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Abstract The 1950’s foundational literature on rational mechanics exhibits
two somewhat distinct paradigms to the representation of continuous dis-
tributions of defects in solids. In one paradigm, the fundamental objects
are geometric structures on the body manifold, e.g., an affine connection
and a Riemannian metric, which represent its internal microstructure. In
the other paradigm, the fundamental object is the constitutive relation; if
the constitutive relations satisfy a property of material uniformity, then it
induces certain geometric structures on the manifold. In this paper, we first
review these paradigms, and show that they are to some extent equivalent.
We then consider bodies with continuously-distributed edge dislocations,
and show, in both paradigms, how they can be obtained as homogenization
limits of bodies with finitely-many dislocations as the number of dislocations
tends to infinity. Homogenization in the geometric paradigm amounts to a
convergence of manifolds; in the constitutive paradigm it amounts to a I'-
convergence of energy functionals. We show that these two homogenization
theories are consistent, and even identical in the case of constitutive relations
having discrete symmetries.
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1 Introduction

1.1 Geometric and constitutive paradigms

Geometric paradigm: body manifolds The 1950’s foundational literature
on rational mechanics exhibits two somewhat distinct paradigms to the rep-
resentation of continuous distributions of defects in solids. On the one hand,
there is a paradigm promoted by Kondo [Kon55], Nye [Nye53], Bilby [BBS55]
and later Kroner (e.g. [Kro81]), in which solid bodies are modeled as geo-
metric objects—manifolds—and their internal microstructure is represented
by sections of fiber bundles, such as a metric and an affine connection.

More specifically, in [Kon55, Nye53, BBS55], the body manifold is assumed
to be a smooth manifold M, endowed with a notion of distant parallelism,
which amounts to defining a curvature-free affine connection V. The connec-
tion is generally non-symmetric, and its torsion tensor is associated with the
density of dislocations. This geometric model is motivated by an analysis of
Burgers circuits, which in the presence of dislocations exhibit geodesic rect-
angles whose opposite sides are not of equal lengths—a signature of torsion
(see Section 3 for a discussion of Burgers circuits and Burgers vectors in this
setting).

Note that modulo the choice of a basis at a single point, the definition of a
distant parallelism is equivalent to a choice of a basis for the tangent bundle
at each point (i.e., a global smooth section of the frame bundle). Intuitively,
the frame field at each point corresponds to the crystalline axes one would
observe under a microscope. Torsion is a measure for how those local bases
twist when moving from one point to another.

The choice of local bases induces a Riemannian metric g, known as a
reference or an intrinsic metric. The intrinsic metric is the metric with respect to
which the bases are orthonormal; although no specific constitutive response
is assumed ab initio, it is interpreted as the metric that a small neighborhood
would assume if it were cut off from the rest of the body, and allowed to
relax its elastic energy.

The reference metric g induces also a Riemannian (Levi-Civita) connec-
tion, denoted VL€, which differs from V, unless the torsion vanishes. The Rie-
mannian connection, unlike V, is generally non-flat; its curvature, if non-zero,
is an obstruction for the existence of a strain-free global reference configura-
tion. Finally, a triple (M, g, V), where V is a flat connection, metrically consis-
tent with g, is known as a Weitzenbick space or a Weitzenbdck manifold [Wei23]
(anotion originating from relativity theory, see e.g. [HS79, AP04]; for its use in
the context of distributed dislocations, see e.g. [YG12, OY14, KM15, KM16b]).

Constitutive paradigm The second paradigm, due largely to Noll [Nol58]
and Wang [Wan67], takes for elemental object a constitutive relation. The
underlying manifold M has for role to set the topology of the body, and be
a domain for the constitutive relation. In the case of a hyperelastic body, the
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constitutive relation takes the form of an energy density W : T"M®R? — R.
A constitutive relation is called uniform if the energy density at every point
p € M is determined by an “archetypical” function W: R?xRY — R, along with
a local frame field E : M x RY — TM, which specifies how W is “implanted”
into M. Once a uniform constitutive relation has been defined, its pointwise
symmetries and its dependence on position may define a so-called material
connection V along with an intrinsic Riemannian metric g (described in detail
in Section 2).

At this point, it is interesting to note Wang’s own reflections comparing
the geometric approach (in our language) to his [Wan67]:

It is not possible to make any precise comparison, however, since the physical liter-
ature on dislocation theory rarely if ever introduces definite constitutive equations,
resting content with heuristic discussions of the body manifolds and seldom taking
up the response of bodies to deformation and loading, which is the foundation
stone of modern continuum mechanics.

Indeed, in the geometric paradigm, the constitutive relation typically does
not appear explicitly. However, to some extent, the geometric and the consti-
tutive paradigms are consistent with each other. On the one hand, as shown
by Wang, a constitutive relation subject to a uniformity property defines an
intrinsic metric and a material connection (as will be shown below, the ma-
terial connection is unique only if W has a discrete symmetry group). On the
other hand, a body manifold endowed with a notion of distant parallelism
defines a uniform constitutive relation for every choice of archetypal func-
tion W and implant map at a single point—once W has been implanted at
some p € M, the whole constitutive relation is determined by parallel trans-
porting this implant to any other point in M according to V; by construction,
V is a material connection of that constitutive relation.

This is the viewpoint that we take in this paper, and the one through which
we show how homogenization processes in both paradigms are also equiv-
alent with each other (see below). However, Wang’s comment above is not
unfounded: first, in the case of an archetype with a continuous symmetry
group (say, isotropic), there is more than one material connection associ-
ated with the constitutive relation, hence from the constitutive point of view
it does not make sense to talk about a single parallelism (or Weitzenbock
manifold) that represents the body. Second, in certain cases in which the
geometric viewpoint assumes a posteriori a constitutive response, the par-
allelism, or the torsion tensor associated with it, are eventually considered
as variables in the constitutive relation [Kr696], resulting in so-called coupled
stresses [Kro63]. This approach, in which the underlying geometric struc-
ture can change, e.g., due to loading, is beyond the scope of the constitutive
paradigm (or at least, its time-independent version), and such models will
not be considered in this work.

Finally, let us note that there are other approaches to dislocations not
covered by the above discussion, which are beyond the scope of this paper.
In particular, we will not consider the line of works emanating from Davini
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[Dav86], and other more recent approaches such as [Kat05, CK13], although
some of the consequences of the discussions here (e.g., continuous vs. discrete
symmetries) may also apply to them.

1.2 Description of the main results

The physical notion of dislocations is rooted in discrete structures, such as
defective crystal lattices. Thus, when considering distributed dislocations,
it is natural to consider a homogenization process, in which a continuous
distribution of dislocations (according to a chosen paradigm) is obtained
as a limit of finitely many dislocations, as those are getting denser in some
appropriate sense. A priori, each of the two paradigms could have its own
homogenization theory:

1. Geometric paradigm: Consider body manifolds representing solids with
finitely-many (singular) dislocations, and study their limit as the number
of dislocations tends to infinity.

2. Constitutive paradigm: Consider constitutive relations modeling solids
with finitely-many (singular) dislocations, and study their limit as the
number of dislocations tends to infinity.

The first task belongs to the realm of geometric analysis, and has been ad-
dressed in [KM15, KM16b], where it was shown that any two-dimensional
Weitzenbock manifold can be obtained as a limit of bodies with finitely-many
dislocations (see Section 3 for a precise statement). The second task belongs,
for hyperelastic bodies, to the realm of the calculus of variations, and has
been addressed in [KM16a] for the special case of isotropic materials.

In this paper, we review the main results of these papers and extend
the analysis of [KM16a] to the non-isotropic case. More importantly, we
show that the homogenization theories resulting from the geometric and
the constitutive paradigms are consistent, and even identical in the case of
constitutive relations having discrete symmetries. In particular, both predict
the emergence of (the same) torsion as a limit of distributed dislocations.

Our main result in this chapter can be summarized as follows:

Theorem 1 (Equivalence of homogenization processes, informal).

