On algebras and triangle relations^1 R.J. Lawrence^2

Department of Mathematics Harvard University Cambridge, Massachusetts

Abstract. Group and algebra structures have historically always had very close ties with geometric concepts. In this paper it is seen how, by imitating in higher dimensions, geometric structures arising naturally out of ordinary algebras, a notion of higher algebras can be constructed. An example of such a structure is given using quantum groups. The geometrical nature of these higher algebras is seen to provide natural settings for both Turaev & Viro’s construction of three-manifold invariants, and higher versions of the Yang-Baxter relation.^3

1:: Introduction

Let A be an algebra. That is, A is a vector space over a field k, endowed with a k-linear map m: A ⊗ A −→ A satisfying,

m(1 ⊗ m) = m(m ⊗ 1) (1.1)

In this relation, m is the usual multiplication map, m(a⊗b) = ab, while (1.1) is an equality between two maps A ⊗ A ⊗ A −→ A, representing the associativity of the multiplicative operation on A.

Suppose a_i (1 ≤ i ≤ n) are n elements of A, and consider their product x = a_1 . . . a_n. Let A act on itself by multiplication on the right; g acts by r_g: a −→ ag. The action of x on A may be decomposed into r_{an} ∘ . . .∘ r_{a1} . In an evaluation of x, the operation m is applied n−1 times in some arbitrary order. Such an evaluation may be represented by a sequence of products; at each stage, a pair of adjacent elements in a product being replaced by a single element, via the action of m.

If the action of g ∈ A on a ∈ A is represented by an oriented line with label g, whose endpoints are labelled a and ag, then the action of x is represented alternatively by a path made up of n intervals, joining adjacent points in the sequence a, aa_1, aa_1a_2, · · · , aa_1 . . . a_n in turn, or equivalently, by a single line joining a to ax. Such considerations motivate the following definitions.

Definition 1.1 A product P, in an algebra, A, is a subdivision of an interval into a finite number, n say, of oriented subintervals, together with an assignment of an element, denoted (P) of A^{⊗n}, in such a way that orientations on adjacent subintervals are compatible. The

1 This work is supported in part by NSF Grant No. 9013738.

2 The author is a Junior Fellow of the Society of Fellows.

3 This work was presented at an invited talk given on 29thMay, 1991 at the 2^{nd}International Symposium on Topological and Geometric Methods in Field Theory, held in Paasikiviopisto, Finland.

integer n is called the order of P, denoted |P|. An elementary product is a product for which (P) = a_1 ⊗ · · · ⊗ a_n for some a_i ∈ A, 1 ≤ i ≤ n.

Thus a product is a k-combination of elementary products, while the standard notion of a product, of the form a_1 . . . a_n in an algebra, corresponds to that of an elementary product defined here. Any elementary product is just a labelled subdivision of an interval into oriented subintervals with compatible orientations, the labelling supplying an element a_i of A on each subinterval.

Definition 1.2 An ordered evaluation, E, of a product P, is a sequence of products P_n, . . . , P_1 with P_n = P, |P_r| = r for each r, while P_{r−1} is obtained from P_r (any n ≥ r > 1) by replacing a pair of adjacent intervals by a single interval, the associated labels transforming according to the action of m.

Thus an ordered evaluation of an elementary product provides a procedure for bracketing a_1 . . . a_n so as to obtain an element of A by repeated applications of m.

Definition 1.3 An evaluation of a product P is a triangulation, with no internal vertices, of the polygon, , formed from the line segments comprising P by adjoining one additional line segment between the end points of the interval defined by P.

Lemma 1.4 For any product P in an algebra A, there is a surjective map, σ, from the set of ordered evaluations to the set of evaluations, of P.

The map noted in Lemma 1.4 is, however, not injective. From an ordered evaluation, E, of P, an evaluation is constructed iteratively as follows. The products {P_r} supply a sequence of polygons_n, . . . ,_2 in which_r is obtained from_{r−1} by replacing a pair of adjacent edges with a single edge. The figure obtained by superimposing all these polygons gives together with a triangulation.

For example, take n = 4. The ordered evaluations of a product P with |P| = 4, (P) = ⊗ ⊗ ⊗ may be represented by sequences P_4 = P, P_3, P_2, P_1, the possibilities being specified by the following sequences.

