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OPTIMAL CHOICES OF CORRELATION OPERATORS IN
BROWNIAN SIMULATION METHODS*
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Abstract. We analyze Brownian simulation methods for systems of partial differential equations
coupled to convection-diffusion equations. In many situations the spatial correlation of Brownian
noise can be viewed as a free parameter. We formulate the choice of the noise correlation as an
optimization problem for mean error minimization. In contrast to earlier work which was restricted
to systems of finite dimensions, our formulation is performed in function space. We then provide an
approximation theorem that reduces the problem into the solution of finite-dimensional semidefinite
programming problems. Examples are given to illustrate our main results.
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1. Introduction. Brownian simulation is a technique for solving partial differ-
ential equations (PDEs) using random simulations of stochastic systems of equations.
The prominent forerunner in this context is Chorin’s method of random vortex meth-
ods, which approximates solutions of the Navier—Stokes equations in the regime of
slightly viscous flows [3]. In this system, the fluid is represented by a finite collection
of point vortices, whose motion is primarily determined by the induced flow field.
Viscous dissipation is incorporated by the addition of a Brownian velocity component
to each point vortex. Thus, the positions of the point vortices satisfy a system of
stochastic differential equations (SDEs), and the induced (stochastic) velocity field
approximates the solution of the Navier—Stokes equations. In the past 30 years, sto-
chastic particle methods have been applied to a variety of systems, and in many
instances, their convergence has been proved rigorously by probabilistic techniques
(see Talay [14] for a review).

Since the 1990s Brownian simulation techniques have become popular in the con-
text of non-Newtonian viscoelastic fluids. Many models of viscoelastic fluids are in
the form of a PDE that governs the flow field (the macroscopic dynamics) coupled
to a Fokker-Planck equation that governs the distribution of polymeric conformation
(the microscopic dynamics). The coupling between these equations is bilateral: the
flow field is forced by a term—the stress field—which is an average over the polymeric
conformation. Reciprocally, the microscopic dynamics are affected by the macroscopic
flow field. Such models are called micro-macro models; see Keunings [11] for a recent
review.

Except for very simple realizations, the coupled system cannot be solved either
analytically or numerically, due to its high dimensionality. Ottinger and coworkers
introduced in the early 1990s a simulation technique to approximate such systems (the
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322 RAZ KUPFERMAN AND YOSSI SHAMAI

so-called CONNFFESSIT method [12, 6]). Their idea was to simulate the Fokker—
Planck equation by a collection of randomly driven particles representing (in some
coarse-grained sense) the polymers. The stress field is approximated by an empirical
average over the state of those particles. In the CONNFFESSIT method each particle
is driven by an independent Brownian noise, resulting in spatially noisy output.

An alternative method was proposed in 1997 by Hulsen, van Heel, and van den
Brule, the Brownian configuration field (BCF) method [7]. Rather than simulating a
collection of particles, the BCF method simulates a collection of random functions of
space and time (random fields), each such field representing the local polymeric state.
Each random field satisfies a SPDE, driven by a Brownian noise that is spatially
constant. As a result BCF computations tend to generate solutions that are smooth
compared to the output of CONNFFESSIT (for the same computational cost). This
observation led in [13] to the speculation that BCF is a variance-reduced variant of
CONNFFESSIT, a speculation that was later refuted. The reality, as found in [8], is
that the use of spatially uniform Brownian motion reduces the variance of the velocity
but significantly increases the variance of the stress.

From a fundamental point of view, BCF and CONNFFESSIT differ in two main
aspects: (i) BCF is an “Eulerian” method, whereas CONNFFESSIT is a “Lagrangian”
method, and (ii) BCF uses a spatially uniform noise, whereas CONNFFESSIT uses
a spatially uncorrelated noise. In principle, one could design an Eulerian version of
CONNFFESSIT by the use of configuration fields that are driven by Brownian noise
that is spatially uncorrelated. This observation was made by Jourdain, Le Bris, and
Lelievre [8], who generalized the two Brownian simulation techniques to arbitrary
noise correlations. Furthermore, they formulated the choice of noise correlation as
an optimization problem for error minimization. Their optimization problem was
formulated in the context of specific discretization schemes and applied to particular
situations, e.g., Hookean and FENE fluids in planar shear flow.

In this paper we study the problem of variance reduction by optimal noise corre-
lation in a general context. We consider a class of systems in which a PDE is coupled
to a Fokker—Planck equation with bilateral interaction, along with a Brownian simu-
lation approximation that consists of a collection of NV SPDEs driven by independent
Brownian noises with arbitrary spatial correlation. The IV fields are weakly coupled
through their average. We then derive an expression for the mean error in the limit of
large N; as expected, the error depends on the noise correlation. For a large class of
such systems the minimization of the mean error forms a convex optimization problem
that can be solved by standard methods. An important difference between [8] and
the present work is that we operate on the level of the PDE/SPDE rather than on
the level of a specific computational scheme. Thus we address the question of optimal
noise correlation for a given problem independently from its method of approximation.
Finally, we demonstrate our results by applying them to a number specific problems.

The structure of this paper is as follows: In section 2 we present the class of
models under consideration and show that they can be reformulated in a stochastic
setting, in a manner that is independent of the spatial correlation of the noise; the
noise need only satisfy a local normalization property. The stochastic formulation
leads naturally to an approximation scheme based on a Monte Carlo simulation of the
Brownian trajectories. While BCF corresponds to a particular choice of Brownian
processes, the CONNFFESSIT uncorrelated noise has to be interpreted as a limit
of such processes. We conclude this section with a subclass of such systems that are
closable and therefore amenable to rigorous analysis. In section 3 we analyze the error
of the Brownian approximation in the limit of large N. The error is dominated by the
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variance of the estimate, which scales like 1/N. This analysis is continued in section 4,
where we finally express the mean error in terms of the correlation operators of the
Brownian noise and the initial data. In section 5 the variance reduction optimization
problem is formulated. In particular, it becomes apparent that an optimizer does
not necessarily exist, since the domain of suitable correlations is neither closed nor
bounded. Since in most cases the optimization problem cannot be solved analytically,
we present in section 6 an approximation theorem, whereby the infimum of the error
can be attained as a limit of finite-dimensional optimization problems, each of which
is solvable by standard methods of semidefinite programming. Specific examples are
then presented in section 7, one of which is solvable analytically and another only
numerically. A discussion follows in section 8.

2. Problem statement. Consider a general class of autonomous equations of
the form

(2.1) n% = f(u,c),

where u = u(z,t) and ¢ = ¢(z, t); the parameter 7 is either one or zero, depending on
whether (2.1) is an evolution equation for u, or a time-independent relation between
the functions v and c. For notational convenience, we consider systems in one space
dimension, x € D C R, where D is a bounded interval, and we assume that u and c are
real-valued functions; our analysis applies with slight modifications to more general
situations. The function f = f(u(z,t),c(z,t)) is a sufficiently regular function of its
arguments and their spatial derivatives (e.g., a nonlinear differential operator). The
function c is given by an integral

(2.2) () = /R g(ayila, =, 1) dg,

where (g, x,t) is a nonnegative integrable function, governed by a diffusion-transport
equation of the form

(2.3) %—f + a(u)

oy 0 10%)
or ~ oq [b(gq, u)y] + 2942

The functions a = a(u(z,t)) and b = b(g,u(x,t)) are sufficiently regular functions
of ¢, u(z,t) and spatial derivatives of w(x,t). The coupled system (2.1)—(2.3) is
supplemented with initial conditions,

(2.4) u(@,0) = uo(z),  ¥(g,2,0) = (g, x),

and with suitable boundary conditions. Throughout this paper it is assumed that
the coupled system (2.1)—(2.3) is well-posed (see Constantin [4] for a global-in-time
existence theorem in a viscoelastic context).

