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Abstract

In this paper we present a numerical stability calculation for steadily rotating spirals in an excitable medium. While
experiments, as well as numerical simulations of two-field reaction—diffusion models have shown the existence of a Hopf
bifurcation from steady rotations to a meandering state, all the analytical approaches so far have failed to predict this transition.
This mismatch between analysis and simulations raises the question whether meandering critically depends on the finite
diffusivity of the interface separating between the excited and the refractory phases. Our calculations show that this is not the
case. The meandering transition takes place even in the limit of an infinitely sharp interface. The boundaries of the meandering
transition as function of the model parameters are traced. We discuss possible explanations for the failure of previous analytical
approaches.

1. Introduction

The study of spiral patterns in excitable media has been the focus of considerable attention in recent years (for a
review, see [1]). Much progress has been achieved in this area through the use of simulations [2-4], the analysis of
various limiting cases [5-8], and most recently, the numerical solution of the steady state problem [9-11]. Spirals are
relevant not only in the context of chemical reactions, such as the famed Belousov—Zhabotinskii reaction [12,13],
but also in various biological systems, such as electrical conduction in heart tissue [14], and aggregation of the slime
mold [15].

Spirals exhibit a wide range of interesting dynamics. In particular, simulations reveal a Hopf bifurcation from
steady-state rotation to meandering as some of the control parameters are varied. In the steady state, the spiral
tip rotates at constant frequency about some fixed point. In contrast, the meandering state is a compound rotation
where the distance of the tip to the center of rotation oscillates periodically. By simulating the model near the
transition point, Barkley [2] and Karma [3] were able to demonstrate the Hopf nature of the transition and calculate
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the unstable eigenmode. Subsequently, Barkley [9] directly demonstrated the Hopf nature of the bifurcation from a
numerical stability analysis.

There remain, however, many open questions regarding this transition to meandering. In particular, the analytical
treatments to date [6,7,16] have failed to reveal the existence of this bifurcation. The connection between the numeri-
cal results and analysis is obscured by the fact that the analysis is restricted to the thin-interface limit. The calculations
to date, however, were done in the context of the two-field model, and thus restricted to not-too-small values of €. 1

This thin-interface, or free-boundary, limit arises [ 18] from taking the ratio 1/¢ of the reaction rates of the bi-stable
reaction to the refractory reaction to be large. In this limit, the dynamics reduces to that of the single “slow” field.
The spiral can then be considered as a sharp interface between two different phases of the fast field, the so-called
“excited” and “refractory” regions. One very useful outcome of the thin-interface limit is that the spiral achieves a
simple scaling form, known as Fife scaling [19]. In this form, the parameter € only determines the overall length
and time scales of the pattern.

Another crucial assumption needed for the analytical treatment is the smallness of the diffusion constant D of
the slow field. When D is small, the diffusion of v can be ignored everywhere outside a small region around the
spiral tip. It is possible then to construct a solution for this so-called “outer’” region that leads to the selection of a
unique rotation frequency. The outer solution, however, has an unphysical behavior at the tip. This can be resolved
by rescaling space near the tip, and the construction of a solution for this core region, which has to be matched to
the outer solution [6,20]. The analysis [7,21] indicates that the interesting stability properties arise from the core
region. A stability analysis [7] about the core solution yielded a real unstable mode, as opposed to the complex
conjugate modes of a Hopf bifurcation. It is unclear how to reconcile these results to the simulation results discussed
above. One possibility is that the meandering transition critically depends on the finite diffusivity of the interface
(a finite-¢ effect). It is crucial, therefore, to examine the question of whether the thin-interface and weak diffusion
limits preserve the generic features of spiral dynamics, including the meandering transition, or alternatively induce
new features not seen for finite thickness interfaces.

In this paper we present a numerical stability calculation of spirals in the free-boundary limit. This calculation
is performed for a perturbation about the steady-state free-boundary spirals numerically constructed in [11]. The
method is based on the idea [10,11] of mapping the spiral interface to the x-axis so that the excited (refractory)
region maps onto the upper (lower) half-plane.

