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Abstract

A well-known inequality due to Harris and Kleitman [4, 9] states that any two monotone
subsets of {0,1}" are non-negatively correlated with respect to the uniform measure on
{0,1}". In [14], Talagrand established a lower bound on the correlation in terms of how
much the two sets depend simultaneously on the same coordinates. In this paper we show
that when the correlation is averaged over all the pairs A, B € T for any family T of
monotone subsets of {0,1}", the lower bound asserted in [14] can be improved, and more
precise estimates on the average correlation can be given. Furthermore, we generalize our
results to the correlation between monotone functions on [0, 1]™ with respect to the Lebesgue
measure.

1 Introduction

Correlation inequalities between monotone functions play an important role in numerous areas,
including probability, combinatorics, mathematical physics, etc. In this paper we consider
monotone functions defined on the discrete cube {0,1}" endowed with the uniform measure ,
and especially Boolean functions that can be treated as characteristic functions of subsets of
the discrete cube.

Definition 1 A function f : {0,1}" — R is monotone if for all v = (x1,...,2y,) and y =
(yla s >yn);
(Vi:azi <yi) = (f(@) < f(y))-

A subset A C {0,1}" is called monotone if its characteristic function is monotone.

One of the first correlation inequalities established for such functions is the following inequality,
due to Harris [4] and Kleitman [9]:

Theorem 2 (Harris, Kleitman) Let A, B be monotone subsets of {0,1}" endowed with the
uniform measure p. Then

p(ANB) > u(A)u(B), (1)

i.e., the correlation of A and B is nonnegative.



Clearly, the inequality in Theorem 2 is tight, since the correlation between independent mono-
tone subsets of the discrete cube is zero. However, if A and B are dependent, the inequality
is not tight, and hence it seems possible that one can obtain a lower bound on the correlation
in terms of the dependence between A and B. Such bound was indeed established by Tala-
grand [14], where the measure of dependence is how much the two sets depend simultaneously
on the same coordinates.

Definition 3 Let A C {0,1}"™ be monotone. For all 1 <1i <mn, define
Ai = {(.%'1,... ,:En) cA: (.%’1,... ,:Ei_l,l — T, Litly--- ,.Z‘n) QA}
The influence of the i-th coordinate on A is pu(A;).

Theorem 4 (Talagrand) Let A, B be monotone subsets of {0,1}" endowed with the uniform
measure . Then

(AN B) — p(A)u(B) = Ko(>_ u(Ai)u(By)), (2)

i<n

where p(x) = x/log(e/x) and K is a universal constant.

Whereas the term ) . u(A;)p(B;) seems a natural measure of the dependence between A and
B, the log factor seems unnatural. However, it was shown in [14] by calculating the correlation
between the sets A = {z : Y ., x; >t} and B = {x : >, x; > n — t}, that the log term
cannot be removed in general. -

We show that the log term can be removed in the “average case”.

Theorem 5 Let T be a family of monotone subsets of the discrete cube. Then

S WANB) = p(Ap(B) = Y S alA)u(B). 3)

A,BET A,BET i<n

Unlike the proof of Talagrand’s result [14], the proof of Theorem 5 is very simple and uses only
the basic properties of the Fourier-Walsh expansion of functions on the discrete cube.

We generalize Theorem 5 to non-Boolean functions defined on the continuous cube [0, 1]™ en-
dowed with the Lebesgue measure. Unlike the discrete case, in the continuous case there is no
single natural definition of the influences, and at least three different definitions were proposed
in previous papers [2, 5, 12]. We show that for the definition presented in [5, 12], Theorem 5 can
be generalized to the continuous case, where the generalization of the influences is the first-level
Fourier coefficients with respect to the shifted Legendre polynomials ([8], p. 121).

Theorem 6 Let T be a family of monotone functions on the continuous cube [0,1]" endowed
with the Lebesgue measure . Then

([ fgax— [ fdx [ gdr) > Flihai}), (4)
X e fain oz 525

where f({z}) = [ fridX and ri(z1,...,2,) = V3(2z; — 1) are the first degree shifted Legendre
polynomials on [0, 1].