⊗ ⊗ ⊗ −→ ⊗ ⊗ −→ ()⊗ −→ (()) ⊗ ⊗ ⊗ −→ ⊗ ⊗ −→ ⊗ −→ ()() ⊗ ⊗ ⊗ −→ ⊗⊗ −→ ()⊗ −→ (()) ⊗ ⊗ ⊗ −→ ⊗⊗ −→ ⊗() −→ (()) ⊗ ⊗ ⊗ −→ ⊗ ⊗ −→ ⊗ −→ ()() ⊗ ⊗ ⊗ −→ ⊗ ⊗ −→ ⊗() −→ (())

The correspondence of lemma 1.4, associates to these six ordered evaluations, the evaluations specified by the bracketings in the right hand column. Thus, the second and fifth, ordered evaluations above, are distinct, but are associated with the same evaluation, namely (a_1a_2)(a_3a_4), which is depicted in Figure 1.

Figure 1: 1

75,10

The number of evaluations of a product P of order n is C_{n−1} =^1_n

(_{2n−2} n−1 ) , a Catalan number, while the number of ordered evaluations of such a product is (n−1)!. For any product P and ordered evaluation E of P, let E(P) denote the result of the evaluation, namely the element of A associated with the last product P, in the ordered evaluation E.

Theorem 1.5 E(P) is independent of the choice of ordered evaluation E, ⇐⇒ (1.1)issatisfied.

It is clear that any dependence of E(P) upon E, is limited to that on the evaluation σ(E). The n^{th} Stasheff polyhedron, K_n, is defined to have vertices labelled by triangulations of an n-gon (no internal vertices) and r-dimensional faces, labelled by the partial triangulations in which r internal lines are omitted from a full triangulation (see [S]). Thus, the vertices of K_{n+1} may be identified with the evaluations of P, where |P| = n. The fact that K_{n+1} is connected implies that the independence of E(P) from σ(E) is equivalent to E_1(P) = E_2(P) whenever σ(E_1) and σ(E_2) correspond to vertices of K_{n+1} connected by an edge. This local move is given geometrically by replacing one triangulation by another, differing only on a quadrilateral in which one diagonal is replaced by another. Algebraically, (1.1) specifies invariance under such a move.

Starting from the geometrical representations above, of standard notions of multiplication and associativity in ordinary algebras, we generalise in the next section to higher dimensions, defining the notion of a d-algebra.

2:: d-algebras

A d-algebra A, over a field k, will be defined to be a k-vector space, together with a collection of multiplication maps and a symmetry map. The precise definition will be given at the end of this section, and an algebraic definition for the case d = 3 will also be given. We start by generalising definitions 1.1–1.3 to higher dimensions.

Definition 2.1 A product P, in a d-algebra, A, is a subdivision of a (d −1)-simplex into a finite number, n say, of (d −1)-simplices, together with, (i) an assignment, to each (d−1)-dimensional sub-simplex of the d labels 1, 2, . . . , d placed on the (d − 2)-dimensional faces,

(ii) an element of A^{⊗n}, in which the indexing set for these factors is the set of n constituent (d −1)-simplices, such that the orientations induced by (i) on adjacent d −1-simplices are compatible.

We denote the data in (ii) by (P) while |P| denotes the unlabelled subdivision of the d −1- simplex specified by P. Here two (d +1)-simplices are said to be adjacent if their vertex sets, each of size d, have d −1 common elements.

In the case of d = 2, all these definitions reduce to those of §1. Indeed, an ordinary algebra should be considered as a 2-algebra; an unlabelled subdivision of a 1-simplex into 1-simplices is just specified by the number of subintervals. There is an obvious action of A_d on the data supplied on a constituent d −1-simplex in a product, which permutes the labels 1, 2, . . . , d on the faces while retaining the same orientation.

By a simplex move of dimension d is meant a procedure for replacing a particular connected configuration of d-simplices by another configuration, in such a way that the bounding configuration, of (d −1)-simplices, is preserved.

Definition 2.2 Let M denote a finite collection of simplex moves of dimension (d −1). An ordered evaluation, E, of a product P, with respect to M, is a sequence of products P_1, . . . , P_k in which P_1 ≡ P and |P| is the trivial decomposition of a d −1-simplex into just one simplex, while P_{r+1} may be obtained from P_r, for any r, by replacing a subset of the d −1-simplices in P_{r+1} with another set of d −1-simplices via a move M ∈ M. Here k is called the length of E.

This definition reduces to Definition 1.2 when d = 2, and M consists of the single move which replaces a pair of connected line segments by a single line segment.

