_l =1, so that

vt 5 0-(2)-CE)

Finally, from the observation that

{g}: —1/4 if a is even,
2] 7 1 -3/4 if aisodd,

the lemma now follows, since © = y implies (2) = (Z) solongas 0 <a <r. [ |

Lemma 3.2.2 Suppose that f(z,y) is a polynomial function over Z[14], of x and
y. Let F(x) denote the sum, over all positive integers j, of the coefficient of y/(r=1)
in f(2z,2y) — f(2y,2z). Then

> (159 = 51 F(B).

(z,y)€X

PROOF: Let f,; denote the coordinates of f(z,y) with respect to the basis e, =
(r/2> (%2). Then, by Lemma 3.2.1,

(r%:ex( 1) f(z,y) 2{(@1440 B <a3441>}(fw_1 i

However, with respect to the basis { ‘ 0<ac< r} for polynomials in x, the co-

efficient of (r_ ) in z% is

0 for0<a<r-—1,
—1 fora=0(r—1)anda#0.
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Thus

forr—frra =3 (ff of () Y i f(2y,20) - f<2x,2y>)
j=1

= —coeff. of <$) in F(x).
a

However, for any polynomial g,

S (L s« [ -5

(3.2.3)
using (2.1.6), while the summand is = 0 for @ > r. The lemma now follows by
combining these results. |

In particular, if f has degree less than r — 1 in z and y independently, then
Y (=)' fla,y) =0.
(z,y)eX
4: ASYMPTOTIC EXPANSIONS

In this section we use the results of §3 to derive an asymptotic expansion for

Z. (M, ¢). Throughout this section r will be an odd prime while n and ¢ are integers
with n odd and t # —n. Also q = eF.

4.1 Proof of integrality

Theorem 1 For any odd prime r, Z (M, ;) may be represented by a polynomial
in q with rational coefficients whose denominators are not divisible by r.

PROOF: By (2.4.4), we know that Z(Mn,t) can be written in the form

E (_1)qu(a,b)—|—%(3a—|—b)

Z (M) = (—1)t+0-’A2n(a7b)€X

(4.1.1)

r—1

(g7 =1 ¥ ¢

a=0

Let R, denote the quotient of the ring of polynomials in ¢ by the ideal generated
by ¢" — 1. Denote the element of R, defined by the right hand side of the above

r—1 r—1
equation by f.(q). Next observe that in R,, (Z q5“2> . (Z q_5“2> = r so that
a=0 a=0

_1 tta 1 1 n 2
frlg) = TS S gt ()

-5 _
T(q 1) (a,b)eX c=0
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Since ¢" = 1 in R,, the sum on the right hand side of this last expression may be
considered as a polynomial in g of degree at most r — 1 and such that the coefficient
of gP, for 0 < p <r,is

(=)' # {c cZ,

(a,b)eX

Gla,b) + %(3@4—6) + oo Ep}

r—1

por=1 1 n 2
= Z (—1)°6= <G(a,b)—|-z(3a—|-b)—l-§—p>

(a,b)eX

since #{c € Z,|c* = z} = 1+ x"7 . Using Lemma 3.2.2 it follows that these
coefficients are all divisible by r. Also, the sum of all these coefficients is

d (-1)r=0.

(a,b)eX

Therefore, (¢7% — 1)f,(q) is a polynomial in ¢ with coefficients which are rationals
of sum zero and whose denominators are not divisible by r. Hence f,(¢q) is equal in
R, to a polynomial in ¢ whose coefficients are rationals which have denominators
not divisible by r. [ |

The polynomial in q for Z,(M, ), whose existence is given by this theorem,
when considered as a polynomial in &~ = ¢ — 1, has the coefficients of h* uniquely

T;?’. Indeed, Theorem 1 is a special case of a

determined, modulo r, for 0 < <
theorem of Murakami [20]; however, it is instructive to use the techniques of §3 to
verify its validity for our particular manifolds.

