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CONVERGENCE OF OPTIMAL PREDICTION FOR NONLINEAR
HAMILTONIAN SYSTEMS*

OLE H. HALD' AND RAZ KUPFERMAN#

Abstract. Optimal prediction is a computational method for systems that cannot be properly
resolved, in which the unresolved variables are viewed as random. This paper presents a first analysis
of optimal prediction as a numerical method. We prove the convergence of the scheme for a class
of equations of Schrédinger type and derive error bounds for the mean error between the optimal
prediction solution and the set of exact solutions with random initial data. It is shown that optimal
prediction is the scheme that minimizes the mean truncation error.
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1. Introduction. The method of optimal prediction of Chorin, Kast, and Kupfer-
man [6, 7, 8] is a computational approach to problems that are too complex to be
properly resolved by standard numerical methods. Underresolution occurs when the
number of variables used in a computation is insufficient to capture the full range of
scales that occur in the solution. Such a situation is ubiquitous in complex nonlinear
systems (e.g., turbulence, geophysical models). The traditional approach to such dif-
ficulty is “modeling” —formulating a modified set of equations that try to compensate
for the lack of resolution. Optimal prediction is a new approach in which the unre-
solved variables are considered as random, and one tries to take advantage of their
statistics to predict the mean value of the resolved variables given their value at the
initial time.

The optimal prediction scheme was found to improve the accuracy of calculations
for a certain class of problems (see Chorin, Kupferman, and Levy [9] and Kast [12]).
In particular, equations of Schrodinger type in finite one-dimensional domains with
rough initial data were studied; standard numerical schemes are known to be severely
underresolved for such problems. Numerical experiments confirm that the optimal
prediction scheme can capture the evolution of the mean value of a small number
of Fourier modes over a short time interval better than a standard spectral scheme
that uses truncation. In a subsequent publication (Chorin, Hald, and Kupferman [5])
the non-Markovian nature of underresolved dynamics was pointed out. A Langevin-
type equation was derived and was found to yield reliable predictions for intermediate
times.
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The development of optimal prediction theory has been motivated all along by
the analogy between underresolved computations and statistical physics. The relation
between ensemble averages and nonlinear dynamics of high-dimensional systems is
one of the fundamental postulates of statistical mechanics. The numerical results
reported above are encouraging and indicate that statistical physics may be a natural
framework for considering underresolved computations.

From an analytical point of view, the theory of optimal prediction still has to be
elaborated on. The only rigorous analysis at present is due to Hald [10] for a restricted
set of linear problems. What is missing is an investigation of optimal prediction as
a numerical method. Such an analysis, we hope, would clarify in what sense optimal
prediction is really optimal and provide rigorous error bounds. It is the goal of this
paper to fill this gap, at least in part.

In section 2 we present the general theory of optimal prediction. We introduce
only the assumptions that are essential to the theory and deemphasize the physical
context. Thus, some of the terminology and notations differ from the ones used in
previous publications.

The fundamental idea in optimal prediction theory is to approximate the solution
to a large system of n equations by the solution to a much smaller system of m
equations. It is assumed that the two systems share at time ¢ = 0 identical values for
their common variables, whereas the remaining variables are random and drawn from
a probability distribution that is invariant. The solution to the initial value problem
in m variables is thus compared to a collection of initial value problems in n variables.

The main result in section 2 is that the mean deviation between the exact and
approximate solutions is bounded by an expression that is proportional to the mean
truncation error (Theorem 1). The surprising fact is that the mean truncation error
does not depend on time. Optimal prediction is shown to be the scheme that yields
the smallest possible truncation error. Furthermore, we obtain a lower bound on the
mean deviation between the solutions to the large and small systems, which reflects
the limits of predictability due to the randomness of the initial data.

In section 3 we investigate the defocusing nonlinear Schrodinger equation that was
the object of numerical experiments in [6, 7, 8, 9]. To avoid the technical difficulties
associated with weak solutions and measures on infinite-dimensional spaces [3], we
first approximate the nonlinear Schrédinger equation by a large system of n equations
that corresponds to spectral truncation. Then we try to approximate it by one that
involves only a small number of Fourier modes. Our main result is that the conditions
under which Theorem 1 holds are satisfied for this system (Theorem 2). Sections 4
and 5 contain the lemmas needed for the proof of Theorem 2.

Section 6 contains preliminary results concerning a novel idea, which is to use
optimal prediction as a basis for a sampling procedure. Numerical experiments show
that over long time intervals, optimal prediction cannot capture the decaying character
of averages, which is due to the dispersion of solutions that start with different initial
conditions. In [5] a non-Markovian version of optimal prediction was developed and
was found to improve the intermediate-time prediction. An alternative approach is
to solve the optimal prediction equations with my variables many times and average
over the last mo — m; components of the initial data. We show that such a sampling
procedure may reduce the error. The establishment of stricter bounds is left for future
investigation.

