COMM. MATH. SCI. (© 2006 International Press
Vol. 4, No. 4, pp. 707-729

STRONG CONVERGENCE OF PROJECTIVE INTEGRATION
SCHEMES FOR SINGULARLY PERTURBED STOCHASTIC
DIFFERENTIAL SYSTEMS*

DROR GIVONT, IOANNIS G. KEVREKIDIS!, AND RAZ KUPFERMANS

Abstract. We study the convergence of the slow (or “essential”) components of singularly
perturbed stochastic differential systems to solutions of lower dimensional stochastic systems (the
“effective”, or “coarse” dynamics). We prove strong, mean-square convergence in systems where both
fast and slow components are driven by noise, with full coupling between fast and slow components.
We analyze a class of “projective integration” methods, which consist of a hybridization between a
standard solver for the slow components, and short runs for the fast dynamics, which are used to
estimate the effect that the fast components have on the slow ones. We obtain explicit bounds for
the discrepancy between the results of the projective integration method and the slow components
of the original system.
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1. Introduction

Many problems in the natural sciences give rise to singularly perturbed systems
of stochastic differential equations (SDEs) of the form

dos = a(a$, ) dt + b(xt, yf) dU,, @ = o, (1.1a)
. 1 c e 1 € € ¢
dy; = Ef(mtayt) dt + \%g(xtzyt) dvy, Yo = Yo, (1.1b)

where z§ and y§ are n- and m-dimensional diffusion processes. The functions a(z,y) €
R™ and f(x,y) € R™ are the drifts, and the functions b(x,y) € R"*% and g(z,y) €
R™*42 are the diffusions; U; and V; are di- and ds-dimensional mutually independent
Wiener processes. The parameter € represents the ratio between the natural time
scale of the z; and y; variables. We are concerned with situations where € < 1, i.e.,
with a separation of scales; in such case the vector z§ is called the “slow component”
of the system, and the vector yf is the “fast component” of the system.

Systems of the form (1.1) arise in various situations; see [1] for a classical review
with numerous applications. In many cases, one is only interested in predicting the
time evolution of the slow component zj, yet, this cannot be done, in a direct approach,
without solving the full system of equations. In biomaterials, for example, the fast
dynamics may have a characteristic time of the order of picoseconds (the fastest
atomic motions), while the process of interest has a characteristic time of the order
of seconds. No computer can deal with such a disparity of scales.

In the past four decades, singularly perturbed systems of the form (1.1) have
been the focus of extensive research, within the framework of averaging methods. The
separation of scales is taken to advantage to derive, in the limit ¢ — 0, a reduced
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equation for an n-dimensional process Z;, which approximates the slow component
x¢. This effective equation is of the form

dzy

a(z;) dt + b(z,) dWy, (1.2)

where a(z) € R™, b(z) € R"*% and W, is a d;-dimensional Wiener process.

The conditions under which z{ converges, as € — 0, to the solution of effective
dynamics of the form (1.2) was first addressed by Khasminskii [2] in the context
of Markov diffusion processes. The averaging principle in the context of SDEs is
described in the monograph by Skorokhod [3], and can be summarized as follows:
Assume that for every fixed x the rapid variables induce a unique invariant, ergodic
measure p®(dy). Then, as e — 0, z§ converges in distribution, or weakly on every
finite interval [0, T], to the solution Z, of a closed equation of the form (1.2) where

@) = [ alep)u(dy),

b(z)b" () = - bz, y)b" (z,y) " (dy).

Generalizations can be found, for example, in Papanicolaou et al. [4], Pardoux
and Veretennikov [5, 6], and Freidlin and Wentzell [7], with notably extensions to
convergence in probability (i.e., pathwise). Kifer [8] proved convergence in some “av-
eraged L? sense” without assuming the non-degeneracy condition on the diffusion
coefficients, which is an essential condition in [2] and its sequels, thus generalizing
Anosov’s theorem for deterministic systems. A survey on the existence of an effec-
tive dynamics for the case where b(x,y) = 0 in (1.1a) (i.e., xf satisfies an ordinary
differential equation (ODE) coupled to a fast stochastic process) can be found in Pa-
panicolaou and co-workers [9, 4] where they improve a result of Khasminskii [10] and
show weak convergence to a diffusion Markov process for a broad class of situations.
For the case where yf satisfies an 1t6 stochastic equation Kifer [11] proves convergence
in the sup-norm and E et al. [12] derive estimates on the rate of strong (L') con-
vergence to the solution of an effective ordinary differential system (see also Vanden
Eijnden [13]).

While the averaging principle and its resulting effective dynamics (1.2) provide
a substantial simplification of the original system (1.1), it is often impossible, or im-
practical, to obtain the reduced equations in closed form (for example, because the
invariant measure p* is unknown, or because integrations cannot be performed ana-
lytically). This has motivated the development of algorithms such as projective and
coarse projective integration [14, 15, 16] within the so-called equation-free framework
[17, 18]. In this framework, short bursts of appropriately initialized “fine scale” simu-
lations are used to estimate on demand the numerical quantities required to perform
scientific computing task with coarse-grained models (time derivatives, residuals, the
action of (slow) Jacobians, and, for the case of stochastic coarse-grained models, the
local effective noise drift and diffusivity, e.g. [19]). When a stochastic problem effec-
tively closes at a deterministic level (e.g. in terms of the expectations of some slow
observables), traditional ODE integration algorithms, whether explicit or implicit,
can be wrapped around on-demand estimates of the (slow) time-derivatives of these
observables to accelerate the simulation of the effective equation (e.g. [14, 16, 20]).
Here we extend the idea of projective integration for a (deterministic) effective model
to the case where the effective model is a stochastic one.
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In its simplest formulation, this extended, stochastic projective integration scheme
can be described as follows: Let At be a fixed time step, and X,, be the numerical
approximation to the coarse variable, Z, at time ¢, = nAt. Inspired by the limiting
equation (1.2), X,, is evolved in time by an Euler-Maruyama step,

where AW, are Brownian displacements over a time interval At. We refer to (1.3) as
the macro-solver (or, macro integrator).

