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Chapter 1

Existence and uniqueness

1.1 Introduction

Definition 1.1 A differential equation is an equation that relates a function to
its derivative(s). The unknown is the function. A differential equation is said to be
ordinary (797) if the function is uni-variate, and more precisely if its domain is
a connected subset of R. We abbreviate ordinary differential equation into opE.

‘Example: Find a function y : R — R that satisfies the equation
y' =6y,
or in a different notation,

VieR  y'(1) =6y(1).

A number of questions arise right away:

@ Does the equation have a solution?
@ If it does, is the solution unique?
® What is the solution?

@ Is there a systematic way to solve such an equation?



Chapter 1

In the above example, direct substitution shows that any function of the form
y(1) = ae®, a € R is a solution of the equation. Thus, a solution exists and it is not
unique. This is not surprising. We know from elementary calculus that knowing
the derivative of a function does not uniquely determine the function; it does only
up to an integration constant. We could try to obtain a problem for which there
exists a unique solution by imposing an additional condition, like the value of the
function at a certain point, say, y(2) = 8. In this case, the unique solution that
belongs to the above exponential family of solutions is found by setting

y(2) =ae? =38,
i.e., a = 8¢7!2. Still, can we be sure that this is the unique solution to the equation
y=6y y(2)=82?
We will soon know the answer to this question.

Definition 1.2 An ordinary differential equation is said to be of order k if the
highest derivative of the unknown function that appears in the equation is the k-th
derivative.

‘Example: The following equation is a first-order obE:

y'(t) =t sin \/3 + y2(7),

which we will often write in the more sloppy form:

y =tsin /3 +)2.

(It is sloppy because it is not clear in this notation that 7 is a point in the domain

of y; suppose we wanted to denote the independent variable by x, as we often do.)
AAA

First-order opE The most general first-order opk is of the form

O(y'(1),y(1),1) = 0.

Such an equation is said to be implicit (72100 7387). We will always assume that
the equation has been brought into explicit form (D@12 MI37):

Y (1) = f(5,y(2)).
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Second-order opE The most general second-order opk is of the form

D(1,y"(1),y' (1), 5(1)) = 0,

and in explicit form

y'(1) = £ (1.5 (1), y(2)).
‘Example: Consider the following equation:

y'(t) +y(2)y'(¢) + y(t) sint = 0.

As in the first example, we ask ourselves whether this equation has a solution and
whether it is unique. At this point it is clear that there won’t be a unique solution
unless we specify some extra information about the function at certain points. The
question is how much extra information is needed in order to obtain an equation
that has a unique solution (assuming that such exists). AAA

Systems of differential equations In the same way as we go from univariate al-
gebraic equations into multivariate ones, so we can extend the idea of a differential
equation into a system of differential equations in which more than one function
is unknown.

‘Example: Find functions y, z, such that
y'(1) = 6tz
7(t) =7y +4.
AAA

More generally, in a first-order system of n (explicit) opes the unknown is a vector-
valued function, y : R — R”, that satisfies an equation of the form

Y1) = f(1.y(1)),

where f: R x R" — R”. In components,

yi(t) = £ (0),...ova(8),0),  i=1,...,n.
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High-order equations and first-order systems Every n-th order (scalar) equa-
tion can be turned into a first-order system of n opes by a simple procedure. Sup-
pose we have an equation of the form

YOUt) = £y (1), (0).3(0)).

We then define the following vector-valued function,

S
y(”_l)

It satisfies the following system of equations,
Yi =Y, Y,=Y; =Y, Y, = f(t,Y1,...,Y,),
which we can rewrite in vector form,

Y'(t) = F(1,Y(¢)).

What is ordinary in an ope? A differential equation is called ordinary when the
unknown function depends on a single real-valued variable. This is in contrast to
partial differential equations (nvpbn DIRMN), in which the unknown function
depends on more than one variable.

Example: An example of a ppE is the heat equation (also known as the diffusion
equation): the unknown function depends on two variables (position and time),
y:R xR — R, and satisfies the equation,

dy 0%y
Z(x,1) = —=(x.1).
50 = 5z (x0)

A A A

The theory of ppEs is infinitely harder than the theory of opes, and will not be con-
sidered in this course (we will eventually explain why there is such a fundamental
difference between the two).
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Why do we care about opes? Differential and integral calculus were developed
in the 17th century motivated by the need to describe the laws of nature. Classical
mechanics is “one big system of opgs”; if the instantaneous position of all the
particles in the world at time # can be viewed as a huge vector y(7), then according
to classical mechanics, the second derivative of this vector (the acceleration) is a
god-given function of the current positions and velocities of all the particles. That
18,
V(1) = £ (1), 3(1)):

As we will see, such a system may have a unique solution if we specify both y

(positions) and y’ (velocities) at an initial time (the big bang?). By Newton’s laws,
the evolution of the universe is determined forever from its initial conditions.

‘Example: Consider a single “point particle” that can only move along a single
axis. The particle is attached to a spring that is connected to the origin. Newton’s
law is

my" (1) = -ky(1),
where m is the mass of the particle and k is the spring constant (the force law is

that the force on the particle is propositional to its distance from the origin and
inverse in sign). As we will learn, the most general solution to this equation is

y(t) = a cos \/gt + b sin \/gt,
where a, b are two “integration constants”. They can be determined by specifying,
say, y(0) and y’(0). AAA

ODEs are important not only in physics. Any (deterministic ) process that evolves
continuously can be described by an ope. opEs are used generically to describe
evolving systems in chemistry, economics, ecology, demography, and much more.

The oldest ope The first documented instance of an obE is an equation studied
by Newton (1671), while developing differential calculus:

V(t)=1=-3t+y(t)+2+ty(t)  y(0)=0.

Newton’s approach to solve this equation was based on a method that we call
today an asymptotic expansion. He looked for a solution that can be expressed
as a power series (MpM 712),

y(t) = ait + ayt* + azt® + -,
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Substituting into the equation,
ay +2ayt +3azt? +dayt? = 1 -3t + (a1t + axf? + ast’) + 2 + t(at + art® + ast®).
He then proceeded to identify equal powers of z,
a; =1 2a, = -3+ a; B3az=ar + 1 +a, da, = az + ay,
etc. This yields, a; = 1, ay = -1, a3 = 1/3, a4 = —1/6, so that
£
y(1) =t—t2+§—g+---

For fixed ¢, as more terms as added, the closer we are to the true solution, however,
for every fixed number of terms the approximation deteriorates for large .

A problem studied by Leibniz In 1674 Leibniz (Newton’s competitor on the
development of calculus) studied a geometrical problem that had been studied
earlier by Fermat. He tried to solve the following differential equation,

(1)
Vat = y(1)
Remember that at that time, derivatives were not defined as rigorously as you

learned it (it took 200 more years until calculus took the form you know). For
Leibniz, the derivative was roughly,

y(t) =~

,(t)Ng:_ y(t)
N0l

If we consider Ay and At as finite numbers, then we may write

aZ_ 2
NETY Ay - A
y

Suppose that y(0) = y,. Then summing over many small steps Az and Ay,

Ja=

This integral can actually be calculated analytically (the primitive function is
known) and so Leibniz could get an implicit representation of the solution.
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Initial and boundary value problems Recall that any n-th order equation can
be represented as a first-order system, thus, until further notice we will assume
that we deal with first order systems,

(1) = f(5.y(1)).

As we saw, even if such an equation has a solution, it will fail to be unique unless
additional conditions on y are prescribed. In general, a system of n first-order
equations requires n additional data on y. If all the data are prescribed at a single
point we call the resulting problem an initial value problem. The origin of this
name is realizations where 7 is time, and the data are prescribed as some initial
time. If the data are distributed between two points of more then we call the re-
sulting problem a boundary value problem. The origin of the name is situations
where the independent variable is space (and then often denoted by x), and y(x) is
some function of space that is prescribed at the boundary of the region of interest.

While the distinction between initial and boundary value problems may seem im-
material it is fundamental. The theories of initial and boundary value problems
are very different. The first part of this course will be devoted to initial value
problems.

Integral formulation Consider a first order system,
Y(s) = f(s.3(s))  ¥(t) = yo.
Integrating both sides from £, to ¢,
s =50+ [ s3()ds
This is an integral equation (y(t) is still unknown), which shares a lot in common

with the differential equation. We will later see in which sense the differential and
integral systems are equivalent, and in what sense they differ.

1.2 Euler’s approximation scheme

Consider an initial value problem,

Y(0) = f(6.y(®),  ¥(t0) =yo,
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where y and f are vector-valued, and suppose that we want to find the function in
some interval [y, T'] (we will often refer to ¢ as “time” as a suggestive interpreta-
tion).

In 1768 Euler proposed a method to approximate the solution. He considered
partitions of the interval:

to<ti<th<--<t,=T,

and approximated y(7;) by y; given by

Yirt =Yi _ F(tiy),
Ljv1 =1

or equivalently,

Vit1 =Yj +f(tj,yj)(tj+l - l‘j), jZ 0,. N (e 1.

Thus, the first-order differential equation is approximated by a one-step differ-
ence equation (20757 DRMWR).

Euler’s belief was that if we refine the partition sufficiently, then we will get ar-
bitrarily close to the true solution (whose existence was not questioned). Euler’s
method (usually variants of it) is used until today to numerically approximate the
solution of ordinary differential systems.

In 1820 Cauchy proved that Euler’s approximation does indeed converge, as the
partition is refined, to a solution of the differential equation, and in fact Cauchy’s
proof is the first proof that the differential system has a solution and that this
solution is unique.

N ‘Exercise 1.1 Approximate the solution to the equation

y(@)=6y()  y(0)=1
at the point # = 1 using Euler’s scheme for a uniform partition ¢;,.; — #; = 1/n. (i)
Obtain an explicit expression for the approximate solution. (ii) What is the true

solution? Does the approximate solution converge to the true solution as n — co?

T4 material 1.1 Learn to solve a large class of equations.
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1.3 The Cauchy-Peano existence proof

In order to be able to analyze the differential system, we must have some a priori
assumptions about the function f. Throughout, we will assume that f is continu-
ous in its two arguments in some open and connected domain D c R x R”,

R” can be endowed with a norm. As we know from advanced calculus, all norms
on R” are equivalent!, and without loss of generality we will use the Euclidean
norm, which we denote by | - |.

(2 hrs, (avwn))

Definition 1.3 Let D c R” xR be a domain in which f is continuous. Let I be an
open connected interval. A function ¢ : I - R" is called an e-approximation to
the differential system in D if:

@ ¢ is continuous.

@ ¢ is continuously differentiable, except perhaps at a finite set of points S,
where ¢' has one-sided limits.

® Foreverytel, (t,¢(1)) € D.

@ Foreverytel\S,
l¢'(1) = f(.0(2)) | < &.

Let (#y,y0) € D and consider a rectangle of the form
R=[to,to+a] x{y:|y-yol <b}cD.

Since f is continuous and R is compact, it follows that f is bounded in R; define

M = t, .
(rtl}ye)g;!\f( V|

Then, we define
@ = min(a,b/M),

and replace R by another rectangle,

Ro = [to.fo + ] x {y: |y =yo| <b} c D.

"Two norms || - |; and || - |, are said to be equivalent if there exist constants ¢, C > 0 such that

(V) cfxlh < fx]2 < Cllxlh.
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Yotb | === ===~ :
1
| .
1
Yol======= ) 1
1
1
T 1
B 1
Yob [remenes | 1 |
1 | 1
! - ! R
to toro ty+a

Theorem 1.1 There exists for every & > 0 an e-approximation in Ry to the equation
y'(t) = f(t,y(2)) on the interval [ty,ty + ] satisfying the initial condition y(ty) =

Yo-

Comment: A similar theorem can be formulated for an interval on the left of #,.
Mathematically, there is no difference between “past” and “future”.

Proof': Since f is continuous on Ry, it is uniformly continuous (712 77°22 79°39).
Thus, given € > 0 there exists a ¢ > 0 such that if

t—s|<6 and ly-z| <6 then |f(r,y)- f(s,2)| <e.
Take the interval [fo, fy + @] and partition it,
fhh<h<...t,=1+a,

such that
max (¢, — ;) < min(8,5/M).
j

We then construct the Euler approximation to this solution, and connect the point
by straight segments, so that Euler’s approximation is a polygon, which we denote
by ¢(¢). It is a piecewise continuously differentiable function.

As long as the polygon is in Ry its derivative, which is equal to some f(z;,y(?;)),
has norm less than M. Thus, over an interval of length a, ¢(#) can differ from y,
(in norm) by at most aM < b. This means that all Euler’s polygons remain in R,
on the entire interval [#y, t, + @], no mater how the partition of the segment is done.
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Let ¢ be a point in the j-th interval. Then,

¢'(1) = f(1;,0(1))),

and further,
I’ (1) = f(t. ()] = [ £ (1), 0(2;)) = £ (2. 0(2)) -

By our choice of the partition,
[t—1;| < 6.

Because the derivative of ¢ is bounded (in norm) by M,
lo(r) — (1)) | < Mlt =1/ <M(6/M) = 6.

By our choice of 9,
[ £(t5,9(2)) = f(t. ()] <&,

which proves that ¢ is an g-approximation to our system. |
Definition 1.4 A family F of functions I - R" is said to be equicontinuous
(TR 7ML DB80) if there exists for every € > 0 a 6 > 0, such that for every
|ty — 1| < 6 and every g € F,

lg(n) - g(n)] <e.

(Equicontinuity is uniform continuity with the same 6 valid for all g € F.)

Theorem 1.2 (Arzela-Ascoli) Let F be an infinite family of functions I — R" that
are uniformly bounded, namely,

supmax || f(2)| < oo,
feﬂ tel

and equicontinuous. Then there exists a sequence f, € ¥ that converges uniformly
on l.

(3 hrs, (2wwn))
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Proof: Let (r;) be a sequence that contains all the rational numbers in /. Consider
the set

{f(rn):feF}cR"
Since .# is uniformly bounded, this set is bounded, and therefore has an accumu-
lation point: there exists a sequence fj(l) € # for which fj(l)(rl) converges.

Consider then the set
{#7(r2): jem).
This set is bounded, therefore there exists a subsequence fj(z) € ( fk(l)) for which
fj(z)(rz) converges (and also fj(z)(rl) converges).
We proceed inductively, and for every k derive a sequence fj(k) such that fj(k) (ri)

converges for every i < j.

Consider now the diagonal sequence Fj = fk(k) . It converges pointwise on all the
rationals in /. Why? Because for every ¢ the diagonal sequence is eventually a
subsequence of f, /.(f). This means that

(VreInQ)(Ve>0)(IN eN) : (Vm,n>N) (|F.(r) - Fu(r)|) <e.

Note that since we don’t know what the limit is, we use instead the Cauchy crite-
rion for convergence.

Fix &€ > 0. Since the family of functions .# is equicontinuous,
(36> 0): (Vtr, 00,1 =] <0)(Vf e F) ([ f(11) - f()] < &).
Partition the interval I into subintervals,
I=LubLu---ulg,

such that each subinterval if shorter than §. In every subinterval /; select a rational
number r,. Since there is a finite number of such 7;s,

(AN eN): (Ym,n>N)(Vk=1,....K) (|F.(rc) = Fu(ri)|) <&
Then for every t € I}, and m,n > N,

”Fn(t) - Fm(t)“ < HFn(t) _Fn(rk)“ + HFn(rk) —Fm(rk)“ + ||FM(rk) - (1) ” < 3e.

