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Abstract

The basic instance of the FKG correlation inequality [3] is the Harris-Kleitman lemma [4],
0], stating that any two monotone subsets of {0,1}" are non-negatively correlated with
respect to the uniform measure on {0,1}". In [9], Talagrand established a lower bound on
the correlation in the Harris-Kleitman lemma in terms of how much the two sets depend
simultaneously on the same coordinates. In this paper we generalize Talagrand’s result to
the correlation between monotone functions on the discrete cube endowed with a general
product measure, thus establishing an improvement of the FKG inequality for product
measures on the discrete cube.

1 Introduction

Definition 1 A function f : {0,1}" — R is monotone if for all v = (x1,...,zy,) and y =

(yla-'-yyn);
(Vi:z; <yi) = (f(z) < f(y)).

A subset A C {0,1}" is called monotone if its characteristic function is monotone.

Correlation inequalities between monotone functions on the discrete cube play an important
role in numerous areas, including probability, combinatorics, mathematical physics, etc. One
of the most well-known correlation inequalities is the FKG inequality [3]E]

Theorem 2 (Fortuin, Kasteleyn, and Ginibre) Let f,g:{0,1}" — R be monotone func-
tions, and let p be a log-supermodular measure on {0,1}", i.e.,

p()pu(y) < pleUy)u(e Ny) (1)

/fgdu > /fdu/gdu- (2)

In the partial case of monotone subsets of the discrete cube, the FKG inequality was preceded
by the Harris-Kleitman lemma [4] [6]:

for all x,y € {0,1}". Then

!The original formulation of the FKG inequality is for finite distributive lattices. Since in this paper we deal
only with functions on the discrete cube, we present the inequality in this partial case.



Theorem 3 (Harris, Kleitman) Let A, B be monotone subsets of {0,1}" endowed with the
uniform measure p. Then
(AN B) = p(A)u(B), 3)

i.e., the correlation of A and B is nonnegative.

Clearly, the inequality in the Harris-Kleitman lemma is tight, since the correlation between
independent monotone subsets of the discrete cube is zero. However, if A and B are not
independent, the inequality is not tight, and hence it seems possible that one can obtain a
lower bound on the correlation in terms of the dependence between A and B. Such bound was
indeed established by Talagrand [9], where the measure of dependence is how much the two
sets depend simultaneously on the same coordinates.

Definition 4 Let A C {0,1}"™ be monotone. For all 1 <1i <mn, define
A ={(x1,...,zp) €A (21, ..., 2i-1,1 — 4, Tig1,...,2,) & A}
The influence of the i-th coordinate on A is pu(A;).

Theorem 5 (Talagrand) Let A, B be monotone subsets of {0,1}" endowed with the uniform
measure . Then
#(ANB) = p(A)u(B) = Ko 3 m(A)u(B), (4)
<n

where p(x) = x/log(e/x), and K is a universal constant.

In this paper we generalize the result of Talagrand to monotone functions on the discrete
cube endowed with any product measure p = pp, ® ... ® pp,. The influences of the coordi-
nates are replaced by the first-level Fourier-Walsh coefficients with respect to an appropriate
orthonormal basis:

Definition 6 Consider the discrete cube {0,1}" endowed with the product measure j1 = p,, &
.. ® fip,, and the functions:

1-p;
pi
i
1—p;?
Let f:{0,1}"™ — R. The first-level Fourier-Walsh coefficients of f with respect to the measure

W are

.%'Z'Zl
si(T1,. .., xn) =

:CZ'ZO.

ftip = [ rsidn
for1 <i<mn.
Our main result is the following:

Theorem 7 Let f,g be monotone functions on the discrete cube endowed with the product
measure (b = iy, @ -+ & Uy, , that satisfy |f(x)| <1 and |g(x)| <1 for all x € {0,1}". Then

[ sou— [ gau [ gin > Kwin 11006 (X iibacin). (5)

where p(x) = W, K is a universal constant, and H(p) = —plogp — (1 —p)log(1 —p) is the
entropy function.



Theorem [7] generalizes Talagrand’s result in two directions. First, the measure is gener-
alized from the uniform measure to any product measure on the discrete cube. Second, the
examined functions are generalized from Boolean functions (which are equivalent to subsets of
the discrete cube) to general functions. As a result, our result provides an improvement of the
FKG inequality in the partial case of product measures on the discrete cube. We note that
when p is the uniform measure, then for every monotone subset A of the discrete cube and for
all 1 < i < n we have 14({i}) = u(A;), and hence Talagrand’s result is indeed a partial case
of Theorem [} However, unlike Talagrand’s result, we weren’t able to prove the tightness of
Theorem [7, and the best example we found “misses” the lower bound asserted by the theorem
by a multiplicative factor of 1/p.

The proof of Theorem [7] is based on the proof of Talagrand’s result, but also uses two
additional ingredients. The first is the Fourier-Walsh expansion of functions on the discrete
cube endowed with a general product measure (developed in [8]) and its properties. The second
is a Subgaussian inequality bounding the large deviations of a weighted sum of independent
Bernoulli random variables. While in the uniform case discussed in [9], a simple bound using
the Azuma martingale inequality is sufficient, in the general case we use a more precise estimate
due to Bobkov, Houdré, and Tetali [I], adapted to our case. The other ingredients of the proof
are the same used by Talagrand, but the proof is much more complicated due to the more
general framework.

The paper is organized as follows: In Section [2| we present the two main tools used in the
proof of Theorem [/} The proof of Theorem [7]is presented in Section [3] Finally, in Section [4 we
study the tightness of the results.

2 Preliminaries

In this section we present the main tools used in the proof of Theorem [7}

2.1 Fourier-Walsh Expansion of Functions on the Discrete Cube Endowed
with a General Product Measure

Consider the discrete cube {0,1}" endowed with a product measure p = p,, ® -+ ® pyp,,, €.,

(@) = (1, smn)) = [T —po==.
=1

Denote the set of all real-valued functions on the discrete cube by Y. The inner product of
functions f,g € Y is defined as usual as

(f.9) = / fodp=3" (@) f@)e(@).

z€{0,1}"

This inner product induces a norm on Y:

1flle = VT = / f2dp.