The functions A(X) and B(X) approximate the functions @(z) and b(z), which
result from the averaging (1.3) over an ergodic measure. The ergodic property implies
that instead of ensemble averaging we can use averaging over paths of the rapid
variables with fixed z. Since, by assumption, these averages cannot be performed
analytically, they are approximated by an empirical average over short runs of the
fast dynamics. These “short runs” are over time intervals that are sufficiently long
for empirical averages to be sufficiently close to their limiting ensemble averages, yet
sufficiently short for the entire procedure to be efficient compared to the direct solution
of the coupled system.

Thus, given the coarse variable at the n-th time step, X,,, we take some initial
value for the fast component Y{*, and solve (1.1b) numerically with step size 6t and
x = X, fixed. We denote the discrete variables associated with the fast dynamics at
the n-th coarse step by Y,?, m = 0,1,..., M. The numerical solver used to generate
the sequence Y;? is called the micro-solver (or micro-integrator). The simplest choice

m
is again the Euler-Maruyama scheme,

1 1
£+1 = Y£ + Ef(XnaYrZ) ot + \ﬁg(XmYm")AV,Z, (14)
where AV are Brownian displacements over a time interval d¢. Since we assume that
the y dynamics is ergodic, we may choose, among other choices, Yj" = yo.
Having generated the trajectories Y, the functions a and b are estimated by

M m=1
B(X,)BT(X,) = = i b( X, YOO (X, Y,). (1.5)
M m=1

B(X,,) can then be extracted from B(X,,)BT(X,) through a Cholesky decomposition.
Finally, to reduce the statistical noise, several independent realizations of the micro-
solver can be carried out, in which case expressions (1.5) for A(X) and B(X) involve
an additional averaging over these independent realizations. Equations (1.3), (1.4),
and (1.5) define the projective integration scheme.

In this paper we analyze systems of the form (1.1), along with the projective
integration scheme for the case where b = b(x), i.e., the diffusion function of the
slow variables does not depend explicitly on the fast variables. Note that in this case
b(z) = B(z) = b(z) (when b depends on y there is no strong convergence, as a counter
example is in the Discussion section shows).

The contribution of this paper is two-fold:

1. We prove L? convergence of z§ to Z; under specified conditions. That is, we
obtain strong converge for a class of systems where the limiting dynamics
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is stochastic. In particular, we obtain an explicit estimate on the rate of

convergence of the form

sup Elzf — 3> < O Ve.
0<t<T

. We derive estimates for the L? (again, pathwise) error between the solution

Z; of the effective dynamics (1.2) and the solution X,, of the projective inte-
gration scheme (1.3). Specifically, we obtain an error estimate of the form

InMot)2+1 1
T — 2 < (7 — .
E|Z;, — X,|* <C (At + 5 + — + \/515)

Both results generalize the analysis in [12], which is limited to the case where
the slow dynamics (and hence the limiting dynamics) are deterministic.

2. A strong limit theorem for the averaging principle

In this section we establish the convergence, under specified conditions, of z{, the
slow component in (1.1), to T, the solution of the effective dynamics (1.2). We prove
mean-square convergence, i.e., pathwise, with W; in (1.2) identified with Uy in (1.1a).
We achieve this goal by estimating the mean-square deviation E|x{ — Z;|* between
the two processes; our main result is Theorem 2.11. For the sake of readability we
state in this section our assumptions, lemmas and theorems, deferring all proofs to
the next section.

Throughout this work, the following assumptions are made:

ASSUMPTION 2.1.

Al

A2.

A3.

The functions a = a(x,y) and b = b(x) in (1.1a) are measurable, Lipschitz
continuous and have linear growth bounds: specifically, there exist constants
L,K, such that

la(z1,y1) — a(@2, y2) > + [|b(21) — b(w2)|? < L (Jor — 22| + y1 — 12]?) ,
and
la(z, y)” + 11b(2)[|* < K2 (1+ |2* + [y[?) -

Here and below we use |-| to denote Fuclidean vector norms and ||| for Frobe-
nius matric norms.

The functions f(x,y) and g(z,y) in (1.1b) are of class C* and have bounded
deriwatives of any order; in particular, we can choose the Lipschitz constant
L sufficiently large, such that it bounds the first derivatives of f,g. Moreover,
f(x,y) is assumed to be a bounded function of x for ally,

sup | f(z,y)| = cf(y) < oo,
and g(x,y) is bounded,

sup [lg(z,y)|| = ¢y < occ.
z,y

There exists a constant a > 0, independent of x, such that:
(

2
v g(z,9)9" (z,9)y > aly|

for ally e R™.
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A4. There exists a constant B > 0, independent of x, such that

(1 —y2) - [f(@, 1) — fla,y2)] + g(x,91) — g(z,92)|1> < —Bly1 — vol”

for all y1,y2 € R™.

Some comments: (i) Assumption A& ensures the non-degeneracy of the fast dy-
namics (1.1b), with = viewed as a fixed parameter. (ii) Assumption A/ is called the
dissipative (or recurrence) condition; together with A8 it guarantees the ergodicity
of the fast dynamics (see Khasminskii [21, §3,4]). Assumption A8 guarantees that
the ergodic measure p®(dy) has a smooth density [22, 21]. (iii) Since a satisfies a
Lipschitz condition, so does a, and the effective dynamics (1.2) has a unique solution.