Our major finding is that the free-boundary spiral indeed undergoes a Hopf bifurcation, that is, the free-boundary
limit does preserve the meandering transition. We trace out the meandering transition point as a function of the various
parameters. In general, the instability is enhanced for large asymmetry between the two phases (or a low excitability
threshold), and for small value of D. Small values of € generally tend to stabilize the solution. We find that there is
a subtle interplay between the small € and D limits. The results crucially depend on the relative sizes of these two
small quantities. For intermediate values of €, the stability properties as a function of D may even be nonmonotonic.
Specifically, for decreasing D, the initial instability may be followed by a re-entrance into the stable regime before
destabilizing again. We also compare our results to those of Barkley [9] for the two-field spiral stability at D = 0.

2. The model

We start from the two-variable reaction—diffusion system studied by Barkley [2],

1
u:V2u+—u(l—u)(u—v+b), (1a)
€ a

1 Note, however, the very recent work in {17], which simulates the thin-interface limit directly. We discuss this in the conclusions.
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v=DV?v+u —v. (1b)

The fast variable u, by virtue of the smallness of ¢, is always either 0 (refractory, “—") or 1 (excited, “+”), except
for sharp transition regions of width /€. Thus, the u-field can be eliminated, resulting in the v-field dynamics,

by =DV, + 1 — vy, (2a)
v_=DViv_ —v_, (2b)

in the two phases, respectively. The v-field is continuous and has continuous first derivatives across the transition
regions, or interfaces. The dynamics of these interfaces is given by the eikonal equation,

V(Vint)
whereby the normal velocity ¢, of a given point on the interface is given by the interfacial curvature « and the
value of v at this point. We adopt the sign convention that the interface has positive velocity if the excited phase
propagates into the refractory phase. Similarly, the interface curvature is positive when the excited region is convex.
The function v can be computed from an analysis of soliton propagation in Eq. (1a). For our purposes, it is sufficient
to replace v by its linear expansion around the stall value vy = %a — b, where v vanishes, so that

Cp = —K + (3)

2
V(Uim) = —‘7 (Vine — vs). 4

As the constant a can be eliminated (in this limit) by an appropriate redefinition of €, we will for convenience set
a = 1. It is also convenient at this point to shift the v-field by the constant v, yielding the equations

b= DV — v+ g4, (5a)
V2
Cp = —K — ‘ﬁvim» (5b)
where g, =1 —ygand g_ = —vs.

At this point, it is relevant to mention the Fife scaling obtained by the transformation x — € 1/6x,t — €1/3t, and
v — €3y, Eq. (2) then reads

=DV —eBv+gy, (6a)
Cp=—K — x/ivim. (6b)

Thus, the parameter € appears only in the “mass” term as a coefficient of v in the diffusion equation. This mass is
formally of order €!/3. As we will see, this term plays a crucial role in the dynamics of the spiral, and we therefore
choose not to drop it, continuing instead to analyze the system equation (2).

We are interested in analyzing the stability of steady-state spiral shapes which are rigidly rotating at frequency
w. The steady-state spiral consists of a “front”, along which the excited phase invades the refractory phase, and a
“back” along which the system reverts to the refractory state. The front and back meet at the spiral tip, where ¢y
vanishes, at a distance r, from the rotation center fixed at the origin. The ray connecting the center of rotation to
the tip makes an angle 6, with the x-axis. Going into the co-rotating frame, our equations read in the polar (r, 8)
coordinates,

ad
v=DV2v+w8—; — v+ g+, (7a)

V2

‘J—g Uint- (7b)

p=—K—
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refractory phase

excited phase

Fig. 1. Schematic plot of the spiral geometry. In the fixed (r, #) coordinates, the origin coincides with the center of rotation. The interfaces
are parametrized by 65(r, ) and 6y (r, ). The transformed (p, ¢) coordinates are centered at the spiral tip, which is defined as the point
of closest approach of the spiral to the fixed origin. The new system is oriented such that the ¢ = 0 direction is along the ray connecting
the fixed origin to the tip.