4.2 Computation of asymptotic expansion

Consider the summation in the numerator of the right hand side of (4.1.1).
The coefficient of k* in this sum is

il' Z (=1) <G(a:,y) + 3(31’ + y)) ) (4.2.1)

C(zy)EX

the summand of which is a sign, times a polynomial in = and y of degree 2: with
coefficients in Z[14]. Suppose that ¢+ < r. Then by Lemma 3.2.2, the sum in (4.2.1)
is congruent modulo r to

-1\~ — — i — = ?
;i—i—l)z‘l {coeff. of y"!in (QG(QB,Qy) +3B + y) — (2G(23,2y) + B+ 3y) } ,
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and in particular is = 0 when 2 < r — 1. Put: = 5 + r'g—l and observe that
! = (”'H)’( Voo (g + - ) Hence the sum in the numerator of (4.1.1) has the
property that coeﬁc1ents of k* for « < r — 1 are congruent to those in

E ’ - = - or41
<2 T (coeff. of y"~!in (2G(2B,2y) + 3B + y)J—I-%

— (2G(2B,2y) + B + 3y)’T %),
(4.2.2)

Lemma 4.2.3 Suppose that g(y) = ay® + by + ¢ for some a,b,c € Z[/] with a # 0
and 0 < j < ’"53. Then

S (coeft. of y™ in gly)7*H )= O + S (43078 1),

PROOF: The coefficient of y"~! in g(y)j'i'% is easily seen to be

2p j+p+1)’

p=0

and so the left hand side of the equality in the statement of the lemma is

20 3. <_<.3+>i<b> (j +2];+ 1) <Ji;+1)

However
io:]ii :L‘JyP <j—|—p—|—1)< ]‘|‘% )—i<er(l_%)—1>
== % ) 2p J+p+1 2z ;
from which the result is derived by combining it with the last statement. |

Considering both 2G(2z,2y) + 3z + y and 2G(2z,2y) + = + 3y as quadratic
functions of y in the form of ¢g(y) in the above lemma, we find that both have

H'T”. Applying the above lemma to (4.2.2) and combining it with (3.1.1), we

a =
deduce that the coefficients of k' in an expansion of the right hand side of the
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expression for 7,,(1\4”7,5) in (4.1.1), for 0 < i < r;3, are congruent modulo r to

those in

A1(B) _ gA2(B)

2(1—-¢7°)
where Aqj(x) and Ay(z) are the values of % (c — g) for the two quadratics. This
holds for t + n # 0; when ¢t + n = 0 the first ’;1 coefficients of k' are all divisible
by r. Note that in general |t + n|7;_1 is congruent to the quadratic residue of |t + n|
modulo r. Indeed,

(_1)1‘,A2n|t +n r-14

(4.2.4)

1 1
2(t + n)Aqy(x) =4n(t — n):1:2 + dtx — Zn(t +n)— 3

2(t + n)Ax(x) = 4n(t — n):1:2 +4(t — 2n)z — %n(t +n)— g )

(4.2.5)

The expression in (4.2.4) should be interpreted purely formally as representing a
power series in h = ¢ — 1 or in k. To find the coefficient of a certain power of h in
the series, that coefficient is found in the power series for the exponentials in the
numerator and the resulting polynomial in B is evaluated with B" replaced by B,,.
We have now arrived at the following theorem.

Theorem 2 When r an odd prime, the polynomial in h = q — 1 representing
Z.(My ) given by Theorem 1 has the property that the coefficients of h* in it, for

0<:< r;?’, are congruent modulo r to those in |t 4+ n|7;_1Zoo(J\ln7t) where

Ay(B) _ qu(E)

2(1-¢~°)
and § = sgn(t + n) while Aq(x) and Ay(z) are given by (4.2.5).

Zoo(Mpny) = (—1)' 424 (4.2.6)

Example 4.2.7 The coefficient of h° in Zo(M, ) € Q[[R]] is

1 ; — = (2nB+1 (=)
5 (FD3((B) = Aa(B)) = (-1 == =

since By = 1 and By = 0.
Example 4.2.8 The coefficient of k' in Zoo (M, ¢) is

(—1)tg(A1(§) — Ao(B)) (n—t + 35+ 2A,(B) + 2A5(B))

(~1)'s

_ =)o g e o 2
_4|t—|—n|2<3n 5—(n+1t) —|—35(t—|—n)).
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Example 4.2.9 The manifold M, ; is a Z-homology sphere for |t + n| = 1. In
this case, t + n = 6 and so Z,(M, ) = 7,«(1\4,”). The formal power series in h
given by Z..(M,, ) now has the property that the first r;—l coeflicients are congruent
modulo r to those in a rational polynomial representation of Z, (A, ) not involving
denominators divisible by r. This property uniquely identifies Z, (M, ) and it is
therefore the rational formal power series whose existence was proved by Ohtsuki
in [19]. By Example 4.2.7, the coefficient of h° is just 1. The coefficient of h' given
in Example 4.2.8 reduces to g(?mz — 3), which, for odd integers n is always divisible
by 6. Indeed, it is six times the Casson invariant of M, ;, as was shown for general
Z-homology spheres in [18].

