Chapter 2

Fourier Series

2.1 Approximation theorems

2.1.1 The Weierstrass approximation theorem

Definition 2.1 Let [a,b] be an interval. We denote by 11,(a, b) the vector space
of polynomials of degree less or equal n on [a,b], and by

(a,b) = J1,(a,b)
n=0
the vector space of all polynomials on [a,b].

Comment: The space of polynomials is more than just a vector space; the product
of every two polynomials is also a polynomial, which means that I1(a, b) is closed
under pointwise multiplication. A vector space that is closed under a multiplica-
tion operation is called an algebra.

The following celebrated theorem states that every continuous function can be
approximated uniformly by polynomials:

Theorem 2.2 (Weierstrass) Let [a,b] be an interval. The set of polynomials
[1(a,b) is a dense subset of C([a,b]) with respect to the maximum norm. That is,
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for every f € C([a,b]) there exists a sequence of polynomial P, € I1(a,b), such
that
lim || P, - f] = 0.

Proof: Step 1: Reduction. It suffices to prove this theorem for [a,b] = [0,1].
Indeed, given f € C([a,b]) we may define f € C([0,1]) by

f(x) = f(a+x(b-a)).

Suppose that a sequence P, € TI(0,1) converges uniformly to f. Then, P, :
[a.b] — R defined by

Pu(x) = Pu((x-a)/(b - a))

are polynomials converging uniformly to f, as

sup |P,(x)=f(x)| = sup [Py(a+x(b-a))-f(a+x(b-a))|= sup. |Pu(x)=f(x)].

xe[a,b] x€[0,1]

Step 2: The approximating sequence. Given f € C([0, 1]), we define a sequence
of polynomials B, f € IL, (0, 1), known as the Bernstein polynomials of f,

Buf(x) = zf () (F)a -0

We view B, : f — B, f as a mapping C([0, 1]) - IL,(0, 1).

Step 3: Properties of the mapping B,. The mapping B, satisfies the following
properties:

(a) Linearity:
B,(af +pg) = aB.f +BBug.

(b) Positivity: if £ > 0 then B, f > 0.

(c) For f =1, using the binomial formula,

B,1(x) :ZL(:)(Z)xk(l —x)"F=(x+1-x)"=1,

ie., B,1 =1 forevery n e N.
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(d) For f =1Id, using again the binomial formula,
BId(x)zZ( ) (1 x)"*
k=0
Z ( ) k(l _ x)n -k

k=

S R s

k=0

= x’
so that B,Id = Id for every n € N.
(e) For f =1d?%

1 -1 1
B,Id*(x) = Z( ) -x)" k= L e

so that | B,Id* - 1d?||., — 0.

To summarize,
IBpf = floo =0  for f=1,1d,Id

Step 4: The properties of B, imply uniform convergence. The next theorem

shows that the properties of B, ensure that for every f € C([0,1]), the sequence
of polynomials B, f converges uniformly to f. |

Theorem 2.3 (Bohman-Korovkin) Let B, : C([0,1]) - C([0,1]) be a sequence
of operators that are linear, positive, and satisfy

lim [Buf = flw=0  for  f= 1,1d,1d*.

Then |B.f - f|le = 0 forall f € C([0,1]).

Proof: By linearity and positivity, if f > g, then

B.f - B.g = B.(f - 8) 20,
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i.e., B,f > B,g. In particular, since +f < |f] it follows that +B, f < B,|f|, hence
|B,.f] < Bulfl. (2.1)

Let f € C([0,1]) be given as well as € > 0. Since f is continuous on a bounded
domain, it is uniformly continuous: there exists a 6 > 0 such that for every x,y
such that [x — y| < 6, |f(x) = f(y)| < & On the other hand, if |x — y| > § then
I (x) = FO)| <2 f oo < 2| flloo(x — y)?/6%. In either case, there exists a constant
C. such that

f(x) = fO) < Co(x=y)* +e.

View now this inequality as an inequality between functions of y with x being a
parameter, namely

I£(x) = f| € Co(x* = 2x1d + 1d*) + &.

By (2.1) and by positivity,

[f(x) = Buf < |f (x) = f(x) Bul| + |f(x) B,1 - B, f]|
<|f()II1 = B,1] + B,lf (x) - f]
<[ ool = Bul| + Co(x® B,1 = 2x B,1d + B,1d?) + & B, 1
<[ flleoll = By1| + Co(x? - 2x1d +1d%)

+ Cox*|1 = B, 1|+ 2xC[1d - B,Id| + C,[1d* - B,1d*|
+e+¢g|l - B,1|

<[ F ool = Byl oo + Co(x® = 2x1d + Id?)
+Cox?||1 = B, oo +2xC,|Id - B,Id|| oo + C.[1d* ~ B,Id? |
+e+é|l - Byl|eo-

In particular, this should hold at x, where x? — 2x1d + Id* = 0, hence

1f(x) = Buf(X)[ < [ flloo]l1 = Bul] oo + &+ &1 = By1] oo
+Cy|1 = Byl +2C,|1d - B,d| o + C,||1d* - B,1d*| oo,

where we also used the fact that x € [0, 1]. Taking the maximum over x and letting
n— oo,

limsup ||f(x) = Buf (x) | <&.

n—oo

Since this holds for every € > 0, the limit is zero. |
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Comment: Given f € C([a,b]), one could choose n + 1 equi-distributed points x;
on [a,b] and construct an interpolation polynomial of degree up to n through the
points (x;, f(x;)). It turns out that in many cases this will not yield a sequence of
approximating polynomials. There is something very special about the Bernstein
polynomials, which makes them always work.

