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Abstract

The basic instance of the FKG correlation inequality [3] is the Harris-Kleitman lemma [4,
6], stating that any two monotone subsets of {0, 1}n are non-negatively correlated with
respect to the uniform measure on {0, 1}n. In [9], Talagrand established a lower bound on
the correlation in the Harris-Kleitman lemma in terms of how much the two sets depend
simultaneously on the same coordinates. In this paper we generalize Talagrand’s result to
the correlation between monotone functions on the discrete cube endowed with a general
product measure, thus establishing an improvement of the FKG inequality for product
measures on the discrete cube.

1 Introduction

Definition 1 A function f : {0, 1}n → R is monotone if for all x = (x1, . . . , xn) and y =
(y1, . . . , yn),

(∀i : xi ≤ yi)⇒ (f(x) ≤ f(y)).

A subset A ⊂ {0, 1}n is called monotone if its characteristic function is monotone.

Correlation inequalities between monotone functions on the discrete cube play an important
role in numerous areas, including probability, combinatorics, mathematical physics, etc. One
of the most well-known correlation inequalities is the FKG inequality [3]:1

Theorem 2 (Fortuin, Kasteleyn, and Ginibre) Let f, g : {0, 1}n → R be monotone func-
tions, and let µ be a log-supermodular measure on {0, 1}n, i.e.,

µ(x)µ(y) ≤ µ(x ∪ y)µ(x ∩ y) (1)

for all x, y ∈ {0, 1}n. Then ∫
fgdµ ≥

∫
fdµ

∫
gdµ. (2)

In the partial case of monotone subsets of the discrete cube, the FKG inequality was preceded
by the Harris-Kleitman lemma [4, 6]:

1The original formulation of the FKG inequality is for finite distributive lattices. Since in this paper we deal
only with functions on the discrete cube, we present the inequality in this partial case.
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Theorem 3 (Harris, Kleitman) Let A,B be monotone subsets of {0, 1}n endowed with the
uniform measure µ. Then

µ(A ∩B) ≥ µ(A)µ(B), (3)

i.e., the correlation of A and B is nonnegative.

Clearly, the inequality in the Harris-Kleitman lemma is tight, since the correlation between
independent monotone subsets of the discrete cube is zero. However, if A and B are not
independent, the inequality is not tight, and hence it seems possible that one can obtain a
lower bound on the correlation in terms of the dependence between A and B. Such bound was
indeed established by Talagrand [9], where the measure of dependence is how much the two
sets depend simultaneously on the same coordinates.

Definition 4 Let A ⊂ {0, 1}n be monotone. For all 1 ≤ i ≤ n, define

Ai = {(x1, . . . , xn) ∈ A : (x1, . . . , xi−1, 1− xi, xi+1, . . . , xn) 6∈ A}.

The influence of the i-th coordinate on A is µ(Ai).

Theorem 5 (Talagrand) Let A,B be monotone subsets of {0, 1}n endowed with the uniform
measure µ. Then

µ(A ∩B)− µ(A)µ(B) ≥ Kϕ
(∑
i≤n

µ(Ai)µ(Bi)
)
, (4)

where ϕ(x) = x/ log(e/x), and K is a universal constant.

In this paper we generalize the result of Talagrand to monotone functions on the discrete
cube endowed with any product measure µ = µp1 ⊗ . . . ⊗ µpn . The influences of the coordi-
nates are replaced by the first-level Fourier-Walsh coefficients with respect to an appropriate
orthonormal basis:

Definition 6 Consider the discrete cube {0, 1}n endowed with the product measure µ = µp1 ⊗
. . .⊗ µpn, and the functions:

si(x1, . . . , xn) =


√

1−pi

pi
, xi = 1

−
√

pi

1−pi
, xi = 0.

Let f : {0, 1}n → R. The first-level Fourier-Walsh coefficients of f with respect to the measure
µ are

f̂({i}) =
∫
fsidµ,

for 1 ≤ i ≤ n.

Our main result is the following:

Theorem 7 Let f, g be monotone functions on the discrete cube endowed with the product
measure µ = µp1 ⊗ · · · ⊗ µpn, that satisfy |f(x)| ≤ 1 and |g(x)| ≤ 1 for all x ∈ {0, 1}n. Then∫

fgdµ−
∫
fdµ

∫
gdµ ≥ K min

i≤n
H(pi)ϕ

(∑
i≤n

f̂({i})ĝ({i})
)
, (5)

where ϕ(x) = x
log(e/x) , K is a universal constant, and H(p) = −p log p− (1− p) log(1− p) is the

entropy function.
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Theorem 7 generalizes Talagrand’s result in two directions. First, the measure is gener-
alized from the uniform measure to any product measure on the discrete cube. Second, the
examined functions are generalized from Boolean functions (which are equivalent to subsets of
the discrete cube) to general functions. As a result, our result provides an improvement of the
FKG inequality in the partial case of product measures on the discrete cube. We note that
when µ is the uniform measure, then for every monotone subset A of the discrete cube and for
all 1 ≤ i ≤ n we have 1̂A({i}) = µ(Ai), and hence Talagrand’s result is indeed a partial case
of Theorem 7. However, unlike Talagrand’s result, we weren’t able to prove the tightness of
Theorem 7, and the best example we found “misses” the lower bound asserted by the theorem
by a multiplicative factor of 1/p.

The proof of Theorem 7 is based on the proof of Talagrand’s result, but also uses two
additional ingredients. The first is the Fourier-Walsh expansion of functions on the discrete
cube endowed with a general product measure (developed in [8]) and its properties. The second
is a Subgaussian inequality bounding the large deviations of a weighted sum of independent
Bernoulli random variables. While in the uniform case discussed in [9], a simple bound using
the Azuma martingale inequality is sufficient, in the general case we use a more precise estimate
due to Bobkov, Houdré, and Tetali [1], adapted to our case. The other ingredients of the proof
are the same used by Talagrand, but the proof is much more complicated due to the more
general framework.

The paper is organized as follows: In Section 2 we present the two main tools used in the
proof of Theorem 7. The proof of Theorem 7 is presented in Section 3. Finally, in Section 4 we
study the tightness of the results.

2 Preliminaries

In this section we present the main tools used in the proof of Theorem 7.

2.1 Fourier-Walsh Expansion of Functions on the Discrete Cube Endowed
with a General Product Measure

Consider the discrete cube {0, 1}n endowed with a product measure µ = µp1 ⊗ · · · ⊗ µpn , i.e.,

µ(x) = µ
(

(x1, . . . , xn)
)

=
n∏
i=1

pxi
i (1− pi)1−xi .

Denote the set of all real-valued functions on the discrete cube by Y . The inner product of
functions f, g ∈ Y is defined as usual as

〈f, g〉 =
∫
fgdµ =

∑
x∈{0,1}n

µ(x)f(x)g(x).

This inner product induces a norm on Y :

||f ||2 =
√
〈f, f〉 =

√∫
f2dµ.
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Consider the functions {si}ni=1, defined as:

si(x1, . . . , xn) =


√

1−pi

pi
, xi = 1

−
√

pi

1−pi
, xi = 0.

As was observed in [8], these functions constitute an orthonormal system in Y (with respect
to the measure µ). Moreover, this system can be completed to an orthonormal basis in Y by
defining

sT =
∏
i∈T

si

for all T ⊂ {1, . . . , n}. Every function f ∈ Y can be represented by its Fourier-Walsh expansion
with respect to the system {sT }T⊂{1,...,n}:

f =
∑

T⊂{1,...,n}

〈f, sT 〉sT .

