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Functional analysis treats functions as points in the function space. A
useless neologism? Not at all. Rather, a way to use geometric intuition for
the benefit of analysis.

Surprisingly, simple geometric symmetries of a special, seemingly not no-
table two-dimensional surface in Hilbert space lead naturally to the famous
Fourier transform (and some other useful things).

la Introduction

On the finite group Z/nZ, Fourier transform amounts to the basis of eigen-
vectors of the shift U : C" — C”,

Ulfos f1o- -y fam2s fam1) = (f1s for oo a1 fo) -

2mil/n

The eigenvalue e corresponds to the eigenvector

(1’ ele/n’ e27r1-2l/n’ N e27r1-(n71)l/n) )

)

Defining unitary F : C* — C" by
f(f(]uflu"'?fn*1> =

= % ( Z fr, Z e—27rik/nfk’ Z e—27rik~2/nfk’ o Z e—27rik-(n—1)/nfk>
k k k

k
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we get FU = VF where V is diagonal,

V(f07 f17 LRI fnfl) = (f07 e2ﬂi/nf17 EICR) e2ﬂi(n71)/nfn71) .
Thus, F diagonalizes U,
FUF'=V.
On the compact group T = R/Z we have Fourier series,

f(l‘) _ che%rilm’

keZ
1
ck:/ fz)e 2k dy .
0

The unitary operator F : Lo(T) — [5(Z), F f = ¢, diagonalizes shifts U(a) :
Lo(T) — Ly(T), U(a)f : & — f(x + a); namely,

FU(a)F ' =V(a),
V(a): 1(Z) — 1,(Z), (V(a)e), = ™% ¢ .

On the noncompact group R the situation is similar in principle, but more
complicated technically, since the shifts have continuous spectrum.! We'll see
that the Fourier transform is a unitary operator F : Ly(R) — Lo(R) that
diagonalizes shifts Uj(a) : Ly(R) — Lo(R), Uy(a)f : t — f(t + a); namely,

FUW@)F " = Via),
Vi(a) : Lo(R) — Lo(R),  Vi(a)f : ¢ — €™ f().

In fact, Ff :t \/% fj;o e st f(s) for f € L1(R) N Ly(R).

In order to overcome technical difficulties we’ll go round. An orthonormal
basis is a family of vectors with special (and extremely simple) scalar prod-
ucts. Quite different family of vectors with special (and still simple) scalar
products, the so-called exponential map, will be instrumental.

See also “List of results”, “List of formulas”, and Index.

1b Exponential map

Two special geometric objects are introduced in this section: a curve ¥(-) in
a Hilbert space, and the corresponding curve w(-) on the sphere. Placing ap-
propriately the latter curve in the function space Lo(R) we extend symmetries
of the curve to shifts of the functions.

IThe function x — €% is not an eigenvector, since it does not belong to La(R).
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TOYy MODEL

Consider a map (vector-function, parametrized curve) ¢ : R — E., where
E is a Euclidean space, satisfying

((2), 6l)) = 1+ 2y + 527

Ezistence: (z) = (1,z ,2%/V2) € R®.
Uniqueness: || > cptby (xp)| = || ECM/&(S%)H

General form: () = eg + xe; + \/—62 where ey, e, 9 are orthonormal.

By the way, e = ¢(0), e1 = ¢'(0), e2 = ¥"(0)/v/2.
The subspace spanned by all ¢ (x) is 3-dimensional.

EXPONENTIAL MAP ON R

Consider a map (vector-function) ¢y : R — H, where H is a Hilbert space
over R, satisfying

(1b1)  (do(@), vo(y)) = exp(zy/2);  (Yo(xV2), ¢o(yv2)) = exp(zy).
Eristence: to(2v/2) = (1,z,2%/V2,2°/V3,...) € L.

As before: uniqueness;

OGRS e

e, are orthonormal; the power series converges (in norm) for all x; e, =
2;2 (k) (0); the subspace spanned by all 1g(x) is infinite-dimensional. As-
sume 1t to be the whole H.