In certain cases, an equation for ¢(x, t) can be derived from (2.3), yielding a closed-
form system of equations for u and ¢, without requiring the solution of (g, z,t). Two
such examples are given below.

EXAMPLE 2.1. Consider the system

0= —u(z,t) — c(z,t) —l—/o c(y, t) dy,
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oz, t) = /Rq%/f(q,%t) dq,

o 10 1 0%

e -1 27
where x € [0,1] and s(x) = sin(2nwx); this system does not require boundary conditions.
A closed system of equations for u and ¢ can be derived by multiplying the diffusion-
transport equation by ¢> and integrating over q. This yields an evolution equation
for c,

0

a—j =(s+u—1)c+1.

EXAMPLE 2.2. The second example is inspired from the dumbbell model of visco-
elastic fluids [1]. The equation for the “flow field” u(x,t) is a viscous Burgers equation
with forcing,

ou ou 0*u  Oc

where the “stress” c(x,t) is given by

c(x,t) = /Rq%(% z,t)dg,

and the “polymer distribution” 1(q, z,t) is governed by the Smoluchowski equation

oY oY 0 1 0%y
% w2l = Dy 429
ot oxr 0Oq 2 Jq
Here again, multiplying the Smoluchowski equation by ¢> and integrating over q we
obtain an evolution equation for c,

% + u% =—2c+1,
and together with (2.5) this yields a closed-form system.

In cases where closed-form equations can be derived, the resulting set of equations
can often be solved by standard numerical methods (e.g., finite differences or finite
elements). Otherwise, one has to solve the high-dimensional coupled system (2.1)—
(2.3), a task which is often computationally prohibitive. A computational alternative
is the use of Brownian simulation techniques, which we review next.

The idea, which is rigorously established in Proposition 2.1, is to first interpret
the diffusion-transport equation (2.3) as a Fokker—Planck equation that governs the
probability density function (PDF) of a random function g;(x); ¥(q, x,t) is the prob-
ability density that ¢;(z) = ¢. The random function ¢ (x), which is viewed as an
H-valued stochastic process, where H = L?(D), is governed by the SPDE
9q

L dt = b(qy, u) dt + dW,,

(2.6) dg: + a(u) o

with random initial conditions g¢o(z), distributed according to the initial density

Yo(q,x). Here W, = Wi(x) is a standard H-valued Q- Wiener process, where @Q :
H — H is the autocorrelation of W;.
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We remind the reader that the autocorrelation Cor(X) of an H-valued random
variable X is defined by

(Cor(X)a,b) =E[(X,a)(X,b)], a,be H,

where (-, -) is the inner product in H. A Q-valued Wiener process W; satisfies

LB (W a) (W, )] = (Qa.b).

ie., Cor(Wy) = Qt. A Q-valued Wiener process is said to be standard if
E[Wi(x)W(2)] =t

for every t and almost every x € D. We refer the reader to Appendix B for a short
review on Hilbert space-valued Wiener processes and the corresponding stochastic
calculus.

The H-valued stochastic process g;(x) is then used to replace system (2.1)-(2.3)
by the conjugate stochastic system

ng;‘ (o)

(2.7) Elg(g0)],

8
dqt + a( ) O dt b(qt, ) dt + th,
where the expectation E is both with respect to the random initial data and the
Brownian motion. The relation between the stochastic system (2.7) and the deter-
ministic system (2.1)—(2.3) is established by the following proposition.

PROPOSITION 2.1. Let (u,¢,q:) be a (strong) solution of the conjugate stochastic
system (2.7) on some time interval [0,T). Let 1)(q,z,t) be the marginal PDF corre-
sponding to qi(x). Then (u,c,v) is a solution for the coupled system (2.1)—(2.3) on
[0,T].

Comment: The SPDE (2.7) induces an evolution on measures in function space.
The function (g, z,t) is a marginal density of such a measure, namely,

B(g,2,t) = 8% Pr(ai() : ai(a) < q).

In particular, the initial distribution (g, z) does not uniquely determine the distri-
bution of the random function go(x). For example, (g, ) does not determine the
correlation,

Cor(go) = R.

Proof. By It&’s formula (B.3), for every twice-differentiable compactly supported
function G : R — R and every x € D,

1
(2.8) dG(g:(7)) = G'(q:(w)) dgy () + 5G"(gs(2)) dt.
Substituting the evolution equation of ¢; into (2.8) and taking expectations we obtain

2 BIG()] = ~a(u) 5 E[G(a)]) + E (G (a)baw)] + 5E[6" ()]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Writing the last equation in terms of (g, z,t),

0

o [ G@utann = —otuy [ Gavasndi+ [ & @ nian dg

Ox
+5 [ @ @viaatdg

and upon integration by parts,

0 oY 0 0 10%y .
g /G(Q) [8t + a(“)%¢ + %[b(q,u)w] - 28q2:| dg = 0.

Finally, the arbitrariness of G implies that v satisfies (2.3). 0

The fact that the Brownian noise is standard was used in It6’s formula, resulting
in a constant diffusion function. Note, however, that the equivalence between the
deterministic and the stochastic systems is unaffected by the correlation of ¢;, which
is determined by the noise correlation operators ) and the correlation R of the initial
data. Viewed that way, the coupled system (2.1)—(2.3) can be represented by a family
of stochastic conjugate systems (2.7) which vary in the correlation operators Q and R.

The stochastic representation (2.7) is naturally approximated by the method of
Brownian simulations. The SPDE (2.6) is simulated by a set of N realizations Q%(z),
1=1,2,..., N, of ¢;(x), and the expected value with respect to Brownian trajectories
is approximated by an empirical mean over the N realizations. Denoting by U;(x) and
Cy(x) the (stochastic) numerical approximations to u(x,t) and ¢(x,t), the simulation

scheme takes the form
oU,
A U 70 )
77 8t f( t t)

1 N

(2.9) Co= 4 D_9(QD),

i=1
Q)
Ox

1
dQ: + a(Uy) =L dt = b(QL, Uy) dt +dW/,  i=1,...,N,
where W} are N independent Q-Wiener processes and Qf(x) are N independent H-
valued random variables with correlation R. Note that the realizations Q¢ are weakly
coupled, as they interact through their empirical mean. Although the spatial corre-
lations of the noise and the initial data are immaterial for (2.7), they may influence
the error of the approximation. Our ultimate goal is to find the correlation operators
that minimize the error.

A class of semilinear problems. Examples 2.1 and 2.2 are amenable to closed-form
PDEs for u(z,t), c(x,t). While Brownian simulations are prominently designed for
systems that do not assume such closures, we will focus on closable systems, since
the existence of closed-form equations facilitates the analysis of Brownian simulation
methods. Specifically, we will examine the class of nonlinear systems for which

(2.10) b(g,u) =b(u)g  and  g(q) = ¢,

where b is a function of v and its spatial derivatives. As above, the closure is derived
by first using It6’s formula,

2
dg? =2q;dg; +1 = fa(u)aa% dt + 2b(u)q? dt + 2q, AW, + dt,
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and then averaging:

D Blg?) = ~a(u) 2 Ela?) + 2b(u) Blg?] + 1

The resulting PDEs that govern (u,c) are
ou

nizf(uac)a

(2.11) ot
9 1 o) 2 = ab(u)e+ 1
@t alu 81; = u)c .