In practice, one rarely encounters systems in which the first two assumptions hold
verbatim. These assumptions can be weakened at the expense of technical complica-
tions. For example, the extent of regularity can be relaxed, and the global Lipschitz
constant can be replaced by a local Lipschitz continuity property. Thus, it is a matter
of technicality to generalize our results to situations of practical interest. The last
two assumptions are more imperative, but are satisfied in numerous (and generic)
situations. Condition A3 is satisfied, for example, in the case of fixed diffusion con-
stant. Ergodic properties under much weaker conditions were demonstrated by Meyn
and Tweedie [23]; see Mattingly et al. [24] for further elaboration and applications
to various situations. Thus, both the dissipative assumption and the non-degeneracy
assumptions can be partially relaxed.

Our first three lemmas provide mean-square estimates for the process (g, ys),
with bounds independent of €. The proofs are straightforward and are provided for
completeness.

LEMMA 2.2. The fast component y; satisfies,

sup E‘yﬂQ S Ola
0<t<T

where C1 = C1(yo) = |yo|? + C?‘(O)/ﬂQ + Ci/ﬁ'

LEMMA 2.3. The slow component x§ satisfies

sup IE|:L’§|2 < (s,
0<t<T

where

K2(1+C
Oy = Co(T, x0,0) = |wof? e HEDT 4 71(+ 7 1)6(1+K2)T.

LEMMA 2.4. For all 0 < tg < t < T, the mean-square displacement of the slow
component satisfies

]E|£E§ — (EEO|2 S Cg (t - t()),
where C3 = C3(T, z9,y0) = c1 K2(1 + C1 + Cy).

Our goal is to estimate the difference between z§, the slow component of (1.1),
and Ty, the solution of the effective dynamics (1.2). To this end we construct an
auxiliary process, (Z§,75) € R™ x R™: we divide the time interval [0,7] into sub-
intervals of length A = /e, setting t;, = kA, k = 0,...,|X]; for s € [0,T] we also
define t5 = [s/A]A, the nearest breakpoint preceding s.
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With initial conditions (Z§,95) = (zo,¥o0), the process (Z§,ys) is governed for
te [tk,tk+1) by the SDE

diy = a(xf,, ;) dt + b(xs, ) dUy,
1 1 2.1
05 = L G0 e+ gl GV B =0 =y
The pair (Z§, g5) satisfies dynamics similar to (1.1), notably with the same random
noise, except that the argument x in the functions a,b, f, g, is replaced by z{ at the
beginning of the sub-interval, ¢ = ti, whereas the fast component g5 is reset to equal
y; at each breakpoint ¢;. The time interval A is selected small enough, A < 1, so that
Z¢ does not deviate much from zf; on the other hand A > ¢, so that the empirical
distribution of g; in the k-th interval is close to the invariant distribution p®, with
x = zf, . The introduction of the auxiliary process (Zf,gf) provides an intermediate
step between the processes z§ and Z;, whose difference we need to estimate. As
will be shown, (Zf,gs) remains close to (zf,ys) because A is small enough (on the
2-timescale) and §¢ is repeatedly reset to equal yf. On the other hand, Z¢ remains
close to Z; because A is large enough (on the y-timescale) so that the time average of
a(xf, ,¥f) is close enough to a(xf, ).

The next two lemmas estimate the mean-square differences between the fast and
slow components of the processes (z§,ys) and (Z§, g5 ):

LEMMA 2.5. Let (x5,yf) and (Z5,35) be the respective solutions of (1.1) and (2.1).
Then

sup E |y — g|* < Cu Ve,
0<t<T

where Cy = Cy(T, x0,y0) = (L*/B)(2+1/8) Cs.

LEMMA 2.6.

sup E |of — &[> < Cs Ve, (22)
0<t<T

where Cs = Cs(T, z0,y0) = ¢1 L> T (C3 + Cy).

Having estimated the mean-square difference between z§ and zj, it remains to
estimate the mean-square difference between Z§ and Z;. The smallness of the latter
is due to the mixing properties of the fast dynamics.

For k = 1,2,...,|T/A], we set xx = z§, and define the stochastic process zF
which satisfies the SDE,

def = f(ax, 2f) dt + glax, 2f) dVE, 26 = Vi, (2:3)

where the V¥ are independent Wiener processes. The process z¥ is statistically equiv-
alent to a shifted and rescaled version of g, that is, zF ~ Yle—tp)/e Its introduction
is only needed to simplify the notation.

The dynamics (2.3) is ergodic with invariant measure p** (Assumptions A3,44).

k

Moreover, the process zF is exponentially mixing. Recall that if F? is the o-algebra

generated by {z,{C a<t< b}, the strong mixing coefficient of 2 is defined by

Qy = sup sup [P(AN B) —P(A)P(B)|.
s>0 A€Fg,BEF,
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It is a measure on the independence of events that are separated by a time interval
of at least ¢.
The following lemma, proved by Malyshkin [25], establishes a bound on the strong

mixing coefficient of the process z}:

LEMMA 2.7. There exist constants ca,cs > 0, such that for all v € (0,1/2),
ap < cgexp(—cgt?).

Moreover, all moments associated with the invariant measure u** are finite.
The following relation between correlations and the mixing coeflicient is proved
in Billingsley [26, §20]:

LEMMA 2.8. If (,n are real-valued random wvariables, where ¢ is F§-measurable and
n is Fg7s-measurable, with

El¢]* < o0, Elyf® < oo.

Then

IE[¢-n] —E[] E[]| < 222 (]E ICI2)1/2 (]sz)l/z.

The process zf is ergodic, but not stationary because the initial condition is not

drawn from its invariant distribution, p**. We introduce a third auxiliary process
¢F, which satisfies the same dynamics as zF (in a pathwise sense), but with random
initial conditions, ¢, drawn from the invariant distribution p®*; ¢F is a stationary
process. The process £F is needed in order to approximate the process zF, which is
initialized with the value yj, , by a similar process which is stationary. Stationarity is
then exploited for an explicit estimate of correlations.

