ARTIN COVERS OF THE BRAID GROUPS
MEIRAV AMRAM, RUTH LAWRENCE, AND UZI VISHNE

ABSTRACT. Computation of fundamental groups of Galois covers
recently led to the construction and analysis of Coxeter covers of
the symmetric groups [RTV]. In this paper we consider analog
covers of Artin’s braid groups, and completely describe the induced
geometric extensions of the braid group.

1. INTRODUCTION

The purpose of this paper is to introduce and study quotients of cer-
tain connected Artin groups, with their action on the space of directed
paths in the unit disk. We start by explaining some of the motivation,
coming from algebraic geometry.

Let X be a projective surface, with a generic map of degree n to CP2.
Let S denote the branch curve. The fundamental group 7, (CP? — 9)
has a natural monodromy map to Artin’s braid group B,,.

Applying van Kampen’s theorem, one may find a set I'y,..., I, of
generators for m (CP? — S) (as well as a complete set of relations),
as well as a projection 7 (CP? — S)—S,, where each I'; maps to a
transposition. In certain cases, we have a short exact sequence

L 1 (Xau) — 71 (CF — 8)/((T2) — 8, — 1,

where X, is the Galois cover of X with respect to the given generic
map. Here ((I')) stands for the normal closure of (I'?). Even with
this presentations, it is still quite difficult to compute 7;(CP* — 9),
or even m(CP? — S)/{(I'?)), e.g. to the level of deciding whether or
not the latter is virtually solvable. Various cases were computed by
Moishezon, Teicher and others, see for example [MT] and [MRT].

A more general approach was recently suggested in [AGTV], [ATV]
and [ATV2]. Let X, be the degeneration of X into a union of planes,
and Sy the union of intersection lines. Take 7' to be the dual graph,
in which the vertices correspond to planes in Xy, and the edges cor-
respond to lines in Sy. One can associate a Coxeter group C(7') to
T, with a natural cover C(7T)—S,,. Furthermore, a certain quotient
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Cy(T), still covering S,,, can be computed explicitly; this was done in
[RTV], and we sketch the main results in Section 2 below. This method
was successfully implemented for the case X = T x T (where T is the
projective torus), where the van-Kampen presentation of 7 (CP? — S)
has 54 generators and more than 1700 relations. Using an explicit de-
scription of Cy(T') (for an appropriate graph T'), this group was shown
to be virtually nilpotent of class 3.

In this paper we study a group Ay(7") analogous to Cy(7T'), which
naturally covers B,, (for the definition see Section 3). This group ap-
pears (implicitly) in a description of presentations of the braid group
arising from planar graphs [S].

For certain surfaces X, one would then obtain a commutative dia-
gram

Ay(T) 7Tl<CIP)2 - S)

| |

Cy(T) — m(CP* - 5)/{(T%)) — S,

By,

In particular, the kernel of m; (CP2—S )— B, is a quotient of the kernel
Ay (T)— B, which we compute here in details. Let us also mention
that the defining relations of Ay(7") appear in a similar setup in [L]. A
description of the fundamental group of the discriminant complement
of a versal unfolding of a Brieskorn-Pham polynomial z' ™ 4. . . 4 gln+1
was given in [Lo|, and one finds there too the same defining relations.
Our interest in this paper is mostly group theoretic, so we do not pursue
applications to algebraic geometry any further.

Another quotient of the standard braid group, with respect to the
normal subgroup generated by the commutator [0y, 020305 2], was com-
puted by Teicher (see [T]), and shown to be an extension of the sym-
metric group by a solvable group. We thank Prof. Teicher for useful
conversations on this and other topics.

Note. Throughout the paper, composition of functions is performed
in the usual order, namely (f o g)(z) = f(g(x)); however the action of
Sy, or the braid group B, is reversed: (o7)(u) = 7(o(u)).

The paper is organized as follows. In Section 2 we review the con-
struction of Coxeter covers of the symmetric group and the main results
from [RTV]. Section 3 is devoted to the definition and basic proper-
ties of the groups Ay (7), where T is an arbitrary planar graph. In
Section 4 we recall the action of the braid group on the disc.

In Section 5 we define the geometric extensions of a group acting
transitively on a space. Using this special type of HNN extensions, we
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construct maximal quotients of groups with respect to certain geomet-
ric data. Our main interest is in the maximal quotient G(7T') of Ay (T)
which is a geometric extension of B, with respect to its action on the
disc.

Then, in Section 6 we compute G(T") explicitly for the case where T’
is a single cycle. This is related to the action of B,, on directed paths in
the unit disc. After discussing geometric extensions on quotient spaces
in Section 7, we compute some quotient groups of related actions. In
order to apply this computation to the general case, we show in Sec-
tion 8 that Ay(7") depends on 7" only through combinatorial data, thus
allowing one to choose the graph structure at will. Likewise we show
in Section 9 that the same reasoning holds for G(T).

Finally, in Section 10, we compute G(T') for an arbitrary planar
graph: G(T') = B,,x K, ,, where n is the number of vertices in 7" and m
is the rank of (7). The presentation for K, ,, given in Theorem 10.9
shows that it is a central extension of a certain canonical subgroup of
F™ by the elementary Abelian group (Z/27)™.

2. COXETER COVERS OF THE SYMMETRIC GROUPS

This paper generalizes [RTV] from Coxeter covers of the symmetric
groups to Artin covers of the braid group. Therefore, let us quickly
review the setup and main results of that paper.

The standard way to associate a Coxeter group to a (simple) Dynkin
diagram is to associate a generator to each vertex, and impose the
relations uv = vu when two vertices are connected by an edge. Our
definition is a dual one:

Definition 2.1. Let T' be an undirected, simple graph on n vertices,
with no loops. We defines the Coxeter group C(T) as the abstract group
whose formal generators are the edges of T, with the relations u? = 1
for every edge uw € T, wv = vu if u,v are disjoint (i.e. no common
vertex), and wou = vuv if u,v share a common vertex.

Not every Dynkin diagram can be realized in this manner. For exam-
ple if a generator x of C(T") does not commute with generators y1, Yo, ys,
then the y; cannot all commute with each other. In particular Coxeter
groups of type D,, (whose corresponding Artin groups are analyzed in
[CP]) cannot be realized.

There is a natural projection of C(7) to the symmetric group S,
defined by sending an edge whose endpoints are ¢ and j to the trans-
position (i j). This map is onto iff 7" is connected.

Next, one may define the quotient Cy(T') of C(T), by adding the
relation [u,vwv] = 1 whenever u,v,w form the subgraph shown in
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Figure 1 below. The map C(7T")—S,, splits through Cy(7"). The main
purpose of [RTV] is to compute the kernel of Cy(T)—S,.

Let m denote the number of basic cycles in T' (namely m is the
rank of m(T")). Let F,, denote the free group on m letters, so F7,
is a direct product of n copies of this group. Let F,,, denote the
kernel of the cumulative abelianization map ab:[F}! —Z™, defined by
ab(wy, ..., w,) = > ab;(w;), where ab; is the usual abelianization map
from the ¢th component in F}! to Z™. Thus we have a short exact
sequence

(1) 11— F,,—F, —Z"—1.

Furthermore, let A,,,, be the group generated by ) (t=1,...,n,

r,s =1,...,m) with the defining relations

(2) ) = 1,

(3) rlay) = ),

(4) vl = af),

and

(5) (28, xgj)] =1 if r, s,t,u are distinct.

It is shown in [RTV] that for n > 5 we have a short exact sequence
(6) 1 —Fu,—Cy(T)— S, —1,

and in fact that Cy (T') = S,,x F},, n, where S, acts by permuting entries.
Also, it is shown that (again when n > 5), A,,,, = F,,,, where the
isomorphism is given by x&? = xgi)_lxg). The advantage of having this
isomorphism is that the word problem is obviously decidable in F,, ,
(and so it is easy to define maps into this group), while the explicit
presentation of A,,, allows to define maps from it. In Section 10 we
will meet the analogs of these two groups.

Proposition 2.2. Assume n > 5. Then F,,,, is the pullback of the
diagram

where the map F"1—Z™ is the cumulative abelianization as above, and
the map F,,—Z™ is minus the abelianization.
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Proof. 1t is well known that the solution to such a pullback diagram is
the subgroup {(w,t) € F7 't x F,,, : S abg(w;) = —ab(t)}, and this
is clearly £, . OJ

One can thus easily construct a projection Fm7n—>IF;‘;1.

3. THE LOCAL QUOTIENT OF ARTIN GROUPS

3.1. The definition. Let T" be a planar graph on n points. The graph
is not necessarily simple (namely two edges may share the same two end
points), but we assume throughout that 7" has no loops, namely every
edge connects two distinct vertices. By an isomorphism of graphs we
mean a deformation of (a compact domain in) the plane which carries
one graph to the other.

We view T as the set of its edges. Throughout the paper, we denote
[u, v] = (uv)(vu)~™ and (u,v) = (uvu)(vuv)~t.
Definition 3.1. Let us define a group A(T) with the edges of T as
generators, and the relations

(7) [u,v] = 1 if u,v are disjoint in T
(8) (u,v) = 1 if u,v intersect in only one verter.

In the third possible case, namely if u and v share two vertices, then
no relation is assumed to hold between them.

Evidently, A(T) is an Artin group [B], with exponents 2 and 3. It
is connected; almost always of large type; but never triangle-free, see
[C]. The best known example of such a group is when T is a single
path connecting n vertices; then there are n — 1 generators with the
usual braid relations, and in this case A(T') & B, is the standard braid
group. In Theorem 3.11 (following Remark 3.3) we show that when T
is connected, there is a surjection A(7")—B,,. This is further studied in
Section 4, where we show that the map is given by sending a generator
to the halftwist induced by the corresponding path.

In [S] the author gives a presentation of the braid group B, on (the
edges of) T', assuming 7 is simple. The presentation involves two fam-
ilies of relations apart from those defining A(7T): one relation for every
triple of edges with a common vertex, and one relation for every cycle
in the graph.

Motivated by examples from algebraic geometry (related to the com-
putation of the fundamental group of Galois covers, e.g. [AGTV]
and [ATV2]), we are interested in this paper in ‘local’ relations, with
bounded support (bounded in terms of the graph distance); thus we
only assume the first family of relations. However since in general T is
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not simple, we also add relations for pairs of edges intersecting in two
vertices.