2. General theory. We consider a large system of ordinary differential equa-
tions,
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51
d
(2.1) iu(t) = R(u(t)), w0)=11:|=s,
Sn
where the first m coordinates, si,..., S, are assumed to be given at time ¢t = 0,
whereas the remaining n — m coordinates, Sy,+1,... , Sy, are random. Let the vector

Pu(t) contain the first m components of u(t) = u(s,t). We seek an approximate
method,

d .
(2.2 Do =ro@), 0= |=Ps
with m < n and v(t) = v(Ps,t) for which
|Pu(t) - o(t)* = Z Juj () — 0 (t)]°

is small in a sense to be specified. In the language of [6] the first m components
of u represent a particular choice of collective variables; we focus on this case for
simplicity, but our results can be extended to collective variables that have a general
linear dependence on the components of u.
We make the following assumption regarding the dynamical systems (2.1), (2.2).
Assumption 1. (a) There exists a function H of n variables such that

d

SH -

% H(u(t)) = 0,

7 = e_BH(S)d31-~-dsn<oo;

R

(b) the flow (2.1) preserves volume in phase-space, i.e.,

> 0y, Rj(u) = 0;
j=1
(c) let (v,w) = Z;nzl vjw; be the discrete inner product; the function R satisfies
the Lipschitz condition

(v —w, R(v) — R(w)) < L|v—wl|?, v,w € R™.

Condition (b) and the first part of (a) hold for all Hamiltonian systems; in this
case the function H is the Hamiltonian and represents the total energy of the system.
Condition (c) is quite restrictive by limiting the growth of the function R.

Since the deviation |Pu(s,t) — v(Ps,t)| depends on the random variables, $,,1,

., Sp, we cannot expect it to be small for all initial conditions s. Instead, our goal
is to design a scheme such that the error be small in the mean. To define averages we
introduce

(2.3) Ef= f(s)Z e PHES) dsy - ds,,
Rn
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where 8 > 0. In statistical mechanics 1/ is proportional to the temperature and
Z~'exp(—BH(s)) is called the canonical distribution. In probability language Z~! exp
(=BH(s)) is a probability density, and the corresponding probability measure is
po(E) = [, Z7 ' exp(—BH(s))ds. If Assumption 1 holds, then g ({s: u(s,t) € E})
does not depend on time, and we say that the measure is invariant. In [6, 7, 8] this
measure is called a prior measure because it embeds our belief about the distribution
of the initial data, i.e., Prob(u(0) € E) = po(F).
THEOREM 1. Let Assumption 1 be satisfied. Then

1/2 eLt -1

(E |Pu(s,t) — v(ps,t)ﬁ) < 12

(E|PR(s) - R(Ps)P)

Remark. This is a general result. It does not depend on R except via the Lipschitz
constant L. It is possible that a local Lipschitz property may be sufficient in particular
cases. To use the result we must select R appropriately and estimate the right-hand
side. In this paper we consider two choices of R. The first choice is similar to
spectral truncation, and the second we call optimal prediction. In section 3 we use
Theorem 1 to get error bounds for approximations of nonlinear Schrédinger equations.
The detailed estimates are presented in sections 4 and 5.

Proof. The proof of Theorem 1 is similar to the convergence proof for Euler’s
method. The surprise is that the quantity that corresponds to the truncation error
is independent of time. Let €2 = E(Pu — v, Pu — v). Differentiating both sides with
respect to t, writing é = %e, and using (2.1) and (2.2) yields

e¢ = E(Pu— v, P4 — )
=E(Pu—v,PR(u) — R(v))
=E(Pu— v, PR(u) — R(Pu)) + E(Pu — v, R(Pu) — R(v)).
To estimate the first term we use the Cauchy—Schwarz inequality twice, and to esti-
mate the last term we use the Lipschitz condition from Assumption 1(c):
¢t <E|Pu—v||PR(u) — R(Pu)| + EL |Pu — v|?
1/2 1/2
(2.4) < (E|Pu—vP) " (EIPR(w) - R(Pw)P) "~ + LE|Pu—vf’
< et + L.

This defines the truncation error, 7(t). We next show that 7(¢) is independent of ¢.
Because H is a constant of motion and the flow in R™ is measure preserving, it follows
that

72(t) = E|PR(u(s, t)) — R(Pu(s,t))?

= | |PR(u(s,t)) = R(Pu(s,t))|* Z7'e P (ds
R

= [ IPR(u(s,1) = R(Pu(s, ) 2o 200 ‘8(u1,... o)

O(81,.-.,8n)

Changing variables s’ = u(s, t), we get
T3(t) = / |PR(s') = R(Ps')[> 271 P1) ds' = 72(0).

Finally, we solve the differential inequality (2.4) and obtain
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as Pu—wv =0 at t = 0. This completes the proof. O

To get a decent approximation to Pu(s,t) we must select R appropriately. The
simplest choice is to assume that ;41 = -+ = u, = 0 for all time and solve for
the remaining variables (which we then denote by vi,...,v,,). This is a form of
truncation and amounts to solving © = 7@(1})7 where

(2.5) R(Ps) = PR(s),
with s;p41 =-+-s, =0 and sq,...,s, are dummy variables.

