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Non-Euclidean plates and shells

Abstract An elastic theory of even non-Euclidean plates was recently proposed
to describe a class of thin elastic bodies that exhibit residual stress in the ab-
sence of external forces or constraints. This plate theory was derived from a three-
dimension theory of so-called incompatible elasticity; the terms non-Euclidean
and incompatible refer to the existence of a reference metric that cannot be im-
mersed in a three-dimensional Euclidean space. In this paper we generalize the
reduced two-dimensional theory to account for structural inhomogeneities across
the thickness, leading to intrinsic curvatures (non-Euclidean shells), as well as for
inhomogenieties in the thickness of the thin body (uneven non-Euclidean plates).
Two examples are discussed.

1 Introduction

In two recent publications [5,6], we proposed a theory for elastic bodies that do
not have a stress-free rest configuration, even in the absence of external constraints
(i.e., exhibit residual stress). Such bodies are ubiquitous in biological systems,
as well as in many manufactured materials (see for example [12,10,15]). Our
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model departs from the principles of hyper-elasticity [14], and assumes that the
local energy density vanishes if and only if the metric g (the right Cauchy-Green
deformation tensor) equals a “reference metric” g. This reference metric is a body
property, which characterizes the intrinsic distances between material points; in
plants, for example, it is determined in the course of the growth process. A three
dimensional metric can be immersed in the physical (Euclidean) space only if
it is flat, namely, if the Riemann curvature tensor is identically zero. A lack of
stress-free configuration occurs when the reference metric is non-immersible. In
such case, the body is necessarily in a state of frustration, as it cannot satisfy
the reference metric everywhere simultaneously. In [5] the energy density was
assumed to be quadratic in the deviation of the actual metric form the reference
metric, resulting in a nonlinear elastic theory, which we named “three-dimensional
incompatible elasticity”. In the particular case where the reference metric g is flat,
our theory coincides with standard nonlinear elasticity theories [3].

An important sub-class within the class of elastic bodies that exhibit residual
stress consists of thin, sheet-like bodies. Because of the metric incompatibility,
such bodies do not fall within the category of neither plates nor shells. The concept
of even non-Euclidean plates was introduced in [5], defined as thin elastic bodies
whose reference metric is invariant along the thin dimension, and whose thick-
ness is uniform. A reduced two-dimensional theory was then derived, based on
the Kirchhoff assumptions, resulting in an elastic energy that depends on the con-
figuration of the mid-plane. This energy functional resembles the Koiter energy
[11], with a stretching term which is linear in the plate thickness, and a bending
term which is cubic in the plate thickness. The notable difference with the Koiter
theory is that the stretching term measures the metric deviation from a non-flat
two-dimensional metric. The frustration results from the competition between the
stretching term, which favors bent configurations, and the bending term, which
favors flat configurations.

The elastic response of bodies undergoing differential growth has been con-
sidered previously, and recently in [2,8,4]. In [8] the deformation tensor is mul-
tiplicative decomposed into a growth process and an elastic relaxation. In [4] the
thin-plate limit is considered, leading to a Foppl-von Kdrmén-like plate theory.

In this paper we extend the treatment to thin elastic bodies of more general
structure, namely, beyond the even plate structure. In the more general case, where
the metric varies along the thin dimension, a natural curvature arises as in shells.
These are however non-Euclidean shells as the strain is still measured with respect
to an incompatible metric. Relying again on the Kirchhoff closure assumptions,
we derive a reduced two-dimensional model for thin elastic structures, which we
name “non-Euclidean shells”.

Two examples are provided. The first, motivated by experiments with thermo-
responsive gels [10], falls into the category of non-even plates. The second, moti-
vated by the snapping mechanism of the Venus flytrap [7], corresponds to a non-
Euclidean shell.

2 Three-dimensional “incompatible” elasticity

Let Q be a bounded domain in R3; we denote points in Q by x = (x!,x%,x%).

A configuration of a body whose domain of parametrization is 2 is a function
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f:Q — R3. We require f to be differentiable, with a square integrable derivative,
and have a fixed orientation, say, detVf > 0. The metric on Q induced by the
mapping f is a tensor g(x) with entries
af df
T .
8ii () = (V) (VO = 3 oy BT 1,2,3.