Definition 3.2. Let T be a planar graph. The group Ay (T) is the
quotient of A(T) obtained by adding the following relations:

9) [wluw,v] = 1 if w,v,w are as in Figure 1,
(10) <w_1uw,v> =1 if u,v,w are as in Figure 2.
(11)  [w tvw, v tzv] = 1 if x,u,v,w are as in Figure 3.
(12) <w’1uw, v’lxv> =1 if x,u,v,w are as in Figure 4.

v
u
w
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w v

FIGURE 4
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The relations added here do not interrupt with the interpretation of
the elements of A(T) as braids. In other words, the map A(T)—B,
mentioned above induces a well defined map Ay (7)—B,. Moreover
from [S] it follows that, assuming 7' is simple, in order to obtain a
presentation of the standard braid group B,, one has to add a single
relation for every cycle in T'; in other words, the kernel of Ay(T)— B,
is the normal subgroup generated by certain ‘cyclic’ words.

If T has no cycles then we have the following from [S]; the claim also
follows easily from Theorem 8.3.

Remark 3.3. If T is a (planar) tree, then Ay (T) = B,,.

Notice that if T is a simple graph, only the relations of type (9) show
up. We also remark that adding the relations u? = 1 for every u € T,
transfers A(7T) to a Coxeter group. Moreover Ay (T') projects to the
group Cy(7') described in Section 2 (for 7" simple), and we have the
commutative diagram of Figure 5.

L

AT) — Ay(T) — B,
C(T) —=Cy(T) —= S,

FIGURE 5

Remark 3.4. Let S C T be one of the graphs in Figures 1-4. Let T be
a graph automorphism of S, or composition of such with a reflection.
Then the relation induced by 7(S) is conjugate to the relation induced
by S in the group A(T). In particular, it is enough to take one labelling
of each subgraph of this type in order to obtain a presentation of Ay(T).

Proof. If u,v,w € T and u,v have a common vertex, then

[utwu,v] = uw, vouu
= u o tuw, w] M,
so u, v, w of Figure 1 can be cyclically permuted. If u, v, w are as in the
left-hand side of Figure 2, then (uwu™!,v) = 1 implies (u " vu,w) =1
by conjugating with u. If z,u,v,w are as in Figure 3, then xu = ux
and so

1 1

[z wz, v ou] = 27 e fuwu ™

L zvr uw.

The other cases are similar. O
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3.2. Parabolicity. Our next goal is to provide a structural explana-
tion for the defining relations of Ay (7"). We first define a useful partial
action of the set of paths in the plane on itself, to be elaborated upon
in Section 4. Since we consider paths which are not contained in T,
let us clarify what we mean by a path here. In the presence of a pla-
nar graph 7', a path is defined up to homotopy within the complement
of the union of the edges of the graph in the plane, but without the
vertices. When T’ is understood from the context, we write ~ for this
homotopy relation. Let us record few identities in this spirit.

Definition 3.5. Let x and y be (non self-intersecting) paths in the
plane. Suppose that either x and y do not intersect, or they intersect
at a single end point, p. In the first case we set x-y =y. In the second
case, we define x -y as the path obtained by travelling along x, circling
p clockwise and then travelling along y (see Figure 6).

FIGURE 6

Remark 3.6. Let T' be a planar graph. We define a binary relation on

the edges of T, as follows: x — y when x and y intersect at one end

point, p, and y follows x consecutively in the clockwise order around p.
1. Suppose x — y. Then we have the reflexivity relations

y-(x-y)~(y-z) -y~
and
(@-y)-z~a-(y o)~y
2. Suppose x — y and y — z, where x, z are disjoint. Then we have
the associativity relation
ze(y-z)~(x-y)- 2
The set of relations defining Ay (7") is best explained by the following

construction, and the theorem that follows.

Definition 3.7. Let T be a planar graph. The graph T is defined on
the same vertices. The edges ofT are either ‘actual’ or ‘virtual’. The
actual edges are edges of T'. For every ordered pair of edges x,y € T
intersecting at a single common vertex, we have the virtual edge x - y.
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By construction, for every edge x and a vertex p on x, the virtual
edges x -y (p € y € T) do not intersect in a small neighborhood of p,
see Figure 7. Likewise for the edgesy-x (p €y eT).

Y3

FIGURE 7. Construction of 7'

Although we assume throughout that 7' is planar, one can define
A(T) and Ay(T) for any graph embedded in the plane, where the
relations are only between edges which do not intersect outside the set
of vertices. The group Ay (7') can now be understood as the maximal
quotient of A(T') to which the natural map from A(T) is well defined:
Theorem 3.8. Let T" be a graph embedded in the plane. There is a
well defined map A(T)—Ay(T) sending a real edge x € T to x € T,
and a virtual edge x -y to v~ tyx.

Proof. There are three types of relations defining A(T): relations among
real edges, relations of the form [z -y, z] or (z -y, z), and relations of
the form [z -y, 2 - u] or (z -y, z - u).

The relations from the first family are satisfied already in A(T"). If
x -y and z do not intersect, then either z is disjoint from z and y (and
then [z7'yz, 2] = 1 in A(T)), or z,y, z form the graph of Figure 1, in
which case [z7'yz,z] = 1 in Ay(T) by relation (9). Similarly if z -y
and z share a common vertex, then either x,y, z form a path or they
are as in Figure 2. In either case it is easy to see that (z7'yz,z) in
Ay (T). The cases x = z and y = z are easy.

Finally consider two virtual edges x - y and z - u. If they do not
intersect, the proof is either trivial or relies on relation (11). When
they do share a common vertex, one uses relation (12); the only case
that requires some care is to show that (x-y,z-u) = 1 when z,z,u
form a triangle and y connects a point inside the triangle to the common
vertex of x and u. Then we are done by relation (9) applied to z,y and
u. The cases where {z,y} N{z,u} # () are all easy. O

Let D be a bounded connected component in the complement of T'
in the plane. Let vy, v, ..., v, denote the edges on the boundary of D,
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travelling counterclockwise. Notice that we may have v; = v; if both
‘sides’ of the same edge are contained in D, as in Figure 8. Every list
of the form v;,...,v; with 7 > ¢ will be called a planar path. When
J > 1, the path leads from the vertex on v; which is not on v;;1 to the
vertex on v; which is not on v;_;. Notice that a closed proper subpath
of vy, ..., v, must circle a domain clockwise. We define

(13) L(v;---vj) = vi_l 0 llv]vj 1 v,

viewed as an element of A(T") or Ay(T).

0
7!

15068 10

RN

2

FIGURE 8. A connected component with boundary

Lemma 3.9. Letvy,...,v, be a planar path inT', leading from a vertex
0B to a vertex . Assume (3 # 7.

Let x = L(vy -+ -vy,). If the vertices of some y € T are disjoint from
B and 7y then y commutes with x in Ay(T).

Proof. Let o« # (3,7 be a vertex on y. We first assume the other
vertex of y does not touch any of the v;. Since the path is enumerated
consecutively, the edges touching a come in pairs, v;,, Vi, +1, Viy, Viyt1
up to v;,, v;,+1 where i, +1 < n (and possibly Vi 11 = vy, for certain
values of 7). The case u = 0 is trivial, so assume u > 1. Note that
by relation (9), y commutes with v, v, +1v;,. Also, v;, commutes with
' = L(vy 49+ vy,), by induction on w. Therefore y commutes with
—1 —1, —1 -1
T= U 1(“ Uzl—i-lvll)vil (Vi G2 " UpZ1UnVUn1 "+ Uiy 42) Vi, -
'(U’ lvi1+1vz‘1)vi1 17U

[ T 1 1,/ -1

= oy v, (v %H%)% v, - (03, Vi 4103 Vi -1 0

= vyl Uzll (v 1U11+1Un)x (Uillvil'i'lvil)vil—l T Ut

Next, suppose the other vertex of y also touches vertices on the path

x. If no v; touches the two ends of y, the proof is basically the same.
Otherwise a very similar argument can be used, with Equation (11)
replacing (9) — unless y = v;, which is also an easy computation. [
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Note the identities
(14) {a,bcb™")y = b(b~'ab,c)b ",
(15) (bab™",c) = bla, b~ cb)b~".
Lemma 3.10. Letvy,...,v, be a planar path in T, leading from [3 to ~y.

Supposey € T has vertices c, 3 where a # 3,7. Then (y,L(vy...v,)) =
1. (Note that we do not assume 3 # ).

Proof. If n =1 the claim repeats Relation (8). First assume vy, ..., v,
is an open loop. Then by induction (vy,L(ve...v,)) = 1. Notice
also that y commutes with L(vs...v,) by the previous Lemma. Now,
applying (14) and (15), we have
(Y, L(v1...v)) = (y,v1L(va...vx)v7 ")
v1<vf1yv1, L(vg.. .vn)>vf1
viyviy ™t L))oyt
vy v,y L(ve vy y o
= vy(v, L(vy...v,))y oyt = 1.
So suppose vy, ..., v, is a closed path. Let § denote the intersection

point of y, v; and v,. Let § denote the other point on v,, (note that this
point may lay on v1). Obviously 0 is a point on v,_;. First assume that

none of vs, ..., v,_o contain 6. Then v, commutes with vy, ..., v,_o and
_ -1 -1 ,-1
L(vg...vp) = vy -0, 9V, {UpUp_1Up_9 " Vg
—1 -1 -1
= Uy U, gUpUp_1U, Up_g9 - Uy

-1
n

1

- -1
UpUsy  + U, _oUn—1Up_2 " " * VoV

= 0, L(vy- - vuq)v,

In this case v, does not contain ¢, and so y, vy, v, satisfy the condition
of Equation (9), and we have

(Y, L(v1---va)) = (g, 07 L(vz- - v)on)
= (y,v7 0, L(vs - vp1)vy, 1)
= vflvn<vglvlyvl_lvn, L(vg - -vn,1)>vglvl
Ul_lvn<1}1y7}1_1, L(vg--- vn_1)>v;1v1
o1 o0 (Y, v L (vg v ooy oyt

= 07 00 (Y, L (v vp) Yoy Moy Moy

which is trivial by induction.
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Finally, let j < n — 1 be the maximal index for which v; contains d.
Then

L(vg---v,) = U2—1...U;_11Unvn_1...1}2
v;l .- -v;iQUnvn,lvglvn,g R )
= vyt 'Uj_IUnL(UjH .. -vn_l)vglvj ey
= vyt -vj_l(vj_lvnvj)ﬁ(vj . vn_l)(vj_lvnvj)_lvj_l ...y

= (v L0,0;)L (g .Un_l)(vj’lvnvj)*l.