The paper is organized as follows: In Section 2 we recall some preliminaries related to the
Fourier-Walsh expansion of functions on the discrete cube, and present the proof of Theorem 5.
In Section 3 we present the generalization of our results to non-Boolean functions on the contin-
uous cube. In Section 4 we show that Theorem 4 is tight even for the correlation of symmetric
monotone subsets of the discrete cube, and discuss the tightness of Theorem 5. Finally, in the
appendix we present a direct (though, more complicated) proof of Theorem 5 using an inductive
approach.

2 Fourier-Walsh Expansion of Functions on the Discrete Cube
and Proof of Theorem 5

Consider the discrete cube {0,1}" endowed with the uniform measure p. Denote the set of all
real-valued functions on the discrete cube by Y. The inner product of functions f,g € Y is

defined as usual as )

(1.9) = [ fadn = 7 2 St

This inner product induces a norm on Y:

Hfl!azm=m.

Consider the Rademacher functions {r;}!" ;, defined as:
Ti(l‘l, e ,xn) = 2.%1' —1.

These functions constitute an orthonormal system in Y. Moreover, this system can be completed
to an orthonormal basis in Y by defining

rs = H T
€S

for all S C {1,...,n}. Every function f € Y can be represented by its Fourier expansion with
respect to the system {rs}gc(i, . n}:

f= > (frs)rs.

Sc{1,...,n}

The coefficients in this expansion are denoted

A~

f(S)=(f,rs).

By the Parseval identity, for all f € Y we have

Yo fSP =B

Sc{1,...,n}



More generally, for all f,g e Y,

()= > f(9)3(S).
Sc{1,...,n}
Finally, we note that for all f € Y,
f0) = [(rau= [ (- vdu= [ sdn.

2.1 Proof of Theorem 5
Consider the function F(z) = > .7 1a(x). Note that for all A, B € T we have
(AN B) — u(A)u(B) = Exp(lalp) — Exp(la)Exzp(lp) = Cov(la, 1B).

Hence,

> (WANB) = p(Au(B)) = > Cov(la,1p) =Var(d 14) =Var(F).  (5)

A,BET A,BET AeT
By the Parseval identity,
Var(F) = Exp(F?) — (Exp(F)?) = ZF F(0)? = Z F(5)?
S S£0

where f(S) is the coefficient of rg in the Fourier-Walsh expansion of F. Thus, in the left hand
side of Inequality 3 we have

S (u(ANB) - p(A)u(B) = 3 F(S)*

A,BET S

We turn now to the right hand side.

S uAduB) =Y Y p(A)u(Bi) = (D u(Ai)

A,BET i<n i<n A,BET i<n A€eT

Note that for a monotone subset A of the discrete cube and for all 1 < i < n,

La({i}) = u(Ay).

Thus, by the linearity of the Fourier transform,

(D u(A)* = (> 1a({ih)? = F({ih)*.

AeT AeT
Hence,
D> uAduBi) =) F{i}? <) F(S) = ) (WANB)—u(A)u(B)). (6)
A,BET i<n i<n S0 A,BET

This completes the proof of Theorem 5.



3 Generalization to non-Boolean Functions on the Continuous
Cube

In this section we consider non-Boolean functions defined on a probability space X with measure
w. In this case, the correlation between two functions f and g is represented by the covariance:

Cov(f,9) :/fgdu—/fdu/gdu~

We start with a lemma formulated in a more general setting:
Lemma 7 Let H be a Hilbert space and let U be an orthonormal system in H. Then for every
family T C H,

S ()= fwg(u) =0,

f,9eT uelU

where the Fourier coefficients are with respect to the system U.

Proof First, we note that by Zorn’s lemma, the system U can be completed into a complete
orthonormal system in H ([11], Corollary 13.6.1). Furthermore, any complete orthonormal
system in a Hilbert space is an orthonormal basis ([11], Theorem 13.6.5.), and hence U can be
completed into an orthonormal basis of H. Denote this basis by V. Every element f € H can
be represented in the form

F=>fw,

veV

where f(v) = (f,v). By the Parseval identity, for all f,g € H,

(fo0) =3 Fw)a).

veV

Clearly, U C V. Hence, for all f,g € H,

(fog) = > Flwilu) = F@)g(w).

uelU ve(V\U)

Therefore, for every family T'C H, we have

> (g =) fwiw)