A more sophisticated choice of R can be based on orthogonal projections. We start
with the following question: how does one approximate a function of two variables,
f(x,y), by a function of one variable, g(z), given a probability density p(z,y) on R??
Consider the identity

2 2
/ (f—g)2pdxdy=/’ (f—ffj;pdzy> pdrf:der/ (“&J;pdczy—g) pdxdy

) )

g (Gfppdiy - g) /y (f - %pdiy) Py dr.

The first integral does not depend on g, whereas the last integral vanishes. Hence,
g(x) = ([ pdy)~" [ fpdy is the function that is closest to f(x,y) in the mean sense. In
probability theory this function is called the conditional expectation of f given x, and
it is denoted by E[f|x] (see [1, section 34]). If we replace z, y, and p by (s1,..., Sm),
(Sma1s---5n), and Z~texp(—BH(s)), respectively, we obtain that

[ PR(s)e PH) ds,p,yy -+ dsy,
2.6 R(Ps) = E[PR|Ps| =
(2.6) (Ps) [PR|Ps] Te=PHG) dsppyy - dsn

is the best approximation of PR(s) among all functions of Ps. The system ¢ = R(v)
is called optimal prediction and has the smallest truncation error of all approximation
methods of order m. In particular,

(2.7) E|PR(s) — R(Ps)|* <E ‘PR(S) _Rps)|

Note that we use R in (2.6) rather than R or R because our focus is on optimal
prediction, and the truncated scheme (2.5) is mainly used for comparison.

In Theorem 1 we compare the solution of (2.2) to solutions of (2.1) with the same
values of s1,...,8, and S;41,...,S, random. Instead, we would like to compare
v(Ps,t) to the average of all Pu(s,t) with s1,... s, given, i.e.,

B f Pu(s,t) e—ﬁH(s)dSm_~_1 - dsy,
E[PU(Sat)|PS] - fe_ﬂH(S)dSmJ,-l"'dSn ’

Replacing Pu(s,t) with v(Ps,t) we see that E[v(Ps,t)|Ps] = v(Ps,t). Since E[-|-] is
linear in the first variable and E[Pu — v|Ps] is the orthogonal projection of Pu— v on
the space of all functions of Ps, it follows from Pythagoras’s law that

(2.8)
E |Pu(s,t) — v(Ps,t)]
= E|Pu(s,t) — v(Ps,t) — E[Pu(s,t) — v(Ps,t)| Ps]|* + E [E[Pu(s, t) — v(Ps, t)|Ps]*
= E|Pu(s, t) — E[Pu(s, )| Ps]|” + E|E[Pu(s, t)| Ps] — v(Ps, ).

2
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Equation (2.8) bears an instructive interpretation. The mean deviation between Pu
and v is the sum of two expressions. The first measures the mean deviation between
Pu and its average over all solutions with the same initial Ps. This term makes
no reference to the scheme v = R(v). It is the intrinsic dispersion of solutions that
have only partial initial data in common. The second expression measures the mean
deviation between v and the average over all Pu having the same Ps. This is the
term that one can hope to make small by a clever choice of the function R(v).

Combining Theorem 1 with (2.7) and (2.8) we obtain the following corollary.

COROLLARY 1. If Assumption 1 holds and v satisfies (2.2) with a right-hand side
given by (2.5) or (2.6), then

/2 gLt 4 1/2
<

R 2
(]E IE [Pul(s, )| Ps] — v(Ps, t)|2) (E ‘PR(S) - R(Ps)‘ )

In the terminology of classical numerical analysis, the left-hand side of (2.7) can
be viewed as the local truncation error, whereas the left-hand side of (2.8) is the global
error. The definitions of these errors differ from the standard ones due to the proba-
bilistic interpretation of the underlying problem, which requires the consideration of
mean errors. The goal of a computational scheme is to minimize the global error. In
our case, this corresponds to the minimization of the second term on the right-hand
side of (2.8). It is often possible to bound the global error by an expression that is
proportional to the truncation error, and therefore the convergence of the former to
zero guarantees the global convergence of the scheme. This is also the case for the
optimal prediction scheme (Corollary 1).

There exists, however, an important distinction between classical numerical anal-
ysis and the analysis of underresolved computations. In the latter case, the mean
truncation error is in general not small, and it is not clear how the global error
builds up in time. Thus, a scheme that minimizes the mean truncation error is not
guaranteed to minimize the global error. In particular, it is not unlikely that other
approaches, for example, nonlinear Galerkin methods (see, e.g., [13]), could provide
schemes of the form (2.2) that yield better approximations in the sense of (2.8). The
optimal prediction scheme is optimal among all Markovian schemes in a “worst case”
sense, when the only estimate available for the global error is the one based on the
differential inequality (2.4).

Ezxample of optimal prediction. To illustrate the difference between the truncated
scheme and optimal prediction we consider a very simple system that consists of two
harmonic oscillators coupled by a nonlinear spring. Let H = 3 (p?+q¢3+p3+kq3+qiq3)
with k£ > 1. Using Hamilton’s equations, p; = =0y, H, 4; = 9, H, we get

p1=—(1+¢)q, 41 = p1,
p2 = —(k + q})qa, G2 = p2-

If & is large, then the second particle will oscillate quickly. Setting po = go = 0 yields
the truncated scheme

p1 = —q1, 41 = p1.

