3.1 Basic definitions

Definition 3.1 An (infinite) sequence is a function from the naturals to the real
numbers. That is, it is an assignment of a real number to every natural number.

Comment 3.1 This is the first time we meet the notion of a function, which will
be the central concept of the next chapter. As for now, we take this (very nontrivial)
notion as evident.

Notation: Sequences, like any other functions, are labeled by letters. We may refer,
for example, to the sequence a. The value that a returns for, say, the input 3 is
denoted by as, rather than a(3). More generally, we denote by a,, the value that the
function a returns for the input n. The subscript 7 in a, is called the index (OpTIR)
of that element.

But sequences are very special functions as their domain of definition (777727 @1I0)
is an inductive set. Thus, we can refer to the first element and to a successor or a
predecessor of a certain element.

A more common notation for the sequence a is as follows,

(an)y21-

Note, however, that the index 7 in this notation is a dummy variable (P70 7OwD).
We could have as well written

()i -

When there is no risk of confusion, we will denote the sequence simply by (a,)
(which should not be confused with its n-th element a,,).

Sequences can be defined in various ways. The most common way of defining a
function is by providing a formula for the n-th element of that sequence (i.e., a
rule for calculating a, given n). Another way of defining a function is based on the
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inductive property of N: the first element is specified along with the formula for
calculating a,+| given a, (or, more generally, given ay,as,...,a,). Such a definition
is called recursive.

= Examples 3.1

(a) The constant sequence: a, = 5.

(b) The sequence of naturals: a, =n.

(c) An alternating sequence: b, = (—1)".

(d) The harmonic sequence: ¢, = 1/n.

(e) The sequence of primes (d,) = (2,3,5,7,11,...). Note that we do not have
an explicit formula for d,,.

(f) The sequence of digits of 7: (e,) = (3,1,4,1,5,9,...).

(g) The Fibonacci sequence: fi =1, fo =1, fue1 = fu+ fu-1.

Comment 3.2 It is very common to refer, say, to the harmonic sequence as “the
sequence 1/n". While very intuitive, this way of reference is problematic. How does
it differ, for example, from the sequence 1/k or the sequence 1/m? On the other
hand, the notation

(1/n),24

is unambiguous (here 7 is again a dummy variable).

[ee]
n=

Comment 3.3 We have to distinguish a sequence (aj)
that the sequence assumes,

| from the set of values
{a, : neN}.
For the example, if
(an)y2, =(0,1,0,0,1,1,0,0,0,1,1,1,...),
then the set of values it assumes is
{ay, : neN}={0,1}.

In a set, every element appears once and there is no order among elements.

3.2 Limits of sequences

Consider the harmonic sequence,
a, =1/n.

Its elements are positive and decreasing (every element is smaller than its successor).
While no element equals zero, we understand on an intuitive level that “the sequence
tends toward zero". In this section we will define formally what it means for a
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sequence to tend to some real number (there is nothing special about tending to
Zero).
Let’s start to construct a definition to the statement “the sequence (aj,) tends to the
real number a". Very informally, we would say that this means that “when n is very
large, a, is very close to a". This is, of course, not a mathematical statement. What
does “n very large" mean? And what does “very close to a" mean?
Let’s start by making the “very close to a" clause more rigorous. How can we
measure a distance from o? The distance of a number x from « is the absolute value
|x— ot|. When we say that the distance of x from « is less than some r > 0, we mean
that

x—of <r

Definition 3.2 Given o € R and r > 0, we define the open ball (TN 7172) of
radius r about o by

B(a,r)={xeR : |x—a|<r}.

The term “ball" is natural when we think about the same definition in three-
dimensional space.

Equipped with this new definition, we will try to refine our definition of a sequence
tending to a number. (a,) tends to « if for every r > 0 and sufficiently large n,
ay € B(a,r). This is still not good enough. What do we mean now by sufficiently
large n? Think of the harmonic sequence: no matter how small r is, from some n
onwards, all the elements of the sequence are in B (0,r).

This observation motivates the following definition:

Definition 3.3 Let P, be a sequence of logical propositions, which can be either
True or False. We say that the propositions hold for sufficiently large n, if there
exists an index N € N such that for all n > N, P, = True. In formal notation,

(3N €N)(Vn > N)(P, = True).

With that we can finally define what it means for a sequence to tend to a number:

Definition 3.4 A sequence (a,) converges (no1onn) to a € R if for every € > 0,
the elements of the sequence are in B (¢, €) for sufficiently large n. Formally,

(Ve>0)(INeN)(Vn>N)(a, € B(o,€)),

(Ve>0)(INeN)(Vn>N)(Jla, - al< €).

We call the real number o a limit (5123) of the sequence, and denote the fact that
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o is a limit of the sequence (a,) by

lim a, = o.
n—oo
Other popular notation are
n— oo
ap = o or a, — Q.

Comment 3.4 Note the a limit rather than the limit. We don’t yet know that a limit
of a sequence, if it exists, is unique.

Definition 3.5 A sequence is called convergent (N2120n) if it has a limit; other-
wise it is called divergent (D77201).

= Example 3.1 The simplest example to start with is the constant sequence
a,=a.

It seems obvious that this sequence tends to . We have to be careful, and make
sure that « is the limit according to the definition.