Consider the functions {s;}!" ;, defined as:

T, = 1
si(x1,...,xn) = o

:IZZ'ZO.

As was observed in [§], these functions constitute an orthonormal system in Y (with respect
to the measure p). Moreover, this system can be completed to an orthonormal basis in Y by

defining
ST = H S;
€T
forall T C {1,...,n}. Every function f € Y can be represented by its Fourier-Walsh expansion
with respect to the system {sr}rcq1,. n):

f= > (fsrsr.

Tc{1,...,n}
The coeflicients in this expansion are denoted
F(T) = (f.57).

A coefficient f(T) is called k-th level coefficient if |T| = k. By the Parseval identity, for all

f €Y we have )
> F@?=If15.

Tc{1,...,n}

In the proof of Theorem [7] we use the following two simple claims concerning functions on the
discrete cube with the product measure p:

Claim 8 Let f : {0,1}" — R be monotone. Then for all1<i <n, f({i}) > 0.

Proof Without loss of generality, we prove the claim for i = n. For all (z1,...,2,-1) €
{0,131 et

fo(aj‘l, e ,.C[,‘nfl) = f(:L’l, e ,ﬂj‘nfl,()), fl(aj‘l, e ,wnfl) = f(l‘l,. s Tp—1, 1)

Denote by p’ the measure induced by p on {0,1}"~!. Since f is monotone, we have f!(x) >
fO(z) for all z € {0,1}"L. Therefore,

flnh = [{xE{O,l}":xnzl} : ;npnf(:c)du(ac) " /{ze{O,l}n:xnzo} (_ V1 fnpn)Jc(sc)dﬂ(m) -

=Vl ([ fa = [ ) =l [ s 2o

0’1}n—1

as asserted. H



Claim 9 Let f,g:{0,1}" — [-1,1]. Then

> fdihatin < 1.

Proof By the Cauchy-Schwarz inequality and Parseval’s identity,
N s SN 12/ SN 1/2
S Fdinadin < (3 Fdih?) (X adih?) T < il llglle < 1,
i=1 i=1 i=1

as asserted. W

2.2 Sharp Subgaussian Bounds on the Large Deviations of a Weighted Sum
of Independent Bernoulli Random Variables

Another component in the proof of Theorem [7]is a bound on the large deviations of the random

variable
X=> s,
i€l
where I C {1,...,n}, {s;}}_, are the functions defined in Section and Y ,c;af = 1. To
be more precise, we are interested in the minimal value of v = y(p1,...,pn), such that for all

I c{1,...,n} and all the sequences {c;}ics such that » . ; a? = 1, the inequality
a2
Prob<| Z-GZ]%SZ| > a) < 2exp ( 2’7> (6)
holds for all a > 0.

We start with examining the case p; = ps = ... = p, = p. In the case of uniform measure (i.e.,
p=1/2), discussed in [9], the Azuma martingale inequality (see [7], Lemma 1.5) yields the value
~ = 1, which is optimal up to a constant factor. For a general value of p, Azuma’s inequality
yields the value v = max (%, 1;%), but this value is not optimal. We show the better bound
v = K/H(p), where H(p) = —plogp — (1 — p)log(1l — p) is the entropy function, and K is a
universal constant.

We use the following Subgaussian bound for functions on the two-point space endowed with
the measure p, ([1], Proposition 2.1):

Proposition 10 (Bobkov, Houdré, and Tetali) Consider the two-point space {0, 1} endowed
with the measure pi, (i.e., pp(1) = p, and p,(0) =1 —p). Given a function f:{0,1} — R, the
optimal value o in the inequality

E(et(f—Ef)> < 712,

where t € R s arbitrary, is given by

952 p—(1—p)

— 2
= logp—logl—py 0 W~ SO



Theorem 11 Let {X;}icr be i.i.d. random variables with the distribution:

1-p
b
X, = P

— %, Prob. (1 —p).

Prob. p,

Then for all a > 0 and all {a;}icr such that Y. af =1,

Prob(\ Z%Xi| > a) < 2exp (KaQ(plogp + (1 —p)log(1l— p))), (7)
iel

where K 1s a universal constant.

Proof The theorem follows from Proposition by the standard Chernoff-type argument
described below.

Denote
p—(1-p)
log p — log(1 — p))
For all i € I, we apply Proposition [I0] to the function f; = «; X;, and get

ﬂm=4

2

E(etaixi) < exp (p(lai . C(p)tQ).
Since the X;-s are independent and since >, ;a7 = 1,
plemen) = (o) < Ioo (000) = (5 25¢)

i€l el
Thus, by the Markov inequality,
C
Prob(Z o; X; > a) = Prob(etZiel X ew> < exp (&ﬂ - ta).
il p(1—p)
It is easy to see that the optimal bound is obtained for

1—
= @l =p)

2C(p)
and the bound is

a’p(1 —
Prob(%aiXi > a) < exp ( — W)

Similar considerations for the random variable (—_,.; a;X;) imply that

Prob(] ;aiXﬂ > a) < 2exp ( - W)



Finally, since for a small value of p, C(p) is close to (—1/4logp), and for a small value of 1 — p,
C(p) is close to (—1/41og(1 —p)), it is easy to see that there exists a universal constant K such

that

p(1—p)
o) 2 K(—plogp— (1-p)log(1 - ),

and hence,

Prob<\ > aiXi| > a) < 2exp (KGQ(pIOgPJr (1 —p)log(1 —p))>-
el

This completes the proof of the theorem. B

In order to find the optimal bound for general (not necessarily equal) probabilities (p1,...,pn),
we use the following lemma:

Lemma 12 The function

__Cl) 2p—1
FO) = =) = (- g =

is monotone decreasing in p for 0 < p < 1/2, and monotone increasing in p for 1/2 < p < 1.