The equations for the optimal prediction are obtained from (2.6); evaluating the
integrals we find that

1
) = — ]_ B —— ¥ = .
P ( +ﬁ(k+q%))q1’ q1 =p1
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Thus, q1/[B(k + ¢?)] is the function that best approximates ¢3¢q;. If 3 is large or if k
is large and (3 is of order 1, then the optimal prediction scheme is close to truncation.
However, if § is small (high temperature) and k is moderate, then there is a big
difference between the two methods. Because this is such a simple problem we can
evaluate the truncation error for the two methods and conclude that

(IE PR — 72(13)|2)1/2 - \/g (IE ’PR - ﬁ(P)f)m.

From the point of view of error bounds, not much has been gained in this simple
example.

3. The defocusing Schrodinger equation. In this section we consider a par-
ticular class of equations of the form (2.1), namely, finite-dimensional representations
of equations of Schrodinger type. Let F' be a function of two variables and consider
the nonlinear Schrodinger equation

Pt = +qex — (02F)(p,q),

(3.1) @ = —Duw + (O1F)(p, q),

where p = p(z,t) and q = ¢(z,t) are periodic functions with period 1; here subscripts
denote differentiation and (01 F)(z,y) = (0/0x)F(z,y). Associated with this system
is a Hamiltonian (energy) function

(3.2) H(p,q) =/0 (5 (03 + &) + F(p.q)] dz.

Indeed, one readily checks that % H(p(t),q(t)) = 0. In applications one frequently
encounters the function

F(p,q) = 2(1}2 +q%)?,

where A = +1. If u = ¢+1p, then (3.1) is equivalent to the cubic Schrédinger equation
Wy + Ugy — A |u|2 uw = 0. If A < 0, then random initial data lead to solutions that
after a long time look like a soliton embedded in a sea of small scale fluctuation;
see [4]. This will not happen if A > 0. We therefore call (3.1) focusing if F' < 0 and
defocusing if F' > 0. In both cases the L? norm fol (p*>+¢?) dx is an additional constant
of motion and the equation is integrable; see [14, 2]. This creates a problem when
one seeks equilibrium states using techniques from statistical mechanics; see Jordan,
Turkington, and Zirbel [11] and Boucher, Ellis, and Turkington [2]. To circumvent
this difficulty, Chorin, Kast, and Kupferman [6, 7, 8], Chorin, Kupferman, and Levy
[9], and Chorin, Hald, and Kupferman [5] have used

F(p,Q):i(p4+q4)-

To work in a finite-dimensional space, i.e., with systems of ordinary differential
equations, we assume that p,q are periodic in [0,1] and approximated by a finite
Fourier series, i.e.,

(3.3) pla,t) = pitiej(x),  qlz.t)=> q;(t)e;(x),
j=0 j=0
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where eg(z) = 1, ezj_1(z) = V2 cos(27jx), and eg;(z) = /2 sin(27jx). Note that
the e; are the normalized eigenfunctions of ¥ + Ay = 0 with A\g = 0 and Ay;_1 =
A2j = (275)%. If we insert p, ¢ from (3.3) into (3.2) we get

1
(3.4) H=Y3 350 +4) +/ F(p,q) dz.
. 0
Hamilton’s equations py = —0,, H, ¢x = 0p, H then yield

1
Pk = —A\kQk —/ (02F)(p, q) ey dz,
(3.5) 0

1
Gk = +AiPr +/ (01F)(p, q) ex dx
0

for k =0,1,...,2n/, that is, a system of n = 2 + 4n’ ordinary differential equations.
To understand the connection to the original system (3.1) we multiply each equation
by er and sum over k; this leads to

2n’

Pt = +qza — Z (82 ( ) ek) €k,

k=0
2n’

qt __pLI+Z 81 p7 ) )eka

k=0

where (f, g fo x) dx. Therefore, we first expand p, ¢ in a finite Fourier series,
and then we truncate the Fourler series for 92 F'(p, q) and 01 F (p, q¢). We can also write
(3.5) as & = R(u), where u = (po, qo, - - - ,pgn/,qglL/)T.

The simplest approximation method, © = R(v), is obtained via truncation; see
(2.5). Let m = 2+ 4m/ with m’ < n'; set v = (po, o, - - - P2, @2m’)’ and solve

pk = _)‘qu - (82F(ﬁa 6)7 ek‘)a

3.6
(3.6) Gk =+ pk + (01 F (D, q), ex)

for k=0,...,2m’. Here, p = Z?ZO pjej, and § = Z?:O g;je;. Note that we use the
same notation, p;, q;, for the coordinates in v and v.
To derive the method of optimal prediction, © = R(v), we follow (2.6) and solve

[ (02F(p,q), ex) e PHPD dpyq -+ dgoyy

Pk = —Akqk — )
(3.7) fe—ﬂH(IhQ) dpoms 1 - - - dgon
q- _ _1_)\ P + f (alF(pa q)> ek) e—,BH(p,q) dem'Jrl e dq2n’
k kPk f e—BH(p,q) dpom 11 - dgan
for k = 0,1,...,2m/. Thus, we perform a partial averaging by integrating over

the random coefficients for the high modes. To prove the convergence of optimal
prediction we need restrictive assumptions about the function F'.

