1.
2.
3.

3.1.
3.2.
3.3.

4

4.1.
4.2,
4.3.

5

5.1.
5.2.
5.3.
5.4.
5.5.
5.6.

6

6.1.
6.2.

STRESS THEORY FOR CLASSICAL FIELDS
RAZ KUPFERMAN*, ELIHU OLAMI* AND REUVEN SEGEV**
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general setting.
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1. INTRODUCTION

Physical theories for which the states are represented by sections of a fiber
bundle are predominant in both classical field theories of theoretical physics
and studies of the material structure of bodies in continuum mechanics. This
paper is concerned with the corresponding stress theory.

For about half a century now, classical fields are modeled mathematically in
the theoretical physics literature as sections of fiber bundles over space-time.
Since the pioneering works on modern formulations of classical field theories,
for example, [Tra67, Kom68, Kom69, Sniatycki70, Her70, Kru71], a generic
field is viewed as a section x : B — Y of a fiber bundle 7 : Y — % for a
d-dimensional space-time 9. The field equations are obtained by considering
stationary values of an action integral

f% 2L(j"x) (1.1)

where the Lagrangian function £ : J'Y — AT*3 is a fiber preserving map-
ping of r-jets into the bundle of d-alternating multilinear forms over %. (See,
for example, [KT79, dR85, BSF88, EEMLRR96, Ram01, GIMMO03, GMS09,
Fra12].) The variational analysis of the action integral yields terms that may be
interpreted as the components of the stress tensor.

Nontrivial fiber bundles appeared in continuum mechanics originally in works
considering dislocations, and material uniformity and homogeneity. (See, [BBS55,
Kon55, Nol67, Wan67, Blo79, EE07].) The modern formulations of these the-
ories usually consider sections of the principal bundle of frames, or moving
frames, over the body manifold as a mathematical model for the distributions
of material directions. Since the sections are defined over the body manifold,
no reference should be made to the physical space and its conceivable Euclidean
structure.
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Formulation of continuum mechanics using sections of a general fiber bun-
dle has an additional advantage. While a major portion of studies in contin-
uum mechanics use the Lagrangian approach in which material points serve
as fundamental objects, the Eulerian viewpoint may be advantageous for stud-
ies of chemically reacting matter and growing bodies. The Lagrangian and
Eulerian viewpoints are unified when continuum theories are modeled on fiber
bundles. For the Lagrangian formulation, one simply considers the trivial bun-
dle 98 x S — % in which S is the manifold representing the ambient physical
space. In the Eulerian picture, % is interpreted as the space manifold or a region
therein.

Modern studies of the mathematical structure of stress theory in continuum
mechanics may be traced back to [Nol59] and subsequently [GW67, GM75,
Sil85, Sil91, Sil08], for example. The relevance of the notion of stress to field
theories led to contributions from the physics community, for example, [KT79,
p- 168], which, in some cases, applied ideas originating in the continuum me-
chanics research (see [Heh76, KT79, HM86, HN91, HMMNO95, GH97, p. 168]).

The stress object emerges in field theories as the vertical derivative of the
Lagrangian function. Yet, the studies of the stress object and the field equations
it should satisfy are relevant in the more general situation where a Lagrangian
mapping is not readily available. In the continuum theory of dislocations, for
example, it is hard to expect that the motion of dislocations will be governed by
a potential.

Thus, this paper considers the stress object and the equations governing it
for fields represented as sections of a general fiber bundle. Extending the ter-
minology in [TT60], and in view of the applications described above, we will
use the terminology a classical field theory to refer to any such mechanical, or
other physical, theory.

In our approach, the analysis of the stress field is put in a broader (global) con-
text. Extending [Seg86], we consider a configuration space of sections which
is an infinite dimensional manifold. Generalized forces are viewed as elements
of the cotangent bundle of the configuration space and stresses emerge from a
representation theorem for the force linear functionals. This “weak” approach
allows for generalized, singular, stress fields, with corresponding distributional
field equations. We give special attention to the case of smooth stress fields for
which we write down the field equation in an explicit differential form. For
example, a weak formulation of p-form, [HT86, HT88], premetric, [HIO06],
electrodynamics was shown in [Seg16] to follow from stress theory for fields
represented by p-forms in the case where the stress object has a particularly
simple form. It should be mentioned that we study here the theory concern-
ing the existence of stresses and the equations it satisfies; we do not study the
analytic aspects of the field equations obtained after the constitutive relations
are used, in tems of existence and uniqueness of solutions, appropriate function
spaces, etc.
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Following the introduction in Section 2 of the notation and terminology used
pertaining to fiber bundles and their jet bundles, Section 3 is concerned with
the infinite dimensional configuration space of sections. Generalized velocities
and generalized forces are modeled as elements of the tangent and cotangent
bundles of the configuration space, respectively. Particular attention is given to
smooth forces, those given in terms of body forces and surface forces. Section
4 considers the analog of “local configurations” as in [TN65, pp. 51-52]. In the
present general geometric setting, these are described by sections of the jet bun-
dle. Next, local velocities and their relation to the jets of generalized velocity
fields are discussed. Stresses are considered in Section 5. Variational stresses are
defined as functionals conjugate to velocity jets. A representation theorem for
generalized forces in terms of variational stresses relate the two type of objects
through a general version of the principle of virtual power. While, in general,
variational stresses are tensor-valued measures, smooth variational stresses, those
represented by smooth tensor valued densities induce traction stresses. The trac-
tion stress object determines surface forces on oriented (d — 1)-submanifolds via
a generalization of Cauchy’s formula. A differential operator generalizing the
traditional divergence of the stress tensor is defined next, enabling one to write a
generalized version of differential equations of equilibrium and boundary con-
ditions. It is observed, that while in the classical formulation of stress theory,
the stress tensor both acts on the rate of change of the deformation gradient to
produce power and determines the traction on hypersurfaces, in the geometry
of general manifolds, two objects, the variational stress and the traction stresses,
are needed for these two roles. While the variational stress determines a unique
traction stress, a traction stress field do not determine a unique variational stress.
Next, in Section 6, loadings and constitutive relations are introduced leading to
a formulation of the problem of stress analysis. Finally, a number of particular
cases are presented in Section 7. In particular, the relation between stress theory
and premetric p-form electrodynamics is summarized.

2. PRELIMINARIES AND NOTATION

The fundamental geometric object considered in this work is that of a fiber
bundle, the sections of which are identified with the configurations of a me-
chanical system or with classical fields. In this section we introduce the notation
and terminology adopted throughout this paper.

A fiber bundle [Sau89] will be denoted by a triple (Y, 7, M), where Y is the
total space, M is the base manifold and 7 : Y — M is the projection. Let M be a
manifold. We denote by

(TM, TA,[,M) and (T*M, T;C{,M)

its tangent and cotangent bundles. The bundle of k-alternating multilinear

forms will be denoted by (A*T*M, 7}, M).
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Let (Y,7,M) be a fiber bundle. For a section s : M — Y and a point m € M,
we denote by s,,, rather than s(m), the value of s at m. We also denote the fiber
of Y at m by Y,,, := n7'(m).

Consider T : TY — TM. The kernel of T in TY is commonly denoted by
Vr c TY, and is referred to as the vertical sub-bundle of TY. The set Vr is the
total space of two bundles: the vector bundle

(Vﬂa TY|V71'3 Y)7
and the fiber bundle
(V7o tyly -, M).
VC incl. TY Tr ™
Ty ™
Ty|lvrx
Y M

The vertical bundle of Y is often denoted in the literature by VY rather than
by V. The notation VY may be ambiguous in instances where Y is the total
space of multiple bundles; the notation V' makes explicit the projection with
respect to which verticality is defined. On the other hand, the latter notation is
often cumbersome, for example, when the projection is a composition of several
projections, some of which restricted to sub-bundles. For improved readability
we adopt the following notation scheme: for a fiber bundle (Y, 7y, M), we denote
its vertical bundle by VY in cases where Y is the total space of a single bundle, or,
in the case of repeated projections, Y — Z — --- — M, in which case verticality
is implied relative to the projection onto the manifold M.

Consider two fiber bundles (Y, 7y, M) and (Z, 7z, M) over the same base man-
ifold M. Let ¢ : Y — Z be a fiber bundle morphism, i.e., 7z o ¢ = 7y. The
restriction of the tangent map Tg : TY — TZ to VY defines a vertical bundle
morphism,

T(p|Vy VY — VZ.