In the context of elasticity it is also known as the right Cauchy-Green deformation
tensor.

The principles of hyper-elasticity [14] state that to each configuration f corre-
sponds a stored elastic energy of the form,

ELf) = | W (0. VF()av, n

where W is the energy density and dV is an infinitesimal volume element. The
energy density is usually divided into a strain (“internal”’) contribution, which only
depends on x and V f(x), and a forcing (“external”) contirbution which depends on
x and f(x). In this paper we are concerned with unconstrained bodies, hence we
omit the explicit dependence of the energy density on the configuration, i.e., W =
W (x,Vf(x)). This energy density is subject to a number of physical requirements,
such as to satisfy the material objectivity property (rotational invariance),

W(x,A) =W (x,QA), forall Q €SO(3)and A € R,

It is easily seen that the material objectivity condition translates into the require-
ment that W be expressible as a function of the metric tensor, namely, W =
W (x,8(x)).

The postulate underlying (linear and nonlinear) elasticity theories is that in the
absence of external forcing, the identity map f(x) = x corresponds to a state of
zero elastic energy (in nonlinear elasticity, the energy density is zero if and only
if the deformation tensor V£ is a rotation). In other words, the intrinsic geometry
of the body is Euclidean. Our approach for modeling bodies that exhibit residual
stress is to assume that their intrinsic structure is prescribed by a metric tensor
g(x) (the reference metric) that is not necessarily Euclidean. The Green-St. Venant
strain tensor is proportional to the deviation of the actual metric from the reference
metric, .

£(x) = 5(8(x) = &()). 2
Since g(x) is viewed as the intrinsic metric at the point x, we assume that for given
x, the energy density W (x, g(x)) vanishes if and only if g(x) = g(x). If we further
assume that W (x, g) is at least twice differentiable with respect to g in the vicinity
of g(x), then we expect

1.
W(x,g) = 54680 + O(e"), 3)
where A'/F = Al (x) is an elastic tensor that depends on local material properties,

but does not depend on the configuration. Here and below the Einstein summation
convention is used. A simple calculation shows that for an isotropic material,

Ak Agijgkl_‘_‘u (gikgjl+gilgjk) ’ (4)
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where A,y > 0 are Lamé coefficients and g are the entries of the reciprocal
reference metric g~!. Combining eqgs. (1)—(4), the elastic energy functional takes
the form [5]

Elf) = [ Wing)av. ®

where dV = +/|g| dx'dx*dx?, and

y Lo
W(x.g) = Seie] +pee! +0(e"). (6)

The raising and lowering of indices is with respect to the reference metric g; for
example,

—
€ =2"&;.

(The fact that the volume element is determined by the reference metric conforms
with most models, as the Riemannian manifold with metric g is the Lagrangian
system of coordinates; the only novelty is the fact that it is non-flat.) Omitting
terms of order higher than quadratic in the strain, we obtain a nonlinear elastic
theory applicable in the range of small strains.

The remarkable property of the energy functional (5), which distinguishes it
from standard models, is that it has no stress-free rest configuration if the refer-
ence metric is not flat. The energy density can vanish locally, but cannot vanish
everywhere simultaneously. The equilibrium state can be defined by the metric
g(x) that minimizes the weighted L? distance, (5), from the reference metric g,
under the constraint that g(x) be immersible in R>.

For this elastic problem to be well-posed, more restrictions have to be imposed
on the energy density W(x,g). A substantial amount of literature exists on this
matter. It is well-known, for example, that if W is a polyconvex function of Vf,
then a minimizer exists [1,3]. Such conditions are important to ensure the well-
posedness of the model in the presence of large strains. For small strains, we may
assume that the energy density is quadratic in the strain.