~—

equicontinuity convergence equicontinuity

Thus, the sequence F, satisfies Cauchy’s criterion for uniform convergence, which
concludes the proof. |

With this, we can prove Cauchy’s theorem:
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Theorem 1.3 (Cauchy-Peano) Let f(t,y) and the rectangle Ry be defined as
above. Then the differential equation y'(t) = f(t,y(t)) has a solution on the
interval [ty, to + | satisfying the initial condition y(ty) = yo.

Comments:

@ Note that our only conditions on f is that it be continuous.
@ At this stage not a word about uniqueness.

® This theorem is known as a local existence theorem. It only guarantees the
existence of a solution on some interval. We have no a priori knowledge on
how long this interval is.

Proof: Let (&) be a sequence of positive numbers that tends to zero. We proved
that for every k there exists a function ¢ : I — R” that is an g;-approximation on
I = [ty, 1y + ] to the differential equation, and satisfies the initial conditions.

The sequence (¢;) is uniformly bounded on I because

(Vi eI)(Vk eN) (lo(r) = yol <b).

It is also equicontinuous because

(Vi t € I)(Vk e N) (Jlge(t2) — @u(t1)] < Mt2 —11]),

and therefore, given & > 0 we set § = ¢/ M, and

(Y[t = 12| <0) (Vk e N) (lg(22) = u(t1)] < &).

It follows from the Arzela-Ascoli theorem that (¢, ) has a subsequence (which we
do not relabel) that converges uniformly on /; denote the limit by y. It remains to
show that y is a solution to the differential equation.
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For each k € N it follows from the fundamental theorem of calculus that?
t
@i(t) =yo + [ @i (s)ds
0
t t
o+ [ flo)ds+ [ Te(s) - (. ()] ds.
0 0

The fact that ¢; is not defined at a finite number of points is immaterial.

Using the fact that ¢y is an g;-approximation to the differential equation,

H[rot[(’o’,‘(s) = f(s,oi(s))]ds

< 8k|f - l0|.

Letting k — oo and using the fact that the convergence of ¢, to y is uniform, we
get that

(1) =y0+/totf(S,y(s))ds.

Since y € C!(I), we can differentiate this equation and obtain y’(¢) = f(¢,y(z)). B

N ‘Exercise 1.2 Let D c R x R” be an open domain, f € C(D), and (19, yo) € D.
Show that the equation

Y(t)=f(ty(),  y(t)=yo

has a solution on some open interval / that contains #,.

1.4 Uniqueness

‘Example: Consider the initial value problem,

Y(6) =y (1),  y(0)=0.

’The functions ¢ are absolutely continuous (@5mTa M2¥9), which means that there exists
for every £ > 0 a § > 0 such that for every finite sequence of disjoint intervals (x;, yx) that satisfies
Yek —x) <6,

Zk: If i) = ()] < e

A function is absolutely continuous if and only if it is almost everywhere differentiable, and its
derivative satisfies the fundamental theorem of calculus.
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By the Cauchy-Peano theorem there exists an @ > 0 such that this equation has
a solution in the interval [0,@]. The Cauchy-Peano theorem, however, does not
guarantee the uniqueness of the solution. A trivial solution to this equation is

y(t) =0.

Another solution is
21\
N=(=] .
¥(0) (3)

In fact, there are infinitely many solutions of the form

) 0 0<r<e
) = (2([—0))3/2
t>c,

3

for every ¢ > 0.

0.8}

06

04t

0.2r

0

L L L L
0 05 1 15 2 25 3

(What would have happened had we approximated the solution with Euler’s method?)
AAA

The above example shows that existence of solutions does not necessarily go hand
in hand with uniqueness. It turns out that in order to guarantee uniqueness we need
more stringent requirements on the function f.

Proposition 1.1 Let f: R x R* - R" by continuous in t and Lipschitz continuous
in y with constant L in the domain D. Let ¢| and ¢, be &,- and &,-approximations
to the equation y'(t) = f(t,y(t)) contained in D on the interval I, and moreover
for a certain ty € I,

le1(t0) — 2(t0) ] < 6.
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Then, for all t € I,

81+82(

l1(2) — @2 (2)|| < S0l + eLlt=tol _ 1) '

Comment: By Lipschitz continuity in y we mean that for every (¢,y) and (7,z) in
D,
[f(t.y) - f(t.2)] < Lly-z].

Comment: This proposition states that the deviation between two approximate
solutions can be split into two: (i) an initial deviation that may grow exponentially
fast, and (ii) a deviation due to the fact that both functions are only approximate
solutions to the same equation.

Proof: Suppose, without loss of generality that r > ¢,. By the definition of &-
approximations, for every 7y < s <t,

164(5) - f(s.01(s))] < &
165(5) — f(s.02(5))] < .
Fori=1,2,
o) =pilt) + [ F(s.i(s)) ds + Ji Tel(s) - f(s.1(s)) ] ds,
hence
< Si(t - to).

o) =il - [ F(si(s)) ds
a-b] < af +|b

Using the triangle inequality,

]

< (81+82)(t—t0).

(1) - 1~ [o1(0) - e20)] - [ [F(5.01(5)) = F(sea(s)) s
It further follows that

l1(7) = @2(2) | < 1 (20) = 2(10) |
- [ (5) = Fs.a() [ ds + (o1 +22)( = ).
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Define now r(t) = |¢1(?) — ¢2(¢)|. Then, using the Lipschitz continuity of f and
the bound on the initial deviation,

r(t)ga+Lfttr(s)ds+(gl+82)(t—;0). (1.1)

This is an integral inequality. Our goal is to get an explicit bound for r(¢). We
proceed as follows: define

R = [ 'r(s)ds,

Ip
so that
R'(1) <6+ LR(t) + (1 + &) (t - 1), R(1y) =0,

which is a differential inequality.

Next, for every o < s < t:
(eL(“"tO)R(s)), = LT[R (5) = LR(5)] < 2070 (6 + (g, + &) (s - 1)),

Since integration preserves order, we may integrate this inequality from 7, to  and
get
t
R (1) = R(0) < / M) (5 + (81 + &) (s - 1)) ds,
fo

—
0

and it only remains to integrate the right hand side explicitly? and substitute back
into (1.1). [ |

TA material 1.2 Various Gronwall inequalities.

Theorem 1.4 (Uniqueness) Let ¢, and ¢, be two solutions of the initial value
problem

y'(t) = f(t.y(1)), ¥(to) = Yo,

where f is continuous in t and Lipschitz continuous in y. Then ¢; = ¢,.

Proof: This is an immediate corollary of the previous proposition as 6 = & = &; =
0. |

! t 1
—Ls ~Lt —Lt
ds=—-—— - — -1).
fo 5 ’ Le L? (e )
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Comment: We have obtained also an estimate for the error of Cauchy’s approx-
imation. It y is the solution and ¢ is an g-approximation with exact initial data,

then e
le(r) = y(0)] < 7 (701 -1).

(5 hrs, (Avwn))

1.5 The Picard-Lindlof existence proof

There is another standard way to prove the existence of solutions, and it is of suf-
ficient interest to justify a second proof. Recall that a solution to the initial value
problem y'(¢) = f(z,¥(t)), y(f) = yo is also a solution to the integral equation,

(1) ZYO+[t0tf(s,y(s))ds.

Define the function y(©)(¢) = y,, and further define

YO0 =0+ [ F(50(s))ds

For what values of 7 is it defined? For the same [f,% + @] as in the previous
sections. We can show that (z,y(!)(¢)) remains in R, as follows: let
r=sup{tel: |y () -yo| <b}.
If T <ty + a then
[y (7) = yoll < M(1 - 1) < b,
contradicting the fact that 7 is the supremum.

We then define inductively for every n € N:

K@ =30+ [ 1) s

and show as above that (z,y(**1)(¢)) remains in R, for all ¢ € I.

We are now going to show that the sequence y(*) converges uniformly to a solution
to the initial value problem. The difference with the proof based on Euler’s method
is that we need to assume the Lipschitz continuity of f in Ry. Define,

QNN O}
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then, .
INGIOE f [£(5.5" () = £(5, 5"V (s))] ds,
1o
and t
A <1 [ A s)]ds,
fo
with

t
1AV @ ] < [ 1f(s.50) | ds < M=,
0

Once again, we have an integral inequality, but we may proceed differently:

t t LM
[A® (0] SLf HA(I)(S)HldséLMf (s—t0) ds < ==t = tol’,
o To

2 2
AO@ <z [ 1AO)llds < S [(s-w)ds < S - wf
fo 2 fo 3!
and generally,
M (Lt~ o))"
L n! '

Now we write the n-th function as follows:

[AM (0] <

n-1
Y = (50 = D) g (5D — DY oy — 1 3 AR),
k=0

By the Weiersta3 M-test this series converges uniformly to a limit y. All that
remains is to let n — oo in the equation

YN0 <30+ [ F(s5(5)) ds,

to obtain

(1) =y0+/totf(S,y(s))ds.

Comment: Usually one puts this proof in the context of the Picard’s contractive
mapping theorem. 1 purposely did it here “by hand” to show how straightforward
the proof is. This method is known as the method of successive approximations.

Note also that we can estimate the error of the successive approximations. We
have

n—1
ORI SO}

k=m
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hence
[y (2) =y (1) < Z HA“‘)(t | < Z (t—to)"
0 k— 0 Lm+k—1M
-t k = (-t m+k
Zn; k! 0)" = kz(:) (m+k)! (7= 1)
00 m+k 1M Lm_lM(l—to)m 00 Lk

Z 0)m+k —
_ Mew—m)
Lm! )

The right hand side does not depend on 7, so we can let n — oo to get an estimate
for y — y(m),

Za(t—to)k

m! k=0

1.6 Continuation of solutions

The existence and uniqueness proof shows that there exists an « such that a unique
solution exists in the interval [#,,7, + a]. Does it really mean that the domain of
existence is limited? What prevents the existence of solution for all # € R?

‘Example: Consider the initial value problem:

Y1) =y (1),  ¥(0)=1.
It is easy to check that
W) =1

is a solution on the interval [0, 1), and we know therefore that it is unique. This
solution however diverges as t — 1, indicating that it can’t be further continued.
AAA

This situation is typical to equations that do not have global solutions. Suppose
that f(¢,y) is continuous in 7 and Lipschitz continuous in y for all (¢,y) € R x R”
(asis f(t,y) = ¥?), and define

a = sup{t > 1y : there exists a solution on [y, 7]}.

If a 1s finite and
ltimy(t) =b< oo,
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then consider the initial value problem

y(@) = f(6.y(1),  y(a)=b.

By the existence and uniqueness theorems there exists a y such that a unique
solution exists on [a,a + y], i.e., a unique solution exists on [#y,a + y], violating
the definition of a as a supremum. Thus, if a is finite then

limy() = oo,

t—a

namely, the only way a solution can fail to exist indefinitely is if it diverges.

This observation has an important implication: whenever you want to show that a
certain equation has global solutions, you can try to show that as long as a solution
exists it is bounded uniformly.

(6 hrs, (2vwN))

1.7 Generalized solutions

1.8 Continuity of solutions with respect to initial con-
ditions

The solution of an 1vp is of course a function of “time” ¢, but it can also be viewed
as a function of the initial data, namely, we can viewed the solution of

Y(t)=f(ty(1),  y(r)=¢&

as a function of #,7, and &; for now we denote this solution as ¢(z,7,&). This is
a different point of view in which we have a function that represents the solution
not to a single 1vp, but to all 1vps together.

We know that ¢ is differentiable in ¢, as it satisfies the equations,

o
() = f(Lp(trd)).  p(nn) =& (1.2)

The question is how regular it is with respect to the initial data 7 and &. This is an
important question, as if it were, for example, discontinuous with respect to the
initial data, it would not be an appropriate model for any real life problem. In this
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context, one speaks of the well-posedness of an equation, which includes exis-
tence, uniqueness, and continuity on initial data (and possibly other parameters in
the equation).

Let D c R x R" be a domain in which f is continuous in ¢ and Lipschitz in y. Let
I =[a,b] and let ¥ : I - R" be a solution to the differential equation, such that

{(t,y(t)):tel} cD.

Theorem 1.5 There exists a 6 > 0 such that for every

(1.6) e Us = {(z.€) ;7 e L, [£ -y (7) ] < 6}

There exists a solution ¢ to (1.2) on I with ¢(1,7,&) = £. Moreover, ¢ is continuous
onl x Us.
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Linear equations

2.1 Preliminaries

Recall that for every normed space (27, | - |) we can endow the vector space of
linear operators L(.Z", Z") with an operator norm,
|Ax]

|A]l = sup T—=.
=0 ]

It can be shown that this is indeed a norm. This norm has the following (addi-
tional) properties:

1. Foreveryxe Z andAe L(Z,Z),

|Ax| < A x].
2. Forevery A,Be L(Z ', %),

|AB] < [A]]B].
3. It is always the case that ||id| = 1.

We will deal with the vector space R” endowed with the Euclidean norm. One can
ask then what is the explicit form of the corresponding operator norm for matrices
A . Rnxn.

N Exercise 2.1 Find the explicit form of the operator norm corresponding to the
Euclidean norm on R".
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2.2 Linear homogeneous systems

2.2.1 The space of solutions

Let I c R be a closed interval and let A : [ — R™" be a continuous n-by-n matrix-
valued function of /. We denote its entries, which are real-valued functions, by
a;;. The first-order system of differential equations,

(1) = A(t)y(2) 2.1)

is called a linear homogeneous system. In component notation,
Yi(t) = Y au(0)ye(r).
k=1

‘Example: A linear homogeneous system for n = 2:
Wy 0 1\
(yz) (1) = (—1 +Lsins 0) (yz) (0)-

Proposition 2.1 For every T € I and & € R", there exists a unique function'y : I —
R" such that

Y(0)=A@y@),  y(1)=¢

Comment: The main claim is that a (unique) solution exists on the whole of 7; in
fact this remains true also if I = R.

Proof: The function f(¢,y) = A(t)y is continuous in # and Lipschitz in y, hence
a local solution exists for some interval containing 7. We need to show that the
solution can be continued on the entire of /, i.e., that it cannot diverge. This is
done as follows. We first write the corresponding integral equation,

Yty =€+ [A(s)y(s)ds,

which holds as long as a solution exists.
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Taking norms,

Ol < el + [ 1A lds<lél + [ 1AG)Ix(s)] ds

Because A is continuous on I, so is ||A|, which means that there exists a uniform
bound
|A(s)| < M, Viel

This implies that

(o)1 < el +M [ I5(s)1ds.

This is an integral inequality that we can solve. Defining Y () = [/ |ly(s)|ds we
get
Y'(1) < €| + MY (2), Y(7)=0.

Then,
e MDY (1) - MY (1)] < [€]le™0.

Integrating from T to ¢,

M)y () < [[5 Ry 1
e (<= (e ).
and further €]
Y(t) < = (M0 - 1),
(1)< (e )

’

Substituting back into the inequality for |y(#)

(o)1 < el + 2L (enr 1) = oo,

This can never diverge in I, which proves that a solution to the 1vp existson /. W

The trivial solution One characteristic of linear homogeneous systems is that
y = 0 is always a solution. This solution is called the trivial solution.

Proposition 2.2 Let 2 be the space of functions y : I — R" satisfying the linear
homogeneous system (2.1). Then 2" is a vector space over the complex field C
with respect to pointwise addition and scalar multiplication.
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Proof: Lety,ze 2, ie.,

() =A()y(r)  and  Z(1) = A(1)z(7).

For every a,B € C,
(ay +pB2)'(1) = A1)y (1) + BA(1)z(1) = A(2) (ay +B2) (1),
which proves that ay + Bz € 2. |

Comment: The elements of 2" are functions I — R”.

Comment: This is what physicists call the principle of superposition. Any linear
combination of solutions is also a solution.