Assumption 2. The function F(z,y) = %co(2? 4+ y2) + G(z,y), with ¢g > 0,
satisfies

(a) F(0,0) = (01 F)(0,0) = (02F)(0,0) = 0;

(b) the matrix A = (82 . 8; zg) is positive definite, and |A| < ¢; for all (z,y);
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(¢) [VG(z,y)| < ¢ for all z,y.

Here 0, ;F = 0;0;F and |A| denotes the 2 norm. Condition (a) is satisfied for
F = X(p*+¢*)? and for F = 1(p*+¢*), whereas (b) ensures that F is always positive
(see Lemma 1 below). Equation (3.1) is therefore defocusing. Condition (c) implies
that the normalization constant Z is finite (see below); it is needed because Ag = 0.
The difficulty with Assumption 2 is that it restricts the growth of F for large (p, q)
and excludes the standard choices of F'. Instead, we may use the following functions:

1 1
F(p.q) = o |P* +a* = ~log (1 +€(p” + %)) |,

4 4
p q
F = + .
(p.9) 4+ep? 4+ eq?

These functions are quartic near the origin, grow quadratically at infinity, and satisfy
Assumption 2.

THEOREM 2. Let @ = R(u) be the spectral method (3.5) for the Schridinger
equation (3.1), and assume that w € R™ for large n = 24+ 4n'. Let v = R(v) be the
optimal prediction scheme (3.7) with m = 2+ 4m’' and m’ < n'. If Assumption 2
holds, then

1/2 eLt -1 e 601/24

L m/pm’

(]E [E[Pu(s, )| Ps] — v(Ps, t)|2)

where the Lipschitz constant L is given by

L= |14+ e2Ped/eot2eo/(*m)]
m2m

Remark. Theorem 2 is also valid if we replace © = R(v) by the truncated scheme
» = R(v), in which case we may use L = ;.

Proof. Theorem 2 has the same structure as Corollary 1. It is therefore sufficient
to check that Assumption 1 is satisfied. To do that we use Lemmas 1-4 below. Since
(3.7) is a Hamiltonian system it follows that conditions (b) and the first part of (a)
in Assumption 1 are automatically satisfied. For the second part of Assumption 1(a)
we combine (3.4) with the first inequality of Lemma 1 and get

7= /eiﬁH dpo o dq2n’

< / 85100 =B, 3 teo/ W) gy gy

2n
1
_ oBc3/co I | .
= e ]
i P+ 0/2)

thus Z < co. Here it is important that ¢y > 0 as A9 = 0. The Lipschitz property in
Assumption 1(c) is a consequence of Lemma 4. Finally, the estimate of the truncation
error is given in Lemma 2. This completes the proof. 0

4. Truncation errors. To prove Theorem 2 we must estimate the truncation
error for © = R(v) at t = 0. We begin with upper and lower bounds for the nonlinear
terms fol F(p,q) dz in the Hamiltonian (3.4).
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/

LEMMA 1. Letp = ijjej, q= Zj gjej, where j =0,1,...,2n'. If Assump-
tion 2 holds, then F(p,q) > 0 and

1 2n’ 2
Co 2 2 ]

F dr > — E * 4+ g) — =

/; (p7 q) xr = 4 jzo(p] q_]) C()’

1
/ F(p7 q) dx > F(pan0)7
0
2n’

1
C
| Fo.0de < Fona) + 5 Y 63+ ).

0 =

Proof. Since F(0,0) = 0 it follows from Assumption 2(c) and the mean value
theorem that

F(p,q) = %0(}92 +¢?)+ / 1 VG(9p, 0q) <p) df

c 1 Co c
250(]32—|—q2) = - (p)’
2
Co, 5 o 2 ¢
P —=2_2 .
2 5 (0" +4) 00 4(p+fJ)

To establish the first claim we integrate with respect to x and use the orthogonality
of the e;(x). The proof of the remaining statements is based on the convexity of F.
Let g(x) be twice differentiable. Then, Taylor’s theorem with an integral remainder
yields

1
(4.1) 9(1) = 9(0) + ¢ (0) + / (1 0)g"(6) do.

If g(0) = F(0p,0q) we conclude from Assumption 2(a), (b) that

F(p,q) = F(0,0) + VF(0,0) (Z) + /01(1 —60)(p,q) (g; 1? g; z?) ( > do > 0.