Suppose P is a product. Let be a closed (d −1)-dimensional polyhedral surface, made up of P together with one additional (d −1)-simplex. By a geometric realisation of is meant an embedding in R^d, in general position; that is, one in which no (d +1) vertices lie in a hyperplane. A d-simplex has d +1, (d −1)-dimensional faces. Let M_{d,j} denote the simplex move of dimension (d −1) which replaces (d +1 − j) of these faces by the complementary set of j faces, for any j, 1 ≤ j ≤

[_{d+1} 2 ] . Let M_d be the set of such M_{d,j} over all j’s.

Definition 2.3 An evaluation of a product P is a decomposition of the interior of a geometric realisation of into, say N, d-simplices, with no internal vertices, which can be realised by an ordered evaluation of P with respect to M_d, of length N.

It should be noted that, in general, a decomposition of the interior of into d-simplices may not be able to be realised by an ordered evaluation. Any ordered evaluation, E, of P with respect to M_d, of length N say, may be represented by a combinatorial union of N d-simplices with boundary ; however, in general, this may not have a geometrical realisation.

Definition 2.4 A k-vector space A, endowed with maps m_j : A^{⊗(d+1−j)} −→ A^{⊗j} for 1 ≤ j ≤

[_{d+1} 2 ] and an action, ρ, of the alternating group A_d, is said to be a d-algebra, ⇐⇒ , foranyproductPandevaluationE, theresultoftheevaluationE(P), obtainedbyrealisingthemovesinM_d, via the actions {m_j } and ρ, is independent of the choice of E.

When d = 2, we have a single map m: A^{⊗2} −→ A, and the only condition arising is (1.1). When d = 3, we have two maps m: A^{⊗3} −→ A and : A^{⊗2} −→ A^{⊗2} representing the two moves depicted in Fig. 2. For the rest of this section, we will work with d = 3.

Figure 2: 6

5,2 A product is now a labelled decomposition of a triangle into triangles, whilst an evaluation is a decomposition into tetrahedra of the polyhedron whose bounding surface is obtained from the product by adjoining another triangle. It is at once apparent, that any two evaluations of a product, differ by a boundary of a union of 4-simplices. A geometric realisation of a 4-simplex in three dimensions, in which the five vertices all live on the boundary of their convex hull, is as a pair of tetrahedra with a common face, which can be alternatively decomposed into three tetrahedra with a common edge. Hence, a 3-algebra consists of a k-vector space endowed with k-linear maps m and , and an action of A_3 = Z_3, generated by P say (P^3 = id, see Fig. 3). The analogue of associativity consists of,

(a) invariance under a change of evaluation in which a pair 1234, 1235 of tetrahedra are replaced by a triple 1245, 1345, 2345;

(b) the natural symmetries of m and with respect to P .

Figure 3: 9

0,21

A formal algebraical definition of a 3-algebra follows, in which (i)–(v) are the axioms of type (a) while (vi) and (vii) express the symmetries of Fig. 2, under rotations through 2π/3 and π, respectively (see Figs. 9 and 10).

Definition 2.5 A 3-algebra, A, over a field k, is a vector space over k, endowed with k-linear maps, P : m: : A −→ A (of order 3, P^3 = id) A ⊗ A ⊗ A −→ A A ⊗ A −→ A ⊗ A which satisfy the following conditions,

(i) m(m ⊗ 1 ⊗ 1) = m(1 ⊗ 1 ⊗ m)P_{34}(1 ⊗ ⊗1 ⊗ 1)P_{34};

(ii) (1 ⊗ m)P_{23}(⊗1 ⊗ 1) = (1 ⊗ m)P_{12}(P^{−1} ⊗ 1 ⊗ 1 ⊗ 1)(⊗1 ⊗ 1)(P ⊗ P ⊗ 1 ⊗ 1)P_{23}; (iii) (m ⊗ 1) = (1 ⊗ m)P_{12}(P^2 ⊗ ⊗1)(1 ⊗ 1⊗)P_{12}P_{23}; (iv) (1⊗)P_{12}(1⊗) = (⊗1)(1⊗)(P ⊗ P ⊗ 1)(⊗1)(1 ⊗ P^{−1} ⊗ 1); (v) (1 ⊗ m)P_{23}(⊗P^2 ⊗ 1) = (m ⊗ 1)(1 ⊗ 1⊗); (vi) P m = m(P ⊗ P ⊗ P )P_{23}P_{12}; (vii) commutes with (P^2 ⊗ P )P_{12}.

A 3-algebra, A, is said to be orthogonal if,

(viii) (1 ⊗ P^2)P_{12}(P ⊗ P ) = Q is a projection A ⊗ A −→ A ⊗ A, while m vanishes on ( ker Q) ⊗ A.