The next Lemma states that the two processes zF and &F converge exponentially
fast to each other in a mean-square sense (that is, the stochastic map defined by (2.3)
is exponentially contracting).

LEMMA 2.9. Fork=0,1,...,|T/A],

E |z£c — fﬂz <20, e 2P,

Equipped with the above, we can estimate the difference between Z§ and z;.

LEMMA 2.10. For small enough e,

sup E|F; — 2> < Cs Ve,
0<t<T

where Cs = Cg(T, xo,y0) = 4T(C5 + Cs) exp(gclL2T),
Combining Lemma 2.10 with Lemma 2.6 we obtain our main result:

THEOREM 2.11. Let x§ be the slow component of (1.1), and Z; be the solution of the
effective dynamics (1.2). Then, for small enough e,

sup E|z§ — 2" < 2(C5 + Cg)V/e.
0<t<T



714 D. GIVON, I.G. KEVREKIDIS & R. KUPFERMAN

3. Proofs for Section 2

We start by establishing a number of relations, which will be used repeatedly
below (for more details see [27, p.136]). First, Gronwall’s inequality: if the real-valued
function v(t) satisfies a linear differential inequality of the form

dv
o < v +e, v(to) = o,
then
< e Mt—to) 1 E (pAt—to) _ 1) )
U(t) < yge + h (e 1) (3 1)

Let z; € R™, t € [0,T], be the solution of the SDE
dZt = G,(Zt) dt + b(Zt) th,

such that a and b are measurable, Lipschitz continuous and have linear growth bounds.
Assume also the boundedness of the second moment of the initial value z;,. Applying
the It6 formula, followed by Young’s inequality,

d
ZE|aaf? = 2B 2 - () + E[lb(z0)|

(3.2)
< Elz|* +E [Ja(zo)[* + [[b(20)[1%] -
Alternatively, using the It6 isometry and the Cauchy-Schwarz inequality,
t t 2
Elz; — 2, = E / a(zs)ds +/ b(zs) AW
to to
t 2 t 2
< ZE‘ / alzy) ds‘ + 2IE’ / b(zy) AW,
S S (3.3)
<2t — to) / Ela(zy) ds + 2 / E||b(z,)|? ds
to to
t
<er [ Blata) + [0l ds,
to
where ¢1 = ¢1(T) = 2 max(1,T).
Proof of Lemma 2.2. Applying the first line of (3.2) to yf we obtain
d € € € € € €
5%&% |2 =2Ey; - f(zf, ;) + E||g(:ct,yt)||2. (3.4)

Assumption A4 with y; = y5 and yo = 0 gives,
yi - [f (@ y) = f@f, 0)] + llg(af, v) — 9(af, 0)[1* < —Blyi|*,
or
yi - flag,vf) < —Blyil* +vg - f(a5,0).

Using Young’s inequality 2p-q < B|p|? + 37! |q|* with p = y§/v/2 and ¢ = f(z5,0)/V/2,
and substituting the bound on f (Assumption A2),

c}(0)

8
vi - i) < <5l + 5
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Adding the bound on g (Assumption A2) and substituting into (3.4) yields the dif-
ferential inequality,

A

d € 2 2
6£E|yt| BEly; " + 3

The desired result follows from Gronwall’s inequality (3.1).

Proof of Lemma 2.3. Applying (3.2) to z%,
d € € € € €
@E\xf < Elzf® +E [Ja(ag, yp)|* + [|b(af) 1] -
Substituting the linear growth bound for a,b (Assumption A1), it follows that
d
S Elei® < Elag]® + K*(1 + Elog|” + Ely;[*)
< (1+ K Elag]? + K*(1+ Ch),
where the last inequality follows from Lemma 2.2. The desired result follows from
Gronwall’s inequality (3.1).
Proof of Lemma 2.4. Inequality (3.3) for z{ reads
t
Blaf —af, P < o | B laad.u0) + b)) ds
0
Using the linear growth bound for a,b (Assumption A1),
t
E|zf — m§0|2 <c K2(1 + E\xZ\Q + E|y§|2) ds < 01K2(1 + C1 4 Co)(t — to),
to
where the last inequality follows from Lemmas 2.2 and 2.3.

Proof of Lemma 2.5. Define z; = yf — g5, fix t € [0,7] and set k such that
t € [tk,tr+1). The resetting of the auxiliary process at the break points ¢, implies
that 2z, = 0 for all k.

Using the first line of (3.2) for the real-valued process €|z|?,

T = 2Bz (F (o5, ) — f (15, 56)) +E (e ) — ola, 50
=2Ez - (f(2f,yf) — f(25,90) + 2Bz - (f(af, 9) — f(25,.97))
+Ellglef yf) — 9(af. 55) + g(af, ) - 9l 59 (3:5)
< 2Bz - (f(a2f,y5) — flaf,97)) +2E 2 - (f (25, 95) — f(2f,,90))
+2E |lg(af, v5) — o5, 50)I° + 2 [|g(, 55) — a5, 55|
where we have used ||a + b|* < 2|al|* + 2 ||b]|.
By the dissipative assumption A4, the sum of the first and third terms on the

right hand side are bounded by —23E|z|?. The global Lipschitz continuity of f,g
(Assumption A2) implies
d
eﬁE 2> < —28E |z|* + 2LE |2 |w§ — af, | + 2L° E 2§ — af, 2

2

)

—BE |z|* + L*(2+1/B) E |of — a5,
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where we have used Young’s inequality 2pq < Bp? + %qz with p = |z] and ¢ =
L|x; —xf, ’ By Lemma 2.4

E |o§ —af, | < Cs (t — tx) < Cs /e,
thus, we obtain a linear differential inequality