2.1.2 The Stone-Weierstrass theorem

Definition 2.4 Let K be a set. A collection A of functions on K is called point-
separating (MTP1 12 7700) if for every x,y € K there exists a function f € A,
such that

f(x) # f().

Theorem 2.5 (Stone-Weierstraf§) Let A be a point-separating algebra of continu-
ous real-valued functions on a compact set K c R", where A includes the constant
function f = 1. Then A is dense in C(K) with respect to the maximum norm. That
is,

VieC(K) Ve>0 3JgeA: |f-g|e<e

Comment: The Weierstrass approximation theorem is a special instance of the
Stone-Weierstrass theorem, as the polynomials are an algebra of real-valued func-
tion that is point-separating and includes the constants.

Proof: Step 1: We may assume that A is closed. We need to prove that A =
C(K). The closure of A is a vector subspace of C(K); moreover, if f,g € A,
then there exist f,,g, € A, such that f, — f and g, — g. It is easy to see that
A> f.g. —~ fg, implying that A is also an algebra of continuous functions. Thus,
it suffices to show that if A is a closed point-separating algebra of continuous
real-valued functions including the constants, then A = C(K). We will henceforth
assume that A is closed.

Step 2: If f € A then |f| € A. Let f € A be given. By the Weierstral approxima-
tion theorem,

Ve>0 P M-I/l fl])  max |- P()] <
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Since A is an algebra, P o f is also in A, and

max /()| - P(F(0)] < max [~ P(0)| <,

i.e., |f| € A, where we used the fact that the latter is closed.
Step 3: If f, g € A then min( f, g), max(f, g) € A. This follows from the fact that

1 1 1
min(f.g)=5(/+)-5lf -l and  max(fig) = 5(f+8) + 5l gl

Step 4: We prove that
VFeC(K) VxeK Ve>0 3feA: f(x)=F(x) and f<F+e.

Since A separates between points and 1 € A, there exists for every x,y € K and
every a,f3 € R a function g € A such that g(x) = « and g(y) = B (very easy to
show). Thus, given F, x, and &, then

VyeK 3g,eA: g(x)=F(x) and g(y)=F().

Since both F' and g, are continuous, there exists an open neighborhood U, of y
such that
&lu, < Fly, +&.

The collection {U, } is an open covering of K, and since K is compact, there exists
a finite open sub-covering {U,, }" ;. The function
[ =min(gy,, 8y, 8y,)
satisfies the required properties.
Step 5: Finalization. Let F' € C(K) and & > 0 be given. We have seen that
VxeK  3fieA: fi(x)=F(x) and f.<F+e.

Relying again on continuity, there exists an open neighborhood V, of x, such that

fx|vx > F|Vx - é&.

By the compactness of K, K can be covered by a finite number of {V, }",. The
function
f=max(fy,, frys---s fr,)
satisfies,
If = Flles <&,

which completes the proof. |
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Corollary 2.6 Let
K ={(cosx,sinx) : 0<x<2n}cR?
be the unit circle. Then, the trigonometric polynomials (2 22 D),
= Span{l,sinx,sin2x,...,cos x,cos2x,... }

are dense in C(K). That is, every continuous function f on the circle is a uniform
limit of trigonometric polynomials.

Proof: The trigonometric polynomials form an algebra of continuous functions
on K (products of trigonometric polynomials are trigonometric polynomials by
elementary trigonometric identities), which includes the constants and separates
point (if 0 < x <y < 2, then either sin x # siny or cos x # cos ). [

Putting this slightly differently:

Corollary 2.7 Every continuous function f € C([0,2x]) satisfying f(0) = f(2r)
is a uniform limit of trigonometric polynomials.

2.2 Inner-product spaces

2.2.1 Basic definitions

Definition 2.8 Let V be a real vector space. A function (-,-) : VxV — Ris called
an inner-product (7"R"D 15008) if it satisfies the following conditions:

(a) Symmetry: For every x,y €V,
(x,y) = (v, x).
(b) Bilinearity: For every x,y,z€V and a € R,

(ax,y) = a(x,y) and (x+y,2) = (x,2) + (,2).
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(c) Positivity: For every x €'V,
(x,x) >0,

with equality if and only if x = 0.

Example: R" with the Euclidean inner-product,

(X,y) = Z XiYi-
i=1

AAA
‘Example: The vector space of n-by-n real matrices with
(A,B) =Tr(A"B).
AAA
‘Example: The vector space of infinite sequences
={(x)2 ¢ ) Il < oo},
n=1
with -
()C, y) = Z XnYn-
n=1
AAA
Definition 2.9 Let (V,(-,-)) be an inner-product space. Then we denote
el = ()2, (2.2)

As the notation suggests, this defines a norm (hence a metric) on V. To prove it,
we need the following key inequality:

Proposition 2.10 (Cauchy-Schwarz inequality) Let (V,(-,-)) be an inner-
product space. For every x,y €'V,

(e )l < [l [y



Fourier Series 113

Proof: By the positivity of the inner-product, for x,y # 0,

0<(1_ (xy) y x (%) L)
Ll ey Il iyl vl
I Y (C5'0 s (50 o i 5

I R e R R M

from which follows that

|G )l < lxf Iyl

Proposition 2.11 Let (V,(-,-)) be an inner-product space. Then, | - | as defined

in (2.2)isanormonV.