Recall that the dimension of a vector space is defined as the maximal number n
for which there exists a set of n linearly independent vectors, but every (n + 1)
vectors are linearly dependent.

Proposition 2.3 Let 2 be defined as above, then

dim 2 =n,
that is there exists a set of functions ¢y, . ..,¢, € Z , such that
n
Y =0
k=1

implies that ¢ = 0 for all k. Moreover, for every set of n+ 1 function ¢, € 2 there
exist scalars cy, not all of them zero, such that

n+1

Z CrPr = 0.
k=1

Proof: Take 7 € I, and select n independent vectors &i,...,&, € R"; we denote the
k-th component of &; by & ;. For each &;, the 1vp

¢i(t) =A(pi(1),  ¢i(t)=§;
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has a unique solution. We claim that these solution are independent. Indeed,
suppose that

Z crpr =0,
k=1
then in particular for ¢ = 7,
Y i =0,
k=1
but because the &; are independent, the ¢, are all zero.
Let ¢y, ..., ¢, be linear independent solutions. Take any 7 € I and let
& =o(7).

The &, are linearly independent, for if they were linearly dependent, we would

have
n-1

&n = Z i
k=1
but then
n-1
v=>
k=1

is a solution to the differential system satisfying /(1) = &,, and by uniqueness
¥ = ¢,, which contradicts the linear independence of the .

Suppose now that ¢ is another solution of the differential system. Set

&= ¢(1).

Because the &; span R”, there exist coeflicients ¢, such that

n
=Y adr
k=1
By the same argument as above,
n
@ =) Cipr,
k=1

which proves that the ¢, form a basis. |
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2.2.2 Fundamental matrices

Let now ¢y,...,¢, be a basis. Let ® : [ — R"™" be the matrix-valued function
whose columns are the vectors ¢;,

11 Pl
o)== -~ (),

©n1 0 Pnn

that is, ¢;; is the i-th component of the j-th basis function. This matrix satisfies
the matrix-valued differential equation,

@' (1) = A(1)D(1),
which in components reads

@;(t) = au(t)grj(t).

®(¢) is called a fundamental matrix (0710 713 2R) for the linear homogeneous
system (2.1); we call a fundamental matrix for (2.1) any solution X : I — R™" of
the matrix equation

X'(1) = A(1)X (1), (2.2)

whose columns are linearly independent.

Because the columns of a fundamental matrix span the space of solutions to (2.1),
any solution y : I — R” can be represented as

n
Yi= Z CjPij>
Jj=1

where the ¢;’s are constant, and in vector form,

y = Qc.

Proposition 2.4 For a matrix-valued function to be a fundamental matrix of
(2.1), it has to satisfy the matrix equation (2.2) and its columns have to be inde-
pendent for some 7 € 1. In particular, if this holds then its columns are independent
foralltel.
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Proof: Let @ : I - R™" be a fundamental matrix; we know that it is a solution of
(2.2) and that any solution y : I — R" of (2.1) can be represented as

y = Qc,
Fix a T € I. The vector c is determined by the equation
y(1) = O(7)c.

This is a linear equation for ¢; we know that it has a unique solution (because
the columns of @ span the space of solutions), hence from basic linear algebra,
det®(7) + 0. Since the same considerations hold for every ¢ € I, det ®(¢) + 0 for
allzel. |

(8 hrs, (Avwn))

Here is another proof that the columns of the matrix remain independent, but it
comes with a quantitative estimate:

Proposition 2.5 Let @ : I ~ R™" be a fundamental matrix. Then

det () - detd)(to)exp( [ "TrA(s) ds).

In particular, if det ®(ty) # 0 then det ®(¢) # 0 for all t € I.

Proof: Since

11 Pin
O=(: -~ i,
©On1t - Pmn
we differentiate to obtain
90'11 ‘P’m Y11 P
@l 0 Pmn ‘10;,1 o SD;zn
Zjalj‘ﬁjl Zjalj%'n P11 Pin
= : : 4o : : .
Pn1 Pun Zjanjfﬁjl Zjanj‘ﬁj'n
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Consider the first determinant. We subtract from the first line a;, times the second
line, a;3 times the third line, etc. Then we remain with a;; det ®. We do the same
with the second determinant and remains with a,, det ®, and so on. Thus,

@' = (TrA) .

This is a scalar linear opg, and it remains to integrate it.

Example: Consider the matrix

O(r) = (6 tg)

This matrix is singular, but its columns are linearly independent. What does it
imply? That this matrix-valued function cannot be a fundamental matrix of a
linear homogeneous system; there exists no matrix A(z) such that

R I R

Theorem 2.1 Let ® be a fundamental matrix for (2.1) and let C € C™" be a non-
singular complex (constant) matrix. Then ®C is also a fundamental matrix. More-
over, if ¥ is a fundamental matrix then ¥ = ®C for some nonsingular complex
matrix C.

Proof: By definition @' = A® and we know that det ®(¢) # O for all 7. Then for
every nonsingular complex matrix C,

(OC)' = ADC

and det ®(7)C = det ®(r) detC # 0 forall 7 € I.

Let ¥ be a fundamental matrix. Because it is nonsingular for all 7, ¥~! exists, and

0= (YY) =w(¥ ') + Py,



Linear equations w

from which we get that
(P = - 'PP! = IAPYP! = AL

Now,
(P'o) = (P Do+ 'd = - AD + P IAD = 0.

It follows that ¥-!® = C, or ® = ¥YC. [ |
Comment: The matrix (W*)~! satisfies the equation,
()] = - (#)
This equation is known as the equation adjoint (7713 I8MN) to (2.1).
Proposition 2.6 If O is a fundamental matrix for (2.1) then ¥ is a fundamental
matrix for the adjoint system if and only if
Yo =C,

where C is a nonsingular constant matrix.

(9 hrs, (2vwn))

Proof: Let V¥ satisty the above equation then
(P*) 0+’ =0,

1.e.,
(P*)D=-7"A0Q,

and since @ is nonsingular
(P*) = -V*A,

and it remains to take the Hermitian adjoint of both sides.

Conversely, if ¥ is a fundamental solution of the adjoint equation then
(P*@) =0,

which concludes the proof. [
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Corollary 2.1 Let A be anti-hermitian, i.e.,
A(t) = -A(1),

then the linear homogeneous system and its adjoint coincide. In particular, if ® is
a fundamental matrix for (2.1) then it is also a fundamental matrix for its adjoint,
and

O*(1)®@(1) = C.

The matrix ®@*(¢)®(¢) determines the magnitudes of the columns of ®(¢) and the
angles between pairs of vectors. In particular, since any solution is of the form

¥(1) = 2%0%

then . .
Iy(0)]? = Z a;a;(pi, pj) = Z a;a;Cij,

ij=1 ij=1

i.e., the norm of any solution is independent of .

‘Example: Consider the linear system

v0-(" o)

Two independent solutions are

gal(t):(smt) and QDz(t)Z(COSt).

cost —sint

A fundamental matrix is therefore

sint cost
D(1) = ) .
(1) (cost —sin t)

It follows that,

. _[sint  cost \(sint cost\ (1 O
® (t)q)(t)_(cost —sint) (cost —sint)_(O 1)'



Linear equations 'ﬁ

Any solution of this linear system is of the form

sin? cost
y(1) = a(cost) +ﬁ(—sint)'

Now,

ly(2)[* = &* (sint cosr) (zmt) + 2 (sint cost) ( cost )

ost —sint

> . cost s
+°(cost —sint . =a +p.
P ( )(—smt) P

2.2.3 The solution operator

Consider the initial value problem,

Y1) = A(t)y(1), y(tp) = given.

If @(1) is a fundamental matrix, then the solution is of the form

y(t) = @(t)c.
The vector ¢ is found by substituting the initial data, y(zy) = ®(#)c, i.e., ¢ =
®~!(1)y(ty), and the solution is therefore,
¥(1) = D()®(10) y(to).

N———
=R(t,tp)

Comments:

@ It follows that the solution at time ¢ depends linearly on the solution at time
to, and the linear transformation between the solution at two different times
is the matrix R(t,1y). We call the matrix R(¢,%) the solution operator
(1N MBIDW) between times 7 and ¢.

@ The solution operator seems to depend on the choice of the fundamental
matrix, but it doesn’t. It doesn’t because the solution is unique. We can also

see it as any other fundamental matrix ¥(7) can be represented as ¥(¢) =
®(¢)C, and then

Y)Y (1) = D(t)CC'D7! (1)) = () D' (1o).
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® For every to, 1,1,
R(lz,f] )R(l],lo) = R(lz,to).

Why? Because for every y(7),
¥(12) = R(12.10)y(10)

but also,
¥(t2) = R(t2,11)y(t1) = R(t2, 11 )R(t1,10)y(t0)-

@ R(t,t) =1 forallt.
® R(t,1y) is non-singular and

[R(2,10)]" = R(10.1).

Let us recapitulate: given a homogeneous linear system, we need to find n inde-
pendent solutions. Then we can construct a fundamental matrix and the associated
solution operator. This gives an explicit solution for any initial value problem. The
catch is that in most cases we will not be able to find n independent solutions.

2.2.4 Order reduction

Consider an n-dimensional linear homogeneous system, and suppose that we have
m linearly independent solutions

901 D) g0m9
with m < n.
‘Example: Consider the differential system in some interval that does not include

the origin:

0N WS IO

A solution to this system is

o= i)
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#i(1) = (_21/452) - (3/3:2 —11/2z) (—11//22)

All we need in order to be able to solve an initial value problem is to find another
independent solution. The knowledge of one solution enables us to get for the
other solution an equation of lower order (in this case, a scalar equation). A A A

as

2.3 Non-homogeneous linear systems

Consider now a system of the form

(1) = A(2)y(2) + b(2),

where A : [ - R™" and b : I - R" are continuous. Such a system is called a linear
non-homogeneous system.

It turns out that if a fundamental matrix for the corresponding homogeneous sys-
tem is known, then we can solve the non-homogeneous system in explicitly form.

Theorem 2.2 Let ®(t) be a fundamental matrix for the homogenous system, then
the solution for the non-homogeneous system is

3(1) = R(t, 1)y (to) + [ "R(t, 5)b(s) ds,

where as above R(t,1y) = © ()0~ (1).

Proof': Note that the solution operator also satisfies the homogeneous system,
R'(1,10) = A(1)R(1, 10)
Differentiating the above solution,
y'(t) =R (t,10)y(ty) + fth’(t, s)b(s)ds+ R(t,1)b(r)
0

= A(DR(1,10)y(10) + A(1) f "R(t, 5)b(s) ds + b(1)
= A(t)y(¢) + b(1).
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By uniqueness, this is the solution. |
(10 hrs, (2vwn))

Look at the structure of the solution. It is a sum of the solution of the solution to
the homogeneous problem and a term that “accumulates” the non-homogeneous
term.

The space of solutions is an affine space Another point of practical interest is
the following. Suppose that y;, () is a solution to the non-homogeneous equation
and let y(¢) by any other solution. Then,

(v =yin)" = A (Y = yin),
which implies that any solution to the non-homogeneous system can be expressed
as y;,(¢) plus a solution to the homogeneous system.

The method of variation of constants Another way to derive Theorem 2.2 is
the method of variation of constants. The solution to the homogeneous system
is of the form

y(1) = ®(1)C.
‘We then look for a solution where C is a function of time,
y(t) = @(t)C(1).

Differentiating we get

y'(1) = @'(z) C(1) + (1)C'(1) = A(2)y(1) + b(1) = A()®(1)C(2) + b(1),
A(1)O(r)
hence
®(1)C'(1) = b(t) or C'(t) = @' ()b(2).

Integrating we find a solution to the non-homogeneous equation,

) = f O ()b(s)ds  ie (1) = f D1 (5)b(s) ds.

This is not the most general equation: we can always add a solution to the homo-
geneous system:

(1) = ®(1)Cy + [ D1 (5)b(s) ds,

and substituting the initial data we get that C; = ®~1(#))y(1)-
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Comment: The method shown here is a special case of something known as
Duhammel’s principle. It is a general approach for expressing the solution of
a linear non-homogeneous system in terms of the solution operator of the homo-
geneous system.

E?(amp[e: Consider a forced linear oscillator,

y(1) = ( 1 (1)) (t)+(sir?a)t)’

where w is a frequency. This system describes a unit mass attached to a spring
with unit force constant and forced externally with frequency w. The entries of
y(t) are the displacement and the momentum.

A fundamental matrix for the homogeneous system is
sint cost
(1) = -
cost -—sint

(1) = (smt cos! )

Since

cost —sint
then the solution operator is

R(t.10) = (sint cost ) (sinto cos 1o ) _ ( Co.s(t— fo) sin(t- fo)).

cost —sint)\costy —sinty —sin(t—ty) cos(t—ty)

Substituting into Theorem 2.2 we get

W8 = (_co‘s(t—to) sm(t—to)) (1) + [ ( cqs(t— s) sin(z- s)) ( ‘ 0 ) s

sin(t—ty) cos(t sin(t—s) cos(t—s)) \sinws

:(co's(t—to) Sin(t_to))y(t0)+/ (s.inwssin(t—s))ds_

—sin(t—1y) cos(t—1ty) sinwscos(t— )

Assume that ¢y = 0. Then

y(t):(co'st sint)y( )+ ( wsint — sin wt )

sint cost w(cost — cos wt)

The solution splits into a part that depends on the initial condition plus a part
that depends on the forcing. The expression for the non-homogeneous term holds
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only of w # 1. If w = 1, then the “natural frequency” coincides with the ”forcing
frequency, a phenomenon known as resonance. If w = 1 then we get

cost sint 1 {sint—tcost
0 - JEOR )

—sint cost tsint

1.e., the solution diverges linearly in time. AAA

2.4 Systems with constant coefficients

2.4.1 The Jordan canonical form

Let A be a (constant) n-by-n matrix. Recall that any matrix is similar to a matrix
in Jordan form: that is, there exists a non-singular complex matrix P such that

A=PJP".
and J is of the form
Jo
J= Ji ,
J
where
Agvi 10 0 0
A1
1 0 A4 10 0
Jo = 2 and Ji=] - . -,
1 0 0O 00 1
4 0 0O 00 Agsi

fori=1,...,s. If Ais diagonalizable then it only has the diagonal part J,,. (Recall
that a matrix is diagonalizable if it is normal, i.e., it commutes with its adjoint.)

2.4.2 The exponential of a matrix

Let A be a (constant) n-by-n matrix. We define
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Is it well-defined? Yes, because,

k k k
A A S AR R A A s

|A¥] ||
< =
2o <X ,§)<k+n>z-k:0 nlk! = nl

k>n k>n

and by Cauchy’s criterion the series converges absolutely.

What can we say about the exponential of a matrix? In general,

A+B:/: A B’

e ee

unless A and B commute.

If A = PJP!, where J is the Jordan canonical form, then

) —-1\n 0 n p-1
eAzz(PJP ) =ZPJP

‘ — = Pe’ P,
n=0 n. n=0 n.

which means that it is sufficient to learn to exponentiate matrices in Jordan canon-
ical form.