When discussing the time-dependent perturbations about the steady state, we need to define what we mean by
the “tip”. We take the time-dependent tip position (r, (¢), 6,(¢)) in the comoving frame defined above to be the point
of closest approach of the spiral to the origin in this frame. This clearly reduces to our previous definition of the
tip in the steady-state problem. Then the spiral position can be parametrized by the functions 6¢(r, 1) and 6y(r, 1),
which are defined for r > r;(¢).

The core of the difficulty when numerically treating the diffusion equation (7a) is the discontinuity of the operators
along the yet unknown interfaces. Moreover, the eikonal equation refers to values of v along the interfaces, which
do not necessarily pass through the grid points. This two obstacles can be eliminated as follows. The idea, due to
Keener [10], is to transform the plane so that the excited (refractory) region maps onto the lower (upper) half-plane.
The spiral front and back map accordingly onto the positive and negative x-axes in the new coordinate system.

We first transform to a polar coordinate system (p, ¢) centered at the spiral tip. We orient the axes such that the
¢ = 0 direction is parallel to the ray connecting the fixed origin to the tip (Fig. 1). The transformation from (r, )
to (p, ) is in general time-dependent, and is given by

rcos@ = ri(t) cosB;(t) + p cos[g + 6;(1)], r sin@ = r,(t) sin&;(t) + p sin[ep + 6;(1)]. ®)
In this new coordinate system, the front and the back are given by new functions ¢¢(p, t) and ¢y (0, 1), with
or(0,1) = %n, (0, 1) = %n 9

at the tip.
Next, we map the (p, ¢) plane onto new polar coordinates, (o, ). The transformation assumes that the positions
of the spiral front and back, ¢¢(p, t) and gy (p, ¢) are known. The new angular coordinate, ¢, is implicitly defined by

p=a+e(p. 1)+ [ev(p, 1) — ¢r(p, 1) — m]sin’ Ja. (10)
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It is easily verified that the front ¢ = ¢r(p, #) maps now to the ray « = 0 (the positive x-axis), whereas the back
¢ = @p(p, t) maps to the ray ¢ = o (the negative x-axis).

The diffusion equation (7a) needs to be written in terms of the new (p, e, t) coordinates. For that, we will need
the following derivatives of the mappings:

, (Bp) ‘ .
o=|— = —F; COS@ — r;6; sing,
r.6

ot L+ (/2 (g0 — pf —m) sinaf?’

. o . o re
905(—) = —6, + — sing — —6, cosg,
ot r.e Y 1Y
g (ig ) g+ (@5 — @) sin’(@/2)
T\t ),y 1+(1/2)(gp— ¢ —7)sina’
1= (3_“) G+ (g — gpsin’(@/2)
dp o.t 1+ (1/2)(gp — ¢ — ) sina’
(aa) 1
N=— = - ,
dp p.t 1+ (1/2)(¢p — ¢r — ) sine
(Bgz (1/2)(gp — ¢ — ) cOS @

1) / . o 81 .
=—g {[w,«’ + (py — ¢f) sin? —] + = (gp — ¢p) sina ¢,
a,t Z 2
0g1 ) i
gsz(a—> = —2{(gy, — @}) sine + g1 (pp — 95 — ) cosa},
o/, 2

where dots denote time derivatives, and primes stand for derivatives with respect to p
The transformed diffusion equation now reads

av av av
a, h > yt - h s ,t -
at+ N )aa+ 200, & )a}O
9%v 1 dv %y ov 3y
= 5t - 0, ) —= , O, ) — N
[8p2 +pap + filp, )aa2+f2(l) @ 1) + f3(o. )aaap]
dv dv
+ o] falp, o, )— + fs(p,a, ) — [ — v + gz, (1)
ap do

where the coefficient functions 4; (o, «, t) and f;(p, «, t) are given by
hi=a+g10+20¢, hy = p,

2
& 81 | 8283
fl=8%+p_é’ f2=84+8185+;+?» f3 =2gi,

. . 4
fa=r;sing, fs =rsinpg + (1 + ;’cosrp) g2.