Proof: Positivity and homogeneity are immediate. The triangle inequality follows
from the Cauchy-Schwarz inequality, as

[x+y[* = (x+y,x+y)
= lx[? +20xy) + Iy
< Jxl? + 2| (e y)| + [yI?
< lx? + 2%yl + Iy]?

= ([l =+ Iy1),

hence
|+ p < %] + ]

Comment: As you will notice, in an inner-product space ||x|? is a much more
convenient object than | x|.

Proposition 2.12 Let (V,(-,-)) be an inner-product space. Then, the inner-
product is continuous with respect to the metric induced by the norm (2.2).
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Proof: Let x, - x and y, — y. Then,
(X0, ¥n) = (6,5) + (%0 = %, ) + (X0, Y0 = ¥),
and by the Cauchy-Schwarz inequality,

|Gos yn) = (2 )< o = Xyl + el e = -

Since the norm in a normed space is continuous, |x,|| - ||x|, and by limit arith-
metics the right-hand side tends to zero as n — oo. [

N ‘Exercise 2.1 Prove that a norm | - | on a vector space V is induced by an
inner-product if and only if it satisfies the parallelogram law (n*‘a*zpm D),

e+ 302+ L= 0% = 2] + I¥1%)

in which case the inner-product is given by the polarization identity

1
(x.y) = 5 (le+ 317 = el = [y17).

2.2.2 Orthonormal systems

Definition 2.13 Let (V,(-,-)) be an inner-product space. Two vectors x,y are
called orthogonal (2°2%), denoted x 1 vy, if

(x,y) =0.

A set of vectors {x; : i €I} is called an orthogonal system (">INNMR NOwR) if
X; L x;foralli# j. Itis called an orthonormal system (OPBRINNMR N2 if in
addition ||x;|| = 1 for all i € I. (Note that the index set I needs not be countable.)

Proposition 2.14 (Pythagoras law) Let {xi,...,x,} be an orthogonal system,
then
EORSRR e Rl B R EEe ) B

Proof: For a pair of orthogonal vectors x,y,
x4 y[2 = (x+y,x+3) = [x]? + 206 y) + [y[* = x> + [y[

The general case follows by induction. |
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Proof: This is immediate as by linearity and orthogonality,

n 2 n n n n
Zajxj = (Z aix,',zajxj) = Z aiaj(xisxj) = Z |aj|2'
j=1 i=1 j=1 Jj=1

ij=1

Proof: Suppose that for some finite J c I and a set of real numbers {a; : je J},
Z ajx; = 0.
jeJ
Taking an inner-product with xy, k € J, we obtain
> a;(x),x) = ar| x]* = 0,
jeJ

i.e., ay = 0. |
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(a) mw is a continuous linear map.
(b) Image(my) c W.
(c) ForeveryyeV,y—my(y) L W.

(d) ForeveryyeV, my(y) is the element in W that is closest to y, i.e., for every
zeW,

lz= ¥l 2 7w (y) -l
with equality if and only if z = ny ().
(e) Foreveryze W, nw(z) = z. In particular, Image(my ) = W and myomy = my.
(f) ForeveryyeV,
l7w )1 < Iy,
with equality if and only if y € W.

Proof

(a) Linearity and continuity follow from the properties of the inner-product.

(b) By definition 7y (y) is a linear combination of elements in the vector sub-
space W.

(c) ForeveryyeVandk=1,...,d,

(=m0 = (o) — i@, ) (s ) = 0.

That is, y — () is orthogonal to a basis in W, hence to every vector in W.
(d) Lety € V and z € W. Then, since y - nry(y) L z— mw(y), it follows from
Pythagoras’ Law that
= |G- () - =)
= [@=mw DI+ 1O - 7w ()]
> [(y=7w()[?

with equality if and only if z = 7y (y).

lz-yI*

(e) Let z € W. Then z is the element in W closest to z, hence z = my(z). The
surjectivity and idempotence of my follow at once.
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(f) Using the previous items and Pythagoras law,
IV[? =1 =aw) + 2w = [ = 2w + 2w )P > 2w ()%,
with equality if and only if y = 7y (y), i.e., y € W.

Comment: It follows from Item (d) that 7y does not depend on the orthonor-
mal system spanning W, but only on the subspace W. The map my is called the
orthogonal projection (N2 152) from V onto W.

Proposition 2.18 (Bessel inequality) Let {x, : n € N} be a countable orthonor-
mal system in an inner-product space V. Then, for every y € V,

210 x) P < ]
n=1

Proof: For every N define
Vy = Span{xi,...,xy},

and let

T (y) = il(y, ta)

be the corresponding orthogonal projection. By Theorem 2.17( f),
5 5 N N
DI s O)F = (3300050 205013
n=1 m=1
N
= Z (s %) (75 X ) (X Xim)

nm=1

y 2
= Z ‘(y’ xn)| .

n=1

Letting N — oo we obtain the desired result. |
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Proof: |(, x,)|? is an element in a converging series. |

Definition 2.20 An orthonormal system {x, : n € N} is called complete (N3 w1
mmbw) if its span is dense in 'V, where

Span{x, : neN} ={> a;x; : a;eR, |J|<oo}.
jeJ

Proof: Suppose that Condition (a) holds and let y € V. Denote by

Vy = Span{xy,...,xy}
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and by
N
my(y) = Z(y’xn)xn
n=1

the corresponding orthogonal projection. Since the orthonormal system is com-
plete, there exists given £ >0 an N € N and an element yy € Vi such that

lyw - y| <e&.