That is, we have to prove that
(Ve>0)(INeN)(Vn>N)(Ja, - a| < €).
Substituting the value of a,, we have to prove that

(Ve>0)(INeN)(Vn>N)(|a-a|<e).
0

This is trivially true. Given any € >0 we may take N = 1. Indeed, for every n > N,
la,—a|=0<e. .

= Example 3.2 Consider next the harmonic sequence a, = 1/n. We want to show
that
lim a, =0,

n—>o00

namely that
(Ve>0)(INeN)(Vn>N)(1/n<e).

Take for example € = 0.01. All the elements a, of the sequence are in B(0,0.01)
from n = 101. More generally, let € >0 be given. Take N = [1/g]. Then, for all

n>N,
1 1 1

= <—= <Eg,
an=01= 2 <N " Tie
which completes the proof. .
= Example 3.3 Leta, =vVn+1-+/n, or

(an) = (V2-V1,V3-V2,V/4-/3,...).
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If you evaluate the elements of this sequence you’ll quickly guess that
lim a, =0.

n—o0o

The question is whether we can prove that
(Ve>0)(AINeN)(Va>N)(Vn+1-+/n<g)?

We will use the following algebraic trick,

_ (Vn+1=y/n)(Vn+1++/n) _ 1 . 1
! Vnil+n Vnrl+yn 2yn

In order to have |a, - 0| < € we can take 7 to be greater than (1/2€)2. Therefore,
given € > 0, we take
1 2
N- [(_) } |
2e

128 _
2/n 2

which completes the proof. .

Then forall n > N,

la,—0| < £,

= Example 3.4 Consider next the sequence
_ 33+ +1
4n3-8n+63
Start with intuition. As n becomes very large, the numerator is dominated by the

3n3 term, whereas the denominator is dominated by the 4n° term. It makes sense to
guess that as n becomes larger and larger, the sequence approaches a constant,

Ay

lim 3
ay = —.
"y

n—o0o

To prove it we need to show that
(Ve>0)(INeN)(Vn>N)(la,-3/4| < €).
This requires some work. Consider the difference,

3 43n*+7n?+1)-3(4n’ -8n+63)

4 4(4n3 - 8n+63)
28n* - 24n- 185 28n? Tn
4(4n3-8n+63) 16n3-32n Tn2-8

Ay

For n >3, n? > 8, which implies that 7n* -8 > 612, hence for all n > 3,

n _ 7
6n2 6n

3‘<
a__
g
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We can now close the proof. Given € > 0, let
N =max(3,6€/7).

Then, for every n> N,

= Example 3.5 Let o € R. We will show that there exists a sequence (r,) of rational
numbers that converges to a. The idea is very simple. For every n consider the
open ball B(o,1/n). By the density of the rationals, there exists a rational number
rn € B(at,1/n). Pick one. This constructs a sequence (which we don’t care to know
explicitly).

This sequence converges to o, because given € >0, let N = [1/€]. Then, for every
n>N,

rmeB(a,1/n)cB(a,¢).

3.3 Uniqueness of the limit

A converging sequence has a limit. The question is whether it is possible to converge
to two different limits. We will show that the limit is unique, thus justifying the
reference to the limit of a converging sequence. The rationale behind the proof
is very simple. If a sequence (a,) converges to a, then for any (small) interval
around ¢, the sequence must eventually be within this interval. If the sequence also
converges to f3, then for any (small) interval around 3, the sequence must eventually
be within this interval. We can take those intervals sufficiently small so that they are
disjoint (2*77), leading to a contradiction.

Let’s proceed step by step:

Lemma 3.1 Let o, €R, o # . Then there exists an € > 0 such that B(«, €)
and B(,¢€) are disjoint.

Proof. Suppose, without loss of generality (a notion we have to discuss), that @ < 3.
Let € = (B —o)/2. Then,

B(a,e)=(3a-1B,3(a+p))

and
B(ﬁvg) = (%(CZ-FB),%B—%G),

and these two open segments are indeed disjoint. [
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Lemma 3.2 Let P, and Q, be two sequences of propositions (assuming values
True and False). If P, holds for large enough n and Q,, holds for large enough n,
then P, A O, holds for large enough n.

Proof. 1t is given that
(3N1 )(Vl’l > N; )(Pn = True),

and
(IN2)(Vn>N,)(Qyp = True).

Let N = max(Ny,N;). Then, for all n> N, both n > Ny and n > N,, hence
P, =True and 0,, = True.

Theorem 3.3 — Uniqueness of the limit. Let (a,) be a convergent sequence. If
o € R and B € R are limits of (aj,), then o = 3.

Proof. Assume, by contradiction that o # . By Lemma 3.1 there exists an € >0
such that
B(a,e)nB(B,e) =2.

By the definition of the limit, a, € B(a, €) for large enough n and a,, € B(3,€) for
large enough n. It follows from Lemma 3.2 that a,, € B(a,€) nB(f3,¢) for large
enough n, which is impossible. [

We conclude this section by discussing divergent sequences. A sequence is diver-
gent if it does not have a limit. In other words,

YaeR aisnotalimitof (a,).