Here P_{ij} denotes the action on A^{⊗n}, of transposing the i^{th} and j^{th} factors while the conditions (i)–(vii) represent equalities of two maps A^{⊗m} −→ A^{⊗n} with m = 5, 4, 4, 3, 4, 3, 2 and n = 1, 2, 2, 3, 2, 3, 2, respectively. The local parts of evaluations represented by conditions (i)–(iv) are of the form described above, with two tetrahedra replaced by three, and the associated local parts of the products as depicted in Figs. 4–7. They give all possible projective views of a union of two tetrahedra with a common face. Condition (v), depicted in Fig. 8 gives the independence of an evaluation upon the particular geometric realisation of a chosen configuration (see also Fig. 5). Orthogonality relates to the nature of the composition, Q, of two moves, which thus maps A ⊗ A to itself, living on a decomposition of a quadrilateral into two adjacent triangles, via an intermediate configuration in which the quadrilateral is subdivided using the other diagonal.

Figure 4: 1

0,21

Figure 5: 2 0,4

Figure 6: 3

0,20

Figure 7: 3

5,20

Figure 8: 4

5,7

Figure 9: 5

0,20

Figure 1: 0

64,10

3:: Examples

A d-algebra may be thought of as an axiomatisation of the properties of compositions of d-tensors, under contraction. Just as a representation of an ordinary 2-algebra, supplies a map from it to 2-tensors, in which multiplication corresponds to contraction, so a similar definition exists for a d-algebra. That is, a representation of a d-algebra, A, is a map ρ: A −→ V^{⊗n} where V is a k-vector space with non-degenerate inner product, such that,

A^{⊗(d+1−j) mj}−→ A^{⊗j}

ρ^∗ ↓ ↓ ρ^∗

V^{⊗d(d+1−j)} V^{⊗dj}

contraction ↘ ↙ contraction

V^{⊗j(d+1−j)}

commutes whilst the action of A_n on A is compatible with its action on V^{⊗n}. The contraction maps above are most easily visualised as follows. Take d +1 points in R^{d−1} whose convex hull, C, may be decomposed as a union of j, (d −1)-simplices with the given points as vertices. Equivalently, there is a decomposition into (d +1 − j), (d −1)-simplices. The contraction map V^{⊗dj} −→ V^{⊗j(d+1−j)} contracts along the common codimension-one faces of the j simplices, and it is seen that ∂C consists of j(d +1 − j), (d − 2)-simplices.

The following example of a 3-algebra comes naturally from the above visualisation of m and in terms of contraction maps.

Lemma 3.1 Suppose I is an indexing set, whilst w: I −→ k and | | | . . . . . . | | | : I^6 −→ k is A_4-symmetric. Then the k-linear space, A, generated by {e_{ijk} | i, j, k ∈ I} together with maps, P (e_{ijk}) = e_{jki}

m(e_{akj} ⊗ e_k′_{bi} ⊗ e_j′_i′_c) = δ_{ii}′ δ_{jj}′ δ_{kk}′ | | | a b c i j k | | | e^{abc}

(e_{j2bc} ⊗ e_b′_{aj1} ) = δ_{bb}′ ∑ j w^2_j | | | j_2 a j j_1 c b | | | e^j2^{aj} ⊗ e^{cjj}1

(3.1)

define a 3-algebra, if, and only if, for all a, b, c, e, f, j_1, j_2, j_3, j_{23} ∈ I, ∑ j w^2_j | | | | e j_3 j j_2 a j_{23} | | | | | | | | j c j_1 b a j_2 | | | | | | | | j_3 c f j_1 e j | | | | = | | | | j_3 c f b j_{23} j_2 | | | | | | | | e f j_1 b a j_{23} | | | | . (3.2)

The A_4-symmetry referred to in this Lemma is the action of the direct symmetries of

the tetrahedron upon its six edges, labelled as in Fig. 11, where | | | a b c i j k | | | corresponds to the diagram.

Figure 1: 0

155,35 An example of data satisfying (3.2) comes from the quantum 6j-symbols associated with a quantum group, I indexing a set of irreducible representations. Relation (3.2) is known in this context as the Elliot-Biedenharn relation.