Proof Consider the derivative of F(p).

1 p p
F'(p) = 2(2p(1—p)10g17p—(2p—1)((1—2p)10g17p+1)) =
4(19(1 —p)log 1’%1,)
1
_ 2((1—2p+2p2)1oglfp+(1—2p)).
4(p(1 — p)log ;)
Hence, F'(p) < 0 if and only if
P 1-2p
1 - .
B, S 12t
Let 1—9
—2p
=1 d Hp)=-—""—
G(p) 8T an (p) [ opt 22

for 0 < p < 1. Since G(1/2) = H(1/2), it is sufficient to prove that G'(p) > H'(p) for all
p # 1/2. We have

L1
G(p)_p(l—p)’
and
;o 2(1—=2p+2p*) — (2p—1)(—2+4p)  4p(1—p)
Hp) = (1 —2p + 2p2)2 (1 —2p+2p?)2

Thus, G'(p) > H'(p) holds if and only if

L 4p(1 —p)
p(l—p) = (1—2p+2p%)?

7



or equivalently,
2 2
(1 —2p+ 2p2) > <2p(1 — p)) ,

which indeed holds for all p # 1/2. This completes the proof of the lemma. W

Theorem 13 Let {X;}ier be independent random variables with the distribution:

1-p;

)
X’i: pi

—/ 15, Prob. (1—p;).

Prob. p;,

Then for all a > 0 and all {a;}ier such that Y ,.paf =1,

Prob(\ Z%’Xz" > a) < 2exp <Ka2(plogp + (1 —p)log(1l — p))), (8)
el

where p = max;er max(p;, 1 — p;), and K is a universal constant.

Proof For all i € I, since the function F(z) = C(x)/z(1 — x) is symmetric around z = 1/2,
and since p > max(p;, 1 — p;), it follows from Lemma |12 that

Clp) . _Cm)
p(1—p) = pi(L—pi)

Hence,
2 2

E(eto‘iXi) < exp (pz-(laiipi)o(pi)ﬁ) < exp (ﬁC(p)tQ),

and thus,

o?
pap(eere) < [low (s 0) = o (205

The rest of the proof is the same as the proof of Theorem |

In the general case, i.e., if we are seeking for a value of v such that Inequality @ will hold
for every sequence {c;}icr with ) . ; a? = 1, the assertion of Theorem [13|is tight. Indeed, if
1 — pj = max;er max(p;, 1 — p;), and we consider the sequence consisting of a; = 1 and zeros,
we have

Prob(ZaiXi > 7]%) = Prob(Xj > pj) =p; =
il 2p; 2p;

1
> exp <4 5

Jpj (pjlogpj + (1 = p;) log(1 _pﬂ')))‘

Hence, Theorem [13| cannot be improved in the general setting in which it is used in the proof
of Theorem [7

However, if it is sufficient that Inequality @ will be valid only for sequences of equal a-s (i.e.,
a; = 1/4/|I] for all i € I), the assertion of Theorem [13| can be easily improved to get the
following:



Proposition 14 Let {X;}icr be independent random variables with the distribution:

1-p; )
X, = o Prob. p;,
— lfipi, Prob. (1 —p;).
Then for all a > 0,
e ML
Prob |Z X\ >a) <2exp o) (9)
ZGI Ziel Pi(l—;)i)

The proof of Proposition [14] follows the lines of the proof of Theorem In Section [4] we show
that Proposition [14] can be used to improve the assertion of Theorem [7]in a certain partial case.

3 Proof of Theorem

In this section we present the proof of Theorem [/l We start with an outline of the proof.

3.1 Proof Outline

The main ingredient in the proof in the following lemma:

Lemma 15 Let f,g be monotone functions on the discrete cube endowed with the product
measure (b = iy, @ -+ & pp, that satisfy |f(x)| <1 and |g(x)| <1 for all x € {0,1}". Then

F(L, kD) |g({i, k)| < K (kD a({k _c : 10
gb;!f({ Pllg{i, k3| < ’Y];lf{} g({k})1lo Zkgnf({k})ﬁ({k}) (10)

1
—p; logp;—(1—p;) log(1—

where v = max;<p i and K 1is a universal constant.
- 1

This lemma, establishing a relation between the first-level and the second-level Fourier-
Walsh coefficients of monotone functions on the discrete cube, is of independent interest. In
the partial case of Boolean functions on the discrete cube endowed with a uniform measure, this
lemma (proved in this case in [9]) was used in [10] to establish a relation between the influences
of coordinates on a subset of the discrete cube and the size of its boundary.

The proof of Lemma [15]is, in turn, based on the following lemma:

Lemma 16 Let

1
= max )
7= 1<i<n 2K (—p;log p; — (1 — p;) log(1 — p;))
where K1 is the optimal constant for which the assertion of Theorem holds. Let f be a
monotone function on the discrete cube endowed with the product measure p = i, @ -+ - @ fip,
that satisfies |f(z)| < 1 for all x € {0,1}"™. Let {I,J} be a partition of {1,...,n}, and let
S > 0. Denote y
L={keJ: (Z( ({3, k})) ) > /Y SFUEN

i€l



Then
2

SRy < Kexp (-5, (1)

keL

where K is a universal constant.

The rest of this section is organized as follows: In Section we present the proof of
Lemma In Section we prove Lemma Finally, we derive Theorem [7] from Lemma
in Section For the convenience of reading, we divide each proof to several steps, and start
each step with a one-sentence description of its content.

3.2 Proof of Lemma [16l

Step 1. For each k € L, we define a function fi related to the condition defining L. The special
structure of fi will allow us to use the bounds on large deviations presented in Section to
estimate its value.