Example 4.2.10  The expression (4.2.6) may be used to determine the asymptotic
growth of the coefficients of powers of k in the formal power series for Zo(My ¢).
Observe first that if B,,(z) denotes the n*" Bernoulli polynomial, then

o 3 1
(Bt =T (B’““ (Z * “) P (Z " O‘))
~ 8(277)_m_1m! sin (g(m +1)— 27Ta> \
—m ,27isT

for large m. The second step uses By, (z) = —m!(2mi)™™ > o5 " e which is

valid for 0 < z < 1 so that this step is valid for 0 < |a| < 1. However By, (z + 1) =
B, (x) + ma™ 1 and therefore whenever 4a ¢ Z, the above estimate on the growth

of B,, remains valid. The coefficient of k™ in the expansion of q“(§+o‘)2 is therefore

N 4 (2m)! ( a

—4—2> cos2ra , (4.2.11)
7

T m!
for a ¢ i + %Z, while the coefficient of k™ in the expansion of ¢/(*) where flz) =
az? + bz + ¢ grows as in (4.2.11) with a = % Since the leading terms in Ay (z) and
Az () are identical and non-zero for n # t, the coefficient of k™! in the expansion

of Zoo(M, ) is therefore
_2(=1)" (2m)! < n(n—t)))m (COS(L_COS W(t—Qn)) |

T m! 272(n +t t—n) n(t —n)

The ratio of the m*™ to the (m — 1)t coefficient in the expansion in powers of k
(and hence also for the expansion in powers of h) therefore grows with m as

2n(n —t)

~— fi t. 4.2.12

. m or n # ( )
When n = t, Ay(x) and Az(x) are both linear functions and the formal power series
defined by (4.2.6) has a positive radius of convergence; see §6 for a closed formula
for the holomorphic function so defined.
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Note that Theorem 2 demonstrates the existence of Ohtsuki type formal power
series even for manifolds which are not integral homology spheres. However, in such
cases care must be taken over the normalisation of Z,(M, ) which is employed.
In the case of the manifolds M, ; discussed in this paper, we have seen that the
appropriate normalisation is

cr(9)
) g,
where ¢,.(m) = A7"(1 + A_""Q), the remaining dependence on r being by a factor
which is the quadratic residue of |t 4 n|.

4.3 Integrality for homology spheres

It follows immediately from (4.2.6) that the coefficients in the expansion of
Zoo(M,, ¢) in powers of h are all rational. In this section the denominators in these
coefficients will be discussed.

In order to do this, it will be convenient to express polynomials in a single
variable, x say, in the form of linear combinations of binomial coefficients (;), for
m > 0. For any ring R C Q, let

P(z,R) = { ;’; m (;)

Since f(z + 1) — f(z) = > ca+1(§) when f(z) = > ¢4 (i), the following lemma
a=0 a=0
may be obtained by induction.

am € R are almost all zero} )

Lemma 4.3.1 A polynomial f(z) lies in P(z, R) if, and only if, f(z) € R for all
z € Z.
Lemma 4.3.2 Ifa >0, u and v # 0 are integers then v2“<uév> SV

PrOOF: 4 Now v?¢ (”({U) = Z—Tu(u —v)... (u —(a— 1)1)). Suppose that p is a prime
dividing both v and a!. The greatest power of p dividing a! is p' where

a a a a a
t:{_}+{7}+...§_+_2+...: <a.
p p p p

4 I thank G. Freiman for providing this proof.



22 Ruth Lawrence

Thus any prime dividing v will appear in a! with a power which is at most that in
which it appears in v°.

Suppose now that p ia a prime dividing a! but not v. Then the number of
elements of {u,u—v,...,u—(a—1)v} divisible by p™ will be either L}%} or {pim} +1,
for any m € N. The number of powers of p dividing u(u — v)--- (u — (a — 1)1)) is
therefore at least {%} + {%} + - -+, which is the greatest power of p dividing a!. We

P
have now shown that any prime dividing a! will appear in a! with a power which is
at most that in which it appears in v%u(u —v)... (u —(a— 1)1)). [ |

Combining the last two lemmas, we deduce that whenever v,a € N and k,l €

v1Z, vza(kx":lrQ) € P(x,Z), while (%) — (%) € 27%Z. Recalling (3.2.3), we deduce

that ,
kB + B
< + ) c 2—4a—3v—2az 7

a

so that qk§+l§2 € Z[1.1][[]]. The following theorem now follows immediately
from (4.2.6), since 8(¢t + n)A;(z) is a quadratic polynomial with integer coefficients
for:=1,2.