As before,
<y,L<U1“'Un)> = <y7U1 U1>

= (y,v; 1(vj lvnvj) L(vg - vpa)(vf Yo,0) " oy)

B |
= U] Uj Uz

1,1 11 11
-<vj v, VUIYV;V; Unvj,L(vg---vn_1)>vj v, VU1

11 ~1 1,1

= v v vnvj<vlyvl ,L(vg---vn,1)>vj v, VU
11 1 11, 1

= v v Unvjvl<y,v1 L(UQ--~vn,1)vl>v1 v, VU

= oy vy oauur (Y, L(vy - o))y oy oy, ooy

where [v; 0,05, v1yv; '] = 1 either because of Relation (9) for y, vy, v,
if j > 3, or because of Relation (11) if j = 3. O

If 7" C T is a subgraph (on the same set of vertices), then it is natural
to compare the abstract group Ay (7”) to the ‘parabolic’ subgroup (77)
of Ay(T), generated by the edges u € T".

Theorem 3.11. Let T C T be a connected subgraph. Then Ay (T") is
a retract subgroup of Ay (T).

Proof. Let ¢: Ay(T")—Ay(T) denote the map defined by ¢(u) = u for
u € T'. We construct a map 1 : Ay (T)—Ay(7") such that ¢ = 1. It
is enough to assume 7' = T" U {z}. Let § and 7 denote the endpoints
of x. Since T" is connected (and has the same set of vertices as T),
there is a path vq,...,v, leading from 3 to 7; moreover T" being a
planar graph, we may assume x, vy, . . ., v, is the boundary of a bounded
domain in the complement of T', so that vy,...,v, is a planar path. Let
T = L(’Ul cee ’Un) € Ay(T/)

Define ¢ : Ay(T)—Ay(T") by ¢¥(u) = u for every u # x and ¢(x) =
Z. It remains to show that ¢ is well defined, since clearly ¥)¢ = 1. For
that we need to verify that under the action of ¢, all the relations in
Ay (T) become trivial in Ay(7”). If a relation does not involve x, the
claim is trivial. Relations of type (7) and (8) were treated in Lemmas
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3.9 and 3.10, respectively. The proof for relations (9), (10), (11) and
(12) is very similar: x is of course one of the edges in the relation, and
since x,vq,...,v, is the boundary of a domain, the other edges must
touch x from the outside. The analysis is then very similar to that of
the lemmas, and we omit the details. 0

By Remark 3.3 we have the following special case:

Corollary 3.12. Let Ty C T be a spanning subtree. Then the subgroup
(To) generated by the edges of Ty is isomorphic to the braid group.

4. ACTION ON THE DISK

In this section we describe the classical action of the braid group on
the fundamental group of an n-punctured disk.

Let D denote the unit disc in C, and P C D a subset of n points
in the interior of D. For convenience, we will assume the points
P ={p1,...,p,} are on the real line, in this order. Obviously m(D—P)
is the free group on n = |P| generators. Consider the group B of dif-
feomorphisms of the disk which act trivially on the boundary, up to
homotopy. Let us define special elements in this group, denoted by o;
(fori=1,...,n—1), as follows. Take a (2-dimensional) tubular neigh-
borhood N of the line from p; to p;;1, and a (2-dimensional) tubular
neighborhood N’ of N. The action of ; is to rotate the boundary of N
half a circle counterclockwise, exchanging the positions of p; and p;1,
while preserving all the points outside of N’. It can be easily checked
that these elements satisfy the defining relations of the braid group,
namely o;0; = o,0; for |i — j| > 1 and 0,0,410; = 0,410,0:11, and in
fact B is generated by the o; and defined by these relations, and thus is
isomorphic to Artin’s braid group. Hence we denote B by B,. Recall
that when multiplying elements of B,,, we compose diffeomorphisms
from left to right, namely (o7)(u) = 7(o(u)) for o,7 € B, and u a
point or path in D.

By a good path we mean a smooth v:(0,1)—D — P which can be
extended to a smooth path 7:[0,1]—D with v(0) = p; and (1) = p;
for some p; # p; € P, and without self-intersections. Such a path gives
rise to an element of B, in the manner described above (by setting
two tubular neighborhoods around «); such an action, which ignores
the direction of 7, is called the ‘half twist’ induced by ~, and will be
denoted by 7(7y). We will usually omit 7. For example, o; is nothing
but 7w (h) for h the straight line from p; to p;y1; by abuse of notation,
we will also denote this path o;.
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Definition 4.1. Let U denote the set of good paths in D, up to con-
tinues deformation, and W the set obtained from it by forgetting orien-
tation.

Thus we have defined above 7:V—B,. Obviously, B, acts on ¥,
which induces an action of ¥ (and ¥) on ¥ (and W). Let 7,6 € 0.
If (the closures of) v and ¢ do not intersect then clearly (7(9))()
d(7) = 7. Now assume that v has endpoints p; and p;, and 0 has
endpoints p; and py, (4, j, k distinct). By definition, (7(9))(y) = d(y) is
the (good) path going from p; along 7 until coming close to p;, then
circling p; counterclockwise, and continuing with § to its endpoint py;
see Figure 9.

L

FIGURE 9. The action of 7(d) and 7(4)~" on the good
path

Now let 6 € B, be arbitrary, and let v,0 € U. Consider the good
path 0() together with its tubular neighborhoods. A point outside the
outer tube is not moved by neither §~'7 ()6 nor 7(6(~)). On the other
hand, v is rotated half a circle counterclockwise under both actions,
and so

(16) T(0(7)) = 07w (7)6.
Acting with this element on 6(J) we get

(m(O())(O(8)) = (07 m(1)0)(0(0)) = (x(7)0)(8) = O(m(7)(3));

we record this distributivity law as

(17) O(m(7)(9)) = w(0(7))(6(5)).
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Corollary 4.2. For any 7,0 € 0,

(18) (7(8)(7)) = (8) " m(v)m(d).
Proof. Take § = m(6) in Equation (16). O
A sequence of good paths ~v1,...,7,, is called a partial frame if ev-

ery 7; shares exactly one endpoint with ~;,1, and there are no other
intersection points. If m = n — 1 this is called a frame. In particular,
01,...,0,_1 1s called the standard frame.

Remark 4.3. B, acts transitively on frames, and in particular on
partial frames of any given length.

Proof. There is a diffeomorphism taking any given non-self-intersecting
path to any other non-self-intersecting path, and the union of paths
composing a frame is non-self-intersecting. O

We will need the following refinement of this remark. We say that a
good path is ‘simple’ if it does not intersect the real line except for the
two end points.

Proposition 4.4. Any good path w € ¥ (see Definition 4.1) can be
written in the form (). .. 7w(vs)T () for suitable simple paths
Y05 V15 - - -5 Vs, such that each ~y; intersects only with ~v; 1 and v;_1.

Proof. By induction on the number of intersections of w with the real
line. Suppose w begins at some p; and travels first above the real line.
Let p; denote the point of P farthest from p; in the segment from p; to
the first intersection of w with the real line. Take ; to be the simple
path going above the real line from p; to p;, and w’ is the path starting
from p; following w. Then w = 7(y;)(w') if i < j and w = 7(77) " (W)
if 1 > 5. If 5 =4, deform w so that it first travels below the real line.
Likewise, if w first travels below the real line, then w = 7(y;) (') if
i < jand w=m(y)(W) if i > j. The proof is complete since w’ has
less real points than w. 0

In connection with geometric actions on the disk, we will need the
following well known fact.

Remark 4.5. Let n > 4. The centralizer of o1 in B, is generated by
01,03, ...,00_1 and the half-twist oy, ‘o0, 'oso9020, (see Figure 4).
Conjgugating, we obtain the centralizer of an arbitrary half-twist.

Recall the standard description of B, as the group of braids on n
strands, where o; is viewed as exchanging strands ¢ and ¢ + 1 with
going above 7 + 1, as in Figure 11.
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e

FIGURE 10. (o)) and (0, ‘o205 tosoq020)

g; g;

XK

FIGURE 11. The braids associated to o; and o; ' (going downwards)

More generally, if v € W has endpoints p;,p;, then m(y) can be
realized as the braid obtained by travelling with strands ¢ and j halfway
along v, going beyond strands & whenever v is above pi, and above the
strand when 7 is below px; when the strands ¢ and j meet, they are
exchanged with the lower index strand going above the higher index
one. See Figure 12 for an example.

S
IR
e

FIGURE 12. A good path in the unit disk, and the in-
duced braid

Example 4.6. [t is easy to see that o9(0y) is the path connecting p;
and p3 and going under py. Computing in the braid group, this amounts
to an exchange of strands 1 and 3 going above strand 2. By Equation
(18), we know that w(02)(01) = 05 0109, as illustrated in Figure 13.
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~_

2(01)

/' N

X
AN

FIGURE 13. 7(w(02)(01)) versus the product 7(aq) 'm(oy)m(02)

5. GEOMETRIC EXTENSIONS AND ACTIONS

5.1. Geometric extensions. Let S be an arbitrary group, acting
transitively on a space 2. If S C G is an extension of groups, we
call G a geometric extension of S if there are a € 2 and z € G such
that G = (S, x), and for every o € S,

(C) if o(a) = a then ox = zo.

The largest geometric extension, freely generated by S and the element
x, with respect to the above relations, will be denoted by S *x Q. In
other words, S * 2 is the HNN extension [HNN] of S with respect to
the identity map on the stabilizer Stab(a) < S. As all stabilizers are
conjugate, different choices of « yield isomorphic groups. Moreover,
the action of S extends to an action of S % Q on €2, by letting = act
trivially.