Note that for a block-diagonal matrix J,

elo

so that it is sufficient to learn to exponentiate diagonal matrices and matrices of
the form

O ~
& =
— O
S O
o O

o O
o O
oS O
o O
PR

The exponential of a diagonal matrix

A4 el

Ay . et
Jo = _ is el =

A el
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The non-diagonal blocks have the following structure:
Ji = /lq+i1r,- + Er,-»

where r; is the size of the i-th block and

0100 -0
0010 -0
E=|- - - - .
0 00O 1
0 00O 0
Because I, and E; commute then
eJi — e/lq+ileEi — e/lq+ieEi_

The matrix E; is nilpotent. Suppose for example that r; = 4, then

0100 0010 0001
loo1o0 > oo o0 1 , {0000 .
El"0001 El“oooo Ei‘oooo E/=0

0000 0000 0000
Then,

IR
eE,,:011§
00 1 1
00 0 1

For later use, we note that if we multiply J; by a scalar ¢, then

1 ¢+ & 2

2! 31

et]i:et/lq+i 0 1 t ;_Zy
00 1 ¢

00 0 1

Example: Let
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One way to calculate e is to calculate powers of A:
A*=-r1 A'=-rA  A*=r,
hence
? P AN A

/6
A =T+tA- —I—-—A+—I+—A— —I—--=costl +sintA,
2! 3! 4! 5! 6!

oA — cost sint
—sint cost)’

Alternatively, we diagonalize the matrix,

I e O | S i

G A
()

e+t —jell + ie"’)

1.e.,

and then

mN
>
1
| a——|
-
(\9]

—_—
~ —

Il
[ = N =
— ——
~ =

2 ieit _ l'e—it eit + e—it
cost sint
—sint cost)’

2.4.3 Linear system with constant coefficients

We now consider homogeneous linear systems in which the coefficients are con-
stant,

y'(1) = Ay(1),
where A is a (constant) n-by-n matrix. As we know, solving this system amounts
to finding a fundamental matrix.
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Proposition 2.7 The matrix e is a fundamental matrix for the system with con-
stant coefficients A.

Proof: From the definition of the derivative,

) e(tHh)A _ ptA ) ehA — [

lim = (hm ) et =Ae™,

h—0 h h—0
hence y(t) = ¢ is a fundamental solution. |
Comments:

® Since A and e commute it is also the case that
d
dt

@ Tt follows that the solution operator is

et = A,

R(t, TO) — etAe—toA — e(l—lo)A’

where we used the fact that ¢4 and e*4 commute for every ¢, s.

® It follows that the solution of the inhomogenous equation y'(¢) = Ay(t)+b(¢)
is

t
y(t) = e(”"’)Ay(to) + f e(H)Ab(s) ds.
1o

@ Inspired by the case of n = 1, one may wonder whether the exponential is
only a fundamental solution for constant coefficients. Isn’t the solution to

Y'(1) = A(0)y(1),
D(1) = eh AW 9

Let’s try to differentiate:

Ot +h) - 0(r) el AW — eljAt)ds
h B h '

However, in general
eflo A(s)ds + efOtA(s) dsef[Hh A(s) ds,
which is what prevents us from proceeding. These matrices commute either

if A is constant, or if it is diagonal (in which case we have n independent
equations).
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® If A =PJP!then
tA — PetJP—l

and by the properties of fundamental matrices,
e P = Pe”’

is also a fundamental solution. This means that the ¢ dependence of all the
components of the fundamental matrix is a linear combinations of terms of
the form 7e!, where A is an eigenvalue of A and m is between zero is one
minus the multiplicity of A.

2.5 Linear differential equations of order n

2.5.1 The Wronskian

Letag,ay,...,a, : I - Cbe continuous complex-valued functions defined on some
interval. We define the linear differential operator, L, : C'(I) — C°(I).

Ly(f) = aof ™ +a f" + v ap i f + anf,

or in another notation,

n dn—l

L,=a

+a,1— ta,.

— 4+ 4+ ... _
O " g di
(Tt will be assume that ao(z) # 0 for all 7 € 1.)

A (scalar) differential equation of the form
Ly=0

is called a homogeneous linear equation of order n. It can also be written in the
form

(1) = =20 () oo By () - )

As usual, we can convert an n-th order equation into a first-order system of n

equations,
Y'(1) = A(1)Y (1),



%‘ Chapter 2

where
0 1 0 0 0
0 0 1 0 0
A= . . . . .
0 0 0 0 1
—Cln/ao —Ap-1 /ao —Cln—z/ao _an—3/a0 oA /Clo

This is a homogeneous linear system, hence we know a lot about the structure
of its solutions. It is however a very special system, as the matrix A has most of
its elements zero. In fact, every solution of the linear system has the following
structure:

g0//
Sp("'_l)

In particular, a fundamental matrix is determined by n independent scalar func-
tions @;:

@1 (%] ®n

o-|l @ © e
n—1 n—1 n—1

P L

The determinant of this matrix is called the Wronskian of the system L,y = 0
with respect to the solutions ¢y, ..., ¢,. We denote it as follows:

W(@r,....00)(t) = det d(t).

By Proposition 2.5

Wlgte. o)1) = Wierooooon) (i) exp( [ Tra(s)ds)

=W(pr,....0)(10) exp(_ f ai(s) ds).

o ao(s)

As we know, n solutions ¢;(t) are linearly independent if the Wronskian (at any
point ?) is not zero.
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The fact that for any »n linearly independent solutions ¢;,

W(er,...,¢n)(t) =c exp (— ft Z;Ej; ds)

is known as Abel’s theorem.

T4 material 2.1 Use Abel’s theorem to show how given one solution one can
reduce the order of the equation for the remaining solutions. Show it explicitly for
n =2 and solve an example. Look for example at

http://www.uxl.eiu.edu/ "wrgreen2/research/Abel.pdf

Thus, given an n-th order linear operator L, on I and n solutions ¢; : I — R
satisfying L,g; = 0 for which W(¢y,...,¢,)(t) # 0, then every functiony: I - R
satisfying L,y = 0 is a linear combination of the ¢;’s.

It turns out that the opposite is also true. To every n linearly independent functions
corresponds a linear differential operator of order n for which they form a basis:

Theorem 2.3 Let ¢y, ..., ¢, be n-times continuously differentiable functions on an
interval I such that
Vtel W(e1,...,0a)(t) #0.

Then there exists a unique linear differential operator of order n (assuming that
the coefficient of the n-th derivative is one) for which these functions form a basis.

Proof: We start by showing the existence of such an equation. Consider the equa-
tion

~ nW(y,g01,--~a90n)(t):
D N e "

This is an n-th order linear differential equation for y. Also the coeflicient of y(*)
is 1.
Clearly,

W("Oj, 901’ LI 7(1011)(t) = O

for all j’s, which means that the ¢;’s form a basis for this equation.
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It remains to prove the uniqueness of this equation. The solutions ¢; provide us
with a fundamental matrix ® for the associated first-order system:

Y'(t) = A() Y (7).

Le., the matrix A(¢) is uniquely determined, and this in turn uniquely determines
the ratios a;(1)/ao(z).
|

2.5.2 The adjoint equation

In the context of first-order linear systems we encountered the equation adjoint to
a given equation:
Y'(t) =-A*(1)Y ().

The adjoint equation will become important later when we deal with boundary
value problems.

Consider now the n-th order operator L,, and assume that a¢(7) = 1. The adjoint

system is

( 0o 000 - 0 a
-1 0 0 -

0 -1 00 - 0 a2

o
o
Q

T

—A*

0 000 - 0 @
0 0 00 - -1 a)

Let us write down this equation in components:

yll = a_nyn
Y5 = =Y1 + Gp_1Yn

yg =—Y2t+ap-2yn

’ _
Yu-1 = ~Yn-2 + Q2Yn

Vo = —Yn-1 + A1Yn-

Differentiate the last equation (n — 1) times,

n n—1 — n—
O = D+ )
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Differentiating (n — 2) times the equation for y’ , and substituting:

=3 = @) ) + (@) .
We proceed, and eventually get an n-th order scalar equation for y,,
Ly=0,
where the adjoint operator L is given by

1 an d
( ) dnl ( )n2 al_ __an1+an

nl
+(=1) dr—2 dt

dr

Theorem 2.4 (Lagrange identity) Suppose that the coefficients a; in the operator
L, are differentiable sufficiently many times. Then for every pair of functions u,v
that are n-times differentiable,

vLu—-uLv=[u],

where [uv] is defined as follows:

= Zn: (-1)/u®(a,_,»).

m=1 j+k=m—1

Proof: We will prove the case n = 2. The general proof is left as an exercise. For
n =2 (which is what we’ll end up using later anyway):

B
Lz dt2 +a1— i +a
and
5 = d—2 - ia +a;
2T de ar T
Thus,

VEo,u—-uLv=v(u"+au +au) -u(v" - (av) +av)
= (u'v+au'v+auv) - (u(v)" —u(av) + uav)

=(Wv-uw' +uayv).
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Corollary 2.2 (Green's formula) For every t,,t,:

/tz [VLu-uLv] dt = [w](t) - [w](t1).

n

Proof: Obvious L

2.5.3 Non-homogeneous equation

We know how to express the solution of the non-homogeneous linear equation
in terms of the solution operator of the homogeneous system for a general first-
order system. In this section we derive an expression for the solution of an non-
homogeneous n-th order linear equation,

(Lay)(2) = b(2).

We may assume without loss of generality that ag(¢) = 1. The corresponding
first-order system is

Y'(t) = A(t)Y(2) + B(¢),

where A(?) is as above and

0
0
B(t) =

0
b(t)
The differences between this problem and the general inhomogenous system is:

@ The vector B(t) has all entries but one zero.

@ We are only looking for the 1st component of the solution.
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Theorem 2.5 Let ¢, ..., ¢, be n independent solution of the homogeneous equa-
tion L,y = 0, then the solution of the initial-value problem

(Loy)(1) =b(1)  Y(t0) = Yo,

is

) =30)+ Yn0) [ PP ) s

where y;,(t) is the solution to the homogeneous initial-value problem, and

©1 o Pr-1 0 Or+1 ©n

‘p, e ‘p,_ O ‘p, e ¢;l

Wi(vpi, - ¢n) = Lo e e T
n—1 n—1 n—1 n—1
‘Pg o ¢1£—1 ' ‘»Dl(m o 90'(1 )

Proof: We know that for we can express the non-homogeneous part of the solution
(in vector form) as

t
f o) (5)B(s) ds.
fo
Since we are only interested in the first component and by the structure of B(t),
n t ]
Y1) =30 =Y [ O (@3 ()b(s) ds

j=1 710 ——

¢i(1)

Thus, it only remains to show that

-1 _ Wk(‘pl""’gpn)
" Wl n)

but this follows from basic linear algebra (formula of the inverse by means of
cofactors). [}

T4 material 2.2 Apply this formula for n = 2.
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2.5.4 Constant coefficients
We now consider the case of an n-th order equation with constant coeflicients:
Ly =y" +aiy™V + -+ ayy,

where the a;’s are now constant. In matrix form,

Y'(1) = AY (1),
where
0 1 0 0 -0
0 0 1 0 -0
A= - . . . e
0 0 0 0 SR |
—a, —dp-1 —dp2 —dp4 - —d

Lemma 2.1 The characteristic polynomial of A is

p(A) =det(AI -A) ="+, A" + -+ a,.1 A +a,.

Proof: We prove it inductively on n. For n = 2

A -1
/lI_A_(Clz /l+611)’

and so
pz(A)=/1(/1+a1)+a2=/12+a1/1+a2.
For n =3,
A -1 0
Al-A=10 A -1
ay ap /1+a1
Hence,

p3(/l) = /lpz(/l) + aj.
It is easy to see that p, (1) = A p,_1(1) + a,.
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Theorem 2.6 Let A, ..., A, be distinct roots of the characteristic polynomial of A
such that A; has multiplicity m,

-
3
I
X

j=1
Then the space of solutions is spanned by the functions

2/lt_ tml/lt

el tel j=1,...,s.

Proof: We need to show that these n functions are indeed solutions and that they
are linearly independent. First, note that for every A (not necessarily a root of the
characteristic polynomial):

L, (e/”) = pp(A) e,

Let A be a root of the characteristic polynomial of multiplicity m, and let 0 < k <
m — 1. Then,

L, (tke”’) =L, (d—ke’”) = d—kLn (el’) = d—k (pn(/l)e/“).
dax dax dax
If A has multiplicity m and k < m, then
Pa(A) = p(A) == pi (1) = 0,
which proves that
L, (tkeh) =0

It remains to prove that these solutions are linearly independent. Suppose that
they were dependent. Then there would have existed constants ¢, such that

s mj—

Z Zthk Ajt —

j=1 k=0
—_——

P;(r)
Dividing by e/,

Pi(1) + 7Py (£) 4 oo 4 =P (1) =



'5—4‘ Chapter 2

The P; are polynomials. Differentiate sufficiently many times until P; disappears.
We will get an equation of the form:

=0, (1) 4 - 4 B0 (1) = 0.
We then divide by e(-1) get

05 (1) + BRI (1) + - + B2 (1) = 0.

We proceed this way until we get that Q,(¢) = 0. It follows then backwards that
all the Q;’s (or the P;’s) vanish, i.e., all the c;’s were zero. [ |

‘Example: Consider the equation

y"-y=0.
The characteristic polynomial is

A-1=0,

and its roots are A = 1, +i. This means that the linear space of solutions is spanned
by

e, e', €' and e

—it
Since , . _ .

elt + e—ll . elt _ e—ll
and sint = -
2 2i

we may also change basis and use instead the real-valued functions

COSt =

e, e', cost and sint.

‘Example: Consider the equation
y”" + 2}7” + y= 0.
The characteristic polynomial is
(?+1)*=0

and it has two roots of multiplicity 2: A = +i. Thus, the space of solution is
spanned by the basis

e, te", e, and te’”,
to after a change in bases,

cost, tcost, sint, and tsint.
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2.6 Linear systems with periodic coefficients: Flo-
quet theory

2.6.1 Motivation

Consider a linear homogeneous system of the form

y(t) = A1)y (1), (2.3)
where for every t,
A(t+T)=A(1).

We will assume that T is the smallest number for which this holds. Note that A
is automatically kT periodic for every integer k. Such equations are of interest in
systems in which the dynamics have some inherent periodicity (e.g., dynamics of
some phenomenon on earth that is affected by the position of the moon).

Another important application of linear systems with periodic coefficients is the
stability of periodic solutions. Consider a (generally nonlinear) differential sys-

tem:

Y1) = f(3(1)).
Note that f does not depend explicitly on #; such a system is called autonomous.
Suppose that this system has a particular solution, z(z), that is T-periodic, and
that this solution passes through the point zy. Since the system is autonomous,
we can arbitrarily assume that z(0) = zop. An important question is whether this
periodic solution is stable. The periodic solution is said to be stable if solutions
with “slightly perturbed” initial data,

¥(0) = z0 + &m0,

where 7 < 1 do not diverge “too fast” from z(z).

A standard way to analyze the stability of a particular solution is to represent the
solution as a sum of this particular solution plus a perturbation. In this case we set

(1) = 2(1) + &n(2).

Substituting into the equation we get

Z(0) +en' (1) = f(2(1) + &n(1)).
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We then use Taylor’s theorem (assuming that f is twice differentiable):

Z(t) +en'(1) = f(2(1)) + eV f(2(1))n(t) + O(e?).

Since 7/(t) = f(z(t)) we remain with

7'(t) = Vf(2(1))n(1) + O(e).

This is a linear equation with T-periodic coeflicients. The rationale of this ap-
proach is that if 7(¢) remains bounded in time then for small enough &, the per-
turbed solution will remain in an & neighborhood of z(¢). Otherwise, the perturbed
solution diverges away from the periodic solution.

The above is a very rough analysis intended to motivate the study of linear systems
with periodic coefficients.

Might be interesting to read in this context: the van der Pol oscillator. See:

http://www.scholarpedia.org/article/Van_der_Pol_oscillator

2.6.2 General theory

A natural question is whether the periodicity of the equation implies the periodic-
ity of the solution.

