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Exam of 31.08.1999 — Solutions

-

The point (U, V) is distributed uniformly on the square (10,20) x (15,25) (in minutes; we
omit 8 hours). The random variable U — V is a linear function on the square, equal to +5
at one vertex, —5 on a diagonal, and —15 at the opposite vertex. Calculating needed areas
(of triangles) we get

(5—a)”

IP’(U V_a) 57100 or —5<a<h,
(a + 15)?

P(U-V<a) 5 qop~ [T —15<a<-5

X is a function of U — V| namely,

X — U-V forU-V >0,
o for U —V < 0.

Therefore

FX(O):IP’(X:O):IP’(U—Vgo):g;

(5— =)

Fx(@)=P(X <z)=P(U-V<o)=1-"F2

for0 <z <5;

Fx(x) =0for x <0, Fx(z) =1 for x > 5.
X* is inverse to F; for p € (7/8,1) we have 1 — (5 —z)?/200 = p; x = 5 — 1/200(1 — p).
So,

X*(p) = 0 for 0 < p < 7/8;
PI=\5- /2000 =p) for7/8<p<1;

o1

]

Also Y is a function of U — V', namely,

v V-U forU-V <0,
o for U —V > 0.
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Therefore

FY(O):]P’(Y:O):]P’(U—VZ()):%;

(oa)® for 0 <y <5
FY(?/)ZP(YSy):]P’(U_VZ_y):{ 200 or0 <y <5,

(15-y)* .
1 — =50~ for 5 <y < 15;

Fy(y) =0 for y <0, Fy(y) =1 for y > 15.

0 for 0 < p <1/8;
Y*(p) = { \/200p — 5 for 1/8 <p < 1/2;

15— 4/200(1 —p) for1/2<p<1;

1
Y12 = Y™ (§> =5.

I P
7 1
Fx = 3 X,d+§ X,ac }

0 forz<O
Fxq(z) = ’
xa(®) {1 for z > 0;

0 for x <0,

Fxac(z) = 8(Fx(x) — tFxa(2)) = w for 0 <z <5,
1 for z > 5;
0 for x < 0,
Fxac(@) = Fy oo(z) = L 222 for 0 < z < 5,

0 for x > 5.
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1 A
1 7
Fy = - —F; ac
v = glvat gty
0 fory<0
F = ’
va(y) {1 for y > 0
0 for y <0,
G2 g 0<y <5
Fyac(y) = 8(Fy(y) — LF =4 1 =V=
vac(y) = $(Fy (y) — Fva(y)) 115-05-9)°  for 5 < y < 15,
1 for y > 15;
for y < 0,
2049 for0<y<5
ac E’ ac — 175 ’
frac(y) Y, (y) 2(1157?) for 5 < y < 15,
0 for y > 15.
L i i it i et ittt e it e
First, EX = [y X*(p)dp = [;5(5 — v/200(1 = p)) dp = (5p + V200 - 2(1 — p)*?) |} 5 =
54051 VI 3i =51 v 3 L=3(1-) =2
Second, EX = [zdFx(z) = I [2dFxa(z) + § [2dFxac(x) = 0+ § [ @fxac(z) dz =
5 25—z 5 2 g3 3 3 3
sl (25 )d:vz%-;—Sfo(5x—x2)dx=ﬁ(57—?)|g=1(1)0 Y =ms=is=x
5 A
Y-X=V-U,sinceforU-V <0wehaveY - X = (V-U)-0=V-U,and forU-V >0
we have Y =X = 0—(U—V) = V—U. Therefore EY —EX = EV —-EU = 1B} 10420 — 5

andso,]EY:5+]EX=5+%.

2

/7 Y
We know that X and Y are functions of U — V' (see la, 1b):
U-V,0) fU-V>
O T e e
0,V-U) ifU-V <0;
thus, the point (X,Y’) always belongs to the union of the two axis. Therefore the 2-dim
distribution has no absolutely continuous part. The random variable U — V' is nonatomic,

and different values of U — V' lead to different (2-dim) values of (X,Y"); therefore the 2-dim
distribution has no atoms. It is singular.
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] o S
Yes, X and Y are dependent. Indeed,

0=P(X>0Y>0)#P(X>0)P(Y>0).

