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Abstract

In [I0], Kalai investigated the probability of a rational outcome for a generalized social
welfare function (GSWF) on three alternatives, when the individual preferences are uni-
form and independent. In this paper we generalize the results of [10] to a wider class of
distributions of the individual preferences, and obtain new lower and upper bounds for the
probability of a rational outcome in several classes of GSWFs. In particular, we show that
if the GSWF is monotone and balanced and the distribution of the preferences is uniform,
then the probability of a rational outcome is at least 3/4, proving a conjecture raised in [I0].
The tools used in the paper are analytic: the Fourier-Walsh expansion of Boolean functions
on the discrete cube, properties of Beckner’s noise operator, and the FKG inequality.

1 Introduction

Consider a situation in which a society of n members selects a ranking amongst m alternatives.
In the election process, each member of the society gives a ranking of the alternatives (the
ranking is a full linear ordering; that is, indifference between alternatives is not allowed). The
set of the rankings given by the individual members is called a profile. Given the profile, the
ranking of the society is determined according to some function, called a generalized social
welfare function (GSWF).

The GSWF is a function F' : L™ — {0, 1}(7’;), where L is the set of linear orderings on
m elements. In other words, given the profile consisting of linear orderings supplied by the
voters, the function determines the preference of the society between each of the (7;) pairs of
alternatives. If the output of F' can be represented as a full linear ordering of the m alternatives,
then F is called a social welfare function (SWF).

Throughout this paper we consider GSWFs satisfying the Independence of Irrelevant Al-
ternatives (ITA) condition: For every two alternatives A and B, the preference of the entire
society between A and B depends only on the preference of each individual voter between A
and B. This natural condition on GSWFs can be traced back to Condorcet [4].

The Condorcet’s paradox demonstrates that if the number of alternatives is at least three
and the GSWF is based on the majority rule between every pair of alternatives, then there exist
profiles for which the voting procedure cannot yield a full order relation. That is, there exist
alternatives A, B, and C, such that the majority of the society prefers A over B, the majority
prefers B over C, and the majority prefers C' over A. Such situation is called irrational choice



of the society. Arrow’s impossibility theorem asserts that under mild conditions, for every non-
dictatorial choice function between the pairs of alternatives there exists a profile for which the
choice of the society is irrational.

Since the existence of profiles leading to an irrational choice has significant implications on
voting procedures, an extensive research has been conducted in order to evaluate the probability
of irrational choice for various GSWFs. Most of the results in this area are summarized in [§].
In addition to its significance in Social Choice theory, this area of research leads to interesting
questions in probabilistic and extremal combinatorics (see [10), [13]).

In [10], Kalai used analytic tools to study the probability of rational choice for GSWFs
on three alternatives. The probability of rational choice was expressed by a Fourier-theoretic
formula, and as a result, upper and lower bounds on the probability for various classes of
GSWF's were obtained. For example, it was shown that if the GSWF is neutral (i.e., invariant
under permutations of the alternatives), symmetric (i.e., invariant under a transitive group of
permutations of the voters), and satisfies the ITA condition, then the probability of a rational
choice is at most 0.9192.

In this paper we generalize the results of [10] in several directions. First, we consider the
distribution of the individual preferences. In [I0] it is assumed that the individual preferences
are independent and uniformly distributed. We show that the results of [10] are valid (under
some modifications) also for non-uniform distributions of the profiles, as long as the voters are
independent, and for each ordering of the alternatives, the probability of the ordering is equal
to the probability of the inverse ordering. We call such distributions even product distributions.
In particular, we prove the following generalization of Theorem 5.1 of [10]:

Theorem 1 Consider a GSWF on three alternatives satisfying the IIA condition. If the dis-
tribution of the preferences is an even product distribution such that the probability of each
preference is positive, and the GSWF is neutral and symmetric, then the probability of irra-
tional choice is bounded away from zero (independently of the number of the voters).

