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ABSTRACT

A set in a product space :1' x r& is hi-convex if all its x- and y-sections are
convex. A hi-martingale is a martingale with values in it' x r& whose x- and
y-coordinates change only one at a time. This paper investigates the limiting
behavior of bimartingales in terms of the hi-convex hull of a set - the smallest
hi-convex set containing it - and of several related concepts generalizing the
concept of separation to the hi-convex case.

o. Introduction

Let :ze and uy be compact convex subsets of Euclidean spaces (usually of

different dimensions), with generic elements x and y. A subset of :zex uy is

hi -convex if each of its x - and y -sections is convex. The hi -convex hull of a set is
the smallest bi-convex set containing it. A real function f(x, y) on a bi-convex
subset of :zex uy is hi -convex if it is convex in each variable x and y separately.

A hi -martingale is a martingale with values in :zex uy whose x - and y-
coordinates change only one at a time. (For detailed definitions and illustrative
examples, see Sections 1, 2 and 3.)

These concepts arise in the analysis of repeated games of incomplete
information [3]. In this paper we explore the relationships between them.

A martingale can be viewed as a splitting process. A particle (mass point) in
space splits into several new particles, whose centroid is the starting point. Each
of the new particles then splits, and the process is repeated again and again.
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Eventually a cloud forms; if we confine ourselves to a bounded subset of space,
then by the martingale convergence theorem, the cloud converges to a limit
cloud. At each stage, the starting point is the centroid of the cloud, and therefore
lies in its convex hull. It also lies in the convex hull of the limit cloud. (Here, mass
corresponds to probability, and centroid to expectation.)

If the martingale is a bi-martingale, at each stage either all particles split

"horizontally", or all particles split "vertically". Therefore, at each stage the

starting point is in the bi-convex hull of the cloud. Rather surprisingly, though, it
need not be in the bi-convex hull of the limit cloud (see Example 2.5). This is so

even in the special case in which the bi-martingale is almost finite (i.e. the mass
that continues to split after n stages tends to 0 as n - 00).

Given the limit cloud, what can we say about the starting point? To answer
this question, we must examine more carefully the notion of convex hull and its
generalizations to bi-convexity. The convex hull co (A) of a set A can be defined
as the smallest convex set containing A ; this is the definition that corresponds to
the definition of bi-convex hull given above. But co (A) can also be defined by a
process of separation, as follows: First, one removes all the points z that can be
strictly separated from A by a convex function f (i.e., f(z) > sup f(A ». This
yields the closed convex hull B. of A ; obviously B) ::JA. Define B2 by removing

from Bl all points that can be strictly separated from A by a convex function

defined on Bl only. The reader may convince himself that iterated finitely often,
this process leads to co (A), where it ends.

One may also apply this process of separation to bi-convexity, substituting
bi-convex functions for convex functions. The process may then require trans-
finitely many iterations; but it, too, must eventually end. We call the result
bi-co"'(A); it always contains bi-co (A), but, unlike in the case of convexity, it is
in general different (Example 2.5).

Suppose that in the iterative process that leads to co (A), we limit ourselves to

separating functions that, in addition to being convex, are continuous. Then it
may be seen that we will never get beyond the closed convex hull - the first

iteration will also be the last. But if we demand that the separating functions be
continuous only on A, then again, a finite number of iterations lead to co (A).

Similarly, in the case of bi-convexity we may separate by bi-convex functions

that are continuous on A. Again, the process must converge (after a possibly
transfinite number of stages). The result, which we call bi-co*(A), may be
different both from bi-co (A) and from bi-co"'(A) (see Section 5); of course,

bi-co (A) C bi-co"'(A) C bi-co*(A).
Our main results (Section 4) may now be stated as follows:
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(1) If A is the limit cloud of a bi-martingale, then the set of all possible

starting points is bi-co*(A) (see Theorem 4.7).
(2) If we restrict ourselves to bi-martingales that are almost finite (see

definition above), then the set of all possible starting points is bi-co"'(A)
(Theorem 4.3).