0 0
77 P
If X =z > 0 then necessarily Y = 0; thus,
0 ify<0
Fyix—.(y) = ’
Vix=e(y) {1 ity >0

for z > 0.

The condition X = 0 is equivalent to the condition ¥ > 0, thus Fy x—¢ describes the
conditional distribution of Y given that Y > 0, that is, Y does not belong to its set of atoms.
We get just the nonatomic (absolutely continuous) part of the distribution of Y calculated
in 1d. So,

0 for y <0,
—2
1 for y > 15.
3
K % T

Yes, the distribution of X determines uniquely the distribution of Y. Indeed, the distribution
of X determines X* (except for values at jumps), therefore, Y*, therefore, the distribution
of Y.

No, the distribution of Y does not determine uniquely the distribution of X. Indeed, two
increasing functions can be equal on (3, 2) but quite different on (0, 3) or/and (2,1).

) o

We know that for any a, the set {p € (0,1) : X*(p) < a} is either (0, Fx(a)) or (0, Fx(a)].
The distinction is of no importance for the argument; I'll use the first possibility; the second
one gives the same.

If a is such that 3 < Fx(a) < 2 then {p € (0,1) : Y*(p) < a} = {p € (0,1) : 1% €
(0, Fx(a))} = (0,3Fx(a) — 1), thus, Fy(a) = 3Fx(a) — 1. Otherwise, if Fx(a) < 3, we have
{pe(0,1):Y*(p) <a} ={pe(0,1): 22 € (0, Fx(a))} = 0, thus, Fy-(a) = 0. Similarly, if
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Fx(a) > % then Fy(a) = 1. So,
0, if Fx(y) < 3,
Fel) = 8Ex) ~1, it} < Fx(y) <}
L, if Fiy(y) > 2
5 T

No, not every distribution is possible for Y, since not every increasing function on (3, 2) can
be extended to an increasing function on (O 1). Only a bounded function can be extended
(indeed, say, X*(¢) is a lower bound for the whole Y*). And every bounded function can be
extended (say, as a constant on (0, %) and another constant on (%, 1)). So, a necessary and
sufficient condition is, that Y* is bounded; that is, Y*(04) > —oo and Y*(1—) < +o0; that

is, Y has a bounded support.

K ' NN AP
No. For example, let X* be 0 on (0,3) and 1 on (35,1), then EX = 2 but EY = 1.
B 7PN

Yes. Indeed, B|Y | = [\ [V*(p)| dp = [, |X*(142)|dp =3 [} |X*(p)|dp < 3 f |X*(p)|dp =
3E|X| < 10E |X]|.

4

P
The joint distribution of X,Y is invariant under rotations. Vectors ( T \/l) (\/%_0’ \/%_0)
are orthogonal unit vectors. Therefore the joint distribution of *=* and #22 is the same

as the joint distribution of (X,Y’). So,

E (cos(3X — Y)sin(X + 3Y)) = E (cos(v10X) sin(v10Y)) =
=K (cos(\/EX))IE (sin(\/ﬁY)) =

since sin(y/10Y) is symmetric w.r.t. 0.

5

5% Y

Denote by A, the event max (X241, Xp242, ..., Xpn219,) < 3. We have P (An ) =P (an+1 <
3oy Xpzyon <3) =P( X2y <3)...P(Xpeyon < 3) = p*, where p = P(X, < 3).
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Thus,

ZIP’(A,L) < 00.

By the first Borel-Cantelli lemma, only a finite number of events A, occur (almost surely).
It means existence of a (random) N such that Vn > N max(X,2,1, Xp219,. .., Xn240,) > 3.

5 o PP

No, n? + 2n cannot be replaced with n? + 20. Indeed, denote by B, the event
max(Xn241, Xn242, -« -, Xp2120) < 3. We have P(B,) = p* (where p = P(X; < 3),

still). Thus,
Y P(B,) =c0.

Also, B, are independent for n large enough (since n* + 20 < (n + 1)? + 1). By the second
Borel-Cantelli lemma, an infinite number of events B, occur (almost surely). It means
nonexistence of a (random) N such that Vn > N max(X,2,1, Xp240,. .., Xp2490) > 3.