Alternatively:

Yo(2) — oAy (o
o) ¢ Yol

(1b2) (wo(x), wo(y)) = exp(—(z — y)*/4);

the latter is shift-invariant.
Action of shifts: Uy(a) = U™")(a) € Unitary(H) for a € R,

Up(a)wo(z) = wo(z —a);  Us(a+b) = Uy(a)Us(b) .

Observation: f_t:o e 9’ dg = \/7/a, thus the vector-function w; : R —
Ly (R)v

wo(z) =

2a
wl(x\/é) cq = 7r ~(avaa)?
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satisfies ([2)). Indeed,
e 2 [T 2 2
wi(2V2)(@wi(yv2)(q)dg = /= | exp(=(gva—2)*~(gva—y)?) Vadg =
2 +o00 ) )
=\/= exp(—(¢ —2)* — (¢ —y)*) dg =
2 [T T+ Y\? 2 o (2+y)?
e (2 (e 5 Y
2 x (x —y)?
- \/;\/;GXP (_ 2 ) '

Traditionally one chooses a = 1/2; the vector-functions wq,1; : R — Lo(R),

1/4 2/9 1/4 (12 z?
wl({L')IQI—)ﬂ'_/e_(q_l’)/ :7'(_/ eXp<—§+{L‘q—?),
¢ 22
(1b3) V() 1 q— 1V exp (— 5] +xq — Z)

satisfy ([b2), ([ILI)) respectively. It is not evident whether the vectors 1 ()
span Ly(R) or not.! But anyway, our shifts Uy (a) = U™ (a) conform to the
usual shifts on Ly(R); indeed, (Uy(a)w;(z))(q) = wi(z—a)(q) = wi(x)(g+a),
since wy (z)(q) is a function of ¢ — = only. Thus,

Ur(a)f :q— fg+a)

for every f of the spanned subspace.

1c Exponential map as an analytic vector-function

Using analytic vector-functions on the complex plane we turn to special two-
dimensional surfaces in the Hilbert space, thus gaining additional symmetries.
In the function space the shifts appear to be diagonalized. Also, some useful
systems of functions generate Lo(R).

Now we assume H to be a Hilbert space over C and note that the uni-
tary operator e; — i’e;, leads to another vector-function V2 — > %1’%;C
satisfying ([Rl). Not exciting, unless we turn to v, try

2 2
i) g 7w exp (= L g+ 2.
] 2
% g e (— % + W) = 14, (0)(q)

'We'll see that they do.
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and observe that our shifts U;(a) turn into multiplication operators. Really?!
Consider a vector-function vy : C — H satisfying

(1cl) (Yo(21), Po(22)) = exp(2172/2) .
Existence: vo(2v2) = (1, 2, 2221, 23 /3, ) € ls.

As before: uniqueness;

k

Yo(2v2) =) Zk'

k=0

er are orthonormal; the power series converges (in norm) for all z, which
means that 1y is an entire vector-function; e, = 2\;2 (k)(O); the subspace

spanned by all ¥g(z) is infinite-dimensional, and we assume it to be the
whole H.

The vector-function R 3 2 — tg(x) € H satisfies (ILIl). Another vector-
function R 3 z +— v (ix) € H also satisfies ([[R]l), since iziy = zy.

We introduce a vector-function ¢; : C — Lo(R) by

2 2

(1c2) U1(2) 1 q— 1 Y4exp (— % + 2q — %)

and note that (¢1(z),¢1(y)) = exp(zy/2) for z,y € R. Does it mean that
(1(21),¥1(22)) = exp(z1Z2/2) for 21, zo € C? This equality could be checked
by a calculation, but it is more interesting to get it from an excursion into
the theory of analytic vector-functions (which provides much more than just
this equality).

ENTIRE VECTOR-FUNCTIONS ON C

1c3 Definition. An entire vector-function ¢ : C — H is a vector-function

of the form .
-3
k=0

in the sense that
Hgo(z) — szth —0 asn— oo
k=0

for every z € C; here H is a Hilbert space, and hy € H.
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Clearly, hy, must satisfy /| h|| — 0 as k — oc.
The one-dimensional case H = C conforms to the usual notion of (scalar)
entire function.