Il
~h»
—
<
SN—
NaY
—~
<
S~—
Il

f.9€T uel 1,9€T ve(V\U)
= > > fwia) = (S fw)? >0,
ve(V\U) f,geT ve(V\U) feT

as asserted. W

In order to establish a generalization of Theorem 5 to functions defined on [0, 1], we first
need to find the appropriate generalization of the influences to the continuous case.
The most common definition is the following, introduced in [2]:



Definition 8 Let f :[0,1]" — {0,1} be a measurable function. For all x € [0,1]", the fiber of
x in the k-th direction is lp(x) = {y € [0,1]" : y; = x;,Vj # k}. Denote by Si(f) the set of all
x € [0,1]™ for which f is non-constant on the set l(x). The influence of the k-th coordinate on

[is Iy(k) = A(Sk(£)))-

Neither Talagrand’s Theorem 4 nor our Theorem 5 cannot be generalized to the continuous
case under this definition of influence. This can be seen in the following example:
Example Let f:[0,1]" — {0,1} be defined by

(f(x) =1) < (Vi:x; > 1/n).

Clearly, Exp(f?) = Exp(f) = (1 —1/n)® ~ 1/e. The function f is non-constant on a fiber
lp(x) if and only if z; > 1/n for all j # k. Hence, the influence of the k-th coordinate on f is
Ir(k) = (1 —1/n)"! = 1/e. Consider the correlation between f and itself. We have

Couv(f. f) = Bap(f?) — (Bap(f)?) = 1/e — 1/€*.

On the other hand, the natural generalization of the term »_,_, u(A;)u(B;) appearing in the
right hand side of Inequality 2 is

> I(k)Ig(k) ~ n(1/e).

k<n

Therefore, the natural generalizations of Theorems 4 and 5 are far from being correct in these
settings.

Another natural definition of the influences in the continuous case was introduced recently
in [5, 12]:

Definition 9 Let f : [0,1]" — {0,1} be a measurable function. Denote by fi : [0,1] — {0,1}

the restriction of f to the fiber of x in the k-th direction. That is, fF(t) = f(z1,...,Tx—1,t, Ty, - -

The influence of the k-th coordinate on f is

Iy(k) = Expa(Var(ff))-

In some sense, this definition is more natural than the former one, since it is more sensitive to
the behavior of f on each fiber, and not only checks whether f is constant on it.

It appears that under the second definition, there is a natural Fourier-theoretic realization of
the influences. Consider the first degree shifted Legendre polynomials ([8], p. 121):

ri(Te, . my) = 22 — 1,
for z € [0,1]™. Since
1
/ (2x — 1)dz =0,
0

the functions {r/}!" ; are orthogonal. By normalizing the functions, we get the orthonormal
system {r;}I*,, where

ri(xy, ..., x,) = V3(2x; — 1).

Sy Tp).



The Fourier coefficients with respect to this system are a natural generalization of the influences,
up to multiplication by a constant. Indeed, if f is Boolean and monotone, then on each fiber
there exists ¢o such that fi’(t) = 0 for all t < to, and f{’(¢t) = 1 for all ¢ > ¢o. In this case, the
variance of fI is to(1 —tp). On the other hand, we have

1

1 1
/ (fri) (@1, o Th 1yt Tl 1y - o s T )dE = f;?(t)(zt—l)dt:/ (2t — 1)dt = to(1 — to).
t=0 t=0 t=to

Hence, by the Fubini theorem

1

fsn=va [ pan=vB [ [ @ = VEBap.(Var (),

z€[0,1]” =0

where (z € [0,1]""!) means that the k-th coordinate of  is neglected. Therefore, up to the
normalization constant, the Fourier coefficients with respect to the system {r;};<, are equal
to the influences for monotone Boolean functions. Since the Fourier coefficients are defined in
the same way for non-Boolean functions, they can be considered a natural generalization of the
influences to general functions on the continuous cube.

After finding the appropriate orthonormal basis, Theorem 6 follows immediately from Lemma 7.
Indeed, we apply the lemma to the space of all real-valued functions on the continuous cube
with the inner product

(r.9) = [ foax

and the orthonormal system U = {{),r1,...,7,} and get

S ([ goar- [ gax [ gar-3" Fanattin) = 3 (149~ F030)-3 FiDain) = o

f,9€T i<n f,geT i<n

as asserted. This completes the proof of Theorem 6.