Tol
VYLVZ

TY|VY\ ‘Tzlvz
Y \ ? z
M
Let (Y, ,N) be a fiber bundle and let f : M — N be a differentiable mapping.

One has the natural pullback bundle, (f*Y, f*x,M) with (f*Y),, canonically
identified with Yy(,) via the bundle morphism 7*f : f*Y — Y over f, as in
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the diagram below. A section s : N — Y induces the section f*s : M — f*Y
satisfying 7 f o f*s = s o f; in other words, (f*s), is identified with sf(m).

T f

iy —— -y

S

M

The tangent map of f, Tf : TM — TN induces the differential of f, df :
TM — f*TN satistying 73 f odf = Tf.

Tf
d o f
™ / f*TN —= TN
™ N
N
M N
f

In particular, for two fiber bundles (Y, 7, M) and (Z, p, M) over the same base
manifold M, and a fiber bundle morphism ¢ : Y — Z, we use

dolyy : VY — ¢*'VZ (2.1)

to denote the vertical derivative of ¢, i.e., the restriction of dg to VY; this vertical
derivative is sometimes denoted in the literature by §¢.

Let (Y,ny,N) and (Z,nz,N) be fiber bundles over N. Let f : M — N and
let ¢ : Y — Z be a fiber bundle morphism. Then, f induces a fiber bundle
morphism f*¢ : f*Y — f*Z, defined by the equality 7} f o f*¢ = p o 7} f.

7T*f / /
[y . Y
//f*”Z Tz
f’k ¥ k\

M 7 N

For a manifold M, Z(M) denotes the space of smooth real-valued functions
on M. For a fiber bundle (Y, 7, M), it is common to denote by C¥(r) the set of
Ck-sections M — Y. As in the case of the vertical bundle, we note that the space
of Ck-sections M — Y is often denoted in the literature by C¥(Y). Here too, we
adopt the following notation scheme: for a fiber bundle (Y, 7y, M), we denote
its Ck-sections by C¥(Y) in cases where Y is the total space of a single bundle,
or, in the case of repeated projections, Y — Z — -+ — M, when the section is
with respect to projection onto the manifold M.
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Consider two fiber bundles (Y, 7y,M) and (Z,7z,M) and let ¢ : Y — Z be a
fiber bundle morphism. Then ¢ induces a map between sections,

Ck(Y)3 s goseCk2).
®

This mapping is often denoted by ¢. : CK(Y) — C¥(Z), however, we will write
explicitly either ¢ o s or just ¢(s).

Y Y 7z
s @os
M

Let (Y, 7, M) be a fiber bundle and let m € M. We say that two (local) sections
s,u € CH(Y) are 1-equivalent at m if (Ts),, = (Tu),,. Equivalently, s and u are
1-equivalent if and only if they assume at m the same values and the same first
derivatives in some (hence, any) coordinate system. The 1-equivalence class at
m of a (local) section s is denoted by j},s. The first jet bundle of r is the set

Jir = {j}ns|m € M, s isalocal C'-section at m} .

In analogy with vertical bundles and C* sections, we adopt the following no-
tation scheme: for a fiber bundle (Y, 7y, M), we denote its jet bundle by J'Y in
cases where Y is the total space of a single bundle, or, in the case of repeated pro-
jections, Y — Z — --- — M, when the sections are with respect to projection
onto the manifold M.

The first jet bundle of (Y, 7, M) is associated with the following projections:

1,0
]1Y ﬂ—> Y

M

Consider once again two fiber bundles (Y, 7, M) and (Z, p, M) over the same
base manifold M. Let ¢ : Y — Z be a fiber bundle morphism. The first jet map
of ¢ is a fiber bundle morphism

jlo:]'Y > J'z,
defined by
J0(s) = (o s),

where for m € M, s is a local section of Y at m.
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le$.]lz

.k
N

M
Let Y and Z be vector bundles over a manifold M. We denote by

Hom(Y,Z)~Y*® Z

the vector bundle over M whose elements at m € M are linear maps Y, = Zp,.
Using L(Y,Z) to designate the set of vector bundle morphisms Y — Z, it is
observed that a vector bundle morphism ¢ € L(Y,Z) can be identified with
a section of Hom(Y,Z); thus, a vector bundle morphism may be viewed as a
tensor field over M. For a section ¢ of Hom(Y,Z) and a section n: M — Y, we
have the section £ o p: M — Z, defined by (£ o 1) = En(nm)-

Lets € Q!(N) be a one-form and let f : M — N be a mapping. Then, f*sisa
section of (f*T*N, f*73,,M); it is not a differential form. In contrast, we denote

by f*s the one-form over M defined by
fEs() = frs(df (@), (2.2)

for every v € TM.

Throughout this paper we adopt the following terms and notation:

Objects Elements of Notation
Points in the field (base manifold) B P

Values of a field Y e
Configurations Q c cl(y) Ky Kl v e -
Virtual velocities (TQ, 1q, Q)

Velocities at & T@ = CHx*VY) v, w, ...
Generalized forces (T*@Q, 75, @)

Forces at k Ti@Q =~ (CHx*VY))* f

Body force densities B = Hom(VY, n*A4T*%)

Body force density field at CO(x*B)

Surface force densities T = Hom(VY|ga, (lag) A1 T*0%)

Surface force density field at x CO(K:;%T) t
Deformation jets € cc'(Jly) £
Velocity jets (T8, 15, €)

Velocity jets at & T8 = CUEVJY) n
Variational stresses (T*€, T;;, €)

Variational stresses at & T;% ~(CO&E V) o
Variational stress densities S= Hom(VJ'Y, (1) A9T*%)

Variational stress density fields at & O+ @) s
Traction stress densities I = Hom(VY, 7*A4-1T*%)

Traction stress density fields at x CO(x*x) T

Loadings Co(ré) F
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Body loading densities CO(Hom(VY, n*A9T*B)) B
Surface loading densities COHom(VY|yg, (7log) A4 T*6B)) T
Loading potentials cl@) w
Body loading potential densities CHx*AIT*%B) wgg
Boundary loading potential densities  C'((|yg)* A%~ T*9%R) wygs
Constitutive relations Co(r%) v
Constitutive densities CO(Hom(VJ'Y, (x1)*A9T*B)) v
Elastic energy cl(g) U
Elastic energy density C2((r')* A9T*RB) <

3. CONFIGURATIONS, VELOCITIES AND FORCES

3.1. The manifold of configurations. In the global approach to mechanics,
a system is characterized by its configuration space.

The fundamental object in a classical field theory is a fiber bundle, in which
the various fields assume their values. The d-dimensional base manifold % typ-
ically represents space-time in modern physical field theories and a body mani-
fold in continuum mechanics. For p € %, the m-dimensional fiber Y, represents
the values that the field may assume at p. Thus, a field theory is characterized
by a particular fiber bundle.

Definition 1. Let (Y,7,%) be a fiber bundle, where the base manifold % is
assumed to be compact, oriented and possibly having a boundary. Consider the
Banach manifold [Pal68] of sections C!(Y). The manifold of configurations, @, is
an open subset of C!(Y).

Since @ is open in C!(Y), it inherits its Banach manifold structure; moreover,
for every k € Q, T, Q = T,.CL(Y).

Comment 2. A basic example of a manifold of configurations is the case where
Y is a trivial bundle. In the Lagrangian approach to continuum mechanics, a
body is modeled as a smooth, compact, d-dimensional differentiable manifold,
. The ambient space is modeled as a smooth m-dimensional differentiable
manifold without boundary, S. The space of configurations is the space of C!-
embeddings % — S, which can be given the structure of a smooth Banach
manifold [Pal68, Mic80]. We may also view such maps as sections, C!(Y), where

Y=FBXS
is a trivial bundle over .

A construction of the manifold C!(Y) consistent with the Whitney C!-topology
[Mic80] can be found in Palais [Pal68]. The construction may be roughly de-
scribed as follows. Let k € @ and let C'(x*VY) be the Banachable space of
sections B — VY along k. That is, w € C1(x*VY) satisfies for p € B

wp € (K'VY)p = (VY)y,.
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A local chart for @ in a neighborhood of k is a map
Xe : ClK'VY) - @,
given by
Ore(w))p = exp” (wp),
where exp? : VY — Y is the exponential map on Y induced by some arbitrarily
chosen spray, consistent with the fiber structure. Namely, for e € Y,
exp’ 1 (VY)e = Yy(o.