For each k € L, denote
b= kD = [ Fsdn

{013

and
Bik
Qi k

) = =
A/ Dier Bf,kz

where {s;}!" ; are the functions defined in Section Define

Je = Z Qi e Si-

el
We have
Frspfdy = / copsisifdi =3 au / sisefdi =Y v f(li b)) =
/{0,1}” {0,1}» ZGZI ZEZI {0,1}» ZEZI

- Bty = - S kD - F(di k) =

V ier By el Ve Fi kY2 e

— (S (ftimn?) "

el

Hence, by the definition of L, for each k € L,

[, Fissfdn = VST (12)

Step 2. We represent the discrete cube as a product of two spaces corresponding to the
partition {7, J}. This will allow us to use Fubini’s theorem to compute f{o 1y Sfesefdu.

For a partition {I,J} of {0,1}", the discrete cube can be represented as a product {0,1}" =
Q1 x Qg, where 3 = {0,1} and Q5 = {0,1}”. As a result, for each w € {0,1}", we can write

10



w = (w1, ws) where w1 € Q1 and we € Q. We denote by p and p” the induced measures on 24
and {29, respectively.

Given wy € @ and k € L, the function fx(w1,ws) does not depend on we. Hence, we denote its
value by fi(w1). For each wy € Qy,

A fwr,wa) fio(wr, wo) s (wi, we)dp (we) = fr(wr) A [ (w1, wa)sp(wr, w2)du’ (wa).

Integrating the both sides of the equation with respect to wy; and using Fubini’s theorem, we
get

[ fsrdn= [ feon( [ fenesonedd @) ddw). (13
{0,1}» Q4 Qs

Step 3. We divide the discrete cube to subsets according to the value of fi and use the
bounds on large deviations presented in Section [2.2] to establish an upper bound on the integral
[ fiskfdp over each of the subsets.

For all k € L and every integer ¢ > 1, denote

Qo = {w1 € Q1 ¢ | filwr)] < 27},

and
Qg = {w1 € Q1 : 29/ < | fu(wr)] <2971 /~}.
Let
Crg = [ Jlwn)( [ Flor,wasplonwn)du’(@2) )dn' (@)
k,q 2

Note that by Equation ,
fesefdp =" Chy. (14)

{0,1}~ >0

By the Cauchy-Schwarz inequality, for every g > 0,

Cl%,q < M,(Qk,q)/ (fk(w1)< f(w1,L<J2)Sk(wl,a&)du”(wﬂ)>2d,u/(w1) <

Qkﬂ Qo

< W@y [ ([ florenson o ) i) (15)

Consider the function fi. Note that for each k € L,
Defi= s =1
icl Zie] ﬁi,k icl

Hence, by Theorem

/22q

1 (Qq) < PT(’fk| > QqW) < 2exp ( _7

L2 ) = 2exp(—2%71).
29! )

11



Note that we are able to use Theorem [13| for the space € with the value 7 since

1 1 ,
max < max =v.
iel 2K1(—pilogp; — (1 —p;)log(1 —p;)) ~ 1<i<n 2K1(—p;logp; — (1 — p;)log(1 — p;)) v

Substituting into Inequality we get

C2, < ~/22+3 oxp(—2211) /
Qkyq

< 7/22q+3 exp(_22q—1)/Q
1

( f(whW2)Sk(w17w2)du"(w2)>2dﬂl(w1) <
Q2

([ seonwsnw)dd @) dde). a6
Qo

Finally, for each w; € Q7 we consider the Fourier-Walsh expansion (with respect to the measure
w”) of the function f,, : Q2 — R defined by fy, (w2) = f(w1,w2). We have

flor,wo)si(wiwa)dp” = [ fo(wo)swwa)du” = fu, ({k}),
QQ QQ

and hence by the Parseval identity,

> (] e w)dn’ (@ ) = A < Y @ = B <1,

kel keL TeQ:
since |f| (and thus, |f.,|) is bounded from above by 1. Thus,

2 /

Z/ f (Wi, wa)sp (w1, w2 )dp’ (wz)) dp'(wr) =

o

kel

:/91

Substituting into Inequality (16| we get

302, < A2 exp(—2%07Y), (17)
kel

S (] s omilon i @) Jan' () <

kel

Step 4. We divide ) >0 Cl,q to the sum over “high” values of ¢ and the sum over “low” values
of q.

We use the elementary inequality

(S a2 S 2, 18)
m=1 m=1

which holds for all {a,,}*_; € ¢}(N). The inequality follows from the convexity of the function
h(x) = 22, using the convex combination

oo o0
Z Ay = Z 272 ay,)
m=1 m=1



By Equations and , for each k € L,

VAYSFERY <Y Crg.

q=>0
Consider an integer go to be determined later, and denote Cy = ) 0<ao Ck,q- We have
VYSTURY) < Cit ) Crge
q>qo

Hence, by Inequality ,

VS F({RY? < (Ch+ ) Crg)? <207+ > 21CF,.

q>q0 q>q0

Summing over all £ € L and using Inequality we get

VI RN <2 CF 4 ) A28 exp(—2%71). (19)

keL keL q>qo0

Step 5. We use the monotonicity of the function f to establish an upper bound on Cj.
By the definition of C} and the triangle inequality,

ci=| [ e 0+1}fk<w1>( [ Fln s, ea)dp (@2) ) du' ()| <
w1 fr (w1 a 2

</ fiwn)|| [ Flen,wasp(r,wa)dp (@s)|du (@) <
{wiel fe(w1)|<vA 29011} 92

< \/,72%—&-1 /

{w1:] fr(w1)|<v/A7290 1}
< \Jfy2mt /
Q1

For all we € Qg, denote the k-th coordinate of wo by wa(k), and let wo@ey, be the coordinate-wise
sum modulo 2 of we with the unit vector e;. Then for all wy € 4,

f(wlaw2)3k(w17WZ)dM//(WQ)‘dNI(WI) <

| Flon,wn)s(en, w2)dn (w2) dn(@2). (20)