Remark A more complicated definition of the influences in the continuous case was presented
in [2]. The definition is based on discretizing the function and measuring the (discrete) influences
of the new coordinates. We don’t know whether a generalization of Theorem 5 holds under this
definition.

We conclude this section with a remark about subsets of the discrete cube endowed with the
product measure (1, defined by

() = pisn ®i(1 — p)" disn i,

In this case, Definition 3 is still the natural definition of influence. In order to get a generaliza-
tion of Theorem 5 to this setting, we can replace the subsets in a standard way by functions
defined on [0,1]" and use Theorem 6. The resulting formula is

> (AN B) = pp(A)pp(B) =31 =p)* Y > pp(Ai)pp(Bi). (7)

A,BET A,BET i<n



A stronger result can be achieved by using an orthonormal basis of functions defined on the
discrete cube with the measure p,. This basis was probably first presented in [13]. Let

—_—, xT; =1
Si(xla s 7:En) =

These functions can be completed into an orthonormal basis by defining
ST = H Si,
€T

forall T C {1,...,n}, and sy = 1. Applying Lemma 7 to the space of real-valued functions on
the discrete cube with the inner product

(f.9) = /fgdup

and the orthonormal system U = {sr}pcq1,.. n} we get

Proposition 10 Let T be a family of monotone subsets of the discrete cube endowed with the
product measure (,. Then

> (AN B) = p(Au(B) = T Y ST u(Au(B). (5)

A,BET A,BET i<n

Note that for the uniform measure (i.e., p = 1/2), Proposition 10 is identical to Theorem 5,
while Inequality 7 yields a weaker result.

4 Tightness of Results

We conclude this paper with several remarks regarding the tightness of Talagrand’s results [14]
and our results.
4.1 Symmetric Subsets of the Discrete Cube

Definition 11 A set A C {0,1}" is symmetric if it is invariant under a transitive permutation
group I on {1,...,n}.

Clearly, if A is symmetric then the influences of all the coordinates on A are equal. Hence,
by the KKL theorem [7], if A is also balanced (i.e., u(A) = 1/2) then all the influences are
Q(logn/n). Therefore, by Theorem 4, we get:

Proposition 12 Let A and B be balanced, monotone, and symmetric subsets of the discrete
cube (endowed with the uniform measure). Then

1(AN B) — u(A)pu(B) = Klogn/n,

where K is a universal constant.



The assertion of Proposition 12 is tight, as can be seen in the following example, based on the
“tribes” function presented in [1].
Example Let r ~ logn —loglogn. Subdivide the set {1,...,n} into n/r disjoint sets {S;}
of size r. The set A is defined as follows:

(x€A) <= (Fj:2; =1,VieS).
The set B is the dual of A, that is,

(x€eB) <= (Vj,J e€Sj:a;=1).

We note that while for » = logn — loglogn, we have u(A) ~ 1 — 1/e, r can be easily modified
such that pu(A) = 1/2. Hence, we assume that u(A) = 1/2, and thus u(B) = 1/2 (since B is
the dual of A). Let us compute (AN B) — u(A)u(B). We have

p(B\A)=(1—2-27")"/",
and hence
u(AN B) — p(A)pu(B) = u(B) — u(B\ A) — p(B)(1 — u(B)) = u(B)* = (1 —2-27")"/".

Since u(B)? = (1 —2-277 + 272" )" = 1/4, we get

1 272 1
o i o - n/r ~ - _ 9—2r\n/r
1 108210,/ low 1
~ Z(1 - (7) /logmy Zlogn/n.

Hence, the assertion of Proposition 12 is tight in this case.

By Theorem 5 applied to the family of all balanced “tribes” functions, we get:
Proposition 13 The expected correlation between two balanced tribes functions is ©(log?(n)/n).

The lower bound on the correlation between two balanced tribes functions asserted by Propo-
sition 12 is ©(logn/n). It seems interesting to find out whether this lower bound is tight.