Strictly speaking, exp" is only defined on a neighborhood of the zero section
of VY. However, one can always reparametrize exp? to be defined globally on
VY. The above construction holds only for the case of a compact base manifold
9. See Remark 7 below for the case of non-compact bases.

\AA/
Throughout this paper, we complement the covariant, coordinate-free formulation with its
corresponding local coordinate representation. We will use a typical local coordinate system

X=X'....x%:peBr— X(p) cR?
for the base manifold 9%, and a local coordinate system
y=x) =X, .. x%x!,. . x™) eeY — yle) e REx R™

for the fiber bundle Y. The components of X for a given chart will be denoted with Greek
indexes, e.g, X%; the components of x will be denoted with Roman indexes, eg, x'. Note the
abuse of notation where X is both a function on % and a function on Y; this type of abuse will
recur in several instances below.
The coordinate system y is assumed to be adapted to the bundle structure: for every e € Y,
ie.,
X(e) = X(n(e)).

AAA

3.2. Generalized velocities.

Definition 3. The bundle (T@Q, 7q,®) tangent to the manifold of configurations
is termed the bundle of generalized velocities, or the bundle of virtual displace-
ments.

Following Lang [Lan72, p. 26], we define the tangent space of an infinite-
dimensional manifold in the following way. Let k1 and k» be two configura-
tions, and let

X :ClKVY) — @ and x2: Cl5VY) > @

be coordinate systems at k1 and ko, respectively, whose images overlap. We will
keep the simple notation y;! for the restriction to the overlap. Let

k= x1(w1) = ya(wo).
The triples
(x, x1,v1) and (k, x2,v2),
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where v; € C!'(x{VY) and v, € C'(}VY), are considered equivalent if

v2 = Du, (3" © x1)(@1).
The collection of all such equivalence classes for a fixed x forms the vector space

T, Q. Given an exponential map on Y, the canonical representative of an element
of T,.Q is of the form

(K, Xi»0)s v E Cl(K*VY),

that is, the vector space of virtual velocities at x can be identified with the space
of velocity fields at «,

T.Q = C'(k*VY). (3.1)

A velocity field at k, v € C!(x*VY) can be identified with a path y : T — @ in
a canonical way,

y(t) = xx(tv),
ie.,
(y()p = epr(t vp) € Y.

The bundle of velocities TQ is the union of the tangent spaces T,,@ with the
standard smooth structure. As a set, TQ consists of sections of VY viewed as
a fiber bundle over . The tangent space at k € Q consists of those sections
whose projection onto Y coincides with x. In the physics context, an element
of T,.Q is interpreted as a fiber-wise variation of .

Ty K
kK*'VYy —=VY
_7

Ve
ol K*tylvy Tylvy
AN

=~ K

%\_/

T

Y

\AA/
The local coordinate system X on % induces a smooth local frame for T4,

0
B ._ . _
{07 = X - a=1,...,d},

defined by the paths
02l =t~ X' X(p) +tex), peB,
where {e,} is the standard basis of R%. The action of this frame on a function f € (%) is
@2 N)P) = DY) (f o X 7.
Likewise, the local coordinate system y = (X,x) : Y — R" induces a smooth local frame for
TY,
.o ca=1,....d, i=1,....m},
defined by the paths
Ole = [ty (X(e) + t eq,x(e))]

e =ty ' (X(e),x(e) +te))], ee.
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In terms of derivations, for f € Z(Y) and e € Y,

@afNe) =Dy, (foy™). a=1...d

@ P =D (foy™, i=l...m.

Since the coordinate systems are adapted,

drody =x"9F  and  drod) =o0. (3.2)
The vertical bundle VY is spanned locally by the frame field 4); a local coordinate system for VY
; (X,x,%): v € VY — (X,x,%)(v) € RY x R™ x R™,
where

X (0" 0]le) =X%(e),  x/ (v'9)le) =x/(e) and i (v'9)]) =0,
A generalized velocity (or virtual displacement) field at « has a local representation
v="0 x*al.Y ,

where 0! € C1(%). .
We denote by dxg and dx{, dxj, the co-frames dual to 9F, Y and 9Y. We have

dx§ = ﬂﬁdx%, (3.3)
because by (2.2) and (3.2)
rhdx§(0)) = n*dxy(dr 0 9)) = x°dxG (" 9F) = 5%

and
atdx&(9Y) = n*dxZ(dn 0 8)) = 0.

AAA

3.3. Generalized forces.
Definition 4. The bundle of forces is the vector bundle
(T"Q,7¢,0)
dual to the vector bundle of velocities. A generalized force at k is an element
feTiqQ.

That is, for every configuration k € @, the vector space T;;@ of forces at k
is the dual of the vector space T,.Q of velocities at k. The action of a force f at
x on a velocity v at k yields a real number, f(v), termed the virtual power, or

virtual work that f expends on v.
By the isomorphism (3.1),

T:Q =~ (C'(x*VY))". (3.4)

Generally, forces may be represented by a collection of measures (see Subsec-
tion 5.1) and therefore cannot be assigned values at points. The remaining part
of this section considers forces that can be represented by more regular fields.
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Definition 5. The bundle of body force densities is
B := Hom(VY, 7*AYT*%).

It is a vector bundle over Y, with projection which we denote by 75 : B — Y.
For k € Q,

B = Hom(x*VY,AT*%)
is the bundle of body force densities along «; it is a vector bundle over %.
The bundle of surface force densities is
T := Hom(VY|yg, (]ag) A%~ T*0B).
It is a vector bundle over Y|gg, with projection which we denote by 7y. For
K €Q, and Ko = K|agg,,
K5 T = Hom(k*VY|og, A T*0B)
is the bundle of surface force densities along kg; it is a vector bundle over 0%.

With these definitions, we can define the notion of a continuous force:

Definition 6. A force f at k is termed continuous if there exists a body force

density field along «,
b € C°(x*B) ~ C°(Hom(x*VY,AT* %)),
and a surface force density field along «,
t € CO®k}g T) = C'(Hom(xk " VY| gg, AV T*0R)),

such that for every velocity v at k, the virtual power that f expends on v is given

by
f(v):Lbov+L%tov|3%. (3.5)

Note that on the left-hand side of (3.5), v is viewed as an element of T,Q,
whereas on the right-hand side, v is viewed as a velocity field at «, ie., an
element of C'(k*VY).

Remark 7 (Non-compact base manifolds). If the base manifold % is not
compact, the image of a section s € C(Y) is never compact, hence, it is not
possible to endow C!(E) (or any other reasonable class of sections) with a Banach
manifold structure (see discussion in the introduction of [PT01]). However, as
shown in [Mic80] and [KM97] for smooth sections, the space C*(Y) of C*-
sections 8 — Y can be given a structure of a smooth manifold modeled on a
locally convex topological vector space. The tangent space at a configuration
k € C*(Y) may be identified with the space CX(k*VY) of differentiable sections
with compact supports, equipped with the inductive limit topology

CE('VY) = im CR(x'VY)
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where K runs through all compact sets in B and Cg(x*VY) has the topology of
uniform convergence of all derivatives [KM97, Theorem 42.1]. Thus, general-
ized velocities are represented by sections of k*VY having compact supports so
that forces may be viewed as tensor valued currents or generalized sections (see
[GS77, Seg16]). An analogous construction can be applied to C!-sections.

4. DEFORMATION JETS AND VELOCITY JETS

4.1. The manifold of deformation jets. In this section, we consider what
is termed in [Seg81] the local model—a notion of configuration that encodes
also information about local deformations. In a first grade theory, this addi-
tional information is reflected by conceivable values of the first derivative of the
configuration at the various points. These values of the derivatives need not be
compatible with a particular configuration . For short, we refer to such fields
as deformation jets (referred to in [Seg81], for the case of a trivial bundle, as lo-
cal configurations after [TN65, pp. 51-52]). The natural geometric construct
for encoding this information is the first jet bundle (J'Y,z!, %).

Definition 8. The manifold of deformation jets which we denote by €, is some
open subset of C°(J'Y)—the space of C”-sections % — J'Y containing the im-
age of j : @ - C°(J'Y). That is

i'@) c € c c'(J'y).

A deformation jet which is a jet extension j'x € € of a configuration k € @
is termed compatible or holonomic.

The manifold structure of € is analogous to the manifold structure of Q.
Denote the vertical bundle of J'Y by

VJ'Y =kerTn! c TJ'Y.