This requires some elaboration. Since
o is alimit of (a,) <= (Ve>0)(INeN)(Vn>N)(la,— o <€),
it follows that
o is a not limit of (a,) < (€ >0)(VNeN)(In>N)(|a,— o > €).
Thus,
(ay) is divergent < (Va eR)(3e>0)(VN eN)(In>N)(|a,—a|>€).

= Example 3.6 Consider the sequence of natural, a,, = n. This sequence is divergent,
for let o € R. Take € = 1. For all N € N, there exists an n > N such that

a,—o>1.
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= Example 3.7 Consider the alternating sequence a, = (—1)". We first claim that 1
is not a limit is this sequence, take € = 2. For every N € N there exists an n > N, such
that a, = (1), i.e.,

la,—1]>2 or  a,¢B(2,1).
We next claim that no a # 1 can be a limit of (a,), for let € > 0 be such that
B(a,e)nB(l,e)=02.

For every N €N there exists an n > N such that a,, = 1, namely, a, ¢ B(o, €). .

3.4 Bounds and order
Definition 3.6 A sequence (a,) is said to be upper bounded (>¥5n 10M) if
there exists an M € R such that
(VneN)(a, <M).
If is said to be lower bounded (¥75» ™M) if there exists an m € R such that
(VneN)(m<ay).
It is said to be bounded if it is both upper bounded and lower bounded.

Comment 3.5 The sequence (aj) is upper (resp. lower) bounded if and only if the
set of values it assumes,
{a, : neN}

is upper (resp. lower) bounded. The property of being bounded does not “see" the
order within the sequence.

= Example 3.8

1. The sequence of naturals, a, = n, is lower bounded by not upper bounded.
2. The harmonic sequence is bounded.
3. The sequence a, = (—1)"n is neither upper nor lower bounded.

Theorem 3.4 A convergent sequence is bounded.

Proof. Let (a,) be a sequence that converges to a limit a. We need to show that
there exist L, L, such that

By definition, setting € =1,

(3N e N) (V> N)(an € B(a,1)),
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or,
(ANeN)(Vn>N)(a-1<a,<a+1).

Since
{an:1<n<N}

is a finite set, there exist

M =max{a,:1<n<N}

m=min{a,:1<n<N}.

Then for all n,
min(m,o—1) <a, <max(M,o+1).

Proposition 3.5 Suppose that (a,) and (b,) are convergent sequences,

lim a, = o and lim b, = 3.

n—oo n—oo

Suppose that o > 3. Then there exists an N € N, such that
b, >a, for all n>N,

i.e., the sequence (b,) is eventually greater (term-by-term) than the sequence

(an).

Proof. By Lemma 3.1, there exists an € > 0 such that
A=B(a,¢) and B=B(B,¢)

are disjoint. In fact, every element in A is smaller than every element in B. By
Lemma 3.2 there exists an N € N such that for all n > N, a,, € A and b,, € B, which
implies that a,, < b,,. [ |

Corollary 3.6 Let a, B € R with o < B. Let (a,) be a convergent sequence with
limit . Then, a, < B for large enough n.

Proof. Apply the previous proposition with the constant sequence b,, = 3. [

Proposition 3.7 Suppose that (a,) and (b,) are convergent sequences,

lim a, = o and lim b, = 3,
n—oo

n—oo

and there exists an N € N, such that a,, < b, for all n > N. Then o < 3.
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Proof. This is an immediate corollary of the previous proposition (reverse implica-
tion of the negations). ]

Comment 3.6 If instead, a, < b, for all n > N, then we still only have o < 3. Take
for example the sequences a, = 1/n and b, = 2/n. Even though a, < b, for all n, both
converge to the same limit.

Theorem 3.8 — Sandwich. Suppose that (a,) and (b,) are sequences that
converge to the same limit . Let (c,) be a sequence for which there exists an
N €N such that

a,<c,<b, for all n>N.

Then
lim ¢, =¢.

n—>oo

Proof. By the given assumptions and Lemma 3.2,
(Ve>0)(INeN)(Vn>N)(-e<a,—¢ and b,—f<e and a,<c,<by,).
Since,

-e<a,-¢ and b,-f<e and a,<c,<b, =— -€<c,—l<E€

It follows that
(Ve>0)(INeN)(Yn>N)(|cn—¢| < €).

» Example 3.9 Since for all n,
1<\/1+1/n<\/1+2/n+1/n2=1+1/n,

it follows that
lim \/1+1/n=1.
n—o0o

3.5 Limit arithmetic

Suppose we have two sequences (a,) and (b,). We can form new sequences, such
as (c,) given by

Cp =y +by,
a (d,) given by
d, = a,b,.
If the elements of b, are non-zero, then we can also form a sequence (e, ), given by
1
ey = b_n

Suppose that (a,) and (b,) are both convergent sequences with limits & and . Can
we infer the convergence and limits of the sequences (a, +b,), (a,b,) and (1/b,)?
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Lemma 3.9 Let (a,) be a sequence. Then the following statements are equiva-
lent:

1. (a,) converges to .
2. (a,— ) converges to zero.
3. (Ja, — a|) converges to zero.

Proof. Since
|an—af = [(an— &) = 0] = [|a, - | - 0],

it follows that

(Ve>0)(INeN)(Vn>N)(|a,— a| <€)
(Ve>0)(INeN)(Vn>N)(|(a,-a)-0| <€)
(Ve>0)(INeN)(Vn>N)(|la,— a|-0| <€)

are equivalent statements. ]

Proposition 3.10 If (a,) converge to ¢, then (|a,|) converges to |ot].