3. Error analysis. The Brownian simulation (2.9) provides approximations
Ui(z), Cy(x) to the solutions u(zx,t), c(x,t) of (2.7). We define the errors

6¢(z) = Up(z) — u(x, t) and 6¢(z) = Ci(x) — c(x, t).
In the semilinear case (2.10) the errors are governed by the system of equations

nddy = [f(u+6,c+67) — f(u,0)]dt,
0(c+ 65) dc
—— —a(u

At = alu) 5| db = 2[(b(u+ ) — blu))e + blu + 8})5¢] dt

dss + [a(u+ %)
9 N
+ % ;Q; AW},

The error analysis is complicated by the fact that the processes Q! are dependent.
To bypass this difficulty we introduce a set of auxiliary stochastic processes qi, which
are independent realizations of the process ¢;, driven by the same noise processes as
the Q%, namely,

i
(3.1) dg; + a(u)% dt = b(u)q; dt + dW.

The deviations between the weakly dependent and the independent processes, 631 =
Q} — qy, satisfy the system of equations

a6

dé?i + 5

a(u+ 6;)

+ (a(u+ 8% — a(w)) gﬂ dt
(3.2) x

- [b(u + 6967 + (b(u + %) — b)) qg} dt.

Substituting Q¢ = qi + 631 into the equation for 67 yields

(3.3)
déy' = [f(u+ 6, c+67) — flu, )] dt,
O(c+67) alu Oc

d&f-l—{a(u—i—&f) S —a(u)5-

] dt = 2 [(b(u + 6%) — b(w))c + b(u + 89)6¢] dt

oL, o2 XL
+qugdwg+NZ<53 AW},

=1 i=1
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Equations (3.1)—(3.3) govern the evolution of the errors. They do not form a closed
system because they also depend on the exact solutions u(z,t), ¢(x,t).

Since we expect (mean) errors to scale like N —1/2 for large N, we introduce the
normalized errors,

A= VN6,  AS=VN6&, and A = VN6

We then Taylor expand the functions f, a, and b about u, ¢, and ¢! and reorganize
the equations for the normalized errors in powers of 1/v/ N,

of of 1
Au: _— Au - AC ==
dA; [au(u,c) L+ ac(u,c) t+\/NRy] dt,
AC
a0 + | LAy + a(w) 2L at = 2 (bw)AS + o (w)AY) dt
or Ox
2 Y 1
+ —= ¢dW}! + —dR.
NI A
o4 RIN

dAgi + a' (u) Ay + a(u)

) i 1
‘| dt = [qzb%u)A;‘ + b(u)Ag } dt + ﬁRq dt,

where the residuals R,, R., and R, are quadratic expressions of A¥, A¢, and their
spatial derivatives; the first-order derivatives of f, a, and b are linear differential

ox oxr

operators acting on A%, A¢, and AY .
To leading order in powers of 1/v/N the errors satisfy the linearized stochastic
system

(3.4)
u | Of u , Of c
dA} = [3u (u, ) A} + Be (u,c)At} dt,
de OAS 2 &
c u t o c u 7 7
aa; + [a%u) o ¥+ alw) 2 ] W= 200N+ O] A+ 5D dfawy

with ¢f defined by (3.1). The omission of the higher-order terms as N > 1 can
be justified by a formal asymptotic analysis for the corresponding Fokker—Planck
equation.

System (3.4) is a nonautonomous linear stochastic system for the normalized
errors Ay and Af. The explicit time dependence stems from the dependence on
the (deterministic) solutions u(x,t) and ¢(x,t). Henceforth we restrict ourselves to
stationary situations, assuming that u and ¢ are initialized at steady state uso(x),
Coo(z) (assuming that such a steady state exists and that it is stable). Such an
analysis is also relevant to situations in which one is interested in long time behavior.
The treatment of fully time-dependent cases is, in principle, not much harder.

A natural quantifier of the error is the mean-square deviation, e(t), defined by

2(t) = /D [(AF(2))? + (Af(2)?] da

Our goal is to minimize e(t) with respect to the choice of noise correlation operator @
and initial data correlation R. In general, the optimal correlation operators depend
on the target time.
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4. Abstraction. To simplify notation, we consider an abstract version of the
linear stochastic system (3.1), (3.4) at steady state,

1) d, = @Wffgdm

dq. = B(q}) dt + dW}, 1=1,...,n,

where & = & (z) represents the vector of errors (A¥(x), A¢(x)) and A, B are linear
differential operators. This system is supplemented with initial conditions

50:03 Q6:q0a

where ¢o is an H-valued random variable with correlation operator R, satisfying
E[g3] = coo- The “error” & is given by the It6 integral

1 Xt
&= — / A=) gl awi,

The mean error is thus given by

- ]E/ € (2) da

_l A(t 9 ( D A=) (o g
-~ / / (¢idW7) | (¢}, dw?)

3,7=1

7f2// (A0 (W), ) (gl )
// A(t— s) (qsdWy), A(t—s/) (qs/dW5/)>d$,

where in the passage from the second to the third line we used the fact that the W}'’s
(and correspondingly the ¢!’s) are independent, and in the passage to the fourth line
we used the fact that they are identically distributed, setting ¢; = ¢} and W, = W},

As a first step toward the minimization of the error, we express the error in terms
of the correlation operators Q and R. We denote by H the Hilbert space of H-valued
stochastic processes (see Appendix B). Let (e;) be an orthonormal basis in H; then

~_—

AW, = (dW,, ex) ek,
k=1

where the series converges in H. Substituting this expansion into (4.2) gives

Z/ / A(t s) )’eA(t—S') (q3'€j)> E [(dWs, e;) (AW, ;)]

= Z/ A(t ) (gsei) , 07 ((Jsej)> Qij ds,
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where for every operator T : H — H we denote T;; = (e;, T e;). Expanding ¢se; and
gse;j in the orthonormal basis we obtain

e(t)

.9,k

t

S [ (A e A B (g ) (s )] Qs ds
0
t

Z / Kii(t — ) E [(gs, eiex) (g5, ejer)] Qij ds,
ig,kl 70

where
K(t) = eA et
Next, expanding the products e;er, and e;e; in the orthonormal basis,
t
e(t) = Z / Kii(t — s) (Cor(gs))mn (€m, €i€k) {en, ejer) Qi ds.
i,7,k,l,m,n 0

We further simplify this expression by defining for every function f € H the corre-
sponding linear pointwise multiplication operator f, defined by

F@)(@) = f(2)g(=).
Then

e(t) = Z/O (&K (t — 8)é;],, (Cor(qs)) Qi ds.

1,5,k

Finally, since
0=t [P aw,,
0
it follows that (see Lemma B.1)

Cor(qs) = e®*ReP™* + / eBE=1 QB (5=7) gy
0

Substituting into the expression for e(t) we get, after straightforward manipulations,
e(t) = ex(t) + ea(t),

where

e1(t) = Z {/Ot (6B*SéiK(t — s)éjeBS)kl ds] RuQij,

i,9,k,1

t ps
ea(t) = Z |:/(; /O (eB*(S_T)éiK(t _ s)éjeB(s—T))kl dr ds:| leQij.
©,9,k,l

It follows that we can express the total mean error in the following compact form:

e(t) = Tr[My(t) (R® Q)] + Tr [Ma(t) (Q ® Q)]
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where the operators M (t) and Ms(¢) are (formally) defined by
(Mi(t))7, —/ (e éK(t—s)éje )kl ds,

) —// BT K (t — 5)éeBlm T)> ldrds.