1c4 Exercise. If p(z) = > 72, 2"hy, is an entire vector-function then £(z) =
S ok + 1)z hgyy is an entire vector-function, and ¢’ = £ in the sense that
for every z € C,

H p(z + Az) — p(2)

- —§(z)H—>O as |Az| — 0+, Az e C.

Prove it.
Hint: (21 — 29) fol E((1 —u)z0 + uz) du = p(21) — ¢(20).

1c5 Corollary. If p(z) = Y77, z*hy is an entire vector-function then ¢ is
infinitely differentiable, and
1

hp = —™(0) forn=0,1,2,...
n!

Thus,
2w
o) = > =6®(0).
k=0

If entire vector-functions ¢y, ¢y : C — H satisfy gogn)(O) = gog")(O) for all n,

then ¢ = .

1c6 Proposition. For arbitrary entire vector-functions ¢y, s : C — H,
(a) if ¢1(x) = @o(x) for all z € R then ¢ = po;
(b) moreover, if the set {z € C: ¢1(2) = p2(2)} has at least one (finite)
accumulation point then ¢, = ¢s.

1c7 Proposition. For every entire vector-function ¢ : C — H,

(a) the closed subspace spanned by all ¢(z) contains all ¢'(z) and more-
over, all (™ (z);

(b) the closed subspace spanned by all ¢(z) is equal to the closed subspace
spanned by all ¢(™(0);

(c¢) the closed subspace spanned by ¢(™(z) for a given z and all n does
not depend on z;

(d) the closed subspace spanned by @(z) for all z € R is equal to the
closed subspace spanned by ¢(ix) for all x € R;

(e) moreover, for an arbitrary set A C C having at least one (finite)
accumulation point, the closed subspace spanned by ¢(z) for z € A does not
depend on the choice of A.
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If p: C — H; is an entire vector-function and U : H; — Hs is a linear
isometric embedding (of the Hilbert space H; to the Hilbert space Hy) then
z +— Uyp(z) is an entire vector-function.

1c8 Theorem. Let Hy, Hy be Hilbert spaces and ¢ : C — Hy, ps : C — Hy
entire vector-functions. If

(p1(z), p1(y)) = (wa(r), pa(y)) forallz,y € R

then
(p1(21),01(22)) = (p2(z1), pa(22)) forall 21,2, € C.

Proof (sketch). We may assume that the closed spanned subspaces are the
whole spaces. We take unitary U : H;y — Hj such that Up;(x) = pa(2)
for all x € R (recall ‘uniqueness’). It follows that Ug;(z) = pa(z) for all
z e C. O

BACK TO THE EXPONENTIAL MAP ON C

1c9 Exercise. If f: C — C is an entire function and ¢ : C — H an entire
vector-function then fo : z — f(2)p(z) is an entire vector-function. Prove
it.
1c10 Exercise. The vector-function ¢ : C — Ly(R) defined by ¢(z) : ¢ —
exp(—q?/2 + zq) is entire.

Prove it.

Hint: [e~7"/2 37, (Zq)k’ < exp(—q¢®/2 + |2q]), a majorant in Ly; use the

k!
dominated convergence theorem.

1c11 Corollary. The vector-function ¢ : C — Ly(R) defined by ([c2) is
entire.

By the theorem,
(V1(21),U1(22)) = exp(z122/2) for all 2,2z, € C;

especially, (i (ix), 61 (iy)) = /2 = (ty(z), ¥ (1)) for o,y € R
Defining w; : C — Ly(R) by

2 9 )
- HZiEgH - e_lzl2/4@/)1(z) cq— 1 Yexp (— % + 2q — o ﬁ)

4 4
(not an analytic function) we get

wy(z)

1 1 1 1 1
(wy(z1),w1(22)) = exp (§z1§2—1\21|2—1\22\2> = exp (—Z|z1—zg\2+§lm (2122)> :

especially, (wi (iz), wy(iy)) = e/ = {wy(2), wy(y)) for 2,y € R.
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1c12 Lemma. The closed subspace spanned by {1 (iz) : * € R} is the
whole Ly(R).