1. For a body manifold (M, g, V) with finitely many dislocations, there is a natural
way to define a constitutive relation (M, W) based on a given archetype 'W, for
which V is a material connection and g is an intrinsic metric (Proposition 4).

2. If the archetype W has a discrete symmetry group, then this relation is bijective;
i.e., a constitutive relation (M, W) defines a unique material connection V and
a unique intrinsic metric g (Proposition 5).

3. If a sequence of body manifolds with n dislocations (M, a,, VEC) converges (in
the sense of Theorem 2) to a Weitzenbock manifold (M, g, V), then the correspond-
ing constitutive models (M, W) I'-converge to a constitutive model (M, W), for
which V is a material connection and g is an intrinsic metric (Theorem 3).
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Fig.1 A sketch of the main result (Theorem 1).

A sketch of Theorem 1 is shown in Figure 1.

In addition to Theorem 1, this paper reviews the fundamental notions
of the geometric and constitutive paradigms, and their above-mentioned
equivalence; we believe that the current presentation is original, and includes
several results for which it is difficult (if at all possible) to find in the existing
literature precise statements and proofs.

In the rest of this section, we elaborate on our main results. We start by
considering a defect-free body: in the geometric paradigm, such a body is
modeled as a d-dimensional Riemannian manifold (M, gg), which can be
embedded isometrically in Euclidean space (R, ¢), where ¢ is the standard
Euclidean metric. Let V(L)C be the Levi-Civita connection of gy; since (M, o)
is isometric to a Euclidean domain, the connection Véc is flat, and parallel
transport is path-independent.

To obtain a constitutive relation for that same body, one has to fix an
archetype W and a bijective linear map (Eo)y : R — TpMp at some reference
point p € My. The two together determine the mechanical response to defor-
mation at p: for A€ T, Mo ® R, the elastic energy density (per unit volume,
where the reference volume is the volume form of (M, g9)) at p is

(Wo)p(A) = W(A o (Eo)p)-

A constitutive relation is obtained by extending (Ep), into a Véc—parallel

frame field Eg : Mo x R? — TMj (here is where the path-independence of the
parallel transport is required). The elastic energy density is

Wo(A) = W(A o Ep), )

and the elastic energy associated with a map f: My — R? is

ho(f) = fM Wo(df)dVoly,, @)
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where dVoly, is the Riemannian volume form. As we show in Section 2.1,
the geometric and the constitutive paradigms are consistent: gg is an intrinsic
metric for Wy and VSC is a material connection for Wy; moreover, VSC is the
unique material connection for Wy, provided that W has a discrete symmetry
group.

Consider nextabody with a single straight edge-dislocation. Since straight
edge dislocations exhibit axial symmetry, we may consider the system as
two-dimensional. From the point of view of the geometric paradigm, the
body manifold of a body with one edge-dislocation can be described by a
Volterra cut-and-weld protocol [Vol07]. There are numerous ways of imple-
menting a Volterra protocol: two ways are depicted in Figure 2.

A q
My P
d . q/
r
s
\

Fig. 2 Two equivalent cut-and-weld constructions generating a body manifold with a
single edge-dislocation. Top: the segments pr and pr’ are identified (i.e., glued) as well
as the segments rq and 7'q’. p and r ~ 7’ are the only singular points in the manifold
(each with conical singularity of the same magnitude and opposite sign). Bottom: a sector
whose vertex is denoted by p is removed from the plane and its outer boundaries are
glued together, thus forming a cone. The same sector is then inserted into a straight cut
along a ray whose endpoint is denoted by r.
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The outcome of this cut-and-weld protocol is a topological manifold M;,
which is smooth everywhere except at two points (the points p and r ~ 7" in
Figure 2). It is endowed with a metric g1, which is locally Euclidean, since
locally, every non-singular point has a neighborhood satisfying the above-
mentioned defining properties of a defect-free body manifold. As there is
no continuous distribution of dislocations in this picture, the natural connec-
tion associated with this body is the Levi-Civita connection V%C of (My,a1)-

Moreover, the parallel transport induced by V%C is path-independent for all
paths that do not encircle only one of the two singular points. This restriction
on admissible paths can be replaced by removing from the smooth part a
segment connecting the two singular points. Note that the fopological mani-
fold M is simply-connected, however its smooth component is not. Despite
being (almost everywhere) locally-Euclidean, it cannot be embedded in the
Euclidean plane isometrically.

The procedure for obtaining a constitutive relation within the constitutive
paradigm follows the exact same lines as for a defect-free body. One has to
fix an archetype W and a frame at a point (E1), : R? = T,Mj; extending (E1),
into a parallel frame field E; : M; ® R? — TMj, the elastic energy density
W1 : T"M; ®R? — R is given by (1), after changing the subscript 0 to 1. Once
again, the two paradigms are consistent, as g; and V%C are an intrinsic metric
and a material connection for the energy density W;. Note that none of the
two pictures makes any explicit mention of torsion.

The generalization of this procedure to a body carrying n singular edge
dislocations follows the same lines, performing # Volterra cut-and-weld pro-
tocols, thus obtaining a simply-connected topological manifold, which is
smooth everywhere but at n pairs of singular point. On the geometric side,
one obtains a triple (M, gn,Vﬁc), where the Levi-Civita connection Vﬁc has
trivial holonomy, namely, its parallel transport is path-independent for all
paths that do not encircle only one singular point within a pair. After the
choice of an archetype W and a frame at a point (E,), : R — T, M, one ob-

tains an energy density W, for which g, and Vﬁc are an intrinsic metric and
a material connection.

Next consider the limit of n — c0. As proved in [KM16a], every two-
dimensional body manifold (M, g, V) admitting a global V-parallel frame field
is a limit of manifolds (M, g, V5C) with finitely-many dislocations. A precise
definition of this convergence is stated in Theorem 2; loosely speaking, it
means that M, can be mapped into M such that orthonormal V:C-parallel
frame fields E, are mapped into a frame field asymptotically close to an
orthonormal V-parallel frame field. Note the emergence of torsion, as VL© is
torsion-free for every n, whereas V has non-zero torsion.

We then switch to the constitutive paradigm: as described above, each
of the manifolds (M, 8,VC) defines, upon the choice of an archetype W
and a frame at one point (E;),, an energy density W, and an associated
energy I,. In Theorem 3, we prove that as n — oo, I, converges in the sense
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of I'-convergence to a limiting functional I, which has an energy density W,
where W is the energy density obtained by the same construction using W
and V. In particular, W has intrinsic metric g and material connection V.
This “closes the circle”, proving that the construction of a uniform energy
density from a given body manifold can be extended from finitely-many to
continuously-distributed dislocations.

1.3 Structure of this paper

In the rest of the paper we formalize the above outline:

o InSection 2, we present the main ingredients of the constitutive paradigm,
following [Wan67], under the assumption of hyperelasticity. We use a
more modern notation and some simplifying assumptions.
Furthermore, we show in Section 2 how the constitutive paradigm and
the geometric paradigm for describing dislocations are (almost) equiva-
lent (Propositions 4-5), thus establishing the vertical arrows in Figure 1.

e In Section 3, we present in more detail the modeling of dislocations via

the geometric paradigm, using the notion of Weitzenbock manifolds. In
particular, we explain how Burgers vectors arise in this context, and their
relation to the torsion tensor.
The main part of this section is an overview of recent results [KM15,
KM16b] concerning the homogenization of dislocations within this
paradigm—a convergence of Weitzenbock manifolds (Theorem 2). This
establishes the lower horizontal arrow in Figure 1. For the sake of read-
ability, we omit some of the technical details, and focus on the main ideas
of the construction.

o In Section 4, we prove the convergence of the elastic energies associ-
ated with the converging Weitzenbock manifolds; we show that they I'-
converge to the elastic energy associated with the limiting Weitzenbock
manifold (Theorem 3, Corollary 2), thus establishing the upper horizon-
tal arrow in Figure 1, and concluding the proof of Theorem 1.

e Finally, in Section 5 we show explicitly how the torsion tensor ap-
pears in the equilibrium equations of elastic bodies with continuously-
distributed dislocations according to the constitutive paradigm.