A comment on notation: the tensorial operator R ® () is defined on the Hilbert
space H ® H, which consists of formal linear combinations of the form

0o
E aijei ®€j,

i,7=1

(4.3)

and the inner product is dictated by the requirement that the set e; ® e; is an ortho-
normal set. For any element e; ® e; € H® H, (R® Q)(e; ® e;) is defined by

(R ® Q)(ez ® ej) = R(el) ® Q eJ Z Rsz]lek ® ey.
k,l=1

The operators M (t) and Ms(t) are operators on H ® H, defined via
MLQ( ez®ek Z M12 klej®el.

Finally, the trace of the linear operator M; 2 on H ® H is defined by

o0

Tr Mo = Z (M2)i%
ik=1

To conclude, the mean error at time t is given by the following expression:

Tr [Mi(t) (R® Q)] + Tr [Ma(t) (Q ® Q)] = F(t, R, Q).
We have thus explicitly expressed the error in terms of the correlation operators.

5. The optimization problem. To rigorously define an optimization problem
that minimizes the error F'(¢, R, Q) we need to specify the sets in which the correlation
operators R and @ take values.

The correlation of the Brownian process. We denote by 2 the set of all correlation
operators ) corresponding to standard Wiener processes, i.e.,

(5.1) 2 ={Q : there exists an H-valued standard Q-Wiener process} .

The set of correlation operators of H-valued Wiener processes coincides with the cone
C(H) of symmetric, self-adjoint nuclear operators (see Appendices A and B). The
requirement that the process be standard implies that

(5.2) 2={QeC(H): kg(z,z)=1 ae},

where kg is the kernel of @,

@t = [[ rolzn o) dyaz.
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The correlation of the initial data. Similarly, we denote by Z the set of all
correlation operators R compatible with the initial state of the H-valued random
variable qq, i.e.,

(5.3) Z={RecC(H): kr(z,r) =coo(x) a.e.}.

Optimization. We are looking for the correlation operators Q € 2 and R € #
that minimize the error F(t, R,Q). There is no guarantee, however, that such a
minimum exists, as the domains 2 and % are not compact (in all natural topologies).
Thus, there may be no optimal choices of correlations, and one has to modify the
optimization problem as follows: find sequences of operators (Q,) C 2 and (R,) C Z
such that
(5.4) nlgréo F(t,R,,Qn) =inf{F(t,R,Q): REZ, Q< 2}.

EXAMPLE 5.1. In this context, the noise correlation associated with CONNFFESSIT
[12] does not correspond to a Q-Wiener process but rather to a sequence of such pro-
cesses. Consider the sequence of finite rank operators

1
(5.5) Qn = —In,
n
where I, is the identity on the linear span of e, ..., e,; a Brownian simulation driven

by a Q,-Wiener process can be viewed as an approximation to CONNFFESSIT.
Although each of the @Q, belongs to the set of admissible correlations 2, we have
Qn — 0 ¢ 2 in the Hilbert—Schmidt topology, and Q,, does not converge at all in
the space of nuclear operators. Hence the domain of the optimization problem is not
closed.

ExXaMPLE 5.2. Consider the sequence of finite-dimensional “alternating” opera-
tors, defined by

n

S (-1 (e e

ij=1

Qn:

While Q,, € 2 for every n, this sequence is unbounded in the norm topology, i.e.,
|Qnll — oo. This demonstrates that the domain of optimization 2 is also unbounded.

6. Finite-dimensional approximation. Except for very simple situations, the
optimization problem (5.4) cannot be solved analytically. In this section, the infinite-
dimensional optimization problem is approximated by a finite-dimensional optimiza-
tion problem, which is shown to be solvable by standard methods. See Appendix A
for relevant background on operators in Hilbert spaces.

The approximation is based on the following steps:

1. The target function

(6.1) F(t, R, Q) = Tr[My(t)(R @ Q)] + Tr[M2(£)(Q @ Q)]

with fixed ¢, is shown to be continuous in the Lo(H) x Lo(H) topology.
2. Sequences of sets of finite-dimensional operators %, C %, 2, C 2 are
introduced such that

(6.2) UX,2,=2 and U, %, =%,

where the closure is with respect to the Ly(H) topology.
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3. For every n, the optimization problem (5.4) is altered with Z and 2 replaced
by %, 2,. The optimal error obtained from the n-dimensional optimization
problem is

en =Inf{F(t,R,Q): RE€ Xn, Q € 2,}.
It is shown that
lim e, =eop =inf {F(t,R,Q): R€ %, Q € 2}.

4. Tt is shown that each n-dimensional optimization problem can be solved by a
standard algorithm.

1. Continuity of F. The target function F'(t, R, Q) can be reorganized as follows:
for a nuclear operator T € Li(H), we consider the family of operators Pr(t),
(formally) defined by

(Pr(s,t))ij = Tr [TeP*¢; K (t)é;e*]

where, as before, K (t) = e teAt. Substituting the expressions for M (t) and
M>(t) and reorganizing summations we obtain that

F(t,R,Q) = / Tr[Pr(s,t — s)Q]ds + /0 /08 Tr[Po(t —r,t — s)Q] drds.

0

Since the mapping T' — Pr is linear, then for Q1,Q> € 2 and R1, Ry € Z,
t
F(t.Ro,Qa) = F(t.R1.Q1) = [ TelPan(sit -~ 5)Qalds
0
t
+ / Tr[Pg, (s,t — s)AQ] ds
0
t s
+ / / Tr[Pag(s —r,t — $)Q2] dr ds
0Jo

t ps
+ / / Tr[Pg, (s — 7t — s)AQ] dr ds,
0 Jo

where AQ = Q2 — @1 and AR = Ry — R;. By (A.2) the trace of a product
is bounded by the product of the Lo(H)-norms, and by (A.1) Ly(H) is a
two-sided ideal in L(H). Hence

t
\F(t, Ra. Qo) — F(t, R, Qu)] < / | Par(s,t — )]l Qall2 ds

0
t

+ [ 1Pt = s)lellaQ ds
0
t s

+// |Pag(s — .t — 8)2l|Qall2 dr ds
0J0

t ps
+ / / | P, (s — 7.t — s)|l2]| AQ||2 drds.
0 Jo
Our goal is to show that this can be bounded by an expression of the form

|F(t, B2, Q2) = F(t, R1, Q1) < m([AR[l2 + [AQ]J2),
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where the constant m may depend on ¢, Ry, @1, and )2, as well as on the
operators A, B. To complete the proof of this assertion, it is sufficient to show
that for every S € Lo(H),

sup || Ps(s,t)[l2 < ma [|S][2.
0<s,t<T

This requires mild assumptions on the operators K (t) as shown in the follow-
ing lemma.
LEMMA 6.1. Suppose that K(t) is of the form

K(t)f = /D ki (o9, 0) ) dy,

and kg (x,y,t) is a continuous function of its arguments. Then for every
operator S € Lo(H),

1Pslly < mal[S]2,

where M1 = SUPp2 (o1 |kx (2, y,t)| - maxjo 7 lleBs2.