Next let g(8) = F(po +0(p —po),qo0 + 60(q — qo)). Since fol ej dx = 6 ; it follows from
(4.1) and Assumption 2(b) that

/:O F(p,q)dx = F(po,qo) +VF(p07q0)/1 (P—po) da

q—4qo

81 1F (91 2F> <p—p0>
(1-0 ) ’ ’ dfd
~/x 0/9 0 p po- 4= qo) (32,1F a2,2F q— 4o *
>Fp07QO +O+0

The last inequality is also a consequence of Assumption 2(b). In other words,

2
<P - p0>
=0 q — 4o
2n’

C1
= F(po.a0) + S 4.
Jj=1

1
C
/ F(p,q)dfcSF(po,tm)Jr(H;1
=0
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This completes the proof. ]
LEMMA 2. If Assumption 2 holds, then

~ 2\ 1/2 cre

c1/24

Proof. Let 72 = E|PR — R(P)|?. Remember that p = > pjej, ¢ = > q;ej, with
j=0,1,...,2n/, and p = > pje;, ¢ = Y qje;, where j = 0,1,...,2m'. Combining
(3.5) and (3.6), canceling the linear terms, and using Bessel’s inequality results in

7 =EY |(0:F(p,q) — 0F(p,4),ex))* +EY_[(O1F(p,q) — 01 F(p, ), ex)I
k=0

< E|0:F(p,q) — 92 (5,)||72 +E01F (p,q) = 0 F(5,d)] 7

Using the mean value theorem, Assumption 2(b), and the orthogonality of the eigen-

functions e;(z) we obtain
! O F O12F\ (p—p a0
o—0 \O21F  D22F ) \q—g
N
q —q

< GE Z Pk + a47)-
k=2m’+1

2
™ <E

L2

< c?]E

The expected value (2.3) involves the Hamiltonian (3.4). Using Lemma 1 we get upper
and lower bounds for the Hamiltonian. Thus,

2
2 < o2 / an omi1 Dk + @R)e “PH dpg - - - dgay
! JePH dpg - dihn/
QIZk 2m/+1 pk + qk) 521 ! 2)\ (p]+qj) dpl dq2n’
[e BY2) L(Aj+er) (3 +43) '

dp: - gz

Here the cancellation of [ exp(—B3F(po,qo)) dpodqo is justified by the first inequality
in Lemma 1 with (p,¢) = (po,qo). To evaluate the integrals we introduce

(42 I o, S Y (U
' FT e A0kt dp, B )
s o fetalay o\
(4:3) s yTevenrraall G W B
Je 7 dp J

The symmetry between p and g then implies that

2n’ 2n’ 2n’
cea S o I ollb-2 S ﬁkH(1+ ).
J

k=2m’'+1 j=1,5#k j=1 k=2m’+1
Since 1+ c1/A < e/A 50 AT < (2m)72-2-(72/6), and Yy 0q kT2 < 1/m we
conclude that B B

1 2
2 2 1 /12
TS B(2m)%2 m’ e

This completes the proof. 1]



994 OLE H. HALD AND RAZ KUPFERMAN

5. The Lipschitz constant. In this section we show that the method of op-
timal prediction applied to the defocusing Schrédinger equation satisfies a Lipschitz
condition, i.e., Assumption 1(c). We begin with the derivation of upper and lower
bounds for the nonlinear term in the Hamiltonian (3.4).

2m’ 2m’ 2n’
LEMMA 3. Let p = ijopjej, q = ijo gjej, r = Zj:Qm’+1 rje;, and s =

Z?Z,qu.l sjej. If Assumption 2 holds, then

1 2m’ 1 2
Co 2 2 %
/0 F(p+r,q+8)d:c2§/§= (pj+qj)+/0 G(p,q)dw—f%o,

(SRS

1 m 1 9 2n/
C C
/ F(p+r.q+s)de <3 (p?+Q§)+/ G(p,q)dw+72§0+00 > (7 +5)).
0 - 0 .
=0 j=2m’+1

Proof. Since F(z,y) = %co(:vQ +92) + G(x,y) and p, ¢ are orthogonal to 7, s, it
follows that

1
/ Fp+r,qg+s)de
0

= /0 {%Co [(p+7“)2 +(g+ 5)2] +Gp, ) +Glp+r,qg+s)— G(p,q)} dx

2n’

%CU Z(P? + qu) + %Co Z (7“]2 + s?) + /G(p, q)dz

j=0 j=2m/+1

1 1
+ / VG(p+ 0r,q + 05) <T> df dz.
=0 J =0 &

Denote the last term by I;. Since [VG| < ¢z and 2ab < a? + b* we get

Ve @

1/ ' 2 2

2(0()+co/o (r°+s%)dx
2n’

Zé—kcj Z (r? + s2).
2 J J

2¢q .
j=2m’+1

1 ! C2

|.[1| dxr

IA
I
T

IN

Inserting in (5.1) completes the proof. |
LEMMA 4. Let o = R(v) be the optimal prediction scheme (3.7) for the Schrédinger
equation (3.1). If Assumption 2 holds, then

(v—w,R(w) —R(w)) < L|v— w|2 ,

where

L=c [1 + 4201 /625C§/Co+200/(ﬂ2m')} )
mem

Remark. Lemma 4 has been formulated for optimal prediction because that is
what we are most interested in, but it is equally valid for the truncated scheme (3.6),
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in which case we may use L = ¢;. The corresponding proof is straightforward and
will not be presented.