The coefficients in this expansion are denoted

f̂(T ) = 〈f, sT 〉.

A coefficient f̂(T ) is called k-th level coefficient if |T | = k. By the Parseval identity, for all
f ∈ Y we have ∑

T⊂{1,...,n}

f̂(T )2 = ||f ||22.

In the proof of Theorem 7 we use the following two simple claims concerning functions on the
discrete cube with the product measure µ:

Claim 8 Let f : {0, 1}n → R be monotone. Then for all 1 ≤ i ≤ n, f̂({i}) ≥ 0.

Proof Without loss of generality, we prove the claim for i = n. For all (x1, . . . , xn−1) ∈
{0, 1}n−1, let

f0(x1, . . . , xn−1) = f(x1, . . . , xn−1, 0), f1(x1, . . . , xn−1) = f(x1, . . . , xn−1, 1).

Denote by µ′ the measure induced by µ on {0, 1}n−1. Since f is monotone, we have f1(x) ≥
f0(x) for all x ∈ {0, 1}n−1. Therefore,

f̂({n}) =
∫
{x∈{0,1}n:xn=1}

√
1− pn
pn

f(x)dµ(x) +
∫
{x∈{0,1}n:xn=0}

(
−
√

pn
1− pn

)
f(x)dµ(x) =

=
√
pn(1− pn)

(∫
{0,1}n−1

f1dµ′ −
∫
{0,1}n−1

f0dµ′
)

=
√
pn(1− pn)

∫
{0,1}n−1

(f1 − f0)dµ′ ≥ 0,

as asserted.
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Claim 9 Let f, g : {0, 1}n → [−1, 1]. Then
n∑
i=1

f̂({i})ĝ({i}) ≤ 1.

Proof By the Cauchy-Schwarz inequality and Parseval’s identity,
n∑
i=1

f̂({i})ĝ({i}) ≤
( n∑
i=1

f̂({i})2
)1/2( n∑

i=1

ĝ({i})2
)1/2

≤ ||f ||2||g||2 ≤ 1,

as asserted.

2.2 Sharp Subgaussian Bounds on the Large Deviations of a Weighted Sum
of Independent Bernoulli Random Variables

Another component in the proof of Theorem 7 is a bound on the large deviations of the random
variable

X =
∑
i∈I

αisi,

where I ⊂ {1, . . . , n}, {si}ni=1 are the functions defined in Section 2.1, and
∑

i∈I α
2
i = 1. To

be more precise, we are interested in the minimal value of γ = γ(p1, . . . , pn), such that for all
I ⊂ {1, . . . , n} and all the sequences {αi}i∈I such that

∑
i∈I α

2
i = 1, the inequality

Prob
(
|
∑
i∈I

αisi| > a
)
< 2 exp

(
− a2

2γ

)
(6)

holds for all a > 0.

We start with examining the case p1 = p2 = . . . = pn = p. In the case of uniform measure (i.e.,
p=1/2), discussed in [9], the Azuma martingale inequality (see [7], Lemma 1.5) yields the value
γ = 1, which is optimal up to a constant factor. For a general value of p, Azuma’s inequality
yields the value γ = max

(
p

1−p ,
1−p
p

)
, but this value is not optimal. We show the better bound

γ = K/H(p), where H(p) = −p log p − (1 − p) log(1 − p) is the entropy function, and K is a
universal constant.

We use the following Subgaussian bound for functions on the two-point space endowed with
the measure µp ([1], Proposition 2.1):

Proposition 10 (Bobkov, Houdré, and Tetali) Consider the two-point space {0, 1} endowed
with the measure µp (i.e., µp(1) = p, and µp(0) = 1− p). Given a function f : {0, 1} → R, the
optimal value σ2 in the inequality

E
(
et(f−Ef)

)
≤ eσ2t2/2,

where t ∈ R is arbitrary, is given by

2σ2 =
p− (1− p)

log p− log(1− p)
(f(1)− f(0))2.
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Theorem 11 Let {Xi}i∈I be i.i.d. random variables with the distribution:

Xi =


√

1−p
p , Prob. p,

−
√

p
1−p , Prob. (1− p).

Then for all a > 0 and all {αi}i∈I such that
∑

i∈I α
2
i = 1,

Prob
(
|
∑
i∈I

αiXi| > a
)
≤ 2 exp

(
Ka2(p log p+ (1− p) log(1− p))

)
, (7)

where K is a universal constant.

Proof The theorem follows from Proposition 10 by the standard Chernoff-type argument
described below.

Denote
C(p) =

p− (1− p)
4(log p− log(1− p))

.

For all i ∈ I, we apply Proposition 10 to the function fi = αiXi, and get

E
(
etαiXi

)
≤ exp

( α2
i

p(1− p)
C(p)t2

)
.

Since the Xi-s are independent and since
∑

i∈I α
2
i = 1,

E
(
et

∑
i∈I αiXi

)
=
∏
i∈I

E
(
etαiXi

)
≤
∏
i∈I

exp
( α2

i

p(1− p)
C(p)t2

)
= exp

( C(p)
p(1− p)

t2
)
.

Thus, by the Markov inequality,

Prob
(∑
i∈I

αiXi > a
)

= Prob
(
et

∑
i∈I αiXi > eta

)
≤ exp

( C(p)
p(1− p)

t2 − ta
)
.

It is easy to see that the optimal bound is obtained for

t =
ap(1− p)

2C(p)
,

and the bound is

Prob
(∑
i∈I

αiXi > a
)
≤ exp

(
− a2p(1− p)

4C(p)

)
.

Similar considerations for the random variable (−
∑

i∈I αiXi) imply that

Prob
(
|
∑
i∈I

αiXi| > a
)
≤ 2 exp

(
− a2p(1− p)

4C(p)

)
.
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Finally, since for a small value of p, C(p) is close to (−1/4 log p), and for a small value of 1− p,
C(p) is close to (−1/4 log(1− p)), it is easy to see that there exists a universal constant K such
that

p(1− p)
4C(p)

≥ K
(
− p log p− (1− p) log(1− p)

)
,

and hence,

Prob
(
|
∑
i∈I

αiXi| > a
)
≤ 2 exp

(
Ka2(p log p+ (1− p) log(1− p))

)
.

This completes the proof of the theorem.

In order to find the optimal bound for general (not necessarily equal) probabilities (p1, . . . , pn),
we use the following lemma:

Lemma 12 The function

F (p) =
C(p)

p(1− p)
=

2p− 1
4p(1− p) log p

1−p

is monotone decreasing in p for 0 < p < 1/2, and monotone increasing in p for 1/2 < p < 1.

Proof Consider the derivative of F (p).

F ′(p) =
1

4
(
p(1− p) log p

1−p

)2

(
2p(1− p) log

p

1− p
− (2p− 1)((1− 2p) log

p

1− p
+ 1)

)
=

=
1

4
(
p(1− p) log p

1−p

)2

(
(1− 2p+ 2p2) log

p

1− p
+ (1− 2p)

)
.

Hence, F ′(p) < 0 if and only if

log
p

1− p
< − 1− 2p

1− 2p+ 2p2
.

Let
G(p) = log

p

1− p
, and H(p) = − 1− 2p

1− 2p+ 2p2
,

for 0 < p < 1. Since G(1/2) = H(1/2), it is sufficient to prove that G′(p) > H ′(p) for all
p 6= 1/2. We have

G′(p) =
1

p(1− p)
,

and

H ′(p) =
2(1− 2p+ 2p2)− (2p− 1)(−2 + 4p)

(1− 2p+ 2p2)2
=

4p(1− p)
(1− 2p+ 2p2)2

.