To complete the picture, we note that
(3) If we restrict ourselves to finite bi-martingales (i.e. those that actually

remain fixed after a bounded number of stages), then the set of all possible
starting points is bi-co (A ).

1. Bi-martingales

Let f'l' and 6JI be compact convex subsets of some Euclidean spaces (of

different dimensions, in general). Let (0, gj, P) be an atomless probability space.

A sequence {Zn}:~I=={(Xn, Yn)}:=1 of (f'l'x 6JI)-valued random variables is a
bi -martingale if:

(1.1 ) There exists a non-decreasing seq uence {gjn}: ~ 1 of finite
subfieldsl of gj, such that {Zn}n is a martingale with respect to
{gjn}n.

(1.2)

(1.3)

For each n = 1,2,..., either Xn = Xn+1or Yn = Yn+1(a.s.).

ZI is constant (a.s.).

The martingale condition (1.1) means, first, that Zn is gjn-measurable, and
second, that £(Zn+1/ gjn) = Zn (a.s.), for all n = 1,2, . . . . By (1.3), we thus have
£ (Zn) = ZI for all n. Since f'l' and 6JIare compact, the sequence {Zn} forms a
bounded martingale, hence it has an almost everywhere limit Z~ ==(X~, Y~).

Let A now be a measurable subset of f'l' x 6JI.We will consider the following
set:

(1.4) A * = {z E f'l' x 6Jl1there exists a bi-martingale {Zn}:~1 converging

to Z~, such that Z~ E A and ZI = z (a.s.)}.

Without condition (1.2), A * becomes just co (A), the convex hulf of A; the

I A field is finite if it contains finitely many elements; this finitene.ss condition will turn out to be
inessential - see Remark 4.11.

2 Indeed, every point in co (A) can be obtained (by Caratheodory's theorem). Conversely, we
have z = E (Z.) where P(Z. E A) = 1, which implies z E co (A) (= the closed convex hull of A). If
z ~ co (A), then there exists a supporting hyperplane, i.e., .\-10 such that .\ . z = sup {.\ . a Ia E A}.

Hut this implies P(Z.EA')=l, where A'={aEAI,\'a=.\'z}, and A' is a set of lower
dimension than A. The proof is now completed by induction.
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same will happen if we drop (1.3) (and replace Z, = z by E(ZI) = z in the
definition of A *). However, the set A * as given by (1.4) is in general strictly
included in co (A). For example, as we will see later, if we take 2e = UJJ= [0,1]
and A = {(0,0),(1,0),(0,1)}, then A* is the L-shaped set {(x,y)E[0,1]x

[0,1]lx =0 or y =O}.

REMARK1.5. One can represent a bi-martingale {Zn}~~1 as a rooted tree,

with the values of Zn attached to its nodes at level n, and the probabilities

P(Zn+11 :1'n) attached to its branches from there. For example, see Fig. 1.1,
where

1=al+{3I=a~+M=a~+M=...;
°

~ a!, {3!,a~, {3~,a~, {3~,. . . ;

Zl = alz~ + {3IZ~, z~=a~z~+{3~z~, ...;

2,:

z:

2,:

2,:

2.: z~

Fig. 1.1.

and (writing z{ ==(x{, yO)

XI=X~=X~, 1 I 2
Y 2 = Y 3 = Y 3,

2 3 4
Y2=Y3=Y3"'"

Note that the total probability of each node is the product of the probabilities
along the unique path connecting the node to the root.

Conversely, each such tree structure gives rise to a bi-martingale; this is the
(only) reason we required P to be an atomless measure. It follows that the

specific choice of the probability space is of no consequence, as long as it is
atomless. Thus, A * is determined by distributions of bi-martingales, and not by

the bi-martingales themselves.

I.
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REMARK 1.6. If {Zn}~~1 is a bi-martingale, Zn ~ Zoo and Zn E A a.s., then

Zn E A * for all n. But A * C co (A), therefore A * does not change if we replace
'!:f and Ii.!Jby other compact convex sets whose product contains A.