One can further define the second Piola-Kirchhoff stress tensor,

. oW .
=22 Ak, 7
s Je, kl @)

The Euler-Lagrange equations that correspond to the above variational formula-
tion are
Vs + (I =)™ =0 inQ

sijnj =0 ondQ,

®)

where Fj’k and I;Jlk are the Christoffel symbols corresponding to the metrics g and

g, respectively, and V j is the covariant derivative associated with the reference
metric (see [S] for more details).
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3 Reduced two-dimensional models

We now turn our attention to thin bodies of the above class. Naturally, one would
like to take advantage of the nearly two-dimensional nature of the geometry, and
derive a model of reduced dimension, which only takes into account surface prop-
erties of the configuration (the surface could be, for example, the mid-surface of
the body). Such a reduced theory for non-Euclidean plates was developed in [5],
based on the Kirchhoff closure assumptions [9]. Formally, an even non-Euclidean
plate was defined as a body for which there exists a parametrization in which

Q=Sx[-1/2,t/2],

where S C R2, and
1 2
Bl 20 = <a(x0,x ) ?) ©)

where @ € R?*? is a two-dimensional reference metric. Such a body is considered
thin if the thickness ¢ is much smaller than any other characteristic lenghscale. It
is easily seen that the three-dimensional metric g is immersible in R? if and only if
the two-dimensional metric @ has zero Gaussian curvature (g is two-dimensional
to the extent that its Riemann curvature tensor depends on a single scalar curva-
ture). The “plate nature” of such a body is reflected by the fact that the internal
structure is independent of the thin direction. That is, such a body can be viewed
as a continuous stack of identical surfaces.

It should be noted that every three-dimensional metric can, provided that the
body is sufficiently thin, be brought to a semi-geodesic form,

Lo s 81182120
g, x"x’)=[821820],
0 01

where the entries g1, 12, §21 and g»; are functions of (x', x%,x3), by first choosing
a surface S with an arbitrary parameterization, and then issuing geodesic lines
perpendicular to the surface to parametrize points off the surface.

Henceforth, we use lowercase Latin characters to denote indices of three-
dimensional tensors, e.g., i, j = 1,2,3, and Greek characters to denote indices of
two-dimensional tensors, e.g., o, B = 1,2. Thus, the semi-geodesic parametriza-
tion satisfies

8x3=0 and gx;=1.

To proceed, we adopt a generalization of the Kirchhoff assumptions. We first
note that the boundary conditions in (8) imply that

s3(x) =0,

when x3 = +1/2. The key assumption in the Kirchhoff theory is that throughout
the body, 53 is at most of order #2. In essence, this means that stress derivatives
remain bounded as t — 0. Explicitly, substituting (2) and (4) into (7)

P = 188" (g1 — gu) + 218" (83 — &i3) = O(?). (10)
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For i = o = 1,2, using the fact that g% = 0 we obtain go‘ﬁgm = O(t?), which in
turns yields

g3 = O(1*). (11)

Thus, the actual metric is of the form

Ly s g1 g2 0 s
g, x"x’)=|[g182 0 | +0(t°),
0 0 g33

where the entries g, and g33 are functions of (x",x%,x%). Setting i = 3 in (10) we
get

3= lg_aﬁ (gaﬁ 78_0613) +(A+2u)(gn—1)= 0(t2>7

from which we obtain that

A
7P (8ap — Zap) + O(%), (12)

:1—
833 )»—i—Z/Jg

Substituting (11) and (12) into the energy density (6), we obtain

1 1 - —_
W = S AT (g4 — Zap) (8ap — Bap) + O(r?), (13)
where
f‘laﬁyﬁ — L v—aﬁ 5v0 + 1(1 o v)(—ay—ﬁé + ~od —ﬁy>

and the Young modulus Y and the Poisson ratio v are defined through the relations,

A \%
= — d Y=2u(l .
A+2u 1—v an H(1+v)

So far, the fact that the body is thin was only used in the ansatz s> = O(¢?).
We now expand the o3 components of both the reference metric and actual metric
about the mid-surface,

Gap(x' X X) = dgp(x',2?) +dyp (') +0(r)

1.2

14
£ () = g (61 2) g (2 2+ 0() (o

‘We also introduce the two dimensional strain,

1 _
Caf = E(aaﬁ _aaﬁ)v

and note that
g*P =a"f —a™aPa 5 + 0(?),

where @®P are the entries of @ !. It follows that

AW (22, 8) = AP (o 22) 12 B () o), (1)
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where

Y 1
ACBYS pri) {va“ﬁa” +5(1- v)(a@*raPd +a%oaPr)|

and B(x'x,?) comprises terms cubic in ! and linear in .