Flwr,wo)sp(wr,wa)dp (wa) = D flwr,wa)splwr, wa) (w2) =

22 wo €y

= > (f(w1, wa) sk (Wi, wa) " (w2) + f(wi, w2 @ ex)sp(wi,wa ® ex) " (w2 @ ek)) =

{wz:w2 (k)=0}

— Z fwi,ws < 1_pk),u” W +fwl,w2®ek)<1/1;kpk)<1€kpk)u”(w2)) —
= Z 1_ W1,W2@€k)—f(w1,w2)).
2 (k)=

{w2iw2(k)=0 }
{w2w

13



Since f is monotone, each of the terms (f(w1,w2 @ er) — f(w1,w2)) is non-negative, and hence
for all wy € Qq,

fwi,w2)sg(wr,ws)dp” (wa) > 0.
Qo

Thus, by Fubini’s theorem,

Jn

f(w1awz)sk(WhWQ)du"(wz)‘dﬂ'(M) = / fwi,wa)sp(wr,wa)dp (w2)dp' (w1) =
Qo Q1 JQo

= /Qf(wl,WQ)Sk(wl,WQ)dH(w17w2) = f({k})a

and therefore, by Inequality ,

Gl < VY20 f({RD). (21)

Step 6. We complete the proof by choosing an appropriate value of qq.
Combining Inequalities and , we get

Y82y FURD? <A 220N T F({RD? + ) A28 exp (2271, (22)

keL keL q>qo

We choose g to be the largest integer such that 229%%3 < §2/2. Note that go > 0 whenever
S > 4. Substituting the chosen value of gy into Inequality , we get

S2YF({k}? < ) 28 exp(—227), (23)

kel q>qo

As was noted in ([9], p. 251), there exists a universal constant K’ such that for every qo,

Z 230 exp(—22071) < K’ exp(—22%).
a>q0
Thus, by Inequality ,
Sy f({k})? < K exp(—27%).
keL

By the choice of gy we have $? < 22(@0+1)+4 and hence —2290 < —g—z. Therefore, for all S > 4,

S FRDE < 83 FURD? < Klexp (= 50) < K exp (= ).

kel keL

(24)

where K" = maz(K’, 64). This proves the assertion of Lemma [L6] for S > 4.
For S < 4 and for every K > 16,



Since |f| is bounded from above by 1, by the Parseval identity we have

R 2
S FRP < IR <1< Kexp (- 2). (25)

kel
for all K > 16, and in particular, for K" defined above. Therefore, combining Inequalities ([24)
and we get that for every S > 0,

2

S FR < K exp (- 25). (26)

kel

This completes the proof of Lemma

3.3 Proof of Lemma [15

Step 1. We reduce the assertion of the lemma to a similar assertion concerning partitions
{I,J} of {1,...,n}.

We note that it is sufficient to prove that for every partition {I, J} of {1,...,n},

({i, kD1a({i, k})| < K’ ({k}g({k})lo 27
;;If{ Pllg{i, k3)] vkglf{} 9({k}) gZ;m ({k}) O (27)

for some universal constant K’. The assertion of Lemmal[L5|(with the weaker constant K = 2K”)
follows from Inequality by taking the average over all the possible partitions {I,J} such
that [I| = |J| if n is even or |I| = |J| + 1 if n is odd, since for each pair (i, k) the probability
that it is included in the cut of a random partition of this type is greater than 1/2.

Step 2. We extend the result of Lemma [16| to the multiplication of two monotone functions.

Let
1

max ’
1<i<n 2K1(—pilogp; — (1 — pi) log(1 — p;))
as defined in Lemma For S > 0, let

Ls={k e J: ) |f({i. kDIIg{i, kD] = +'S*F({kDa({k}D)}.

el

/
’y =

We want to show that there exists a universal constant K such that for all S > 0,

2
Z FEEDGEEY) <Koexp< I?(’) > (28)

keLg

Note that if f = g, this claim is reduced to the statement of Lemma
Define

le{keJ;(Z( (L, k) ) > /A SFUEDY.

el

15



and

[2={keJ: (Z( (L, k) ) > /4 S5({k})}
i€l
By the Cauchy-Schwarz inequality,

S fmpatrn < (30 faen?) (3 acmp?)

kell kelLl kelLl

By Lemma there exists a constant K9 such that

(35 d) " (s (- )" = Vi (- 51,

keLl

By Parseval’s identity,
. 1/2
(> attk1?) " <llgllb < 1.
keLl
Hence,

2

> it < (3 7 (17) " (T o ?) " < Ve (- o)

eL! erL! keL!

Similarly,
52
> FUkDaIdRY) < VEzexp (- 57-)-
2K,
keL?
Finally, by the Cauchy-Schwarz inequality, Ls C (L'UL?), and thus, taking Ky = max(2y/ Kz, 2K>)
we get

S FENGERY < S FUEDIARN+ Y FURDa({RY) < 2 Kzexp(_j[(z)goexp(_;)’

k€Lg kell keL?

as asserted.

Step 3. We divide J to subsets according to the value of the sum ), ; |F({, kDl ({, kD),
and establish an upper bound on this sum over each of the subsets.

Let
={k e J: ) [F{i kDo k)| < 49 FHEDI{RD}

el

and

Lo ={k € J: 220/ f({k}G{k}) < D IS kDI D] < 2202 F({RDa({RD)},

il
for every integer ¢ > 1. By Inequality , for every g > 0,
2%

S FdkDa({k) <Koexp(—F0).

keLq

16



Hence, by the definition of L,
2042,/ f 2421 2%
> I EDa( DI < Y 2272 FERDa({kY) < 2272y Koexp (= 1= ).
kEL, i€l k€L, 0

As noted in (][9], p. 253), there exists a universal constant K3 such that for every go > 0,

22q 2240
2q+2
ng:o2 exp( K><ngxp< Kg,)'