Proof. From the reverse triangle inequality,
0 < lan| -lall <lan—af.
Since (|a, — a) converges to zero, we can invoke the sandwich theorem. ]

Comment 3.7 Note that the converse is not true. Set a, = (—=1)", then (|a,|)
converges to 1, but (a,) is divergent.

Lemma 3.11 IfxeB(a,r) and ye B(B,r) then x+ye B(o+3,2r). ‘

Proof. This is immediate. We know that

d—r<x<o+r
B-r<y<B+r

It only remain to “add" the two inequalities. [

Theorem 3.12 — Limits of sums of sequences. Let (a,) and (b,) be conver-
gent sequences. Then the sequence ¢, = a, + b,, is also convergent, and

lim ¢, = lim a, + lim b,.

n—-oo n— o0 n—-oo
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Proof. Denote the limits of (a,) and (b,) by o and . Let € > 0 be given. From the
definition of the limit and Lemma 3.2,

a,€B(a,e/2) and b,eB(B,€/2)
for n large enough. Invoking Lemma 3.11, we obtain that
chneB(a+p,e)
for n large enough, which implies that
nlir})lo ch=a+p.
]

Comment 3.8 Note that the converse is not true. (a, +b,) may be convergent,
whereas (a,) and (b,) are not.

Comment 3.9 The theorem about the limit of a sum of two sequences can be
readily extended to any finite sum of sequences.

Comment 3.10 By a similar argument we may show that
lim (a, - b,) = lim a, - lim b,
n—oo n—oo n—oo

provided that the right-hand side exists.

Lemma 3.13 Let € >0and let o, € R. If

xeB(a,min(l,z(ng)) and yeB(ﬁ,min(l,m)),

then
xyeB(aB,e).

Proof. Start with
xy—af = (x-a)y+o(y-B).
Using the triangle inequality,
ey - oB| < [x = er|ly| + [exl[y - BI.
Since |y| < |B|+ 1. |x—a| < €/2(|B]+1) and |y - B| < €/2(|ct| + 1), it follows that

E E
2081+ 1) ¥ 3gay <&

which concludes the proof. ]

by —af[ < (|B]+1)
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Theorem 3.14 — Limits of products of sequences. Let (a,) and (b,) be con-
vergent sequences. Then the sequence ¢, = a,b,, is also convergent, and

lim ¢, = lim a, - lim b,,.

n—>oo n—oo n—>oo

Proof. Denote the limits of (a,) and (b,) by o and . Let € > 0 be given. From the
definition of the limit and Lemma 3.2,

aneB(a,min(l,z(”}sW)) and bneB(ﬁ,min(l,z(ka))
for n large enough. Invoking Lemma 3.13, we obtain that
cneB(ap,e)
for n large enough, which implies that
lim ¢, = af.

n—>oo

Corollary 3.15 Let (a,) be a convergence sequence and let b € R. Then, the
sequence (bay) is convergent with

lim (bay,) = b lim a,.
n—00 n—o0o

Proof. Apply Theorem 3.14 with the constant sequence b,, = b. [

In remains to prove a sequence arithmetic theorem regarding the ratio of sequences.

Lemma 3.16 Let 3 +0 and
yeB(ﬁ,min(@,%)).

Then, y # 0 and

! € B( | 8)
y \B )
Proof. 1t is given that
|B]
-Bl<—=.
y-Bl<=
Since y = B — (B —y), it follows from the triangle inequality that

B

|y|2|l3|—|l3—y|>7,
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which proves that y # 0. Then,

‘1_1 1Bl IBPe2
vy B|” bIBl “iBI21B1 "¢

which concludes the proof. [

Theorem 3.17 Let (b,) be a convergent sequence whose limit is not zero. Then,
the sequence ¢, = 1/b, is well-defined for n large enough. Furthermore, it is
convergent, and

. 1
lim ¢, = ——.
n—00 lim;,_, o0 by,

Proof. Denote the limit of b, by . Let € > 0 be given. From the definition of the
limit ,
by, eB(B,min(@, %))
for n large enough. It follows from Lemma 3.16 that b,, # 0 and
1
ch,€B E, £

for n large enough, which concludes the proof. ]

Corollary 3.18 Let (a,) be a convergent sequence, and let (b, ) be a convergent
sequence whose limit is not zero. Then, the sequence ¢, = a, /b, is well-defined
for n large enough. Furthermore, it is convergent, and

s Example 3.10 Use limit arithmetic to calculate the limit of

n+6n*-6

e s+ 10

Theorem 3.19 Let (a,) be a bounded sequence and let (b,) be a sequence that
converges to zero. Then
lim a,b, =0.

n—oo

Proof. Let M be a bound for (a, ), namely,

(Vn e N) (a| < M).
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Since (b,) converges to zero,
(Ve>0)(INeN)(Vn>N) (|b,,] < 1\%) .
Thus,

(Ve > 0)(3N € N) (V> N) (|anbn| < Mlby| < £),

which implies that the sequence (a,b,) converges to zero.

= Example 3.11 The sequence
sinn
ap=——
n

converges to zero.