Example 5.1. (1) When S acts sharply transitively on €2, the con-
dition (C) trivially holds. In this case S x Q is the free product
S * 7.
(2) If Q = {e} is a singleton, then S« Q = S x Z. All the other
geometric extensions have the form S X Z/nZ for some n € Z.
(3) More generally if Sy < S is a subgroup and S acts by left mul-
tiplication on the quotient space Q0 = S/Sy, then S x () is the
HNN extension of S with respect to the identity map on Sy.

Recall that an embedding of groups ¢: S—G is a retraction if there
is a projection ¥ : G—S such that ¥»or = 1g. Then S is called a retract
subgroup of G. Letting ¢: S—9S x ) be the inclusion map, €:.5 *x Q2—S
defined by €|s = 15 and €(z) = 1 satisfies e ot = 1g, so S is a retract
of G =85 %
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Let ¢: S—H be a retraction with the projection e: H—S satisfying
eot = lg. Suppose H is generated by S and an element z, and
suppose that the natural projection from the free product S * () to
S, defined by x — 1, splits through H. Clearly K = Ker(e) is the
normal subgroup of H generated by z, and H = SK. It is also easy
to see that K = (1’)5, the subgroup generated by all the conjugates
{oxo™': 0 € S}. As hinted in the introduction, our aim in this paper
is to find a good description of K in a certain geometric setup. Since
S will be large, the set {oxo™': o € S} is too large for this purpose.

5.2. Geometric actions.

Definition 5.2. Given the transitive action of S on €2 and a distin-
guished element o € ), we say that the system (H,S,Q,z,a) is a
geometric action, if H = (S, x) is a retraction of S and the condition

(C) is satisfied in H.

This is the case iff e: H—.S splits the projection €; : S x 2—.S, so in
particular H is a geometric extension of S.

Let (H,S,Q,z,a) be a fixed geometric action. For w € Q, let o € S
be an element such that o(w) = a. We claim that

(19) T, =0oro "

is a well defined element of K, i.e. independent of the choice of o.
Indeed, if ¢/(a) = w then 0’07 '(a) = a and so 0’c~! commutes with
x by the condition (C). Notice that =, = x.

Remark 5.3. For every w € Q and 7 € S, we have that
(20) Tﬁlain = Tr(w)-

Corollary 5.4. The kernel K = ker(e: H—YS) is generated by the el-
ements {x,: w € Q} as a subgroup of H (rather than a normal sub-

group).

The notion of geometric action can easily be extended to a system
(H,8,Q, X, {az},cy) where: S < H is a retract subgroup acting tran-
sitively on ; X C H is a (usually finite) subset such that H = (S5, X);
there is a projection € : H—S defined by o — o for 0 € S and x +— 1 for
every x € X; and for every x € X there is a fixed element «, € €2 such
that condition (C) holds. No relation is assumed among the generators
in X.

5.3. Maximal geometric quotients. In order to handle more gen-
eral groups in terms of geometric actions, we make the following defi-
nition.
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Definition 5.5. Let (H,S,Q, X, {a,},cx) be a geometric action. We
define G = G(H,S,Q, X, {a.},cx) as the quotient group of H with
respect to the normal subgroup generated by the commutators

{lo,z]: x € X, o € Stab(a,) C S}.

Finally, let X(H,S,Q, X, {0az},cx) denote the kernel of the projection
G—S.

Clearly G = G(H,S,Q, X, {a,}) is the largest quotient of H which
is a geometric extension of S (with respect to the given action on (2).
Similarly to Example 5.1, we have:

Example 5.6. Let (H,S,Q, X, {a,}) be a geometric action.

(1) If S acts sharply-transitively on ), then the stabilizers are triv-
ial, and so G(H,S,Q, X,{a,}) =H.

(2) If Q is a singleton then G(H, S, X, {a.}) =S x (X), where
(X)) is the subgroup of H generated by X .

(3) Let ~ be an equivalence relation on §2, consistent with the action
of S. Then there is a well defined action of S on Q/~, and G' =
§(H, S,Q/~, X, {[a]}) is a quotient of G = G(H, S, Q, X, {a,}).
For every x € X, let I’y be a set of elements of S such that for
every 3 ~ ag, T(ay) = B for some 7 € T'y. Then Stab([a,]) =
Stab(a,) - I'y.  Therefore, the kernel of the projection G—G’
s generated, as a mormal subgroup, by the set of commutators
{Ir,z]: v e X, 7€}

Proposition 5.7. Notation as in Definition 5.5, let G be the group
S(H,S,Q, X, {a,}). Then, the system

(G, S,9Q, X, {a,})

s a geometric action. In particular, we have that G = KxS where
K =X(H,S,9Q,X,{a,}) is the kernel, and the action is given in (20).

Proof. It remains to show that the map S—G defined by projecting
o € S < H modulo the relations, is a retraction. Let e¢: H—S be
the projection defined by e(x) = 1 for € X, and let ¢: S—H be the
embedding, so that eor = 1g. Let ¥ : H—G be the natural projection.

The map ¢ : G—S defined by ¢ — o and z +— 1 preserves the com-
mutation relations and so is well defined, and ¢ o) = €. Let /' = o..
Then € ot/ =€ otpor=€o01=1g. O

We will later need ways of comparing two geometric extensions.

Lemma 5.8. Let (H,S,Q, X, {a,}) and (H', 5, Q,Y,{5,}) be two geo-

metric actions.
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Let ¢ : H—H' be an isomorphism, inducing an isomorphism S—S’
which commutes with the action (namely ¥(o)(w) = o(w) forw € Q).
Suppose that for every x € X there are 7 € S" and y € Y such that
Y(x) =7 yr and B, = 77 (a,). Then ¢ induces an isomorphism

G=G(H,S QX {a,}) =G =S(H, S, QY,{5,})

Proof. Since G is defined as the quotient of H with respect to the
relations [0, 2] = 1 for every # € X and o € Stab(x), and G’ is defined
similarly as a quotient of H’, it is enough to prove that v transfers such
relations to suitable relations in G’.

Let x € X, and let ¢ € S be an element such that o(a,) = a,.
Write ¢(z) = 7'yt fory € Y and 7 € S, and B, = 77 (). Then
()T ) (By) = (b)) Hay)) = 7 L (o) (@) = 7 (o))
7 (a,) = B, (acting from left to right), and so

[(o),¥(z)] = [W(o), 7 yr] = [rY(o)T7 " y] = 1.

6. THE CASE OF A SINGLE CYCLE

Consider the graph T composed of the standard frame and one
undirected path u connecting p; and p, from above, as in Figure 14.
We let @ denote the path u directed from p; to p,.

a
01 02 On-1
FIGURE 14. The graph T™ of Section 6

We assume n > 4. By definition, A(T")) is generated by elements

corresponding to the paths o4,...,0,_1 and u, and we use this no-
tation for the generators as well. By Theorem 3.11, the subgroup
(01,...,0,_1) of A(T) satisfies only the braid relations, and we denote

this subgroup by B,,.
Let a denote the element

21) a=L(o1  0,1) =005 ..

We have that 7(@) = a € B, € A(TM). Set x = ua~'. Since A(TM)
is generated by B, and u, we also have that A(TM) = (B,,, ), where,
by the proof Theorem 3.11, we have a projection A(T™W)— B, which is
the identity on B, and sends x — 1.

-1
0y _90n—10p_2...0201 € B,,.
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Recall that by Remark 4.3, B, acts transitively on W (defined in
Definition 4.1). In this section we study the largest quotient of A(7'(")
which acts geometrically on ¥, namely the group

(22) G =GS(A(TW), B,, U, z,a)

of Definition 5.5. Notice that for the current graph 7, A(TW) =
Ay(TW),

Remark 6.1. By Definition 3.1, A(TW) is the group generated by u
and o1, ...,0,_1, with the relations:

lo4,0i] =1 for i —j| > 1,

0i0i110; = 0;110:011 fori=1,...,n—2;
[u, 0] =1 fori=2,...,n—2;
and
(23) oluo, = UuoU;
(24) Op1UCp_1 = UCp_1U.

Since « is conjugate to o1, we can conclude the following from Re-
mark 4.5:

Remark 6.2. The stabilizer of & in the action of B,, on U s generated
by 09,...,0n 2, Opn_10y ‘010, (see Figure 15), and o®. Note that o
reverses the orientation of .

Since G is the quotient of A(T™M) = (B, u), obtained by letting
T = ua~!' commute with Stab(d), we have:

Summary 6.3. The group G = (B, z) is defined by the relations

(25) o1TO0] = TaOTQ;
(26) Op1X00,_1 = TOO,_1TQ;
(27) [z,04] = 1 (1=2,...,n—2);
(28) [z,0, 10, ac0, Y] = 1;
(29) [z,0%] = 1.
1
................................................ 010, _1(u
P %l\ 1( )
N
R s

FIGURE 15. A path acting trivially on a.
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Writing x5 instead of x, the commutation relations become

(30) 0T = T50; (1<i<n-—2)
(31) On10;, o0\ mg = wg0, 107 ooty
(32) ’rg = x50

while Equations (25)—(26) translate to

(33) O1T500] = THOoTal

(34) Op1Ta00n_1 = TgO0p_1Ts00.

Equations (30)-(32) are equivalent to the assumption on geometric
action, in particular condition (C) of Section 5, which implies that x,,
of Equation (19), defined as czxo~! for some o € B, such that o(w) = &,

is well defined for every w € U. Relation (33) is equivalent to

0'117@'0'1_1 = x&aalxc—gaflofl?

and applying Equation (20), this becomes
(35) ngl(a) — Id N Iafl(afl(&)).
Likewise relation (34) translates to

(36) Tomt (@) = Ta " Ta-1(oL (@)

FIGURE 16. The paths of Equations (35)—(36) form two triangles.

Slightly generalizing Remark 4.3, it is easy to see that B,, acts tran-
sitively on oriented triangles (both of edges and of the interior) whose
three vertices are in the set P of the n vertices of TW, and which con-
tain no other points from P in the interior. The three directed paths
071 (@),a and o~ (o;1(@)) of (35) form such a triangle (left-hand side
of Figure 16), and so conjugating by a generic element of B,,, we arrive
at the relation

Tp = Tq * Te¢
whenever a,b,c € U are directed paths as in the left-hand side of
Figure 17. In a similar manner, conjugating (36) (whose corresponding
triangle is depicted in the right-hand side of Figure 16) we obtain the
same relation whenever a,b,c € U are directed paths as in the right-
hand side of Figure 17 (note the reverse order of a and ¢!).