2 The constitutive paradigm of Noll and Wang

In this section we present some of the basic notions of the Noll-Wang ap-
proach. We generally follow [Wan67], although our presentation and some
of the proofs are somewhat different. For simplicity, we will assume a hy-
perelastic model.

Definition 1 (Hyperelastic body). A hyperelastic body consists of a d-
dimensional differentiable manifold, M—the body manifold—and an energy-
density function (or constitutive relation),
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W:TM®R? >R,
which is viewed as a (nonlinear) bundle map over M.

Forpe Mand Ae TM® RY, we denote the action of W on A by W,(A). If
& is a section of "M ®RY, then W(&) is a function on M.

Remark 1. In the terminology of Noll, such a body is called a simple body since
the constitutive relation at a point depends only on the local deformation
(i.e., the first jet of the deformation) at that point.

We will use the following notation: the groups GL(d), SO(d) are the stan-
dard subgroups of Hom(R?,R%); for two oriented inner-product spaces (V, g),
(W, 1) we will denote by SO(V, W) or SO(g, ) the set of orientation-preserving
isometries V — W, and by SO(V) the orientation-preserving isometries
VoV.

The next definition makes precise the notion of material uniformity,
namely, a constitutive relation that is “the same” at every point:

Definition 2 (Material uniformity). A hyperelastic body is called uniform if
for every p € M there exists a frame, i.e., a linear isomorphism E,, : RY - T,M
such that,

Wy(A) =W(AoE,) forevery AcT,M®R’, (3)

for some
W:R‘@RY - R

independent of p.

Remark 2. More precisely, a hyperelastic energy density W is a section of
(T"MRY)* @AIT*M, i.e., for A e T"M®R?, W(A) is a d-form. Correspondingly,
a body is uniform if there exists an archetype

W:RI®@R? - AYR?

such that W), = (E,)*W. Since, eventually, we will only consider solid bodies
with a given Riemannian volume form, it is more convenient to consider
W as a scalar density with respect to this volume form, and ‘W is a scalar
density with respect to the canonical volume form in R?. The given volume
form then appears when considering the energy functional and not merely
the scalar energy density, as in (2) or Definition 8.

Material uniformity is the weakest sense in which a constitutive relation
is independent of position; it is defined independently of any coordinate
system. It is a type of what is sometimes called “homogeneity” (though
this term has another significance in [Wan67]). The function W is sometimes
called an archetype, whereas the frame E, is sometimes called an implant map,
because it shows how the archetype W is implanted into the material. Note
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that for a given uniform constitutive relation, neither the archetype W nor
the implant map E, are unique. If (W,E,) is an archetype-implant pair at
p €M, thensois (W’,E, 0 S), where S € GL(d), and for every B € Hom(R%,R?),

W'(B) = W(BoS™1).

Moreover, the implant map may not be unique even for a fixed W, depending
on the symmetries of W (see below).

Definition 3 (Smooth body). A uniform hyperelastic body is called smooth
if there exists an archetype W, a cover of M with open sets U%, and implants
E® = {Eg }peuwr, such that the sections E* are smooth.

Example 1. Let g be a smooth Riemannian metric on M, and consider the
energy density
W(A) = dist*(4,S0(g, ¢)), 4)

where SO(g, ¢) at p € M is the set of orientation-preserving isometries T, M —
R?, and the distance in T;M®Rd is induced by the inner-product g, on

TM and the Euclidean inner-product ¢ on R?. Then, any orthonormal frame
Ep € SO(R?, TyM) is an implant map, with archetype

W() = dist?(-, SO(d)). (5)

This body is smooth, as we can choose locally smooth orthonormal frames.
Note that the implant map is non-unique, as it may be composed with
any smooth section of SO(d) over M. This example illustrates why we do
not require the existence of a global section {Ep}yent in the definition of
smoothness; such sections may not exist regardless of W, for example because
of topological obstructions on M (e.g., if M is a sphere).

Definition 4 (symmetry group). Let M be a uniform hyperelastic body. The
symmetry group of the body associated with an archetype W is a group § <
GL(d), defined by

W(Bog)=W(B) foreveryBe RY@R and g€l

The body is called a solid if there exists a W such that § < SO(d) (or sometimes
if § < O(d)). In this case, we shall only consider such W as admissible, and
call W undistorted.

It is easy to see that if W and W’ are archetypes for the same constitutive
relation, then their symmetry groups § and §’ are conjugate, i.e., there exists
a g € GL(d), such that §’ = g"!Gg. Thus, a hyperelastic body is a solid if
and only if it has an archetype W, whose symmetry group is conjugate to a
subgroup of SO(d).

The intrinsic right-symmetry of the constitutive relation is determined by
W rather than by W. The symmetry group of W is a point p € M is a subgroup
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Sp < GL(TyM).
If (W,E,) is an archetype-implant pair at p, and § is the symmetry group of
W, then for every g€ Gand A € T;M@ R,
Wy(A) = W(A 0 Ey) = W(A 0 Epg) = Wy(Ao EpgE,"),

ie.,
Sp = E,SE,".
Consequently, the space of all implant maps that correspond to Wat p is E,G.

Example 2. In Example 1, the symmetry group of W at p € M is SO(T,M)
(where T,M is endowed with the inner-product g,). W is undistorted if and
only the implant map E, at every p € M satisfies

E," SO(T,M)E, = SO(d).
In particular, the archetype (5) is undistorted.

Thus far, we only considered point-symmetries of W in the form of sym-
metry groups. We next consider symmetries of W associated with pairs of
points in the manifold:

Definition 5 (Material connection). A material connection of (M,W) is an
affine connection V on M whose parallel transport operator IT leaves W
invariant. That is, for every p,q € M, A € T; M®R" and path y from p to g,

Wp(A OH)/) = Wq(A)/
where [T, : T,M — T;M is the parallel transport along y.

In general, a material connection may fail to exist (there may be topological
obstructions), or may not be unique. The following proposition relates the
uniqueness of a material connection to the nature of the symmetry group (a
less general version of this result appears in [Wan67]):

Proposition 1. Let (M, W) be a smooth uniform hyperelastic body with symmetry
group G. If G is discrete, then there exists a unique locally-flat material connection.!

Proof. Assume two material connections, whose parallel transport operators
are [T' and IT. Let y be a curve starting at p € M, and let A € T pMe R for

some f > 0. Then,

! Strictly speaking, the intrinsic condition is that G, is discrete for some p € M (and
therefore for every p € M). By locally-flat, we mean that the curvature tensor vanishes;
globally-flat implies also a trivial holonomy. Note that the term flat has a different inter-
pretation in [Wan67], where it describes a curvature- and torsion-free connection.
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Wp(AoITl, )=Wy4(A) = Wy(AoIl2, ).

Vlo, Yo,

Setting A = Bo (I"[)l/ll0 t])‘1 for B € T,MxR?, we obtain that

B 1 \-1_ 2
Wy(B) = Wy(Bo (L, )" oI, ),

hence
(am, )7L

VoA €5p

Ifo.A
for every t. Since the left-hand side is continuous in t and §, is a discrete

group, (Hjl/ )"LIT2,  is constant. Since at = 0 it is the identity,

0,41 Yo,

m, =I
Vlo,n VI,

for every t. Finally, since y is arbitrary, I1* = IT°.

We next prove existence of alocally-flat material connection. Let U, U% =M
be a cover of M, and let {Ej}pei« be implant maps. For a curve y C U” starting
at p and ending at g, define

IT, =E§ o (E;)~". (6)

For a general curve y C M, partition it into curves y =y, *...*y1 (where *
is the concatenation operator), where each y; C U% for some «;, and use the
above definition. In order to show that I1, is well-defined, we need to show
that this definition is independent of the concatenation. To this end, it is
enough to show that if y ¢ U% N UPF, then the definition of IT,, with respect to
either U or UP is the same.