REMARK1.7. Call a bi-martingale binary if all nodes in the associated tree
(d. Remark 1.5) have at most two immediate successors. Note that A * does not
change if we consider only binary bi-martingales. The interest in these is due to

the following: Let {Zn}~~1be a sequence of ('!:fx 1i.!J)-valuedrandom variables,
where Zn ==(Xn, Yn), and denote by X~) and Y~) the coordinates of Xn and Yn,
respectively. Then {Zn} is a binary bi-martingale if and only if it satisfies (1.1),
(1.3), and for each i and j, the sequence {X~)' Y~)}~~Iis a real-valued martingale

(with respect to the same {~n}~~1 as in (1.1». This follows from the easily

checked fact that for real numbers, if x = ax' + (1- a )x", y = ay' + (1- a )y",
xy = ax'y' + (1- a )x"y" and 0 < a < 1, then either x = x' = x" or y = y' = y". It
is however no longer true for convex combinations of more than two points; e.g.,

(~,~;~.~) = ~(O,0; 0.0) + ~(3,1; 3. 1) + ~(1,3; 1.3).

2. Bi-convex sets

A convex combination (X,Y)=L7'~lai(xi'Yi) (with ai ~O, L7'~lai = 1) will be
called bi -convex if either XI = X2 = . . . = Xm = x or YI = Y2 = . . . = Ym= y. A set
B is a hi-convex set if it contains all the bi-convex combinations of its elements.
Thus, B is bi-convex if for all x E '!:f and y E 1i.!J,its sections Bx. ==
{y E Ii.!J

I

(x, y) E B} and By =={x E '!:f
I
(x, y) E B} are convex sets. An example of

a bi-convex set that is not convex is again B = {(x, y) E [0, 1] x [0,1]
I x = 0 or

y = O}.Another example is the graph of the subdifferential mapping of a convex

function (d. [5], Theorem 23.5).
Next, we want to define the bi-convex hull of a given subset A of '!:fx 1i.!J.

There are two ways to proceed.
First, define inductively the sequence of sets {An}~=1 as follows: AI = A and

An+l is the set of all bi-convex combinations of elements of An (for n = 1,2,. . .).
Let B = U:~I An be the limit of this sequence. Second, let B' be the intersection
of all bi-convex sets that contain A.

PROPOSITION2.1. B = B' = the smallest3 hi-convex set containing A.

The proof is straightforward; we will call the set obtained the hi-convex hull of
A, and will denote it bi-co (A).

3 Relative to set inclusion.

I.
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An interesting question is: does there exist an n such that, analogous to

Caratheodory's theorem, bi-co (A) = An ? The answer is (in general) no.

EXAMPLE 2.2. Let ge = UJJ = [0, 1], and for all m = 1,2, . .. define

ZZm= (1 - 22-1' 1 - 2~+z ),

WZm= (1 - 22-t, 1 - 2~ ),

ZZm+l= (1 - 2~+z, 1- 2~ ),

WZm+1= (1 - 2~ , 1 - 2~ ),

and put Zt = WI = (0,0). Then Wn is a bi-convex combination of Zn and Wn-I (for
n =2,3,...), namely Wn =3zn +~Wn-I' Now let A ={Zn}~~I; then it can be
checked that Wn E An but Wn g An-I, for each n = 2,3,... (see Fig. 2.1). .

Z. .'

Z4~Z7

W4 W, Z,

Z,

W, W, Z,

W" z,

Fig.2.t.

Note that by adding the point (1, 1) to the set A in Example 2.2, one obtains a

closed (hence compact) set A with bi-co (A ) ~ An for all n.
How are bi-convex sets related to bi-martingales?

PROPOSITION2.3. For any set A, A * is a bi -convex set containing bi-co (A).