3.6 Convergence of means

Let (a,) be a sequence. We define a new sequence (s,) as follows,
S1=a;
S§7 = %(al +612)
§3 = %(a1 +a2+a3)

etc.

For the general term,

Theorem 3.20 — Cezaro. If (a,) is convergent, then so is (s,) and

lim s, = lim a,.

n—oo n—oo

Proof. Denote by a the limit of (a,). Note that

1 n
Sp— 0=~ Z(ak—oc),
M=o
and by the triangle inequality,
1 n
s, —a| < ;Z|ak—a|.

k=0

Recall that a convergent sequence is bounded, let M be a bound for {a,
By the triangle inequality, for all n e N,

la, — o] < |ay|+|ot| <M +]af.

: neN}.
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Given € > 0, there exists an N € N, such that for every n > N,
€
\an - OC] < 5
Then, for every n> N,

1Y 1 &
|sn—a|§—2|ak—a|+— Z lax — o]

2o I k=N+1

n-N¢g¢

2

N
<—(M+|a])+
n

N
<Y (Mrlaf)+ L.
n 2

Let
)
N =max|N,———|.
2N(M +|ct|)
Then for every n> N’,
E €&
|sp—ot|<=+==¢.
2 2

3.7 Generalized limits

A sequence is divergent if it does not have a limit. There are two types of divergent
sequences: some “‘just don’t have a limit", whereas other “grow indefinitely without
bounds", or “decrease indefinitely without bounds".

Definition 3.7 Let (a,) be a sequence. We say that it tends to infinity (NBRW
qorRd) if
(YMeR)(INeN)(Vn>N)(a,>M).

‘We write
lim a,, = cc.

n—oo
Comment 3.11 Recall that infinity is not a real number.

Likewise:

Definition 3.8 Let (a,) be a sequence. We say that it tends to minus infinity if
(VM eR)(INeN)(Vn>N)(a,<M).

We write
lim a, = —o0.
n—oo
Comment 3.12 If a sequence tends to plus or minus infinity we say that it con-
verges in a wide sense (21711 12m2). A sequence that tends to plus or minus infinity
is still divergent.
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We now start to investigate properties of sequences that converge in a wide sense.

Proposition 3.21 A sequence that tends to infinity is not bounded from above.
Similarly, a sequence that tends to minus infinity is not bounded from below.

Proof. If (a,) is bounded from above,
(IM eR)(VneN)(a, <M).

It is then not true that
(VM eR)(3neN)(a, >M).

A fortiori, it is not true that

(VM eR) (3N e N)(Vn > N)(a, > M).

]
Proposition 3.22 Let (a,) and (b,) be sequences satisfying
a, <b,

for sufficiently large n. If

lim a, = oo,

n—>oo
then

lim b, = co.

n—oo

Proof. Let M >0 be given. By definition, and using Lemma 3.2, there exists an
N €N, such that for all n > N,

a,>M and a, <b,.

If follows that for all n > N,
b,>M,

which concludes the proof. |

Proposition 3.23 Let (a,) be a sequence of non-zero elements, satisfying

lim a, =0.
n—oo
Then i
lim — = .

n—o0o |an|
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Proof. By definition,
(VM >0)(INeN)(Vn>N)(0< |a,| < 1/M),

hence
(VM >0)(IN eN)(Vn>N)(1/|a,| > M),

which concludes the proof. [

Comment 3.13 Note that
lim a, =0.

n—>oo

does not implies that (1/a,) converges a wide sense.

Proposition 3.24 Let (a,) be a sequence satisfying
lim |a,| = co.
n—o0

Then

lim — =0.
n—oo (,

Proof. By definition,
(Ve>0)(INeN)(Vn>N)(|an| > 1/€),

hence
(Ve>0)(INeN)(Vn>N)(0< 1/|a,| <€),

which concludes the proof. [

3.8 Monotone sequences

Definition 3.9 A sequence a is called increasing (n'aw) if a,41 > a,, for all n. It
is called strictly increasing (Wnn o) if 4,41 > a, for all n. We define similarly
decreasing (N777) and strictly decreasing (Wnn D771") sequences. Any one of
those sequences is called monotone.

= Example 3.12

1. The sequence (a,) = n is strictly increasing.

2. The sequence (by,) = 1/n is strictly decreasing.

3. The sequence (¢, ) = (—1)" is not monotone.

4. The sequence (d,) = a is both increasing and decreasing.
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Theorem 3.25 Let (a,) be an increasing sequence. If it is bounded from above,
then it is convergent. Otherwise, it tends to infinity.

Proof. The second statement is easier to prove. Suppose that (a,) is increasing and
not bounded from above. Then, for every M € R there exists an N € N such that

ay>M.
Since the sequence is increasing,
(Vn>N)(a,>M),

which proves that the sequence tends to infinity.

Suppose now that (a;,) is bounded from above. This implies the existence of a least
upper bound. Set
o =sup{a,:neN}.

(Note that a supremum is a property of a set, i.e., the order in the set does not matter.)
By the definition of the supremum,

(Ve>0)(INeN)(a-e<ay< ).
Since the sequence is non-decreasing,
(Ve>0)(INeN)(Vn>N)(a-e<ay<a, <),
and in particular,

(Ve>0)(INeN)(Vn>N)(la,— a| < €).