. 1
leyc incl. T]1Y Tr T
Ty T
TﬂYlVﬂY
Jy B

al

For ¢ € 6, the modeling space for a chart in a neighborhood of £ is the
Banachable space CY(&*VJ'Y) of sections B — VJ'Y along &; that is, £ in that
neighborhood of ¢ is represented by an element n € C%(£*VJ'Y) satisfying

np € EVI'Y), = (V]'Y)g, € Tp,J'Y.
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g*vjl V]ly
_ ~
7 /\§*(T]1YIV]1Y) Trylysiy
T3 J'y
&
vy

A local coordinate system for J1Y [Sau89, p. 96] is
z=(y,x") = (X, x,x") :j},x € ]1Y —> z(]'ll,lc) e R x R™ x Rdxm’

such that
ypk) =y(p)  and x5 (i) = 9P (x" 0 K)(p).

AAA

4.2. The bundle of velocity jets. The analog of a generalized velocity for the
case of the bundle of deformation jets is defined as follows:

Definition 9. The vector bundle T$ tangent to the manifold of deformation
jets € will be termed the bundle of velocity jets. In [Seg81] it is referred to as the
bundle of local virtual displacements (again, in the context of a trivial bundle).

The construction of T8 is analogous to the construction of the bundle of
velocities TQ. In particular, for & € €,

T8 =~ C'(&V]'Y), (4.1)

which is the space of sections B — VJ'Y along ¢&.

As a set, T€ consists of sections of VJ'Y viewed as a fiber bundle over %.
The tangent space at £ € € consists of those sections whose projection onto J'Y
coincides with £. In the physics context, an element of T; 6 is interpreted as a
fiber-wise variation of £.

For later use, we will need the following well-known isomorphism:

Proposition 10. VJ'Y is isomorphic to J'VY,
(V]1Y,7T1 o ley|V]1Y,93) = (]1VY, (mo TY|VY)1,%)-
We will denote the isomorphism by

K:VJ'y — Jlvy.
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Jivy

vly

)1,0

(morylvy Triylyjty

Tﬂ:l’olvjly ]1(TY|VY)

VY J'y
tylvy al0
Y
7]
Proof. See [Pal68, Chapter 17] and [Sau89, Theorem 4.4.1]. |

Lemma 11. Let j'x € € be a holonomic deformation jet. Then, the isomorphism K
induces an isomorphism of vector bundles over 9,

G'0)'K : (') VY — JH(xVY).
Proof. See Theorem 17.1 in [Pal68, p. 82]. O

\AA/
A local coordinate system for VJ'Y is

(z.5,5") = (X, x,x0".%,5) : (jps) € V'Y k> (2.5,5)((jps)) € RY x R™ x R™ x R™ x R,

This local system of coordinates is adapted in the sense that for [t — j},s(t)] e VJ'Y, where
s(0) = x,

2([t - jps(®)]) = 2(jpr).
Forjlljlc e Jly
1
9 Mjpe = [t 27 (XGpr) + teax(pr). x Gpro)]
1
&/ Yljll,x = [t b 27 (X (jpk). x(pr) + tei,x(jpk))]
1 — . . .
@ 11 = [t 27 XGpR).x(pr).x k) + t ),
we have
1 1 1
z(ﬁé Y|j11),<) = 2(jbx), z(aj Y|j[17,<) ) z((af Y)f|j}),<) = 2(j}w).
Moreover,
i JlY _ i JlY _ . i 1Y ,B _
#(0 ) =0 0 ) =0 # (@) =
and
i ly .7 ly i 1 i
x’fx(ﬁé |]117K) :0, x/fl((ij] |]11,K) :O, X’Z{((a] Y)]ﬁb;’() :5;55
A local coordinate system for J'VY is

X, x,%,x,x") :j;v e JWvy — (X,x,fc,x’,)'c')(j},v) e RY x R™ x R™ x RI¥M x gdxm
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For a local section v = vl K*@iY of k*VY,
X(jpv) = X%(p)  x(pv) =x'(vp) i (jpo) = 0 (p)
L) =X G and  @)EG) = @2 0)p).
The isomorphism VJ'Y = J1VY is represented by:
K (' 0)0] M1jp + @20N®) @ ) = iyl 0,
In other words, The local representative K of K is given by
K(X,x,x",%,%") = (X,x,%,x",%).
Note that
dr00 0l = (0 0Y  dn™0od]'Y = (x10)0Y and dr™0o (@' V)*=0. (4.2)
We denote by dx dxj] v and (dley)é, the corresponding co-frames:
dx;ﬂy = (ﬂ1’0)ﬁdx? = (7[1)ﬁdxg7‘3 and dx}ly = (n1’o)ﬂdx§,. (4.3)

AAA

4.3. Compatibility and jet prolongation of velocity fields. Evidently, spe-
cial attention should be given to configuration jets induced as jets of configu-
rations. The analogous situation applies to generalized velocity fields. In this
section, we consider compatible configuration jets and compatible velocity jets.

The jet prolongation mapping j1:@ - isan injection, where we omit the
indication that j! needs to be restricted first from C!(Y) to Q. Its differential is a
vector bundle morphism (see diagram below)

dji' : T@ — (j')' T,
mapping velocities at k into velocity jets at j'x,

(dj" ) : Te@ — (1) TE)x = Tj1, 6.

Tj!

r*jl

e Y iyre L 1%

\ S ]

(S

~1

Since T,,@ ~ C'(x*VY) and Tj1, 6 = CY(j'k)*VJ'Y), the differential of j' at x
can also be viewed as a linear map

(dj")e : CH(x*VY) — CU((j k) VI'Y),

mapping velocity fields at x into velocity jet fields at j'x.



STRESS THEORY FOR CLASSICAL FIELDS 18

Proposition 12. The differential of j* can be factored into the action of j* and a vector
bundle morphism: for v € T,Q ~ Clx*VY),

dj")e(@) = (i'x)' K" 0 jlo.
In other words, (dj'),. is represented by
J1ClEVY) = COUNRVY)) = CUGR) VY,
where the last isomorphism follows from Lemma 11.
Proof. For v € T,@, let s : I — @ be a path of configurations satistying
s(0) =k and $(0) = v.
By the definition of the differential via its action on curves,
(dj)e(@) = [t = j's(t)] € Tj1, 6.
We now view v as a section Cl(K*VY), i.e., as a map
p [t 5]
Then,
jlo =t s®)] € U VY)),
and
G')K o jlo =t - jls()] € COUG'R) VY).
O

Since (dj'),(v) can be identified with j'v, we will use the shorter notation j'v
rather than (dj'),(v) to denote the corresponding element of T;1, 6, and treat

it clxvyY) — PNk VY))
as a representative of (dj!)y .

\AA/
Using local coordinate frames, a velocity field v at x may be represented locally in the form,

v=0 K*aiy,

where v’ are differentiable functions defined on the domain of a chart. Its jet prolongation is the
velocity jet field at j'x, represented locally as

o =0l heral T+ @200 hor@ e, (4.4)

AAA

5. STRESSES

This section introduces the stress object as a tensor valued measure that rep-
resents a force functional, non-uniquely. Particular attention is given to stresses
measures that are continuous relative to volume measures on the manifold .
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5.1. Variational stresses.

Definition 13. The bundle (T*$,7;,%) dual to the bundle of velocity jets T
is termed the bundle of variational stresses. Given a deformation jet £ € 6, an
element o € T is referred to as a variational stress at .

For every deformation jet £ € 6, the vector space T;€is the dual of the vector
space of velocity jets at £, Ty6. By the isomorphism (4.1),

;€ = CEvty)®. (5.1)
Let k € @ be given. The map
1 CUVY) — CUGR)VITY)
is an embedding. It follows from the Hahn-Banach theorem that its dual,
()" (G VIY) — (€ (VY)Y

is surjective; to every force at k, f € (C'(x*VY))*, there corresponds a (non-
unique) variational stress at j'x, o € (C°((j'x)*VJ'Y))*, such that

f=3"e. (5.2)
That is, for every v € T,Q,
f) = (') 53)

Equation (5.3) is a generalization of the principle of virtual work in continuum
mechanics, and Equation (5.2) is the corresponding generalization of the equi-
librium equation.