L3(2+41/B)Cs

The desired result follows from Gronwall’s inequality (3.1) upon integrating from
to t.

d g
%E|2t|2 S —zE |Zt|2 +

Proof of Lemma 2.6. By (3.3) with z; = a§ — &,

t
€ _ ~e € € € ~ev|2 € NP
E 2§ — ] < 01/ E “a(ws,ys) —a(zs,, g5)|” + ||b(a) — b(as,) || ] ds.
0
Using the Lipschitz continuity of a,b (Assumption A1),
) t
Blof - 2if* < L8 [ (o - of, P+ IS — 55P°) ds
0
t
< clLQ/ C3 (s —ts)ds + c1 L*TCy /e
0
S C1 L2 CZ—‘\/g (CS + 04) 3

where the bound on E|z§ —a§_|? follows from Lemma 2.4 , and the bound on E|y$—g5|?

follows from Lemma 2.5.
Proof of Lemma 2.9. First, we note that Lemma 2.2 implies that
Elz5]* = Ely, |* < C1.
Since &F is a stationary version of 2, we also have
El¢H? = lim BJ<F2

which is easily found to be bounded by C; as well.

Using the first line of (3.2), followed by the dissipativity assumption (Assumption
A2),

d 2 2
< —26E |of - ¢F[.
By Gronwall’s inequality (3.1),

E ‘zf —fﬂz <E ‘zg —55’26—2& — 20, e 2Pt
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Proof of Lemma 2.10. Start with

w2 =] [ 50 - a@) as + [ 061) - 0@)

2
<5E‘/ a(xs_, Js) (xi))ds’

+5]E‘/ a(xs ) —a(z ))ds’ +5E‘/ (z5) — b(E9))
—|—5]E‘/ ) — a(z,)) ds +5E‘/ ) — b(z,)) dUs| , (3.6)

where we have added an subtracted equal terms, and used the Cauchy-Schwarz in-
equality. Using the It6 isometry for the third and fifth terms on the right hand side,
and the Cauchy-Schwartz inequality for the second and fourth terms, we get

s 5
E|z; — ﬂ_ct|2 <5I + 501(12 +1I3), (3.7)

where

)

2
1 =E| [ (olet,.50) ~ata.)) ds

1'27/0 ]E|a($t.)*a( )|2ds+/ E”b(xi)*b(fZ)st,
13=/0 EI@@Z)—@(:ES)I%H/O E||b(zS) — b(z,)||? ds. (3.8)

I3 is readily estimated using the Lipschitz continuity of a, b,
t
I <I? / E|7¢ — 74|* ds. (3.9)
0
Similarly, we have for I,

t
I SLQ/ Elz;, — %¢|* ds
0

¢ ¢
<2I? (/ Elzf —2¢*ds+ / E|zS — #¢|? ds>
0 0
¢ ¢
< 2I2 (/ Cs(s —ts)ds + / C’mﬁds)
0 0

<2L°T (Cs+ Cs) Ve, (3.10)

where we have used Lemmas 2.4 and 2.6.
It remains to estimate I7, which we decompose as follows,

¢
0
[t/A] ‘ tk+1

<([t/A]+1) > E
k=0

T2
< — E
A2 kgl%;(A

2

2
(a(af,, 45) —a(af,)) ds

2

/ " aas, 59) — a(as,) ds| | (3.11)

ty
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where the time integral has been split into a sum of integrals over time intervals
A = /e (except for the last one which has upper limit #).
Setting as before zj = xf, , we stretch the time variables by a factor of €, and

using the fact that 2 is statistically equivalent to gjft_ te)/e

I, < T?¢ max Il,
k<T/A

where

1/A 2
IF = E‘/ (a(xmzf) —a(xk)) ds| . (3.12)
0
To estimate IT we introduce the stationary process £F,
If < Jf+ J3,

where

2

1/A
[ (atin, ) - o)

1A
/0 (a(wr, £5) — () ds

JP=2E

?

2
Jy =2F

To estimate JF we use the Lipschitz continuity of a (Assumption A7), and
Lemma 2.9,

1/A o0 2L2
JF < 2L2/ E|zF — ¢F?ds < 4L201/ e 208 ds = 701 (3.13)
0 0

To bound J§ we use the fact that £ is a stationary process with invariant distri-
bution p®*. Thus, Ea(zy, &) = a(xy), and

1/A 1/A
Jh = 2/ / a(zp, &8) - a(zy, €5)) — a(zr) - a(zy)] dsds’
< 4/ / a(ve, &) - a(zk, &) — alzy) - a(xr)] dsds’

§8E|a(:ck)|/ / aig,dsds’,
0 s’

where we have used the stationarity of £ and Lemma 2.8. Using the bound on the
mixing rate, ay, the fact that a(z) is Lipschitz and Lemma 2.3, we get that J¥ is
bounded. Thus, there exists a constant c4, such that I; < c4€, and in particular, for
e sufficiently small, I} < I.

Combining (3.7), (3.10), and (3.9),

5
E|Z¢ — 2;]* < 10c; L*T(C3 + Cs)v/e + 5c1L2 / E|Z¢ — Zs|? ds,

which by the integral version of Gronwall’s inequality yields the desired result.
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4. Analysis of the projective integration scheme

In this section we analyze the convergence of the numerical method defined by eqgs.
(1.3)—(1.5). Specifically, we derive an estimate for the distance between the computed
solution X,, and the solution Z; of the effective dynamics at time ¢ = ¢,,. Note that the
effective dynamics does not depend on e. Also, since the discrete solution Y, obtained
by the micro-solver is for X,, fixed, it only depends on the ratio 6t/e. Thus, without
loss of generality, we may take ¢ = 1. This observation is at the heart of projective
integration. The separation of scales is exploited to break the coupled system into
two systems that operate each on its separate time scale. The fast variables are solved
for fixed values of the slow variables; as a result, there remains a single time scale
(which may well be rescaled to one), and the integration time has to be sufficiently
long only with respect to the mixing time of the fast dynamics—mnot with respect to
the evolution time of the slow dynamics.