Indeed, consider the function of p,

(ESEL: u*nuf — GL(RY).
Since for any A € T, M® RY,
W(A0ES) = W(A) = W(AOE),

it follows that (Ej )~ Eﬁ € G for any p € U*NUP. Since G is discrete, it follows

that this is a constant function of p, that is (Ez‘)‘lEﬁ = B e GL(RY) for every p.
We therefore have that for p,q € U* N UP,

-1 _ -1 -1 _ -1pBphy-1 -1 _ pBpBy-1
E;(Efj) _Ef;‘BB (Ef,‘) _Ef;(E‘;) Eq(Ep) E;,"(Eg) _Eq(EP) ,

and therefore [T, is well defined. Finally, for a closed curve y, starting and
ending at p, and contained in one of the domains U*, it follows from the
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definition that IT,, = IdTp ., hence the holonomy of I7 is locally trivial, which
implies that the curvature tensor of the connection associated with [T is zero.
Note, however, that the holonomy of IT may be non-trivial in general (for
non-simply-connected manifolds). O

Note that if there exists a global continuous implant section {E; } ¢3¢ (for an
archetype W), then the connection defined by (6) (without the o superscript)
is well-defined regardless of the symmetry group, and moreover, it is not
only locally-flat, but has a trivial holonomy (that is, a path-independent
parallel transport). In fact, the existence of a material connection with a
trivial holonomy is equivalent to the existence of a global implant section
{Eplpent. Indeed, let V be such a connection, and let E,, be an implant at
po € M. then

Ep:=1II,Ep, (7)

is a global continuous implant section (here y is an arbitrary curve connecting

po and p).
In the case of a solid body, there is an additional intrinsic geometric
construct associated with the body:

Definition 6 (Intrinsic metric). Let (M, W) be a smooth solid body with an
undistorted archetype W and implant maps {Ep}yeo- The intrinsic Riemannian
metric of M associated with W is defined by

(X, Y) = e(E;l(X), E;l(Y)), for every X,Y € T,M, 8)

where ¢ is the Euclidean inner-product in R?.

This definition depends on W (see Example 3 below), but not on the choice
of implants E,. Indeed, if E, and E}, are two implants at p, then, since M is a

solid, g = E,'E; € § < SO(d), and therefore
(B, (X),E, (V) = ¢(g0 B, 71 (X), g0 B, (V) = e(E, T (X), E}, 7 (V)

where we used in the last step the SO(d) invariance of the Euclidean metric.
Note also that the existence of a Riemannian metric on M that is invariant
under the action of G, implies that M is solid [Wan67, Proposition 11.2].

Proposition 2. If V is a material connection and g is an intrinsic metric of a solid
M with an archetype W, then V is metrically-consistent with g (equivalently, the
induced parallel transport is an isometry).

Proof. Let p,q € M, and let y be a curve from p to g. Let I, the parallel
transport of V along y, X, Y € T,M, and let E; be an implant at 4. Then

8q(Iy X, 1T, Y) = o(E; " o [T, X, E; o IT,Y) = gp(X, V),
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where in the right-most equality we used the fact that IT,, 1o E, is an implant
at p, for the same archetype W. This equality shows that V is metrically
consistent with g. O

Corollary 1. [Wan67, Proposition 11.6] A solid body (M, W) is equipped with
at most one torsion-free material connection, in which case it is the Levi-Civita
connection of all intrinsic metrics of (M, W).

Proposition 2 states that all material connections are metrically-consistent
with every intrinsic metric. In isotropic solids, i.e., solids whose symmetry
group is SO(d), the converse is also true: every metrically-consistent connec-
tion is a material connection (note the strong contrast to the case of a discrete
symmetry group, Proposition 1):

Proposition 3. Let (M, W) be an isotropic solid and let V be a connection metrically-
consistent with some intrinsic metric §. Then V is a material connection. In particu-
lar, any isotropic solid admits a torsion-free connection—the Levi-Civita connection
of any intrinsic metric.?

Proof. Let W be an undistorted archetype and let E = {Ep},en be an implant
map (the proof below does not require any smoothness assumptions of E,
and thus we can assume the existence of a global implant map without loss
of generality). Suppose that g is an intrinsic metric for W, and let V be an
affine connection metrically-consistent with g; Since (M, W) is isotropic and
W is undistorted, we have (by definition) that its symmetry group is SO(d).

Let now [T, : T,M — T;M be the parallel transport of V along a curve y
from p to g. Since V is metrically-consistent with respect to g, IT, € SO(gy, a;)-
Using the fact that for any r € M, E, € SO(e, g;) (by the very definition of an
intrinsic metric), we have that E;l o[l o E, € SO(d). Therefore, since W is

50(d)-invariant, we have that for any A € oM® R?,
Wy(AoIl,) = W(AoIl,oE,) = W(AoEyo(E;" o1, 0 Ep)) = W(A o E) = Wy(A).
O

The fact that an isotropic solid always has a torsion-free material con-
nection (or more generally, it has many material connections with different
torsions) suggests that the equilibrium equations of such a body are indepen-
dent of the torsion tensor. Indeed, it can be shown explicitly (see Section 5)
that W only depends on the metric.

Example 3. Consider once again Example 1. Then g is an intrinsic metric,
corresponding to the archetype

W(B) = dist?(B,SO(d)),

2 This proposition is a more general version of [Wan67, Proposition 11.8].
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and implants Ep € SO(e,9). However, c%g, ¢ > 0, is also an intrinsic metric,
corresponding to the archetype

W(B) = dist?(cB,SO(d))

and implants E,, € c1SO(e, g). It can be shown that there are no other intrinsic
metrics in this case. The phenomenon whereby the intrinsic metric is unique
up to a multiplicative constant holds for every isotropic solid.

Remark 3. In two dimensions, a solid archetype is either isotropic or it has
a discrete symmetry; in three dimensions, a body can also be transversely-
isotropic (see [Wan67, p. 60]). In this case, the material connection is not
unique, but the Levi-Civita connection of an intrinsic metric may not be a
material connection. More on transversely-isotropic materials can be found
in [Wan67, Proposition 11.9] and [EES90, Proposition 5].

2.1 Equivalence of geometric and constitutive paradigms

As presented in the introduction, a body with distributed dislocations is
modeled in the geometric paradigm as a Weitzenbock manifold (M, g, V),
where V is curvature-free and metrically consistent with g. For simplicity,
assume that V also has trivial holonomy (an assumption that often appears
implicitly in this paradigm), hence the parallel-transport operator of V is
path-independent (a property known as distant parallelism or teleparalellism).
We denote the parallel transport from p to g by HZ.

To relate the geometric body manifold to the constitutive paradigm, as-
sume a given undistorted solid archetype W and an implant E,, which is
an orthonormal basis (with respect to g;,) at some pg € M. The pair (W, E,)
determines the mechanical response of the body at the point py. Parallel
transporting Ej, using (7), we obtain a parallel frame field {Ep}yent, which is
orthonormal, since V is metrically-consistent with g.

An implant field E = {Ep}yen and an archetype W define a unique energy
density using (3). Note that this is the only energy density W with a material
connection V for which W is an archetype with an implant E,, at pg € M.

We have thus proved the following:

Proposition 4. Fix a solid (undistorted) archetype W € C(R? x R%).

1. Given a Weitzenbock manifold (M, g, V) with trivial holonomy and an orthonor-
mal basis E,, € SO(e, gp) at some p € M, there exists a unique energy density W,
such that M is uniform with archetype W, and implant map E, at p, and such
that g is an intrinsic metric and V is a material connection.