Proof. Since Ly(H) is a two-sided ideal in L(H), then eB5SeP™s € Ly(H)
and

leP2SeB 2|y < [|eP*)12(|S |2

Moreover, the operator e?*SeP ¢ can be represented as an integral opera-

tor with kernel ks € L2(D?) with |[eP*SeP"*||y = ||ks| 12(p2) (see Proposi-
tion A.2). Substituting this representation,

(Ps(s,t))i; = Tr[eP*SeB ¢, K (t)é;]

= i <GBSS€B*SéiK(t)éjek7 6k>

k=1

(6.3) oo
-3 / / /D ks (e, y)es (ki (o, 2)es (2)ex(2)er () dz dy de

= [ kst e @) do

where in the last equality we used the identity

> en(@)er(y) = 8z —y).

k=1
It follows that the operator Ps has the explicit representation

Ps(t)f = [ ks, el 007 (0)
D

Finally, as kx is continuous, Ps is a Hilbert—Schmidt operator with

[1Pslly < mallkslpzpzy < mallS]ly- O

To conclude we have shown the following.
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PROPOSITION 6.2. If K(t) is a Hilbert-Schmidt operator with a continuous
kernel, then there exists a constant m that depends on t, A, B, R1,Q1, Q2 such
that

|F'(t, R2, Q2) = F(t, Ri, Q1) < m([AR[l2 + [AQ]J2),

which implies that F(t,-,-) is continuous in the Lo(H) x La2(H) topology.

2. Construction of the approximating sets. We next construct the sequences of
sets 2, Z,. We first start with 2,,: Consider a uniform partition of D into n
intervals of size | D|/n; we denote the jth interval by I; and the corresponding
indicator function by x;. We define

2, = {Q € 2:ko(x,y) = Z az‘in(x)Xj(y)} ,

4,j=1

that is, operators ) € 2 that have a correlation function k¢ that is piecewise
constant with respect to the partitions.

PROPOSITION 6.3. UP%, 2, = 2, where the closure is in La(H).

Proof. We show that for every Q € 2 there exists a sequence of operators
Qn € 2, that converges to ) in the Hilbert-Schmidt topology. Let x; € I;,
j =1,...,n, be n points for which kg(x;,x;) is well defined for any 1 <
1,7 < n. (See Proposition A.3 for the existence of such set.) Let @, be the
n-dimensional operator defined by

Quf() = /D Ko, () () dy,

where

n

ko, (@,y) = Y ko, 2)xi()x; (v);

ij=1

ie., kg, is asimple function formed by a sampling of kg at the points (z;, ;).
We now show that for every n, @, € 2,, and that @, — @ in the Hilbert-
Schmidt topology. Note that kg, is a piecewise constant function, and

n

kg, (z,z) = Z k(i x5)xi(@)x; () = kg(2s, m4)XE(2) = 1,

where I is the unique interval for which x € I,. By Proposition A.3, there
is a representation

bo(e.s) = [ 1w 2)l(w.2) dz,
D
where [ is in L?(D?). It follows that
kqg, (x,v) :/ In(x, 2)ln(y, 2) dz,
D

where 1, (z,y) = >." l(z;,y)xi(z). Consequently, @, is nonnegative and
self-adjoint. The convergence of @, to @ in the Hilbert—Schmidt topology
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follows immediately from the convergence of kg, to kg in L?*(D?) and from
Proposition A.2. 1]

To define the sequence %,,, we introduce an invertible mapping g : 2 — %
defined by its action on kernels,

9 kola,y) — 2 (@)kq(z,y)c (y).

We now define

In ={9(Q) : Q € 2n},

which is indeed a subset of % consisting of n-dimensional operators. Given
R € Z, we set R, = g(Q,,), where Q,, € 2,, converges to Q = g~ *(R). The
convergence of R, to R follows from the fact that the mapping g is continuous
with respect to the Hilbert-Schmidt topology, as long as [|¢x||,, < oo. This
proves the second part of (6.2).

. Convergence. Given n, we consider the following finite-dimensional optimiza-

tion problem:
(6.4) Find Q,, € 2,, and R,, € %,, that minimize F(¢, R, Q).

The minimum always exists since F' is continuous with respect to R, @ and
PR, 2., are compact. The optimal error with respect to the finite-dimensional
optimization problem is

en, =min{F(t,R,Q): R€ %, Q € 2,}.

PROPOSITION 6.4. e, converges to €qpt.
Proof. The proof follows immediately from (6.2) and the continuity of F. O

. The finite-dimensional optimization problem. We reformulate the finite-

dimensional optimization problem (6.4) in matrix language; every operator
S with Im S C L,, = Span{x1,...,Xn} corresponds to an n-by-n matrix [S]
defined by

[Slij = n{xi; S x;) -

The mapping S +— [S] is an isometry between the linear space of operators
T : L, — L, with the Hilbert-Schmidt topology, and M, (R), endowed with
the Frobenius norm,

2 _ 2
A1 = > A3

,j=1

Under this isometry, the set of operators 2,, corresponds to a set of matrices
2" ={[Q] : Q € 2,}, which coincides with the set of all nonnegative, sym-
metric n-by-n matrices [@Q], such that [Q];; = 1/n for 1 <14 < n. Since every
operator R € %, is of the form R = g(Q), where Q € 2,,, the corresponding
matrix is therefore defined by

(Rl = D2 [Ql (e82xi ) (el x) = B2Qa%, g =1,...m,
k=1
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where as before écl)f is a multiplication operator. The finite-dimensional

optimization problem can be formulated alternatively in matrix form.
PROPOSITION 6.5. Let R € Z, and Q € 2,,. Then

(6.5) F(t, R, Q) = Tr [l M (H)IL,][R] @ [Q]] + Tr [[IL, My ()L, ][Q] © [Q]],

where II, is the orthonormal projection from H ® H into L, ® L,,.
Proof. We complete the orthonormal set \/nx1,...,/nx, into an orthonor-
mal basis (e;) in H. It follows that for every 1 < i,j < n,

Qij = (Qej,e;) = n(Qxi, xj) = [Qlij-

Consequently, R;; = [R];; for 1 < i,j < n and R;; = 0 otherwise. As
Im R, Im @ C L,, the first term on the right-hand side of (6.1) is

oo

> (Mi(t)ei @ejex @er) RijQu = Y, (Mi(t)ei ® ej,ex ® er) RijQu
i g kl=1 g,k =1

— Z (Mi(t)e; ® ej, e ® er) [R)i;[Qlri
ijkl=1

PDIRCAOFCEIEN
= Tr ([T, My ()T [R] @ [Q]] -

The second term is treated similarly. |

Consequently, the finite-dimensional optimization problem is equivalent to
solving the following problem: find [Q] € 2" and [R] € #™ that minimize
the function

(6.6) F(t,[R],[Q]) = Tr ([IL, My ($)IL, ][Rl [Q])+Tr ([l M2 ()11, ][Q]]Q]) -

The optimization problem (6.6) can be identified with a convex optimization
problem in R"" of the following general form:

Minimize f(z,y) =y’ Az + y By,
where A, B are matrices Mn(R”4)7 subject to the nonlinear constraints
rEeA, y e 2™

This problem is solvable via standard algorithmic methods (see Appendix C).

7. Examples. In this section we examine two model problems. The goal of
these examples is to demonstrate how our formalism applies in specific situations, as
well as to get more insight into the relation between differential operators and noise
minimizers.

7.1. A linear advection equation. Consider a function c¢(z,t), x € [0,1],
governed by the linear first-order PDE

dec  Oc
a+%—*26+1,
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with periodic boundary conditions and initial condition ¢(z,0) = ¢o(x). While the
use of Brownian simulations for this problem is senseless, we provide this example as
a toy model for our formalism, since it is fully solvable by analytical means.