Our projective integration scheme consists of a macro-solver: an Euler-Maruyama
time-stepper,

where A(X,,) is estimated by an empirical average

AX,) =— 3 a(Xy,, Y, (4.2)

m=1
and Y} are numerically generated discrete solutions of the family of SDEs
dzy = f(Xp, 2f) dt + g(Xp, 21) AV, (4.3)

with initial conditions z{ = YJ" = yo, and a time step 0t (the choice of a fixed Y
for all n simplifies our estimates; in practice, one could take Y' = Y;; ' for n > 0).
Our micro-solver (1.4) is a particular realization that uses an Euler-Maruyama time-
stepper as well,

Yo=Y+ f(Xn,Y,n) ot +9(X,,Y,) AV, (4.4)

m

where AV = V(an 1)5t V. s: are the Brownian increments associated with the SDEs
(4.3). Later on, we will use the auxiliary processes £;', which differ from z}* by the
choice of initial conditions (£} is the “stationary version” of z}* with invariant measure

puXn). The estimate
E |2 — &> < 2Ce7 20,

was established in lemma 2.9. With a slight abuse of notation we denote by z;, and
& the equally distanced samples of 27! 5, and £ 5,

We also introduce a discrete auxiliary process, X,,, which is the Euler-Maruyama
solution of the effective dynamics (1.2):

Xpr1 = X, +a(X,) At + b(X,) AW,,.

As is well-known [27, §10.2.2, §10.6.3], the Euler-Maruyama scheme is of order 1/2,
which implies the existence of a constant K1 = K1 (T, xo,yo), such that

sup  E|z(t,) — X.|* < K At. (4.5)
0<n<|T/At)
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Thus, it remains to estimate the difference between the outcome of the projective
integration scheme, X,,, and the numerical solution of the effective dynamics, X,,,
both being discrete-time processes.

The next two lemmas are analogous to Lemmas 2.2 and 2.3.

LEMMA 4.1. For small enough ot

sup  E[Y < Ky

o<n<| A
0<m<M
where
A0)
Ky = Ka(yo) = lyol* +2 < }052 + gg '

LEMMA 4.2. For small enough At,

sup  E[X,|]* < K3,
0<n<T/At

where

K3 = Kg(T, .To,yo) = 6(1+2K2)T |:|930|2 + 2K2(1 + KQ):| .

LEMMA 4.3. The mean square deviation between two successive iterations of the
microsolver satisfies, for small enough 6t,

2

sup E |er+1 — Y,Z‘ < K, ot
0<n< | A7)
0<m<M

where K, = 4c§.

The next lemma establishes the mixing properties of the auxiliary processes z;".
Recall that a(X,,) is the average of a(X,,,y) with respect to uX=, which is the invariant
measure induced by the process z}".

LEMMA 4.4. For small enough dt, there exist a constant Ky independent of M, ot s.t.

+ . (4.6)

2 (InMst)/7+1 1
< ~ 7 00
< #s { Mt M

1 M
E| - m;a (Xn, 2) — a(X,)

The next lemma establishes the mean deviation between (4.3) and its numerical
approximation (4.4).

LEMMA 4.5. Let z}* be the family of processes defined by (4.3). For small enough dt,
there exists a constant Kg s.t.

max  E[V" — 2" |* < KsV/6t. (4.7)
0<n< | A7)
0<m<M
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LEMMA 4.6. There exists a constant Kg = Kg(T, xo,Y0), such that for all 0 < n <
|T/At]

InM&t)/"+1 1
a — 2 < (— 1 .

LEMMA 4.7. There exists a constant Ky = K(T, xo,yo) such that,

_ (InMot)2+1 1
sup  E|X, - X, <K (++\/5t ,
0<n<|T/At) | | ! Mot M

where K7 = 6T?Kg /(1 — 2L2(2T + 1) At).
Combining this result with (4.5) our main theorem readily follows:

THEOREM 4.8. There exists a constant Ky = K7(T, xo,y0) such that,

~ (InMét)2+1 1
sup  E|X, — Z(tn)]? < 2K At + 2K <++\/6t )
0<n<|T/At] | (&)l ! ! Mot M

Note the sources of the various terms: The first term arises from the truncation
error of the macro-solver. The second and third terms are the deviation of the en-
semble average from the empirical average. The last term is the truncation error of
the micro-solver.

5. Proofs for Section 4

Throughout this section we will need a discrete version of Gronwall’s inequality.
Let Z, be a sequence of positive numbers which, for small enough ¢, satisfy the linear
inequality,

Znp1 < (14 abt)Z, + b,

then

b
Z, < e 7, + - (eamot —1). (5.1)

Proof of Lemma 4.1. Squaring (4.4) and taking expectations,

E|Yyiil? = E|Yim|* 4+ 6tE [|g(Xn, Vi) I* 4+ 26t EY,y - £(Xn, Vi) + 02 E | £( X0, Vi) [* .

Using Assumptions A2,44 (cf. Lemma 2.2),

(0
E ]YTZH\Z < (1—B0t)E Y| + ot <fé) + c§> + 0P E|f(X,, Y.

By Assumption A2,

(X, Yi)IP < 2L |V + 265(0), (5.2)
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which substituted into the last term gives,

(0
EY, +1| (1 — Bt +2L2 Gt E |V, * + ot <é)+c>+25t2c}(0),

and the desired result follows from the discrete Gronwall inequality (5.1).