To obtain a reduced two-dimensional energy density, we substitute the expan-
sions (14) and (15) into the three-dimensional energy density (13), an integrate
over the x> coordinate. Odd powers of x3 cancel, and we remain with the follow-
ing reduced energy functional,

E= /SW(x] ,x2) /| aldx dx?, (16)
where the two-dimensional energy density is
t _ _
W(xl ’xz) = EAaﬁYS(aaﬁ - aaﬁ)(ayé _ays)

13 i} - 17
+ @Aaﬁyﬁ (agp — dgp)(ays — dys) 17)

+0(t*,%e|).

As shown in [5,6], the two dimensional strain eqg tends to zero as t — 0, which

is why we consider terms of order #*|e| as small compared to terms of order ¢3.

The tensor aqg is the two-dimensional metric of the mid-surface. As is well
known, a two-dimensional metric does not uniquely determine the three-dimensional
configuration of a surface. A surface is uniquely determined by its first and second
fundamental forms, i.e, by its metric and curvatures; if r(x1 ,xz) is a surface in R3,
then its second fundamental form is given by the tensor

baﬁ = 8a8ﬁr- N,

where dg = d/dx%, and N is the unit vector normal to the surface.
To connect between the tensor @’ and the second fundamental form, we expend
the configuration in powers of x>,

Fi 23 = r(xh, ) + 37 (61 62 + 0(F).
Differentiating once, we obtain the first fundamental form,
8op = Oar aﬁr+x3 (dar-dpr' +dpr-dur’) + o(?)
8a3 = aar'r/+0(t)
g =r-r+0(@).

From the fact that go3 = O(?) follows that /' is perpendicular to dyr, i.e., it is
proportional to the unit normal N,

P %) =7 (L 2) NG X2).
From the expansion (14) of g, follows that

dar-dgr = agg,
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and
Vl(aar‘ aﬁN+ aﬁr aaN) = a/aﬁ
However,
ool 8ﬁN = 8[3 (Oqr-N) — aﬁa(xr'N = —byp,
hence,

aixﬁ = —2r'baﬁ.
Finally, from the expansion (14) of g33 follows that

1%

N2
:1—
(r') T—v

a*P(apy —agy) = 1+ 0(e), (18)

that is,
a’aﬁ = —2bgp+O(e).

Substituting back into (17),
V\?(x1 ,xz) = \/\75(961 ,xz) —l—WB(xl ,xz) + 0(t4,t3 le]), (19)

where ;
Ws(a!o?) = SAPT (agp — ) (ays — dys)

t3 _ -
WB(xl,xz) = ﬁﬂaﬁya(baﬁ _baﬁ)(b75 _bY5)7

where —2b,, 5= d’a B and Wy and Wp are the respective densities of the stretching
and bending energies.

Comments

1. The reduced energy functional (16) with density (19) is very similar to Koiter’s
shell model [11]. There is a stretching term, which is linear in the thickness of
the body, and the bending term, which is cubic in the thickness. The tensors a
and b are the reference first and second forms; the energy density vanishes if
and only if a = @ and b = b. This is however possible only if the tensors @ and
b satisfy the Gauss-Codazzi-Mainardi equations [13]. The notable difference
with Koiter’s theory is that these two requirements may be incompatible.

2. We have used the fact that the plate thickness is uniform (i.e., that the plate
is even) when identifying the normal stresses with s*. This remains approxi-
mately correct as long as thickness variations are moderate. An example of a
non-even plate is described in the next section.

3. The fact that O(e) term were neglected compared to O(1) terms is due to the
fact that for any isometric immersion with finite bending energy, E = O(¢?),
from which follows that at equilibrium the stretching energy is at most O(z),
namely,

/ APV (a5 — agp)(ays — ays) V/aldx' dx® < Ci2. (20)
JS

The weakness of this argument is that (20) only implies that e = O(¢) in the
mean-square, and not pointwise. Thus, establishing our theory on firmer math-
ematical grounds requires a more delicate analysis.
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4 Examples
4.1 Non-Euclidean plates: thermo-responsive gels

Recent experiments in thermally responsive gel discs [10] provide a convenient
testing ground for elastic bodies that fall into the category of non-Euclidean plates.
In these experiments, initially flat stress-free objects shrink differentially upon
heating, according to a pre-determined chemical concentration in their compo-
sition. The shrinking is homogeneous across the thickness, but inhomogeneous
in the lateral directions. Such bodies are therefore plates, because their reference
metric is constant along the thin direction.