Since 7y () is the element of Vy that is closest to y, we have

<Eé&.

N
Z(yv xn)xn -y
n=1

Moreover, if N’ > N, then Vy c Vi, hence my/(y) may be an even better approxi-
mation to y than 7y(y), i.e., for every N’ > N,

N/
Z(y, X)X, = V|| < &
n=1

That is,

Ve>0 3N : VN'>N <é&,

NI
Z(y’ Xn)Xn = Y
n=1

proving that
N
1\171_{30 ;(y’ Xn)Xn = Y.

Suppose next that Condition (») holds. Condition (a) follows from the fact that

every y € V is a limit of linear combinations of x,,’s.
Suppose once again that Condition (b) holds. By the continuity of the norm,
2 2

IyI* =

> (s X)X
n=1

N
Z(y’ Xn)Xn
n=1

N =]
= lim 3|0 x)P = 3 [0 x)P
n=1 n=1

= lim
N—oo
Finally, suppose that Condition (c) holds. For every N, by the orthogonality y —

an(y) L Va,

IyI> = [y —7n(y)) +7n(y) |2
=y =anI? + lan () [?

- () + z ().
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Letting N — oo, we obtain that

lim [y -y (y)]* = 0.

Corollary 2.22 Let {x, : n €N} be a complete orthonormal system. If

o0
Y= dnkn,
n=1

then a, = (y,x,). That is, there exists a unique representation of y as a sum of
X, ’S.

Proof: By the continuity of the inner-product, for every k € N,

(v x) = (Z anxn,xk) = > ay (X0, %) = ay.
n=1 n=1
[ |

Comment: Strictly speaking, an orthonormal system is not a basis for V unless V
has finite-dimension. Yet, it is very similar to a basis in the sense that every vector
is a limit of a sequence of unique linear combinations.

Comment: Consider the mapping

y=A{(x) : neN},

taking an element in V into a sequence of real numbers; this is clearly a linear
map. Since

Iv1? = 2010, xa) P
n=1

this map is a distance-preserving map V to ¢>(R). But is it also onto? If it were,
the inverse map would be

[ee]
{a,} > aux,.
n=1
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The question is whether the limit exists for every (a,) € ¢*(R). Note that the
partial sums form a Cauchy sequence as

N M 2 N
Z AapX, — Z apXx,|| = Z a.
n=1 n=1 n=M+1

It follows that an inverse map exists if and only if V' is complete. That is, metrically-
speaking, every complete inner-product space assuming a complete countable or-
thonormal system is equivalent to ¢2(R).

N ‘Exercise 2.2 Show that if an orthonormal system {x,} is complete, then the
generalized Parseval identity,

(2) = 2@, 3) (0s2)
holds.

N ‘Exercise 2.3 Let {x,} be an orthonormal system in an inner-product space
V. Show that if the system is complete, then there is no element y € V which is
orthogonal to all the x,,’s.

2.3 The space H(a,b)

Definition 2.23 Let a < b € R. We denote by H(a,b) the real vector space of
functions [a,b] — R that are bounded and Riemann-integrable.

Comment: We are making a compromise here; Riemann integrability is a prob-
lematic notion which eventually led to the definition of a stronger concept—
Lebesgue integrability. For example, Riemann integrability does not pass to
limits. As an example, consider an enumeration {g,} of the rationals and the
sequence of functions

1 x=gqg;forsomek<n
Ja(x) = .

0 otherwise.
Then each f, is Riemann integrable, but its pointwise limit as n — oo is the
Dirichlet function, which is not integrable. Lebesgue integrability, however is
only taught in 3rd year in the framework of measure theory (777277 D7), so we
will make do with Riemann integrability.
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Definition 2.24 For f,g € H(a,b) we define

(fe)= [ " F(x)g(x) d. (2.3)

The immediate question is whether (2.3) is an inner-product on H(a,b). Symme-
try and bilinearity follows from the properties of the integral. For positivity,

(1.0)= [ red

is non-negative, however may be zero even if f is not identically zero. To over-
come this difficulty, we proceed as follows:

Definition 2.25 A set A c R is said to have measure zero (9% 117) if for every
& > 0 there exists a countable number of open segments (a,,b,), such that

A c |J(an, by) and Y (by—an) <&
n=1 n=1

Example: Every singleton {x} has measure zero in R. This can be proved by
taking for example, given € > 0,

e e
-— d b, = —.
o an X+ o

a, =x

Lemma 2.26 A countable union of sets of measure zero is a set of measure zero.

Proof: Suppose that a sequence of sets A, all have measure zero. Given & > 0,
there exists for every n a sequence of open segments (a%, b)2°,, such that

ArclJ@p)  and S (BE-db) < —.
k=1 k=1 2n

Thus,

oo o0

(at,bh) and (b -a) <e.
-1

A, cJ

1 n=1

(@

ns

M3

I
—_

n n=1k
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Z?(amp[e: The rationals Q have measure zero in R. AAA

Definition 2.27 Two functions f,g : [a,b] — R are said to be equal almost ev-
erywhere (PR 502 vYnD M) if the set

{refa.b] = f(x)#g(x)}

has measure zero.