Example: Consider the scalar equation:

y'(t) = (1 +sint) y(¢),
which is 2z-periodic. One can check by direct substitution that the general solu-
tion is

y(t) = c exp (¢ - cost),
which is not periodic (in fact, it diverges as t — o). AAA

Theorem 2.7 Let ®(t) be a fundamental matrix for the periodic equation, then
®(t+ T) is also a fundamental solution, and moreover, there exists a constant
matrix B, such that

O(t+T) = D(¢t)B,

and

T
detB = exp([ TrA(s) ds).
0
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Proof: Let ®(t) be a fundamental matrix and set ¥(z) = ©(¢ + T'). Then,
V(t)=0'(t+T)=A(t+T)O(t+T) = A()¥(¢),

which proves the first part.

As we know, if both ®(7) and W(r) are fundamental matrices, then there exists a
constant matrix B, such that

Y(t)=®(t+T) = ®(t)B.
Finally, we use Proposition 2.5 to get that
det®( +T) = det (1) ([+T TrA(s)ds) :
and since A(¢) is periodic, we may as well integrate from O to 7,
det®(7) det B = det d(r) (/OTTrA(s) ds) ,
which concludes the proof. [

Note that in the last step we used the following property:

Lemma 2.2 Let f be periodic with period T, then for every t,

/tHTf(s)ds:/OTf(s)ds.

The fact that ®(z + T') = ©(¢) B implies that the fundamental matrix is in general
not periodic. Since this relation holds for every ¢, it follow that

B=01(0)D(T).

Furthermore, we may always choose the fundamental matrix ®(7) such that ®(0) =
I, in which case B = ®(T), i.e., for every ¢,

O(t+T) = O(1)0(T).

This means that the knowledge of the fundamental matrix in the interval [0, T ]
determines the fundamental matrix everywhere.
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Moreover, it is easy to see by induction that for k € N:
O(t+kT) = O(t) B~
Thus, for arbitrary f,
®(r) = ®(t mod T) B/,

[ S —
T -periodic

where
t modT =1-t/T|T.

It follows that the behaviour of solution for large 7 is dominated by powers of the
matrix B. The forthcoming analysis will make this notion more precise.

Definition 2.1 The eigenvalues of B = ®(T), p; are called the characteristic
multipliers (D™D D3812) of the periodic system. The constants y; defined by

are called the characteristic exponents (Q*IPEW DWINDOPR) of the periodic

linear system. (Note that the characteristic exponents are only defined modulo
2mik|T.)

Theorem 2.8 Let p and p be a pair of characteristic multiplierfexponent of the
periodic linear system. There there exists a solution y(t) such that for every t,

y(t+T) = py(1).
Also, there exists a solution y(t) such that for every t,
y(+T) =ep(1),
where p(t) is T-periodic.

Proof: Let Bu = pu, and define y(¢) = ®(¢)u. By the definition of a fundamental
matrix, y(¢) is a solution of (2.3) and

y(t+T)=0(t+T)u=D(t)Bu=p®(t)u = py(t),

which proves the first part.
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Next define p(t) = e #'y(t), then

p(t+T)=e*Dy(t+T) = e p ety(t) = p(1),
—

1

which concludes the proof. |

Suppose now that B is diagonalizable (i.e., has a complete set of eigenvectors).
Then there are n pairs (p;, 1;), and the general solution to the periodic linear sys-
tem is

(1) = ) ae™ pi(1),
k=1

where the functions py(t) are T-periodic. In other words, every solution is of the

form
eﬂlt

=|po - po|l - e

fundamental matrix

for some constant vector C.

An immediate corollary is that the system will have periodic solutions if one of
the characteristic exponents of B is zero.

Comment: At this stage the theory we developed is not useful in finding the funda-
mental matrix. Its importance is so far theoretical in that it reveals the structure of
the solution as a combination of exponential functions times periodic functions.

2.6.3 Hill’s equation

I ended up not teaching this section; makes sense only with a good problem
to study, like the stability of a limit cycle.

We will now exploit the results of the previous section to study a periodic (scalar)
second order equation of the form,

Y'(1) +a(t)y(1) = 0,

where a(t + T) = a(t). Such equations arise in mechanics when then force on the
particle is proportional to its location and the coefficient of proportionality is peri-
odic in time (i.e., a pendulum in which the point of support oscillates vertically).
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Note that there is no general explicit solution to a linear second-order equation
with non-constant coefficients.

As usual, we start by rewriting this equation as a first order system,

(1) = A(0)y(2),

A1) = (_ao(t) (1)) .

Note that Tr A(7) = 0, which implies that det B = 1, i.e., pj0, = 1.

where

We are looking for a fundament matrix
e (t) ()
q) t) = s
®) (9021 (1) @nl(1)

with ®(0) = I. Since,
@1;(1) = @2j(2),

O(1) = (9011(f) 9012(f))_

@11 (1) @1, (1)

it follows that

Thus,
B- (¢11(T) SOIZ(T))
‘Pﬁl(T) ¢12(T) .

Moreover, since the Wronskian is constant, W(¢) = det B = 1, it follows that
e ()@ (1) = pra()ey (1) = 1.
The characteristic multiplier are the eigenvalues of B. For any 2-by-2 matrix
a b
the eigenvalues are satisfy the characteristic equation

(a-p)(d-p)-bc=p*>—(TrB)p+detB =0,

and since det B = 1 we get that

pr2a=y+\/y -1,
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where y = 3 Tr B = 3[¢11(T) + ¢},(T)]. Note that
Pr1+p2=2y and pip2 = 1.

The characteristic exponents are p;, = e#27, which implies that

ei+p)T 1,

hence u; + u, =0, and
2y =T + 2T =2coshu;T.

Thus, we are able to express the characteristic coefficients in terms of the single
parameter y:
coshu; T and uy + = 0.

Even though we do not have a general solution for this type of problems, it turns
out that the range of possible solutions can be determined by the single parameter

Y.
@ Case 1: y > 1 In this case p;, are both real and positive, and furthermore,
0<pr<1<py.

Thus, p; and p, = —py are both real-valued. The general solution is of the
form

(1) = 1V pi (1) + c2e™V s (1),

where p;(t) are periodic. It follows that there are no periodic solutions and
that in general the solution diverges as t — oo.

@ Case 2: y < —1 In this case both p; , are real and negative,
P2 < -1< p1 < O,

e ! —p

implies that
e(,ul—m/T)T — |p1 |,

1.e.,

in
My = T +log|pi.
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Thus, the general solution is of the form

_ 1o t int/T —log|oi|t —int/T
Y(1) = ¢8Rl eIT py (1) +cpe oIl eI py (1)
———— ————
period 2T period 2T

Note the doubling of the period. Once again there are no periodic solutions
and that in general the solution diverges as ¢t — oo.

Case 3: -1 <y < 1 Now p;, are both complex and located on the unit

circle,

+ioT
P12 =¢€

(this relation defines o) and thus y; , = +io. In this case the general solution
is of the form

y(t) = 17 p(t) + c2e™ " py (1),
with p,(¢) periodic.

In this case the solutions remain bounded, however they will not be periodic,
unless it happens that 0T = 27r/m for some integer m.

@ Cased4:vy=1
® Case5:y=-1
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Boundary value problems

3.1 Motivation

Many problems in science involve differential equations with conditions that are
specified at more than one point. Boundary value problems arise also in the study
of partial differential equations.

‘Example: The equation that describes the motion of an elastic string is known as
the wave equation (2°537 DRYN),

Py _ it
or? ox?’

where the unknown is a function y(x, ) of space x and time ¢. The constant ¢ is
the wave speed that depends on the mass density and tension of the string.

Consider a finite string, x € [0, L] tied at its two ends, such that
(V) ¥(0,0) = ¥(L,1) =0,
In addition, one has to specify initial conditions,
We0)=f()  ad 2(x0)=g(0).

(It is a initial-boundary problem.)
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This problem is analytically solvable. Note that this equation is linear, so that if
yi(x,1) and y,(x,1) are solutions to the wave equation, then so is any linear com-
bination. One method of solution is to look for solutions that have a separation

of variables:
y(x,t) = u(x)v(t).

Substituting into the wave equation:

u" (x)v(t) = u(x)V' (1),

and further,
W'(x) (1)
=C .
u(x) v(t)
Since this equation holds for all x and ¢, it must be the case that both sides are
equal to the same constant, namely, there exists a constant &, such that

W(x) = ku(x)  and v"(t)zgv(t).

Note that we may have many such solutions for various values of &, and any linear
combination of these solutions is also a solution to the wave equation.

Consider the equation for u(x). Because of the boundary conditions, we have a
boundary value problem:

u"(x) = ku(x) u(0) =u(L)=0.

Does it have a solution? Yes, u = 0. Are there other solutions? yes, u(x) =
sin( v/kx), but only if \/k = 7m/L for some integer m. Are there more solutions?
Such questions are going to be addressed in the course of this chapter. AAA

Because the independent variable in boundary value problem is often space rather
than time, we will denote it by x rather than 7. Of course, a notation is nothing but
a notation.

Let’s get back to the same boundary value problem, this time on the interval [0, 1]:

Ly =2y
y(0) =y(1) =0,
where
&2

dx?
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The parameter A can be in general complex (the reason for the minus sign in L will
be made clear later). We know that the general solution to the equation Ly = Ay is

y(x) = AsinA"2x + Bcos 1'%x.

Since we require y(0) = 0 then B = 0. Since we further require y(1) = 0, it follows
that

A =mm?,
form=1,2,... (m =0 1is the trivial solution and we ignore it as of now).

What we see is that the equation Ly = Ay with boundary values has a solution only
for selected values of 4. Does it remind us something? L is a linear operator, A
is a scalar... yes, this looks like an eigenvalue problem! Indeed, the values of A4
for which the boundary value problem has a solution are called eigenvalues. The
corresponding “eigenvectors” are rather called eigenfunctions (MT3Y N1M¥PND).

Like for vectors, we endow the space of functions on [0, 1] with an inner product:

1
(£:8)= [ F(0E(x)dx.
Then, the normalized eigenfunctions are
Y (x) = V2 sin(mnx).

Note that this is an orthonormal set,
1
(Ym> i) =2 / sin(mnx) sin(knx) dx = 6.
0
The class of functions that are (well, Lebesgue...) square integrable, i.e,

I
f |f(x)]*dx exists
0

is known as L?[0, 1]. It is a Hilbert space, which is an object that you learn about
in Advanced Calculus 2. In case you didn’t take this course, no worry. We will
provide all the needed information.

For a function f € L?[0, 1], its inner-product with the elements of the orthogonal
set ; are called its Fourier coefficients,

Flk) = (frun) = \/Efol f(x) sin(knx) dx.
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The series "
> )y (x)
k=1

converges in the L2[0, 1] norm to f, namely,

lim =0.

n—o0o

f- kif(k)lﬁk

Finally, the norm of f and its Fourier coefficients satisfy a relation known as the
Parseval identity:

l£1? = /;|f(k)|2'

We have stated all these facts without any proof or any other form of justification.
As we will see, these results hold in a much wider scope.

TA material 3.1 Solve the wave equation initial-value problem. Talk about har-
monics. Talk about what happens when you touch the center of a guitar string.

Comment: An interesting connection between these infinite-dimensional bound-
ary value problems and “standard” eigenvalue problems can be made by consid-
ering discretizations. Suppose that we want to solve the boundary value problem

=y"(x) = 4y(x),(0) = y(1) = 0.

We can approximate the solution by defining a mesh,
°
N’
and look for y; = y(x;), by approximating the differential equation by a finite-

difference approximation,

Vit + Vi1 — 2
2Ax2 ’

where Ax = 1/N is the mesh size. In addition we set yy = yy = 0. We get a linear
equation for the discrete vector (y;),

i=0,...,N,

X =

i=1,...,N-1,

2 -1 0 0 - 0

1 2 -1 0 - 0 §1 ﬁl
2 2

A | I BT

0 0 -1 2 -1 YN-2 YN-2

0 0 0 -1 2 YnN-1 YnN-1
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This is a “standard” eigenvalue problem, for which we expect N eigenvalues. As
we refine the mesh and take N — oo, the number of eigenvalues is expected to
tend to infinity.

N ‘Exercise 3.1 Find the eigenvalues and eigenvectors of this discretized system,
and verify their dependence on N. Compare your results with the solution of the
continuous equation.

3.2 Self-adjoint eigenvalue problems on a finite in-
terval

3.2.1 Definitions

Consider a linear n-th order differential operator,

n—1

dxn—l

d
+ pa(x) +---+pn_1(x)a + pa(x),

dn
L=po(x) dx"

where p; € C"~/(a,b) is in general complex-valued; we assume that po(x) # 0 for
all x € (a,b). We also define a linear operator U : C"*(a,b) - R" of the form

U =Y (MpyU(a) + NV (b)), k=1,....n,
=1
where the M and N are constant. That is,

Uky = Mkly(a) + ngy,(a) + .-+ Mk,,y("_l)(a)
+ Nkly(b) + Nkzy,(b) + -+ Nkny(n_l)(b).

The equation
Ly = Ay, Uy=0

is called an eigenvalue problem.

‘Example: The example we studied in the previous section is such an instance,
withn =2,

po(x) = =1, pi(x) = pa(x) =0,
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and
M, = Ny = 1, and other M j, N, are zero,

1.e.,
Uiy = Myy(a) + Nuy(b) + Moy’ (a) + Nioy'(b) = y(a)

Uzy = M21y((1) + Ngly(b) + M22y,(a) + NZZyI(b) = y(b)

AAA
‘Example: Another class of examples for n = 2:
My, =-Ny1 =1, My =-Nx» =1, and other M, Nj are zero,
1.e.,
Uiy = Myy(a) + Nuy(b) + Moy (a) + Nioy'(b) = y(a) - y(b)
Usy = May(a) + Nay(b) + Myy'(a) + Nxny'(b) =y'(a) - y'(b).
This corresponds to periodic boundary conditions. AAA

Definition 3.1 The eigenvalue problem is said to be self-adjoint (W2Y5 M) if
(Lu,v) = (u, Lv)
for every u,v € C"(a, b) that satisfy the boundary conditions Uu = Uy = 0.

‘Example: The two above examples are self-adjoint. In the first case Uu = 0
implies that u(a) = u(b) = 0, and then

(Lu,v) = - f " ()7(x) dix = [ " ()7 () dx = - f "7 (x) dx = (i, Lv).

AAA
Recall the adjoint operator L* derived in the previous chapter:
d" dr! d
L* = (-1)"—7po(x) + (-1)"! 21(x)+ - — —p,_ + D, (x).
(-1) S Po(x) (-1) S Pi(x) S P1(%) + Pu()

The Green identity proved in the previous chapter showed that
(Lu,v) = (u, L*v) = [uv](b) - [uv](a).
Thus, if L* = L and Uu = Uv = 0 implies that [uv](b) = [uv](a), then the problem
is self-adjoint.
A self-adjoint problem always has a trivial solution for any value of A. Values of

A for which a non-trivial solution exists are called eigenvalues; the corresponding
functions are called eigenfunctions.
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3.2.2 Properties of the eigenvalues

Proposition 3.1 Consider a self-adjoint boundary value problem. Then,

@ The eigenvalues are real.
@ FEigenfunctions that correspond to distinct eigenvalues are orthogonal.

® The eigenvalues form at most a countable set that has no (finite-valued)
accumulation point.

Comment: At this stage there is no guarantee that eigenvalues exist, so as of now
this theorem can hold in a vacuous sense.

Comment: The last part of the proof relies on complex analysis. Fasten your seat
belts.

Proof: Let A be an eigenvalue with eigenfunction . Then,

A, ) = (L) = (Y, L) = Ay, ),

1.e., 3
(A=) (.y) =0,
which proves that ¢ is real.