It should be noted that the (generalized) equilibrium equation is merely a
representation theorem; it is not a law of physics. Note also that the well-
known static indeterminacy—the non-uniqueness of the stress representing a
given force—is reflected by the non-injectivity of (j!)*, which in turn, follows
from the fact that j! is not surjective.

Let k € @, hence j'x € 6. By the Riesz representation theorem, the space of
continuous linear functionals on C%-sections,

1,8 = GV,

coincides with the space of Radon measures valued in the dual vector bundle
(('x)*VJ'Y)*. Locally, a variational stress o € Tj*lk% is represented by a collec-

tion of Radon measures
{pipf +1<i<m, 1<a<d}
so that in case v or o are supported in the domain of a single chart,

a(j1v):j%vidy,~+fg;3(8f’v")dyf‘. (5.4)

In the general case, o(j'v) is evaluated using a partition of unity.
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5.2. Continuous variational stresses. Equation (5.4) shows that variational
stresses may be as singular as measures. In this section, we restrict our attention
to continuous variational stresses, that is, variational stresses for which the mea-
sures {;, u%} are absolutely continuous with respect to some smooth volume
form on 3.

Definition 14. The bundle of stress densities is

©& = Hom(VJ'Y, (x" )" AT*B).
It is a vector bundle over J'Y, with projection which we denote by g : @ —
J'Y. For £ € &,

£& = Hom(&*VJ'Y,AT* %),

is the C°-bundle of variational stress densities along &; it is a vector bundle over
RB.

Definition 15. A variational stress o € T;arl € €is termed continuous if
there exists a variational stress density field at ¢,

s € (@) ~ C'(Hom(£*VJ'Y, AT B)),

such that for every velocity jet n at £, the virtual power that o expends on 7 is

given by
= [ sen
B

Note that on the left-hand side, 5 is viewed as an element of T; €, whereas on
the right-hand side, 7 is viewed as an element of CO(£*VJ'Y). (See below the
local expressions for continuous variational stress densities.)

Let f be a force at x and suppose that f is represented by a continuous
variational stress at j'k, o € T8 with variational stress density field s €

CO(Hom(VJ'Y,(x")*AYT*B)). Then, the virtual power expended by f is given
by
=o' = [ so¢'o) 55)
%

5.3. Traction stresses. In classical formulations of continuum mechanics in a
Euclidean space, the stress object plays two important roles: it determines the
traction fields on sub-bodies via the Cauchy formula, and it acts on velocity jets
to produce power. For continuous stresses on manifolds, two distinct objects
play these two roles.

The variational stress, as defined above and as its name suggests, produces
power when it acts on velocity jets. The object that determines the traction
fields on the boundaries of sub-bodies will be referred to as traction stress (see
[Seg02], where it is referred to as the Cauchy stress, and [Seg13], for the case
of a trivial bundle).
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Definition 16. The bundle of traction stress densities is
% := Hom(VY, 7" A4 ' T*%).
It is a vector bundle over Y, with projection which we denote by 7¢ : T — Y.
For x € Q,
KT = Hom(x*VY, AT ' T* %),
is the bundle of traction stresses along «; it is a vector bundle over %.

Definition 17. A traction stress density field at k is a continuous section of the
bundle of traction stress densities along «,

r € C'(x*2) = CO(Hom(x*VY, A ' T*BR)).

One would like to restrict traction stress density fields to co-dimension 1
submanifolds of 9. In particular, to the boundary of %. Consider therefore,
an embedded (d — 1)-dimensional, oriented submanifold 7 c %. Denote by
1o+ V — B the inclusion. We denote by Yl the restriction of the fiber bundle
Y to V. Formally,

Yl := ()*Y and wly = (y)m: Yy = V.
Let (E, g, Y) be a vector bundle over Y (below E will represent the vector bun-
dles T and VY). One can restrict E to % by pulling back E over Y|y using
the map 7% to obtain the bundle Elyy := (7% )*E with the corresponding
projection
mgly = (w'ey) mE  Ely = Yl
see the following diagram.

By —— 2 E
7Ely g
Y|cy " 1y y
Tl T
v - B

Equipped with this notation scheme,
Ly = ()" T
= Hom((x* 1 )" VY, (x* 199 )* 7 (A T* B)) (5.6)
= Hom(VYly, (x* A T*B)|y).

The bundle |y is the bundle of traction stress densities restricted to %', which
nonetheless act on any (d — 1)-tuple of vectors in T9; it is a vector bundle over
Y}y
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The inclusion 1 : ¥ — % induces a restriction
(disy)* : AT TR — AT
of (d — 1)-forms to vectors tangent to V. It follows that
(zly )" (di )" ()" AT B —> (wl ) A TV
AT T By — () ATV
Composition with the latter defines a vector bundle morphism over Y|y,
Gy : Ty — Hom(VY|y, (| ) AT T*7).

The mapping G+ is a generalization of the traditional Cauchy formula for con-
tinuum mechanics in Euclidean space, 7 + 7(n), where n is the unit normal to
the oriented submanifold. We will therefore refer to it as the Cauchy mapping.

Let k € Q. Denote by

ky :V — Y|y
the restriction of k to ¥, namely,
iy O Ky = K O Iy
Note that for every vector bundle E over Y,
k5 Ely = k3 (w197 )'E = 15,k"E = (K"E)|syr .
Let 7 be a traction stress field at x. Then, 1,7 is a section of (k 0 15)* T, where
(k0 137)*T =~ Hom((x 0 197 )* VY, 12, AT T*B)
~ Hom(x* VY|, A1 T %),

and we write k*VYly, rather than (x*VY)ly, as no ambiguity should arise.
Moreover, by (5.6),

K% Ty = Hom(k, VY|, A T* Bl ) = (x 0 197)* .
We may therefore apply the pullback of the Cauchy mapping «2. 6+ on iZ,7 to
obtain a section

t == (k%G )(15,7) € CO(Hom(x" VY|, A9 T*7)).
In particular, for the case ¥ = 9%, a traction stress density field 7 at x induces

via the Cauchy mapping a surface force density field at x, that is, a vector bundle
morphism

t = (kK55 6om ) (155 7) € CO(Hom(k*VYgg, AT T*R)).
In order to simplify the notation, we define the morphism
oz : CO(Hom(k* VY, AT T*B)) — CO(Hom(k*VY|gg, A1 T*OR))
by
T+ (K55 B0%) (156T)
so that
t = Bogp.k (7).
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Thus, B, is the Cauchy mapping along k. These formal definitions simply
imply that

t o vlog = Bom,«(7) 0 V|og = lg%(fla% ° v]gm). (5.7)
5.4. The traction stress induced by a variational stress density. The vari-
ational stress determines uniquely the traction stress, but the converse does not
hold. This section introduces the construction of the traction stress from the
variational stress for the fiber bundle setting.

The vector bundle V'Y is a sub-bundle of VJ'Y. Its elements are repre-
sented by paths in J'Y that are vertical over Y along the fibers of 7!°. The fiber
bundle (J'Y,7"°,Y) is an affine bundle modeled on the vector bundle [Sau89,
Theorem 4.1.11]

m'T"B ey VY.
Consequently,
V= (' T* B @y (7) VY = Hom((r') TS, (x0)*VY).
The inclusion .F : Va!? < VJ'Y induces a restriction
F*: & — Hom(Va?, (x" ) AIT*%B),
defined by
s so 7.

In view of the isomorphism

Hom(Vr"?,(x')" AT B) = (") (1" TR @y (VY)" @y n°AT* %),
we define

C : Hom(Vx'0, (x' ) AT*B) — (20)" ((VY)* @y n* AT T*B) = (20)'2
to be the contraction of the third and first factors in the product, namely,
Coeep®0)=9p®(val).
Note that C is a vector bundle morphism over J'Y.
Next, define
P:& — (#")g,
a vector bundle morphism over J'Y, by
P=CoJ". (5.8)
For x € Q,
Pe:= ()P (j'k)'® — k'

maps variational stress densities at jlx to traction stress densities at x. It fol-

lows that composition with P, maps variational stress density fields along j'x to
traction stress fields along .

vy
An element of (j'x)*® at p is of the form

p = (a,-dx}wb;,c +a%(dx): Y)g,|j;,<) ® dX,.
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Its restriction to (Vi'[l’o)j1 o itcan be written as
p

af Py ® dxll, ® dXp.
Then,
P(sp) = af dxy|x, ® (97 2dX),

Thus, for a variational stress density at j'k given locally by

s = (si (') dx

Ly + G @y ) @ X,

we have
Peos=sy K*dxi, ® (82 1 dX).