Further, we obtain new lower and upper bounds on the probability of rational choice for
several classes of GSWFs. Our main result is:

Theorem 2 Consider a GSWF on three alternatives satisfying the IIA condition. If the indi-
vidual preferences are independent and uniformly distributed, and the GSWEF is monotone and
balanced then the probability of a rational choice is at least 3/4.

The proof of this result relies on properties of Beckner’s noise operator and uses the FKG
inequality.

Finally, we consider the “stability” version of Arrow’s theorem presented in [10]. Arrow’s
theorem (for three alternatives) can be restated as asserting that if the GSWF satisfies the
ITA condition, is not a dictatorship, and has all the three alternatives in its range, then the
probability of irrational choice is positive. In [I0] it is shown (under the ITA condition) that if
a neutral GSWF is “far” from being a dictatorship, then the probability of irrational choice is
not negligible. In other words, there exists a constant K such that if the distance between the
GSWEF and any dictatorship is at least €, then the probability of irrational choice is at least
K -e

We show that a similar stability version for the distance of the GSWF from having only two
alternatives in its range does not hold.



Theorem 3 For all ¢, K > 0 and n = n(e, K) big enough, there exists a GSWF on three
alternatives satisfying the IIA condition, such that:

1. Amongst any pair of alternatives, the probability of each alternative to be preferred by the
society over the other alternative is at least n = 27" /(n + 1).

2. The probability of irrational choice is less than n/K.

It appears that the “most” rational GSWF is not obtained by almost constant choice functions
between every pair of alternatives, but rather by almost constant functions between two pairs
of alternatives and a majority rule between the remaining pair of alternatives.

We don’t know whether a weaker version of the stability result holds in this case. It seems
possible that there exists a constant K such that if the distance of the GSWF from having only
two alternatives in its range is at least €, then the probability of irrational choice is at least
K - €2, but we weren’t able to prove such result.

The paper is organized as follows: In Section [2] we recall some basic notions on the Fourier-
Walsh expansion of functions on the discrete cube. In Section [3| we generalize the results of [10]
to even product distributions of the profiles and prove Theorem In Section [4] we establish
lower bounds for the probability of rational choice for several classes of GSWFs and prove
Theorem In Section [5| we discuss upper bounds for the probability of rational choice and
prove Theorem

2 Fourier-Walsh Expansion of Functions on the Discrete Cube

Consider the discrete cube {0,1}" endowed with the uniform measure p. Denote the set of all
real-valued functions on the discrete cube by X. The inner product of functions f,g € X is

defined as usual as )

(1.9) = [ Fodu= 7 2 St

This inner product induces a norm on X:

umzmzm.

Consider the Rademacher functions {r;}!"_;, defined as:
Ti(iﬁl, e ,xn) = 2.%1' —1.

These functions constitute an orthonormal system in X. Moreover, this system can be com-
pleted to an orthonormal basis in X by defining

rs = H T
€S
for all S C {1,...,n}. Every function f € X can be represented by its Fourier expansion with
respect to the system {rs}gc(i,.. n}:

F=>Y_ (firs)rs.

Sc{1,...,n}



This representation is called the Fourier-Walsh expansion of f. The coefficients in this expansion
are denoted by

f(8) = (f,rs).
By the Parseval identity, for all f € X,

Sc{1,...,n}

More generally, for all f,g € X,
(o= > F(9i)
Sc{1,...,n}

Following [10], we will be also interested in a biased version of the inner product, defined as
follows:

Definition 4 Let f,g be two real-valued functions on the discrete cube, and let —1 < § < 1.
Define

(.90 =) _ F(8)a(S)d*.