Similarly,

Theorem 3.26 Let (a,) be a decreasing sequence. If it is bounded from below,
then it is convergent. Otherwise, it tends to minus infinity.

Corollary 3.27 Every monotone sequence converges in a wide sense.

= Example 3.13 Consider the sequence

1 n
an:(1+—) .
n

We will first show that a, < 3 for all n. From the binomial formula,

(a+b)" = i (Z)akbnfk,

k=0
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follows that
() -5 06) S () To-n-SaTi(-1)

This sequence is increasing as the larger n, the more terms there are, and each grows.
Moreover,

(1+1)n<zn:1—1+1+1+2 1+1+1+zn:1<3
nl =ikt 2 32
It follows that

1 n
lim (1 + —) exists
n

n—-oo

(and equals to 2.718--- =e). .

3.9 Cantor’s lemma

Consider the sequence of segments,

=[0,1/n].

For every n e N, I,,1 c I,,. Moreover, the length of the segments tends to zero. If we
look at the intersection of all the 7,,’s, we find out that it contains a single point,

fjl,,:{O}.

If we rather used open, or semi-open segments,

J,=(0,1/n],

It still holds that J,,| c J,, and that the length of the segments tends to zero. Yet,

Theorem 3.28 — Cantor’s lemma. Let (1,) be a sequence of closed segments
satisfying
L. cl, and lim || =0,
n—0o0

where |I,| denotes the segment’s length. Then there exists a unique real number ¢
such that

A:szn:{c}.
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Proof. Let I, =[ay,b,]. Since I, c I, it follows that (a,) is increasing and (b,,)
is decreasing. Since a; < a,, < b, < by, it follows that (a,) is bounded from above
and (b,) is bounded from below. By Theorem 3.25, both sequences are convergent.
Denote,

o= nlggo an and B = nlglolo b,.

Recall that for monotone sequence,
o =sup{a, : neN} and B =inf{b, : neN}.
Since the length of the segments tends to zero, if follows from limit arithmetic that
0= lim |1,/ = lim (b, ~a,) = B -,
hence o = 3. Furthermore, since
o =sup{a, : neN} =inf{b, : neN},
it follows that o € I,, for all n, namely o € A.
It remains to prove that A contains a unique point. Let Y€ A. Then, for every n,
0<[y—oa| < (bn-an),

and by the sandwich theorem, v = . [

3.10 Subsequences and partial limits

Definition 3.10 Let (a,) be a sequence. A subsequence (71770 nn) of (a,) is
any sequence

AnysQnyy- -y

such that
ny<ng <.

More formally, (b,) is a subsequence of (a,) if there exists a strictly increasing
sequence of natural numbers (n;);2,, such that

bk =dp-

Comment 3.14 Every sequence is its own subsequence for n; = k.

Comment 3.15 The sequence (a,),2; is the same as (a; )72, but unless ny = k, it
is not the same as the sequence (ay, )2, -

= Example 3.14 The sequence b, = 1/2n is a subsequence of the harmonic sequence
a, = 1/n, for the choice ny = 2k. Indeed,
1

bk= ﬁ =ag.
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= Example 3.15 Let (a,) be the sequence of natural numbers, namely a, = n. The
subsequence (b,,) of all even numbers is

by = ay,

ie., ng =2k. .

The following lemma makes a number of obvious statements:

Lemma 3.29

1. If (ng) is an increasing sequence of indexes then ny > k.
2. Let (ny) be an increasing sequence of integers. Let (P,) be a sequence of
propositions. If P, holds for sufficiently large n, i.e.,

(INeN)(Vn>N)(P, =True),
then (P, ) holds for sufficiently large k. i.e.,
(3K eN)(Vk>K)(Py, = True).

3. Let (ny) be an increasing sequence of integers. Let (P,) be a sequence of
propositions. If (P, ) holds for sufficiently large k, i.e.,

(3K eN)(Vk>K)(P,, =True).
then (P,) holds for infinitely many n’s, i.e.,
(VN eN)(3n>N)(P, =True).

4. Every sub-subsequence is a subsequence.
5. If A c N is an infinite set, then there exists a sequence (n;) of indexes such
that n; € A for all k.

Definition 3.11 Let (a,) be a sequence. A real number « is called a partial
limit (P50 912)) of (ay) if it is the limit of a subsequence of (ay,). That is, if
there exists a strictly increasing sequence of integers (7 ), such that

o = lim ay,.

k— o0

Similarly, we define partial limits in the wide sense.
= Example 3.16 A constant sequence a, = ¢ only has one subsequence, and only
one partial limit, c. More generally, every limit is also a partial limit. .

= Example 3.17 The sequence a, = (—1)" has two partial limits, 1 and —1. It is
easy to show that these are its only partial limits. .
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= Example 3.18 Every natural number is a partial limit of the sequence,
(1,1,2,1,2,3,1,2,3,4,1,2,3,4,5,...).

Proposition 3.30 If (a,) is convergent with limit ¢, then every subsequence of
(an) converges to o, and in particular, « is the only partial limit.

Proof. Let (n;) be an increasing sequence of indexes. Given € >0, let
P, = (la,—al<e€).