Lemma 2.28 The property of two functions being equal almost everywhere is an
equivalence relation.

Proof: This is immediate. [

Proposition 2.29 Let f € H(a,b). Then, (f,f) = 0 if and only if f = 0 almost
everywhere.

Proof': Suppose that
b
/ fA(x)dx =0,

and that it were not true that f is non-zero at most on a set of measure zero. Denote

A={x: f(x)+0},

and note that -
A=JA, where A,={x: f3(x)>1/n}.
n=1

By Lemma 2.26, there exists an n for which A, does not have measure zero.
By definition, this means that there exists an £ > 0, such that for any partition
[ck,dy)Y., of the segment [a, b],

Y(bk-—ar) > € where J={k : A,n[a,b) # B}
keJ

For all k € J, take & € [ay,by) N A, and for all k ¢ J take any & € [ay, by). Then,

S 260 (b - ) < %z(bk “a)z .

keJ keJ

k;fZ(fk)(bk —a) 2
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The left-hand side is a Riemann sum; this inequality holds for any partition of
[a, b], it follows from the definition of the Riemann integral that

fbfz(x) dx> 2,
a n

which is a contradiction.

Conversely, if f = 0 almost everywhere, it cannot be non-zero on any segment.
This means that every partition of [a, b] has a vanishing Riemann sum for f2, and
since f? is Riemann-integrable, its integral is zero. [

Define now H(a,b) to be the set of equivalence classes of functions in H(a,b)
differing on sets of measure zero; we denote the equivalence class of f € H(a,b)
by [f]. We endow H(a,b) with a vector space structure by defining

alf]+blg] = [af +bg].
For [f],[g] € H(a,b), we set

(1. [e]) = (f>8)- 2.4)

One has to check that this is well-defined, i.e., that if [f] = [fi] and [g] = [g1]
then

(f.8) = (fi.&1),

which is indeed the case, as

(f1.80) = (-9l = 1(fi = f.8) + filgr =) < [ fi = flllgl + £l g — gl = 0.

Proposition 2.30 The product (2.4) is an inner-product on H(a,b).

Proof: Symmetry follows from

(Lr].[eD) = (f:8) = (&.f) = ([]. [FD-

Linearity from

(alf1+blg). [h]) = ([af + bg],[R])
= (af +bg.h)
= a(f,h) +b(g.h)
= a([f],[r]) + b([g]. [A])-
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Finally, by Proposition 2.29,
(LrL0D =0,
implies that f = 0 almost-everywhere, i.e., [ f] = [0]. [

Comment: Note that it may well be that f € H(a,b), g = f almost everywhere
however g ¢ H(a,b). For example the Dirichlet function on [0, 1] equals zero
almost everywhere, but it is not Riemann integrable. This is the price for working
with Riemann integrability.

Henceforth, we will omit the tilde in H(a,b) and refer to functions rather than
equivalence classes of functions, but remember that whenever we refer to a func-
tion, we really refer to its equivalence class.

Definition 2.31 Let f,, f € H(a,b). We say that f, converges to f in the mean
(v8MM3) if
lim [ £, - f] =0,

i.e., if it converges to f in the norm induced by the inner-product.
Thus, we now have three different notions of convergence in H(a,b):

(a) Pointwise convergence.
(b) Uniform convergence.

(c) Convergence in the mean.

We already know that uniform convergence implies pointwise convergence, but
that the converse is not true.

Proposition 2.32 Uniform convergence implies convergence in the mean.

Proof: Suppose that f,, - f uniformly. Then,

=P = [ ) - FP dxs (b-a) sup ((x) = £(x))? 0.

x€[a,b]
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Proposition 2.33 Pointwise convergence does not imply convergence in the
mean.

Proof: Take for example the sequence of functions f, € H(0, 1),

Vnsinnx 0<x<7m/n
0 otherwise.

fo(x) = {
Then, f, convergence to zero pointwise, however

n/n n
||f,,—0||2:f nsinznxdx=/ sinrdt = =,
0 0 2

1.e., f, does not convergence to zero in the mean. |

Proposition 2.34 Convergence in the mean does not imply pointwise conver-
gence.

Proof: Take for example the sequence of functions f, € H(0,1),

fi(x) = XT[0.1]
£(x) =x100721 B(X) = x0172.1]
f4(x) = X[0,1/4] fs(x) = X[1/4.1/2] fe(x) = X[1/2.3/4] f7(x) = X[3/4.1]
etc

Then, f,, converges to zero in the mean however not pointwise, since for every x,
fn(x) # 0 infinitely-often. u

Definition 2.35 We denote by Cp,,(a,b) the set of continuous functions on [a,b]
satisfying f(a) = f(b). (Note that this is a vector subspace of H(a,b).)

Theorem 2.36 Cp..(a,b) is dense in H(a,b). That is, for every f € H(a,b) there
exists a sequence f, € Cy.r(a,b) such that f, — f in the mean.
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Proof: 1t suffices to prove the theorem for the subset of H(a,b) consisting of
functions f for which | f|. < 1/2. Indeed, let f € H(a,b), then there exists a
sequence of functions f;, € C(a,b) such that

f

2

n—o00o

2

hence 2| f| o f, € C(a,b) converges to f in the mean.