Note that this definition slightly differs from the definition of [I0]. Finally, we note that for all
feX,

FO) = [(rodu= [(£- V= [ i

3 The Probability of a Rational Choice for a Non-Uniform Dis-
tribution of the Profiles

Throughout the paper we assume that the number of alternatives is three and denote the
alternatives by A, B, and C. Since (by assumption) the GSWF satisfies the ITA condition, the
preference of the society between every pair of alternatives can be represented by a Boolean
function on the discrete cube. Formally, given a profile, we consider the pair of alternatives
(A, B) and construct a binary vector (x1,...,2,) such that x; = 1 if the i-th voter prefers A
over B, and z; = 0 if the i-th voter prefers B over A. We set f(x1,...,2z,) = 1 if the entire
society prefers A over B and f(z1,...,x,) = 0 if the society prefers B over A. Note that
the preference of the society between A and B is determined by (z1,...,%,), and hence f is
well defined. Similarly, we define the Boolean functions g and h that represent the preferences
between the pairs (B, C) and (C, A), respectively.

Every profile is uniquely represented by the binary vector (1,...,Zn, Y1y Yn, 21y« -5 2n),
where (x;, y;, z;) represent the preferences of the i-th voter between (A, B), (B, C), and (C, A).
We assume that the vectors (z;, v, 2;) for different values of ¢ are independent (i.e., the prefer-
ences of the individual voters are independent), and that these vectors do not assume the values
(0,0,0) and (1,1,1) (since otherwise the preferences of the i-th voter do not constitute an order
relation). In [10], the distribution over the six possible values of (x;,y;, z;) was assumed to be
uniform. In our analysis, we consider the following distribution:

PT((xiayivzi) = (17 170)) =« PT((xiayi7Zi) = (07 L, 1)) =p Pr((xivyivzi) = (1707 1)) =7



PT((xhyivzi) = (07071)) =« Pr((xivyiazi) - (17070)) =p Pr((xhyivzi) = (07 170)) =7

where o + 3 + v = 1/2. We call this distribution an even product distribution. The intuition
behind the restrictions will be explained later.

Theorem 5 Consider a GSWF on three alternatives satisfying the IIA condition where the
choice functions between the pairs of alternatives (A, B), (B,C), and (C,A) are f,g, and h,
respectively. If the distribution of the individual preferences is an even product distribution (as
described above) then the probability of irrational choice is given by the formula:

W(f,g,h) = pipaps + (1 = p1)(1 = p2)(1 — p3) + ({(f, 9))aa—1 + (g, h))ap—1 + ((h, f))ay—1, (1)

where p1, p2, and p3 are the expectations of f, g, and h, respectively.
Remark Theorem 3.1 of [I0] is a partial case of Theorem |5 obtained for & = =~ = 1/6.

Proof For a profile (z,y,2) = (1,...,%n, Y1, Yns 21, - - -, 2n), the choice of the society is
rational if and only if

f(@)g(y)h(z) + (1 = f(2))(1 = g(y))(1 = h(z)) = 0.

Therefore, the probability of irrational choice is

W(f,g.h) = Y Pr((z,y,2)(f(@)g@h(z) + (1 = f(2)(1 = g(y))(1 = h(2))),

(z,y,2)€{0,1}3"

where Pr((z,y, z)) = [, Pr((z:,yi, z:)), as defined above.
Consider the functions Fy, Fs, F3 : {0, 1}3” — R defined by

Fl(xlw Ty Y1y -5 Yny 21y - >Zn) = f(x)g(y)h(z),

Fy(x1, .oy Tny Ylye oy Yny 215+ -+ 2n) = (L — f(2))(1 —g(y))(1 — h(2)),
F35(x1, oy Ty Yty e ooy Yny 215 -+, 2n) = Pr((z,y, 2)).

We have
W(fvg7 h) = 23n<F37F1 + F2>7

and hence by the Parseval identity,

W(f,g.h)=2" % E(S)(Fi(S) + FL(S)). (2)
Sc{1,...,3n}

Therefore, in order to compute the probability of rational choice it is sufficient to compute the
Fourier-Walsh expansions of Fp, F5, and Fj.