Therefore, for every gg > 0,

> 30 SIAG DI )| < Ko exp (= ). (29)

q>qo keLq i€l

On the other hand, by the definition of L,

Do D IFAERDIGHERDI < D Y A2 F(RDA((RY) < 7'220F2 Y F({kDG({KD)-

q<qo k€L, i€l q<qo k€Lq keJ
(30)
Combining Inequalities and , we get
92290

> S IA D9 BDI < KoKy exp (= T ) #0204 3 F({EDa(RD. (1)

keJ el k<n

Step 4. We complete the proof by choosing an appropriate value of qq.
Let go be the smallest integer such that

e (~20) < 3 FRaRD,

k<n
Substituting ¢o into Inequality we get
>SRN < (30 FARDIRD ) (KoK + 220+2), (32)
kedJ el k<n

Note that by the choice of g,

22(g0—1)

exp(—

—) = > FkDakD),

and thus,
1

Yken FURDI ({k}))

2200+2 < 16K5log

Substituting into Inequality we get

; 5 1
i, kV)|lg({i, k)| <+ ENa({k}) ) ( KoK3+16K3 lo . .
kGZMEZIw Dlla{ })!<7(§f({ Dok} ) (KoKs+16Ky g(zm({k})g({k})))

17



By Claim [9}

° (zm i) ="
and hence for K” = max(16K3, KoK3) we have

%ijezju (i, kD1§({i, k}!<7(kz<;lf{k} {k})><KoK3+16K310g<Zk<n f({ek})g({k})))s

<K'y ’(k;lf (kD3 (k) 10g(2k<n F{kDa ({k:})>

Finally, since 4 and ~ differ only by the multiplicative constant 2K, we denote K’ = K" /2K,
and get

zk: zk K/ k‘ k lo
%;If{ WllgHi, kDI < (’;f{} a({k})) g(zm T ({k}))

This concludes the proof of Lemma

(33)

3.4 Proof of Theorem [T7]

In the proof of the theorem we use the following simple proposition from [J] concerning prop-
erties of the function p(x) = W for0 <z <1:

Proposition 17 The function ¢(x) = W is monotone increasing and convez in (0, 1], and

forall0 <u<v<1, ( )
20 —u
o(v) §¢(U)+m~

The proof of the theorem is by induction on n. Since the case n = 1 is trivial, we present only
the induction step.

Step 1. We use Lemma [15| to choose an appropriate coordinate to perform the inductive step
on.

We note that by Lemma [L5] there exists a universal constant K’ and a coordinate k < n such
that

({i, kD) |lg({i, k K’ k k1) lo 34
;If{ Dllg{i, kDI < K'vf({kDa{k}) gzj 1f({J}) O (34)

Indeed, if for all the coordinates Inequality does not hold then by summing over all the
coordinates we get a contradiction to the assertion of Lemma We assume, without loss of
generality, that the coordinate k for which Inequality holds is the n-th coordinate, and
perform the induction step on this coordinate.

Step 2. We establish a relation between the correlation of f and g and the correlation of the
restrictions of f and g to the first n — 1 coordinates.

18



We start with several notations. As usual, we denote:

Contfg)= [ fodu~ [ gau [ gdn
{0,1}" {0,1}» {0,1}"

We define f9, f1, g% ¢g' : {0,1}"1 — R by:

fo(xl, . ,xn_l) = f(l‘l, e ,xn_l,O), fl(xl, . ,wn_l) = f((L'l,. ey Tp—1, 1),

for all (z1,...,2,—1) € {0,1}"7, and similarly for ¢°,¢g'. Finally, we denote by p' = pp, ®
-+~ ® fip, , the measure induced by p on {0,1}71.

By the definition of f9, f1,¢", and g',

| toau= | fola)duta) + [ Folw)du(z) =
{0,1}n {ze{0,1}":z,,=0} {ze{0,1}":z,=1}

=(1- pn)/ £0q%ay +pn/ flotay,
{0,1}n71 {0’1}71—1

and thus,

/ fodp — (1 — pn)/ fgdu’ — pn/ frgtdu' = 0. (35)
{013 {0131 {0,131

)

Similarly, since

/ Fdp = (1= pa) / odit + pa / Fla,
{0,1}" {0,1}n—1 {0,1}n—1

and

/ gdp = (1 —p,) / gy +pn/ gy,
{071}n {071}n—1 {071}71,—1

a direct computation shows that

< / fdp / gdu)—((l—pn) / fody! / godu’)—(pn / S / gldu’) =
{01} {01 {0,1)n1 {0,1n1 {0,1)n1 {011
—ptp)( [ fare [P g [ Pa) eo)
{071}n—1 {071}7@71 {071}n71 {071}n71

Subtracting Equation from Equation we get:

Cov(f,9)=(1=pn)Cov(f", ¢°)=pnCov(f, g") = pn(1=pn) /{0 1t

(fl—fo)du’/ (9'—g°)au,
{0’1}n—1

(37)
where the correlation of f and g is with respect to the measure y and the correlations of (f°, ¢°)
and (f!,g') are with respect to the measure p'.

Step 3. We apply the induction hypothesis to the restrictions of f and g to the first n — 1
coordinates.
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Denote the constant in the assertion of Theorem [7] by K. By the induction hypothesis,
1 TSN D
Coulf',9) 2 (32 PUNP ).
i<n

and
Cou(fL,g1) > 7]1(0so(Kznﬁ({i})gﬂ{z’}))

Note that while the value of « asserted by the induction hypothesis is

1
Y\P1y---3Pn—1) = Max ’
( n1) i<n —pj;logp; — (1 —p;)log(1 — p;)

we can replace it by the greater value

1
Y\P1,..-,P = max )
( n) i<n —p;logp; — (1 — p;)log(l — p;)

which is the value asserted in the induction step. Hence, we use the same value of + for both
cases.

By Proposition |17} the function ¢(x) is convex on (0,1], and hence,

(1= pa)Cov(f°,9") + puCov(f*,g") > fKOso(Zﬂ = p) POUINS Ui} + puf ({iDg' (i)

<n

Substituting into Equation we get

Cov(f,g) > ﬂl{ow(Zu P PUNPUY) + paF (g (1)) +

<n

+pn(1 = pn) /

{071}7171

(F— )y / (9" — g°)d.