In the stochastic setting, ¢(z,t) can be expressed as

c(x,t) = Elg7],

where ¢; is governed by the SPDE

dgs + 0 4y _ —q, dt + AW,
oz

with initial conditions that are consistent with the initial data ¢p = 1/2 and periodic
boundary conditions. The Brownian simulation scheme takes the form

N

1 \2
Ct:N;(Qt) ;
in__<aQt )dt+dW§, i=1,...,N.

Unlike in the general case, the Q! are independent. Since no linearization is required,
the normalized error, Af(z,t) = /n(C(z) — c(x,1)), is governed by the system

c 5)A§ 2 . i 7
dAt:_(@:c t)dt+m;Qtthv

dQ;’:—(an )dt+dW§, i=1,...,N.
In the notation of (4.1), the operators A and B are given by
0 0
A=-2] — — B=-1——
oz’ oz’

where I is the identity operator.
Take, for example, M;(t), which is given by (4.3). In the present case,

(M (£)% = e / /ez z + 8)e;(z + 8)en(x)ey(x) dz ds,

where z + s is to be taken modulo one, and (e;) is an arbitrary basis in H. Thus, the
first term of the mean error reduces to

¢ 1
Tr[M;(t)(R® Q)] = e~ /0 e%s /0 kr(z+ s, + s)kg(z,z) dz ds

2t
(e -1
- ().

where we have used the fact that kg(z,z) =1 and kg(z,z) = 1/2.
Similarly,

Ti[Mx(H)(Q® Q)] = ¢~ <€2t2_ 1)
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CONNFFESSIT: time=20 n=32 N=2000

2
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Mean error = 1.0628
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Fi1G. 7.1. Numerical solution of system (7.1) discretized on an n = 32-point mesh and using
N = 2000 random fields. The correlation operator is of CONNFFESSIT type, represented by an
n-by-n correlation matriz with entries [Ql;; = nfléij. The graph on the left shows the exact solution
c(z,t) at time t = 20 (solid line) along with the approzimate solution C¢(x) (dots). The graph on
the right shows the time evolution of the normalized error (7.3).

It follows that the error is independent of the correlations of the noise and the initial
data. This is not surprising, since the dynamics can be represented as uncoupled SDEs
along characteristics, and hence the evolution on a given characteristic is unaffected
by the noise of another characteristic. Therefore the error is affected only by the
diagonal elements kq(z,z), kr(z,z) of the correlation functions, which are fixed by
the constraints.

7.2. An integral equation. The next example is the integral system given in
Example 2.1. The corresponding Brownian simulation is

Ut(l') = —Ct(ac) + Ct,
1L
(71) Cilw) = 3 3 (@)™
AQi(x) = 5 (s(2) + Usla) — 1) Q4 di + W},

where z € [0, 1] and for every function f, f = fo x)dz. Ast — oo, the deterministic
solution (u,¢) converges to the attracting steady-state solution (uoo, Coo), given by

Uoo = —Coo F Coo)s

—koo + VK2 + 1,

(7.2)

Coo

with ke = %(1 —5—C)-

Figures 7.1 and 7.2 show simulation results of this system discretized on an n = 32-
point mesh and using N = 2000 random fields. The initial conditions are taken to be
deterministic: Q¥ (z) = 1. Figure 7.1 corresponds to a CONNFFESSIT simulation,
where the (finite) correlation matrix has entries [Q];; = n~'8;;. The figure on the left
compares the exact solution ¢(z,t) (solid line) and the approximate solution Cy(z)
(dots) at time ¢t = 20. Note how the use of a spatially uncorrelated noise gives rise to
a rough solution. The figure on the right shows the time evolution of the normalized
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BCF: time=20 n=32 N=2000

Mean error = 1.4758

)
a
~
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2
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©
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n||C

Fic. 7.2. Same as Figure 7.1 for a BCF-type correlation operator, represented by an n-by-n
correlation matriz with entries [Q;; = n~1.

€error,

1
(7.3) N/O (c(x,t) — Cy(x))? da.

The mean error oscillates in time at an average value of about 1.06.

In contrast, we display in Figure 7.2 the corresponding graphs for a spatially
uniform noise (BCF); i.e., the correlation matrix has entries [Q];; = n~!. As expected,
the approximate solution remains smooth. The notable difference is the behavior of
the mean error, which assumes a much broader range of values, occasionally becoming
very small but also attaining values as large as 12. The time averaged mean error in
this particular realization is 1.47, i.e., larger than for the spatially uncorrelated noise.
Such a behavior is consistent with earlier studies of the BCF method, where solutions
were observed to strongly oscillate around the exact solution. The events where the
errors are vanishingly small correspond to the approximate solution “crossing” the
exact solution in the course of such oscillations.

We now turn to the error analysis. To linear approximation, the error A§ satisfies
the SPDE

N
AA] = (5 + too — 1 = Coo) A + coc AF + —= > g WY,

1 4 ,
dq; = i(s—i—uoo—l)qzdt—%-de,

so that in terms of the formalism (4.1), the operators A and B are given by

Af:(3+uoo_1_coo)f+coo?7

Note the factor 2 in front of the noise term, which implies that the error e(t) should
be multiplied by a factor of 4.

Our first observation is that both operators A and B are dissipative, which implies
that the entries (M;(t));; decay exponentially in time. Hence, for large enough times
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TABLE 7.1
Normalized error for various mesh sizes: comparison between the (optimal) spatially uncorre-
lated noise and spatially uniform noise.

n CONNFFESSIT | BCF
8 1.197 2.188
16 1.121 2.188
32 1.083 2.188

the error is dominated by the quadratic term es(t). This is of no surprise, as (ergodic)
dissipative systems are insensitive to initial data at long times. The leading error
contribution is thus given by

oo

ex(t) =4 Z (M (4))15,Qij Qe

i,5,k,1=1

where

t s
(Ma(t))% = / / (eB*(s—r)éieA*(t—s)eA(t—s)éjeB(s—r))
0 Jo

Using the fact that the operator B and é; commute, this can be brought to the
following simpler form:

drds.
Kl

ea(t) = 4 Z QijQui (eiex, G(t)ejer) ,

4,5,k 1=1

where
t ps
G(t) fr— / / eB*(S—’I‘)eA*(t—s)eA(t—S)eB(s—’l‘) d,,, dS,
0 Jo

unlike M>(¢), G(t) is an operator on H. The error can be estimated in the limit of
large t. First note that

t t
B*G(t)+ G(t)B = / eB oA (tm8)gAlt=s) o Bs g _ / e (19 A=) g
0 0

Since both A and B are dissipative, the first integral on the right-hand side vanishes
in the limit of large ¢. Multiplying the left-hand side by A* and A, respectively, we
end up with the following system of Lyapunov equations:

(7.4) B*G(t) + G(t)B = F(t),
) A'F(t)+ F(t)A =1, t>1.

We have discretized the system (7.4) as described in section 6 and computed the
optimal correlation @,, for various values of the mesh size. The optimal correlation
was found to be the CONNFFESSIT correlation, [Q];; = n™'é;;. In Table 7.1 we
display the computed values of the normalized error for various mesh sizes and for
both spatially uncorrelated and spatially uniform noise. The computed errors are in
agreement with the simulation results.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



342 RAZ KUPFERMAN AND YOSSI SHAMAI

An insight into why is CONNFFESSIT optimal is obtained by noting that es(¢)
can be represented in terms of the correlation functions,

es(t) = 4 / /D K (2, )k, ) de dy,

where k¢ is the kernel of G(t), which is a distribution rather than a function. Specif-
ically, k¢ is singular along the diagonal and a smooth, positive function off the diag-
onal. It follows that the minimizer kg must vanish outside the diagonal.