Theorem 3 The coefficients of powers of h in Zo (M, ), when considered as a
tformal power series in h, lie in Z B, ﬁ} .

For Z-homology spheres, Theorem 3 gives Zo, € Z[1/][[R]]. However, in this
case, it 1s believed that one can obtain the following stronger result.

Conjecture 4 When M, ; is a Z-homology sphere, Z..(M, ;) is a formal power
series in h = g — 1 with integer coefficients.

DISCUSSION:  Suppose that M, ; is an integral homology sphere, so that [t+n| =1

while 6 = n +¢. Then by (4.2.6), it suffices to show that %AQ"(QAl(E) — qAQ(E)) €
Z[[n]]. By (4.2.5), —¢ (Ai(l’(S) + g) = fi(z) depends only on 7 = né whilst

n 1
filz) =2n(2n — 1)2* + 2(7 — 1)z — :%n + 1
Fale) = 20(27 — 1)a? + 2(37 — 1) — %” v %

Since in our symbolic notation f(B) = f(—B), (4.2.6) may be reduced to
qf2(B) _ gfl(B)

Zoo(Mns) = 5=
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where § = ¢~°. The conjecture now reduces to the question, does qf2(§) —gh (B)

lie in 2Z[[A]] for all odd integers 1?7

Example 4.3.3  In the course of the discussion of Conjecture 4 it was observed that
for the subfamily {an’t ‘ ln+t| = 1} consisting of Z-homology spheres, Zy.(My ¢)
depends only on 7 = n(n + t), as a function of § = g~ ("1 As a power series in
h =q — 1 one can obtain

Zoo(My i) = oo+ arh + ash + -+,

where ag = 1 and «a,, is a polynomial in 7 of degree 2m. By geometric arguments it

follows that Zo, = 1 when 7 = £1 and so one may write o, = %(ﬁz —1)Bm, for

m € N, where 3,, is a polynomial in 7 of degree 2m — 2. Indeed, it may be computed
that 3 = 6, B2 = 1(25n° —16n+3) and 83 = ;5(427n* —528n° +230n° —48n+15).

It can now be seen explicitly that these first few coefficients are integral. As was

mentioned already in Example 4.2.9, éal is always an integer, namely the Casson

invariant of the 3—manifold. From the above explicit calculation it can be seen that
ap 1s divisible by 3 and is an odd multiple of éal.

Example 4.3.4 For the Poincaré homology sphere, M_3 5, we have § = —1 so
that § = ¢ and the first 14 terms of the expansion are

Zoo(M_33) =1 — 6h + 45h* — 464h> + 6224Rh* — 102816h° + 2015237h°

— 4567934947 + 1175123730R% — 33819053477h° + 1076447743008%'°
— 37544249290614h'" + 1423851232935885h'2 — 58335380481272491A'3 + - - -

Some other computations of Z., for a number of Z-homology 3-spheres in our series
are collected below.

Zoo(Msz _4) = 1 — 6h + 69h% — 1064h> 4+ 20770h* — 492052h°
+ 1372445215 — 440706098K" + - - -

Zoo(M_54) =1~ 18h + 411h* — 12900R> + 523445h* — ...
Zoo(Ms _¢) = 1 — 18h + 531h* — 21180R> + 1074975h* — - -
Zoo(M_76) =1—36h + 1674h* — 106884Rh° + 8799855h* — - ..
Zoo(M7 _g) = 1 — 36k + 2010h% — 152244h° + 14703739R* — - - -

It can be seen that the coefficients grow very rapidly with the complexity of the
manifold. By (4.2.12), the ratio between m't and (m — 1)™ coefficients in the
expansion of Zoo (M, 1) in powers of h for [n+t| = 1 is asymptotically Zn(1—2n)m.
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5: RECONSTRUCTION OF WRT INVARIANTS

In this section we show how the values of 7,«(1\/1,171,) for odd primes r which are
not factors of ¢t + n, may be reconstructed from the formal power series Zo(Mp ¢).
Throughout, r is an odd prime and all congruences are modulo r unless explicitly
stated to the contrary. Let O, denote the set of those rationals whose denominators
are not divisible by r. Let O,[[h]] denote the ring of formal power series in h = g —1
with rational coefficients whose denominators are coprime to r. We also use the
notation {c}, to denote the quadratic residue of ¢ modulo r; that is,

0 ife=0,

—1 if ¢ is not a square in Z,.,
{c}r =
1 otherwise.