Thus, G′(p) > H ′(p) holds if and only if

1
p(1− p)

>
4p(1− p)

(1− 2p+ 2p2)2
,
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or equivalently, (
1− 2p+ 2p2

)2
>
(

2p(1− p)
)2
,

which indeed holds for all p 6= 1/2. This completes the proof of the lemma.

Theorem 13 Let {Xi}i∈I be independent random variables with the distribution:

Xi =


√

1−pi

pi
, Prob. pi,

−
√

pi

1−pi
, Prob. (1− pi).

Then for all a > 0 and all {αi}i∈I such that
∑

i∈I α
2
i = 1,

Prob
(
|
∑
i∈I

αiXi| > a
)
≤ 2 exp

(
Ka2(p log p+ (1− p) log(1− p))

)
, (8)

where p = maxi∈I max(pi, 1− pi), and K is a universal constant.

Proof For all i ∈ I, since the function F (x) = C(x)/x(1− x) is symmetric around x = 1/2,
and since p ≥ max(pi, 1− pi), it follows from Lemma 12 that

C(p)
p(1− p)

≥ C(pi)
pi(1− pi)

.

Hence,

E
(
etαiXi

)
≤ exp

( α2
i

pi(1− pi)
C(pi)t2

)
≤ exp

( α2
i

p(1− p)
C(p)t2

)
,

and thus,

Exp
(
et

∑
i∈I αiXi

)
≤
∏
i∈I

exp
( α2

i

p(1− p)
C(p)t2

)
= exp

( C(p)
p(1− p)

t2
)
.

The rest of the proof is the same as the proof of Theorem 11.

In the general case, i.e., if we are seeking for a value of γ such that Inequality (6) will hold
for every sequence {αi}i∈I with

∑
i∈I α

2
i = 1, the assertion of Theorem 13 is tight. Indeed, if

1 − pj = maxi∈I max(pi, 1 − pi), and we consider the sequence consisting of αj = 1 and zeros,
we have

Prob
(∑
i∈I

αiXi >

√
1− pj

2pj

)
= Prob

(
Xj >

√
1− pj

2pj

)
= pj ≥

≥ exp
(

4
1− pj

2pj
(pj log pj + (1− pj) log(1− pj))

)
.

Hence, Theorem 13 cannot be improved in the general setting in which it is used in the proof
of Theorem 7.

However, if it is sufficient that Inequality (6) will be valid only for sequences of equal α-s (i.e.,
αi = 1/

√
|I| for all i ∈ I), the assertion of Theorem 13 can be easily improved to get the

following:
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Proposition 14 Let {Xi}i∈I be independent random variables with the distribution:

Xi =


√

1−pi

pi
, Prob. pi,

−
√

pi

1−pi
, Prob. (1− pi).

Then for all a > 0,

Prob
(
|
∑
i∈I

1√
|I|
Xi| > a

)
≤ 2 exp

(
− a2 |I|

4
∑

i∈I
C(pi)

pi(1−pi)

)
. (9)

The proof of Proposition 14 follows the lines of the proof of Theorem 11. In Section 4 we show
that Proposition 14 can be used to improve the assertion of Theorem 7 in a certain partial case.

3 Proof of Theorem 7

In this section we present the proof of Theorem 7. We start with an outline of the proof.

3.1 Proof Outline

The main ingredient in the proof in the following lemma:

Lemma 15 Let f, g be monotone functions on the discrete cube endowed with the product
measure µ = µp1 ⊗ · · · ⊗ µpn that satisfy |f(x)| ≤ 1 and |g(x)| ≤ 1 for all x ∈ {0, 1}n. Then∑

k≤n

∑
i 6=k
|f̂({i, k})||ĝ({i, k})| ≤ Kγ

∑
k≤n

f̂({k})ĝ({k}) log
e∑

k≤n f̂({k})ĝ({k})
, (10)

where γ = maxi≤n 1
−pi log pi−(1−pi) log(1−pi)

, and K is a universal constant.

This lemma, establishing a relation between the first-level and the second-level Fourier-
Walsh coefficients of monotone functions on the discrete cube, is of independent interest. In
the partial case of Boolean functions on the discrete cube endowed with a uniform measure, this
lemma (proved in this case in [9]) was used in [10] to establish a relation between the influences
of coordinates on a subset of the discrete cube and the size of its boundary.

The proof of Lemma 15 is, in turn, based on the following lemma:

Lemma 16 Let
γ′ = max

1≤i≤n

1
2K1(−pi log pi − (1− pi) log(1− pi))

,

where K1 is the optimal constant for which the assertion of Theorem 13 holds. Let f be a
monotone function on the discrete cube endowed with the product measure µ = µp1 ⊗ · · · ⊗ µpn

that satisfies |f(x)| ≤ 1 for all x ∈ {0, 1}n. Let {I, J} be a partition of {1, . . . , n}, and let
S > 0. Denote

L = {k ∈ J :
(∑
i∈I

(f̂({i, k}))2
)1/2

≥
√
γ′Sf̂({k})}.
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Then ∑
k∈L

f̂({k})2 ≤ K exp
(
− S2

K

)
, (11)

where K is a universal constant.

The rest of this section is organized as follows: In Section 3.2 we present the proof of
Lemma 16. In Section 3.3 we prove Lemma 15. Finally, we derive Theorem 7 from Lemma 15
in Section 3.4. For the convenience of reading, we divide each proof to several steps, and start
each step with a one-sentence description of its content.

3.2 Proof of Lemma 16

Step 1. For each k ∈ L, we define a function fk related to the condition defining L. The special
structure of fk will allow us to use the bounds on large deviations presented in Section 2.2 to
estimate its value.

For each k ∈ L, denote

βi,k = f̂({i, k}) =
∫
{0,1}n

fsiskdµ,

and
αi,k =

βi,k√∑
i∈I β

2
i,k

,

where {si}ni=1 are the functions defined in Section 2.1. Define

fk =
∑
i∈I

αi,ksi.

We have∫
{0,1}n

fkskfdµ =
∫
{0,1}n

∑
i∈I

αi,ksiskfdµ =
∑
i∈I

αi,k

∫
{0,1}n

siskfdµ =
∑
i∈I

αi,kf̂({i, k}) =

=
1√∑
i∈I β

2
i,k

∑
i∈I

βi,kf̂({i, k}) =
1√∑

i∈I f̂({i, k})2

∑
i∈I

f̂({i, k}) · f̂({i, k}) =

=
(∑
i∈I

(f̂({i, k}))2
)1/2

.

Hence, by the definition of L, for each k ∈ L,∫
{0,1}n

fkskfdµ ≥
√
γ′Sf̂({k}). (12)

Step 2. We represent the discrete cube as a product of two spaces corresponding to the
partition {I, J}. This will allow us to use Fubini’s theorem to compute

∫
{0,1}n fkskfdµ.

For a partition {I, J} of {0, 1}n, the discrete cube can be represented as a product {0, 1}n =
Ω1 × Ω2, where Ω1 = {0, 1}I and Ω2 = {0, 1}J . As a result, for each ω ∈ {0, 1}n, we can write
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ω = (ω1, ω2) where ω1 ∈ Ω1 and ω2 ∈ Ω2. We denote by µ′ and µ′′ the induced measures on Ω1

and Ω2, respectively.