For any three irreducible representations V_{i1} , V_{i2} , V_{i3} , one may construct a basis for V_{i1} ⊗ V_{i2} ⊗ V_{i3} in two distinct ways. Firstly, one may construct a basis as a join of bases of V_i ⊗ V_{i3} as i ranges over those elements of I for which V_i occurs in the decomposition into irreducible representationsof V_{i1} ⊗ V_{i2} . Secondly, a basis may be constructed as a join of bases for V_{i1} ⊗ V_j as j ranges over those elements of I, for which V_j occurs in the decomposition into irreducible representationsof V_{i2} ⊗ V_{i3} . Thus, if V_k appears in the decomposition of V_{i1} ⊗ V_{i2} ⊗ V_{i3} , then two distinct bases are known for the component transforming according to V_k. The change of basis transformation has coefficients known as the quantum 6j-symbols and traditionally denoted, | | | i i^1 i^2 j i_3 k | | | . An element {i, j, k} of I^3 is said to be admissible if V_i ⊗ V_j ⊗ V_k contains a copy of the trivial representation (the assumption of simplicity then implies that it occurs with multiplicity one). As defined above, (3.4) is only meaningful when {i_1, j, k}, {i, i_1, i_2}, {i_3, j, i_2} and {k, i, i_3} are all admissible triples. We extend its definition to all of I^6 by defining it to be zero in all cases where it would not otherwise be meaningful. Lemma 3.1 constructs a 3-algebra which, as a vector space, has basis indexed by I^3. The non-trivial part of this 3-algebra has basis indexed by that subset of I^3 given by admissible triples. This smaller space is the 3-algebra which we shall associate with a quantum group at a root of unity.

See [KR] for precise definitions of the quantum 6j-symbols. Note also, that the orthogonality relation amongst 6j-symbols guarantees the orthogonality of the resulting 3- algebra, while the associated projection Q of axiom (viii) has,

A ⊗ A/kerQ ∼= ⟨e_{ijk} ⊗ e_{jlm} | (i, j, k), (j, l, m) are admissible⟩ .

The simplest non-trivial example of a 3-algebra arising from this construction is that coming from U_qsl_2 at the sixth root of unity q = e^{iπ/3}. The only relevant triples generating A are those depicted in Fig. 12.

Figure 1: 7

0,50 A complete description of the 3-algebra, A, is given by,

P (a) = c, P (b) = a, P (c) = b, P (d) = d ;

together with the maps m and , below.

m(a ⊗ b ⊗ c) = −id m(a ⊗ c ⊗ b) = −a m(b ⊗ a ⊗ c) = −c m(b ⊗ d ⊗ b) = −ib m(c ⊗ b ⊗ a) = −b m(c ⊗ c ⊗ d) = −ic m(d ⊗ a ⊗ a) = −ia m(d ⊗ d ⊗ d) = d

(a ⊗ b) = −id ⊗ b (a ⊗ c) = a ⊗ c (b ⊗ a) = −c ⊗ b (b ⊗ d) = ib ⊗ c (c ⊗ b) = b ⊗ a (c ⊗ c) = −ic ⊗ d (d ⊗ a) = ia ⊗ a (d ⊗ d) = d ⊗ d .

Note that in the above list the images of basis elements have been given, with those not mentioned having zero images. If all coefficients ±1 and ±i are replaced by +1, a nonequivalent 3-algebra, over C is obtained, which has a two-dimensional representation in which, a −→ e_1 ⊗ e_2 ⊗ e_2 ; c −→ e_2 ⊗ e_2 ⊗ e_1 ;

b −→ e_2 ⊗ e_1 ⊗ e_2 ; d −→ e_1 ⊗ e_1 ⊗ e_1 .

Those examples generated from quantum groups using quantum 6j-symbols, have a close connection with the unoriented invariants of 3-manifolds defined by Turaev & Viro, see [TV]. To see this we can observe that if Σ is a surface, and C is a collection of ‘allowed’ triangulations of Σ, then we can define

A_C(Σ) ≡ {labelled triangulations of Σ}/ ∼ ,

where ∼ is an equivalence relation generated by the moves m, and P . Further, if Σ is a polygon, C may be chosen to be all triangulations whose only vertices on ∂Σ are the vertices of the polygon. Hence if Σ is a triangle, A_C(Σ) = A, while if Σ is a square, A_C (Σ) is ker(Q − I) → A ⊗ A. Suppose now that M is a 3-dimensional manifold with boundary Σ = Σ_1 ∪ Σ_2. The invariant of [TV] provides a map,

A(Σ_1) −→ A(Σ_2) ,

which is the analogue of multiplication, and depends only upon the topology of M. The moves required to pass between two topologically equivalent triangulations are more complex, and were dealt with in [TV] and [M]. An extra ‘bubble’ move introduces a contribution from internal vertices into the state model description of invariants in [TV]. The invariant emerging from a subdivision without internal vertices is the map A(Σ_1) −→ A(Σ_2) defined by multiplication in A, of a partial product given on Σ_1, with result on Σ_2.