PROOF. To see that A * is a bi-convex set, recall the tree structure in Remark

1.5. Given a collection of m such trees, with roots ZJ,..., Zm, where, say,

XI = . . . = Xm = x, we construct for every non-negative at, . . . , am with L7'~1ai =

1 a new tree as follows. The root is Z = (x, y), where y = L7'~taiYi; it has m
branches to nodes ZJ,..., Zm, with probabilities at,..., am (respectively); from
each such node Zi, we follow the corresponding given tree. This shows that if

Z1,. . . , Zm belong to A *, then Z E A * too.

I
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The inclusion A * ::J A is obtained by considering constant bi-martingales; it
implies that A * ::Jbi-co (A ). .

REMARK2.4. The set An corresponds precisely to those bi-martingales

{z.n};;'~1for which the limit Zoois attained at most in n steps (i.e., Zn = Zoo).

Are the two sets A * and bi-co (A) actually equal? The following example
shows that this is not the case in general.

EXAMPLE2.5. Again, let 'J{ = uy = [0,1]. Let Zl = G,O), ZZ= (OJ), Z3= G, 1)

and Z4= (1, D, then A = {ZI, Zz,Z3,Z4} is clearly a bi-convex set, i.e., A =

bi-co(A). Let wl=G,D, wz=G,n, W3=a,n and w4=(~,D; we will show

that all these points belong to A * (as we will see in Section 4, A * is precisely the
bi-convex hull of all the points Zi and Wi,1 ~ j ~ 4; it consists of the square whose
vertices are the Wi'S,together with the four line segments [Wi,Zi]; see Fig. 2.2).

z,

z,
W, W,

WI
W4

Z4

ZI'

Fig. 2.2.

Indeed, consider the following tree (see Fig. 2.3): the root is WI; every node Wi

has two sons, Zi ~nd Wi+1(where j + 1 is taken modulo 4), with probability 4each;
every node Zi has one son Zi only. It is easily seen that this tree defines a

bi-martingale {Zn}~-I with ZI = WI; the probability that A is never reached is
zero (this happens only along the rightmost path in the tree, whose probability is
limn~oo (4r = 0), thus WIE A *. A similar construction proves that Wz, W3and W4

belong to A * too. .
This example points out the difference between "finite" bi-martingaies (which

generate only U:~I An = bi-co (A); see Remark 2.4), and "infinite" ones. In

Section 4 we will make this distinction (and another one) more precise.

l
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. z, z,

z,

z,

Z,- z,
I

Z, Z4

I

Fig. 2.3.

3. Bi-convex functions

In the previous section we saw that bi-convex sets are not sufficient to
characterize A *. We thus approach the problem in a dual way - by separation.

In the case of convexity, it is enough to consider affine4 functions: any point
outside a convex set can be separated from it by such a function. However, this

does not generalize to the bi-convex case: the corresponding bi-affine functions
separate strictly less than the larger class of bi-convex functions.

Let B CSf'x 6JIbe a bi-convex set, and let f : B ~ R, where R denotes the real
line. The function f is hi -convex (hi -affine) if f(x, 0 ) is a convex (affine) function

on B..={yE6JlI(x,y)EB} for all xESf', and f(o,y) is a convex (affine)

function on B.y = {x E ge
I

(x, y)E B} for all y E 6JI;i.e.,

f(A'x' + A"x", y) ~ A'f(x', y)+ A"f(x", y)

and

f(x, A'y' + A"y")~ A'f(x, y')+ A"f(x, y")

for all A', A" i?;0, A' + A" = 1, and (x', y), (x", y), (x, y'), (x, y")E B. Note thatf is
bi-affine if we have equalities above; it has to be of the form

f(x, y) = L aiix(i)yU) + L (3iX(i) + L ')'iYU) + 8,
i.i i i

. We use affine for a function that is both convex and concave; it is sometimes called linear.

Il
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where i and j denote the coordinates of x and y, respectively, and aij, {3i,'Yjand {j

are real constants.

The following is immediate.

PROPOSITION3.1. Let [: B ---+ R be a hi-convex [unction.5 Then, [or all real a,

the set {(x, y) E B
I
[(x, y) ~ a} is a hi-convex set.