Let A # u be distinct eigenvalues,

Ly = Ay, Ly = pgp.

Then,
AY.u) = (L, @) = (¥, Lp) = u(¥, 0),
1.e.,
(A=) (¥, e) =0,
which implies that ¢ and ¢ are orthogonal.

Let now ¢;(x,4), j = 1,...,n, be solutions of the equation Ly; = A¢p; with initial
conditions,
k-1
(105 )(C9 /l) = 6jka
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where ¢ is some point in (a,b). That is,

ei(c)=1 @) =¢l(c)=¢"(c)==¢""(c)=0

o) =1 @) =@h(c) =g ()= =¢l""(c)=0

@i(c)=1 @i(c) =gh(c) =@ (c) == () =0
etc.

Note, we are back in initial values problems; there no issue of existence nor non-
uniqueness, i.e., the ¢;(x, ) are defined for every (complex) A. Also, the functions
¢; are continuous both in x and A. In fact, for fixed x the function A — ¢(x, ) is
analytic. !

The functions ¢; are linearly independent, hence every solution of the equation
Ly = Ay is of the form

¥(x) = ic.,soj(x,a).

For A to be an eigenvalue we need

Uy =) ¢;Ucpj(54) =0, t=1,...,n,

J=1

1.e.,

Z (Mgk¢§k_l)(a,ﬂ) + N[k(p;k_l)(b,/l)) C;= 0, = 1, R (R

n
j=1k=1

Agi(2)

This is a homogeneous linear system for the coeflicients c¢;. For it to have a non-
trivial solution the determinant of the matrix A;;(1) must vanish. That is, the
eigenvalues A are identified with the roots of det A;;(1).

det A;;(A) is analytic in the entire complex plane. It is not identically zero because
it can only vanish on the real line. It is well-known (especially if you learn it...)
that the zeros of an entire analytic function that it not identically zero do not have
accumulation points (except at infinity). [

'A concept learned in complex analysis; I will say a few words about it.
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3.2.3 Non-homogeneous boundary value problem
We turn now to study the non-homogeneous equation
Ly=21y+f, Uy =0,
where f € C(a,b). What to expect? Think of the linear-algebraic analog,
Ax=Ax+b.

A (unique) solution exists if the matrix A — A/ is not singular, i.e., if A is not an
eigenvalue of A. Similarly, we will see that the non-homogeneous boundary value
problem has a solution for values of A that are not eigenvalues of the homogeneous
equation.

‘Example: Such boundary value problems may arise, for example, in electrostat-
ics. The Poisson equation for the electric potential in a domain Q c R" with a
metallic boundary is

Ay = 4rp, ®loa =0,

where A is the Laplacian and p(x) is the charge density. For n = 1 we get

d*¢
T2 =4 ¢(0)=¢(L) =0,
X
which is of the same type as above with 4 = 0. AAA

Let ¢;(x, 1) be as in the previous section solutions to Lg;(-, 1) = A¢;(+, 1), subject
to the boundary conditions

0\ (e, 1) = 6
Note that
W(pr,....pn)(c) =detl =1,

hence

W(pt,...,00)(x) =exp (— )xpl—(s)ds).
¢ po(s)

Note that py and p, are the same for L and L — 1id.
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We now define the following function:

901(‘;:’/1) ‘pn(g’/l)

K(x,£,2) =1 po(E)W (@1, ... 02)(€)

pir(xA) ()
0

Q) - @ (E )

x<é&.

This function depends on x and &, both taking values in [a, b]. It is apparently

discontinuous, however note that

n—2

d d
K(§+’§’/l) = aK(fif,ﬂ) == dxn—2

K(£7.£.2) =0,

hence K and its first n — 2 derivatives with respect to x are continuous over all
(x,&); in particular K is continuous for n > 2. The (n — 1)-st and n-th derivatives

are continuous in every subdomain. Also,

dn—l . ~ 1
ao K6 = po(é)
Finally, for x > &,
pED) )
| PN EED
LK(X,f,/l)Z . .
pO(f)W(‘pl R ‘;Dn) (é‘:) 905"—2) (‘f, /l) Sor(zn_Z) (é':’ /l)
Loi(x,4) - Lg(x,2)

This relation holds trivially for x < &.

Define now the function

u(ed) = [ Kef@de= [ K e 1) de

a

We calculate its first n derivatives with respect to n,

(o) = [ K EDFE)dE+ K(xnx, D (),

0

= AK(x,&1).
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o) = [T ke e Lk 1),

0

and so until

@) = [ K (e )@ de T K, )10,
Finally,
)= [T K D) e K (e D f ().
F()/po(x)

It follows that
Lu(x,2) = [ LK(x& ) f(€)dé + £(x) = du(x,2) + £(x),

i.e., u(x, 1) is a solution to the non-homogeneous equation.

We are looking for a solution of the non-homogeneous equation that satisfies the
boundary conditions, Uy = 0. Define

G(x.6,2) = K(x.£,2) + ) c;(€)g;(x, 1),
i1
and set ¢;(£) such that for every k = 1,...,n and every & € [a,b]:
UG(6,4) = UK (- £,4) + 2, ¢,(€) Uk, (-, ) = 0.
=1

This linear system has a unique solution if det Uyp;(-,4) # 0, i.e., if A is not an
eigenvalue of the homogeneous boundary value problem.

Set then
wed) = [ Glee () de
- [M e @des Yo [ ef@r)de
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Then,
Lu(x, Q) = du(x, ),

and

) = [ (vikCe) S e@tiet ) ) 1€ -0

Thus, we found a solution to the non-homogeneous boundary value problem for
every value of A that is not an eigenvalue of the homogeneous boundary value
problem.

N Exercise 3.2 Solve the boundary value problem,

()= () + (), ¥(0)=y(1) =0,

For what values of A solutions exist? Repeat the above analysis (including the
calculation of K(x,&,2) and G(x, &, 2) for this particular example.

Solution 3.2: We start by constructing the two independent solution,

~¢1 (x) = A1 (%), 01 (0)=1 ¢1(0)=0
-0y (x) = Apa(x),  @2(0) =0 ¢5(0) =1,

namely,
@1(x) = cos 1'%x and @2(x) = 172 sin A" x,

Thus,

cos A 2x A2 gin 212y
W(er,¢2)(x) = ‘_/11/2 sinA'/2x

cos A2 x

Next, since po(¢) = -1,

cos A% sin A%
cosA'2x sinA'2x
0 x<§&

=sinA'?(E-x) £<x

K(x.£.2) {

Now,
G(x,&2) = K(x,& 1) = c1(€) cos A1 x = ¢3(£) 472 sin 1'%,
The coeficients c ; have to satisfy,

G(0,£,2) =0-c1(£) =0,

and
G(1,£,2) =sinA'2(£=1) = ¢ (&) cos A2 = ¢y (€)™ sin 2% = 0,
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from which we get that

sinA'/2(£-1)

Sl sin A'/%x

G(x.8,1) = K(x.&,2) -

Thus, the solution to the boundary value problem is

sin /2 x
sin A1/2

(e ) = [sind (e -0 p€) e - ST [0 0 1) () e

It is easy to see that the boundary conditions are indeed satisfied. You may now check by direct
differentiation that the differential equation is indeed satisfied.

Suppose now that zero is not an eigenvalue of the homogeneous boundary value
problem, and consider the boundary value problem

Ly=f Uy =0.

The fact the we require zero not to be an eigenvalue of f will turn out not to be
a real restriction since there exists a A, that is not en eigenvalue and then L — 1y/
will be used as an operator for which zero is not en eigenvalue.

We will denote G(x,&,0) simply by G(x,&). Note that by definition LG(x,£&) =0
at all points where x # £.

Define the linear integral operator:

G:fro [ G001(0)de

which maps the non-homogeneous term into the solution of the boundary value
problem.

Proposition 3.2 The integral operator G (and the Green function G) satisfies the
following properties:

® LGf=fand UGS =0 forall f € C(a,b).

@ (Gf.8) = (£.98).

® G(x,6) =G(&, x).

@ GLu =uforall u e C"(a,b) satisfying Uu = 0.

(Note that L and G are almost inverse to each other.)
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Proof: The first statement follows from the fact that G maps f into the solution
of the boundary value problem. By the self-adjointness of L and the fact that
UGgf=UGg=0,

(LGf.Gg) = (91, LGg),

hence by the first statement

(f.G8) = (Gf.8),

which proves the second statement.

It follows from the second statement that

[ [ san@ae)smax= [ 1o [ oot de)ax

Changing the order of integration and interchanging x and £ in the second integral:

b rb
[ [ (68 -GEn) f()s(x) dxde =0,
Since this holds for every f and g the third statement follows.
Finally, for every g € C(a,b) and u € C"(a, b) satisfying Uu = 0,
(GLu,g) = (u, LGg) = (u,8),

which implies that GLu = u. |

3.3 The existence of eigenvalues

So far we haven’t shown that the eigenvalue problem
Ly =4y, Uy =0, (3.1

has solutions. We only know properties of solutions if such exist. In this section
we will show that self-adjoint eigenvalue problems always have a countable set of
eigenvalues.

Assuming that zero is not an eigenvalue we defined the Green function G(x,¢&)
and the operator G. The first step will be to show that eigenfunctions of L coincide
with eigenfunctions of G:
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Proposition 3.3 ¢ is an eigenfunction of (3.1) with eigenvalue A if and only if it
is also an eigenfunction of G with eigenfunction 1/, namely

1

Gp = 7% (3.2)

Proof: Let (4, ¢) be eigensolutions of (3.1). Then,

1 1
= -Glp = -GLo,
Gy /lgso/lgso

and since Uy = 0, it follows from the fourth statement of Proposition 3.2 that

Gy = Fla

Conversely, suppose that (3.2) holds. Then,
1
Ly = /lLZgo = ALGp = Ay,
and

Up=AUGyp =0,

where we used the fact that the range of G is functions that satisfy the boundary
conditions. |

Thus, in order to show that (3.1) has eigenvalues we can rather show that G has
eigenvalues.

Lemma 3.1 The set of functions
2 ={Gu:ueC(0,1), |u|<1}

is bounded (in the sup-norm) and equicontinuous (but the norm || - || is the L*-
norm,).
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Proof: We will consider the case of n > 2; the case of n = 1 requires a slightly
different treatment. For n > 2 the function G(x,¢) is continuous on the square
(x,&) € [a,b]?, hence it is uniformly continuous, and in particular,

(Ve>0)(36>0): (V€€ [a,b]) (Vxi,xp:|x1—x2| < 6) |G(x1,£)-G(x,,8)| < &.

Thus,
(Ve>0)(36>0): (Vue Z) (Vx,x2: |x; — xa| < 8)

it holds that

Gu(a) - Gu()] < [ 16(0,€) - Gl @] de <& [ lu(e)|de

Using the Cauchy-Schwarz inequality,

) - Gute) < [ erpde) ([ )" = (o2l

which proves the equicontinuity of 2.

Since G(x,€&) is continuous, it is also bounded; let K be a bound. Then, for all
ue Z and x € [a,b],

)

Gu(o) < [ I6(uEW(E) d < K(b-a) ]

which proves the uniform boundedness of 2. [

It follows from the Arzela-Ascoli theorem:

Caro[[afy 3.1 Every sequence in 2 has a subsequence that converges uniformly
on [a,b].

The map G is actually a map from L?(a,b) - L*(a,b). > We therefore define its
operator norm:

1G]l = sup [Gul = sup (Gu,Gu)'"2.

Juf=1 (uu)=1

It follows from Lemma 3.1 that |G| < oo (i.e., G is a bounded linear operator).

2We defined it as a map from C(a,b) to C"(a, b) to avoid measure-theoretic subtleties.
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Proposition 3.4
|G = sup |(Gu, u)].

el =1

Proof: For every normalized u, it follows from the Cauchy-Schwarz inequality
and the definition of the norm that

|(Gu. )] < |Gul ] < |G[lul* = |

1.e.,

sup [(Gu,u)| < [G]. (3.3)

Jul=1

By the bilinearity of the inner-product and the self-adjointness of G, for every u
and v,

(G(u+v),u+v)=(Gu,u)+(Gv,v) + (Gu,v) + (Gv,u)
= (Gu,u) + (Gv,v) + 2R (Gu,v)

< sup [(Gw,w)|[u+v|>.
[wl=1

and
(G(u—=v),u—v)=(Gu,u)+ (Gv,v) - (Gu,v) = (Gv,u)
= (Gu,u) + (Gv,v) —=2R(Gu,v)

> = sup |(Gw,w)|fu-v|*.

[wi=1

Subtracting the second inequality from the first,

AR(Gu,v) <2 sup [(Gw,w)| ([lul® + [v[?).

Iwi=1

Substitute now v = Gu/|Gu/|. Then,

Gu

Gu 2 ’
4R (Qu Gu ”) <2 sup |(Gw, W)|(|M|| )

[wi=1

or,

4|Gu] <2 sup |(Gw,w)] (Jul? +1).

Iwl=1



W Chapter 3

For ||u] = 1 we get
|Gul < sup [(Gw,w)],

[wl=1

and since this holds for every such u,

161 = sup |Gul < Sup |(Gw,w)l. 3.4)
ul|=1 w|=1
Egs. (3.3) and (3.4) together give the desired result. |

Theorem 3.1 Either |G| or —||G| is an eigenvalue of G.

Comments:

@ This proves the existence of an eigenvalue to the boundary value problem.
@ Since there exists an eigenfunction ¢ such that

Go=\Gle  or  Go=-[G|e,

it follows that

B

IGel =191 le
thus the sup in the definition of |G| is attained.

® Everything we have been doing holds in the finite-dimensional case. If A is
an hermitian matrix then either ||A| or —|A| is an eigenvalue.

Proof: Denote |G| = uo. then either
to = sup (Gu,u)
fluefl=1

or

o = — sup (Gu, u).
fluefl=1

Consider the first case; the second case is treated similarly.

By the definition of the supremum, there exists a sequence of functions (u,) such
that

“un” =1 Y}Lrg(gum”n) = Ho-
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By Corollary 3.1 the sequence (Gu,) has a subsequence (not relabeled) that con-
verges uniformly on [a, b]; denote its limit by ¢,. In particular, uniform conver-
gence implies L?>-convergence,

Iim [ Gu, — o = 0.
Since
0 < (Gun = 00, Gt = 90) = | Gun[* + | pol* = 2R(Gutn, 90) — [Gua* = oo,
we get the convergence of the norm,
tim |G| = ol

(It is always true that convergence in norm implies the convergence of the norm.)

Now,

I?= I

|Guy = poun])* = |Guan |* + 1§ — 200 (Gt ) = |0 * = 15,

from which follows that ¢, # 0 (we need this to claim that ¢, is nontrivial).

Moreover, it follows that
0< ”gun _,uO’/lnH2 < 2:u(z) - 2/10(gun’ I/ln) - 0’

from which follows that
}Lrg ngn _/lOunH = O

Finally, by the triangle inequality

[G#0 = togoll < [Gpo = G(Gun) | +[G(Gun) = poGtn]| + | 10Gttn = proo
<[1G1leo = Gunl + [G1Gutn = potan| + 10| Gtn = ol

Letting n — oo we get that
Geo = Howo,

which concludes the proof. |

Theorem 3.2 G has an infinite number of eigenfunctions.
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Proof: Let ¢y and u be as above and assume that ¢, has been normalized,
1. Define a new kernel

QDOH =

G1(%,€) = G(x,£) - oo (X)$y (£),
and the corresponding operator,
b
G.f(x)= [ Gi(x.£)f(€)de

This operator is also self-adjoint,

(Giu,v) = (Gu,v) + uo ffubgoo(x)%(f)u(f)\_z(x) dédx = (u,Gv).