These two situations can be combined into one equation:
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v

b

FIGURE 17. Relations (35) and (36)

Corollary 6.4. If @, ¢ € U form a partial frame (namely they go in
the same direction, connecting 3 points, but it does not matter which
one comes first), then

(37) Toe) = T5Tz,
and
(38) Tq-1(2) = T2T3,

where a is the good path which, obtained by forgetting the direction of
—
a.

Since ¢(@) = a*(¢), we can switch a and ¢ in Equation (37) to
obtain

(39) To-1(7) = T3 lg.

This equation motivates the following notation: if a € U is a directed
path and the direction cannot be confused, then we write a instead of
x4. For example, Figure 18 indicates that if a,c form a partial frame,
v = a(c) goes above the frame and 0 = ¢(a) goes below the frame, then
Ty = Tq, While 25 = x.2,.

\

ca

FIGURE 18. Basic relations

Applying Proposition 4.4, we conclude that every z,, can be written
as a product of the 25 and zy::

Corollary 6.5. The kernel of the projection G— B,, is generated by the
T5 and xg fori=1,...,n—1.
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Let us apply these computations to the triangles in Figure 19, where
for the mean time we denote the path pointing from the endpoint of ¢
to the starting point of a by e. The other two values (namely ce and
ea) were computed from the triangles that e forms with ¢ and with a.

FIGURE 19. A complete triangle

All this was done using the upper triangle in Figure 18 (going coun-
terclockwise). Going clockwise we obtain

ce-ea = e
ac-ce = ¢C
ea-ac = a.

It follows that e = ¢ 2a~'c (which, we recall, is a short notation for
. = x;%x;'z.). Let us denote z = [c,a] = cac™'a™!. Substituting
the value of e in the first equation we get cc2a tcc2a"tca = ¢ 2a" e,
namely ca"'c la"'ca = a'c, which is equivalent to za = az. The third
equation becomes ¢ 2a"'caac = a, namely ca’c = ac*a or zac = acz.
Since za = az, we obtain zc = ¢z, namely z commutes with both a and
¢ (again, this is a shorthand for ‘[x.,x,] commutes with both z, and
x.'). It is useful to rewrite Figure 19 following the recent discoveries:

see Figure 20. We summarize this as follows:

Corollary 6.6. If a,c € U form a partial frame, and o, ¢’ denote the
inverse paths to a and c, respectively, then vy = zx;" and vy = zx!,
where z = [T., 4.

FiGure 20. Figure 19, repeated
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. — — s .
Taking a = 0; and ¢ = 0,41 (1 = 1,...,n — 2), we find that x5 =
1L — AN
(2577, 2525 similarly for @ = 0,1 and ¢ = 0,-5 we have z5— =
3
[r5—, xm]x% We can thus improve Corollary 6.5:
-

Corollary 6.7. The kernel K of G—B,, is generated by the x5 for
1=1,...,n—1.

Now consider the situation in Figure 21, where ¢; denotes the inverse
path of a, and a; denotes the inverse path of ¢. By the above compu-
tation, we see that the inverse path of a equals za™! (i.e. x4 = zz2)
and the inverse path of ¢ equals zc™!. Likewise, the inverse path of ¢;
equals z;¢; 7!, where z = [c,a] and z; = [c1, a;]. Comparing, we obtain
a; = zc ', g = za!, and @ = zc,7'. Thus 2z = cia = ac; = 2,
since a and ¢; = za~! commute. On the other hand, z; = [c1,a1] =
[za™t ze ] =[a7t ¢ = [e,a] ' = 271, So we proved 2% = 1.

—1
a c Z/C/
za~ ! ze 1 c a

FIGURE 21. Proof that commutators have order 2

Next, consider the diagram in Figure 22. The values ac and ce are
easily computed from the triangles completing a, c and ¢, e, respectively.
In the same manner we obtain the value ace from the triangle of a, ce.
From the triangle a, ¢, ac we compute that u = [¢, ala™". Likewise from

the triangle a, ce,ace we get u = [ce,ala™t. Thus [c,a] = [ce,a] and
ae = ea.
ace
a c e

FIGURE 22. Proof that ae = ea

Finally, consider the diagram in Figure 23. Considering the left-
most triangle, we get from Figure 20 that u = [¢,a]c™'. On the other
hand for the rightmost triangle, the same argument gives u = [e, ¢Jc™ 1.
Therefore [c,a] = [e, ¢]. By Remark 4.3, it follows that as long as a, ¢
form a partial frame, z = [c, a] is independent of a and c.

This situation can be summarized as follows.
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a C (&

FIGURE 23. Proof that all non-trivial commutators in a
frame are equal

Proposition 6.8. Let w,w' € U be two directed paths with the same
starting and ending points. Then x, = z(w,w') -z, where z(w,w') =1
if the number of points of P crossed when ' is deformed into w is even,
and z(w,w') = z if this number is odd.

Proof. By induction on the number of points, and without loss of gener-
ality, we may assume that w is the path denoted as ac in Figure 18, and
w'" is the path denoted ca there. But then z, = z,z. and x, = x.1,,
so that xwx;} = g, x| = 2. O

Corollary 6.9. Ifw € U and 6 € U is a good path such that O(w) has
the same starting and ending points as w (in particular 0 and w have
disjoint endpoints), then Tg(,) = ..

This follows from Corollary 6.8 by induction on the number of inter-
section points of ¢ and w. For comparison, notice that z, ;) = 25 =
2 - Tz, so the equality does not hold if the starting and ending points

are exchanged. Likewise, let 2,27 = 2 - 27, and indeed o? is not a
half-twist.

Definition 6.10. Let K’ denote the group generated by yi,. .., Yn—1
and z, with the defining relations

Wiyl =1 if li—jl>1
Wiyl =2 if li—jl=1
2 is central and 2% = 1.

Thus K’ is a central extension of Z"' by Z/2.
An action of B, on K’ is defined as follows. For every 1 <t <n-—1,
oi(z) = z, and
zyt_l r=1t
ou(yr) =S vy, rT=t+1
Y r—t| > 1

(This can be verified to be well defined using the braid relations).
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Recall that by Corollary 5.4, G is a semidirect product of B, =
{01,...,0,_1} and the normal subgroup K = (z,) .y, With the action
given by Equation (20). We can now summarize this section as follows:

Theorem 6.11. Let T be the graph of Figure 14, and G the group
defined in Equation (22), acting geometrically on U. Then G is a
semidirect product of B, = {o1,...,0,-1} and the normal subgroup
K = <:1:;1», .. ,x;n—jl>, and K =2 K', as B,-groups (see Definition 6.10),

via the correspondence xz <« y;. In particular, the generator x maps
to the product y1yo - - Ypn_1-

Notice that since z is the only non-trivial commutator in K’, it is
in fact central in G. In Theorem 7.1 we realize G/(z) as a geometric
action on the space of non-directed paths.

7. GEOMETRIC ACTIONS ON QUOTIENT SPACES

The action of the braid group B, on the space U of directed paths,
as given in Section 4, naturally induces an action on the space ¥ of
non-directed paths. Likewise, there are the obvious actions on the set
P2 of ordered pairs of points, and on the set P? of (non-ordered) pairs
of points. These are induced from the natural action of the symmetric
group, Sy,.

In Section 6 (in particular, Theorem 6.11), we computed the group
G(T) = G(A(TW), By, U, x, &), for TW the graph with a single cycle,
as in Figure 14. The purpose of this section is to present the groups
obtained in a similar manner for quotients of \17, namely W, P2 and P2.
For that, we apply Example 5.6.(3).

Let G(V) = G(A(TM), B,,, ¥, z,u), where u is the undirected path,
whose directed version is @ in Figure 14.

Theorem 7.1. Let M C Z" be the subgroup of zero-sum vectors. Then,
G(V) =~ B,xM
via the action of B,, induced from that of S,, on M.

Proof. The space VU is the quotient of U with respect to forgetting
direction of arrows. .

By Example 5.6.(3), G(¥) is the quotient of G(V) with respect to
the normal subgroup generated by all the commutators [x,~] for v €
[',. Here, I', is a subset of B,, ‘acting transitively’ on the equivalence
class of @, which is {&, &}, where &is the directed path &, reversed.
Since a(d@) = & we may choose I', = {1, a}. It follows that G(V) =

G(¥)/([x,a)).
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Recall the notation for z,, (w € \fl) from Section 6; in particular the
generator x itself is identified as © = z5. Now, [a,z] = a:v&oflxgl =
z.x;" = z, by (20) and Corollary 6.6.

From Definition 6.10 it is clear that K'/(z) = M as B,-sets, so we
are done by Theorem 6.11. O

Next, we compute G(ﬁ2) = S(A(T(l)),Bn,ﬁ2,x,u). Set p = (1,n),
the ordered pair of end points of . If w € B,,, then obviously w?(p) = p,
so {(w?) C Stab(p). On the other hand, since B,, modulo squares equals
Sp, and the stabilizer of p under the action of S, is the symmetric group
Sy...n_1, we clearly have that Stab(p) = (w? 09,...,0, 2: W € By).

Corollary 7.2. G(P?) = G(U).

Proof. G(ﬁz) is obtained from G(¥) by taking the quotient with re-
spect to the commutators [z, 7| for every 7 € Stab(p). On one hand,
x commutes with o9, ..., 0, o already in G(V¥). On the other hand,
the action of w? on @ does not change the endpoints, and so [w?, z] =
w?raw ;" = T2y, which is either 1 or z by Proposition 6.8. By
the same proposition, [0}, x] = z, and therefore ([z, 7] : 7 € Stab(p)) =
(z). Tt follows that G(P?) = G(¥)/(z) which is G(P?) by the previous

theorem. O

Clearly Stab({1,n}) = Stab(p) - Stab(«), where p = (1,n) as above,
and « is the undirected path as above. From the above corollary we
immediately conclude for G(P?) = G(A(TW), B,,, P?,x,u) that

Corollary 7.3. G(P?) = G(P?) = G(V).

8. REDUCTION FROM GEOMETRY TO COMBINATORICS

Let T be a planar graph, and let x,y be edges with one common
vertex. We say that x,y, 2’ form a virtual triangle in T if the other two
vertices of x and y are disjoint; z’ is a path connecting them; z’ does
not intersect any edge of T'; and the triangle bounded by x,y, z" does
not contain any vertex of 7.