8. Discussion. We derived an expression for the mean-square error in Brownian
simulations as a function of the spatial correlation of the noise. We formulated an op-
timization problem for the variance minimizing correlation, and showed that it can be
approximated by finite-dimensional convex optimization problems, solvable by stan-
dard methods. At this point, our analysis is restricted to a class of systems that are
closable and to steady-state situations. Our analysis can easily be extended to time-
dependent situations, with relatively minor technical complications. The extension to
nonclosable systems seems to be more complicated and remains to be done.

This paper exposes a theoretical framework for variance reduction in spatially
dependent Brownian simulations. In practice, one needs to solve a nontrivial opti-
mization problem for each given realization. Our belief is that the optimal correlation
does not depend on the fine details of the problem, but on coarser properties, such as
the type of equations. Understanding the relation between the type of equations and
the optimizer remains an open problem of much interest.

Appendix A. Operators on Hilbert spaces. In this section we review some
basic facts about operators on Hilbert spaces. In particular, we focus on two classes of
operators, namely, nuclear and Hilbert—-Schmidt operators. While all of the contents
of this section can be found in [10], we summarize the facts that are essential to our
analysis.

For a Hilbert space H, the space of all bounded linear operators from H to itself
is denoted by L(H); it is a Banach space with respect to the norm topology. The
subspace K(H) C L(H) of compact operators consists of the closure of the finite-
dimensional operators in the norm topology.

Nuclear operators. An operator T' € L(H) is called nuclear if there exist sequences
(zn), (yn) C H such that

T= <'7yj>mj

1

o0
=

and

oo
D lagllllys I < oo

j=1

The space L1 (H) of nuclear operators is a Banach space with respect to the norm

oo oo
17|y = inf { Do llzilllyl: T=3" <-,yj>$j} :
j=1 j=1

It is a two-sided ideal in L(H), and for T € Ly(H) and S € L(H),
ITS|l < TSI and STl < [T ]IS
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The trace of a nuclear operator T' € Lq(H) is defined by
T = Z (Tej,ej),
j=1

where (e;) is an orthonormal basis in H. For every nuclear operator, this sum con-
verges and is independent of the choice of orthonormal basis.

A subset of the nuclear operators that is of particular importance is the cone C(H)
of nonnegative, self-adjoint nuclear operators. For every T' € C(H) the Li(H)-norm
and the trace are in fact equivalent, namely,

TeT =|T]h.

Hilbert-Schmidt operators. An operator T € L(H) is called Hilbert-Schmidt if,
for some orthonormal basis (e;),

> ITej)? < o
j=1
The space Lo(H) of Hilbert—Schmidt operators is a Hilbert space with the inner
product
(T, 8)y =Tr(T"S).

The corresponding norm is denoted by || - ||2. The space of Hilbert—Schmidt operators
is a two-sided ideal in L(H), and for T' € Lo(H) and S € L(H),

(A1) ITSll2 <[[Tll2 S| and  [[ST(l2 < [Tl [|S]]

Nuclear operators can be characterized by the following statement.
PROPOSITION A.1l. An operator T € L(H) is nuclear if and only if there exist
operators Ty, Ty € Lo(H) such that

T="T\1T5
and
(A.2) 1T < [[T1]]2/|T2[2-

Moreover, a nonnegative, self-adjoint operator T € L(H) is nuclear if and only if
TY?2 is Hilbert-Schmidt and

Tl = 1723
In particular, every nuclear operator is a Hilbert—Schmidt operator. In fact,
Li(H) C Ly(H) C K(H),

and Li(H), La(H) are dense subsets of K (H) with respect to the norm topology.

Now consider the particular case which is considered in this paper, where H =
L?*(D) with D C R a bounded interval. Then Hilbert-Schmidt operators can be
characterized by the following statement.
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PROPOSITION A.2. An operator T € L(H) is Hilbert—Schmidt if and only if there
exists a kernel kr € L?(D?) such that

Tf = /D k(o) fy)dy,  f e H.

Moreover, the mapping T+ kr is an isometry, that is, | T|l2 = ||kr||2(D2)-

The characterization of nuclear operators stated in Proposition A.1 can be refor-
mulated in terms of kernels.

PROPOSITION A.3. An operator T € Lo(H) is nuclear if and only if there exist
kernels ki, ko € L?(D?) such that, for almost every x,y € D,

kT(a:,y):/Dkl(a:,z)kg(y,z)dz.

Moreover, if T € C(H), then one can take ki = ks.
In particular, the kernel of an operator T' € Ly (H) is defined almost everywhere
on its diagonal by

k:T(:E,x):/Dkl(x,z)k:g(a:,z)dz.

Moreover, it is integrable on the diagonal, and
cT = / kr(z,z)dz.
D

Appendix B. Hilbert space-valued stochastic processes. The notion of a
Hilbert space-valued stochastic process is a generalization of a stochastic process in R™
and plays a fundamental role in the theory of SPDEs. Its correlation, rather than being
a matrix, is a linear operator in H. In this section we briefly review the definitions
and properties of Hilbert space-valued stochastic processes, and, in particular, Hilbert
space-valued Wiener processes, together with the associated stochastic calculus. We
focus on H = L?(D), where D is a finite interval in R.

An H-valued random variable is a measurable function X (w) : @ — H. For a
given pair of H-valued random variables X and Y, the correlation operator, Cor(X,Y),
is defined by

Cor(X,Y)(f) =E[X, /) Y],  feH.

The autocorrelation operator of X is Cor(X, X); it is a nonnegative, symmetric nuclear
operator (see Appendix A).

An H-valued stochastic process is a measurable function X¢(w) : [0,T] x Q@ — H
such that, for every ¢ € [0, 77,

t
E/ 1X,]1% ds < oo.
0

We denote by H the Hilbert space of all H-valued stochastic processes, endowed with
the inner product

(X, Y) g =1E/T (X,,Ys) ds.
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We will often abuse notation, denoting by |- || and (-, -) the norms and inner products
of both spaces H and H, as long as it remains clear from the context.
Now let @ be a bounded operator in H. An H-valued stochastic process W, is a

Q-Wiener process if the following hold:

1. Wy =0.

2. W; has continuous trajectories.

3. Wy has independent increments.

4. For every t > s > 0, W, — W is a zero mean Gaussian H-valued random

variable with autocorrelation (t — s)Q.

As tQ is the autocorrelation of Wy, it follows that

]E[<Wtaf><thg>]:t<vag>v fvgeHa

and
E[W.|* = TrQt,

which implies that Q € C(H).

Given an operator Q € C(H), a Q-Wiener process can be constructed by tak-
ing a sequence of mutually independent real-valued Wiener processes, (W}), and an
orthonormal basis (ex) in H, and by setting

(B.1) Wi => WFQY?(ex).
k=1

For a detailed proof of the above statement, we refer the reader to [5].

In the case of H = L%(D), it is often more convenient to associate a correlation
function with a Q-Wiener process, rather than an operator: for almost every x,y € D,
define kq(z,y) by

Fa(w,9) = EIW(2)W(y)]

One can easily verify that the correlation function k¢ is a symmetric function with a
nonnegative diagonal such that

/D2 kQQ(x,y) dzx dy < oo,

and that it is the kernel corresponding to the correlation operator,

Qf(x) = /D kol 1) £ (y) dy.