Given ω1 ∈ Ω1 and k ∈ L, the function fk(ω1, ω2) does not depend on ω2. Hence, we denote its
value by fk(ω1). For each ω1 ∈ Ω1,∫

Ω2

f(ω1, ω2)fk(ω1, ω2)sk(ω1, ω2)dµ′′(ω2) = fk(ω1)
∫

Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2).

Integrating the both sides of the equation with respect to ω1 and using Fubini’s theorem, we
get ∫

{0,1}n
fkskfdµ =

∫
Ω1

fk(ω1)
(∫

Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
)
dµ′(ω1). (13)

Step 3. We divide the discrete cube to subsets according to the value of fk and use the
bounds on large deviations presented in Section 2.2 to establish an upper bound on the integral∫
fkskfdµ over each of the subsets.

For all k ∈ L and every integer q ≥ 1, denote

Ωk,0 = {ω1 ∈ Ω1 : |fk(ω1)| ≤ 2
√
γ′},

and
Ωk,q = {ω1 ∈ Ω1 : 2q

√
γ′ < |fk(ω1)| ≤ 2q+1

√
γ′}.

Let
Ck,q =

∫
Ωk,q

fk(ω1)
(∫

Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
)
dµ′(ω1).

Note that by Equation (13), ∫
{0,1}n

fkskfdµ =
∑
q≥0

Ck,q. (14)

By the Cauchy-Schwarz inequality, for every q ≥ 0,

C2
k,q ≤ µ′(Ωk,q)

∫
Ωk,q

(
fk(ω1)

(∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
))2

dµ′(ω1) ≤

≤ µ′(Ωk,q)γ′22q+2

∫
Ωk,q

(∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
)2
dµ′(ω1). (15)

Consider the function fk. Note that for each k ∈ L,∑
i∈I

α2
i,k =

1∑
i∈I β

2
i,k

∑
i∈I

β2
i,k = 1.

Hence, by Theorem 13,

µ′(Ωk,q) ≤ Pr
(
|fk| > 2q

√
γ′
)
≤ 2 exp

(
− γ′22q

2γ′
)

= 2 exp(−22q−1).

11



Note that we are able to use Theorem 13 for the space Ω1 with the value γ′ since

max
i∈I

1
2K1(−pi log pi − (1− pi) log(1− pi))

≤ max
1≤i≤n

1
2K1(−pi log pi − (1− pi) log(1− pi))

= γ′.

Substituting into Inequality (15) we get

C2
k,q ≤ γ′22q+3 exp(−22q−1)

∫
Ωk,q

(∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
)2
dµ′(ω1) ≤

≤ γ′22q+3 exp(−22q−1)
∫

Ω1

(∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
)2
dµ′(ω1). (16)

Finally, for each ω1 ∈ Ω1 we consider the Fourier-Walsh expansion (with respect to the measure
µ′′) of the function fω1 : Ω2 → R defined by fω1(ω2) = f(ω1, ω2). We have∫

Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′ =
∫

Ω2

fω1(ω2)sk(ω2)dµ′′ = f̂ω1({k}),

and hence by the Parseval identity,∑
k∈L

(∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
)2

=
∑
k∈L

f̂ω1({k})2 ≤
∑
T∈Ω2

f̂ω1(T )2 = ||fω1 ||22 ≤ 1,

since |f | (and thus, |fω1 |) is bounded from above by 1. Thus,∑
k∈L

∫
Ω1

(∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
)2
dµ′(ω1) =

=
∫

Ω1

(∑
k∈L

(∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
)2)

dµ′(ω1) ≤ 1.

Substituting into Inequality (16) we get∑
k∈L

C2
k,q ≤ γ′22q+3 exp(−22q−1). (17)

Step 4. We divide
∑

q≥0Ck,q to the sum over “high” values of q and the sum over “low” values
of q.

We use the elementary inequality

(
∞∑
m=1

am)2 ≤
∞∑
m=1

2ma2
m, (18)

which holds for all {am}∞m=1 ∈ `1(N). The inequality follows from the convexity of the function
h(x) = x2, using the convex combination

∞∑
m=1

am =
∞∑
m=1

2−m(2mam).

12



By Equations (12) and (14), for each k ∈ L,√
γ′Sf̂({k}) ≤

∑
q≥0

Ck,q.

Consider an integer q0 to be determined later, and denote Ck =
∑

q≤q0 Ck,q. We have√
γ′Sf̂({k}) ≤ Ck +

∑
q>q0

Ck,q.

Hence, by Inequality (18),

γ′S2f̂({k})2 ≤ (Ck +
∑
q>q0

Ck,q)2 ≤ 2C2
k +

∑
q>q0

2qC2
k,q.

Summing over all k ∈ L and using Inequality (17) we get

γ′S2
∑
k∈L

f̂({k})2 ≤ 2
∑
k∈L

C2
k +

∑
q>q0

γ′23q+3 exp(−22q−1). (19)

Step 5. We use the monotonicity of the function f to establish an upper bound on Ck.

By the definition of Ck and the triangle inequality,

|Ck| =
∣∣∣ ∫
{ω1:|fk(ω1)|≤

√
γ′2q0+1}

fk(ω1)
(∫

Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
)
dµ′(ω1)

∣∣∣ ≤
≤
∫
{ω1:|fk(ω1)|≤

√
γ′2q0+1}

∣∣∣fk(ω1)
∣∣∣∣∣∣ ∫

Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
∣∣∣dµ′(ω1) ≤

≤
√
γ′2q0+1

∫
{ω1:|fk(ω1)|≤

√
γ′2q0+1}

∣∣∣ ∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
∣∣∣dµ′(ω1) ≤

≤
√
γ′2q0+1

∫
Ω1

∣∣∣ ∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
∣∣∣dµ′(ω1). (20)

For all ω2 ∈ Ω2, denote the k-th coordinate of ω2 by ω2(k), and let ω2⊕ek be the coordinate-wise
sum modulo 2 of ω2 with the unit vector ek. Then for all ω1 ∈ Ω1,∫

Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2) =
∑
ω2∈Ω2

f(ω1, ω2)sk(ω1, ω2)µ′′(ω2) =

=
∑

{ω2:ω2(k)=0}

(
f(ω1, ω2)sk(ω1, ω2)µ′′(ω2) + f(ω1, ω2 ⊕ ek)sk(ω1, ω2 ⊕ ek)µ′′(ω2 ⊕ ek)

)
=

=
∑

{ω2:ω2(k)=0}

(
f(ω1, ω2)

(
−
√

pk
1− pk

)
µ′′(ω2) + f(ω1, ω2 ⊕ ek)

(√1− pk
pk

)( pk
1− pk

)
µ′′(ω2)

)
=

=
∑

{ω2:ω2(k)=0}

√
pk

1− pk
µ′′(ω2)

(
f(ω1, ω2 ⊕ ek)− f(ω1, ω2)

)
.

13



Since f is monotone, each of the terms (f(ω1, ω2 ⊕ ek)− f(ω1, ω2)) is non-negative, and hence
for all ω1 ∈ Ω1, ∫

Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2) ≥ 0.

Thus, by Fubini’s theorem,∫
Ω1

∣∣∣ ∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)
∣∣∣dµ′(ω1) =

∫
Ω1

∫
Ω2

f(ω1, ω2)sk(ω1, ω2)dµ′′(ω2)dµ′(ω1) =

=
∫

Ω
f(ω1, ω2)sk(ω1, ω2)dµ(ω1, ω2) = f̂({k}),

and therefore, by Inequality (20),

|Ck| ≤
√
γ′2q0+1f̂({k}). (21)

Step 6. We complete the proof by choosing an appropriate value of q0.