If z,y,2" are edges of a virtual triangle in 7', which are ordered
clockwise, as in Figure 24, we say that they form an ordered virtual
triangle. We denote the respective vertices by p, ¢, 7 (which are distinct
by assumption).

Consider the categories of connected graphs and groups, with the
standard morphisms. By a slight abuse of notation, we call functor to
a map F' from graphs to groups, sending morphisms to morphisms. A
functor sends the edges of a graph T to elements in the group F(T).
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FIGURE 24
AY(T//)
¢ Y\ﬁb)
Ay (T") Ay(T)
FIGURE 25

We say that the functor is tight, if F'(T) is generated by (the images
under F' of) the edges of 7. Thus A and Ay are example of tight
functors.

A tight functor has the triangulation property if, for every ordered
virtual triangle x,y, 2’ in a planar graph T', the map defined by ¢ — ¢t
for x #t € T and 2/ — x~'yx defines an isomorphism F(T") = F(T)
where T” is the graph obtained from T by deleting = and inserting z’.
Equivalently, z — 312’y defines an isomorphism F(T) = F(T") (the
direction is always counter clockwise: the first vertex is mapped to the
action of the second on the third).

Theorem 8.1. The functor Ay has the triangulation property.

Proof. Let T" denote the union T"UT’. By Theorem 3.11, there are
well defined maps ¢, ¢', 1, 9" as in Figure 25, while )¢ and ¢/'¢ are the
identity maps on the groups Ay (7T) and Ay (7T"), respectively.

By their definitions, given in the proof, the composition ¢’ sends
u +— u for every u # z, 2" in T”, and ¢/ (2') = Y(2') = L(zy) =z -y =
rlyz. Likewise 1)'¢ sends u +— u for u # x, 2, and ¢'¢(x) = y~'2'y. Tt
follows that (¢/'¢)(1¢') acts as the identity on every generator u # ' in
Av(T"). Moreover, (/69")(#') = (V'0)(x - 3) = (WO)(x) - (H'6)(y) =
(y-2) -y =y o yyy 'y =yl T yaly =yl T alyal = o, so
V' ¢p@’ is the identity on Ay (7). Likewise ¥¢’1)'¢ is the identity on
Ay (T), proving that ¢’¢ is the required isomorphism. O
Remark 8.2. Let § € B,, be an arbitrary element, and let T" = 6(T')
be the graph obtained from a planar graph T by the action of 8 on
the edges, as in Section 4. Then Ay(T) = Av(T") (indeed, Ay (T) is
defined abstractly, depending only on the isomorphism class of T as a
planer graph).
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Let T, denote the set of connected planar graphs on the vertices
{1,...,n}. We say that T, T" € T, are equivalent, if, for suitable edges
x,y,z € TUT', we have that T—T" = {y}, T'—T = {2z}, and z, y, z form
a minimal triangle in T"UT" (namely it does not contain any vertices).
We can now define an equivalence relation on 7,,, by allowing sequences
of triangular steps. Theorem 8.1 provides, for equivalent graphs T and
T', the isomorphism Ay (T) = Ay (T").

Theorem 8.3. Every two connected planar graphs on the set of vertices
{1,...,n}, with the same number of edges, are equivalent.

Proof. We first claim that T is equivalent to a ‘fat tree’, namely a
graph whose minimal cycles all have (graph) length 2, corresponding
to multiple edges. We induct on the number of (bounded) connected
component of the complement of 7" in a fixed disk, for which the length
of the boundary is more than 2. This number is zero iff T" is a fat tree.

Let vy, ...,v, denote the edges composing the boundary of a com-
ponent D, enumerated counterclockwise, as in Figure 8. Notice that
although the same edge may be present twice in this list, every v; has
a well defined starting point, which we denote by p;. Clearly pg is the
end point of v,. Let ¢ be minimal with respect to the property that
DisDitls---sPn_1 7# po. Clearly 0 < i <n—1. But v;_q,...,v, form a
cycle in the graph, so we may assume ¢ = 0, namely pg is not on any
of vi,..., v, 1.

By successive triangulation, we can now replace v, by v,_1 - v, (see
Definition 3.7), then by v, - (v,—1 - v,), etc., up to vy - (vy -+ (Vp_1 -
vn) - -+ ), which is parallel to vy. This process replaces the domain D
by a domain whose boundary has length 2, as asserted.

Now suppose T is a fat tree. Let p;,, ..., p;,, be the vertices connected
by a partial frame of maximal length, and assume m < n. Since 7' is
connected, there is some p, (r # i1,...,i,) connected by an edge to

some p;, (1 < k < m). Choose the pair p,,p; with £ maximal. Via
triangulation, the edge connecting p, and p;, can be replaced by an edge
connection p, and p;,,; this can be repeated for all the parallel edges,
in case the tree was fat at this edge. Inducting on k£ we eventually get
a longer partial frame. Inducting on the length of the partial frame,
we may eventually assume 7T is a fat path.

Finally, triangulating further, we can collect all multiple edges to
a fat edge connecting the end points of the frame, resulting (up to
isomorphism of planar graphs) in the (undirected) graph of Figure 28;
and this graph only depends on n and the original number of edges. [

Corollary 8.4. Let T' be a planar graph on n vertices. Then Ay (T)
depends only on n and the first homology of T
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Theorem 8.1 can be used to give a functorial interpretation to the
relations defining the groups Ay (7). For tight functors F} and F;, we
say that Fy is larger than Fj if, for every graph 7', the map from F(T')
to Fy(T), sending Fi(u) to Fy(u) for every u € T, is onto. Our main
interest is in functors smaller than A (of Definition 3.1).

Theorem 8.5. The functor Ay (defined in Definition 3.2) is the largest
with the triangulation property among all the tight functors smaller than

A.

Proof. The proof is similar in spirit to that of Theorem 3.8. By The-
orem 8.1, all we need to show is that the triangulation property (for
quotients of A(T")) imply the relations of Definition 3.2.

T

FIGurE 27. T5 and T}

Let T denote the graph on the left of Figure 26, and consider its
subgraphs {u, w, z} and {u,v,w}. In A({u,w,z}) we have the relation
[u, z] = 1, so the triangulation property provides [u,v " 'wv] = 1 in the
group associated to {u,v,w}. This is relation (9).

Next, consider the graph 75, on the right hand side of Figure 26.
Since (z,v) =1 in A({z,v,u}), we obtain the relation (w uw,v) =1
is A({u,v,w}), which is one case of relation (10); the other case is
proved similarly.

Since [y, z] = 1in A({x,y,u, z}) (viewed as a subgraph of T3, on the
left hand side of Figure 27), we have the relation [w™luw, vtav] = 1,
as in relation (11). Finally, the fact that (y,z) = 1 in A({y, v, w, z}),
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viewed as a subgraph of T}, implies by the triangulation property that
(v7lzv, w™luw) = 1, which proves relation (12). O

Since Ay satisfies the parabolic subgroup property, which implies the
triangulation property (see the proof of Theorem 8.1), we conclude:

Corollary 8.6. The functor Ay is the largest tight functor smaller
than A, that has the parabolic subgroup property.

9. GEOMETRIC BRAID GROUPS

Let T" be a planar graph on n > 4 vertices. In this section we apply
the ideas of Section 5 to define a quotient of the group Ay (7") which
extends the action of the braid group on the unit disk in a manageable
way. Omne of the main results in this section is that, although the
definition makes use of the choice of a spanning sub-tree, the outcome
is independent of this choice.

Let Ty € T be a spanning sub-tree. By Corollary 3.12, the subgroup
(To) of Ay(T) is isomorphic to the braid group B,, and so it acts on
the set U of directed good paths as in Section 6. Fix a direction for
every u € T—Tj, and let &, denote the corresponding element of 0.

Fix w € T—Ty. There is a unique planar path wy,...,ws € T
connecting the vertices of u (or rather &,). Let

ay, = L(wy -+~ ws) € (Tp),

where the operator £ was defined in (13). As in the case of the circle
(Section 6), w(u) = ay, € (Ty) € Ay(T), and we take (%) = ua;!.

Definition 9.1. We set
(40) G<T7 TO) = S(AY (T)7 <T0>7 qj? {x(U)}ueT,Tov {O_ZU}uGTfTO)?
where the operator G was defined in Definition 5.5.

Since (Ty) = B, G(T,Ty) is the largest quotient of Av(T') acting
geometrically on WV in a way that extends the action of B,,.

Let T be a planar graph, and let 7" be the graph obtained from T" by
a triangulation step as in Section 8, namely there are edges a,a’ such
that TU{d'} = T"U{a}, and a,b,da’ form a minimal triangle.

Let Ty be a spanning sub-tree of 7', and let T{) denote the spanning
sub-tree of 7" obtained from Ty by the same triangulation step, namely:
if a € Ty then Tf = To—{a} U {d'}; otherwise T} = Tp.

Lemma 9.2. With T, C T and T) C T’ as above, we have that
G(T,Ty) = G(T,T)).
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Proof. By Theorem 8.1, we have an isomorphism ¢ : Ay (T) = Av(T"),
defined by a +— b~'a’b for a suitable b € T NT". The action of Ay (T)
and Ay (T") on ¥ (through the spanning sub-trees {Ty} and {T}}, re-
spectively) commutes with .

Take H = Ay(T), S = (Tp) and X = T—Tp; and H' = Ay(T"),
S = (T}) and Y = T'—T{ in Lemma 5.8, we see that 1) induces an
isomorphism G(T,Ty)—G(T",T}) (if a ¢ T, then take 7 = b in the
lemma; otherwise 7 = 1). O

Let 7™ denote the graph on n vertices depicted in Figure 28, with

the n — 1 standard edges o4,...,0,_1 at the bottom, and m edges,
labelled u, ..., u,, and numerated from bottom to top, connecting the
extreme points. Let T = {oy,...,0,_1} denote the standard span-

ning sub-tree. In this case the «, all coincide.