An H-valued Q-Wiener process W (¢) is said to be standard if, for almost every z € D,
kg(z,z) = 1.

The stochastic integral. The H-valued It6 integral can easily be constructed using
the representation (B.1) of the @Q-Wiener process as a series of real-valued Wiener pro-
cesses. In general, the stochastic Ito integral takes values in another Hilbert space H’.

Let L(H, H') denote the space of all bounded operators from H to H'. A stochas-
tic process g : [0,T) x Q — L(H, H') is said to be adapted to an H-valued Q-Wiener
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process W, if, for every ¢, g(t) is measurable with respect to the Brownian filtration
up to time t. Let ex be an orthonormal basis of eigenfunctions of (), and let Ay be the
corresponding eigenvalues. We then define the It6 integral of g with respect to W; by

t S = 3 t S & k
(.2) [t awe =32 [ ats) (VAwes) aw

where the series is convergent in H’. For a detailed proof of the above statement, see,
e.g., [9].

Stochastic calculus in Hilbert spaces can be based on the series representation of
the Q-Wiener process combined with the stochastic calculus for real-valued Wiener
processes. A straightforward application is the following proposition.

PROPOSITION B.1. Let W; be an H-valued Q-Wiener process, and let X}, X? be
two stochastic processes of the form

t
X;‘:/ gi(s) dWs, i=1,2,
0

where g; are adaptable processes in L(H). Then the correlation function of X}, X? is
given by

min(t1,t2)
E(X7,X;)= IE/O Tr[g1(5)Qgs(s)] ds.

We proceed by stating the Hilbert space versions of 1t6’s isometry and It6’s for-
mula, which play a fundamental role in stochastic analysis. See [5] for detailed proofs
of these statements.

THEOREM B.2. Ité’s isometry. For any adapted process g : [0,00) — L(H),

2

| [ | =& [ miger )

Note that the left-hand side is a square of a norm in H, whereas the right-hand
side is a square of a trace norm in H.

THEOREM B.3. [t6’s formula. Let F': H — R be a differentiable function such
that its partial derivatives VF and V2F are uniformly continuous on bounded subsets
of H. Consider the H-valued stochastic process X (t) defined by the SDE

dXt = Q(Xt, t) dt —|— th,
which is a shorthand notation for
t
Xt = XO + / CL(XS7S) ds + Wt-
0
Then
1
dF(X;) = (VF (X,),dX;) + 5 Tr [V2F (Xy) Q] dt.

As an application, consider the case where H = L? (D) and F : R — R. Then
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AF(X,) = F/(X)dX, + 5 Tr [P (X)Q] di

1
= F'(X:)dX; + 5F”(Xt) Tr Q dt.

Appendix C. Semidefinite programming. Semidefinite programming is a
class of convex optimization problems, which consist of minimizing a real-valued linear
function F', defined on Sy, the cone of nonnegative, semidefinite d-by-d matrices, and
subject to some additional affine constraints. A canonical formulation for semidefinite
programming (SDP) optimization problems is the following:

Minimize F(X) = Tr[RX]

C.1
(C.1) subject to AX = B, X e Sy,

where R, A, and B are given matrices.

The nonlinearity of the optimization problem (C.1) arises from the nonlinear
geometric structure of S3. This nonlinear constraint X € Sy can be represented
alternatively by a collection of d algebraic inequalities,

(C.2) det X* >0, i=1,...,d,

where X denotes the ith principal submatrix of X, together with the linear constraint
of symmetry,

X =xT.

The standard algorithm for solving (C.1) can also be applied to convex functions
F(X). Tt consists of constructing a sequence of feasible (i.e., compatible with the
constraints) points X,, that converge to an optimal solution X,,;. To impose the
nonlinear constraints (C.2), one minimizes F' + @€, rather than F itself, where ®¢(X)
is a one-parameter family of barrier functions, each of which diverges as X tends to
the boundary of Sy3. More explicitly, ®€ is a logarithmic barrier function, defined by

(X)) = —eZlogdet(Xi), t>0.

When ¢ is small, an optimal solution of (C.1) is close to an optimal solution of (C.3),
with F' replaced by F'+ ®°. Formally, every € > 0 results in an optimal solution X¢,,
called a central path solution, and X, arises as a limit of the central path solutions
as € — 0. The optimization problem (C.1) is therefore reduced to an optimization
problem depending on a parameter e:

Minimize F(X) + ®¢(X)

(C.3) T
subject to AX = B, X=X".

The optimization problem (C.3) can be solved with a standard Newton method. For
further reading about SDP algorithms, see [2].

REFERENCES

[1] R. B. BirD, R. C. ARMSTRONG, AND O. HASSAGER, Dynamics of Polymeric Liquids, Vol. 1,
John Wiley and Sons, New York, 1987.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



M.

M.

RAZ KUPFERMAN AND YOSSI SHAMAI

. Boyp AND L. VANDENBERGHE, Convex Optimization, Cambridge University Press, Cam-

bridge, UK, 2004.

. J. CHORIN, Numerical study of slightly viscous flow, J. Fluid Mech., 57 (1973), pp. 785-796.
. CONSTANTIN, Nonlinear Fokker-Planck Navier-Stokes systems, Commun. Math. Sci., 3

(2005), pp. 531-544.

. DA PRATO AND J. ZABCZYK, Stochastic Equations in Infinite Dimensions, Cambridge Uni-

versity Press, Cambridge, UK, 1992.

. FEIGL, M. LAso, AND H.-C. OTTINGER, CONNFFESSIT approach for solving a two-

dimensional viscoelastic fluid problem, Macromol., 28 (1995), pp. 3261-3274.

A. HuLseN, A. P. G. vAN HEEL, AND B. H. A. A. VAN DEN BRULE, Simulation of viscoelastic
flows using Brownian configuration fields, J. Non-Newton. Fluid Mech., 70 (1997), pp. 79—
101.

. JourpAIN, C. LE BRris, AND T. LELIEVRE, On a variance reduction technique for micro-

macro simulations of polymeric fluids, J. Non-Newton. Fluid Mech., 122 (2004), pp. 91—
106.

. KARCZEWSKA, Stochastic integral with respect to cylindrical Wiener process, Ann. Univ.

Mariae Curie-Sklodowska Sect. A, 52 (1998), pp. 79-93.

. Karo, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin, 1966.
. KEUNINGS, Micro-macro methods for the multiscale simulation of viscoelastic flow using

molecular models of kinetic theory, in Rheology Reviews, D. M. Binding and K. Walters,
eds., British Society of Rheology, 2004, pp. 67-98.

LAso AND H. C. OTTINGER, Calculation of viscoelastic flow using molecular models: The
CONNFFESSIT approach, J. Non-Newton. Fluid Mech., 47 (1993), pp. 1-20.

. C. OTTINGER, B. H. A. A. VAN DEN BRULE, AND M. A. HULSEN, Brownian configuration

fields and variance reduced CONNFFESSIT, J. Non-Newton. Fluid Mech., 70 (1997), pp.
255-261.

. TALAY, Probabilistic numerical methods for partial differential equations: Elements of anal-

ysis, in Probabilistic Models for Nonlinear Partial Differential Equations, Lecture Notes in
Math. 1627, D. Talay and L. Tubaro, eds., Springer, Berlin, 1996, pp. 148-196.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