4.2 Tightness of Theorem 5

1. It is clear from Inequality 6 that the assertion of Theorem 5 is tight if and only if F' (S) =
> aer 1a(S) = 0 for all |S| > 1, which is equivalent to the condition that F' is linear.
The same reasoning holds for Theorem 6. Hence, both theorems are tight if and only if
the function F is linear. A simple example of this instance is when T consists only of
linear functions. However, this is not the only possible example. For any linear function
L:{0,1}" — {0,1,..., M}, the inequality is tight for the family 7' = {A*(L)}L,, where
A¥(L) = {x € {0,1}" : L(z) > k}, since in this case F(T) = L is linear. In this example,
T consists of weighted majority functions. It seems interesting to further characterize the
families for which Theorem 5 is tight.



2. If T is the family of all the monotone functions, the variance of F'(T') can be computed
asymptotically using the asymptotic characterization of monotone Boolean functions ob-
tained in [10] as part of the solution of Dedekind’s problem [3]. As a result, we get:

Proposition 14 When n — oo, the expected correlation between two monotone Boolean
functions on {0,1}" is 1/4 — o(1).

This result is interesting in view of the fact that by the Cauchy-Schwarz inequality, the
maximal possible correlation between two monotone Boolean functions on the discrete
cube is 1/4.
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A Inductive Proof of Theorem 5

We start with an inductive approach to the proof of the Harris-Kleitman theorem.
Definition 15 Let A C {0,1}" be a monotone family. For every 1 <k <n —1 and for every
a € {0,1}"7%, denote

p={x=(x1,...,2n) € Ap|(Tpt1,...,2n) = a},
where Ay is defined as in Section 1.

By the definition, the set Ay (consisting of the points for which the k-th coordinate has influence
on A) is divided to 2"* sets, according to the last n — k coordinates. Note that since Ay, is a
disjoint union of {Aj'},c1,13n—#, We have

WA = Y u(Ap).

ac{0,1}n—k

Lemma 16 Let A, B be monotone subsets of the discrete cube (endowed with the uniform
measure). Then

AN B) — p(Ap(B) => 2% > u(AY)u(BY), (9)
k=1 ae{0,1}n—*

where the term corresponding to k = n in the right hand side is pu(Ayn)p(By).

Proof The proof is by induction on n. For n = 1 the claim is reduced to

(AN B) = p(A)p(B) = p(A)p(Br),

and can be easily verified by checking all the possible pairs (A, B). Assume now that the claim
holds for n — 1. Denote
A = {z € {0,1}"|(2,0) € A},

and
Al = {z € {0,1}" !|(z,1) € A}.

Note that since A is monotone, we have A% C A'. Denote by p’ the measure induced by u
on {0,1}"L. It is clear that u(A) = (u/(A%) + p'(AY))/2, and similarly for B and for AN B.
Hence,

H(AN B) — u(A)(B) = (1 (A° 0 BY) + (A" 1 BY)) — (1 (A) + ' (AV) (' (BY) + ' (BY)

= S((A0 0 BY) — 1 AV (BY) + S ((A" 1 BY) — (A (BY)
(A (BY) + 4 (A (BY) — (A0 (BY) — (A (B)
= S0/(AP N B) — (A0 (BY) 4 (1 (AT 0 BY) — 4 (A (BY)
0 (AY) = 4 (A) (4 (BY) — 12 (Bo))

11



We note that
W (AY) = @/ (A%) = W/ (AT A°) = 2u(Ay),
and similarly
W (BY) = 1'(B%) = 2u(By).
Thus,

H(ANB)—(A)a(B) = (1 (AN B~ (A°) ! (BO)) 5 (1 (AT VBNt (AV ) (BY)) 4 An) By

(10)
By the induction assumption we have
n—1
p(AYNB) — W/ (A%/(BY) => 2n ok N (AN (BY)D),
k=1 aef{0,1}n—1-k

and similarly for A! and B'. Note that (4%)¢ = A,(CO"O), where (o, 0) is the concatenation of the

binary string o with 0 in the end, and similarly (A1) = Alga’l). Hence,
« « a,0 a,0
S HARL@BI =1 > A B,
ac{o,1}n-1-* ac{0.1pn—1-k

and similarly
e e ,1 ,1
S MA@ =4 X A B,
ae{0,1}n"1-k ac{0,1}n—1-k
Since all the binary strings of length n — k are either of the form {(,0) : a € {0,1}*"1=*} or
{(a,1) : @ € {0,1}"17*}, we get
Yoo KB+ DY WAYDHBY) =4 Y w(AR)u(BR).
ae{0,1}n-1-k ae{0,1}n"1-k ae{0,1}n—k