As in the standard convex case, the converse is of course not true in general.
We can now define the notion of separation. Let B be a bi-convex set, B ::JA

(the set A is assumed fixed throughout). Then a point z E B is (strongly bi-)

separated [rom A with respect t06 B if there exists a bounded bi-convex function [
on B such that [(z»sup[(A)==sup{[(a)laEA}. Let us denote by
ns (B)( ==nSA(B» the set of all points z E B that cannot be separated from A;
thus, z Ens (B) if and only if z E B and, for all bi-convex functions [defined on
B, we have [(z) ~ sup [(A).

Form Proposition 3.1 one readily obtains

PROPOSITION3.2. Let B be a bi -convex set, B ::J A. Then the set ns (B) is

bi -convex, and ns (B)::J bi-co (A).

In general, we cannot expect the opposite inclusion to hold, since even for

ordinary convexity, the analogous assertion cannot be made: if B is a convex set
and A C B, then the set of points in B that cannot be separated from A by a
convex function on B need not be included in co (A). This set is, however,
included in Co(A), the closed convex hull of A, and so the question arises
whether, similarly, we can assert that ns(B) is included in bi-co (A). The answer
is no; this is further evidence for the non-finite dimensional character of

bi-convexity (see Example 2.2).

EXAMPLE3.3. Consider again Example 2.5, and let B = 2l' x 6JI.Let [ be a
bi-convex function on B, and assume that it separates at least one of the points
WI, W2, W3, W4from A. Let i be such that [(Wi) ~ [(Wj) for all 1 ~ j ~ 4, then [
separates Wi from A. Now [ is bi-convex, thus

[(Wi) ~ Y(Zi) +Y(Wi-l)

(where we define Wo == W4)' But Zi E A, thus [(Wi) > [(Zi), which implies

[(Wi-I) > [(Wi), contradicting the choice of i. This shows that Wi Ens (B) for
1 ~ i ~ 4. On the other hand, Wi~ A ; since A is itself closed and bi-convex, it

S We always assume that the domain of definition B of a hi-convex function is a hi-convex set..The domain does indeed matter - see Example 3.5.

L
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follows that ns (B) is not included in bi-co (A). From WiE bi-co (A) it follows

that ns (B) =>C ==bi-co {Zi, Wi 11 ~ i ~ 4} (by Proposition 3.2). At the end of this
section we will show that actually ns (B) = C. .

We claimed that separation by bi-affine functions is not sufficient; the
following example shows that bi-convex functions may indeed separate more.

EXAMPLE 3.4. Let f!e = uy = [0,1], A = {(O,0), G, 0), (O,!), (1, I)}, B = f!ex uy

(see Fig. 3.1). It is easy to see that bi-co (A) consists of A together with the two

line segments [(0,0), G, 0)] and [(0,0), (0, D]. Consider now the following function

Ion B:

{

Xy,
I(x, y) =

-3xy +2x +2y -1,

0 ~ x, y ~ 1/2,

otherwise.

(I)~- - . - - - .
(!)- - - - - - (~)

I

I
(0) -. - - - - - -A - - . - - - - - .

0) m

*(0) (1)(0)

Fig. 3.1.

It can be checked that I(x, y)?; 0 for all (x, y) E [0, 1] x [0,1], I(x, y) = 0 if and
only if (x, y) E bi-co (A), and 1 is bi-convex (actually, it is piecewise hi-affine; it is
obtained by putting 1(0,0) = I(OJ) = IG, 0) = 1(1, 1) = 0, I(U) =!, 1(0,1) =
1(1,0) = 1 and IG, 1) = 1(1,!) = t and then extending it bi-affinely in each of the
four small squares). Therefore, 1 separates every point not in bi-co (A) from A ;
thus, ns (B) = bi-co (A).