So let f € H(a,b) satisfy | f] < 1/2 and let &€ > 0. We need to prove that there
exists a g € Cper(a, b) satisfying || f — g| < &. Let P = {ty,,...,1,} be a partition
of (a,b) and denote by

S(/,P) = i(rf “im) inf ()

i—1<X<t;

the lower Darboux sum of f with respect to the partition P. By definition of the
Riemann integral, there exists a partition P such that

g2

0< [abf(x)dx—S(f,P) <<

Define next the discontinuous function

]’Z(X) = inf f(.X) for x e [ti—bti)’

11 <x<t;

and h(b) = f(b). By the definition of A,

h|e < 1/2 hence |f(x)-h(x)| < 1, hence

g2

r-hP = [CG-hyars [(()-h)de= [ fadx-s (P <

We have thus found a “step function” & satisfying | f — & < £/2. It remains to find
a function g € Cper(a, b) satisfying g — h| < &/2. Take

82
0< — and 6<(l’i—tl',1), i=1,....n
4n

Consider the following illustration where the blue segments are the graph of 4 and
the orange segments are the graph of g where it differs from #:
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21 1)
a -0 L—-0 b

Then, g € Cper(a, b), and
82
—h|* <né < =,

lg =hl" <ndo <

which completes the proof. [

Comment: As a side result, we have also proved that the step functions are dense
in H(a,b).

2.4 Fourier series

In this section we will consider the inner-product space H(0, 27).

Definition 2.37 The trigonometric system in H(0,2r) is the family of functions

g = {l//n :ZO U {SDn}f;l,

where
Jo(x) = ——
° 21
1
'J’n(x)=ﬁcosnx, I’l=1,2,...
1
SDn(X):%Sinnx, n=1,2,....

(Note that these functions all belong to Cp,,(0,21).)
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Proposition 2.38 The trigonometric system forms an orthonormal system in
H(0,2n).

Proof: This is verified by direct integration. For example,

1 2n
(Qm»>on) = — [ sinmx sinnxdx = 6y, .
n Jo

Proposition 2.39 The trigonometric system forms a complete orthonormal sys-
tem in H(0,2n).

Proof: This is an immediate consequence of the Stone-Weierstrass theorem, whereby
the span of the trigonometric system is dense in Cpe(0,27) with respect to the
maximum norm, and Cp,(0,27) is dense in H(0,2r) with respect to the inner-
product norm. Thus,

Span .7 = Cper (0, 27),

and
Cper(0,2m) = H(0, 271).

This may seem confusing as it seems to insinuate that Cper(O, 2r) is closed, hence
equals H(0,2n) (which is of course not true). One has to remember, however that
both equalities refer to different metrics. The first is with respect to the maximum
norm, whereas the second is with respect to the inner-product norm. Since for
feH(0,2m),

2pi
1P = [ () dx < 2x )

(or as we’ve already seen, uniform convergence implies convergence in the mean),
it follows that
Span .7 2 Cper (0, 27),

where now the closure is with respect to the inner-product norm. Thus,

Span .7 2 Cper(0,27) = H(0,2n),

which concludes the proof. |
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Corollary 2.40 For every f € H(0,2x),

e Z:)(f, V) + il(f, 62)6n. 2.5)

The right-hand side in (2.5) is called the Fourier series (7712 712) of f. The
scalars

1 1 27
ag:\/—2—ﬂ(f’l/’0):§‘/0 f(x)dx
f_ 1 ~ 1 21 J
a, = j;@;(j:lbn) —';;~}£ lf(Xj cosnxadx
b = %(f,%) = 711 fozﬂf(x) sinnxdx

are called the Fourier coefficients (7710 "»Ipn) of f. Thus, for every f €
H(0,2r),
f(x)=> alcosnx+ > bl sinnx.
n=0 n=1

We will also denote by
S.f(x) =Y al coskx+ > bl sinkx
k=0 k=1
the partial trigonometric sum. Hence
f=1mS,f,

but note that the convergence is in the mean, and not necessarily uniform, and
neither pointwise. That is, (2.5) cannot be interpreted as a pointwise equation, but
only as an equality in H(0,2r), where functions may differ on a set of measure
ZEerO0.

Corollary 2.41 For every f,g € H(0,2n),

(f.g) =2nalal +n > alas+n > blbE,

n=1 n=1
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and in particular

|17 = 2nlal > + " |aj? + 7 " |-
n=1 n=1

Proof: By the generalized Parseval’s identity,

o0

(f.8) = §O<f, ) (8) + 3 (fo00) (82 00).

n=1

and it remains the substitute the definitions of aﬁ and b£ .

‘Example: Consider the function f(x) = x. Then,

) 2
27ra£ = f xdx =2n*
0

21 1 ) 1 2r
nal = f xcosnxdx = —xsmnx|0”——/ sinnxdx =0
0 n n Jo

n

n n

Thus,

o0
x=m— ) =sinnx.
n=1

2m 1 ) 1 2n 2n
nbl = [ xsinnxdx = ——xcosnx|gj" + — f cosnxdx = ——.
0 n 0

Note that for any truncation the right-hand side is continuous periodic whereas the
limit is not periodic; clearly, the convergence cannot be uniform. Moreover, for
x = 0 it looks utterly wrong, as the left-hand side equals zero and the right-hand
side equals 7. This equality holds however as a limit in H(0,2x), hence almost

everywhere.