AAA

5.5. The exterior jet of a differentiable traction stress density. Recall the
definition of a linear differential operator (see [Pal68, Chapter 3]).

Definition 18. Let (E, g, M) and (F, g, M) be vector bundles over the same
base manifold M. A linear map D : CK(E) — C*¥!(F) is called a first-order
linear differential operator from E to F if there exists a vector bundle morphism
D e L(J'E,F), such that

D(s)=Doj's,  VseCKE).
Note that J'E is a vector bundle over M only if E is a vector bundle. We will
refer to D as the morphism associated with D.

For convenience, we recall the definitions of the following vector bundles:

body force densities B = Hom(VY,7*AT*®),

surface force densities T = Hom(VYlgg, (7|ag) A% T*0B),
variational stress densities ©& = Hom(VJ'Y, (x")"A‘T*B),
traction stress densities T = Hom(VY,7* A ' T*B).

Each of these bundles can be pulled back with either x or jlk; sections of the
pullback bundles are referred to as fields along .

Definition 19. Let k € Q. The exterior jet differential operator along
by : Cl (k") — (1K) @),

is defined as follows. Let 7 € C!(x*Z) be a traction stress density field along .
Then, for all v € C'(xk*VY),

(d,7) 0 jlv = d(r 0 v).

Proposition 20. b, isa well—dcﬁned ﬁrst—ordcr linear dijfkrential operalor.
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Proof- In local coordinates, a traction stress density field along « takes the form
r =1l K'dxl ® (02 1dX),

where

dX = dxly A+ A dxd.
A velocity at k is given locally by

v =20 K*ﬁiy ,

hence,

rov =10 (82 1dX).

Taking the exterior derivative
d(r 0v) = (02 )0 + 1 (970Y)) dX.
By the local expression (4.4) for jlv, it follows that
der = (027 (i)t + 7 ') (dxpiy)l ) ® dX

satisfies the defining property of b,z and depends linearly on 7 and its deriva-
tives. o

5.6. The divergence of differentiable variational stress densities and the
equilibrium field equations. In this section we define the divergence differ-
ential operator for differentiable variational stress densities. The divergence
operator enables one to tranform the weak form of the compatibility condi-
tion between continuous forces and stresses to a strong form of the equilibrium
differential equation. For the rest of this section, we restrict ourselves to C?-
configurations and C!-stress density fields.

Proposition 21. Let k be a C*~configuration. There exists a first-order linear dif-
ferential operator mapping differentiable variational stress density fields along j'x into
continuous body force density fields along «,

div, : C'((j'x)*®) — C'(x*B),
satisfying for every variational stress density field s € CY((j'x)*®) and virtual velocity
v e CY(k*VY),
(dives) ov = de(Peos)ojlo—sojlo. (5.9)

Proof. Using coordinates, a variational stress density field has a local represen-
tation in the form

s = (s,- (i%c)*dx}'

and a velocity has a local representation

1y t s; (le)*(dley)fx) ®dX,

v=0'k*d).
By (4.4), . |
sojlv= (s,—v‘ +s7 (8?0‘)) dX.
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On the other hand, .
P os=s%k*dxl, ® (32 1 dX),
and _ .
Bi(Pi 08) 0 jlo = ((02sF)0’ + 57 (920")) dX.
Subtracting, we obtain that
(dives)ov = ((6?s?)vi - sivi) dx.

That is,
div,s = ((afsf‘ - s,-) K*dx}, ® dX. (5.10)

Consider now a continuous force f € T;Q, given by

f(U)=Lb°U+L%tOU|a%,

where b € C°(x*B) and t € C°(x}, T). Consider further a continuous stress
o represented by a variational stress density field s € C!((j'x)*@). Then, (5.5)
takes the form

f@)

o(j'v)

:f%so(;lv)

- _ ; o o o (j!
_ f% dives)out f% (0e(Pe 09)) 0 (j10)

=—j;g(div,cs)ov+\£})d((f’x°5)°v)

:—fg;g(div,(s)ov+fa%(PKos)ov.

We conclude that f is represented by a variational stress density field s if for
every v € C(k*VY)

fbov+f tovlag;,:—f(div,cs)ov+f (Pcos)ow.
B OB B 0B

It is observed that while the restriction of the various terms in the integrand
(Py 0s)ov to % and to vectors tangent to % is implied in integration theory,
formally, in view of (5.7) we write the integrand as By «(Px © s) o v. Thus,
since equality holds for every v, we obtain

div,s+b=00on B and t=Byg (P os) on I%. (5.11)

In coordinates, equation (5.11) transforms to an underdetermined set of d equa-
tions for the (dm + m) components of s.

Note that the above proposition holds if the vector bundle k*VY — % is
replaced by an arbitrary vector bundle p : W — %, in which case div :
L(J'p, AT*B) —> L(W,AT*B), which is compatible with [Seg02].
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6. Tue CoNTINUUM MECHANICS PROBLEM

It is well known that a given force distribution, does not determine a unique
stress distribution. The source of this non-uniqueness may be traced back to
Section 5.1. A unique stress field is determined when additional information in
the form of a constitutive relation is provided. This couples the statics problem
described above with the kinematics. The basic notions corresponding to the
introduction of constitutive relations are discussed in this section.

Generally, the continuum mechanics problem takes the following form: the
system under consideration is subject to external forces, usually dictated by a
loading, which is an assignment of a force to every admissible configuration. A
loading may consist of a body force component and a surface force component,
and it may be singular or continuous. In analogy, a constitutive relation assigns
stresses, regular or singular, to deformation jets, in particular, to jets of con-
figurations. The continuum mechanics problem seeks a configuration « such
that the stress associated through the constitutive relation with jlx represents

the force assigned by the loading to «.

6.1. Loadings.

Definition 22. A loading, F, is a one-form on the configuration space assigning
a force F, € T;Q to every configuration k € Q.

Definition 6 of continuous forces extends to a definition of continuous load-
ings:

Definition 23. A loading F is termed continuous if there exists a body loading
density
B € C'(ng),
and a surface loading density
T € C(ry),
such that for every x € @ and v € T,,@ ~ C'(x*VY),

F,c(v)=fK*Bov+f Ko T © Vlog,
B OB

That is, F, is continuous with body force density field *B € C°(x*B) and sur-
face force density field x5, T € CO(KZ%T).

Note that by our conventions, we write C’(rrg) rather than C°(B), because B
has multiple bundle structures, and the domain of those sections is not the base
manifold, %.

\AA/
A body loading density has local representation,

B = B, dx}, ®y n*dX

where B; are real valued continuous functions defined locally on Y.
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Assume that the chart X is adapted to 9% so that (X',. .. , X491y is a chart on 6% and 6;73 is
transversal to TA%. Then, one has a volume element (9273’ 1dX on 0%, and locally,
T = Tidxly ®y),,, 7lyg (07 1dX)
where T; are continuous functions defined locally on Y|sg. Let
v="0 K*aiY
be a local representation of a velocity at k. As
KB = (k"By)k*dxl g dX  and kT = kg Ti kg dxl @5 (9F 1 dX).
we have the local expression,
i/ % i % 9
(x*B) ov = o' (k*B;)dX, K55 T 0 (vag) = v' Ké,%"l"i(c')d‘/5 1dX).

If the support of v may be covered by a single chart, we may write F explicitly,

1v,<(v)=f%ui(;<*13,-)(1x+fa93 o (kK5 T)(OF 2dX).

AAA

Definition 24. A loading F is termed conservative if
F =—-dw,

for some loading potential,
W e Cl(Q).

Definition 25. A conservative loading is continuous if there exists a body loading
potential density, which is a C'-section

wa 1Y = AT B, (6.1)
and a boundary loading potential density, which is a C!-section
wom : Yl — (nlom) AT 0%, (6.2)

such that the loading potential is given by

W(K)=fK*ng,+f K9g3 WO%
B 0%

(see diagrams).