Proof. The main difficulty in this proof is notational. Let p = > p,e;, ¢ = > gje;,
a=> aje;,and b= bje;, where j =0,1,... ,2m'. Set v = (f;), (Zi‘;), and rewrite
(3.7) as

Pr = =Mk — 9k (v),
qr = + epr + fr(v),

where fr = (f,er) and g = (g,er). We shall use v, w with two interpretations. In
the first one, v is a vector with 2 + 4m’ components p;, ¢;. In the second one, v is a

function with two components p(z), g(z). We can therefore write |v| = ||v||;.. In the
calculation of the inner product the linear terms cancel and we have

E=@w-w R —R(w))

= lak (9r(v) = gr(w)) = bi (fr(v) = fi(w))].
k=0

Using the Cauchy—Schwarz inequality, Bessel’s inequality, and the mean value theorem
gives

o 1/2 o’ 1/2
E< Y@+ ] [ o) - g0) + (fulw) — fi(v))?]
k=0 k=0

5.2 1/2
(5.2) _

()] (2, Tt - s + 19w - 017 )

/0; d% (ﬁ) (v +6(w —v)) df

=|v—w|]

L2

To continue we need f,g explicitly. Here it is convenient to use a new notation for
the high frequencies that are averaged out. Let

2n’ on’
r= E Ti€j, s = E S;j€5,
j=2m’+1 j=2m’+1
dr = dTQmurl T dTan, ds = dsgm'+1 s dSQn'.

Since v = (¥), w —v = (}) it follows from (3.7) that

B B [o1Fe=PH drds
flw+0(w—w))= Te P drds

where 01 F and H are evaluated at (p 4+ 0a + r,q + b + s). Canceling the common
factor exp(—33_; iXl(pj + 0a;)?* + (g; + 6b;)?]) in the numerator and denominator,
differentiating with respect to 0, and finally restoring the common factor yield
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% —_— U e PH drds} _2[/ e PH(—p) /:_0 VF-(Z) dz drds} U 81Fe_ﬁHdrds]
+ Ue—ﬁHdrds]_l[/ Vo, F- (Z) e P14 9y Fe=PH (—p) /:ZOVF (2) dxdrds] :

To analyze this expression we need a more compact notation. Let

A=0F, B=V61F-<Z),
! —BH dr d
a e T as
= F- d dp = ———.
@ /z:OV <b> “ a J e BH drds

Then

%:B/adu//ldu—i—/Bdu—ﬁ/Aadu.

If we replace some of the 7;, s; by 7, 5" we can write the b terms as a double integral;

indeed,

d
T— [Bau-5 [(a- )@ —a)dud.

where A’ and o are evaluated at (p + fa + ', q + 0b + s’). We use the mean value
theorem to evaluate a — o’ and get

1 1
’ 81’1F 82’1F r— 7"/

(5.3) a—ao = /QC:O /17_0(11,(7) <81,2F Ds2F ) \s— s dndzx.

Here 0;0;F are evaluated at (p+60a + 1" +n(r —r'),q +6b+ s’ +n(s — s')). Similar

arguments show that

1 r—p!
A—AI = / (81’1F,81’2F) ( ,) d??
n=0 §—38
If we replace 91 F by 02 F we obtain a similar expression for dg/df and conclude that
i f o / 81,1F 82’1F a d
a0 \g) = ) \oroF 025F) \b) W
5//1 O1pF 0o F\ (r—1' / '
- = ’ ’ d —a')dudy'.
2] ) \onaF 0.0F) s - n(a—a)dudp

The rest of the proof consists of a series of inequalities. We begin with o — o’ in (5.3).
It follows from Assumption 2(b) and the Cauchy—Schwarz inequality that

amn= [ Q77
=a (/:—o(a2 o Cif;) </wl—0 [(T BER S,)ﬂ dm)l/z
e sz:l(a? +12) % [(rj = 7)) + (s; — 85)]
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Since a(x), b(z) do not depend on 7, s;, and [|(})||r2 = [v — w| we find that

(5.1;) /
201, ==l +2/16

ﬂ 2n
=ci|v—w|+ 50% [v — w] / Z (e — re)” + (s — s3,)%] dpdy'.

k=2m'+1

<a la — o | dpdy’
L2 L2

The treatment of the last integral, which we denote by Is, follows the arguments in
Lemma 2.

The measure dy involves the Hamiltonian H (p+6a+r, ¢+ 60b+s). From Lemma 3
we get upper and lower bounds for [, and canceling all terms involving p;+0a;,q;+0b;
we see that [ fdu < [ fdvif f >0 and

!
6505/00 6_6 232'22m/+1 %Aj(r?‘i‘si)dr ds

dv = 2n/ 1 24 .2 :
fe_ﬁzfzzm’“ 3 (X +2¢0)(rj+57) g g5

Since [rpdv = [ spdv =0 and r, s occur symmetrically, we see that

2n’
12§2/ Z (T,%—Fsi)dlj/dl/

k=2m’+1

2n’
:4/ Z r,%dy/dz/.

k=2m'+1

Since 1+ ¢; /A < e“1/* and ZiZQm,H At < (2m)72 - 2/m/ it follows from (4.3) with
c1 replaced by 2¢q that

2n’

/dl/ — efica/eo H b;

j=2m’+1

(5.6) 2n/
)

2 2c
— pPc3/co I | 1+ 2t
c , ( Aj
j=2m’+1

< ePed/coteo/(m*m').