Now let g be a bi-affine function on B; we will show that it cannot separate the
point O,!) from A. Indeed, let a, /3, 1, l) be the values of g at the points of
A : (0,0), (t 0), (OJ), (1,1) (respectively). Without loss of generality, assume

L
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g(~,~) = 0; thus, a, (3, y, 8 are all negative. Using repeatedly the fact that g is

bi-affine, we obtain:

g(t 0) = ~g(O, 0) + ~g(t 0) = ~a + ~(3,

g(U) = 2g(U) - g(L 0) = - ~a - ~(3,

g(t!) = 2g(L!)- g(O,!) = - a - (3 - y,

g(~,I)=2g(t!)-g(tO)= -2a-3{3-2y,

g(O, 1) = 2g(0,!)- g(O,O) = 2y - a,

g(I,I)=2g(tI)-g(O,I)= -3a-6{3-6y.

But g(I, 1) = 8, thus - 3a - 6{3- 6y = 8, which is impossible since a, {3,y, 8 < 0..
Finally, we show that the separation does depend on the domain of definition

B (in the regular convex case, all the separation is obtained by affine functions,
which can always be extended to the whole space; this is so for neither convex

nor bi-convex functions).

EXAMPLE3.5. Let ge = u,y = [0,2], A = {(x,y) 11< x, y < 2 or x = y = I}
(i.e., A is an open square together with one of its corners). Let B = ge x u,y; then

we claim that the points (x, 1) and (1, y), for 1 < x, y < 2, belong to ns (B).
Indeed, let f be a bi-convex function on B, then

f(x, 1)~
1 ~ e

f(x,O)+
11 e

f(x, 1 + e)

for every 0< e < 1. Since (x, 1 + e) E A for 1 < x < 2 and 0< e < 1, we obtain
when e~O that f(x,1)~supf(A), thus (x,1)Ens(B). Similarly for (1,y).

Now let B = [1,2) x [1,2); then the following bi-convex function separates all

points (x, 1) and (1, y) (for 1 < x, y < 2:

{

X 1 y = 1,
f(x,y)= y=1: x=1,

0, otherwise. .
What are the continuity properties of bi-convex functions? As we shall now

see, they parallel those of convex functions (d. [5]). A real function f defined on

a set B is lower-semi-continuous at a point i E B if

lim inf f(z) = f(i)
z~i

L
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(or, equivalently, if Jim infM~x f(ZM) ~ f(2) for every sequence {z,,}~ 1 C B such

that ZM--- 2). It is upper-semi -continuous at z if

lim sup f(z) = f(2),
z~i

and it is continuous at z if it is both lower- and upper-semi-continuous there.
The following results should be compared with Theorems 7.4 and 10.2 in [5].

Let B C ge x '!Yand let z = (x, y) E B. The point z is bi -relatively interior to B
if z is interior to B relative to aff (projrB) x aff (proj",B), where the affine space
generated by a set C is denoted aff(C). For example, let ge = '!Y = [0,1] and let

B = {(t, t)
I
0 < t < l}, then every point of B is a relatively interior point, but

none is bi-relatively interior. Note also that on this set B, any function f is
bi-convex!

PROPOSITION3.6. Let f be a hi-convex function on a hi-convex set B, and let

z = (i, Y) be a bi -relatively interior point of B. Then f is lower-semi -continuous at

z.

PROOF. Without loss of generality, assume i is actually interior to B. Let U

be a closed cube around i, and V a closed cube around y, such that U x V C B.
Let z = (x, y) E U x V; express it as a bi-convex combination of the vertices of

U x V, say z = 2.:~1a;z;; then

I
f(z) ~ 2. aJ(z;),

;~1

which implies that f is bounded from above on U x V (by max {f(z)
I z vertex of

U x V}).

Now let (x, y) E U x V; continue the straight line (in U) through x and i, past
i, until it intersects the boundary of U at a point x I; define y I similarly. Then

i=Ax+A'x' and Y=JLY+JL'Y', where A, A', JL, JL'~O, A+AI=JL+JL'=1.
Since f is a bi-convex function,

f(i, Y) ~ Af(x, y) + A'f(x " Y) ~ AJLf(x, y) + AJL'f(x, Y ') + A'f(x', Y).