The eikonal equation is expressed in terms of the interface position, ¢f b (0, ¢). The normal velocity ¢, is given
by

Chn =

i;O(co + @b+ 01) 4 ri(@ + 6,)(cos g1 b — Py, Sin g p) — F(SIN @t b + PP, COS @1 b)

12
[1+ (o} 2172 (12)
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and the curvature x by

207 \3 " ’
—p (g )" — PYEy — 2
P f.b / f2,b3 : (pf,b’ (13)
[1+ (g )71 /
where the “+” (“—") refers to the front (back).
Special attention is required in treating the diffusion equation (11) at the origin, as parts of the coefficient functions

h; and f; diverge for p — 0. For small values of p, the v-field can be expanded as

v(p,a,t)~ap(t) +ai-(t)p cosa + ajs(t)p sina
+ azio(t) -i-aitc(t);o2 cos 2u +a;§(t)p2 sin 2o + O(p3), (14)

where the a refer to the excited and refractory regions, respectively. The expansion coefficients above first-order
differ between the two domains as a result of the discontinuity of the second derivative of the v-field across the
interfaces. Substitution of expansion (14) into Eq. (11) along with an averaging over the angular coordinate o gives

ao + Fr ays + r6, arc = Dlaj, +ayy — 2¢¢(0) ars] + wrr arec — ag + %(g+ +8-) (13)

3. The numerical procedure
3.1. Steady-state spirals

For steady-state spirals the time-derivatives vanish, and Egs. (11)-(13) reduce to the system studied in [11]. Note
that the system is rotationally invariant, hence we may arbitrarily fix the angular orientation of the spiral, the natural
choice being to locate the tip on the x-axis by setting 6, = 0.

The solution is calculated as follows: Given trial interface curves gf(p) and gp(p), along with values for w
and r;, we can calculate the field viy(p) along the interfaces in two independent ways. The first is by solving the
reaction—diffusion equation (11). The second is via the eikonal equation, as vy (p) is determined from the interface
curves through « and c¢,,. In order to have a consistent solution, we have to find values of ¢f(p), gp(p), ®, and r, such
that the two calculations of viy; agree for all p. Thus, if we have amesh of N + 1 points in p (p;,i =0, ..., N), we
have 2N nonlinear equations (2N — 2 matching equations for vj,, in the interior, one at the tip, and the smoothness
condition ¢f(0) = —g; (0)) for the 2N variables (N — 1 interior values for each of ¢r and ¢y, w and r;). These
equations are then solved by means of a Newton’s method solver, starting from some initial guess.

Several technical points are worth further discussion. The coefficients al.jt used to expand the v-field in the vicinity
of the tip must be expressed by means of the values of the v-field at the grid points, v(p;, «;). This is accomplished
using an appropriate interpolation scheme. For example,

P
ac(t) ~ n(pz o & Z Ac;j cOos; [ v(p1, aj, 1) — Ev(pg,aj, t)] (16)

up to correction terms of 0(Ap2).

We also need to specify boundary conditions for our solutions of both the diffusion and eikonal equations. The
diffusion equation is solved on the finite interval p € (0, pmax), When pmax is chosen sufficiently large so that the
spiral completes one turn. In [11], we used no-flux boundary conditions, requiring dv/3p = 0 at pmax. Accordingly,
we required (p; and (pl’) to vanish at the outer boundary for the eikonal equation. This arbitrary choice of boundary
conditions was considered harmless as all the quantities of interest proved to be insensitive to the boundaries. To



D.A. Kessler, R. Kupferman/ Physica D 105 (1997) 207-225 213

study the stability properties, and especially to examine the unstable modes, it was found necessary to take boundary
conditions that better simulate an infinite domain.
Far from the center of rotation, the interfaces asymptotically approach Archimedean spirals,

Br.b(r) ~ 60, — nr +0O(1/r), (17

where «92 p are constants, and the pitch n is yet unknown. In terms of the (o, ¢) coordinates, the asymptotic relationship
for large p is
n

—_— (18)
1 + nry singrp

(Pé,b(P) ~ =

We used this relation as an outer boundary condition for the eikonal equation at p = pmax. Similarly, the asymptotic
behavior of the v-field satisfies

(19)

which can be reformulated in terms of the (o, «¢) coordinates.
The asymptotic solution for r — oo can be calculated by substituting relation (19) into the (r, ) form of the
diffusion equation. The v-field becomes in this limit a function only of § — & that satisfies

2

v ov
2
D— —_ — =0 20
n 392 +w39 v +gﬂ: ( )
with
€ w
V(B p) = ;i_ (21)

V21

at the interfaces. v(0) is of course 27 -periodic. Eqs. (20) and (21) determine a relation between the pitch 7, the
frequency @, and the angular size of the excited zone 6 — 6.