{071}7171

Therefore, in order to prove Theorem [7], it is sufficient to prove the following inequality:

<n

fmw(;ﬂ{i}mw})) < o (0 =PI PENPED) + p (N (D) +

el pa) / (= fO)du / (g" — ")yt (38)

{071}71,—1 {071}n—1
We will deduce this inequality from Proposition [I7], with
w="> (1=pa) i} ({i}) + puf ({})g' ({i}),
<n

and

v=> FAHadip.

<n
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Step 4. We use the specially chosen induction coordinate to establish an upper bound on
|lu — vl.

Since
fn = o s@de s [ ) =
=(1-pn) / FOsidu + pn / Frsidi! = (1= pa) fO{Y) + pufL{0}),
{0,1}n=1 {0,1}n—1
and similarly for g, a direct computation shows that for all 1 <i <n —1,
FAMIHEY) — (@ = pa) PPN GO {i}) — pafT{iN)g  ({3)) =

= ((=p) PED+p S (D) (1=P) (1) +2ng (7)) = (1= LU (D —pu S {9 (1) =

= —p(1 = p) (FYUEY) — FOUN (G ({i}) — 8 ({i}))-
Therefore,

v—u= f({n)ain}) =l = pa) 3 (FU) - 7)) (6 () - ().
and thus, by the triangle inequality,
o —ul < F({n)a{n}) +pa(1 —pa) 3O IFED ~ FPENI D) ~ U] (39)
(Note that f({n})§({n}) > 0 by Claim . We observe that for every i < n,

Fam =P = [ el [ =

1 1
- = Fsi(z)du(z) — / fsi(z)dp(z) =
Pn J{ze{0,1}mzn=1} L —=pn Jize{o,1}n:z,=0}

1 / 1-— Pn Pn
1 Fsi()dpu(z)— / Fsi(@)du(z)) =
pn(l - pn) ( {ze€{0,1}":zy, =1} Pn {ze{0,1}":2,=0} 1 —pn )

1
S — / Fsisn(@)dp(z) + / Fsisa(z)dp(z)) =
Pn(1 = pn) N ee(o1)ma,=1} {2€{0,1}7:2n, =0}

1 1 A
e $ispdpy = ————=Ff{i,n}),
V(1 = pp) /{o,l}n ! : Pn(l —pn) fitin)) (40)

and similarly for g, and hence

L) = PPN i) — (i) = pn(11_pn)|f({i’ n}hllg({i,n})l.
Substituting into Inequality , we get
o —ul < f({n})g{n}) + D If{i,n})l[g({i, n})]. (41)

<n
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Finally, by Inequality (34),

A R ;2 R e
lv—ul < f({n})g({n}) + K'vf({n})g({n})log SN (42)
Step 5. We apply Proposition [17] and conclude the proof.
By Claim [9}
log ——— ¢ - > 1.
> =1 J{kHa({k})
In addition, by the definition of v we have v > 1, and we may assume that K’ > 1. Thus,
K'~f g 1 - ¢ > f 7 .
vf({n})g({n})log SR f{n})a({n})
Substituting into Inequality we get
o —u| < 2K'yf({n})g({n}) log (43)

Yy f{ERDa({kD)
and hence, by Proposition (17| (with u and v as defined above),
p(v) < p(u) + 4Ky f({n})a({n}). (44)

Therefore, by Inequality , in order to prove Theorem |7}, it is sufficient to prove the following
inequality:

(ft - fo)du’/ (9" — g% (45)

{071}71—1

L (E)In)) < Korpal~pa) [

{071}71—1

Finally, by a computation similar to the computation in Inequality ,

1 (0 I _ 1 ¢ n
J = 1 = s A

and similarly for g, and hence Inequality holds for Ky = 4K’. This concludes the proof of
Theorem [7

4 Tightness of Results

In this section we discuss the tightness of Theorems [7] and

4.1 Tightness of Theorem
As was shown in [9], the assertion of Theorem [5|is tight for the sets:

A:{x:z.ri>k}, and B:{x:inZn—k}.
i=1 =1

22



We check the tightness of Theorem [7] by examining a similar example in our more general
framework. Since the assertion of Theorem [7] contains a universal multiplicative constant, all
the computations in the example are approximations up to a constant factor. As a result, the
symbol “=" is replaced by “~”, standing for equivalence up to a constant multiplicative factor.

Example Let p be “small” (i.e., tend to zero when n — oo). Consider the discrete cube
endowed with the product measure p = uf?” = lp @ -+ @ pip, and let

A:{x:inZk}, and B:{x:Za:izl},
i=1 1=1

where k < np/2 and | > n/2. (These values are chosen in order to simplify the computations).
We have:

[ tatsdn= [ lade [ Lpdu= (A0 B) — w(A)u(B) = w(B)(1 - u(4)) =
{0,1}n {0,1}m {0,1}»

= (En: (?)pi(l ~p)"7) (H (?)p"(l -p)"7).

=0
For k < np/2,

Similarly, for [ > n/2,

Hence,

/ 141pdu — / 1Adu/ lpdp =~ < " )pk‘l(l — p)n Tk <n>pl(1 —p)t=

n? n—1\/n—=1\ 44 on—k—1
= 1 = p)Pnhitl o
(n—k—i—l)l(k—l)(l—l)p (1=p)

n—1\/n—=1\ ;.4 Mn—k—i+1
~ 1-— . 4
o) () (46)

On the other hand, for all 1 < j < n,

1a({4}) = /{0 e Lasjdp =4/ 1;%(143') =

IL—p(n—-1\ 4 n—k n—1 k—1/2 n—k+1/2
— 1— — 1 —
(k—l)p (1=p) (k—l)p (1-p) ’
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and similarly,

1p({s}) = WN(Bj) - <7__11>pz—1/2(1 _ e,

n

3. Ltinisih = o(3 ) (2 ) e,

Thus,

It is easy to see that the dominant term in the product in the right hand side is p** (i.e., the
other terms are much closer to 1). Hence,

e

1
R S WY PV

~ —nlogp,

and thus,

(Zu WDisdih) ~ ( 1)(’}_‘f)p’”l—lu—p)zn—’f—l“/(—logp). (47)

Dividing Equation (46| by Equation (47]) we get:
f{()’l}n lAleu - f{O,l}" 1Ad,u f{071}n 1Bd/'L
o Lh LaiNisliD)

By Theorem [7] the lower bound on the left hand side in our case is Ky ~ —plogp, and hence
the example misses the lower bound by a factor of 1/p.