Note that the relation (3.2) is very reminiscent of the pentagon relation obeyed by the associativity constraint in Drinfel’d’s quasi-Hopf algebras [D 2]. However, quasi-Hopf algebras are basically 2-algebras, augmented with a dual, generalised 2-algebra structure in which the pentagon relation comes from a suitable Stasheff polyhedron, whereas in the case of 3-algebras, essentially higher dimensional objects must be considered.

4:: Triangle relations

In the theory of the quantum groups, the star-triangle relation, or quantum Yang- Baxter equation, R_{12}R_{13}R_{23} = R_{23}R_{13}R_{12} , (4.1)

for an element R ∈ A ⊗ A, plays a central role. In statistical mechanics, the solution of the honeycomb Ising model directly involves the duality of the honeycomb and triangular lattices, as well as the star-triangle transformation of Fig. 13. See [B].

Figure 1: 1

30,10

Both these transformations produce a honeycomb lattice from a triangular lattice, and conversely; and their combination enables the solution of the model. In this respect, a triangular lattice refers to a tesselation by a rhombus divided into two triangles. The resulting dual honeycomb lattice has two types of vertex, corresponding to the two orientations of a triangle in the initial lattice. The three orientations of lines in the initial triangular lattice give rise to three edge types in the honeycomb lattice. Let us label the honeycomb lattice as follows. Place an element of A ⊗ A ⊗ A on each edge, it being R_{12}, R_{13}, or R_{23} according to the type of edge; see Fig. 14. These elements may be regarded as maps A ⊗ A ⊗ A −→ A ⊗ A ⊗ A, namely left multiplications. The commutativity of all closed loops of such maps on the honeycomb lattice is ensured by that for the generating loops, that is the commutativity of the hexagons themselves. In other words, (4.1) may be interpreted as expressing the commutativity of a suitably labelled honeycomb lattice.

Figure 1: 0

186,30

The natural generalisation is obtained by considering a tetrahedral lattice, that is, the tesselation by a cuboid divided into six tetrahedra. Its dual lattice has six different vertex types and may be generated by a polyhedron which we call Γ_3. It is a truncated cube/octahedron, with 24 vertices and 14 faces (6 squares and 8 hexagons).

In general consider an n-dimensional lattice obtained by the tesselation of a hypercube divided into n! n-simplices. That is, subdivide R^n by^{1/}2n(n+1) hyperplanes, u∑ s=t x_s ∈ Z , (4.2)

where n ≥ u ≥ t ≥ 1. For u = t, (4.2) reduces to the hyperplanes, x_t ∈ Z, defining the standard n-dimensional cuboidal lattice. For n = 2, this gives x_1, x_2 and x_1 + x_2 ∈ Z, the standard triangular lattice. Let denote the polyhedron generating the dual graph of the lattice of (4.2). Thus Γ_2 is a hexagon while Γ_3 is a tetrakaidekahedron.

Let consist of partitions into r terms of total order (k + r) chosen from ; that is, an element of consists of an integer r together with r pairwise disjoint subsets S_1, . . . , S_r of with ∑ |S_i| = k +r and |S_i| > 1 for all i. Then labels the k-dimensional faces of . Indeed, such a face is defined by an arrangement of k hyperplanes in general position, each of the type specified in (4.2). A hyperplane of type (4.2) is given by a subset {t −1, u} of {0, 1, . . . , n} of order 2. Fix a collection of (n+1) linearly independent vectors v_0, . . . , v_n in some vector space. Then to each set {t −1, u} associate the vector v_{t−1} − v_u. A collection of k, 2-sets, corresponds to an arrangement of k hyperplanes in general position, precisely when the associated k vectors are linearly independent, while the span of these vectors determines a face of (up to translation). It is apparent that labels those k-dimensional vector spaces spanned by vectors of the type v_{t−1} − v_u, and hence to each α ∈, there corresponds a face^α of .

The geometrical type of^α is determined solely by r and the orders |S_j |, j = 1, 2, . . . , r. The set {|S_j | −1}^r_{j=1} defines a partition of k into r positive integers, and therefore the geometrical types of k-dimensional faces of are indexed by the partitions of k.