(o] 09 On—1

FIGURE 28. The graph 7™

Lemma 9.3. For any spanning sub-tree T of T™, we have that

G(T™, 1)) = G(T™, 7™,

F1GURE 29. The graph T(m)

Proof. For k = 1,...,n —1 and j = 1,...,m, let S;; denote the
spanning sub-tree of T obtained by removing o), from 709 and
adding the edge u;. Also let Spo = T The Sk; are the only
spanning sub-tree of T0™).

Let T(™ denote the graph obtained from 7™ by rotation clockwise,
as depicted in Figure 29, with m parallel paths replacing oy. Let ¢
denote the isomorphism of planar graphs from 7™ to T and let Sk j
denote the image of Sy ; under ¢. Clearly, SY;W» are the only spanning
sub-trees of T,
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By definition, the groups G(T™), S, ;) are quotients of Ay (T™)).
The action of ¢ on the graphs induces an obvious isomorphism of groups
Ay (T)— Ay (T™), which carries G(T™, Sy, ;) to G(T™, S, ;).

For every 7 = 1,...,m, there is a series of triangulation steps that
transforms 7™ to TU™ | which carries Sy to T ;. By Lemma 9.2, this
proves G(T™ T = G(Ty, So,0) = G(T(m), 5070) ~ G(TMm, Ty ;).

Also, forevery k =1,...,n—2and j = 1,...,m, there is a series of
triangulation steps transforms 70" into T, carrying SY;W» to Sk41,5-
This proves G(T™), Sy ;) = G(T™, S, ;) = G(T™, Sy.y1,). Together
with the previous construction, we covered all possible spanning sub-
trees, proving the claim. O

Theorem 9.4. Let T be a planar graph with the spanning sub-tree Tj.
The group G(T,Ty) only depends on n and the first homology of T.

Proof. Following the proof of Theorem 8.3, we can transform 7', by
a series of triangulation steps, into 7™ for a suitable m. In this
process Tp becomes some spanning sub-tree 7} of T By Lemma 9.2,
G(T,Ty) = G(T™),T}). By Lemma 9.3, G(T™ T}) = G(T™ Tm0)),
which only depends on n and m. U

Corollary 9.5. The group G(T,Ty) is independent of Ty.

10. THE GENERAL CASE

Let n > 5. Our aim in this section is to compute G(T,Tp), defined in
Definition 9.1, for an arbitrary planar graph 7" and spanning sub-tree
Ty. In light of Theorem 9.4, we may assume 7' is the graph 7™ of
Figure 28, for a suitable m > 0, with spanning sub-tree Ty = T0™0) =
{o1,...,0,-1}. In this case the «, of the definition all coincide with
the element « given in Equation (21), and we can apply the results of
Section 6 more easily.

In order to compute G = G(T™), Ty), we need to establish a presen-
tation. As noted in Remark 3.3,

(41) <T0> = Bn'

By definition, the other defining relations of A(T™) are, for every
j=1,...,mand 1</l <n—1,

(42) (o1,u;) = 1,

(43) <Un—1; U’])
(44) [O’g, U/]]

Il
}.—‘\'i—‘
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To obtain a presentation of Ay (7)), we must add, for every 1 <
1< g3 < m,

(45) (oruioy ) = 1,
(46) (op-1ujo,ti,u) = 1, and
(47) [oywor ! o qujo ] = 1.
Write u; = 2®a, defining new elements ¥, i = 1,..., m. By defini-

tion G is the geometric quotient of Ay (7™)) with respect to the action
on the disk, and so we add the relations

(48) 2V 0] = 1,
(49) [x(j)ao—n—lal 104(710_,111] =1 anda
(50) [z, 0% = 1,

for every j=1,...,mand 1 < ¢ <n —1 (see Remark 4.5).
Relations (42)—(50), together with (41), provide a presentation of G.
Relations (42)—(44) were treated in Section 6; they allow us to define

29 as in Equation (19). The relations satisfied by {xu ) we \17}, for

fixed 7, are summarized i 1n Theorem 6.11. The remaining difficulty is in
the interaction of the %) for distinct values of 7. In order to simplify
relations (45)-(47), we substitute u; = 2@ a, and obtain:

<a o g a> = 1,
<an 1ZU(j fxa> = 1, and
(12D aoT! o1 J)ozan o= 1,

forl1<i<j<mandl</l<n-—1.

To simplify these further, recall the action of B,, on the 2 by con-
jugation, described in Equatlon (20). We rewrite the relations in these
terms, applying Remark 5.3.

(%) C) (@) _ .0, 0 )

15—

n

1)@

Tori@  oratorh@ Vo latoa ot @ . a  Yerla @ e ler (@)
G L0 ) 00 )
ma;il(a) (on—1a" 1o 71)(62) m(ocagila*QU;il)(&) Tg x(a;iloﬁl)(d’) (a

(2) (U _ 7) (%)

Tort@ Tt oator @ — Toli@ Yiopt

Acting with oya0;'0,_;...03 on the first equation, we obtain the
relation

(51) x@x@x@:x(ﬁ)x@x@,
o2 w o1 o1 W' 02
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H
where W and ', as well as the other directed paths, are depicted
in Figure 30 below. Similarly, acting on the second equation with
Opel-.-020p_1 .. .agafl, we obtain the relation

(52) L0 06 _ 000
o v Ve o Ty TEr
Finally, since (0, ',00a7 o7 0,1)(&) = @, the third equation is

equivalent to

@ .G _
(53) 2,29 = 1,

namely (by the transitive action on ¥), xg) and xl(j.) commute whenever

they are based on disjoint paths p and p'.

«—
W

v
w

F1GURE 30. Notation for the basic relations

Proposition 10.1. Ifn > 5, then for each i, z; = [x%,x%] is central

n G.
Proof. By Proposition 6.8, [xu(f) x(i)] is the same element of the group,

Bl
whenever w,w’ form a partial frame. This implies z; commutes with
B,,. Now, for every generator 3:8,2, we may choose the partial frame
to be disjoint from w” (taking the 3 end points of the partial frame
differing from the 2 endpoints of w”, as n > 5), so we are done by

Equation (53). O

Applying the basic relations from Section 6, in particular Corol-
lary 6.6, as well as Proposition 10.1, relations (51) and (52) become

(54) :r:;_ﬁ(i) x%) 'I%) 'x;_f(i) = x%) -xc;j(i) ~x;1>(i) ~x%), and
(55) P OB v O C) v O SRS IPAC)) -a:l(i),
o3 o1 03 o1 o1 o5 o1 o3
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. N1
where a:;_f(z) is a shorthand for x%? . These relations can be brought

to the form

(56) 22,227 = [, 2], and
(57) @ 0,29] = 9,229,

10.1. The kernel of G—B,,. Let
(58) K = K(Ay(T), Bn, U, {z.}, {@.})

be the group defined in Definition 5.5, namely K = Ker(G—B,,). The
computation done so far can be summarized as follows:

Proposition 10.2. The group K has the followmg presentation. The

generators are 2! fori=1,..., mandw € \I/ and z; fori=1,...,m.

The relations are:
(i) z; are central and z;* = 1;
(ii) if w1, ws form a partial frame then [x(iz, x@] = zi;

)
(iii) if wy,wo are disjoint, then [x‘(T), a:(i)] =1 for every i, j; and
)

(iv) if wy and wy intersect in one vertez, then

for every i, j.

Proof. Relations (i) and (ii) come from Section 6. Relation (iii) was
obtained at (53). If i = j, then Relation (iv) follows from (ii); moreover,
taking the inverse in Relation (iv) switches the roles of i and j, and so
we may assume ¢ < j. There are two cases to consider: if the head of
wy touches the tail of wy, then the we are done by taking w; = o1 and
wg = oy in (57); if the head of wy touches the tail of wy, we are done
by taking w; = o9 and wy = 07 in (56). O

This presentation, which has a geometric flavor, has infinitely many
generators and infinitely many relations. In Corollary 6.7 we saw that
every x(_? can be expressed in terms of the a;7(~) = x(_z, r=1,...,n—1,
so that K is finitely generated. We now show that K is in fact finitely

presented.

Proposition 10.3. The gmup K defined in (58) has the followmg
(4)

presentation. Generators: x,’ fori=1,....,m, r=1,. — 1, and
zi fori=1,....m.
Relations: Fori,7=1,....m andr,s =1,...,n,

(i) z; are central and z;® = 1;
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x| =z for1<r<n-—1;
e =1if|r—s > 1;

2l l,xq(nj)xfﬂzl} =1forl<r<n-—1;and

2 e = a0 a9 for 1 <r<n—1.

Proof. The presentation claimed here can be compared to that of Propo-
sition 10.2 by identifying 2" of the current one with x_> of the pre-
vious one. Clearly, every relation in the current presentatlon is as-
sumed to hold for the xf;) (relations (i),(ii),(iii) and (v) follow from
10.2.(i),...,10.2.(iv), and r(iv) follows from 10.2.(iii) by taking w, =
0.(0,_1) and wy = 0,(7,51)). On the other hand, every class of rela-
tions in Proposition 10.2 has a representative in the current presenta-
tion. The presentation of Proposition 10.2 is invariant under the action
of B, being phrased in terms of paths.

Therefore, it is enough to show that the current presentation is in-
variant under the action of B,,, induced from the identification L@ =
mf;) Similarly to Definition 6.10, the action is defined, for every 7, by
ot(rzz-) = z; and

acz(f)xg )1 r=t—1
—(4)

) 2:0 r=t
59 o (x) = {7
(59) t(z,”) -Igl)ﬂfgﬁl =t
) =t > 1

One can easily check that this action, which reduces to the standard
identification of B, as a subgroup of the automorphism group of the
free group (if all z; are sent to 1), is, for each i, a well defined action
of B,, on the free group generated by the 2!
central.

The action respects (i) and (ii)—this is easy to check. The only

difficulty in case (iii) is for r =t — 1 and s = ¢t + 1, where we have

and z;, modulo z; being

o), ou(atlh)) = [ a2 o afh) = 1
by relation (iv). Similarly,

o (i), o7 @] = [t o),
which equals 2"z, xij)xgﬁl] = 1 by relations (ii) and (i).
Next, we need to show that relation (iv) is preserved under the o
(and o; ', which can be resolved in the same manner). If t < r — 3
or t > r + 3, the action is trivial and there is nothing to prove. For
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t =1r — 2 we obtain

07220, 5(2? ), 02 (D)0, _o(2D)))] = 20z i“lxiz,x& 29 ],

where 2 2, = (22 ) . 2, commutes with z%2Y) by re-
lations (iv) and (iii). The case t = r + 2 is dealt with in a similar
manner.