Specifically, if we denote by 1(x',x?) the degree of shrinking, then the refer-
ence metric has an isothermal (or conformal) structure,

gij=n*(x"x%) &,

with x € § x [—1/2,1/2]. This reference metric is not exactly of the form (9) as
g3 # 1L

One could repeat the analysis of the previous section, deriving a reduced two
dimensional model for a reference metric of this type. From the condition that
53 = 0 follows that g3 = O(¢?) and

g3 =n"— (g1 +82—20?) +0(r*).

A+2u

The rest of the analysis remains more or less verbatim, up to (18), where we obtain
that
(") =n*+0(e),

which implies that
a:xﬁ = —2Nbgp +O(e).

Thus, we end up with a reduced energy density (16) with a density of the form
(19), where

nt - -
WS(xlaxz) = 7"40‘137’5 (aocﬁ _aaﬁ)(ayﬁ _a’}/5>
nt)’
Wa(x' ) = (24> AXPbogbys
(a factor of 1 emerges as /|g| = 1/|d|. Thus, the only difference with the plate

model derived in [5] is that ¢ — 1¢, i.e., the thickness is no longer spatially uni-
form.

4.2 Non-Euclidean shells: the Venus flytrap

Let the domain of parametrization of the mid-surface be S = [0, R] x [0,27) (with
periodicity with the x> direction), and consider a particular surface given by

1
r(x17x2) = — (Sil’l K.Xl COSXZ,SiIl \/Exl Sinxz,COS le) ’ 1)

VK
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which is a spherical cap of Gaussian curvature K > 0. It is easily verified that the
first and second fundamental forms of this surface are

1 0
cap __
ar= (O L sin? Kx1> ’

K
and
VK 0
e — 0 —Lsin>VKx' |-
VK
If we set @ = a® and b = b°® then a stress-free rest configuration exists, given
by (21). A stress-free rest configuration exists also if we rather set b = —bP, in

which case the equilibrium solution is a spherical cap with opposite orientation.
In either case, we are within the realm of ordinary, Euclidean shells.
Suppose next, that the reference metric and curvatures are given by

a=a™  and  b=0b,

where 0 is a constant. Unless 8 = +1, @ and b do not satisfy the Gauss-Codazzi-
Mainardi compatibility conditions, and the system is a non-Euclidean shells. For
sufficiently thin shells, we expect the equilibrium configuration to be very close to
an isometric immersion (the maximum deviation scales like O(¢), and is concen-
trated in a layer of size O(tl/ 2) near the boundary [6]. As pointed up above, there
are two such isometries that retain the axisymmetry of the geometry. The one that
is more stable is the one that has a lower bending content, i.e., it depends on the
sign of the constant 0.

Let 6 > 0. Then, provided that the body is sufficiently thin, the global equilib-
rium configuration is close to the isometric immersion (21). Suppose then that 0 is
continuously varied, and eventually changes sign. Despite the fact that (21) is no
longer (close to) the absolute energy minimizer, it remains a local minimum, i.e.,
it is meta-stable. The extent of meta-stability depends both on the thickness (the
thinner the shell is, the more stable is the meta-stable state), and on the parameter
0 of the reference curvature. It is natural to expect that at a critical value of 6 <0
(which depends on ¢) the solution (21) becomes unstable, leading to a transition to
the second solution (of opposite mean curvature). For thin shells, we expect this
transition to be fast.