Hence, unless G, = 0 (the zero operator), it has an eigenvalue u;, whose absolute
value is equal to ||G; . Let,

Gio1 = (i ||901|| =L

Note that G;¢( = 0, hence

1 1
(¢1,90) = —(Gior1,90) = —(¢1,G190) = 0,
H M
i.e., ¢y and ¢, are orthogonal. Then,

Gor = G + toe1 (@1, 90) = Gigr = e,

which means that ¢, is also an eigenfunction of G. By the maximality of y,
k1| < Juol.
We continue this way, defining next

Gy(x,€) = Gi(x,&) — g1 (x)g, (€)

and find a third orthonormal eigenfunction of G.

The only way this process can stop is if there is a G,, = 0 for some m. Suppose this
were the case, then for every f € C(a,b),

m—1

Gnf(x) =Gf(x) - ; wipi(x)(fie)) = 0.



Boundary value problems @

Applying L on both sides, using the fact that LG f = f and Ly, = ,u]‘.lgo i

£(x) = z 0, (o).

This would imply that every continuous function is in the span of m differentiable
functions, which is wrong. [

3.4 Boundary value problems and complete orthonor-
mal systems

We have thus proved the existence of a countable orthonormal system, ¢;, with
corresponding eigenvalues

o] > |u1| 2 2] 2 -

Lemma 3.2 (Bessel’s inequality) Let f € L*(a,b). Then the sequence

ZI(ﬁ%)F

converges and

Z(:)I(f,soj)IZ < I£1%
e

Proof: For every m € N,

2

e z (fe))

m

f=2(frei)e;

J=0

0< 2

B

which proves both statements. |
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Theorem 3.3 Let f € C"(a,b) and U f = 0, then
f=2(f9)¢;
=0

where the convergence is uniform.

Corollary 3.2 An immediate consequence is Parseval’s identity. Multiplying this
equation by f and integrating over [a,b], interchanging the order of integration
and summation, we get

[£12 =2 1(f.e )
70
Proof: For every j € M and x € [a,b],

(Ge)() = [ GxE)e,()de= g ().

Taking the complex conjugate and using the fact that G(x, &) = G(&, x),

(G5 ).0) = [ Gle e de = pi(x).

Squaring and summing over J,

m m m

2 NG ). @)l = Xl sPles ()P = 3 [l

Jj=0 j=0 j=0

By Bessel’s inequality applied to G(x,-),
m b
>l < 1G(x ) = [ 168 de.
=0 “

Integrating over x,

m b
>l < [[ 160 oP dédx < K(b-ay,

=0

where K is a bound on |G(x,&)| It follows at once that 372, |u;|* converges and in
particular u; — 0.
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For m € N consider

m—1

Gn(x,€) = G(x,) - Z(:) pipi(X)@;(£)-

By the way we constructed the sequence of eigenfunctions, we know that

|Gl = [ttim]-

Thus, for every u € C(a,b),

m—1
(Gt - ‘ Gu="S" (.05 < lhanl .
=0
Letting m — oo,
m—1
Jim ‘ Gu= 3 pi(u.0;)p;| =0.
=0

This means that 3372 u;(u,¢;)¢; converges to Gu in L. We will show that it
converges in fact uniformly. For g > p,

iﬂj(u,%)% =G (i(u, go,-)g:j) .

Hence,

Zq:(u, P))p;

J=p

q
> ui(u,0)pj| < K(b-a)'?

J=p

g 12
=K(b—a>l/2(§|<u,soj)|2) ,

where we used the Cauchy-Schwarz inequality. Since the right hand side vanishes
as p,q — oo, it follows by Cauchy’s criterion that Y27_ u;(u, ¢;)p; converges uni-
formly. Since it converges to Gu in L? and the latter is continuous, it follows that

Zﬂj(u,ﬁﬁj)‘ﬁj =Gu,
)
where the convergence is uniform.
Let now f € C"(a,b), Uf = 0. Then, Lf is continuous, and

iﬂj(Lf, @j)¢;=GLf.
=0
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Since GLf = f and Lyp; = ,U}I‘Pj’

[ee)

>.(fre))ei=1.

J=0
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Stability of solutions

4.1 Definitions

Consider the following nonlinear system:
Vi =501 =y2)(1=y1 - y2)
Y2 =y1(2 - y2).

This system does not depend explicitly on #; such systems are called autonomous.
More generally, in a system

Y1) = f(£,5(1)),
the family of vector fields f(,-) is called autonomous if it does not depend on ¢,
ie., f:R" >R~
Note that if ¢ is a solution to the autonomous initial data problem,

Y(@) =f0(@),  ¥(0) =y,

then (¢) = ¢(z — 1) is a solution to the initial data problem

Y(t) =),  y(t)=yo.

Fixed points For the above system, four points in the y-plane that are of special
interest:

y=(0,0) y=(2,2) y=(0,1) and y=(-1,2).
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These are fixed points (N2 M), or equilibrium points (‘apwrs e TP,
or stationary points. Each such point corresponds to a solution to the system that
does not change in time. If any of these points is prescribed as an initial value
then the solution will be constant.

The above system is nonlinear and cannot be solved by analytical means for ar-
bitrary initial values. Yet, in many cases, the global behaviour of solutions can
be inferred by knowing the behaviour of solutions in the vicinity of fixed points.
Roughly speaking, a fixed point is stable if any solution starting “close” to it will
be attracted to it asymptotically, and it is unstable if in any neighborhood there
exist points such that a solution starting at this point is repelled from the fixed
point.

The notion of stability can be made more precise and more general:

Definition 4.1 Let u(t) be a solution to the autonomous system y'(t) = f(y(1)).
It is called stable in the sense of Lyapunov if for every & > 0 there exists a 6 > 0,
such that for every solution y(t) satisfying |y(t) — u(ty)| <6,

ly(@0) —u(@®) <& Vi>1.

It is called asymptotically stable if there exists a § such that |y(ty) — u(ty)| < 6
implies that

fim [(6) - u(0)] =0,

Comment: The stability of fixed points is a particular case of stability of solutions
as defined above.

We will be concerned in this chapter with the global behaviour of solutions. here
is a list of possible behaviors:

@ Fixed point.

@ Asymptotic convergence to a fixed point.
® Limit cycle (periodic solution).

@ Asymptotic convergence to a limit cycle.
® Quasi-periodic.

® Chaotic.

@ Tends asymptotically to infinity.
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4.2 Linearization

Consider an autonomous system

Y'(#) = F(y(1)), 4.1)

and a particular solution u(¢). Since we are interested in understanding the be-
haviour of solutions in the vicinity of u(z), we set

y(1) = u(t) + z(2).

Substituting in the equation we get

u' () + 7 (1) = f(u(t) + z(2)).

Since u'(t) = f(u(t)), we get a differential equation for the deviation z(¢) of the
solution y(#) from the solution u(7):

(1) = f(u(r) +2(0)) = f (u(2)).

If f is twice continuously differentiable, then as long as z(¢) is in some compact

set U c R".
(1) = Df (u(1))z(t) + O(Jz(1) ).

It is sensible to think that if z(7y) is “very small”, then at least as long as it remains
s0, the quadratic correction to the Talor expansion is negligible, hence the devision
of the solution from u(t) is governed by the linearized equation,

Y'(t) = Df(u(1))y(2), 4.2)

hence the stability of u(z) in the nonlinear equation (4.1) can be determined by
the stability of of the solution y = 0 of the linear equation (4.2).

The task is therefore 2-fold:

@ Show that the zero solution of the linearized equation (4.2) is stable/unstable;
a solution u(z) of (4.1) for which the zero solution of the linearized equa-
tions is stable is called linearly stable (OIS 727%Y).

@ Show that the stability/instability of the zero solution of (4.2) implies the
stability/instability of the solution u(#) of the nonlinear equation (4.1). (That
is, that linear stability implies nonlinear stability.)
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The first task is generally difficult, since we do not have a general way of solving
linear equations with non-constant coefficients. The second task is in fact not
always possible; one can find situations in which a solution is linearly stable but
nonlinearly unstable.

The first task is however easy if u(7) is a constant solution, i.e., if  is a fixed point.
In this case, we know the solution to the linearized equation,

y(1) = eP7W1y(0).

Moreover, we know the form of the exponential e?/(*)! and can therefore deter-
mine the following:

Theorem 4.1 A fixed point u of (4.1) is linearly stable if and only if (i) all the
eigenvalues of Df (u) have non-positive real parts, and (ii) if an eigenvalue has a
zero real-part then it is of multiplicity one.

While we already know this is true, we will also prove it using a new technique.

Q)eﬁnition 4.2 A fixed point u is called hyperbolic if none of the eigenvalues of

Df(u) has real part equal to zero. It is called a sink (]SJ‘?D) if all the eigenvalues
have negative real parts; it is called a source (MpR) all the eigenvalues have
positive real parts, it is called a center (127) if all the eigenvalues are imaginary;
it is called a saddle (\2W) if certain eigenvalues have positive real parts while
other have negative real parts.

‘Example: Consider the unforced Duffing oscillator,
Y=
Yo =y1=31 =y,

where ¢ > 0. This describes a particle that is repelled from the origin when close
it, but attracted to it when far away from it.

This system has three fixed points,

(0,0) and (£1,0).
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1]

Let u = (u;,u,) be the fixed point. The linearized equation is
Yi=y
Y5 = y1 = 3uiyi - 6ys,

1.e.,

D) = (1 —03u% —15)'

The eigenvalues satisfy

AA1+6) - (1-3u3) =0,

which implies that

ﬂZ%(—éi /82 +4(1 —3u§)).

For the fixed point (0,0) there is a positive and a negative eigenvalue, which im-
plies that it is unstable. For the fixed point (+1,0) both eigenvalues have negative

real parts, which implies that these fixed points are stable.

4.3 Lyapunov functions

AAA

Theorem 4.2 Let f : R* — R be twice differentiable; let u be a fixed point of
f- Suppose that all the eigenvalues of D f(u) have negative real parts. Then u is

asymptotically stable.

Comment: This is a situation in which linear stability implies nonlinear stability.

Comment: Without loss of generality we may assume that u = 0, for define z(#) =

y(t) - u. Then,
Z(t) = f(z+u) = F(z2).

Zero is a fixed point of F, which is stable if and only if u is a stable fixed point of

f; furthermore,
DF(0) = Df(u).
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Proof: The idea of the proof is based on a so-called Lyapunov function. Suppose
we construct a function V : R"” — R that satisfies the following conditions:

@ V(y) >0 forall y.
@ V(y)=0iffy=0.
® The sets
He={yeR":V(y) <c}
are compact, connected and contain the origin as internal point.

@ Close enough to the fixed point, the vector field f points “inward” on the
level sets of V. That is, there exists a neighborhood U of the origin, such
that

VyeU  (DV(y),f(y))<0.

Then, solutions are “trapped” within those level sets.

Back to the proof. There exists a neighborhood U of the origin and a constant
C > 0, such that
YyeU  |f(y)-Df(0)y] <Clyl*.

Define the Lyapunov function

1
V(y) = =|y|?
() 5 Ivl

and set
g(1) = V(y(1)).

By the chain rule,

g'(1) = (1), f(3(1)) = (2), DF(0)y(2)) + (¥(2), f(y(r)) = Df(0)y(2)) .

=R(1)

Since all the eigenvalues of Df(0) have negative real part, there exists a constant
a > 0 such that

(v, Df(0)y) < —a|y|?,
1.€.,

g'(1) < -2ag(t) + R(t).
Moreover, if y(¢) € U, then

[R(O] < Iy()]- Cly(@)]* < C1g*?(1).
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In particular, there exists a constant & > 0 such that #, c U, and as long as
y(t) eV’

g'(1) < —ag(1).
If follows that if g(0) < ¢ then g(z) < ¢ for all £ > 0.
In addition,

< (e"(1)) <0,
and further,

e"'g(1) < g(0),
which implies that

fims(r) =0.

and in turn this implies that y(7) — 0, i.e., the solution is asymptotically stable. Hl

N Exercise 4.1 Show that if A is a real matrix whose eigenvalues have all nega-
tive real parts, then there exists a constant 5 > 0, such that

VxeR"  (Ay,y) < -Bly|>

‘Example: An important use of Lyapunov functions is in cases where linear stabil-
ity cannot conclusively determine the (nonlinear) stability of a fixed point. Con-

sider the following system,
/

Yi=»
I _ 2
Yo ==Y1 = &YYo

The point (0,0) is a fixed point. The linearized equation about the origin is

, (0 1
y__loy’

and the eigenvalues are +i. This means that (0,0) is a center and we have no
current way to determine its (nonlinear) stability.

Consider then the Lyapunov function

1
V(y) = E(y% +y3).
Then,

(DV(y), f(¥)) = (v1-32) (—y1 ’ iy%yz) = —&y1y3
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The origin is therefore stable for £ > 0.

Example: Consider the system

where a > 0. The origin is a fixed point, and
0 -3

The eigenvalues are ++/3i, i.e., the origin is a center. Consider the Lyapunov
function

V(y) = %(y% +3y3).
Setting g(t) = V(y(1)),
g'(1) =y1(=3y2) +3y2 [)’1 + 0/(2)’3 —Y2)] = —a(3y§ - 6)’3)-
It follows that g'(¢) < 0 as long as y3 < 1, i.e., if
8(0) <3,
then g’(r) <0 for all ¢. AAA

Theorem 4.3 Let V be a Lyapunov function, i.e., V(y) > 0 with V(y) = 0 iffy = 0;
also the level sets of V are closed. If

SV0) <0,

then the origin is asymptotically stable.

Proof: Suppose that y(¢) does not converge to zero. Since V(y(z)) is monotoni-
cally decreasing it must converge to a limit ¢ > 0. That is,

Vi>0  6<V(y(1)) <V(y).
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The set
C={y:6<V(y)<V(y)}

is closed and bounded and hence compact. Thus,

(DV(y). f(y)

must attain its maximum on C,
max(DV(y), f(v)) = ~a < 0.

Then,
%V(y(t)) = (DV(y(1)), fF(¥(1)) < -a,

and therefore
V(y(t)) <V(yo) - at,

which leads to a contradiction for large ¢. [

N Exercise 4.2 Consider the nonlinear system

X' =y
Y =—ky-g(x),

where g is continuous and satisfies xg(x) > 0 for x # 0 and k > 0. (This might
represent the equation of a mass and nonlinear spring subject to friction.) Show
that the origin is stable by using the Lyapunov function

V(x,y) = % + foxg(s)ds.

N Exercise 4.3 Consider the system

x/ - _ x3 _ yZ
Y =xy-y.
Prove that the origin is stable using the Lyapunov function

V(x,y) = —x—log(1 - x) -y -log(1 -y).
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4.4 Invariant manifolds

Q)eﬁnition 4.3 Let f : R" - R" be an autonomous vector field. This vector field
induces a flow map (72> DPNYI),

®,:R" - R"
via the trajectories of the solutions, namely
yi = @:i(yo),
if yy is the solution at time t of the differential system,
Y=f.  0)=y.

Another way to write it is

CO0)=f@0) D)=y

Definition 4.4 Let f : R* > R" be an autonomous vector field. A set S c R" is
said to be invariant if

D, (y)eS forally €S and for all t € R.

That is, a trajectory that starts in S has always been in S and remains in S. It is
said to be positively invariant (N°21°7 DRIRMMR) if

D,(y)eS forally e S and for all t > 0.
It is said to be negatively invariant (3°52 DRRMIPR) if

D,(y)eS forallyeS and forall t < 0.