Suppose α is a partition of k. The geometrical types of the facets of type-α faces of , are labelled by sub-partitions of α. That is, a partition of k^′ < k obtained from α by reducing or removing some, or all, terms in the partition. Indeed, if α ∈, the k^′-dimensional faces of^α are given by^β with β ∈ k^′ of form {T_1, . . . , T_r′ } in which,

(i) T_i → are disjoint subsets for i = 1, . . . , r^′;

(ii) ∑ i |T_i| = k^′ + r^′;

(iii) for each i, 1 ≤ i ≤ r^′, ∃j with 1 ≤ j ≤ r and T_i → S_j .

Here {S_1, . . . , S_r} specifies α ∈. Define an equivalence relation ∼_β on in which a ∼_β b for distinct a and b, if, and only if, a, b ∈ T_j for some j. Under ∼_β , {S_j } is reduced to another partition, γ. The number of faces of^α of type^β is

∏_r j=1 γ_j! where γ_j is the size of the j^{th} segment in γ.

Example 1 k = 1. The set 1 consists of pairs of integers in . It has order^{1/}2n(n+1), and each element of 1 specifies an edge of up to orientation.

Example 2 k = 2. An element 2 consists of r ∈ N and r pairwise disjoint subsets, each of order at least two, and whose union has order r + 2. Clearly, either r = 1 with one set of order 3, or r = 2 with two sets of order 2. The elements of 2 may therefore be labelled, ijk or ij; kl . (4.3)

These two types of elements are specified by the two partitions of k, namely, 2 and 1+1, and correspond to the two possible geometrical types of 2-faces, namely, hexagonal and square, respectively. Following the discussion of the relation (4.1), one may associate R_{ij} ∈ A^{⊗n} to the edge of labelled by {i, j} ∈ 1. The commutativity of all 1-cycles in is equivalent to that of all 2-faces of . The commutativity of faces labelled by (4.3) gives relations,

R_{ij} R_{ik}R_{jk} = R_{jk}R_{ik}R_{ij} [R_{ij}, R_{kl}] = 0 ,

respectively. This is just the Yang-Baxter equation in the form natural in the context of quantum groups.

Example 3 Take α = {{0, 1, 2, 3, 4}} ∈ 4. It gives rise to^α, a 4-dimensional face of . The 3-dimensional faces of^α are labelled by partitions, β, of {0, 1, 2, 3, 4} into r sets, of total size r + 3. Those with r = 1 are five in number, while those with r = 2 are ten in number. Examples of each are {{0, 1, 2, 3}} (r = 1) and { {0, 1, 2}, {3, 4} } (r = 2). The total number of three-dimensional faces of^α is 30, each of the above occurring twice in antipodal faces.

Example 4 k = 3. The 3-dimensional faces of come in three types, corresponding to the three possible partitions, 3, 2+1 and 1+1+1, of 3. Such faces are labelled by elements of 3, with parameters ijkl, ijk; lm and ij; kl; mp, respectively. Here i, j, k, l, m, p are distinct elements of . The polyhedra so defined have the shapes of, a tetrakaidekahedron, a hexagonal prismoid and a cube, respectively. Following example 2, it is now natural to take the commutation of all 2-cycles of , as the 3-dimensional analogue of the quantum Yang-Baxter equation; that is, the condition is equivalent to the commutation of the three types of 3-dimensional face, discussed above. In this context, commutation is amongst 3-algebra elements, S_{ijk} ∈ B(Σ_6) and T_{ij;kl} ∈ B(Σ_4), where Σ_n denotes an n-gon. These elements are placed on each face and combined in a similar manner to the way R_{ij} was placed on each edge in example 2. See Figs. 15, 16 and 17. Note that here, B, is a 3-algebra and it is a suitable analogue of A^{⊗n} appearing in the case of 2-algebras.

Figure 1: 5

15,40

Figure 1: 0

Figure 1: 0

55,37

75,10

The form of the 3-dimensional triangle relation described above should be compared with Zamolodchikov’s relation (see [Z 1], [Z 2]). The tetrahedral equations appeared in Zamolodchikov’s work while considering random arrays of planes in the context of 3- dimensional statistical mechanics; this clearly has relations with the geometrical structures above.

It is proposed, more generally, that the correct d-dimensional analogue of the triangle relation is a relation between elements which live naturally in the context of d-algebras. These relations merely express the commutivity of all d-dimensional faces of , and are between elements R^{(γ)} ∈ A(X^{(γ)}), defined for each partition γ of d −1, of the d-algebra object associated with X^{(γ)}, a (d −1)-dimensional face of Γ_n with type γ.