Proof (sketch). ¥y (ix)(q) = const(z) - €. e~7*/2; in L, with the weight e~¢’
the closed subspace spanned by the functions ¢ + e®? contains all periodic
functions (recall Fourier series), therefore, all functions. O

1c13 Corollary. The closed subspace spanned by {u;(z) : = € R} is the
whole Ly(R).

Recall the shift operators Uj(a) = U®(a) defined by U,(a)w(z) =
wi(x — a) for a € R and satisfying Uy(a)f : ¢ — f(q+ a) for every f of the
spanned subspace. Now we see that

Ui(a) € Unitary(L2(R)), Ui(a)f:q+— f(g+a) forall f € Ly(R), a € R.

Replacing wy () with wy (ix) we get another one-parameter group of unitary
operators V;(b) defined by

Vi(b)ws (iy) = wi (i(y + b))

for b € R; they act on the spanned subspace, thus, on the whole Ly(R).
Taking into account that

2
wi(iy)(q) = 7 * exp (— % + iyq) :

wi (i(y + b)) (q) = €™w (iy)(q)
we get

Vi(b) € Unitary(Ly(R)), Vi(b)f:q— e™f(q) forall f e Ly(R),beR.

1d Fourier transform

Now we are in position to define a unitary operator F : Ly(R) — Lo(R) by
Fipi(z) = 1 (—iz) for x € R.

We have FU;(a)wi(z) = Fwi(z — a) = wi(—i(z — a)) = Vi(a)wi(—iz) =
Vi(a)Fwq(z), which means that FU(a) = Vi(a)F, that is,

FU(a)F ' =Vi(a) foracR.

We see that the two one-parameter unitary groups are unitarily equivalent.
Shift operators are thus diagonalized!
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le Operators commuting with shifts

FEvery operator commuting with shifts results from shifts. Also, the Fourier
transform is the only operator diagonalizing the shifts.

A linear electric circuit transforms a signal by an operator commuting
with (time) shifts, provided that the circuit does not change in time. Also a
linear evolution equations with constant coefficients, such as the heat equa-
tion and the Schrodinger equation, lead to evolution operators commuting
with (space) shifts.

lel Theorem. Let a bounded linear operator A : Ly(R) — Lo(R) satisfy
Ui(a)A = AU, (a) for all a € R. Then A is a strong limit of a sequence of
linear combinations of operators Ui(a).

That is, there exist ck E C and ak € R such that

\V/fGLQ

f AfH—>O as n — 0o .

le2 Remark. (a) The theorem fails for norm convergence of operators (as
we'll see later). (b) The theorem fails for Ly(R — C?) (as we can see imme-
diately).

Proof (sketch). The proof consists of four steps.
First step: we may replace Ui (-) with Vi(:). Proof: unitary equivalence.
Second step: A is a multiplication operator, that is,

Jp € Loo(R) Vf € Ly(R) Af =¢- f.

Proof: define fo(t) = /2, g9 = Afy and ¢ = go/fo, then AVi(D)fy =
Vi(b)go = ¢ - Vi(b) fo for all b. Linear combinations of functions V;(b)fo are
dense in Lo; it follows that ¢ € L., (since A is bounded) and Af = ¢ - f for
all f € Lo.

Third step: it is sufficient to find trigonometric polynomials p,, such that
pn — @ almost everywhere and sup,, , [pn(q)| < oo. Proof: then for every
f € Ly we have ||p, - f — ¢+ f|| — 0 by the dominated convergence theorem,
since |p, - f — ¢ - f|? < const - | f]*.

Last step. We know that trigonometric polynomials are dense in Ly with
weight e~9°. Moreover, having ¢ € Lo (R) we get (by the same Fourier series
argument, via Feier sums) trigonometric polynomials p,, such that ||p,]|e <
¢lloo and [ |pn ©(q)]2e™4" dg — 0 as n — co. Taking a subsequence we
get 3, [ pu(q) — ¢(q)[?e™ dg < oo, which implies 3, |p.(q) — ¢(q)|? < o0
almost everywhere O
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Now we can see that the theorem fails for norm convergence of operators;
it happens because trigonometric polynomials are not dense in L., (R).