Substituting into Equation 10 we obtain

n—1
u(ANB) = u(A)u(B) = %(Z 2R N (AR R(BR)) + p(An)i(By)
k=1 ae{0,1}n—k

n—1
=y 2F Y AR (BR) + p(An)p(B)
k=1 ae{0,1}n—k

=) vk Z p(AR)(B),
k=1 ac{0,1}n—k

as asserted. W

Remark Note that since for all k and all @ € {0,1}"%, we have p(A$)u(BE) > 0, Lemma 16
implies the Harris-Kleitman theorem.

In the proof of Theorem 5 we use the following form of the Cauchy-Schwarz inequality ([6],
p. 16):

12



Proposition 17 Let {ax}}_, and {by}}_, be two sequences of real numbers. Then
n n n
(D ab)? < (Q_ap) (Y bi).
k=1 k=1 k=1

Now we are ready to present the proof of Theorem 5.
Let T be a family of monotone subsets of the discrete cube. By Lemma 16, it is sufficient to
show that for every 1 < k < n we have

Do YT wADmBY) = Y u(AR)u(By). (11)
A,BET ae{0,1}n—k A,BET
We start with the right hand side.
> (ARu(Br) =Y ((Ak) > u(Br) = (O m(B))(D nlAr)) = (O 1(A))>.
A,BET AeT BeT BeT AeT AeT
Similarly, for the left hand side we have

Sk ST A B =2 S (Y wADu(By)

A,BeT ac{0,1}n—F ae{0,1}»—k A,BET

—on kST (3 A

ac{0,1}n—k AT

Define a sequence {2a }oc(o,13»-* by
Za = Y HAR).
AeT
Note that we have
DouA) = > wA) =D OowAN) = D
AeT A€T ac{0,1}n* ae{0,1}n—k A€T ac{0,1}n—k
Hence, Inequality 11 is equivalent to
O S L L D N (12)
ae{0,1}n—k ac{0,1}n—k

and this inequality is a direct application of the Cauchy-Schwarz inequality to the sequence
{#a}tac{oa)n—+ and the constant sequence. This completes the proof of Theorem 5.

A.1 Application to the Tightness of Talagrand’s Results

Lemma 16 can be used to shed some light on the cases in which Talagrand’s Theorem 4 is tight.
It follows from Equation 9 that the tightness of Talagrand’s theorem depends on the relation
between the quantities

2k S u(Apu(By)

ae{0,1}n—k

13



and p(Ag)u(By), for all 1 < k < n. For a fixed k, consider the sequences {Za}ocqo,13»-+ and
To = p(AE), Yo = n(BE)
for all @ € {0,1}"7*. Since

plAr) = Y (AR

ae{0,1}n—k

and similarly for By, we are interested in the relation between the quantities

gnk Z Tala

aG{O,l}”fk
and
C Y 2 D )
ae{0,1}n—k ae{0,1}n—k

This relation is connected to the Rearrangement inequality ([6], p. 261) and in general depends
on whether the elements of {4 }qcq0,13n—+ and {Yataecfo1}n—+ are arranged in the same order.
More precisely, if the sequences {z,} and {y,} are fixed except for the order, the expression

on—k Z Tala

ae{0,1}n—k

assumes its maximal possible value when the sequences are arranged in the same order, and
assumes its minimal value when the sequences are arranged in opposite orders. The expression

( Z Ta)( Z Ya)-

ae{0,1}n—k ac{0,1}n—k

is the average over all possible orders of the former expression. In the example presented by
Talagrand in [14],

A:{(ajl,...,xn):inZt}

i<n

and

B:{(xl,...,:nn):z.'zri>n—t}.

i<n

If t = o(n), then for most of the values of k (more precisely, for all k£ such that ¢t < (n — k)/2),
the corresponding sequences are arranged in opposite order. Hence,

H(AN B) — u(A)u(B)

is relatively small and thus the inequality asserted by Theorem 4 is relatively tight.
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