‘Example: Any trajectory,

O(y) ={®;(y) : teR}

is an invariant set. Any union of trajectories,

Jow)

yeA
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is an invariant set, and conversely, any invariant set is a union of trajectories.

Any forward trajectory,
0" (y) ={®:i(y) : 120}

is a positively-invariant set, and any backward trajectory,
0" (y) = {®:(y) : 1< 0}

is a negatively-invariant set. AAA

f)(amp[e: A fixed point is an invariant set (no matter if it is stable or not). A A A

Definition 4.5 An invariant set S is said to be an invariant manifold (7¥™"
DIRPR) if “looks” locally like a smooth surface embedded in R". !

Consider again an autonomous system,

Y =f0),

and let u be a fixed point. The behavior of the solution near the fixed point is
studied by means of the linearized equation,

y' = Ay,
where A = Df(u). The solution of the linearized system is
¥(1) = ey,
i.e., the flow map of the linearized system is given by the linear map
O, = .
As we know from linear algebra, we may decompose R" as follows:
R'=E;®E,®E,,

where
E, =Span{ey,...,es}

IThis is of course a non-rigorous definition; for a rigorous definition you need to take a course
in differential geometry.
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is the span of (generalized) eigenvectors corresponding to eigenvalues with nega-
tive real part,

E, = Span{eﬁl’ s es+u}

is the span of (generalized) eigenvectors corresponding to eigenvalues with posi-
tive real part, and

E.= Span{eHqula s e.&'+u+c}

is the span of (generalized) eigenvectors corresponding to eigenvalues with zero
real part.

These three linear subspaces are examples of invariant manifolds (of the linearized
system!). The characterization of the stable manifold E, is that

lim ®,(y)=0 Vy € E,.
The characterization of the unstable manifold E,, is that

tlizn D,(y)=0 VyeE,.

Example: Let n =3 and suppose that A has three distinct real eigenvalues,
A1, <0 and A3 > 0.

Let ey, e5, e3 be the corresponding normalized eigenvectors. Then,

-1

o N[ A4 0 O0\/[ e -
A= ey é é3 0 /12 0 v € v ETAT_I.
- 0 0 AH/\ e -
As we know,
e 0 0
y(t)=eYyo=T| 0 et 0 |T 'y
0 0 et

In this case
E, = Span{e;, e, } and E, = Span{e3}

are invariant manifolds. The geometry of the trajectories is depicted in the follow-
ing figure:
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Example: Suppose now that
Aip=p+iw and A3>0,
where p < 0. Then, the corresponding eigenvectors are complex, however
Aler+e) = (p+iw)er + (p—iw)ey =p(e; +er) +iw(e —er)
Ale;—e) = (p+iw)e; — (p—iw)e; = p(e) — ez) +iw(e + e3),

or,

e+ e e +ep ey — e

A =p -w -

V2 V2 V2i

ey — 6 ey — e e+ e
A =

NN RN

Thus, there exists a transformation of variables A = TAT !, in which

p —-w 0
A=|lw p O
0 0 43

The solution to this system is

eP'coswt —efsinwt 0
y(t)=T| e'sinwt e coswt 0 |Ty,.
0 0 et
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Here again there is a two-dimensional stable subspace and a one-dimensional un-
stable subspace.

SHOW FIGURE. AAA

Example: Consider now the case where 4; < 0 is an eigenvalue of multiplicity
two and A3 > 0. Then, A = TAT ! with

A4 10
A=10 4 O],
0 0 A

and the solution is
e/llt te/l]l ()

y(t)=T| 0 et 0 |T7ly,.
0 0 e¥
In this transformed system E; = Span{ej,e,} and E, = Span{e;}. This is a defi-
cient system, hence has only one direction “entering” the fixed point.

SHOW FIGURE.

N Exercise 4.4 Consider the following differential systems:

@y = g E)y A<0,u>0.
@ y' = (/)l g)y A<0,u<0.
® y'= :}) _/({))y A1<0,w>0.
@ y = 8 gy A<0.

® y' = 8 gy A>0.

® y' = 8 8y.

In each case calculate all the trajectories and illustrate them on the plane. Describe
the stable and unstable manifolds of the origin.
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N Exercise 4.5 Consider the nonlinear systems:

y’l =0
Yy ==0ys — y1 — y3

® Yi=-y+y;
Yy =Y+

Find all the fixed points and determine their linear stability. Can you infer from
this analysis the nonlinear stability?

The question is what happens in the nonlinear case. How does the structure of the
linearized equation affect the properties of the solutions in the vicinity of the fixed
point?

Theorem 4.4 Suppose that the vector field f is k-times differentiable and let the
origin be a fixed point. Then there exists a neighborhood of the origin in which
there are C*-invariant manifold,

WS, W*  and W€,

that intersect at the origin are are tangent at the origin to the invariant manifolds
of the linearized invariant manifolds. Moreover, the nonlinear stable and unstable
manifolds retain the asymptotic properties of the linearized manifolds, namely,

VyeW?* tlim @,(y) =0,

and
VyeW" Jim D,(y) =0,

Proof: Not in this course. |

‘Example: Consider again the Duffing oscillator,

X' =y
3

Yy =x-x —0dy.
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The linearized vector field is

with eigenvalues
1
Adis = §<:l:\/52+4—(5>.
The corresponding (linear) stable and unstable manifolds are
y=Aiax.

The origin is a saddle, i.e., it has a one-dimensional stable manifold and a one
dimensional unstable manifold.

v

‘Example: Consider the following artificial system,

X' =x

y = —y+x°.

The origin is a fixed point and the linearized system is

(-6 5)6)

i.e., E; = Span{e,} and E, = Span{e,} are the stable and unstable manifolds of
origin in the linearized system.
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In this case we can actually compute the stable and unstable manifolds of the
origin in the nonlinear system. We look for trajectories y(x). These satisfy the
differential equation,

V(x) = i oy, .

xX(1)  x

This is a linear system whose solution is

For C = 0, we get a one-dimensional manifold which is invariant (since it is a
trajectory) and tangent to the unstable manifold of the linearized system. The
stable manifold of the nonlinear system is the y-axis, x = 0.

A

4.5 Periodic solutions

Definition 4.6 A solution through a point y is said to be periodic with period
T>0if

®,(y) =y.

We will now concentrate on periodic solutions of autonomous systems in the
plane.
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Theorem 4.5 (Bendixon's criterion) Consider the planar system,

Y =f0)
where f is at least C'. If in a simply connected domain D

. ofi Of
divf=—+_-—
/ dyy Oy

is not identically zero and does not change sign, then there are no closed orbits
lying entirely in D.

Proof: Suppose there was a closed orbit I that encloses a domain S c D. By

Green’s theorem,
[[divfdy _ f(f,n)df -0,
s r

where 7 is the unit normal to T, and (f,n) = 0 because f is tangent to . If, as
assumed div f is neither identically zero nor changes sign, then this is impossible.

‘Example: For the Duffing oscillator,
div f = -6,

hence this system cannot have any closed orbit. AAA

4.6 Index theory

In this section we are concerned with autonomous differential systems in the
plane:

xX'= f(xy)

Y =g(xy).
Let I' be a closed curve in the plane. If the curve does not intersect a fixed point,
then at any point along the curve the vector field makes an angle ¢ with the x axis,

-1 g(x,y)

#(x,y) = tan o)’
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When we complete a cycle along I' the angle ¢ must have changed by a multiple
of 2. We define the index of the curve by

i(T) = % fy do.

It turns out that the index of a curve satisfies the following properties:

@ The index of a curve does not change when it is deformed continuously, as
long as it does not pass through a fixed point.

The index of a curve that encloses a single sink, source, or center is 1.
The index of a periodic orbit is 1.

The index of a saddle is —1.

The index of a curve that does not enclose any fixed point is zero.

® @ ® 0 0

The index of a curve is equal to the sum of the indexes of the fixed points
that it encloses.

Sink Source
Saddle

é Periodic

Cara[[ary 4.1 Every periodic trajectory encloses at least one fixed point. If it
encloses a single fixed point then it is either a sink, a source, or a center. If all
the enclosed fixed points are hyperbolic, then there must be 2n + 1 of those with n
saddles and n + 1 sources/sinks/centers.
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Example: According to index theory, possible limit cycles in the Duffing oscilla-
tor are as follows:

Dax Yc'c 0
Fosnbie

4.7 Asymptotic limits

We are back to autonomous systems in R”; we denote by @, : R” — R” the flow
map. The trajectory through a point y is the set:

O(y) ={®,(y) : teR}

We also have the positive and negative trajectories:

O (y) ={®:(y): 120}
O (y) ={®:(y) : 1 <0}.

Definition 4.7 Let y € R". A point § belongs to the w-limit of y,

yew(y),

if there exists a sequence t, — oo such that

,}Lr{.lq)tn(y) :5}'
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It belongs to the a-limit y,
yea(y),

if there exists a sequence t, — —oo such that
}LIEZJ q)tn (y) = 5)'
Thus the w-set (TR N¥13P) w(y) denotes the collection of all “future partial

limits” of trajectories that start at y, and a(y) denotes the collection of all “past
partial limits” of trajectories that pass through y.

Example: Let u be a fixed point and let y belong to the stable manifold of u. Then,

w(y) = {u}.
If z belongs to the unstable manifold of «, then
@(z) = {u}.
AAA
Example: Let y : R — R” be a periodic solution. Then for every #,
w(y(t)) = a(y(t0)) = O(y(10)).
AAA

4.8 The Poincaré-Bendixon theorem

We consider again two-dimensional systems,

y' = f(y).

As before we denote the flow function by @,(x,y).

Proposition 4.1 Let M be a compact positively invariant set (i.e., trajectories
that start in M remain in M at all future times). Let p € M. Then,
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@ w(p) + 2.
@ w(p) is closed.
® w(p) is invariant, i.e., it is a union of trajectories.

@ w(p) is connected.

Proof:

@ Take any sequence #, - oo. Since @, (p) € M and M is compact this
sequence has a converging subsequence,

kIEEO (Dtnk (p)=qeM.

By definition g € w(p), which is therefore non-empty.

@ Let g ¢ w(p). By the definition of the w-set, there exists a neighborhood U
of g and a time T > O such that

O,(p)¢U Vi>T.
Since U is open, every point z € U has a neighborhood V c U, and
O,(p) ¢V Vi> T,
which implies that z ¢ w(p), i.e.,
(w(p))® is open,

hence w(p) is closed.
® Let g € w(p). By definition, there exists a sequence #, - oo, suchthat

}lelo q)tn (p) = q’
Let 7 € R be arbitrary. Then,
lim @, (p) = lim @, (®,,(p)) = 0 (lim @, (p)) = De(g),

which proves that ®,(q) € w(p) for all T € R, and hence w(p) is invariant.
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@ Suppose by contradiction that w(p) was not connected. Then there exist
disjoint open sets Vi, V, such that

w(p)cViuV, wp)nVi+#g and w(p)nV,+@.

It follows that the trajectory O(p) must pass from V; to V, and back in-
finitely often. Consider a compact set K that encloses V; and not intersect
V,. The trajectory must pass infinitely often in the compact set K\ V, hence
must have there an accumulation point, in contradiction to w(p) being con-
tained in V; U V,.

Q)eﬁniti(m 4.8 Let X be a continuous and connected arc in R? (i.e., a map I —
R2). It is called transversal to the flow field f neither vanishes on X nor is tangent
to X, namely,

&' (1), fE@) = [Z O] [ E@)]-
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Lemma 4.1 Let M c R? be a positively invariant set and let ¥ be a transversal
arc in M. Then for every p € M, the positive trajectory O*(p) intersects
monotonically, that is, if p; = X(s;) is the i-th intersection of O*(p) and X, then
the sequence s; is monotonic.

Comment: The lemma does not say that O*(p) must intersect X at all, or that it
has to intersect it more than once.

Proof: Proof by sketch:

Corollary 4.2 Let M c R? be a positively invariant set and let T be a transversal
arc in M. Then for every p € M, w(p) intersects X at at most one point,

#HEnw(p)| < 1.

Proof: The existence of two intersection points would violate the previous lemma,
for suppose that

Pi1,P2 € Zﬂ(,l)(p)
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Then, O*(p) would intersect X at infinitely many points in disjoint neighborhoods
of p; and p;.

Note that this point is somewhat subtle. If p; € £ nw(p) we are guaranteed that
the trajectory will visit infinitely often any neighborhood of p;, but does it mean
that it has to intersect X each time? Yes. Take any neighborhood U of p; and
consider

UnZ,

which is an open neighborhood of p; in X. By transversality,
{d(UNnX):-e<t<e}

is an open neighborhood of p; in R?. Any trajectory visiting this neighborhood
intersects U N X. [

Proposition 4.2 Let M be a positively invariant set and let p € M. If w(p) does
not contain any fixed point, then w(p) is a periodic trajectory.

Proof: Let g € w(p) and let x € w(q) (we know that both are non-empty sets).
Since O(g) c w(p) (an w-limit set is invariant) and w(p) is closed, then

w(q) c w(p).

It follows that w(q) does not contain fixed points, i.e., x is not a fixed point.

Since x is not a fixed point, we can trace through it a transversal arc X. The
trajectory O*(g) will intersect X monotonically at points g, — x, but since ¢, €
w(p), then all the g, must coincide with x. It follows that O(g) intersects x more
than once, hence it is periodic.

It remains to show that O(q) coincides with w(p). Let £ now be a transversal
arc at g. We claim that O(q) has a neighborhood in which there are no other
points that belong to w(p), for if every neighborhood of O(q) contained points in
rew(p), O(r) c w(p), and there would be such an r for which O(r) intersects X.

Since w(p) is connected, it follows that w(p) = O(q).
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are no pointin

Definition 4.9 A heteroclinic orbit is a trajectory that connects two fixed points,
i.e., a trajectory O(y), such that

2(0(y)) ={pi}  and  w(O(y)) ={p2},

where py and p, are fixed points. If p1 = p, (a saddle), then it is called a homo-
clinic orbit.

Proposition 4.3 Let M be a positively invariant set. Let p,, p, be fixed points
and

P1p2€w(p)

for some p € M. Since w(p) is connected and invariant (a union of trajectories).
There exists a heteroclinic orbit that connects p, and p, (or vice versa). There
exists at most one trajectory, y ¢ w(p), such that

{p1} =a(y) and {p2} = w(y).

Proof': Proof by sketch:
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\

Proposition 4.4 (Poincaré-Bendixon) Let M be a positively invariant set that
contains a finite number of fixed points. Let p € M. Then, one and only one of the
following occurs:

@ w(p) is a single fixed point.
@ w(p) is a limit cycle.

® w(p) is a union of fixed points p; and heteroclinic orbits y; that connect
them.

Proof: If w(p) contains only fixed points then it only contains one due to con-
nectedness.

If w(p) does not contain any fixed point then it is a limit cycle (we proved it).

Remains the case where w(p) contains fixed points and points that are not fixed
points; let ¢ € w(p) and consider the set w(g). We will show that it contains a
single fixed point, hence ¢ is on a trajectory that converges asymptotically to a
fixed point in w(p). Similarly, @(g) contains a single fixed point, so that g lies, as
claimed, on a trajectory that connects between two fixed points in w(p).
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So let x € w(q). Suppose that x was not a fixed point, then we would trace a
transversal arc X through r. The trajectory O(qg) must intersect this arc infinitely
often, but since O(q) € w(p), it must intersect X at a single point, which implies
that O(q) is a periodic orbit, but this is impossible because w(p) is connected. It
follows that w(g) contains only fixed points, but then we know that it can only
contain a single fixed point.