Combining Inequalities (19) and (21), we get

γ′S2
∑
k∈L

f̂({k})2 ≤ γ′22q0+3
∑
k∈L

f̂({k})2 +
∑
q>q0

γ′23q+3 exp(−22q−1). (22)

We choose q0 to be the largest integer such that 22q0+3 ≤ S2/2. Note that q0 ≥ 0 whenever
S ≥ 4. Substituting the chosen value of q0 into Inequality (22), we get

S2
∑
k∈L

f̂({k})2 ≤
∑
q>q0

23q+4 exp(−22q−1). (23)

As was noted in ([9], p. 251), there exists a universal constant K ′ such that for every q0,∑
q>q0

23q+4 exp(−22q−1) ≤ K ′ exp(−22q0).

Thus, by Inequality (23),
S2
∑
k∈L

f̂({k})2 ≤ K ′ exp(−22q0).

By the choice of q0 we have S2 < 22(q0+1)+4, and hence −22q0 < −S2

64 . Therefore, for all S ≥ 4,

∑
k∈L

f̂({k})2 ≤ S2
∑
k∈L

f̂({k})2 ≤ K ′ exp
(
− S2

64

)
≤ K ′′ exp

(
− S2

K ′′

)
, (24)

where K ′′ = max(K ′, 64). This proves the assertion of Lemma 16 for S ≥ 4.

For S < 4 and for every K ≥ 16,

K exp
(
− S2

K

)
≥ K exp

(
− 16
K

)
≥ 1.
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Since |f | is bounded from above by 1, by the Parseval identity we have

∑
k∈L

f̂({k})2 ≤ ||f ||22 ≤ 1 ≤ K exp
(
− S2

K

)
, (25)

for all K ≥ 16, and in particular, for K ′′ defined above. Therefore, combining Inequalities (24)
and (25) we get that for every S > 0,

∑
k∈L

f̂({k})2 ≤ K ′′ exp
(
− S2

K ′′

)
. (26)

This completes the proof of Lemma 16.

3.3 Proof of Lemma 15

Step 1. We reduce the assertion of the lemma to a similar assertion concerning partitions
{I, J} of {1, . . . , n}.

We note that it is sufficient to prove that for every partition {I, J} of {1, . . . , n},∑
i∈I

∑
k∈J
|f̂({i, k})||ĝ({i, k})| ≤ K ′γ

∑
k≤n

f̂({k})ĝ({k}) log
e∑

k≤n f̂({k})ĝ({k})
(27)

for some universal constant K ′. The assertion of Lemma 15 (with the weaker constant K = 2K ′)
follows from Inequality (27) by taking the average over all the possible partitions {I, J} such
that |I| = |J | if n is even or |I| = |J | + 1 if n is odd, since for each pair (i, k) the probability
that it is included in the cut of a random partition of this type is greater than 1/2.

Step 2. We extend the result of Lemma 16 to the multiplication of two monotone functions.

Let
γ′ = max

1≤i≤n

1
2K1(−pi log pi − (1− pi) log(1− pi))

,

as defined in Lemma 16. For S > 0, let

LS = {k ∈ J :
∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≥ γ′S2f̂({k})ĝ({k})}.

We want to show that there exists a universal constant K0 such that for all S > 0,∑
k∈LS

f̂({k})ĝ({k}) ≤ K0 exp
(−S2

K0

)
. (28)

Note that if f = g, this claim is reduced to the statement of Lemma 16.

Define
L1 = {k ∈ J :

(∑
i∈I

(f̂({i, k}))2
)1/2

≥
√
γ′Sf̂({k})},

15



and
L2 = {k ∈ J :

(∑
i∈I

(ĝ({i, k}))2
)1/2

≥
√
γ′Sĝ({k})}.

By the Cauchy-Schwarz inequality,∑
k∈L1

f̂({k})ĝ({k}) ≤
( ∑
k∈L1

f̂({k})2
)1/2( ∑

k∈L1

ĝ({k})2
)1/2

.

By Lemma 16, there exists a constant K2 such that( ∑
k∈L1

f̂({k})2
)1/2

≤
(
K2 exp

(
− S2

K2

))1/2
=
√
K2 exp

(
− S2

2K2

)
.

By Parseval’s identity, ( ∑
k∈L1

ĝ({k})2
)1/2

≤ ||g||2 ≤ 1.

Hence, ∑
k∈L1

f̂({k})ĝ({k}) ≤
( ∑
k∈L1

f̂({k})2
)1/2( ∑

k∈L1

ĝ({k})2
)1/2

≤
√
K2 exp

(
− S2

2K2

)
.

Similarly, ∑
k∈L2

f̂({k})ĝ({k}) ≤
√
K2 exp

(
− S2

2K2

)
.

Finally, by the Cauchy-Schwarz inequality, LS ⊂ (L1∪L2), and thus, takingK0 = max(2
√
K2, 2K2)

we get∑
k∈LS

f̂({k})ĝ({k}) ≤
∑
k∈L1

f̂({k})ĝ({k})+
∑
k∈L2

f̂({k})ĝ({k}) ≤ 2
√
K2 exp

(
− S2

2K2

)
≤ K0 exp

(
− S

2

K0

)
,

as asserted.

Step 3. We divide J to subsets according to the value of the sum
∑

i∈I |f̂({i, k})||ĝ({i, k})|,
and establish an upper bound on this sum over each of the subsets.

Let
L0 = {k ∈ J :

∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤ 4γ′f̂({k})ĝ({k})}

and

Lq = {k ∈ J : 22qγ′f̂({k})ĝ({k}) <
∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤ 22q+2γ′f̂({k})ĝ({k})},

for every integer q ≥ 1. By Inequality (28), for every q > 0,∑
k∈Lq

f̂({k})ĝ({k}) ≤ K0 exp
(
− 22q

K0

)
.
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Hence, by the definition of Lq,∑
k∈Lq

∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤

∑
k∈Lq

22q+2γ′f̂({k})ĝ({k}) ≤ 22q+2γ′K0 exp
(
− 22q

K0

)
.

As noted in ([9], p. 253), there exists a universal constant K3 such that for every q0 > 0,∑
q>q0

22q+2 exp
(
− 22q

K0

)
≤ K3 exp

(
− 22q0

K3

)
.

Therefore, for every q0 > 0,∑
q>q0

∑
k∈Lq

∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤ K0K3γ

′ exp
(
− 22q0

K3

)
. (29)

On the other hand, by the definition of Lq,∑
q≤q0

∑
k∈Lq

∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤

∑
q≤q0

∑
k∈Lq

γ′22q+2f̂({k})ĝ({k}) ≤ γ′22q0+2
∑
k∈J

f̂({k})ĝ({k}).

(30)
Combining Inequalities (29) and (30), we get∑

k∈J

∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤ K0K3γ

′ exp
(
− 22q0

K2

)
+ γ′22q0+2

∑
k≤n

f̂({k})ĝ({k}). (31)

Step 4. We complete the proof by choosing an appropriate value of q0.

Let q0 be the smallest integer such that

exp
(
− 22q0

K3

)
≤
∑
k≤n

f̂({k})ĝ({k}).

Substituting q0 into Inequality (31) we get∑
k∈J

∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤ γ′

(∑
k≤n

f̂({k})ĝ({k})
)

(K0K3 + 22q0+2). (32)

Note that by the choice of q0,

exp
(
− 22(q0−1)

K3

)
≥
∑
k≤n

f̂({k})ĝ({k}),

and thus,

22q0+2 ≤ 16K3 log
( 1∑

k≤n f̂({k})ĝ({k})

)
.