As a by-product we get the general form of an operator commuting with
all V1(b), — just the multiplication operator

Ly(R) > fr=o-f, @€ Ly(R),

and, more important, the general form of an operator commuting with all
U1 (a),
Ly(R) > fr=F e - Ff), ¢ € Lo(R).

le3 Corollary. If an operator commutes with all U;(a) and all V;(b) then
it is scalar.

Proof: it is multiplication by ¢, and ¢ is shift-invariant.

le4 Corollary. If an invertible operator F; satisfies 71U (a)F; ' = Vi(a)
for all a € R then F; = ¢F for some ¢ € C.

Proof: F;'F commutes with all U, (a) and V;(b).
The same holds for U(a) and V(b) in general.

1f Inverse Fourier transform

The relation Fir(z) = 11(—iz) holds for z € R, therefore, for all z € C.
In particular, Fi;(iz) = ¢1(x) for x € R. We note that (11(21),¢1(22)) =
exp(z122/2) = (Y1 (—21),Y¥1(—22)), introduce a unitary operator J : Ly(R) —
Ly(R) by

J1(z) = ¥1(=2)
and get FJ(—iz) = ¢y (x), that is, FJF 1 (x) = ¢1(x), which means that
FJF =1 and so,

Fl=FJ=JF.
It remains to note that Ji,(2)(q) = ¥ (—2)(q) = 7~ 1/* exp(—% —2q—%) =

¢1(Z)(_Q)v thusv
(Jf)q) = f(—q) for [ € Ly(R).

1g Convolution operators

Integral combinations of shift operators are convolution operators.

We want to define an operator [ g(a)U;(—a)da for every g € Li(R).!
One approach is, to integrate the vector-function a +— Uj(—a)f (for a given

!The minus sign is traditional.
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f € Ly(R)) with the Weight g Another approach is the classical convolution
formula (f % ¢)(q) = [ g(a)f(g — a)da.

INTEGRATING THE VECTOR-FUNCTION

1g1 Lemma. The one-parameter unitary group Uj (+) is strongly continuous.

That is, ||f — Ui(a)f|| — 0 as a — 0 for every f € Ly(R). Continuity at
other points follows easily from continuity at 0.

First proof. Using the unitary equivalence we replace Ui (-) with Vi (-); now,
[ 1f(q) — €™ f(q)]*dg — 0 as b — 0 by the dominated convergence theorem.
]

1g2 Remark. However, ||1 — U;(a)|| = 2 for all a # 0, since esssup,cg |1 —
el = 2 for all b # 0.

Another proof. The claim holds evidently on a dense set of f, which is suffi-
cient. U

Given f € Ly(R), we have a bounded continuous vector-function R >
a — Ui(—a)f, and may consider the improper Riemann-Stieltjes integral

/+OO Ui(=a)fdGla) = lim lim "z—:l (G(k Z 1(]) —G(SC>>U1<_§C>JC’
k

—00

where G(a) = [*_g(q)dg; norm convergence in Ly(R) is proved in the
same way as for scalar-valued functions (and of course, it holds for arbitrary
partitions and points). This integral will be denoted by [ g(a)Ui(—a)f da.
Clearly, || [ g(a)Ui(—a)f dallz < ||gll1]|f]l2, and we define a bounded linear
operator [ g(a )Ul(—a) daas f+— [g(a)Ui(—a)fda. Thus, | [ g(a)Ui(—a)dal <
llg||1; we have a bounded linear map from L;(R) to the space of operators
Ly(R) — Ly(R). Clearly, [ g(a)Ui(—a)da commutes with shifts.
It is easy to guess that

[s@ui-a)sdaia— [ gt~ a)da,

but not so easy to prove it, since f(t) cannot be treated as a continuous
linear functional of f € Lo.