Thus the number of solutions in Z, to 2% = cis 1 + {c},.

Lemma 5.0.1 For any a,s € Z,,

r{s}: ifa=0,

Z{s—l—a:p2}r =< —{a}, ifa#0 and s #0,
z (r—1){a}, ifa#0ands=0,

where the sum is over a complete set of residues modulo r.

ProoF: For a =0 or s = 0, the statement is immediate. Assuming a,s #Z 0, let @
be the inverse to a in Z,. Then

Z{s + a:z:z}r = {a}, Z{SE + .1‘2},«

= {CL},«(#{(CL‘,y) €7, x Z,,|3:2 + sa = y2} — r)
= {a}r<#{(u,v) €Zy X Zy|luv = —sa} — r)
= _{a}rv

where in the penultimate step the change of variables u = x —y, v = x 4+ y has been
employed. [ |

For a # 0, the result of the sum in the statement of Lemma 5.0.1 can be written
as (rés=o — 1){a},, using the Dirac delta function 7 which is 1 if T' is true and 0
otherwise.
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Lemma 5.0.2 Suppose that f(y) is an O,—valued polynomial function and that a
and b are rationals whose denominators are not divisible by r and whose difference

is divisible by r. Then,

b—a B+b

D850 4 g fD) / 0 dy
r B+a

is divisible by ¢" — 1 in O.[[h]].

Proor: Without loss of generality, we may assume that a < b. Suppose first that
a,b € Z with e = =% ¢ N. Then

T

B+b a—1+er
/ qf(y) dy = Z qf(M)
B+a m=a
e—1r—1

_ Z qu(a—l—lr—l—k)

1=0 k=0
— E(qf(O) N qf(r—l)) 7

using ¢" = 1 along with the fact that = y implies f(z) = f(y). As formal power
series in h, the above equalities hold modulo ¢" — 1. The result thus holds whenever
a and b are integers.

Next observe that if K(h) € O,[[h]] then the statement that K (k) is divisible by
q¢" — 1 in O,[[h]] can be written as a countable sequence of Q—congruences (modulo
r), each of which involves only a finite number of coefficients of powers of h in
K(h). Since the coefficient of k! in the expression in the statement of the lemma is
a polynomial in a and b (whose degree depends linearly on 7) and the statement of
the lemma holds for integer values of a and b, it therefore holds for all a,b € O,.. R

Lemma 5.0.3 Suppose that Q(z,y) is a quadratic polynomial in x and y whose
homogeneous part of degree 2 is symmetric in x and y. Assume that the common
coefficient of z* and y* in Q(z,y) is a # 0. Let A(z) and A'(z) denote the values

in Z, of the discriminant ¢ — g for the two quadratics Q(2z,2y) and Q(2y,2z),
considered as quadratics in y with coefficients dependent on x. Then

AP _ (A (B)

2

(@ Y )M Q)

p=0 (z,y)€X

is divisible by ¢" — 1 in O.[[h]].
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PROOF: By definition, X consists of integral points in [—a, a] X [—a, ] for which
the parities of the two coordinates are contrary. Thus

Y D)p-Qy)} = Y {p—Q,y)}r — {p— Qy, x)}»

(r,y)EX x odd

3y even

=Y {p-Q, )} —{p-Qy, )},

y even

where the two sums on the right hand side are over domains which are subsets of
the set of all integer points in [—a, a] X [—a, a]; the last step uses the anti-symmetry
of the summand. By Lemma 5.0.1, the last sum can be evaluated to give

> (yan(z)mo — ) ke = (5,_a ()20 — 1) {0

y even

and therefore,

%iqp Z (=1)%{p—Q(z,y)}r = {—a}r Z qA’(%)_qA(%>

P=0  (z,y)€X y even
5]
—{-a}, Y AW A0

v=—[$]