This clause holds for sufficiently large n, hence by Lemma 3.29(2),
Py, = (lan, — | < €).

holds for sufficiently large k. ]

Corollary 3.31 If a sequence has two partial limits then it is not convergent.

Partial limits can be characterized with no reference to a particular subsequence:

Proposition 3.32 A real number « is a partial limit of a sequence (a,) if and only
if every neighborhood of & contains infinitely many elements of that sequence.

Proof. Suppose first that ¢ is a partial limit of (a,). If follows that there exists an
increasing sequence of indexes (n) such that

lim a,, = c.

k—o00

Let € > 0 be given, and let
P,=(a,eB(a,€)).

Then, P, holds for sufficiently large k, and by Lemma 3.29(3), B, holds for infinitely
many n’s.
Suppose next that every neighborhood of & contains infinitely many elements of
(an). Consider the set

I1={neN:a,eB(a,l)}

Since this set is not empty, there exists an n; €1, i.e., a,, € B(a,1).
Consider next the set

L={neN:a,eB(a,1/2)}~{neN|n<n}.
This set is not empty, hence it contains an element np, which, by definition, satisfies

ny >n and an, €B(at,1/2).
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We proceed inductively, setting
Lvi={neN :a,eB(o,1/(k+1))}~{neN|n<n}.
This set is not empty, hence it contains an element ny, 1, which, by definition, satisfies
Mir1 > N, and an,,, €B(a,1/(k+1)).

We have thus constructed a subsequence ay, . Since

OS]ank—aRE,

it follows from the “sandwich theorem" that (a,, ) converges to o. ]

Proposition 3.33 oo is a partial limit of (a,) if and only if (a,) is not bounded
from above. Similarly, —oco is a partial limit of (a,) if and only if (a,) is not
bounded from below.

Proof. The proof is essentially the same. [

We next prove this very important theorem:

Theorem 3.34 — Bolzano-Weierstrass. Every bounded sequence has a converg-
ing subsequence.

Proof. Suppose that M > 0 is a bound for the sequence, namely,
(VneN)(a, € [-M,M]).
We construct recursively a sequence of segments (7,,) satisfying:

1. Iy c1,.
2. 1| = 3|1).
3. I, contains infinitely many elements of (a,).

This sequence is constructed using bisection (71™X17).

Specifically, let I, contain infinitely many elements of (a, ), which means that
Ap={keN : a,cl,}

is an infinite set of indexes. Partition I, into two closed segments of equal size,
which only intersect at one point,

L=1RUIE,
and define

Af:{keN : anelf} and Aﬁ:{kEN : anel,f}.
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Since A, = AR UAL is an infinite set, either AR or AL must be infinite. Then, set

R R
P L A
+1 = .
" 1L otherwise.

By Cantor’s lemma, there exists a unique number « in the intersection of all the I,,.
We will prove that o is a partial limit of (a,). Indeed, given € > 0, let n be large
enough such that |/,| < €. Then,

B(a,€)o1,.

Since I, contains infinitely many elements of (a,) so does B(«, €), and by Proposi-
tion 3.32, o is a partial limit of (ay,). ]

The Bolzano-Weierestrass can be proved in a completely different way: it is an
immediate corollary of the following lemma:

Lemma 3.35 Any sequence contains a subsequence which is either decreasing
or increasing.

Proof. Let (a,) be a sequence. Let’s call a number n a peak point (R D7) of
the sequence a if a,, < a,, for all m > n.

a peak point.

a peak point.

There are now two possibilities.

There are infinitely many peak points: If nj <np < --- are a sequence of peak points,
then the subsequence a,, is decreasing.

There are finitely many peak points: Then let n; be greater than all the peak points.
Since it is not a peak point, there exists an ny, such that a,, > a,,. Continuing this
way, we obtain a non-decreasing subsequence. [

Comment 3.16 There is a fundamental difference between the two proofs. The
first proof can be generalized with little modification to bounded sequences in R".
The second proof relies on the fact that R is an ordered set, hence the possiblity to
define monotone sequences.
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Corollary 3.36 Every sequence has a subsequence that converges in the wide
sense.

Proof. Either the sequence of bounded, in which case this is a consequence of the
Bolzano-Weierstrass theorem, or it is not bounded, and this is a consequence of
Proposition 3.33. [

Proposition 3.37 Let (a,) be a sequence that does not converge in the wide sense.
Then, it has at least two partial limits (in the wide sense).

Proof. Let o be a partial limit of (a,) in the wide sense. Suppose first that o € R.
Since, by assumption, ¢ is not a limit of (a,) there exists an € > 0 such that

an ¢ B(a,€)
for infinitely many n’s. Thus, we can construct a subsequence ay,, such that
(VkeN)(an ¢B(0,€)).

By Corollary 3.36, this subsequence has a partial limit (in the wide sense) . Since
B ¢ B(a,¢), it differs from oc. The proof is similar if o = +oc0. ]

Corollary 3.38 A sequence (a,) converges in the wide sense to « if and only if
« is its only partial limit.

3.11 The exponential function

1 n
an=(1+—)
n

is bounded and monotonically increasing, hence converging. The limit, which we

denoted by
1 n
e=lim (1 + —) .
n—oo n

We have seen that the sequence

is a number between 2 and 3.
Likewise, for every x € R we may define the sequence

n
an:(1+)—c) .
n

As for the case x =1,
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This sequence is increasing as the larger n the more terms there are, and the k-th
term is larger. Also,
n .Xk

a, < —.
i=0 k!