Parseval’s identity yields

which reduces to
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This is a very well-known formula, which is very difficult to obtain by other meth-
ods. The calculation of the sum of inverse square was knows as the Basel prob-
lem. It was first posed by Pietro Mengoli in 1650 and solved by Leonhard Euler
in 1734 (not using Fourier series, which had not yet been invented). AAA

We proceed to investigate under what conditions the Fourier series converges
pointwise and/or uniformly:

Proposition 2.42 Let f € H(a,b) and let 6 € R. Then,

lim f " () sin((n + 8)x) dx = 0,

and

b
lim / f(x)cos((n+86)x)dx =0,

Proof: Suppose first that [a, b] = [0,2n]. Then,

fbf(x) sin((n+6)x)dx = _/Ohf(x) (sinnx cos Ox + cos nxsinOx) dx.
Defining fi(x) = f(x) cosfx and f>(x) = f(x) sin6x, we have that

/ab f(x)sin((n+0)x) dx = 2x(bl' + al?),

which converges to zero as n - co. We proceed similarly for the cos term.
Next, suppose that [a,b] c [0,27r], define

o) - {f(X) xe[a.0]

0 otherwise.

Then, g € H(0,2r),

/;b f(x)sin((n+0)x)dx = /:ng(x) sin((n + 0)x) dx,

which tends to zero as n — oo.
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Consider then the case where [a, b] = [27k, 27¢]. Then,
2t 4 2r(j+1)
f F(x)sin((n+6)x)dx =Y f F(x)sin((n +6)x) dx
2mk j=k J27j

_ éfoz”f(x_znj) sin((n + 0)(x - 271)) d,

and the limit as n - oo vanishes by the [0, 27| case. Finally, any closed interval
can be encapsulated in an interval |27k, 27€] as above. [

Proposition 2.43 Let f € H(0,2n).

(a) A necessary condition for its Fourier series to converge pointwise is that
f(0) = 1 (2n).

(b) A necessary condition for its Fourier series to converge uniformly is that f
be continuous (and also that f(0) = f(2n)).

Proof:

(a) The functions S, f satisfy S, f(0) =S, f(2x). Hence, if S, f converges to f
pointwise, it must holds that f(0) = f(2r).

(b) The functions S, f are continuous, hence if they converge uniformly, their
limit must be continuous.

Proposition 2.44 Let f e H(0,2r) be continuous, piecewise continuously-
differentiable and satisfies f(0) = f(2n). Then, f' € H(0,2r) and its Fourier se-
ries is obtained by term-by-term differentiation of the Fourier series of f, namely,

f'==> ka] sinkx+ " kb] coskx,
k=0 k=1

that is
al’ =nb/ and bl = -nal.
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Proof: Clearly, f’ € H(0,2r) as a piecewise-continuous function. Integrating by
parts,

1 2r
al =~ f f(x)cosnxdx
0

T
2r

1 21
- —f f'(x)sinnxdx
0 0

n

1 .
= Ef(x) sinnx

= _lbf’_
n n

We proceed similarly with bl [

Proposition 2.45 Let f e H(0,2m) be continuous, piecewise continuously-
differentiable and satisfies f(0) = f(2r). Then,

Yall<oo  and S |pl|<.

n=1 n=1

Moreover, the Fourier series of f converges absolutely and uniformly. Moreover,

Proof: From the previous proposition, the Cauchy-Schwarz inequality and the
Parseval identity for f”,

and similarly for bﬁ . Then, the series
Saf(x) = a] coskx+ > b] sinkx
k=0 k=1

satisfies the Weierstrass M-test, hence converging absolutely and uniformly to
some limit g. Since uniform convergence implies convergence in the mean, it
follows that the Fourier series of f converges in the mean both to f and to g, hence
f and g are equal almost everywhere. However g is continuous as a uniform limit
of continuous functions and f is continuous as well, hence f = g. |
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The following figure shows D3, (x):
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Proof: This follows from straightforward algebra:

n

Suf(x) = Z coskx+ Y bl sinkx
k=1
_i/ f(t)dﬁlfzn Zn:f(t)cosktcoskx dt
21 Jo nto \&
1 2n [ n
+ = f (Z f(t)sinkt sinkx) dt
0

T

;ﬂ f 7(0) (1 +ZZcosk(x—t))

It remains to prove that

1+2) coskx = D,(x),
i=1

which can be done using induction. Alternatively, using the fact that

eix + efix eix _ efix
and sinx = -
2 21

COSx =

et(2n+1)x 1

1+ZZcoskx— Ze ]

el(n+])x _ e—lnx e%ix ei(n+%)x _ e*i(nJr%)X

- -1

-1 e2
sm(n + 2)x)

Lix

1.
X _ o3

129 67

sin 5 X

Lemma 2.47 The Dirichlet kernel satisfies the following properties:

(a) Dn(x) = Dn(_x)’

(b) For every n,
1

2r
—f D,(x)dx=1.
2 Jo
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(c) Let x € R and let [a,b] be an interval not containing points of the form
X + 27k, then for every f € H(a,b),

lim f " H{(O)Dy(x 1) dt =0,

Proof

(a) Obvious.
(b) Set f=1¢H(0,2n). Then,

1 2
aé:ZTfo F()dx=1 and @ =b/ =0 forn>1.
It follows that for every n > 1,

1 2r
Snf(x)=1=ﬂf0 D,(x—1)dr.