Proof of Lemma 4.2. Squaring (4.1) and taking expectations,

2A¢
E|Xp1]>? =E |X,[? +—ZEX,L a(X,,Y") + AtE [|b(X,)]?

nytm

2

A2 M .
2 E > a(X,, Y
m=1

<E |X,[ +—ZE\X| Lo ZEm X, Vo) I? + ALE|b(X)])?

Using Assumption A7 and Lemma 4.1, we get, for small enough At,
E|Xpi1)? < (1+AOE X, + 2K2(1 + E |X,|?) At + 2 K2 sup [Emﬂ At
m>0
< [1+ (1 +2K2)AH E|X,[* +2K2(1 + K2) At,

and the desired result follows from the discrete Gronwall inequality (5.1).

Proof of Lemma 4.3. Eq. (4.4) together with Assumption 42 implies,

E[Yr, = Vo[ = 2B [f(Xa, V)2 6%+ 2E ||g(Xo, Y| 6t

n» m

<AL E|YR? + 4c(0)6* + 22 dt,
where we have used (5.2). Lemma 4.1 implies that for 6¢ small enough,

E|Yy, , —Ye|* < 4ct.

Proof of Lemma 4.4. The proof follows the lines of the proof of estimate
(3.11). By inserting £, which is the stationary version of 2], we find

i

2

M
2
E| > (X 2h) —al¥.) <2E\M 100X 2) —a(Xo, €

M 2
+2E‘MZ (X, €7 ’(Xn)]‘

= Jp +J3.
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To bound J{* we use sequentially the Cauchy-Schwarz inequality, the Lipschitz
continuity of a(x,y), and Lemma 2.9,

Jl < — Z ]E’ nsy 2 m a(Xnag’rnn)

or? &L
< W | Zm 5m|
m=1
212 I
< 7201 Z 672ﬁm5t
M m=1

The last sum is bounded by its corresponding integral,

2172 1
2= 9 —28mdt < .
T < 1520 § e 5t < —M&Ol 5 (5.3)

Next, we bound J3'. We use the fact that £* is a stationary process with invariant
distribution p*». Thus, Ea(x, &) = a(x), and so

M

N E (X, €8) - a(X )] — a(X,) - (X))

4 Y

g 2 O (Bl gh) a6 6)] o) a(X)}

p+1

%\w
M=

I
—

m

S

tors S (Ea(Xn €) a0 &)~ 4(Xe) (X0},

m=1

where we have used the stationarity of £'. The summands on the right hand side are
bounded by Lemma 2.7, which establishes the mixing coeflicient a; of the process £J7,
and by Lemma 2.8, with ¢ = a(Xn, &), 1 = a(Xn, &),

IE [a(Xn, €8,) - (X, €))] = 8(X) - @(X)| < 2 (a(m_pyat) " Ela(Xo, &8I

Note, also, that Assumption A7 and Lemmas 4.1, 4.2, imply that for all small enough
At > 0,

sup E|a(Xna§g)|2 < 0.
n<T/At

Denote k1 =4 suanT/AtE|a(Xn,§6L)|2. Hence,
n 2k 1 2 key o/
J3 < 12 Z (cpmppsr)* + = °
m=1p=m+1

We split the upper triangular sum into two summands. One is of terms which are near
the diagonal, and the second summand is for terms which are far from the diagonal.
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Hence,

2k JUax 1/2
1
T3 <*Z > (tmps)
m= lp m+1
2k1 1/2 kl a1/2
Z Z (mpyet) ™+ =
m=1p=m+I+1
m+1
SIS S
m= lp m—+1
+ 2 Z Z (/% ex (03((1+1)6t)7))+k16§/2
2 P 9 M
m=1p=m+I+1
2]€1 1(02)1/2 1/2 C3
< 2MnR2) _=s v Mt
< i + 2k ¢’ exp( 5 (I+1)ot)") + T

1/~
where we have used lemma 2.7 three times. Setting | = [& (%J;Mt)) |, there

exist constants ko, k3, k4 such that

(In M6t)/™ 1 1
Mot +k3M§t+k4

Jy < ky i

Combined with the bound (5.3) on Ji(z), this concludes the proof.

Proof of Lemma 4.5. Let Y;” be the Euler-Maruyama approximation Y,
interpolated continuously by

t t
Ytn - / f(Xna Yn,ts) ds +/ g(Xn’ Ynﬂfs) dv"vs'
0 0
Define
Ve = Y;n — Zt .

Applying the Itd formula for E |vt\2,

%E |Ut|2 = 2Bv; - [f(Xn, Yor,) — f(Xn, 20)] + E|g(Xn, Yoe,) — g(XmZZL)”Z
= 2Ev; - [f(Xn, Yae,) — f(Xn, Y] 4 2B - [f(Xn, Y)") — f(Xn, 21)]
+E Hg(Xn»Yn,ts) 9(Xn, Y") + 9( X0, ") — g( X, 2 )”2
< 2Ev; - [f(Xns Yor,) — f(Xn, Vi) + 2B - [f(Xn, Y)") — f(Xns 21)]

+ 2B |g(Xn, Yoi.) — 9(Xn, Y7 + 2E | 9( X, Vi) = 9(Xn, 20) |
Using Assumption A4,

d
B0 * < 2By [f(Xn, Yo ,) = (X, Y] = 26 oo
+2E Hg(Xn’ Yn,ts) - g(XTH Y;fn)||2 ’
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followed by Assumption A2, and Lemma 4.3,

d
a jor|* < 2L\/E |Ut|2\/]E Vi, = Y * = 26 ve[* + 2L°E Yo, — V7

< 2I0\/E |vy|* /K36t — 28E |vg|* + 2L> K36t. (5.4)