Let N = [2x], i.e., x/N < 1/2. Then, for n> N,

Nk oz
a, < —+ —
,{Z:E)k! kz%:ﬂk!
Shog e
Gk S NV (N+1) ..
BT N
Skl NS (N+1)...n
Noxk XN
SZ—‘-F—' Z N
o k! N G2
Nk N

T
S

The right-hand side is independent of n, which means that (a,) is a bounded

sequence, hence converges. Since the sequence depends on x, so does the limit. We
define

X n
exp(x):nlilllo(1+;) )

In particular,

exp(1) =e.

In the previous chapter, we define the notion of powers with real-valued exponents.
Thus, for every x € R, we can define a number ¢*, whose definition, we recall, is

" =sup{e’ |Q>r<x}.

‘We now claim that

Theorem 3.39 For every x € R,
exp(x) =e".
That is,
X n
lim (1 + —) =sup{e’ | Q>r<x},
n—oo n

where

1 n
e= lim (1+—) .
n—o0 n
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Proof. We will first show that this identity holds for every x e N. Set x =m ¢ N, and
consider the sequence
m n
ap = (1 + —) .
n

Since it converges to exp(m), every subsequence converges to exp(m) as well. Set

ny = mk. Then,
m mk 1 km
ank:(l+%) =|:(1+%) ] .

1 k
lim(l+—) —e,
k

k—o0

Since

it follows from limit arithmetic that
1\*1"
lim a,, = [lim (1+—) ] =e",
k— oo k— oo k

n
lim (1 +@) =

n—o00o n

1.e.,

Next suppose that x = p/q, p,q €N, and consider the sequence

n
an=(1+£) .
qn

Then, consider the sequence

This sequence is a subsequence (every g-th term) of a sequence that converges to e?,
i.e.,
lim al = €.

n—oo

Again, by limit arithmetic,
q
lim af = ( lim an) ,
n—oo n—oo
which implies that
(exp(p/q))? =e”,
or equivalently,
exp(p/q) = e/,

It remains to deal with the case x € R. Note that both ¢* and exp(x) are increasing
functions of x. Consider the sets,

A={exp(r) |Q>r<x} and B={exp(r) | Q>r>x}.
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We already know that
A={"|Q>3r<x} and B={e"|Q>r>x}.

For the latter case, we know that ¢* is the unique number separating the sets A and
B. Since exp(x) also separates A and B, it follows that

exp(x) =e".

3.12 Limit inferior and limit superior

Not taught this year.

3.13 Cauchy sequences

In many cases, we would like to know whether a sequence is convergent even if we
do not know what the limit is. We will now provide such a convergence criterion.

Definition 3.12 A sequence (ay,) is called a Cauchy sequence if
(Ve>0)(IN eN)(Vm,n>N)(|a, —am| < €).

Comment 3.17 A common notation for the condition satisfied by a Cauchy se-
quence is

lim |a,-a;|=0.
n,m—>00

Theorem 3.40 A sequence converges if and only if it is a Cauchy sequence.

Proof. One direction is easy'. If a sequence (a,) converges to a limit ¢, then
(Ve>0)(INeN)(Vn>N)(|la,—al<€/2).
By the triangle inequality,
(Ve>0)(IN eN)(Vm,n>N)(|lan — am| < |an— | + |am — 0| < €),

i.e., the sequence is a Cauchy sequence.

Suppose next that (a,) is a Cauchy sequence. We first show that the sequence is
bounded. Taking € =1,

(EINEN)(Vn>N)(|an—aN+1| < 1)

I There is something amusing about calling sequences satisfying this property a Cauchy sequence.
Cauchy assumed that sequences that get eventually arbitrarily close converge, without being aware
that this is something that ought to be proved.
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Then, for every n> N,
lan| < lan+1]|+1,

whereas forn <N,
lan| < max |ay|,
k<N

which proves that the sequence is bounded.

By the Bolzano-Weierstrass theorem, it follows that (a,) has a converging subse-
quence. Denote this subsequence by by = a,, and its limit by . We will show that
the whole sequence converges to f3.

By the Cauchy property
(Ve>0)(IN eN)(Vm,n>N)(|la, —anm| < €/2),
whereas by the convergence of the sequence (ay, ),
(VN eN)(IK eN)(Vk>K)(|bx—B| < €/2).
Combining the two,
(Ve>0)(INeN)(FkeN : ng>N)(Vn>N)(lay— B < |an —bi| + bk — B| < €).
This concludes the proof. [

Comment 3.18 Limits of sequences can be defined for only for sequences in R.
Limits can be defined for sequences in any metric space, which is a set S on which
a distance function d is defined. A sequence (a,) in S converges to & € S if

(Ve>0)(INeN)(VYn>N)(d(an, ) <€).
In any metric space we can define a Cauchy sequence: (a,) is a Cauchy sequence if
(Ve>0)(IN eN)(Vn,m>N)(d(ay,an) < €).

It is not generally true that a Cauchy sequence in a metric space converges. Metric
spaces in which every cauchy sequence converges are called complete. This is the
fact the more general definition of completeness for an ordered field.