By (2.1.3), the sum on the right hand side may be rewritten as

B-[3]
Next observe that
{a} 1 r 3 r
—|=|==-—-or - ——,
2 4 4 4 4
1+{a}_3+r “1—|-r
2] T2 T3 1Ty

—1

according as r = 1 or 3(4). Combining this with the fact that {—1}, = (=1)"Z we
obtain

B+3+(-1)%

S ={-1}, (qA’(y) _ qA(y)) dy
Bg+(-1t1 g
+% 1 r—1
= {1}, (¢ (y) _ qA(y)) dy + 5 Z(QA (m) _ qA(m)) 7
‘B_F% m=0
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up to the addition of a multiple of ¢" — 1 in O, [[h]], using Lemma 5.0.2. However, it
follows from their definition in terms of Q(z,y) that A(z) and A’(x) are quadratics
in z which share the same coefficient of z? and the same discriminant. The case
when the coefficients of 2% in A(z) and A’(z) vanish modulo r may be dealt with
independently. Working modulo r in this case, the linear terms differ by at most a
sign and when they vanish A(z) = A’(z). In all cases we conclude that the sum on
the right hand side of the last equation vanishes; the result follows using (2.1.6). W

Theorem 5 Assume that n is an odd integer, r an odd prime and t € Z is such
that t + n is not divisible by r. That is, we assume that M, ; is a Z,-homology

sphere. Then 7,«(1\4,”) —A{lt + n|}rZoc (M, +) is divisible by qu__ll in the ring of
formal power series in h = q — 1 with rational coefficients whose denominators are

not divisible by r.

PrROOF: By (4.1.1) and (4.2.6), it is required to show that

Z (_1)qu(a,b)—|—%(3a—|—b)
(a,b)eX

r—1
(¢ =1) 3 ¢
a=0

A1(B) _ ,Ax(B)

q

(1) A2 (|t + n|}, 2 =)

. (_1)t—|—aA2n

is a multiple of q;__ll in O,[[h]]. Rewriting the expressions, it suffices to show that
A1(B) _ (Aa(B) 1< 1
4q 4q b
Sl 4L Y (- Glat) - (a0
=0  (ab)eX r
is a multiple of ¢" — 1 in O,[[h]]. We have here used the fact that the quadratic
residue is multiplicative and {—d}, = (—=4)® for a = 1. Recall also that by

construction, Aq(z/2) and Aq(x/2) are the values of ¢ — g obtained by viewing

G(z,y) + ?’Zj and G(z,y) + % as quadratics in y. The result now follows
immediately from Lemma 5.0.3 when it is noted that the coefficient of the square
t+n

terms in either of the quadratics just mentioned is 5%*. [ |

Note that Theorem 2 may be deduced from Theorem 5. The result of this
theorem may be expressed alternatively as follows. Consider the natural map

B O e 2 | L
it [Q’t—l—n] ] (L=0)0x([R])

given by dividing out by the ideal generated by the relation imposed on ¢ by re-
quiring it to be a root of unity of order r. Then Theorem 5 states that

Zo( M) = {|t + n|}+0: (Zoo (M 1))

so that if Zoo(M,+) € Z B, H—Ln} [[7]] is known, then Zr(j\lmt) may be obtained as
a polynomial function of ¢ for any odd prime r which is not a divisor of

t+n| = |Hy(Mos1, Z)]
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6: EXTENSION TO HOLOMORPHIC FUNCTIONS

In this section we will investigate the extent to which Zo(My ¢) which is de-
fined in (4.2.6) as a formal series can be viewed as an asymptotic expansion of a
holomorphic function of q.

Write ¢ = e*. As a warm-up, we first investigate qf(E) where f(z) is a real

linear function, say ax + b for a,b € R. Using (2.1.4),

> b
aBt+b _ b\ (0R)" = 2q
q =q Z o Bn=———==
n=0
Thus, for linear functions, f, qf(g) can be extended from a formal power series to
a (possibly multi-valued) holomorphic function. More generally, for any function

f(z), one may use the integral presentation (2.1.7) to view qf(g) as representing a
(multi-valued) holomorphic function of ¢ defined by

qf(g) _ 4/0@ ek f(iz) 1,

e2mz + e 27z ’

on the domain of ¢ for which this integral converges. When f is a quadratic function,
say f(z) = az? + bz + ¢ for some a,b,c € R, the integral converges for a = 0 and
for R(ak) > 0, that is, for |g| > 1 or |¢| < 1 according as a is positive or negative.