In [FM], a solution of the classical version of Zamolodchikov’s tetrahedral equation is quantised, but it is shown that a similar procedure breaks down in general for the simplex equation in dimensions higher than three. It is hoped that the geometrical nature of the proposed alternative higher dimensional equations will lead to a better fate for their solutions, when they are constructed. Note also that in [KV], a formulation of Zamolodchikov’s equations, differing somewhat from the original simplex equation, is obtained in three dimensions, and it appears that polyhedra of the types of those depicted in Figs. 15–17 enter. Their formulation involves 2-categories which, although giving rise to similar geometrical pictures to those of our approach, take account of fewer of the inherent symmetries.

Some trivial solutions of the above relations may be obtained and lead to equations similar to those fundamental in [FRT]. For further discussion of these relations and of the dual triangle relations and their connections with Manin and Schechtman’s higher braid groups of [MS 1] and [MS 2], refer to [L]. The author believes that the structures of such higher algebras will provide a natural framework for generalisations of many concepts in algebra and topology. In further work, we intend to develop such concepts, as well as their connections with higher dimensional statistical mechanical models and the essentially geometric nature of topological field theories.

Acknowledgements This work was mainly carried out while the author was at the Mathematical Sciences Research Institute, Berkeley, and is supported in part by NSF Grant No. 8505550. The author also wishes to thank the organisers of the 2^{nd}International Symposium on Topological and Geometric Methods in Field Theory, for their hospitality.

References [B] R.J. Baxter, Exactly solved models in statistical mechanics Academic Press (1982).

[D 1] V.G. Drinfel’d, ‘Quantum groups’, Proc. Int. Cong. of Mathematicians (1986) p.798–820.

[D 2] V.G. Drinfel’d, ‘Quasi-Hopf algebras’, Preprint (Russian) (1990). [FRT] L.D. Faddeev, N.Yu. Reshetikhin, L.A. Takhtajan, ‘Quantisation of Lie groups and Lie algebras’, Algebra i Analiz (Russian) 1 (1989).

[FM] I.B. Frenkel, G. Moore, ‘Simplex equations and their solutions’, Comm.

Math. Phys. 138 (1991) p.259–271.

[KV] M.M. Kapranov, V.A. Voevodsky, ‘Braided monoidal 2-categories, 2- vector spaces and Zamolodchikov’s tetrahedra equations’, In preparation.

[KR] A.N. Kirillov, N.Yu. Reshetikhin, ‘Representations of the algebra U_q ( sl(2) ) , q-orthogonal polynomials and invariants of links’, Infinite dimensional Lie algebras and groups World Scientific (1988) p.285–342.

[L] R.J. Lawrence, ‘Algebras and triangle relations’, Harvard preprint (June 1991).

[MS 1] Yu.I. Manin, V.V. Schechtman, ‘Higher Bruhat Orders, Related to the Symmetric Group’, Funct. Analysis and its Applications 20 (1987) p.148– 150.

[MS 2] Yu.I. Manin, V.V. Schechtman, ‘Arrangements of Hyperplanes, Higher Braid Groups and Higher Bruhat Orders’, Adv. Studies in Pure Maths. 17 (1989) p.289–308.

[M] S.V. Matveev, ‘Special spines of piecewise linear manifolds’, Mat. Sbornik 92 (1973) p.282–293 [S] J.D. Stasheff, ‘Homotopy associativity of H-spaces’, Trans. A.M.S. 108 (1963) p.275–292.

[TV] V.G. Turaev, O.Y. Viro, ‘State sum invariant of 3-manifolds and quantum 6j-symbols’, Preprint (1990).

[Z 1] A.B. Zamolodchikov, ‘Tetrahedron equations and the relativistic S-matrix of straight strings in 2 +1-dimensions’, Commun. Math. Phys. 79 (1981) p.489–505.

[Z 2] A.B. Zamolodchikov, ‘Tetrahedra equations and integrable systems in three-dimensional space’, Sov. JETP 52 (1980) p.325–336.

List of identified items for referencing

\def 1{1}
\def 2{2}
\def 3{3}
\def 4{4}
\def 1{1}
\def 2{2}
\def 3{3}
\def 4{4}
\def 1{1}
\def 2{2}
\def 3{3}
\def 4{4}
\def 1{1}
\def 2{2}
\def 3{3}
\def 4{4}
\def 1{1}
\def 2{2}
\def 3{3}
\def 4{4}
\def 1{1}
\def 2{2}
\def 3{3}
\def 4{4}
\def 1{1}
\def 2{2}
\def 3{3}
\def 4{4}
\def 1{1}
\def 2{2}

\def 3{3}
\def 4{4}