Eq. (20) is linear, and its solution in each domain is a sum of two exponentials, e*+? with ky = (-w +
V02 + 4n2D)/2n? D. For small values of D,k ~ —w/n?D is large, implying the existence of a boundary layer of
width O(5? D/w) on the positive-8 side of each interface. This observation is important, as the angular distribution of
grid points has to be adjusted such to resolve this boundary layer. To better resolve the vicinity of the interfaces, we
used a suitable reparametrization of the o coordinate. Similarly, it also proved necessary to refine the grid resolution
for small values of p.

In principle, the relation between 7 and o could be calculated numerically by solving the one-dimensional
asymptotic equation. In practice, it was simpler to calculate the value of 5 iteratively. Starting with an arbitrary
guess for 77, we calculated the steady-state solutions (20) and (21), and used it in turn to evaluate the asymptotic
value of Of’,b(r). Such a procedure was found to converge extremely quickly.

3.2. The stability calculation

We now describe the procedure for calculating the stability spectrum of a given steady-state spiral. In general,
an arbitrary perturbation consists of a rigid translation, a rigid rotation, and a deformation. In terms of the (o, ¢, 1)
parametrization, such general perturbations can be expanded in Fourier modes of the form

P60, 1) =0, (0) + 8¢x.6(p) 2", (22)
re(t) =r’ 4 8r, %1, (23)



214 D.A. Kessler, R. Kupferman / Physica D 105 (1997) 207-225
_ 2t
6 (1) =086,e". (24)

(The superscript 0 denotes the unperturbed stationary solution.)

A perturbation in the position of the interfaces induces in turn a perturbation in the v-field. In particular, the value
of the v-field along the interfaces, dviy (p, £), is going to change, both due to the change in the field and due to the
shift of the interfaces. The case is now similar to that encountered in the steady-state calculation. For any given
perturbation of the interfaces, vin (0, ¢) can be calculated in two independent ways; from the (linearized) diffusion
and eikonal equations.

For an N + 1 point mesh in p, the perturbation consists of 2N — 1 degrees of freedom. These are 6r,, 86, and
2N — 3 values of 8¢r . Three of the 2N interior points are determined by the condition that 8¢ (0) = 8¢, (0) = 0
at the tip, and by the smoothness condition, §¢¢(0) = —8¢y (0). These 2N — 1 unknowns are balanced by an equal
number of matching equations for §viy, at the 2N — 2 interior points, and at the tip. This time the condition for having
a consistent solution constitutes a generalized eigenvalue equation for the amplification rate of the perturbation £2.

Consider first the reaction—diffusion equation. The coefficient functions, 4;, by virtue of being time derivatives, are
first order in the perturbation. The functions f;, on the other hand, can be linearized with respect to the perturbation,
denoting the zeroth- and first-order terms by fi0 + 8f; e The v-field also needs to be expanded so that

v(p,a, 1) =1%p, @) + dv(p, ) e, (25)

Substituting the various expansions into Eq. (11), the perturbation field, §v(p, «), is found to satisfy the linearized
equation

8%5v 1938 325v asv 825v sy a8V
Dl —— I 0r v 0veY ] 0YY [Vt 1 2)8
[sz p 0p +h 8a2+f2 da +f38a3p]+w[f4 ap + /s da (14 82)8v
av° a0 20 a0 820 a0 3!
=h—+h— —D|8fil—= +8fr— +§ 8fa— +68fs—|. 26
13a+ 28p [f18a2+f23a+f38a8p:|+w|:f4ap+f58a] (26)

The corresponding equation at the tip is obtained by linearizing Eq. (15).