Substituting x = 0 we recover the desired result.
(c) We have

b bof@) 1
f FOD(x-1)di= [ — sin ((n+1)(x—1)) dr.
: o sin(5)
Since the interval [a, b] does not contain points of the form x + 27k, the de-
nominator is bounded away from zero, hence the first term of the integrand

in bounded and integrable. It follows from Proposition 2.42 that the limit as
n — oo vanishes.

Theorem 2.48 (Localization principle) Let f,g € H(0,2r) and suppose that
f(x) = g(x) in a neighborhood of a point x, € (0,2r). Then,

lin (S ,f () = S, (10)) = 0.
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In particular, if the Fourier series of f convergence at xy, so does the Fourier
series of g, and to the same limit. (This means that the converges of the Fourier
series of a function at a point only depends on its value in an arbitrarily small
neighborhood of that point, hence the term “localization”.)

Comment: The Fourier series of f at 0 only depends on its values in a neighbor-
hood of 0 and 2.

Proof: Suppose that f(x) = g(x) in (xo — 6, x9 + 6). Then

$1f30) = Sagx0) = 5= [ (1) = () DaCro 1)
o [0 - gD -

=271

e RGO

where we used the fact that f = g in the rest of the interval. Since ¢ in the inte-
grands does not assume values of the form xo+27k, it follows from Lemma 2.47(c¢)
that the limits as n - oo vanish. |

2.5 Fejér sums

The basic question remains: under what conditions does the Fourier series of
a function (if it exists) converge pointwise to the function? The question was
asked already by Fourier himself in the beginning of the 19th century. Dirichlet
proved that the Fourier series of continuously differentiable functions converges
everywhere. It turns out, however, that continuity is not enough for pointwise
convergence everywhere. For example, the series

£(x) =g%sm((2"3 +1)§)

converges uniformly to a continuous function, but its Fourier series diverges at
certain points.
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Rather than looking at the partial sums S, f, we can consider their running aver-
age:

1 n
f=——> Sif.
onf n+1,;) of

Such sums are called after Lip6t Fejér. It turns out that Fejér sums are much
better behaved than the Fourier partial sums. Note that it is trivial that if S, f(x)
converges as n — oo, then so does o, f(x), and to the same limit.

Consider the Fejér sums in explicit form:

(@) =g Yo [P =)
= % AZFf(Z) (nJlr 1 kZ:)Dk(x—t)) dy

1 21
EZTA f(OK,(x-1)dy,

where,

which can be proved by induction. The function K,(x) is known as the Fejér
kernel (7" 1"v7)).

Kie®)




—29h

)19)—
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The Fejér kernel is also normalized, as found by setting f = 1:

1 2n
IZO'Hf(x):EA Kn(y)dy

It differs a lot from the Dirichlet kernel in that it is non-negative.

Like the Dirichlet kernel it is “centered” at zero. That is, for every € > 0,

. 2n-¢ 1 2n—-¢ sin2 lnx
lim K,(x)dx = lim f sT—dx

= Je n—oop + sin X
2t dx
< lim —-=0.
n—oo p + 1 sin” 50

Theorem 2.49 (Fejér) For every f € C([0,2r]) such that f(0) = f(2n):

lim o, - £l =0

Proof: Since continuous functions on compact intervals are uniformly continuous,
Ve>0 36>0: Vix—-yl<d |f(x)-f(y)|<e

Using the normalization of the Fejér kernel:

o f (x) = £(3)] ‘— (f(r) - f(x))K,,(x—t)dt‘
1_/|;t>6(f() F(X))K,(x—1t)dt| + 1[ (f() FO)Kn(x— 1) dt

2

<Uflegy [ KOy 5 [ KOy

<

and we used the fact that the Fejér kernel is non-negative. For sufficiently large n
the right hand side can be made smaller than a constant (independent of x) times
&, which completes the proof. |
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2.6 Applications of Fourier series

The Fourier series is named after Jean-Baptiste Joseph Fourier (1768—-1830). Fourier
introduced the series for the purpose of solving the heat equation in a metal plate,
publishing his initial results in his 1807. Fourier’s research established that an
arbitrary continuous function can be represented by a trigonometric series. Early
ideas of decomposing a periodic function into the sum of simple oscillating func-
tions date back to the 3rd century BC, when ancient astronomers proposed an
empiric model of planetary motions.

T4 material 2.1 The heat equation (21777 NXMM) describes the evolution over
time of a temperature field. In its simplest formulation, let 7'(x,¢) denote the
temperature at a point x and time #, where x € [0,2x] and ¢t > 0. Suppose that the
initial temperature 7' (x,0) is given. Then, T (x, ) satisfies the partial differential
equation,

T T
—(x,1) =k—(x,1
ar (o) = kg (x.0),

where k > 0 is a constant. In addition, one has to specify boundary conditions
(maw *8iN). For example, one may dip the ends of the rod in ice, so that for every
t,

T(0,t) =T(2n,t) = 0.

This is the problem that Fourier wanted to solve. He notices that every function
of the form

T(x,1) = sinnxe "

is a solution to the heat equation satisfying the boundary conditions. Since the
heat equation is linear, every linear combination of the form

[ee)
T(x,t) = a,sinnx ekt
n=1

is also a solution to the heat equation, satisfying the boundary conditions.