2. Moreover, all energy densities W having an archetype W, an intrinsic metric
g and a material connection V can be constructed this way. In particular, W is
unique up to a global rotation—the choice of a basis at one point.
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A somewhat more intrinsic version of this proposition would be that a
Weitznbock manifold (M, g, V) and a response function W), at a single point,
defines a unique energy density consistent with g and V (without the need
to define E, and W). However, since the same archetype W can be implanted
into different bodies (thus making sense of different bodies having ”“the
same” response function), and since we are eventually interested in this
paper in sequences of elastic bodies, it is useful to take W as a basic building
block, as done in Proposition 4.

In the case of a discrete symmetry group, the constitutive model (M, W)
induces a unique geometric model (M, g, V); this follows readily from Propo-
sition 1, and the discussion following Definition 6:

Proposition 5. Let (M, W) be a uniform solid material with an undistorted
archetype 'W having a discrete symmetry group. Then, the material connection
V and the intrinsic metric g associated with 'W are unique.

Another way of describing the relation between the geometric and con-
stitutive paradigms is the following:

(a) The triple (M, W,E), where W : R?®R? — [0,00) and E is a frame field,
determines a uniform body (M, W) uniquely by (3).

(b) On the other hand, by declaring E to be a parallel-orthonormal field, we
obtain a Weitzenbtck manifold (M, g, V).

In fact, (M, W, E) contains slightly more information than both (M, W) and
(M, g,V): given W, (M, W, E) can be derived from (M, g, V) uniquely, up to
a global rotation (choice of E, at one point), and in the case of a discrete
symmetry group, the same holds for deriving (M, W, E) from (M, W).

3 Homogenization of dislocations: geometric
paradigm

In this section we describe the results of [KM15, KM16b], showing how a
smooth Weitzenbdck manifold (M, g, V), representing a body with continuously-
distributed dislocations (the torsion tensor of V representing their density),
can be obtained as a limit of bodies with finitely many dislocations. These
results are for two-dimensional bodies, hence we are only considering edge
dislocations.

Bodies with finitely-many edge dislocations. To set the scene for the
geometric homogenization of elastic bodies, we start by defining a two-
dimensional body with finitely many (edge) dislocations. As illustrated in
Figure 2, we view each dislocation as a pair of disclinations of opposite sign
(a curvature dipole).
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Definition 7. A body with finitely-many singular edge dislocations is a compact
two-dimensional manifold with boundary M, endowed with Riemannian
metric g, which is almost-everywhere smooth and locally-flat. The singular-
ities are concentrated on a finite, even number of points, such that

1. The metric g, restricted to a small enough neighborhood around a sin-
gular point, is a metric of a cone.

2. One can partition the singular points into pairs (curvature dipoles), such
that the geodesics connecting each pair (dislocation cores) do not intersect.

3. The Levi-Civita connection V¢, defined on the complement of those
segments is path-independent.

Abody with finitely-many dislocations is a Weitzenbock manifold (M, g, VE©),
and whenever we refer to a smooth field over M (say a frame field), it is un-
derstood as being smooth on complement of the dislocation cores.

The assumption on the Levi-Civita connection being path-independent,
implies that the two cone defects in each pair (that is, the difference between
2m and the total angle around the cone) are of the same magnitude but of
different signs. That is, they are curvature dipoles. In particular, the con-
struction in Figure 2 yields a body with a single dislocation according to this
definition.

Another approach for modeling bodies with finitely many dislocation
was presented in [ES14a, ES14b]; instead of assuming a frame field describ-
ing lattice directions, one assumes a co-frame, that is, a family of 1-forms
(called layering forms). This slightly different viewpoint enables the use of
distributional 1-forms—de-Rham currents—for describing the singular dislo-
cations. This viewpoint is quite close to the one presented here, although in
some sense it requires less structure. Recently, a homogenization result in
this context has been proved [KO], which is similar conceptually to the one
presented here. However, the notion of convergence used in [KO] is very
weak compared to Theorem 2, and therefore much more difficult to relate to
the convergence of associated energy functionals, which is the main result
of this paper.

Burgers circuits and vectors We now present in more detail how Burgers
vectors appear in the context of Weissenbock manifolds. Let M be a manifold,
endowed with a connection V. A Burgers circuitis a closed curve y : [0,1] = M,
and its associated Burgers vector is defined by

1
0)..
b, = fo I y(Bdt € Tyo)M,

where Hzg?)) : Ty pM — T)0)M is the parallel transport of V along y (see e.g.,

[BBS55, Sec. 4] or [Wané67, Sec. 10]). Thus, as in the classical material science
context, the Burgers vector is the sum of the tangents to the curve; in order
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to make sense of this on manifolds one has first to parallel transport all the
tangent vectors to the same tangent space.
Burgers vectors are closely related to the torsion tensor,

T(X,Y) = VxY - VyX - [X, Y].

The torsion T is an infinitesimal Burgers vector in the following sense: Let
p € Mandletexp, : TyM — Mbe a exponential map of V.3 Leto,:[0,1] > T,M

be the parallelogram from the origin built from the vectors veX, VeY, and
lety, = expp(ag) (see Figure 3). Then

d

= =T(X,Y).
- Ezobyé T(X,Y)

This result is due to Cartan; see [Sch54, Chapter III, Section 2] for a proof.

T,M exp, M

O¢

\eX

Fig. 3 The Burgers vector associated a loop y in M which is the image under the expo-
nential map of a parallelogram o, in T, M with edges VeX and VeY tends asymptotically
to eT(X,Y).

In the case of a body with finitely many dislocations (M, g, VE€) (according
to Definition 7), the Burgers vector for any curve that does not encircle
one of the dislocation cores is zero. This follows from the fact that every
simply-connected submanifold of M which does not contain dislocations is
isometrically embeddable into Euclidean plane, and that the Burgers vector
of any closed curve in the plane is zero. To quantify the Burgers vector
associated with a curve encircling a single dislocation, consider the manifold
depicted in Figure 2. One can then see that the magnitude of the Burgers
vector is

b =2dsin(0/2), )

where d is the length of the dislocation core (the distance between the two
singular points forming the curvature dipole), and 0 is the magnitude of the
cone defect (see Figure 4). For a general Burgers circuit, the Burgers vector is

3 Actually, any map ¢ : T,M — M with ¢(0) = p, whose differential at the origin is the
identity will do.



Limit of distributed dislocations in geometric and constitutive paradigms 19

the sum of the contributions of the dislocation cores it encircles (after parallel
transporting each contribution to the base point).

Fig. 4 A Burgers circuit yielding a Burgers vector whose magnitude is 2dsin(6/2), where
0 is the disclination angle and d is the distance between two to disclinations forming the
edge-dislocation. The vector points downwards from a chosen base-point of the circuit.

It follows that by changing d and O in Figure 2, while keeping b =
2dsin(0/2) fixed, we can obtain “the same” dislocation in different ways,
in the sense that a Burgers circuit around the dislocation core will not be able
to distinguish between the two. Nevertheless, the choice of 4 and 6 will be
important from the viewpoint of convergence of bodies with dislocations, as
depicted in the sketch of the proof below.

Main result: convergence in the geometric paradigm. We now describe
a version of the main theorem of [KM16b], stating that in the geometric
paradigm, every two-dimensional body with distributed dislocations is a
limit of bodies with finitely many dislocations.

Theorem 2 (Homogenization of dislocations, geometric paradigm). For ev-
ery compact two-dimensional Weitzenbock manifold (M, g, V) and parallel orthonor-
mal frame E, there exists a sequence of bodies with finitely-many dislocations
(Mn,gn,V%C) and parallel orthonormal frames E,, such that there exist homeo-
morphisms F, : M,, — M, whose restrictions to the smooth part of M, are smooth
embeddings, satisfying

ldFy, 0 E;y — Ellp — 0. (10)

Note that an orthonormal parallel frame E contains all the geometric in-
formation of the Weitzenbdck manifold: since E : RY — TM is orthonormal,
it induces g by pushing forward the Euclidean metric on R? (as in (8)), and
since it is parallel, it induced the parallel transport of V (see (6)). There-
fore, the notion of convergence in Theorem 2, which is defined through the
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convergence of orthonormal parallel frames, induces the convergence of the
entire structure (M,,, gn,VI,;C) — (M, g,V) of the Weitzenbdck manifolds.