As (x, y)--- (i, Y), we have A1---0 and JL1---0 (the boundaries of U and V are at

a positive distance from i and y, respectively). Together with the boundedness
from above of f on U x V, this implies that only the first term matters, thus

f(i, y) ~ lim inf f(x, y).
(x..Y)-.(i.y)

.
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Again, let B Cr x O!Jand z = (x, y)E B. We say that B is locally hi-simplicial

at z if there exist a neighborhood U of x in a neighborhood V of y in O!J,a
collection of simplices 5" 5c, . . . ,5n in .ur and a collection of simplices

TI' T"..., T", in ~IJ,such that (putting 5 = U;'~I 5i and T = U~~I 1;),5 x TeB
and (U x V) n B = (U x V) n (5 x T) (compare with [5, p. 84]). Examples of

sets that are locally bi-simplicial at all their points are sets B = C x D, wh~re
C e'Zf and D e ~IJare (relatively) open convex sets, or polyhedral sets. If we

consider again 'Zf=uY=[O,I] and B={(t,t)lo<t<l}, then B is locally bi-
simplicial at none of its points (although it is locally simplicial at all of them).

PROPOSITION3.7. Let [ be a bi -convex [unction on a bi -convex set B, and let

z = (i, y) E B. I[ B is locally bi -simplicial at z, then [is upper-semi -continuous at

z.

PROOF. Without loss of generality, assume each 5i has i as one of its vertices,

and each 1; has y as one of its vertices (if this is not so, partition the
corresponding simplex into smaller ones with this property). It suffices to show

that [ is upper-semi-continuous on each 5i x 1;. Let Xo= i, x"..., xp be the
vertices of 5i, and Yo= y, YI," ., Yq the vertices of 1;; then each x E 5i and each
y E 1; can be expressed as x = L;'~oA,x, and y = L';~o/-L,y"with A" /-L,~ 0 and
L;'~oA, = L';~o/-L,= 1. Hence

[(x, y)~ ~A,[(x" y)~ ~ f A,/-L,f(x"y,).
",0 ,~o ., ~o

As (x, y)~ (i,.5'), we have Ao~ 1 and /-Lo~ 1. thus A, ~ 0 and /-L,~ 0 for all r"l 0

and s"l 0, implying that Jim sup [(x, y) ~ [(x, .5'). .
COROLLARY3.8. Let [ be a bi -convex [unction on a bi -convex set B. Then [ is

continuous at all its bi -relatively interior points.

PROOF. If z is a bi-relatively interior point of B, then B is locally bi-simplicial

at z. .
We now complete the analysis of Examples 3.3 and 3.5. Consider first

Example 3.3; we wish to show that ns(B) does not contain any points outside C.
Indeed, the function

[(x, y) = [x - ~]+[y - ~]+

(where [A]+ ==Max{A,O} for real A), separates from A all points in the positive

orthant with origin at W4. In a similar way the other three orthants (with origins

WI, W2 and W1) are also separated.

l
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Functions of this type, i.e.

(3.9) f(x, y) = [g(x)]+[h(y)]+,

where g and h are affine functions on 2f;'and IJ,IJ,respectively, are often useful (for
applications, see Section 7 in [3]). In Example 3.5, they suffice to show that

ns (2f;'x IJ,IJ)= [1,2) x [1, 2),

ns([1,2)X[1,2»=A

(note that A = A *, since A is a convex set). However, functions of this type do

not separate everything that bi-convex functions do (see Example 3.4).

4. Main results

In this section we will obtain a characterization of A * by
properties. The main result is Theorem 4.7; see also Theorem

correspond to (1) and (2) at the end of the Introduction.)
In Section 3 we have defined, for every bi-convex set B that contains A, the

set ns (B) of all points of B that cannot be separated from A by any bi-convex
function. As we saw in Example 3.5, one may have to apply the operator "ns"
repeatedly in order to obtain the desired set A * (see also Example 5.5 and
Remark 5.7).