Using (4.2) together with (4.3) we obtain

2n’ , 2n’ 2n’ 2n’
3 / Zav=e?Eo S e I b [ b
k=2m'+1 k=2m'+1 j=2m'+1,j#k j=2m'+1
2n’ 2n’
(5.7) 82 /e 1 < 200>
= elP“2/%0 RN 1+ —
k,; Bk }_H/ Aj
=2m’+1 j=2m'+1

2

Sy € e,
T)“m

IA
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Combining (5.5), (5.6), and (5.7) gives

I, < - 62565/60-&-260/(”27”,)_
- Brcm/

Finally we insert the bound for I in (5.4) and conclude from (5.2) that

E<|v—wl’e [1 + %ewag/%ﬁ%/(rzm')} .
mem

This completes the proof. 1]

6. Optimal sampling. In Theorem 2 we have compared averages of the solu-
tions of a large system (3.5) with a single solution of the optimal prediction equation
(3.7). For nonlinear Schrodinger equations the numerical experiments by Chorin,
Kupferman, and Levy [9] show that the averages will decay as time grows. If (3 is
small the decay is rapid. This decay cannot be captured by the method of optimal pre-
diction as (3.7) is a finite-dimensional Hamiltonian system. It is therefore natural to
average the solutions of the optimal prediction equations to improve the performance
of the method.

To formulate such an algorithm we modify the notation from section 2 slightly.
We let my < mo < n and let P;s, Pys consist of the first mq, ms components of s.
Here my plays the same role as m in the previous sections. The idea is to average the

optimal prediction solutions v(Ps$,t) OVer Spy, 41, -« » Sm,. LThus, we view s1,... , Sm,
as given and Sy, 41, ... , Sm, as random. To reveal the appropriate measure we observe
that

Jv(Pys, t)e PEE)ds,, 11+ dsy,
[ e B dsy, 1q - dsy
Jo(Pys,t) [ e PHO ds, 1 dsy dspy 41+ - dSim,
[ [e PHG) s, 1 - dsy dSmy 41+ dSim,
B [ v(Pas, t)e BHo(P2s)ds 1o dspy,
f e*ﬁHo(P2s)d5m1+l - d5m2 ’

E [’U(PQS, t)\Pls] =

(6.1) _

where Hy = —(1/3) [ exp(—BH)dSm,+1 - - - dsy. In statistical mechanics Hy is known
as free energy and Z; ! exp(—3Hy) becomes the canonical distribution for v = R(v) on
the space (s1,... ,8m,)- It has been shown by Chorin, Hald, and Kupferman [5] that
if (2.1) is a Hamiltonian system corresponding to H, then (2.2) is also Hamiltonian
but corresponding to Hy.

Since E[-| P; s] is the orthogonal projection on the space of functions of (s1,. .. , $m, ),
it follows that

E |E[Pyu|Pys] — v|* = E |E[Pyu — v|Pys] — E[E[Pyu — v|Pys]|Pys]|”
+ E |E[E[Poyu — v|P2s]| Pys]|?
= E|E[Pou|Pys] — E[Pyu|Pys] — (v — E[v|Pys])[?
+ E [E[Pyu|P1s] — E[v|Pys]*.

(6.2)

Here we have suppressed the dependence on s, ¢ in u, v and used that E[E[-| Pys]| Py s] =
E[-|P1s]. This is a standard identity for conditional expectations, but in our setup
it can be verified by a direct calculation. Combining (6.2) with Corollary 1 and the
proof of Theorem 2 we get the following corollary.
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COROLLARY 2. Let @ = R(u) be the spectral method (3.5) for the Schrédinger
equation (3.1) and assume that uw € R™ for large n = 2 + 4n’. Let v = R(v) be
the optimal prediction scheme (3.7) with me = 2+ 4mb and m} < mhy < n'. If
Assumption 2 holds, then

1/2 Lt _q c1/24
(EIE[Pu(s, )| Prs] — Elv(Pos, )| Pis]*) < S S

L 7/pBm}

~

Remark. Corollary 2 is also valid if we replace © = R(v) by v = R(v). The diffi-
culty lies in the interpretation because the function Hy in (6.1) is not the Hamiltonian
for the truncated scheme (3.6). Thus we cannot interpret (6.1) as an average over the
canonical measure.

7. Concluding remarks. The error bounds in this paper are unusual in several
aspects. In numerical analysis we typically compare the computed solution with the
exact solution, and the estimates involve bounds on the higher derivatives of the
exact solution. In this paper we estimate the error in the mean, where the mean is
taken over all initial conditions. This is similar to convergence proofs for stochastic
differential equations, where the mean is taken over all random forcing functions.
Thus, we cannot say that the error is small in any particular experiment, only that it
is small with high probability.

Our convergence proof for the nonlinear Schrodinger equation exploits the fact
that the equation can be regarded as a Hamiltonian system. In the limit n — oo the
initial data for the partial differential equation lie in H® for a < 1/2, but they are
not smooth enough to be in H'/2. Thus we approximate highly irregular functions
and our rate of convergence is correspondingly low.

Acknowledgments. We are grateful to Profs. M. Ben-Artzi, A. Chorin, and B.
Turkington for many fruitful discussions.
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