J (r3)"x ; i (7)"x PN 2 p
AT*RB T AT+ AT O (L5 T) AT T OR
1 » A »

/ \ / \
Kwg || Tg Ty | 1wWa KagWa | | Thg (a7 Tog | | Won
\ / \ /’
\ / \ U5 on T
OB
%\\ /,/Y 893\\ 71*6%1/
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Proposition 26. Consider a continuous conservative loading F, the potential function
of which is given by a body loading potential density wgy and boundary loading potential

wog. Then, F is a continuous loading with corresponding loading densities
B = —dwglvy, T= _dwﬁ%lVYla%'

Proof. First, we should verify that this relation is well-defined type-wise. By the
types (6.1) and (6.2) of wg and wag, it follows that

dwg € CO(Hom(TY, wi, T(n* AT*B))),
dwag € C°(Hom(TY|og, whe, T((7r]as) A% T*0R))).
Restricting to the vertical bundle,
dwalyy € CO(Hom(VY,wi V(" A%z},)))
dWogmlvylyy € CO(Hom(VY|agm, Wi V((rlam) A T5g))).
For every vector bundle (E, 75, Y), sectionw: Y —» Eand a € Y,
(W'Vrg)a = (VIE)w(a) = Ea.
In other words, w*V g ~ E, and so,
Hom(VY,w,V(z*A%1,)) ~ Hom(VY, " AYT* %),
Hom(VYlag, wheV(mlog) A% 755)) = Hom(VYlag, (xlos) A T* %),

and so, dwlyy and dwsg|vyy,, are indeed loading densities.
It remains to show that dwg|vy and dwsglvy),, are the loading densities
corresponding to F = —dW. By definition, for v € T,@ ~ C!(x*VY),

d
dWi(v) = E

Woy,
0

where y : I — @ satisfies y(0) = k and y(0) = v. Substituting the representation
of W in terms of a density,

[ f V(1) iz + f (1 (1) o8 woss
0 B OB

d ) d
=f%50<y(t» wmfa%a

where the derivatives %L} (y(t))*wgs and %|o (y(t)om)* wom are taken pointwise

’

d
dWy(v) = E

(y(H)om) woz,

0

in B and 0%, respectively.
It follows from the chain rule and the definition of y that

d
a@, (y(®)'wa)p = (dwg)x, © (7(0), = (K"dwglvy © v)p,

and

p” ((y(t)om) wom)g = (dwam )k, © (7(0)q = (kom) dwamlvy|sg © V)g-

0
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Thus,
W@ = [ (dwalrrovt [ (wom) dwanlryig) .
B %
which completes the proof. O

\AA/
In a local coordinate frame, a loading potential density takes the form,

Wag = W3R r*dX and WHpB = WHR 7T|393(8? 4 dX)

where wg; and wgg are differentiable functions defined on the domains of the adapted charts on
9% and 9B, respectively. Since the exterior derivatives of the volume elements vanish identically,
the loading densities are given locally by

B = —djwg dx}y ®y 1*dX, T = -0i0yg dxl ®y|,, mlhe (07 1dX).

AAA

6.2. Constitutive relations. All the notions analyzed above—configurations,
velocities, forces, deformation jets and stresses—pertain to a particular theory
depending on the choice of configuration space. Within a particular theory, the
properties of a system are prescribed using a constitutive relation, associating the
state-of-stress with the kinematics.

It is noted that since our base space 9 may be interpreted naturally as physical
space-time, constitutive relations may involve time even in cases where it is not
explicitly indicated.

Definition 27. A constitutive relation is a one-form ¥ : € — T*& on the man-
ifold of deformation jets, assigning a stress ¥z € T;% to every deformation jet

Ees.
Since j' : @ — € is injective, a constitutive relation ¥ induces a loading
(M : 6 — THa.
By the definition of the pullback of forms, for v € T,Q,
(Y (@) = () D(G'0) = ¥1,( '),

where in the first identity we identified, as before, dj'(v) with jlo.

We note that at this level of generality, and interpreting 9 as space-time, this,
seemingly elastic constitutive relation, is actually non-local, time dependent,
and not necessarily causal.

The definition of continuous stresses extends readily to a definition of C*-
differentiable constitutive relations:

Definition 28. A constitutive relation ¥ : € — T* is termed C*-differentiable,
k=0,1,..., if there exists a constitutive density, a differentiable section,

y € CN(ne),
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such that for every deformation jet & € € and for every velocity jet n at £,

() = f% EPon.

In the case of a differentiable constitutive relation, the induced loading is

given by
(M) = B0, (1) = f (%) ¥) 0 (l0), v e Toa.
B

We note that a differentiable constitutive relation is local and elastic in the sense
that the stress at a point depends only on the deformation jet at that point.
Again, we mention that for the case where % is interpreted as space-time or
body-time, ¢ contains components that may reflect velocities. However, his-
tory dependence is excluded.

\AA/
In coordinates, a constitutive density is represented locally as

(lb = (lpl dx§1y + lﬁla (dx]1Y)fZ) ®J1Y (ﬁ])*dX,

where ;, ) are C* over the domain of a chart in J1v.
AAA

6.3. The continuum mechanics equations. Given a constitutive relation ¥
and a loading F, the continuum mechanics problem seeks a configuration for
which the stress determined by the constitutive relation represents the loading
for that configuration. Thus, the condition is expressed by

(G =F. (6.3)

Explicitly, a configuration k € @ is a solution of (6.3) if for every virtual velocity
vat K,

¥i1,.('v) = Fe(v).

6.4. The differential form of the continuum mechanics equations. Con-
sider the continuum mechanics problem in the case of a C¥-constitutive density
i and a continuous loading with densities B and T. A configuration k € @
which solves the continuum mechanics problem satisfies

L;(jlk)*g& ojlv= j% K*'Boov+ fa‘% Ky T o (vlogs)- (6.4)

for every velocity field v € T,Q =~ Cl(x*VY).
In view of the definition of the divergence, restricting ourselves to C>~configurations
and C! constitutive densities, we can rewrite these equations as follows:

- f div ()" P) 0 v + f ("0 (Poy)) o
R OB

= f K*Bouv+ f K55 T 0 (vlam).
B OR
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Since this hold for every virtual velocity v, we obtain a boundary-value problem
dive (Gl )+ kB =0,  in%B,
Bag.x 0 (1K) (Poy)) = k5T, on d%.

\AA/
Let the loading densities and the constitutive density be given locally by

B=B;dx}, @y n°dX, T =T;dx} ®y|,, 1lh50F 1dX),

and
V= (s del sy + U @iyl ) @1y (11X,
Then,
K*B = ("By) k*dxl ®x dX, k5T = (klag) Ti (klags) " dxl ® g (35 2 dX)
and

Gy = (10 90 G dxdy + (10 Y G )l ) 91y dX.
If follows from the local expressions derived in Sections 5.4 and 5.6 that
G (Poy) = (') Y &) K dxl, ® (9 5 dX),
and
divie(iliey) = (G0 ¥ - 9210 Yf)) k*dxy @ dX,
so that the field equation is
Gy = 2GR Y &) + (" By) = 0.

Since
0, for a # d,

PN
a0, 1dX) =
1‘9%( o +dX) {Q?JdX, for a = d,

the boundary conditions are
Gy gt = (lag) Ti.

AAA

6.5. Conservative constitutive relations.

Definition 29. A constitutive relation is referred to as conservative if there exists
an energy function

Uecl®
such that the constitutive relation is given by
¥ =dU.

Consider a conservative system with energy function U, subject to a conser-
vative loading F = —dW. Then, the equilibrium equations are

GO -F=("Y¥odj' - F
= (j))*dU o dj! +dwW
=dUoj' +W) =0,
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where we used the commutativity of external derivatives and pullbacks. Thus,
the solution is a critical point of the fotal energy,

Uojl+w. (6.6)

Definition 30. A conservative constitutive relation is said to be differentiable if
there exists a Lagrangian density form, a C*>-section

£ JY - (') AT,

such that the energy function is of the form

v - [ £
B
AdT*% (]T1)*AdT*%
7 ~
v ~
*cp / * e w Y
Y4 T (G
N Phd

Evidently, differentiable conservative constitutive relations generalize hyper-
elastic constitutive relations to the setting considered in this paper.

Proposition 31. Consider a differentiable constitutive relation with a Lagrangian
density L. The resulting constitutive relation is C with a constitutive density

Ip = dg'V]1Y' (6.7)
Equation (6.7) is a generalization of the classical relation between the siress and the
derivative of the elastic energy density.