We can also view Theorem 2 as a theorem about the convergence of
manifolds endowed with frame fields (M, E;)) — (M, E), where each of the
manifolds (M, E,;) induces the structure of a body with edge dislocations
as in Definition 7. This viewpoint, while maybe somewhat less natural from
a geometric perspective, will be useful in the next section (convergence in
the constitutive paradigm), when we associate these manifolds with a fixed
archetype and consider E,, and E as implant maps.

3.1 Sketch of proof of Theorem 2

Theorem 2 is an approximation result: given a manifold (M, g, V), we approx-
imate it with a sequence of manifolds of a specific type (Definition 7).

Approximation by disclinations Before we describe the main idea of this
approximation, it is illustrative to present a similar one, which is somewhat
more intuitive—the approximation of a Rimannian surface by locally-flat
surfaces with disclinations. Given a surface (M, g), we approximate it as
follows:

1. First, assume that M does not have a boundary. Take a geodesic triangu-
lation of the manifold—a set of points in M, connected by minimizing
geodesics that do not intersect, such that the resulting partition M con-
sists of geodesic triangles (such triangulations exist; see for example
[Ber02, Note 3.4.5.3]). If M has a boundary, triangulate a subdomain
M’ Cc M, such that the distance between dM’ and IM is small (of the
order of the distance between the vertices).

2. Constructa manifold by replacing each triangle with a Euclidean triangle
with the same edge lengths. Since M is (generally) not flat, the angles of
the original geodesic triangles differ from the angles of their Euclidean
counterprts (by the Gauss-Bonnet theorem, the angles of each geodesic
triangle generally do not sum up to 7).

This way we obtain a topological manifold which is smooth and flat every-
where but at the vertices, which are cone singularities (disclinations)—the
angles around each vertex do not generally sum up to 27, since they differ
from the angles of the original geodesic triangulation. This approximation
of the surface is similar to the approximation of a sphere by a football (soccer
ball), using triangles rather than pentagons and hexagons.

By choosing finer and finer triangulations, say, triangulations in which the
edge-lengths are of order 1/n for n > 1, itis clear (intuitively) that one obtains
better and better approximations of the original manifold; they converge as
metric spaces to the original manifold (see [DVW15] for an explicit estimate)
while the distribution-valued curvatures converge to the smooth curvature
of g (see [CMS84]).
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The approximating sequence for Theorem 2 The idea behind the proof
of Theorem 2 is very similar: Construct a fine geodesic triangulation of the
Weitzenbock manifold (M, g, V), and then replace each triangle with a locally-
flat one to obtain a body with finitely many dislocations. The difference
between the two constructions is in the triangulation and in the type of
locally-flat replacements.

1. Take a triangulation of (M, g, V) in which the edges are V-geodesics; those
differ generally from the Levi-Civita geodesics and are not even locally
length-minimizing. At the nth stage, we choose the triangulation such
that the length of each edge is between (say) 1/n and 3/2n, and all the
angles are bounded between 6 and © -6 for some 6 > 0 independent
of n (to ensure that all the triangles are uniformly non-degenerate as
n — o). The existence of a geodesic triangulation, based on a non-Levi-
Civita connection, is not trivial; it is proved in [KM16b, Proposition 3.1].
Denote the skeleton of this triangulation (the union of all the edges) by
Xy.

2. Since the Gauss-Bonnet theorem holds for a metrically-consistent con-
nection (see [KM16b, Theorem B.1]), and since V is metrically-consistent
and has zero curvature, the angles of each geodesic triangle sum up to 7.
In other words, if a geodesic triangle has edge lengths a,b,c and angles
a,B,y, then a + B +y = 1; the angles are however “wrong” in the sense
that generally a # ap, p # po and y # yo, where ay, o,y are the angles
of the Euclidean triangle having edge-lengths a,b,c. Since the geodesic
triangles are uniformly regular, the angles do not deviate much from the
angle of the Euclidean triangle,

la = aol, 1B = Bol, [y = yol = O(1/n). (11)

See [KM16b, Corollary 2.7]4

3. As stated above, the Euclidean triangle having side lengths a,b,c does
not have angles a, ,7; however, if Condition (11) holdsand e+ +y =,
then there exists a manifold containing a single dislocation (according to
Definition 7), whose boundary is a triangle whose edge lengths and an-
glesarea,b,c and a, 8, [KM16b, Proposition 3.3] (see Figure 5). The only
additional parameter entering in this construction is the Burgers vector
associated with the perimeter of the triangle, and whose magnitude is
of order O(1/n?). The precise location of the dislocation core inside the
“triangle” is arbitrary (as long as it does not intersect the boundary), as
is the choice of the parameters 0 and d (see (9)).

4. The approximation of (M,g,V) is obtained by replacing each triangle
in the triangulation with a “dislocated” triangle having the same edge-
lengths and angles. Denote the resulting manifold by (Mn,gn,VI,;C), and

4 The estimate (11) does not appear in this corollary explicitly; it follows from its fourth
part, using the fact a small triangle on M with edges that are Levi-Civita geodesics is, to
leading order, Euclidean (this follows from standard triangle comparison results).
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B

Fig. 5 A triangle containing a single edge-dislocation. Given angles «, 8,y adding up to 7
and edge lengths 4,b,c, we construct a defective triangle by identifying the edges DF and
D’F’,FE and F’E’, and EG and E’G’, such that CG+G'B=a4, AC=band AD+D'B=c.

the skeleton of the triangulation on M, by Y. Since the angles in each tri-
angle in Y}, are the same as in the corresponding triangle in X,,, it follows
that the angles around each vertex in Y, sum up to 27. In other words,
there are no cone defects (disclinations) at the vertices of the triangula-
tion; the only singularities in M, are the dislocation cores within each
triangle. Hence, (Mn,gn,V%C) is a body with finitely-many dislocations
according to Definition 7 (see Figure 6)

M M,
b
a 7
a ”° ” a

Fig. 6 A;L)groximating the smooth Weitzenbock manifold (M,g,V) by manifolds
(M, 81, V;~) with singularities. Each V-geodesic triangle in (M, g, V) is replaced by locally-
Euclidean triangle, having the same angles and side lengths, and containing a single
dislocation (the core of each dislocation is sketched here as a segment inside the triangle).
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Convergence of the approximating sequence The next step is to show that
(Mn,gn,VI,;C) converges to (M, g,V) in the sense of Theorem 2. That is, show
that given a V-parallel orthonormal frame E on M, there exist ViC-parallel
orthonormal frames E, on M, and maps F,, : M,, = M such that (10) holds.

Given E, the construction of E, is very natural: let {e;,e;} be the standard
basis of R2. Let pn € M be a vertex in X, the nth triangulation of M, and let g,,
be its corresponding vertexin Y},. Each of the vectors E,,, (e1), Ep, (e2) is a g-unit
vector in Ty, M, which is uniquely defined by its angles with the V-geodesics
in X,, emanating from py,. Define (E;)g, (¢;) to be the g,-unit vector in T,;, M,
which forms the same angles with the corresponding geodesics emanating
from g,,. This defines E,, everywhere by VLC-parallel transport. Note that this
relation between E, (¢;) and E,, (¢;) actually holds for any vertex p, € X;, c M
and corresponding vertex g, € Y,, C M,,. This follows from the construction,
since X,, consists of V-geodesics and Y}, consists of V,-geodesics, and the
angles in the corresponding triangles match.