In order to compute the expansions, we use the fact that if a function is a multiplication
of functions on disjoint sets of variables, then its Fourier-Walsh expansion also has the same
structure. Hence, if we denote S = (51, S2, S3), where Sy represents (x1,...,Z,), S2 represents
(Y1,.-.,Yn), and S3 represents (z1,...,2,), then

F1(S) = F(S1)§(S2)h(S3).



Similarly, since the individual preferences are independent, the Fourier-Walsh expansion of
F3 is determined by the Fourier-Walsh expansion of the functions Fj : {0,1}® — R defined by

Fi((f'?i,yi,zi)) = Pr((zs, yi, zi))-

This expansion (presented below) can be found by direct computation.
Fi0)=1/8,  Fi({1)=0  F({2) =0, F({3) =0,  Fi({1,2}) = (4a - 1)/8,

Fi({2,3}) = (4 -1)/8,  Fi({1,3}) = (v —1)/8,  Fi({1,2,3}) =0.
Since the Fourier-Walsh coefficients of F3 are multiplications of the corresponding coefficients of
{F{}™ |, we have Fg(S) = 0, unless S = (51, S2,53) has a special structure: Each 1 <i <mn is
contained in either none or two of the sets (51, S2,.53). For such special sets S, the coefficients
are given by the formula

F3(S) = (1/8)" (4 — 1)/8)"((48 — 1)/8)"*((4y — 1)/8)",

where

t1 = the number of triples (z;, y;, z;) equal to (0,0, 0),

( )
equal to (1,1,0),
( )

t3 = the number of triples (z;, y;, z;

(

to = the number of triples (z;, yi, 2
( equal to (0,1,1),
(

— — — —

t4 = the number of triples (z;,y;, z;) equal to (1,0, 1).

Finally, we note that for all S # () we have f(S1) = —(1/—\f(S1)) and the same for g and
h, and hence if S7, S, S3 # 0, then

F1(S) + Fy(S) = 0.
Combining the results above, we get that the term
E3(S)(F1(S) + F3(9))

vanishes unless S = (51, S2, S3) has the following special structure: At least one of Sp, So,S3 is
empty, and each ¢ is contained in either none or two of S, .52, Ss.

Assume that S3 = (), and thus S; = Sy (otherwise, F3(S)(F1(S) + F5(S)) = 0). Assume
also that S # (). We note that 1/—\h((2)) =1 — h(0), and hence by the calculations above

F3(S)(Fu(S) + Fo(9)) = (1/8)" 151 ((4a — 1)/8)! 511 f(51)g(S1) = (1/8)™ (4o = )5 £(:81)g(S1).
If Sy = Sy — S5 = 0, then
F5(S)(F1(S) + F(S)) = (1/8) (papaps + (1 — p1)(1 — p2) (1 — p3)).
Therefore, summing over all the possible values of S we get
{Z }F3(S)(F1(S) + F5(5)) = (1/8)"(p1paps + (1 —p1)(1 — pa2)(1 — ps) +
Sc{L,...3n

S (da— DISTF(S)3(S) + 3 (48— DIFIg(S)h(5) + 3 (dy — 115 F(S)h(S3)) =

S17£0 So#D S3#0
(1/8)"(p1p2ps + (1 = p1)(1 = p2)(1 — p3) + ({f, 9))aa—1 + ({9, h))ap—1 + (R, [))ay—1),



and thus the assertion of the theorem follows from Equation [2| H

Using T heorem some of the results of [10] can be generalized to even product distributions
of the preferences. We present here two of the results. The first result contains the assertion of
Theorem [1l

Corollary 6 Consider a GSWF on three alternatives satisfying the IIA condition. If the distri-
bution of the profiles is an even product distribution such that the probability of each preference
1s positive, and the GSWF is neutral and symmetric, then the probability of an irrational choice
is bounded away from zero (independently of the number of voters).

Moreover, if the probabilities of the preferences satisfy «, 3,y < 1/4, then the probability of
wrrational choice satisfies the inequality

4

where d, = 1/27m is the sum of squares of the first-level Fourier-Walsh coefficients of the
majority function.