For t = r — 1 we obtain

(v (@)1 (21), 01 (2o (2]

zng) £Eg)ﬁ(]) ) ]—

()

= [z lx(J)mT+1,x£i)]
:xﬁj)lx(]’)x() (#) =) = () () -0

—1%r rJrl‘r rJrl‘r r
2001070 a2, a7

= T Ty rl)xi—ﬁ)-lwr-‘,(-?[ 1(2— Z, (j)] ()x;—ﬁ(-jl)wg(n

e PR B

=z, [1, 1, w2 Jary @

where the proof for ¢ = r + 1 is similar. For later use, we record the
identity

(60) 29 2@ 2V) 2] =1

which was proved as part of the computation above. Finally, applying

o, to relation (iv) transfers z\”2" | and 22 29 and zz¥)|,

which clearly commute.

It remains to act on relation (v). Clearly, the action of oy is trivial

ift<r—1lort>r+2 Ift=r—1then xri) is mapped to z\”,z{”

1 to ziw

while 'I'I‘]-‘Zl is fixed; but mg) ; commutes with 371« +1 by relation (iii), so
the commutator relatlon holds. The same proof applies for ¢t = r + 2.
For t = r +1 we have

(o1 (@), 01 (@ DN or 1 (@, 9), 0 (20
= 20,20, 22 [zl 2 20) !

= [xgllxy),xfnll][ 5’1—&)-17177("42133(])]

fﬂ)rlx(’) ﬂlx ) r—i(-l)m(j)x(—l)-lw ()mr—&gjl)x_—&l)

= bl ), 2l ) e ) = 1
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by relation (v). A similar computation handles the case ¢t = r, and we
are done. O

In order to simplify the presentation of K, we make the following
substitution. Fori=1,... . mandr=1,...,n—1, set

ald = 2@ .00,

T nl ro

to simplify the notation, we also set V=1 Tt easily follows that

(61) ) = a,{)al),

so that K is generated by the a'”.
Proposition 10.4. The group K has the following presentation. Gen-

erators: a') fori=1,....m,r=1,...,n, and z fori=1,...,m.
Relations: a%) =1 for every i = 1,...,m. Furthermore, for i,j =
1,....m,

(i) z; are central and z;* = 1;
(ii) oy )5, a”)[a”, 0l J[al)y, afy) = 2 for 1 <r <m—2;
(iii) [l ai][a)”, af]al”, o] ] o)y el = 1 if 1 <ms <m—1
and |r —s| > 1;
(i) [0y, 2 Jlo Ly, oo, o]l afls] = 1 for 2 <7 <
2; and
(v) forl <r<mn-—2, we have
a2l o, a0y, afy] = ladhy, alollas, afa? 0},
Proof. This follows by substitution in the previous set of relations,
where we used the identity

(62) 078,770 = o™ty [, 818, 810, [, A]yer.

Note that in relation (iv) we substituted x§+1x£” rather than xﬁj)xfﬂzl;

but 2% , xq(ﬂﬂzl commute. U

Proposition 10.5. Fiz 1 < 7,57 < m. The elements [ar ,a ] for
1<r,s<mn,r#s, are all equal.

Proof. Write 72 = [a{”,a{’]. Relation 10.4.(iii) translates to the

equality 7, +(11] l%(fi)l o4l = Tr, e )%(,Z)H whenever |r — s| > 1. Since ) =

1 for every s, reverse induction shows that %EZQFI = %s for every

r > s+ 1. In a similar way, by first taking s = n, we have

(63) %(}ﬁ s=70 for 2<r+1<s<n.
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FiGUure 31. An illustration of the proof of Proposi-
tion 10.5, for n = 7. A bullet symbol in the (r,s) co-
ordinate stands for 7,@5] ); empty bullets represent %(«? ) =
1.

These equalities are illustrated by connecting bullets representing equal
elements, at the left hand side of Figure 31.
Relation 10.4.(iv) translates to
(64) e e =1 forl<r<n-L.
Relation (63) implies that fy(i_j)ljr 2 = vﬁlﬁlz = ﬁﬁ)lr 49, and so (64) gives
%{Zf)” = %(=ﬂr for 1 < r < n—1. Switching 7 and j in Relation 10.4.(iv),
we obtain in a symmetric way wffﬁll = yﬁzﬂ)ﬂ for 1 <r <n—1. In this
manner we obtain the curved connections shown in the right hand side
of Figure 31, again connecting bullets that represent equal elements.
Finally, put = n—2 in Relation 10.4.(v); noting that ot =a¥) =1,
we obtain

@9, a?,] = [a,,al ],

namely, VT(LZf )2’1%1 = 1(;1)17%2, which is the double-dotted line in the
diagram. The (non-empty) off-diagonal bullets in Figure 31 are now in

one connected component, proving the statement. U

Corollary 10.6. For every 1 < i <m and 1 <r,s <n,r # s, we
have

(65) [0, 0] = 2.
Proof. By the proposition, [ag),ag)] = ~) is independent of r,s, as

long as r # s. Switching 7 and s, it follows that (%) = ~~(4).
Taking = 1 in Relation 10.4.(ii) results in the relation

[0y, a"a?, a{"[ay, ai)] = 2.
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By Proposition 10.5 (which does apply when i = j), this implies
(Y3 = 2z, so %) = 2; by the first remark. O

The results of Proposition 10.5 and Corollary 10.6 can be summa-
rized as follows:

Corollary 10.7. The group K is generated by all for 1 =1,...,m,
r=1,...,n—1, subject to the relations

()[() ()]:[a(,, ay ]foranyrséscmdr %5 and any i,j =

1,...,m.
(ii) 2z = [ap,as | (independent of r # s) is central and has square
equal to 1, for any 1.

Corollary 10.8. If A is the normal subgroup of K generated by [ari ,agj)]

forr #s. Then K/A = <a§1),.. agm)>><~'><<a(1) a™ >, which

n—1 ) Yn—1

15 a direct product of n — 1 copies of the free group IF,,.

Recall from Section 2 that F,,,, is defined as a certain subgroup of
F7 , where IF,,, denotes the free group on m generators; also recall the
group A, , = F,,, defined there.

Theorem 10.9. The group K is a central extension of F, ,, by (Z/272)™

Proof. Let Ay denote the subgroup of K generated by the commuta-
tors Ay = <[ay),ag)]> (i=1,...,m, r # s). Clearly Ay is a central
subgroup of exponent 2 and rank at most m.

Let aq, ..., a, denote the generators of F,,. We define a map K —F},
by

(66) o (1,...,1,a;,1,...,1,a;7")

T iy )

(non-trivial entries in the rth and nth places). This clearly maps K
onto F, . For any r # s, 1 <r,s < n, the commutator [ay), agj)] maps
to (1,...,1, [a;l, aj_l]), which is independent of r and s. In particular
[afni),ag)] maps to the identity elements, and so the induced epimor-
phism K/Ay—F,,, is well defined. This could also be deduced from
Proposition 2.2 by constructing appropriate maps from K to F” ! and
to IF,,.

To show that this is an isomorphism, we define a map A, ,—K /A
by 2 a; D0 To see that this is well defined, we need to verify
the defining equations in K/Ay: Equation (2) is trivial. Equation (3)
translates to

a0 q@ @40 — at—(%) (i)

s r s a,”,
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which follows from the fact that [al”,a”], [a{”,a{"] and [a{”,a{"] are
central, and have trivial product (in fact in K the product is z;); Equa-
tion (4) is checked similarly.

By Proposition 10.5, if u,t # r, s, then

[aff'%a&“na@, mna“ a?[a®, ]
Ej)

S
~
N
=

r

this proves Equation (5), which is
[a;Da® a7 (J)] - 1,

by Equation (62).

It remains to show that rank(Ag) = m. Let R = k& Vi &V, where k is
a field of characteristic 2, V] is the k-vector space spanned by the m(n—
1) variables 047(3’), and V5 is the k-vector space spanned by m variables

v (i = 1,...,m). Make R into an associative, non-commutative k-

algebra by asserting that ool equals v; if 7 =4 and r < s, and zero

otherwise; and that V1, = V2V1 VoVy = 0.
Now define a map ¢: K—R* by a'” — 1+al. It is a standard and
easy fact that [ar ,ag])] — 14+ a’al? + afa¥. For i # j we have

[, a] — 1, while [a”, a{"] — 1+ ~; whenever r # s; therefore, the

map is well deﬁned. Finally, the subgroup Aj is mapped onto 1 + V5,
which is clearly of rank m. U

Let R' be the multiplicative subgroup 1 + Vi + V5 of the ring R
defined in the proof above. Note that R! is a central extension of
1+ V, 2 (2/22)"" D by 1+ V, = (Z/22)™

Corollary 10.10. K s a pull-back of the diagram
P > Fm,n
.
R' — (Z)22.)"
In particular, the word problem is solvable in K.

10.2. Summary: the structure of G. By definition, the group G =
G(T™), T(m0) defined in (40) is a semidirect product

G = B,x K, ,,
where the action of B,, = {oy,...,0,-1} C G on

K n:<a£f),zi: izl,...,m;rzl,...,n>
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is given in (59), noting that 2 are defined in (61), and a presentation
for K, is given in Corollary 10.7. Combining 1—K,, ,—G—B,—1
with the short exact sequence (6), we obtain the commutative dia-
gram given in Figure 32. The right-hand column is the standard cover

(Z)2Z)"< pm P,
o
Kinn G

FIGURE 32

B,—S,,, whose kernel P, is the group of pure braids. In the left-hand
column, K, ,, is a central extension, where the projection K, ,—Fy, »,
was defined in (66), and the embedding (Z/2)™ is to the subgroup
(21, ..y 2m) C K, for z; of (65). The map Ay(T)—Cy(T), appear-
ing in the middle column of Figure 5, induces a projection from G to
Cy(T), whose kernel is denoted here by P*. By Proposition 10.1, P
is a central extension of P, by (Z/2Z)™.

From the short exact sequence (1) and the fact that the word problem
is soluble in B,,, we obtain

Corollary 10.11. The word problem is solvable in G.
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