~ (—logp). (48)

It seems challenging to further examine the tightness of Theorem [7| by checking different ex-
amples. A natural candidate to be considered is the “tribes” function (see [2]) and its dual
function, for which it was shown in [5] that the assertion of Theorem [5|is tight. However, the
calculation of the correlation between these functions with respect to a general product measure
seems complicated.

4.2 Improvement of Theorem [7]in a Partial Case

As was shown in Section 2.2 the bound on large deviations asserted in Theorem [I3] can be
improved, if only random variables of the type >, ;(1/ \/W)Xl are considered (see Proposi-
tion . Since Theorem [13|is used in the proof of Theorem (7| as a “black-box”, such improve-
ment would immediately imply an improvement of the assertion of Theorem [7] if only random
variables of the prescribed type were used in the proof. We show that this is indeed the case in
some specific class of functions.

We observe that the values «; . used in the proof of Theorem m are “normalized” second-level
Fourier-Walsh coefficients of the functions f and g. Hence, if all the second-level Fourier-Walsh
coefficients of f and g are equal, then the bound on large deviations is indeed applied only
for equal a-s, and thus, the application of Theorem can be replaced by application of the
stronger Proposition We note that since the sets I considered in the proof are of size either
n/2 or (n+ 1)/2 (see Step 1 of the proof of Lemma [15), and since the assertion of Theorem
contains a constant multiplicative factor, the value |I| in Proposition [14| can be replaced by n.
Substituting into the proof of Theorem [7| we get the following:
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Proposition 18 Let f,g be monotone symmetric functions on the discrete cube endowed with
the product measure (1 = iy, @- - -y, , that satisfy |f(x)] <1 and |g(x)| <1 for allz € {0,1}".
Assume further that all the second-level Fourier-Walsh coefficients of each of the functions f
and g are equal to each other. Then

/fgdu—/fdu/gduZKZ n2pl_1 sO(Zf {ih)g )

<1 pi(1-p;) log 124 i<n

where p(x) = and K is a universal constant.

oz
log(e/x)’
For unequal probabilities p1, ..., p,, Proposition [18]is stronger than Theorem |7l On the other
hand, the result seems a bit messy, and it is not clear which functions satisfy the property
of second-level Fourier-Walsh coefficients required in the proposition (for example, symmetric
functions do not satisfy it).

4.3 Tightness of Theorem

In this subsection we consider the discrete cube endowed with the uniform measure p. The
lower bound on the correlation between monotone subsets presented by Talagrand (Theorem
is tight in several important cases: As was shown in [9], it is tight for certain pairs of Hamming
balls, and as was shown in [5], it is tight for a “tribes” subset (see [2]) and its dual. However,
we show that the assertion can be tight only if the correlation is relatively small. We use the
following claim (]9], Proposition 2.2):

Proposition 19 (Talagrand) There exists a universal constant Ky such that for all A C

{0, 13",

ZlA {i})? < Kipu(A)? logu(eA).

Note that for small values of u(A), this upper bound is much stronger than the bound p(A)(1—
1(A)) which follows from the Parseval identity.

Proposition 20 There exists a universal constant K such that for all A, B C {0,1}",
oY 1alihis(ih) < Ku(A)u(B),
i=1

where p(x) = x/log(e/x).
Proof By the Cauchy-Schwarz inequality and Proposition

ZL“ (Vi) (ZlA (i) ) /2(i13({i})2>1/

SKW(A)M(B)(IOg ‘ )1/2(10g u(;)>1/2'



By Proposition (17, the function ¢(z) is monotone increasing in (0, 1], and hence
. . e \1/2 e \1/2
1 1)1 ] <l Kip(A)u(B)| log —— log —— .
w(; AU ) < o(Kin(uB) (log - 75 ) T (log - 55) )
By the inequality between the arithmetic and the geometric means,
e \1/2 e \1/2 K, e e
Kiu(A)u(B)( log —— log —— < —u(A)p(B)( log —— + log —— ). 49
() (g 55 ) " (10w ) < (B (log s +low ). (49)
On the other hand, for all 0 <t <1,

<

&+ | =
SN

10g§:1+10g

and hence,

e \1/2
() (los 5) < (A,

and similarly for B. Therefore,

K u(A)u(B) (Tog M(eA))l/2<log M(;))m < K (M(A)M(B)>1/2,

and thus,

e (&
8 c : = log =
K1p(A)p(B)(log &55)"/*(log 1 55) K1 (u(A)p(B))H/?

lo

1 1 1
zlog—+§logi+— L—i—log (50)

) e - 1 (1 e )
og ——— > —|( log — ).
Ky p(A) 2 7 p(B) 4 p(A) n(B)
The last inequality holds if p(A)u(B) is bigger than some constant depending on Kj. This
assumption is possible since the assertion of Proposition 7?7 holds trivially if ©(A) and u(B) are
bounded away from zero. Combining Inequalities and , we get

. )1/2( y >1/2> _ %M(A)M(B)(logﬁ—i-log ML 2K pu(A)u(B).

e(Huans) (e 55) (s g T(log 1 + 8 2737)

This completes the proof of Proposition |

Using Proposition [20| we obtain the following:

Corollary 21 Theorem[5 can be tight only if the correlation between the subsets satisfies
(AN B) = u(A)u(B) < Kp(A)u(B),

where K s an absolute constant.

It seems challenging to find further improvements of the Harris-Kleitman lemma and of the
FKG inequality, which will be tight even if the correlation between the subsets is substantially
bigger.
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