Remark Theorem 5.1 in [10] is a partial case of Corollary [6] obtained for o = 8 = v = 1/6.

Proof By the assumption, the GSWF is neutral, and hence, balanced. Therefore, by Theo-
rem |5} the probability of irrational choice in our case is

W(f7gv h) = 1/4 + <<fa g>>4a—1 —+ <<gah‘>>45*1 + <<h‘7 f>>4’7—1'

Since the GSWF is neutral and symmetric, we have f = g = h, and all the Fourier coefficients
of f on the even non-zero levels vanish (see [10], Proof of Theorem 5.1). Thus,

W(f.g.h)=1/4+ > F(9)(a—1)B+ Y f(9)2@p-DFl+ > f(9)(ay-1)F =

|S| odd |S| odd |S| odd
[n/2]-1
=1/4+ 30 (o= D™ (=1 4 (- )™ 3 (s
k=0 |S|=2k+1
) [n/2]—-1
=1/4- 3 9+ S ((a— 1% 4 (4f - 1 4 (dy - )P 3 f(s
IS]=1 k=1 |S|=2k-+1

Since for every k the expression Z‘ S|=2k+1 f (S)? is non-negative, and since by the Parseval
identity,

[n/2]-1
Yoo D FEP=0_F8 - Y f9?P=1/4- ) f(8)
k=1 |S|=2k+1 S#0 |S|=1 |S|=1

the first assertion of the corollary follows from the claim



In order to prove this claim we first note that since (by the assumption) 0 < «, 5,7 < 1/2, we
have
lim (4o = 1)1 4 (48 — 1) + (4y = 1)) =0,

k—o0

and hence it is sufficient to prove that for each k > 1,
(4o — 1)2H+L 1 (45 — 1)+ 4 (4y — )20+ 5 1, (4)
This claim is trivial for «, 8,7 < 1/4, since in that case
(4o — 1) 4 (48— 1) 4 (4y — )P > (da— 1)+ (4B 1) + (dy — 1) = —1.

Hence, assume that v > 1/4, and write v = 1/2 — o — 3 and hence 4y — 1 = 1 — 4a — 4.
Inequality [4 is equivalent to

(1 —4a)? 1 4 (1 — 482 < 14 (1 — da — 48) 2L,

which follows from the strict convexity of the function F(t) = t2**1 on [0,1]. This completes
the proof of the first assertion of the corollary.
In order to prove the second assertion, we note that if a, 3,7 < 1/4 then for all k£ > 1,

(4o — D4 (48 — 1) 4 (4y = D > (4o - 1P + (48— 1) + (4y = 1)°, (5
and hence

W(fog,h) = (/4= Y F(S)P)(L+ ((da = 1)° + (48 = 1)° + (4y — 1)*)).

IS|=1

Finally, since amongst the symmetric neutral functions, the expression Z| S|=1 f (S)? is maxi-
mized for the majority function (see proof of Theorem 5.1 in [I0]), the second assertion of the
corollary follows. B

Remark It seems possible that Inequality |3 holds also if one of the probabilities of the
preferences is greater than 1/4. In order to prove this, it is sufficient to prove that Inequality
holds without the restriction «, 3,7 < 1/4. While this claim seems correct, we weren’t able to
prove it.

The second result is a combination of Theorem [5| with the following proposition, which is
an easy consequence of the “Majority is stablest” theorem [13]:

Proposition 7 Let 0 < p < 1 and let ¢ > 0. There exists ng = no(p,€) such that for all
n > ng, if f:{0,1}" — [0,1] is symmetric and balanced then

1
((f, 1) p_Zf S)? ‘S‘ < arcsmp—i—e.
S#0D



Corollary 8 Consider a GSWF on three alternatives, where the distribution of the profiles is
an even product distribution satisfying o, 3,y < 1/4. Then for all € > 0 there exists ny =
no(e, o, B,7) such that if the number of voters is n > ny and the GSWF is neutral, symmetric,
and satisfies the IIA condition, then the probability of a rational choice is at most p+ €, where p
1s the probability of a rational choice for the majority GSWF on n voters and three alternatives.