The construction of F,, is more subtle. Since X,, and Y, have the same
graph structure, and the lengths of its corresponding edges are the same,
there is a natural map between these skeletons (the isometry of their graph
metric); it is natural to define the restriction of F,, to Y7, to be this map. Next,
note that at every corresponding pair of vertices p, € M, g, € My, the frame
fields induce an isometry A := Ep, o (Ex)g,) ™" : Tg, My — T, M. Define, F, in
a neighborhood of ¢, by

Fu(q) :=exp,, (Ao (expy) ™ (@)

By construction, this map respects the mapping of Y, to X, and moreover,
dg,Fy maps (E,),, to E,,, and hence |dF, o E;, — E| is small near p,,. In [KM16b,
Section 4], it is proved that F,, can be extended in this way to a map that
satisfies |dF, o E,, — E| = O(1/n) uniformly everywhere outside a small neigh-
borhood, of diameter o(1/n), of the dislocation core. Note that [KM16b] aims
at a slightly different notion of convergence (compared to Theorem 2), hence
this statement is not explicit in [KM16b], however the proof of Proposition 4.3
in [KM16b] yields this result.

It remains to analyze the vicinity of a dislocation core. Recall that in the
construction of M,, only the Burgers vector inside each triangle was taken
into account. For understanding the behavior of F, near the dislocation
core, and only there, the exact construction of the dislocation plays a role:
in [KM16b], a dislocation of magnitude O(1/n?) is built using an arbitrary,
but fixed, dislocation angle 6 ~ 1, whereas the size of the dislocation core is
d = O(1/n?). In this case, extensions of F,, to the dislocation core only satisfy
that |dF, o E,, — E| is bounded near the core (an explicit construction can be
seen in [KM15, Section 3.2]). This only yields LV convergence in (10), for
any p < oo, but not L, which is enough for the version of Theorem 2 that
appear in [KM16b], but not to Theorem 2 as stated here (which is needed
for the next section). If however one takes 6 = 0(1) and d = o(1/n) (such that
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the dislocation magnitude (9) is as prescribed), F, can be extended to the
dislocation core such that (10) holds.”

4 Homogenization of dislocations: constitutive
paradigm

Our aim in this section is to prove a homogenization theorem for dislocations

within the constitutive paradigm, thus proving the third and final part of

Theorem 1. To this end, some assumptions about the archetype W : R?xRY —
[0, 00) are required:

1. Growth conditions:
a(=1+]AFF) <W(A) < B +|AP), (12)

for some p € (1,00) and @, > 0.
2. Quasiconvexity:6

W(A) < W(A +dp(x))dx  for every ¢ € CX((0,1)%,RY).
1)

3. Solid symmetry group: §(W) < SO(d).

Remark 4. It is usual to assume that W is frame-indifferent and that W(A) =0
iff A € SO(d), but both assumptions are not required for the theorem. More-
over, quasiconvexity and (12), implies that W satisfies the p-Lipschitz prop-
erty [Dac08, Proposition 2.32]:

[W(A)~W(B)| < C(L+AP~ +|BP'"")A~B, (13)
for some C > 0 (and in particular W is continuous).

Example 4. We describe now two simple examples of archetypes W satisfying

the above hypotheses—one isotropic and one having a discrete symmetry
group:

1. The isotropic archetype Wiso(A) = dist’(4,50(d)) (as in Example 1) sat-

isfies all the hypotheses but for quasi-convexity. This can be rectified

by replacing W;s, with its quasiconvex envelope QW;s,, which is an

5 In [KM15, Section 3.2], choosing 0 = o(1), d = o(1/n) implies, in the notation of [KM15],
n~! < D < 1, which then implies L® convergence (see the proof of [KM15, Proposition 2]).
The general case is very similar, since we are only considering minuscule pieces of the
manifolds, in which the only geometry that plays a role is the structure of the singular
points (everything else is uniformly close to the trivial Euclidean plane). See also [KM16a,
Section 2.3.2, Example 2].

% The quasiconvexity assumption is natural from a variational point of view, as it guaran-
tees the existence of an energy minimizer of the functional; see also Remark 6.
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isotropic archetype satisfying all of the hypotheses. In two dimensions,
we can write QW;s, explicitly for every p > 2 [Sil01, Dol12]:

dist’(A,SO(d +up>1
QWiso(A) = ( ( /?2) F1TE2

(1-2detA)’ pr+u2 <1,
where g > |p2| > 0 are the signed singular values of A (i.e.,if 01 202 >0
are the singular values, u; = 01 and u = (sgndetA)os). In higher dimen-
sions, QWijs, is not known explicitly, however it is known that

Wiso £ QWiso £ Wigo

for some constant ¢ > 0 (see [KM18, Proposition 10]).
2. An example of an archetype having a discrete symmetry group is

d
Weubic(4) = ) i (1Aeil =17,

i=1

where f; > 0 are parameters and {e;} is the standard basis of R?. This
energy density penalizes stretching along each of the lattice directions
e;. Once again, this function is not quasi-convex, and its quasi-convex
envelope is given by [LO15, Lemma 4.1]

d
QWeubic(4) = ) i (Ael - 13,
i=1

where for f € R, fi denotes the maximum between f and zero. While
QWeubic satisfies all the assumptions, it is somewhat non-physical. For
example, it does not penalize for compression (this is due to the fact
that that W¢pic is invariant under orientation reversal). By adding to W
penalization for volume change (as in [KM18]) or simply by considering
QWeubic + QWiso one obtains an archetype satisfying all the hypotheses
and having a discrete symmetry group.

Remark 5. The assumption W < co excludes physically-relevant archetypes in
which W(A) diverges as A becomes singular (see, e.g., [Cia88, Theorem 4.10-
2]). The requirement W < oo is due to purely technical reasons that commonly
appear in I'-convergence results in elasticity when the elastic energy is O(1).

In the rest of this section, it is easier to consider that M is endowed with an
orthonormal parallel frame field E rather than a flat connection V; as stated
above, this is completely equivalent modulo a global rotation of E.

Definition 8. Let W be an archetype satisfying the above conditions. Let
(M, g,E) be a Riemannian manifold with an orthonormal frame field E. The
elastic energy associated with (M, g,E) and W is
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I(f) = f W(dfoE)dVol,  fe WY (VR
M

Note that g is an intrinsic metric for this energy, and that the connection V,
defined by declaring E parallel, is a material connection.
As standard in these type of problems, we extend I to L (M;RY) by
- W(dfoE)dVol, fe WY (M;R?
I(f)=fM(fO)ogf (d)l d
+00 f e LP(VGRY)\ WP (VGRY).

In order to define convergence of the energy functionals, each defined on a
different manifold M,,, we need a notion of convergence of maps f, : M, — RY:

Definition 9. (M, g) be a Riemannian manifold, and let M,, be topological
manifolds. Let F,, : M;;, = M be homeomorphisms. We say that a sequence of
maps f, : M,, = R? converges to a map f: M — R in L? if

|l fuo Fyt = fllroveray = 0

Theorem 3 (I'-convergence of elastic energies). Let W be an archetype satis-
fying the above assumptions. Let (M, q,E), (M, 8n, En) be Riemannian manifolds
with orthonormal frames. Let 1, I, be their associated elastic energies according to
Definition 8. If there exists Lipschitz homeomorphisms F,, : M,, — M such that

ldF, 0 E;y = Ellp= — 0, (14)

then I, — I in the sense of T-convergence, relative to the convergence induced by
F,,, as defined in Definition 9 (note that for Lipschitz maps, dF,, € L(TM,,, F;, TM),
hence the convergence is well-defined).

Remark 6. If W is not quasiconvex (but (13) holds), then it follows from slight
changes in the proof below that I, converges to the functional associated
with (M, g, E) and the archetype QW, which is the quasiconvex envelope of
W. Note that it is still true that g is an intrinsic metric and that V is a material
connection, hence Figure 1 still holds.