By solving Eq. (26) for v, we obtain, in particular, the variation of v along the interfaces, §v;. Consider the
perturbation as a (2N — 1)-element vector, A;. The dependence of dvj on A; defines a linear transformation. To
calculate the transformation matrix A ji» we set A; = 1 while all the other perturbation elements are zero, and solve
Eq. (26). The resulting 8v; give the coefficients Aj;, satisfying

311)' = Aj,'(.Q) A,‘, (27)

where we explicitly denote the dependence of the transformation matrix on £2. This procedure has to be repeated
2N — 1 times, once for each value of i.

The eikonal equation, on the other hand, defines a direct relationship between the variation of the v-field along
the interfaces and the variation of the interface curves

Ve Ve
V2 V2
The right-hand side can be separated into an §2-independent term, and a term which is linearly proportional to £2.
In discrete form,

Sv=— k. (28)

8vj = Bj,' A + .QCj,' A;. 29)
Egs. (27) and (29) form together a generalized eigenvalue problem for the amplification rate §2:

2Cji 4; = [Bjx + Ajx(82)] A (30)
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For a given trial value of £2, the matrix product on the right-hand side is explicitly defined, and its eigenvalues, £2;,
can be calculated. These will in general differ from £2. One may define

M(£2) = min |2 — ;] (31)

to be a “mismatch” function of §2. The actual eigenvalues of the stability spectrum must satisfy M(£2) = 0.
The calculation of the stability spectrum, thus, reduces to a standard root finding in the two-dimensional space of
complex $2.

4. Results
4.1. Steady-state spirals

The output of the steady-state procedure described above is well illustrated in Fig. 2. The color scale image
represents the v-field. Light (dark) regions correspond to relatively large (small) values of v, that is, to the excited
(refractory) phase. The blue solid line is the interface, whereas the dots mark the real space positions of the grid
points used for the computation of the reaction—diffusion equation. Note how the whole grid wraps around together
with the spiral interface. Also, the density of grid points is higher near the interfaces and in the vicinity of the
tip.

The two phases have special symmetry properties when g, = —g_ = % In such a case, the front and the back
are just rotates of each other, meeting at the center of rotation (r, = 0). This was the case originally studied by
Keener [10}. For g4 + g— > 0, it is the refractory phase that in the steady-state occupies most of the plane, while a
spiral wave of excitation rotates around the origin with finite tip radius. We will take g, + g_ to be the parameter
that measures the asymmetry between the two phases. Large values of g4+ + g— also imply a low excitability
threshold.

A typical dependence of spiral characteristics on g4 + g_ is presented in Table 1. The rotation frequency w
decreases with increasing asymmetry. The tip radius r,, as expected, increases with the asymmetry.

As explained above, the interesting regime of parameters is when both € and D are small. This limit turns out to
be very delicate, as the solution is extremely sensitive to the relative magnitude of these two parameters.

v

For figures see next two pages.

Fig. 2. Steady-state solution for D = 0.2, € = 0.02, and g4 = 0.6. The output parameters are r, = 0.266, and w = 1.693. The v-field is
mapped by means of a color scale. The solid line is the interface, and the dots represent the grid points used for this calculation.

Fig. 7. The mismatch function M mapped on the complex plane of the trial eigenvalue £2/w fore = 2 x 10~ and D = 0.001.

Fig. 3. Color scale map of the v-field. The blue line is the interface. The parameters are g, = 0.6, ¢ = 0.02, and (a) D = 0.2;
(b) D = 0.01.

Fig. 5. The mismatch function M mapped on the plane of the trial eigenvalue £2/w for g4 = 0.6, ¢ = 0.02, and (a) D = 0.2;
(by D = 0.01.

Fig. 8. Eigenvalues of the stability equation for various values of € and D. Points corresponding to the same value of € are connected by
a solid line, whereas points corresponding to the same value of D are (optionally) connected by a black dashed line. The values of € are:
(a) 2 x 1072 (red), 10~2 (blue), and 4.3 x 10~3 (green); (b) 1.3 x 1073 (red), 1.6 x 10™* (blue), and 2 x 10~ (green). Open circles
surround points with D = 0.1, and filled circles surround points with D = 0.002.
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