Probability — 1999, TAU 1

Exam of 26.01.2000 — Solutions

1
. 1 if 77 > 1,
S )1+T ifT <1
- TP
P(X=1)=P(T1>1) =1
P(1<X<z)=P(14+Th<z,T1<1)=P(Th<z-1)P(T1<1)=
=2(z—1)-3=xz—-1 forze (1,1.5);
0 for x < 1, 1
Fx(z)=qx—0.5 forl<zx<1.5; 0.5 /_
1 for z > 1.5. | i1.5
1.5
. 1 for 0 < p < 0.5; 1
X*(p) =
0.54+p for0.5<p<l.
"o 1
18 o T AP
pp=X"(3)=1; spu=X"(3)=1; w@yu=X"(3) =125
I R

The support: [1,1.5]. Discrete, singular, and absolutely continuous components:

d=% Ps=0, Pac=3;
0 forz <1,
{1 for x > 1;
forx <1,
FXac 2(x—1) forl1<z<1.5,
1 forx21.5;
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0.5 1

1
]EX:/ X*(p)dp:/ dp+ [ (0.5+p)dp=0.5+0.625 = 1.125;
0 0 0.5
EX =piE (X | X € Ax ) 4paucE (X | X ¢ Ax )=1-1+1-1.25=1.125.

(Other ways may be used.)

E(15 —X) “=pq /(1.5 — ) *dFx4(x) + Dac /(1.5 — ) *fxac(z) dx;
the discrete part converges for all « (since the atom is not at 1.5); only (1.5 — 2) ™ fx ac(2)

must be integrable when x = 1.5 — ¢, ¢ — 0+. So, ¢~® must be integrable, which holds if
and only if a < 1.

3

We have two cases: T} > 1 and 7} < 1.

K %

Case T7 > 1:
X=1,Y=T1+T,T €(1,2),T; € (0,0.5); a singular 2-dim distribution, with the support
{1} x [1,2.5] (a segment on the plane).
Case T} < 1:
X =1+4+TY =T +T,, T € (0,1), T, € (0,0.5); an absolutely continuous 2-dim
distribution with the support {(z,y) : = € [1,1.5],y € [x — 1, z]} (a parallelogram).

So, pa = 0, ps = 1/2, poc = 1/2. The support is the union of the segment and the
parallelogram.

) o P

E(XY|T1>1)=E(Y|T1>1)=E(T1+T|T1>1)=
=E(T|T1>1) +E(T | Ty >1)=15+025=1.75;
E(XY |T1<1)=E((1+T) (T +T)|Ti<1)=
=E(T|Ti<1) +E(L |1 <1) +E (T | T1<1) +E (T3 | Ti<1) =
=0.540.25+0.5-0.25+ & ~ 0.958; (or 22)
EXY)=E(XY|T1>1)P(Ti>1)+E(XY|T1<1) P(Ti<1)~
~ 1.75- 0.5+ 0.958 - 0.5 ~ 1.354;

Cov(X,Y) ~ 1.354 — 1.125 - 1.25 ~ —0.052. (or — )

So, X and Y are correlated, therefore, dependent.
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Px y,c is Pxy|1,<1, the uniform distribution on the parallelogram. The area of the parallel-
ogram is 1/2, so, the density is

2 ifzxell,1.5],y€z—1,z]

0 otherwise.

fX,Y,ac(xa y) = {

e

Yes, a, < apy1, since max(Xy,...,X,) < max(Xi,...,X,11). The equality a, = a1 is
possible, since the distribution may be degenerate, X; = const.

1 o PP

If X, is bounded from above, that is, P (X1 < c) =1 for some ¢, then the sequence (ay,) is
bounded (by c). Conversely, if (a,) is bounded, then lim, E max(Xj,...,X,) < oo, which
implies (by monotone convergence theorem) that lim, max(Xj, ..., X,) < oo almost sure,
that is, sup(Xi, Xo,...) < oo almost sure. That is possible only for bounded X;. Otherwise,
for every x the inequality X, > x holds infinitely often.

n 1 1 0 %)
In _ E]E max(Xy,..., X,) = —(—/ F”(x)d:c-l—/ (1 —F”(x))dx) :
0
The first term tends to 0; consider the second term. We have
1-F"(2)=(1-F(2))(1+F(z)+ F*(2) + -+ F" '(2)) < n(l - F(z)).

Therefore for every M,

=i [T o) [0 )
%/Aj(l_Fn(x))de/]Mw(1_;(()x))dxM—%o>o,

since

/00(1 — F(z)) dv = /000(1 — F(z)) dx—j)M(1 — F(z)) da .

M

S/

=57 (1:FF(.’E)) dz
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A more elegant solution found by a student on the exam:

Denote Y, = max(Xy,...,X,), then Fy,(-) = F% (-), thus Y (p) = X{(/p) and a, =
EY, = fol Y*(p)dp = fol X (/p) dp = fol X3 (u) - nu"~tdu; so, ~a, = f01 Xi(uw)u"tdu — 0
by the monotone convergence theorem.

5
5% Y
Fxv-1(2) = Fov-1(0) = Fo(a) = [ folu)du:
Prvesl®) = Payeate) = Fu@) = Fo (3) = [ fotyau= [ so(2) au
fxjv=1(z) = {U(x) ;
frv-alo) = 350 (3).

59 o S
P(v=1|x=a)= PO o e e
P(V=2|X =)= i

5 Y 2

E(Y|X=2)=E (%X |X=2)=2E(%Y|X=2)=
=z2P(V=1|X=z2) +iP(V=2|X=2))=
(om0 more k) Gmerre 1)

5 e

E ( Y | X ) > X means %#ﬁ% +% > 1, that is, 6 fy(x) > 2fy(x) + fu(3), that is,
4fy(xz) > fu(5). That must hold for almost all .

Yes, such fy exist. For example, fy(x) = const - min(1,1/z%) for a € (1, 2).

If X,Y are integrable, then E ( Y | X )> X implies EY > EX, since ]E(]E ( Y ‘
X )) = EY. However, we have E(X) = E(Y) (these are identically distributed), so,

E (Y | X )> X implies that E(X) = co =EY.