Substituting into Inequality (32) we get∑
k∈J

∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤ γ′

(∑
k≤n

f̂({k})ĝ({k})
)(
K0K3+16K3 log

( 1∑
k≤n f̂({k})ĝ({k})

))
.
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By Claim 9,
log
( e∑

k≤n f̂({k})ĝ({k})

)
≥ 1,

and hence for K ′′ = max(16K3,K0K3) we have∑
k∈J

∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤ γ′

(∑
k≤n

f̂({k})ĝ({k})
)(
K0K3+16K3 log

( e∑
k≤n f̂({k})ĝ({k})

))
≤

≤ K ′′γ′
(∑
k≤n

f̂({k})ĝ({k})
)

log
( e∑

k≤n f̂({k})ĝ({k})

)
.

Finally, since γ′ and γ differ only by the multiplicative constant 2K1, we denote K ′ = K ′′/2K1,
and get∑

k∈J

∑
i∈I
|f̂({i, k})||ĝ({i, k})| ≤ K ′γ

(∑
k≤n

f̂({k})ĝ({k})
)

log
( e∑

k≤n f̂({k})ĝ({k})

)
. (33)

This concludes the proof of Lemma 15.

3.4 Proof of Theorem 7

In the proof of the theorem we use the following simple proposition from [9] concerning prop-
erties of the function ϕ(x) = x

log(e/x) for 0 < x ≤ 1:

Proposition 17 The function ϕ(x) = x
log(e/x) is monotone increasing and convex in (0, 1], and

for all 0 < u ≤ v ≤ 1,

ϕ(v) ≤ ϕ(u) +
2(v − u)
log(e/v)

.

The proof of the theorem is by induction on n. Since the case n = 1 is trivial, we present only
the induction step.

Step 1. We use Lemma 15 to choose an appropriate coordinate to perform the inductive step
on.

We note that by Lemma 15, there exists a universal constant K ′ and a coordinate k ≤ n such
that ∑

i 6=k
|f̂({i, k})||ĝ({i, k})| ≤ K ′γf̂({k})ĝ({k}) log

e∑n
j=1 f̂({j})ĝ({j})

. (34)

Indeed, if for all the coordinates Inequality (34) does not hold then by summing over all the
coordinates we get a contradiction to the assertion of Lemma 15. We assume, without loss of
generality, that the coordinate k for which Inequality (34) holds is the n-th coordinate, and
perform the induction step on this coordinate.

Step 2. We establish a relation between the correlation of f and g and the correlation of the
restrictions of f and g to the first n− 1 coordinates.
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We start with several notations. As usual, we denote:

Cov(f, g) =
∫
{0,1}n

fgdµ−
∫
{0,1}n

fdµ

∫
{0,1}n

gdµ.

We define f0, f1, g0, g1 : {0, 1}n−1 → R by:

f0(x1, . . . , xn−1) = f(x1, . . . , xn−1, 0), f1(x1, . . . , xn−1) = f(x1, . . . , xn−1, 1),

for all (x1, . . . , xn−1) ∈ {0, 1}n−1, and similarly for g0, g1. Finally, we denote by µ′ = µp1 ⊗
· · · ⊗ µpn−1 the measure induced by µ on {0, 1}n−1.

By the definition of f0, f1, g0, and g1,∫
{0,1}n

fgdµ =
∫
{x∈{0,1}n:xn=0}

fg(x)dµ(x) +
∫
{x∈{0,1}n:xn=1}

fg(x)dµ(x) =

= (1− pn)
∫
{0,1}n−1

f0g0dµ′ + pn

∫
{0,1}n−1

f1g1dµ′,

and thus, ∫
{0,1}n

fgdµ− (1− pn)
∫
{0,1}n−1

f0g0dµ′ − pn
∫
{0,1}n−1

f1g1dµ′ = 0. (35)

Similarly, since ∫
{0,1}n

fdµ = (1− pn)
∫
{0,1}n−1

f0dµ′ + pn

∫
{0,1}n−1

f1dµ′,

and ∫
{0,1}n

gdµ = (1− pn)
∫
{0,1}n−1

g0dµ′ + pn

∫
{0,1}n−1

g1dµ′,

a direct computation shows that(∫
{0,1}n

fdµ

∫
{0,1}n

gdµ
)
−
(

(1−pn)
∫
{0,1}n−1

f0dµ′
∫
{0,1}n−1

g0dµ′
)
−
(
pn

∫
{0,1}n−1

f1dµ′
∫
{0,1}n−1

g1dµ′
)

=

= −pn(1− pn)
(∫
{0,1}n−1

f1dµ′ −
∫
{0,1}n−1

f0dµ′
)(∫

{0,1}n−1

g1dµ′ −
∫
{0,1}n−1

g0dµ′
)
. (36)

Subtracting Equation (36) from Equation (35) we get:

Cov(f, g)−(1−pn)Cov(f0, g0)−pnCov(f1, g1) = pn(1−pn)
∫
{0,1}n−1

(f1−f0)dµ′
∫
{0,1}n−1

(g1−g0)dµ′,

(37)
where the correlation of f and g is with respect to the measure µ and the correlations of (f0, g0)
and (f1, g1) are with respect to the measure µ′.

Step 3. We apply the induction hypothesis to the restrictions of f and g to the first n − 1
coordinates.
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Denote the constant in the assertion of Theorem 7 by K0. By the induction hypothesis,

Cov(f0, g0) ≥ 1
γK0

ϕ
(∑
i<n

f̂0({i})ĝ0({i})
)
,

and
Cov(f1, g1) ≥ 1

γK0
ϕ
(∑
i<n

f̂1({i})ĝ1({i})
)
.

Note that while the value of γ asserted by the induction hypothesis is

γ(p1, . . . , pn−1) = max
i<n

1
−pi log pi − (1− pi) log(1− pi)

,

we can replace it by the greater value

γ(p1, . . . , pn) = max
i≤n

1
−pi log pi − (1− pi) log(1− pi)

,

which is the value asserted in the induction step. Hence, we use the same value of γ for both
cases.

By Proposition 17, the function ϕ(x) is convex on (0, 1], and hence,

(1− pn)Cov(f0, g0) + pnCov(f1, g1) ≥ 1
γK0

ϕ
(∑
i<n

(1− pn)f̂0({i})ĝ0({i}) + pnf̂1({i})ĝ1({i})
)
.

Substituting into Equation (37) we get

Cov(f, g) ≥ 1
γK0

ϕ
(∑
i<n

(1− pn)f̂0({i})ĝ0({i}) + pnf̂1({i})ĝ1({i})
)

+

+pn(1− pn)
∫
{0,1}n−1

(f1 − f0)dµ′
∫
{0,1}n−1

(g1 − g0)dµ′.

Therefore, in order to prove Theorem 7, it is sufficient to prove the following inequality:

1
γK0

ϕ
(∑
i≤n

f̂({i})ĝ({i})
)
≤ 1
γK0

ϕ
(∑
i<n

(1− pn)f̂0({i})ĝ0({i}) + pnf̂1({i})ĝ1({i})
)

+

+ pn(1− pn)
∫
{0,1}n−1

(f1 − f0)dµ′
∫
{0,1}n−1

(g1 − g0)dµ′. (38)

We will deduce this inequality from Proposition 17, with

u =
∑
i<n

(1− pn)f̂0({i})ĝ0({i}) + pnf̂1({i})ĝ1({i}),

and
v =

∑
i≤n

f̂({i})ĝ({i}).
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Step 4. We use the specially chosen induction coordinate to establish an upper bound on
|u− v|.