Combining this with (4.2.6) we obtain the following theorem.

Theorem 6 For any odd integer n and integer t # —n, the formal power series
Zoo(My, ¢) in h = ¢ — 1 may be viewed as the asymptotic expansion of the following
multi-valued holomorphic function of g,

(_1)tq% / qu(iz) _ qu(iz) p

1 — —é e2mz + e 2wz

Zoo( My 1) =2
(Mp,i) p

— 0

where § = sgn(t + n) and Aq(z), Ag(x) are given by (4.2.5). The domain of
definition of this function is 1 < |g| < oo or 0 < |g| < 1 according as %
is positive or negative, while when it is zero so that n = t, the following closed

expression may be obtained,

Zoo(My ¢) =

where g # 1 and in addition ¢ = 0 or g = 0o is excluded from the domain according
asn >0 orn <0.
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7: CONCLUSIONS

In this paper, a detailed analysis of the sl, Witten—Reshetikhin—Turaev invari-
ants for a specific family of 3—manifolds has been carried out. Although it may
appear at first sight that the methods employed depended heavily on the simple
state-sum form for the invariants which only exists for these particular manifolds,
the author believes that similar results hold more generally.

Conjecture 1 For an appropriate normalisation Z,.(M) of the sl,~WRT invariant,
there is an invariant, Z.(M), of Q-homology 3—spheres, M, which takes values in
H,y (M, Z)|_1], such that

in O.[[h]], for all odd primes r. Furthermore,

formal power series in h = q — 1 with coefficients in Z [1/2,
74 -1

Z,(M) = Zso(M) is divisible by L=

Zoo(M) can be expressed as an asymptotic expansion around q¢ = 1 of a multi-

valued holomorphic function of ¢ whose domain includes 0 < |¢| < 1lorl < |q| < oo
according to the particular manifold M.

By [19], it is known that for Z-homology spheres, a formal power series,
Zoo(M), in h = ¢— 1 exists with rational coefficients and such that the coefficient of
h'in it is congruent to that in Z,(M) for all odd primes r and 0 <7 < r;3. By [20],
the first two terms of an expansion of Z (M) are known for Q-homology spheres.

Conjecture 1 would imply that all the information on sl,—WRT invariants at prime
roots of unity is contained in a new invariant which is a holomorphic function. It
should also be possible to reconstruct from this function the values of Z, (M) when
r is composite, but this is likely to involve some deep theory. When sl, is replaced
by another Lie algebra, a conjecture of the same form as that above should hold
and 1t 1s expected that, much as for Vassiliev invariants, there will be universal
invariants out of which those for particular Lie algebras may be constructed.

Conjecture 2 When M is a Z—homology 3—sphere Z..(M) € Z[[}]].

The main obstacle that must be overcome before these conjectures can be
verified is a better understanding of the quantum 6j—symbols entering state-sum
expressions for the WRT invariant. The coefficients of powers of h in Z. (M)
should match those coming from a formal perturbation expansion of the Witten’s
functional integral arising from Chern—Simons theory. That is, they should be given
by a combinatorial sum, involving the graph cohomology of M, of finite dimensional
integrals over the configuration space of points in M. In particular, such coefficients
should be 3—manifold invariants of finite type, playing a role similar to that played
by Vassiliev invariants in the theory of link invariants in S®. I refer the reader to
[6] for the close connection between perturbative Chern-Simons theory for knots in
S3 with Vassiliev invariants, [23] for a self-contained account of the pretty algebraic
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structures related to Vassiliev invariants and to [24] and [25] for definitions of finite
type for 3—manifold invariants.

Since, for Z-homology spheres, the coefficients of powers of h in Z.(M) are
conjectured to be integral, it is natural to expect them to be counting some sets,
with appropriate signs, much as the first coefficient, the Casson invariant counts
representations of the fundamental group into SU(2). If this is indeed so, it is
interesting to speculate on how the objects being counted depend on the manifold
(perhaps only via the fundamental group and signature information), on the power
of h and on the Lie group involved (perhaps via affine Lie groups at a suitable level).

A better combinatorial understanding of the WRT invariants for manifolds is
undoubtedly needed and long overdue. For example, unlike the related invariants of
Turaev and Viro for which a description is given in [26] in terms of a triangulation
of the manifold, this has not yet been carried out for the WRT invariants. The
generalisations and connections outlined here will be the subject of future work.
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