Proof. By definition, for n € T;1,€ = C°(('x)*VJ'Y),

d

dUﬂ () = dt

where y : I — @ satisfies y(0) = j'x and y(0) = . Substituting the representa-
tion of U in terms of a density,

O f% () = f% a

where the derivative %|0 (y(1))*2 is taken pointwise at every p € 9. It follows

U(y(1)),
0

d
dUji() = 5 (o).
0

from the chain rule and the definitions of y and 7 that

d . .
i, (@) L)y =dLn, 0 (¥(0)p = (dLlyyiy);1,c © 1ps

dUji,(n) = fgg((jl'c)*dg|VJlY) o1,

which completes the proof. O
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\AA/
Using a coordinate frame, a Lagrangian density is of the form

£ =L (x')"dX.
where L € C°(J'Y). Then,
v = (0 Ydxt,, + (@D @xpiyl ) 8y (r)dX,

It follows that
gi=0/"L and g =@ )L

AAA

7. SoME SpecIAL CASES
We present here a number of examples where the general settings assume
particularly useful forms.
7.1. Vector bundles. Consider the case where (Y, 7,%) is a vector bundle. By
the natural isomorphism T,, W =~ W for any vector space W, it follows that
(VY)y = Ty(Yu(y) = Yn(y), foral yev. (7.1)
It follows that for p € %,
(K*VY)p = (VY)x(p) = Ya(p)) = Yps

1.e.,

K'Vr =Y (7.2)

independently of k. As such, this theory may be referred to as linear.
Next, since (Y, r, %) is a vector bundle, so is (J'Y,z!,%). Thus, in analogy,
for any section £ : B — J'Y,

Evyly = Jly. (7.3)
7.2. Affine bundles. Consider the case where (Y,7,%) is an affine bundle

modeled on the vector bundle (E, p,B) (see [Sau89, p. 48]). It is implied that
for every y € Y,

(VY)y = Ty(Ya(y) = Ex(y)- (7.4)
Hence,
K*VY =~ E (7.5)
independently of k. Likewise, by Lemma 11,
G'e)*VJ'Y = J'(x*VY) =~ J'E, (7.6)
independently of k.
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7.3. The bundle of frames. As mentioned in the introduction, the bundle of
frames plays an important role in the geometric theory of continuous distribu-
tion of dislocations. Consider the bundle of frames (F&, 7,%) whose fiber at
p € B is GL(RY, T, %), the space of invertible mappings R — T,% viewed as
bases (frames) in T,%. Since GL(R?,T, ) is an open subset of the vector space
of linear mappings Hom(R¢,T,%), F3 is a sub-bundle of the vector bundle
Hom(% x R4, T%). We may conclude that for any y € F,

(VY)y = T,(GL(RY, T,y ®B)) = Hom(R?, Ty(,)B)
and for any frame field x : B — F%,

K*VY ~ Hom(% x RY, T%). (7.7)
Again, we may further conclude that
Gy VY = JHxVY) = J'(Hom(R?, Ty, B)). (7.8)

7.4. Form-conjugate forces and stresses. Consider the case where Y = APT*%,
where 1 < p < d. Thisis a special case of 7.1 above. It follows that for any k € @,
K*VY =~ APT*% and (j'x)*VJ'Y =~ JY(APT*B). Differentiable variational stress
densities fields along j'x are, therefore, sections of Hom(J'(APT*%), A“T*R)
and continuous traction stress density fields are sections of Hom(A?T* %, A% T* ).
A particularly simple case follows when the traction stress density field 7 =
P, osis given in terms of a (d — p — 1)-differential form g by
TOU=gAv (7.9)
for any p-differential form v on . It follows that
d(r ov) =d(g Av),
=dgAv+(-1)P7g A do.
Set,
f=dv, J=dg. (7.10)
It follows that,
di=0, d=0. (7.11)

The representation of the force

fSOj]vzfd((PKos)ov)—fdiVKsov,
B B B

=f d((PKos)ov)+f bou,
% %
may be written now as

fSOjlv:f(SAU+(—1)d_p_1gAf+b).
B B

Assume that d = 4, p = 1 and consider the special case where b = 0. If we
interpret v as the 1-form potential (vector potential) of electrodynamics, the
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expression we obtained for the power, together with equations (7.10, 7.11) are
the governing equations of electrodynamics. Here,  is interpreted as the 4-
current density, f is interpreted as the Faraday 2-form, and g is interpreted as
the Maxwell 2-form. As no metric structure is used, the equations are in the
framework of pre-metric electrodynamics (see [HIOO06]). In case the Lorentz
metric is used, one can apply the Hodge star operator and write g = *f and
obtain the usual Maxwell equations in vacuum, as for example in [MTW?73,
Chapter 3].

In the general case, one obtains a generalization of electrodynamics, referred
to as p-form electrodynamics, as in [HT86, HT88]. (For further details see
[Seg16].) A different theory in which form-conjugate forces appear is the the-
ory of dislocations. In the case of dislocations, however, the traction stress does
not have a simple form as assumed above. In fact, df = 0 implies that no dislo-
cations are present (see [ES14, ES15]).

7.5. Trivial fiber bundles. Consider the case where the fiber bundle (Y, 7.%)
is trivial, that is

Y=BXM,
for some m-dimensional manifold M. A section representing a configuration in
this case is the graph of a mapping %8 —> M. Thus, it is natural in the case of
trivial bundles to identify the configuration with such a mapping

K:B — M.

It follows that the configuration space @ is an open subset of the manifold of
mappings C'(%, M).

Since TY =~ TBXTM, VY = ker Trr may be identified naturally with % xTM.
It follows that a generalized velocity at k may be represented by a mapping

v:%B — TM, suchthat, 7y ov=x,
or alternatively, with a section of the vector bundle
(K*TM, K*TM, %)

The jet bundle J'Y can now be replaced by the jet space of mapping, J'(%, M)
(see [Mic80, Chapter 1]). An element of J'(%, M) is determined by the tangent
mapping Tk for some mapping k; € may be identified with the space of con-
tinuous vector bundle morphisms T% — TM over C!-mappings B — M.

For further details regarding the forms assumed by continuous forces and
stresses, see [Seglf‘B].

7.6. Continuum mechanics on manifolds. The previous example includes
the case of continuum mechanics on manifolds. Here, the manifold M is inter-
preted as the physical space S. For continuum mechanics, it is customary to re-
quire that configurations satisfy the principle of material impenetrability which
implies that @ be the space of all embeddings % — S. Indeed, the subset of
embeddings is open in the manifold of mappings C(,S) (see [Hir76, Mic80]).
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In the classical case, both % and S are 3-dimensional and S is a Euclidean
space.

7.7. Continua with microstructure. Continuum mechanics of materials with
microstructure falls under the case where Y has the structure of a Cartesian
product 9 x M, however, the manifold M has the additional structure of a fiber
bundle

(M, p,S).
The fiber over the point z € S is interpreted as possible micro-states that a mate-

” g

rial point located at z may assume. Terms such as “internal variables”, “internal
”» «

degrees of freedom”, “order parameters”, etc. are also used for the micro-states.
A configuration of a body with microstructure is a mapping

K:RB—M
for which
Kop:=pok:B—S
is an embedding.
For bodies with microstructre, forces and stresses include components that
are conjugate to the micro-velocities and their jets (see [Seg94]).
A number of examples of continua with microstructure are discussed in [Mer79,

Cap89]. These include mixtures, liquid crystals, Superfluid helium-3, Cosserat
continua, etc.

7.8. Group action. We consider the case where for some Lie group G there is
a smooth left action
A:GXY —Y

such that for all g € G,
Agi{gyxY —Y
is a fiber bundle morphism over the identity of 9. Thus, for p € %, the image
of 4, : Gx {p} — Y is contained in ¥,.
The tangent mapping

TA:TGXTY —TY
may be decomposed into partial tangents, and in particular
TiIA:TGXY —TY
may be restricted to the Lie algebra, T.G, and we obtain
Tide : T.GXY — TY.

It is observed that the image of TjA, is a subset of the vertical sub-bundle. It
follows that for any y € T.G, k € Q, there is a generalized velocity

v, : B—=>VY, v (p)=Tie(y,x(p)).

It would be natural, therefore, to define an equilibrated force as an element
f € T:@ such that
f(vy)=0, foral yeT.G
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(see also [Seg94]). Requiring that all forces on all subbodies be equilibrated
restricts the class of stresses. For example, in the classical formulation of con-
tinuum mechanics in a Euclidean space, invariance under the Euclidean group
implies that the components y; of the variational stress vanish and the com-
ponents p¢ satisfy the usual symmetry conditions for the first Piola-Kirchhoft
stress.
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