Such a mechanism is believed to govern the motion of the well-known Venus
flytrap, a carnivorous plant which captures insects by closing a pair of lobes. The
closing (or snapping) of the lobes is triggered when an insect stimulates the sur-
face of the lobes. Recent work [7] analyzes the snapping mechanism in terms of
geometric and elastic properties of the lobes. In essence, the trapping mechanism
is based on a bistability of the type discussed above. The stimulus triggers changes
in the geometry of the lobe from being concave to being convex. The rapidity of
the trap is due to the fact that it is an elastic response to a loss of stability. In this
context, we note that for the trap to be efficient, the thickness of the lobes has
to be within some intermediate range. A too thick lobe would imply a bending
dominated response, i.e., a continuous tracking of the (slow) geometrical changes.
A too thin lobe, in the other hand, would render the meta-stable energy wells too
deep for allowing transitions. This should not be viewed as a thorough study of the
Venus flytrap; we only point out that the snapping mechanism could be interpreted
within the framework of non-Euclidean shells.
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5 Conclusions

We have presented here a theory for thin elastic bodies that do not possess a stress-
free rest state due to a geometric incompatibility. We have named such bodies
non-Euclidean plates and shell. The essential ingredient is a three-dimensional
elasticity theory in which the strain is measured with respect to a reference metric,
which is a material property. A lack of stress-free rest configuration occurs when
this reference metric is non-flat. The reduction to quasi-two-dimensional theories
is done using the Kirchhoff assumption whereby stresses along the thin axis are
vanishingly small in the limit of a thin body. We obtain a Koiter-like energy func-
tional, with a stretching energy in which the strain is relative to a two-dimensional
reference metric. Incompatibility occurs when the first and second reference forms
do not satisfy the Gauss-Codazzi-Mainardi equations. For uneven plates, we re-
cover the model in [5] with, however, a non-uniform thickness. The potential uses
of our model in both physical and biological sciences were demonstrated by ana-
lyzing two model systems.

Acknowledgements We are grateful to Yossi Shamai for many stimulating discussions.

References

1. Ball, J.: Convexity conditions and existence theorems in non-linear elasticity. Arch. Rat.
Mech. Anal. 63, 337-403 (1977)
2. Ben Amar, M., Goriely, A.: Growth and instabilities in elastic tissues. J. Mech. Phys. Solids
53, 2284-2319 (2005)
3. Ciarlet, P.: Mathematical elasticity, vol. 2. North-Holland, Amsterdam (1997)
4. Dervaux, J., Ciarletta, P., Ben Amar, M.: Morphogenesis of thin hyperelastic plates: a con-
stitutive theory of biological growth in the Foppl-von Kdrman limit. J. Mech. Phys. Solids
57, 458-471 (2009)
5. Efrati, E., Sharon, E., Kupferman, R.: Elastic theory of unconstrained non-Euclidean plates
(2008). J. Mech. Phys. Solids, in press
6. Efrati, E., Sharon, E., Kupferman, R.: Buckling transition and boundary layer in non-
Euclidean plates (2009). Submitted to Phys. Rev. E
7. Forterre, Y., Skotheim, J., Dumais, J., Mahadevan, L.: How the Venus flytrap snaps. Nature
433, 421-425 (2005)
8. Goriely, A., Ben Amar, M.: Differential growth and instability in elastic shells. Phys. Rev.
Lett. 94, 198,103—4 (2005)
9. Kirchhoff, G.: iiber das gleichgewicht und die bewegung einer elastischen scheibe. J. Reine
Angew. Math. 40, 51-88 (1850)
10. Klein, Y., Efrati, E., Sharon, E.: Shaping of elastic sheets by prescription of Non-Euclidean
metrics. Science 315, 1116 — 1120 (2007)
11. Koiter, W.: On the nonlinear theory of thin elastic shells. Proc. Kon. Ned. Acad. Wetensch.
B69, 1-54 (1966)
12. Sharon, E., Roman, B., Swinney, H.: Geometrically driven wrinkling observed in free plas-
tic sheets and leaves. Phys. Rev. E 75, 046,211-7 (2007)
13. Struik, D.: Lectures on classical differential geometry, second edn. Dover, New York (1961)
14. Truesdell, C.: The mechanical foundations of elasticity and fluid dynamics. Indiana Uni.
Math. J 1, 125-300 (1952)
15. Vandivier, R., Goriely, A.: Tissue tension and axial growth of cylindrical structures in plants
and elastic tissues. Europhys. Lett. 84, 58,004 (2008)