Let T7 = inf {t E |vt|2 = 1}. Since vg = 0, the line segment [0,77) is not empty. We
first solve (5.4) up until time T}, and then show that 77 = co, which implies that the
bound for E |v;|* is everywhere true. For t < T} we have,

d
E lve|?> < 2L\/K30t — 28E |v,|* + 2L K36t

For 6t small enough (vt < FL) the third term on the right hand side is smaller
than the first term. Hence

d
—E ve|> < —28E |v,|* + 4L/ K36t
Gronwall’s inequality implies,

2L\/K36t
< —.
B

The right hand side of (5.5) can be made smaller than one (dt < &), hence (5.5)
is valid for all ¢. ’

E |v,|? (5.5)

Proof of Lemma 4.6. By definition,

1 M
/a(Xn, )X (dy) — Za X, Y
m:l

<IT+137,

Ela(X,) — A(X,)]? =E

(5.6)

where

M
1
1 =2 | [t @) - 5 3 a(Xazp)

M
I} = 2B | — Z (X 21y,) %Za(XmYﬁ)

where z]* is the family of processes defined by (4.3). I is the difference between the
ensemble average of a(X,,,-) with respect to the (exact) invariant measure of z*, and
its empirical average over M equidistant sample points. I3 is the difference between
empirical averages of a(X,,-) over M equidistant sample points, once for the process
zi*, and once for its Euler-Maruyama approximation Y.

The estimation of I, is given in Lemma 4.4,

1 — ’
I =2E [/a(me)MXﬁ(dy) Vi Z a szm)]

m=1
(InMst)Y/7+1 1

< Sttt L T
< 2Ks [ Mot M
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We proceed with estimating I5 using Assumption A1,

| M 1 M 2
=9 =S a(X,,Y" a(X,, 2"

M Z Ela(Xn,Y") —a (X, 22))°

< 2L? E|Y" — 2.
<207 max B|Y,, — 2|

Using Lemma 4.5 with §t < min(ﬁ, %) we get,

3
< HIVEsL (5.8)
B
Combining (5.7) and (5.8),
~ 2 (InMst)Y/7 +1 1
E [la(x,) - AP < Ko [M& FaEL (69)
which is uniform in n < T/At.
Proof of Lemma 4.7. Set E, = E|X,, — X,,|?, then
n—1 n 2
B, =E > [a(X;)— AX)] At+ > [b(X;) = b(X;)] AW;
=0 =0
n—1 2 n—1 2
<2E Y [a(X:) — AXi)] At| +2E|> [b(X:) - b(X;)] AW,
=0 1=0
n—1 2 n—1 2
<4E | [a(X) —a(X,)] At| +4E|Y [a(X;) — A(X;)] At
i=0 1=0
e 2
+2E ) [b(X;) — b(X,)] AW; (5.10)
i=0

The first and third sums on the right hand side are easily estimated using the Lipschitz
continuity of @ and b, and the It6 isometry,

2

— n—1 n—1
X)) At| <AL’n ) E; At =4L°T Y E; At
=0 =0 1=0
n—1 2 n—1 n—1
2E |3 [0(X:) — o(x)] AWi| =23 E|[o(X:) - 0(X0)||” At =222 Y E; At
i=0 i=0 i=0
(5.11)
whereas the middle term can be bounded as follows:
n—1 2
4E Z [a(X;) — A(X;)] At < 477 max E|a(X;) — A(Xi)|2 . (5.12)
i—0 <n
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Combining egs. (5.10)—(5.12) and Lemma 4.6, we obtain a discrete linear integral
inequality,

n—1
In Mst)'/7+1 1
B, <2L°(2T +1) Y E; At + 4T Kq ((HM)&Jr +ar T \/6t> ,
=1

with initial condition Ey = 0. It follows by a discrete version of Gronwall’s inequality
that for sufficiently small At,

E,

IN

n-l ) 1/~
(Z(GLQAt)’> AT K (W + % + \/E)
=0

4T? K¢ (In Mst)/7+1 1
= 1—2L2(2T+1)At< Mt +M+m>'

This is valid for all v € (0,1/2). Since the right hand side is a continuous function
of v, this inequality holds also for v = 1/2. This estimate is independent of n, which
proves the theorem with K; = 4T?Kg/(1 — 2L?(2T + 1)At).

6. Discussion

In this paper we proved a strong averaging principle for a system of SDEs in
which slow and fast dynamics are driven by Brownian noise; as a result, the limiting
dynamics are stochastic as well. Our results thus generalize the analysis of E et al.
in which the slow (and effective) dynamics are deterministic. Note that the rate of
convergence scales like €'/4, in contrast with the €'/? rate obtained when the slow
dynamics are deterministic.

We then proceeded to show that under the same conditions, a stochastic extension
of projective integration schemes strongly converges to the ¢ — 0 effective dynamics.
Our analysis focuses on the simplest case, where both the macro- and micro-solvers
use an FEuler-Maruyama scheme, but the analysis is easily extended to higher-order
schemes.

We have limited ourselves to the case where the diffusion function of the slow
dynamics b does not depend on the fast component y. It is easy to see that when
b = b(z,y) strong convergence does not hold (although weak convergence does, see
[8]). Indeed, take for example the case of zf, y; € R,

dxi = sin(yy) dUs, TH=To
1 V2

dyf = ——yi dt + — dV; &=

Yt Eyt =+ \/E ty Yo Yo,

where yf is an Ornstein-Uhlenbeck process, independent of z§. If a strong averaging
principle were to hold, the effective dynamics could be determined analytically as the
invariant distribution of y; is a standard normal distribution,

d.ft = ’ydUt,

where

1
V=5 /sinde_yZ/2 dy.
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However by the It isometry,

2

t
E|x§fft\2:E/(siny§ffy) dU,
0

t
/ E|sinyS —7]° ds
0

T [ o,
g/(smyfv)ze V2 dy,

which is independent of €, i.e.,

[15]
[16]

(17]

18]

[19]

[20]

(21]

liH(l]E |z — Z|° # 0.
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