CLASSICAL CONVOLUTION FORMULA
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1g3 Lemma. Let f € Ly(R) and g € L;(R), then for almost all ¢ € R,
a) [1/( q—a ( )| da < oo,

b) [ g(a) a)fda:q— [g(a)f(q—a)da.
PT’OOf fdeda\f g—a)l’lg(a)] = [dalg(a)| [dq|f(g—a)l* = llgll: ]I /]I <
00, therefore [1f(g = a)!lg(a)]da < oo for almost all g, which implies

J1f(g—a)g(a)lda < (f (g — a)2g(a)] da)/2([ |g(a)| da) /2 < oo.
(b) The function ¢ — [ f(g—a)g(a) da belongs to Ly, since qu} [ flg—

2 . .
a)da|® < lglls - f dq [ dalf(q— a)l2lg(a)| < gl2]I FI3. Tt is sufficient to
prove the equality

( [stwrn-asaany = (o [ 1a-ag(e)dan)

for all h € Ly(R). The linear functional (-, h) applies to the Riemann-Stieltjes
integral, giving

< [ s@vi(-a)s da h> - [s@@i-asnda= [ [asaonw.

The needed equality

/dag(a)/dqh(Q)f(q—a) = /dqh(Q)/dag(a)f(q—a)

follows from Fubini’s theorem, since

// dadq |g(a)h(q)f(q — a)| =
/dqlh |/da|g Ha—a) <
’ /da l9(a)f(q — a)l

Thus we have two equivalent definitions of the convolution f % g for
f € L2<R)7 g € L1<R)7

1/2

< [IR])5"* - <00,

2
U

fro= [ s@Ui(-a)f da:
f*g:tH/f(t—s)g(s)ds.

The latter formula shows that

fxg=gxf for fige Li(R)N Ly(R).
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1h Fourier transform and convolution

The convolution operator [ g(a)Ui(—a)da : f — f % g commutes with all
Ui(a), therefore it must be f — F (¢ - Ff) for some ¢ € Lo(R). We have

chkUl(—ak)}"_l = ch\/l(—ak) :
k

k

the limiting procedure (strong convergence. ..) gives

#( [ata-aae) 7 = [g@i-ad.
which means that

o(q) = /g(a)eiaq da;
fxg=F Yo -Ff), thatis, F(fxg)=¢ -Ff
for f € Ly(R) and g € Li(R).

1li Gaussian functions
We know that Fip;(0) = 1,(0) and ¢, (0) : ¢ — 7~ /4 7/2. Now we rescale
that function: f, € La(R),
e
fo(q) = V4072 exp (— T"Q) for 0 <o < o0;

note that f; = ¢1(0), Ffi = fi. The functions f, are normalized in Ls:
|| fo|l = 1. Also Gaussian functions normalized in L; are useful,

fo —1/2_-1/4_—1/2 4 . ~1/2_—1 g’
9o = AR =27 e R fy g (2m) T /0T T exp (— rc?)

1il Lemma. Ff, = fi/, for 0 < o < oo.

Proof. 1t is sufficient to prove it for o > 1, since it implies f, = F~!fi/, =
FIfrje = Ffijo

Given ¢ > 1 we introduce § = /o2 — 1 and note that f, * gs = o~ Y/2f,
(check it). On the other hand, F(f; * g5) = ¢s - Ffi where ps(q) =
[ gs(a)e™ " da = exp(—%52q2) (check it). Thus, Ff, = 0'%p;- f1 = fi/o
(check it). O

1i2 Corollary. Fg, = %gl/g.
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1j Explicit formula
1j1 Theorem.

1 e —ist
ff:tH\/—Q_W/_OOe f(s)ds for f e Li(R)N Ly(R).

We use the Gaussian functions f,, ¢,.

1j2 Lemma. f xg, — f in Ly as 0 — 0+, for every f € Ls.

PT’OOf. Hf*ga fH ”fga )f f da” < fga HUl )f o
fHdCL f(z—:Jreu fR\( E,Jrs) HO -

Proof of the theorem. F(f % g,) = F(9, * f) = ¢ - Fg,, where ¢ : t —
[ f(s)e7tds. We have Fg, = g1/, : t — (2m) "1 2e="/2 5 (27)1/2
as ¢ — 0+ pointwise (moreover, locally uniformly). On the other hand,
¢ L2910 = ¢ Fgo = F(f % 9,) — F(f) in Ly. It follows that ¢ € L, and
F = 2m) 172, .

1j3 Corollary. F(f x g) = (2n)Y2(Ff) - (Fg) for f € Ly, g € Ly N Lo.