Combining Theorem 2 and Theorem 3, we conclude the proof of Theo-
rem 1:

Corollary 2. Every two-dimensional body with a continuous distribution of dis-
locations (M, g,E) is a limit of bodies with finitely many dislocations (My, 8, En)
in the sense of Theorem 2 (equivalently (14)). Given an archetype W, the elastic
energies associated with (M, a8y, E,) according to Definition 8 I'-converge to the
elastic energy associated with (M, g, E).
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4.1 Proof of Theorem 3

Let I be the I-limit of a (not-relabeled) subsequence of I,. Such a subse-
quence always exists by the general compactness theorem of I'-convergence
(see Theorem 8.5 in [dal93] for the classical result, or Theorem 4.7 in [KS08] for
the case where each functional is defined on a different space). It is enough to
prove that I, = I. Indeed, since by the compactness theorem, every sequence
has a I-converging subsequence, the Urysohn property of I'-convergence
(see Proposition 8.3 in [dal93]) implies that if all converging subsequences
converge to the same limit, then the entire sequence converges to that limit.
From (14) it follows that

1. dF, and dF;! are uniformly bounded.
2. (Fn)x9n — gin L®, and in particular, (F,)xdVol,, — dVol, in L™.

Lemma 1 (Infinity case). Let f € LF(M; R\ W2 (M; R?). Then,
Leo(f) = 00 = I(f).

Proof. Suppose, by contradiction, that I(f) < 0. Let f, — f be a recovery
sequence, namely,

Bm Tu(f) = Ls(f) < co.
Without loss of generality we may assume that I,(f,,) < oo for all 1, and in

particular, f;, € WLP(M,,,RY). The coercivity of W, implies that

supf Idfnlg’l,CdVolgn < co.
n My,

Thus, f, is uniformly-bounded in W7, and since dF;, L are uniformly-
bounded, f,oF; lis also uniformly-bounded in WP (v Rd), hence weakly
converges (modulo a subsequence). By the uniqueness of the limit, this limit
is f, hence f € WLP(M;RY), which is a contradiction. O

Lemma 2 (Upper bound). For every f € W7 (M;RY),

Lo (f) < I(f).

Proof. Let f € WLP(M;RY). Define fa=foF,€ WLP(M,,; RY). Trivially, f, — f
in LF according to Definition 9 and by the definition of the I'-limit,

To(f) < liminf T, (f,).

It follows from the uniform convergence dF, o E, — E and (F,)«dVol,, —
dVol,, using the p-Lipschitz property (13), that

timT, (f,) =1(f),
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that is
lim W(df odF,oE,)dVolg, = f W(df o E)dVol,. (15)
noJm, M
O

Lemma 3 (Lower bound). For every f € W"7(M;RY),

Lo (f) 2 I(f).

Proof. Let f € W?(M;RY), and let f, € LP(M;R) be a recovery sequence for
f, thatis f, o F;' — f in L and L,(f,) — I (f). In particular, it follows that
we can assume without loss of generality that f, € W”, and that f, are
uniformly bounded in W'?. Therefore, f, o F,;! — f in W'"?(M;RY). We need
to show that

imI,(f) = 1(6). (16)

Note that since f € W/*(M;R?) and f, € WP(M,;;RY), I(f) = I(f) and L,(f,) =
Ii(fy). Since dF,, o E;, — E and (F,;)«dVoly, — dVol; uniformly, and df, o dF,, 1
are uniformly bounded in L?, the p-Lipschitz property (13) implies that

lirrlnln(fn) = liﬁnf 'W(df, o E,;)dVolg,
. (17)

=lim |  W(df, odF,! o E)dVol, = limI(f, o F;).
n Mn n

Since W is quasiconvex and satisfies (12), I(-) is lower semicontinuous with
respect to the weak topology of W'(M;R?) [Dac08, Theorem 8.11]. Since
fnoF;! converges weakly to f in W (M;R?),

lim I(fy oF, 1y > I(f),

which together with (17) implies (16). ]

5 The role of torsion in the equilibrium equations

In this section we analyze explicitly the equilibrium equations for a hyper-
elastic solid body having a continuous distribution of dislocations, and in
particular, we address the role of torsion. We will explain why torsion does
not enter explicitly in the equilibrium of an isotropic body. Similar equations
are derived in [Wan67, Section 12] (without the hyperelasticity assumption).
Throughout this section we use the Einstein summation convention.

Let W € C2(R? x R?) be a solid undistorted archetype, and let (M, W) be a
uniform solid material having W as an archetype with respect to an implant
map E = {E,} . We denote the (matrix) argument of Wby B = (By|...|By),
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and by dW/JB; : RYxR? — R? the derivative of W with respect to the column
B; (this is a vector).

The implant map E is a parallel frame of a flat material connection V
(defined by (6)) and it defines a metric g via (8). E is a d-tuple of vector
fields which we denote by Ey,...,E;. Its co-frame El,... E%is the d-tuple of
one-forms defined by E{(E )= 6; The torsion tensor of V is given by

T(E; Ep) = ~IE; Ejl = TEEy,
as follows from the definition of the torsion tensor T(X,Y) = VxY - VyX —

[X,Y], since E; are parallel, which means VE; = 0.
The elastic energy functional corresponding to this elastic body is

I(f)zfjwvv(df)dvmg:L{W(dfoE)ElA.../\Ed,

defined on functions f : M — R?. The Euler-Lagrange equations correspond-
ing to this functional are, in a weak formulation,

f %(d foE)-Ei(h)dVol, =0  VheCX(M;R?).
M 1

where E;(h) = dh(E;) : M — RY, and - is the standard inner product in RY. The
strong formulation of the Euler-Lagrange equations is

oW IW . _
Ei(a—Bi(dfoE))+ B_Bi(dfOE) divE; =0,

or more explicitly,

W oW .
m(dfoE)EiEj(fH 35, (@f B divE; =0,

where div E; is defined by the relation
d(1g;dVoly) = div E; dVoly,
where ¢ is the contraction operator. Using the fact that dVol, = E' A... A E,
tg,dVolg = (1) EY AL AETEAET AL AEY,
hence

d(ig,dVoly) = (<1)*! (dE' A AETY AEFI AL AE

A (CDTEN AL AET AET AL AEY),
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By the definition of the exterior derivative, and the fact that EFE;) = (Sf,
dEX(E;, Ej) = E(EN(E)) — E/(ENE) — EN(E;, Ejl) = THEN(E) = T},
and therefore dEF = T;‘].E" A EJ, so d(tg,dVol) simplifies to

d(1g,dVolg) = —T;l. dVvol,,

hence divE; = —T;:l.. It follows that the Euler-Lagrange equations are
PW i oW
———(df o E)E:Ej(f)—T);= =0.
83133] (dfo ) 1 ](f) ji aAl (dfOE) 0

The trace of the torsion appears explicitly in the equations, however, the
torsion also appears, more implicitly, as the antisymmetric part E;E; — EE; =
T:.;Ek of the first addend.

If the solid is isotropic, then the equilibrium equations are independent
of the torsion. Isotropy means that

WBoR =WB for any R € SO(d).
Using polar decomposition, this implies that there exists a function W:

Sym, (d) — R, where Sym  (d) is the set of positive-semidefinite d X d sym-
metric matrices, such that

W(B) = W(BBT)
[Cia88, Theorem 3.4-1] (if one allows B to be orientation reversing, then w

also depends on the orientation of B, but this does not affect the argument
below and therefore we ignore this subtlety). It follows that

I(f) = fM W(df)dVol, = j;v[ W(df o E)dVol, = fM W((df o E)(df o E)T)dVol,.

Choosing coordinates on M, we can think of df and E as matrices. In this
case, since E is an orthonormal frame for g, EET = g*, the g-metric on T*M
(whose coordinate are g). Therefore, in coordinates,

1) = fM Wdf, 0. odfT) Vol dx.

In a more abstract language,

I(f) = jj:/[\7\7(f,~g")dVolg
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where f,g" is the push-forward by f of the metric g* from T*M to RY. Either
way, it is clearly seen that the energy (and therefore the equilibrium equa-
tions) only depend on g and not on the frame E, and therefore not on the
connection V and its torsion which are derived from E.
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