Since
f̂({i}) =

∫
{x∈{0,1}n:xn=0}

fsi(x)dµ(x) +
∫
{x∈{0,1}n:xn=1}

fsi(x)dµ(x) =

= (1− pn)
∫
{0,1}n−1

f0sidµ
′ + pn

∫
{0,1}n−1

f1sidµ
′ = (1− pn)f̂0({i}) + pnf̂1({i}),

and similarly for g, a direct computation shows that for all 1 ≤ i ≤ n− 1,

f̂({i})ĝ({i})− (1− pn)f̂0({i})ĝ0({i})− pnf̂1({i})ĝ1({i}) =

=
(

(1−pn)f̂0({i})+pnf̂1({i})
)(

(1−pn)ĝ0({i})+pnĝ1({i})
)
−(1−pn)f̂0({i})ĝ0({i})−pnf̂1({i})ĝ1({i}) =

= −pn(1− pn)(f̂1({i})− f̂0({i}))(ĝ1({i})− ĝ0({i})).

Therefore,

v − u = f̂({n})ĝ({n})− pn(1− pn)
∑
i<n

(
f̂1({i})− f̂0({i})

)(
ĝ1({i})− ĝ0({i})

)
,

and thus, by the triangle inequality,

|v − u| ≤ f̂({n})ĝ({n}) + pn(1− pn)
∑
i<n

|f̂1({i})− f̂0({i})||ĝ1({i})− ĝ0({i})|. (39)

(Note that f̂({n})ĝ({n}) ≥ 0 by Claim 8). We observe that for every i < n,

f̂1({i})− f̂0({i}) =
∫
{0,1}n−1

f1sidµ
′ −
∫
{0,1}n−1

f0sidµ
′ =

=
1
pn

∫
{x∈{0,1}n:xn=1}

fsi(x)dµ(x)− 1
1− pn

∫
{x∈{0,1}n:xn=0}

fsi(x)dµ(x) =

=
1√

pn(1− pn)

(∫
{x∈{0,1}n:xn=1}

√
1− pn
pn

fsi(x)dµ(x)−
∫
{x∈{0,1}n:xn=0}

√
pn

1− pn
fsi(x)dµ(x)

)
=

=
1√

pn(1− pn)

(∫
{x∈{0,1}n:xn=1}

fsisn(x)dµ(x) +
∫
{x∈{0,1}n:xn=0}

fsisn(x)dµ(x)
)

=

=
1√

pn(1− pn)

∫
{0,1}n

fsisndµ =
1√

pn(1− pn)
f̂({i, n}), (40)

and similarly for g, and hence

|f̂1({i})− f̂0({i})||ĝ1({i})− ĝ0({i})| = 1
pn(1− pn)

|f̂({i, n})||ĝ({i, n})|.

Substituting into Inequality (39), we get

|v − u| ≤ f̂({n})ĝ({n}) +
∑
i<n

|f̂({i, n})||ĝ({i, n})|. (41)
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Finally, by Inequality (34),

|v − u| ≤ f̂({n})ĝ({n}) +K ′γf̂({n})ĝ({n}) log
e∑n

j=1 f̂({k})ĝ({k})
. (42)

Step 5. We apply Proposition 17 and conclude the proof.

By Claim 9,
log

e∑n
j=1 f̂({k})ĝ({k})

≥ 1.

In addition, by the definition of γ we have γ ≥ 1, and we may assume that K ′ ≥ 1. Thus,

K ′γf̂({n})ĝ({n}) log
e∑n

j=1 f̂({k})ĝ({k})
≥ f̂({n})ĝ({n}).

Substituting into Inequality (42) we get

|v − u| ≤ 2K ′γf̂({n})ĝ({n}) log
e∑n

j=1 f̂({k})ĝ({k})
, (43)

and hence, by Proposition 17 (with u and v as defined above),

ϕ(v) ≤ ϕ(u) + 4K ′γf̂({n})ĝ({n}). (44)

Therefore, by Inequality (38), in order to prove Theorem 7, it is sufficient to prove the following
inequality:

4K ′γf̂({n})ĝ({n}) ≤ K0γpn(1− pn)
∫
{0,1}n−1

(f1 − f0)dµ′
∫
{0,1}n−1

(g1 − g0)dµ′. (45)

Finally, by a computation similar to the computation in Inequality (40),∫
{0,1}n−1

(f1 − f0)dµ′ =

√
1

pn(1− pn)
f̂({n})

and similarly for g, and hence Inequality (45) holds for K0 = 4K ′. This concludes the proof of
Theorem 7.

4 Tightness of Results

In this section we discuss the tightness of Theorems 7 and 5.

4.1 Tightness of Theorem 7

As was shown in [9], the assertion of Theorem 5 is tight for the sets:

A = {x :
n∑
i=1

xi > k}, and B = {x :
n∑
i=1

xi ≥ n− k}.
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We check the tightness of Theorem 7 by examining a similar example in our more general
framework. Since the assertion of Theorem 7 contains a universal multiplicative constant, all
the computations in the example are approximations up to a constant factor. As a result, the
symbol “=” is replaced by “≈”, standing for equivalence up to a constant multiplicative factor.

Example Let p be “small” (i.e., tend to zero when n → ∞). Consider the discrete cube
endowed with the product measure µ = µ⊗np = µp ⊗ · · · ⊗ µp, and let

A = {x :
n∑
i=1

xi ≥ k}, and B = {x :
n∑
i=1

xi ≥ l},

where k ≤ np/2 and l ≥ n/2. (These values are chosen in order to simplify the computations).
We have:∫

{0,1}n
1A1Bdµ−

∫
{0,1}n

1Adµ
∫
{0,1}n

1Bdµ = µ(A ∩B)− µ(A)µ(B) = µ(B)(1− µ(A)) =

=
( n∑
i=l

(
n

i

)
pi(1− p)n−i

)( k−1∑
i=0

(
n

i

)
pi(1− p)n−i

)
.

For k ≤ np/2,
k−1∑
i=0

(
n

i

)
pi(1− p)n−i ≈

(
n

k − 1

)
pk−1(1− p)n−k+1.

Similarly, for l ≥ n/2,
n∑
i=l

(
n

i

)
pi(1− p)n−i ≈

(
n

l

)
pl(1− p)n−l.

Hence,∫
{0,1}n

1A1Bdµ−
∫
{0,1}n

1Adµ
∫
{0,1}n

1Bdµ ≈
(

n

k − 1

)
pk−1(1− p)n−k+1

(
n

l

)
pl(1− p)n−l =

=
n2

(n− k + 1)l

(
n− 1
k − 1

)(
n− 1
l − 1

)
pk+l−1(1− p)2n−k−l+1 ≈

≈
(
n− 1
k − 1

)(
n− 1
l − 1

)
pk+l−1(1− p)2n−k−l+1. (46)

On the other hand, for all 1 ≤ j ≤ n,

1̂A({j}) =
∫
{0,1}n

1Asjdµ =
√

1− p
p

µ(Aj) =

=
√

1− p
p

(
n− 1
k − 1

)
pk(1− p)n−k =

(
n− 1
k − 1

)
pk−1/2(1− p)n−k+1/2,
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and similarly,

1̂B({j}) =
√

1− p
p

µ(Bj) =
(
n− 1
l − 1

)
pl−1/2(1− p)n−l+1/2.