1k List of results
1k1 Plancherel’s theorem
There exists a bounded linear operator (called Fourier transform) F : Ly(R) —
Ly(R) such that
1 e
Ffit— — e " f(s)ds forall f e Li(R)N Ly(R).
P o= [ e fe L®NL(®)

The operator F is isometric, which means the following.
Plancherel’s formula:

[F Sl = [IfII for all f & Ly(R).

Parseval’s formula:

<‘/Tf7fg>:<fvg> forallf,geLQ(R).

1k2 Inversion formula

The isometric operator F is unitary, which means that F(Ls(R)) = Lo(R).
The inverse operator F ! is given by

Fl=FJ=JF
where J is defined by Jf : t — f(—t).
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1k3 Diagonalization of shifts

First,
FU(@)F'=V(a) forallacR,

where operators U(a),V (a) : La(R) — Ly(R) are defined by
Ua)f it f(t+a), V(a)f:trs e f(t).

Second, this property characterizes F uniquely up to a coefficient.

1k4 Diagonalization of the Fourier transform

There exists an orthonormal basis (eq, e, g, . ..) of Ly(R) such that

Fep = (—i)*e, fork=0,1,2,...

Namely,
2k/2 dk
er=—===| ¥,
\/Hdzk z=0
where ¢ : C — Ly(R) is defined by
2 2
Y(z) g7 Vexp (— % + 2q — %) :

1k5 Some complete systems in Ly(R)

The vectors e, mentioned above are a complete system in the sense that their
linear combinations are dense in Ly(R). Also functions

q— exp(—(q —2)%)

for all x € R are a complete system.

1k6 Fourier transform and convolution

F(f*g)=2n)Y2(Ff)-(Fg) forall fe LyR), g€ Li(R)N Ly(R);
here

f*g:tH/f(t—s)g(s)ds.

1k7 Operators commuting with shifts

A bounded linear operator on Ly(R) commutes with all U(a) if and only if
it is of the form

feF e Ff)
for some ¢ € L (R).
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1k8 Vector-functions

In addition we have several statements about vector-functions (both spe-
cific and general) valued in a (general) Hilbert space, their derivatives and
integrals. See especially Sections 1c and 1g.

11 List of formulas

z,y €R; 21,20 € C; Yo, wp : C — H;

(1) (o(e). Yolz2)) = exp (52072
wo(z) = Yo(2) = e 1 e (2) ;
(113) (wo(z1), wo(22)) = exp (— i\zl — 2|+ %Im (2122)> ;
(1) (wo(), wo(y)) = ¢ F I = (wo(iz), wo(iy));
Up, Vo : R — Unitary(H);
(115) Uo(a)wo(x) = wo(z — a);
(116) Vo(b)wo(iy) = wo (i(y + b)) ;
@Dl,wl . (C — LQ(R),
" e N
(117) Ui(z) g eXP(—§+Zq—Z>7
(118) w(2) : q— 1 YVexp (—%—i—zq—%—%),
(119) wi(z) : q— 7 Yexp (— %(q — x)z) ;
SN —1/4 ¢ . .
(1110) wy(iy) : g — 7 Y4exp (— 5] + 1yq) ;
Uy, Vi : R — Unitary(Ls(R)), a,b € R;
(1111) Ui(a)f:q— fla+a);

(1112) Vi) f = q e f(q);
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F € Unitary(Ly(R));

(1113) Fipi(2) = ¢i(—iz);
(1114) FU(a)F ' =Vi(a);
(1115) Fl=FJ=JF, Jf:q— f(—q);

(1116) Ffitw \/%_w /_:O e ¥ f(s)ds for f € Li(R) N Ly(R);

aun  frg= [glti-afdasee [ f- 90 ds
(1118) fxg=gxf for fige Li(R)N Ly(R);
(1119) F(f xg) = 2m)Y2(Ff) - (Fg) for f € Ly(R), g € Li(R) N Ly(R).

Index

convolution, 9o

J, [
entire, B o, Bl

Y1, B
shift, B @ & U, Bl

U, B
f *9, ‘/1’
F, Wo,

f(ﬁ wlvmm
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