Formally, one defines inductively Bo = 2f;'x IJ,IJ,Ba+1= ns(Ba) for every ordinal
a, and Ba = niJ<aBiJ for every limit ordinal" a. Since ns (B) C B for everl B,

and B C B' implies ns (B) C ns (B '), one obtains a non-increasing sequence of
sets {Ba }a, with limit C;;; By for some ordinal 'Y.(In the introduction, the limit

set C was denoted bi-co#(A ).)

separation

4.3 (these

PROPOSITION4.1. The limit set C satisfies C = ns (C). Moreover, it is the

largest such set, i.e., if B = ns (B) then Be C

PROOF. Since C = By is the limit of the above sequence, we have By+l = By,

or ns(C)=C If B=ns(B), then BCBo=2f;'xlJ,lJ, and BCBiJ for all (3<a
implies B = ns (B) Cns (BiJ), thus B C Ba; transfinite induction then gives B C
~=C .

Does this set C coincide with A *? Example 5.1 will show that this is not the
case in general. What then is this set C? Consider Example 2.5: the points Wi

7 Equivalently, define B. = n~ <. ns (B~) for every ordinal (1. Note that one may take Bo =
co (A )..We will always assume throughout this section that B is a hi-convex set containing A.
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(for 1 ~ i ~ 4) belong to A * but not to bi-co (A). Actually, Wi can be obtained by

a bi-martingale which a.s. reaches A in finite time (i.e., one need not go to the

limit Zoo,since on almost every path Zn E A for all n large enough; how large

depends on the path).

Formally," let {Zn}: ~ I be a bi-martingale, Zn ~ Zoo a.s., and let {g:n}: ~ 1 be the

corresponding sequence of (finite) fields; that is, g:n is the field generated by
(ZJ, Z2, . . . , Zn). Put g:oo= limn_oog:n (a IT-field), and denote by N the set of
positive integers {t, 2,...}. A stopping time N is a random variable with values in
Noo==N U {(X)},such that the event {N =,d belongs to g:n for every n E Nx.
Intuitively, this means that N depends only on the "past" - i.e., ZJ, Z2,. .., ZN,
but not on the "future". A stopping time N is a.s. finite if P(N < 00)= 1; it is a.s.
bounded if there exists no< 00such that P(N ~ no)= 1. Note that if we only

consider values of Zn that have positive probability, the finiteness of the fields g:n
implies that "a.s. bounded" is the same as "everywhere bounded", which is the
sameas"everywhere finite" (by Konig's,Lemma); this however differs from "a.s.
finite" (see Fig. 2.3 for an example).

We now define A '" as the set of all z E f!l:x u,ysuch that there exists a
bi-martingale {Zn}:~1 with ZI = z, together with an a.s. finite stopping time N,

such that ZN E A (a.s.). Note that if we require the stopping time to be bounded,
then bi-co (A) is obtained (seeRemark 2.4), whereas A * corresponds to the case
that the stopping time need not be a.s. finite. In a similar way to Proposition 2.3,
we have

PROPOSITION4.2. A '" is a bi -convex set, satisfying

bi-co (A ) CA '" c A * .

Example 2.5 shows that bi-co (A) may be a proper subset of A"'; Example 5.1
will show that A '" may be a proper subsetof A *.

THEOREM 4.3. The largest set C satisfying C = ns(C) is precisely A"'.

Thus, A'" is the largest set that contains A and such that no bounded
bi-convex function defined on A'" can separate any of its points from A. We
divide the proof into two parts.

PROPOSITION4.4. ns(A "') = A"'.

PROOF. Let z E A "', {Zn}:~1 a bi-martingale with ZI = z, and let N be an a.s.
finite stopping time with ZN E A (a.s.). For every bounded bi-convex function f

" References for the following are, e.g., [1, Ch. 9], [4, Ch. IV-V].
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