Thus,
n∑
j=1

1̂A({j})1̂B({j}) = n

(
n− 1
k − 1

)(
n− 1
l − 1

)
pk+l−1(1− p)2n−k−l+1.

It is easy to see that the dominant term in the product in the right hand side is pk+l (i.e., the
other terms are much closer to 1). Hence,

log
e∑n

j=1 1̂A({j})1̂B({j})
≈ log

1
pk+l

≈ −n log p,

and thus,

ϕ
( n∑
j=1

1̂A({j})1̂B({j})
)
≈
(
n− 1
k − 1

)(
n− 1
l − 1

)
pk+l−1(1− p)2n−k−l+1/(− log p). (47)

Dividing Equation (46) by Equation (47) we get:∫
{0,1}n 1A1Bdµ−

∫
{0,1}n 1Adµ

∫
{0,1}n 1Bdµ

ϕ
(∑n

j=1 1̂A({j})1̂B({j})
) ≈ (− log p). (48)

By Theorem 7, the lower bound on the left hand side in our case is Kγ ≈ −p log p, and hence
the example misses the lower bound by a factor of 1/p.

It seems challenging to further examine the tightness of Theorem 7 by checking different ex-
amples. A natural candidate to be considered is the “tribes” function (see [2]) and its dual
function, for which it was shown in [5] that the assertion of Theorem 5 is tight. However, the
calculation of the correlation between these functions with respect to a general product measure
seems complicated.

4.2 Improvement of Theorem 7 in a Partial Case

As was shown in Section 2.2, the bound on large deviations asserted in Theorem 13 can be
improved, if only random variables of the type

∑
i∈I(1/

√
|I|)Xi are considered (see Proposi-

tion 14). Since Theorem 13 is used in the proof of Theorem 7 as a “black-box”, such improve-
ment would immediately imply an improvement of the assertion of Theorem 7 if only random
variables of the prescribed type were used in the proof. We show that this is indeed the case in
some specific class of functions.

We observe that the values αi,k used in the proof of Theorem 7 are “normalized” second-level
Fourier-Walsh coefficients of the functions f and g. Hence, if all the second-level Fourier-Walsh
coefficients of f and g are equal, then the bound on large deviations is indeed applied only
for equal α-s, and thus, the application of Theorem 13 can be replaced by application of the
stronger Proposition 14. We note that since the sets I considered in the proof are of size either
n/2 or (n+ 1)/2 (see Step 1 of the proof of Lemma 15), and since the assertion of Theorem 7
contains a constant multiplicative factor, the value |I| in Proposition 14 can be replaced by n.
Substituting into the proof of Theorem 7, we get the following:
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Proposition 18 Let f, g be monotone symmetric functions on the discrete cube endowed with
the product measure µ = µp1⊗· · ·⊗µpn, that satisfy |f(x)| ≤ 1 and |g(x)| ≤ 1 for all x ∈ {0, 1}n.
Assume further that all the second-level Fourier-Walsh coefficients of each of the functions f
and g are equal to each other. Then∫

fgdµ−
∫
fdµ

∫
gdµ ≥ K n∑

i≤n
2pi−1

pi(1−pi) log
pi

1−pi

ϕ
(∑
i≤n

f̂({i})ĝ({i})
)
,

where ϕ(x) = x
log(e/x) , and K is a universal constant.

For unequal probabilities p1, . . . , pn, Proposition 18 is stronger than Theorem 7. On the other
hand, the result seems a bit messy, and it is not clear which functions satisfy the property
of second-level Fourier-Walsh coefficients required in the proposition (for example, symmetric
functions do not satisfy it).

4.3 Tightness of Theorem 5

In this subsection we consider the discrete cube endowed with the uniform measure µ. The
lower bound on the correlation between monotone subsets presented by Talagrand (Theorem 5)
is tight in several important cases: As was shown in [9], it is tight for certain pairs of Hamming
balls, and as was shown in [5], it is tight for a “tribes” subset (see [2]) and its dual. However,
we show that the assertion can be tight only if the correlation is relatively small. We use the
following claim ([9], Proposition 2.2):

Proposition 19 (Talagrand) There exists a universal constant K1 such that for all A ⊂
{0, 1}n,

n∑
i=1

1̂A({i})2 ≤ K1µ(A)2 log
e

µ(A)
.

Note that for small values of µ(A), this upper bound is much stronger than the bound µ(A)(1−
µ(A)) which follows from the Parseval identity.

Proposition 20 There exists a universal constant K such that for all A,B ⊂ {0, 1}n,

ϕ
( n∑
i=1

1̂A({i})1̂B({i})
)
≤ Kµ(A)µ(B),

where ϕ(x) = x/ log(e/x).

Proof By the Cauchy-Schwarz inequality and Proposition 19,

n∑
i=1

1̂A({i})1̂B({i}) ≤
( n∑
i=1

1̂A({i})2
)1/2( n∑

i=1

1̂B({i})2
)1/2

≤

≤ K1µ(A)µ(B)
(

log
e

µ(A)

)1/2(
log

e

µ(B)

)1/2
.

25



By Proposition 17, the function ϕ(x) is monotone increasing in (0, 1], and hence

ϕ
( n∑
i=1

1̂A({i})1̂B({i})
)
≤ ϕ

(
K1µ(A)µ(B)

(
log

e

µ(A)

)1/2(
log

e

µ(B)

)1/2)
.

By the inequality between the arithmetic and the geometric means,

K1µ(A)µ(B)
(

log
e

µ(A)

)1/2(
log

e

µ(B)

)1/2
≤ K1

2
µ(A)µ(B)

(
log

e

µ(A)
+ log

e

µ(B)

)
. (49)

On the other hand, for all 0 < t ≤ 1,

log
e

t
= 1 + log

1
t
≤ 1
t
,

and hence,

µ(A)
(

log
e

µ(A)

)1/2
≤ (µ(A))1/2,

and similarly for B. Therefore,

K1µ(A)µ(B)
(

log
e

µ(A)

)1/2(
log

e

µ(B)

)1/2
≤ K1

(
µ(A)µ(B)

)1/2
,

and thus,

log
e

K1µ(A)µ(B)(log e
µ(A))1/2(log e

µ(B))1/2
≥ log

e

K1(µ(A)µ(B))1/2
=

= log
1
K1

+
1
2

log
e

µ(A)
+

1
2

log
e

µ(B)
≥ 1

4

(
log

e

µ(A)
+ log

e

µ(B)

)
. (50)

The last inequality holds if µ(A)µ(B) is bigger than some constant depending on K1. This
assumption is possible since the assertion of Proposition ?? holds trivially if µ(A) and µ(B) are
bounded away from zero. Combining Inequalities (49) and (50), we get

ϕ
(
K1µ(A)µ(B)

(
log

e

µ(A)

)1/2(
log

e

µ(B)

)1/2)
≤

K1
2 µ(A)µ(B)(log e

µ(A) + log e
µ(B))

1
4(log e

µ(A) + log e
µ(B))

= 2K1µ(A)µ(B).

This completes the proof of Proposition 20.

Using Proposition 20 we obtain the following:

Corollary 21 Theorem 5 can be tight only if the correlation between the subsets satisfies

µ(A ∩B)− µ(A)µ(B) ≤ Kµ(A)µ(B),

where K is an absolute constant.

It seems challenging to find further improvements of the Harris-Kleitman lemma and of the
FKG inequality, which will be tight even if the correlation between the subsets is substantially
bigger.
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