Proof Similarly to the proof of Corollary |§|, if a, 3,7 < 1/4 then

W(f g.h)=1/4+ Y f(8)P(@a=1)F+ Y7 f(8)°@s-1)F+ Y7 f(8)°(4r-1)" =

|S| odd |S| odd |S| odd
=1/4— > fS)Ha—15— 3" FSPUp - 15— > F(8) 4y —1[1¥ =
|s| odd |S| odd |S| odd

= 1/4 = ({f, N aa—1) = s I ag=1) — (R ) jay—1-

Hence, by Proposition |7} for every € > 0 there exists ng = ng(e, a, 3,7) such that for every
GSWF on n > ng voters satisfying the assumptions of the corollary,

1 1 1
W(f,g,h) >1/4 — — arcsin(|4a — 1|) — — arcsin(]45 — 1|) — — arcsin(|4y — 1|) — €.
27 27 27
Finally, since for the majority GSWF F;, on n voters we have, for all 0 < p <1,

1
lim ((F, Fr))p = o arcsin p

n—oo

(see [13], Section 4), the assertion of the corollary follows. B

Remark Corollary |8 was proved in [I3] in the partial case of a uniform distribution of the
preferences, as a corollary of the “Majority is Stablest” theorem.

Remark Conjecture 8.1 of [10] asserts that for every distribution of the profiles (and even for
more than three alternatives), the probability of a rational choice for GSWF's that are neutral,
symmetric, and satisfy the IIA condition, is maximized for the majority function. Hence,
Corollary (8 proves in the asymptotic sense (i.e., for a sufficiently large n) a partial case of the
conjecture.

We conclude this section by explaining the restriction on the distribution of the individual
preferences. The proof of Theorem [5| crucially depends on the fact that Fi({j}) vanishes for
4 = 1,2,3. This condition holds if and only if the probabilities of the preferences satisfy the
following three equations:

Pr(1,0,0) + Pr(1,1,0) + Pr(1,0,1) — Pr(0,1,0) — Pr(0,0,1) — Pr(0,1,1) = 0,

Pr(0,1,0) + Pr(1,1,0) + Pr(0,1,1) — Pr(1,0,0) — Pr(0,0,1) — Pr(1,0,1) =0,
Pr(0,0,1) + Pr(1,0,1) + Pr(0,1,1) — Pr(1,0,0) — Pr(0,1,0) — Pr(1,1,0) =0,



where Pr(a,b,c) is a shorthand for Pr((z;,y;, zi) = (a,b,c)). Summing the first two equations
we get
2Pr(1,1,0) — 2Pr(0,0,1) = 0,

and similarly by summing the two other pairs of equations we get Pr(1,0,1) = Pr(0,1,0) and
Pr(0,1,1) = Pr(1,0,0). Finally, since all the probabilities sum up to one, we get Pr(1,0,0) +
Pr(0,1,0) + Pr(0,0,1) = 1/2, and this completes the restrictions described above. It seems
challenging to generalize Theorem [5| to more general distributions on the preferences, but the
eXpression Y Sgcry 3,1 E5(S)(F1(S) 4 E5(S)) seems hard to compute in the general case.

4 Lower Bounds on the Probability of Rational Choice

In this section we establish lower bounds on the probability of rational choice for two classes of
GSWFs: monotone balanced functions and general balanced functions.

4.1 Monotone Balanced GSWFs

Definition 9 A function f : {0,1}" — R is monotone if for all x = (x1,...,z,) and y =

(yla"‘7yn)7
(Vi:azi <yi) = (f(x) < f(y))-

Theorem [2] is a partial case of the following, slightly more general, result:

Theorem 10 Consider a GSWEF on three alternatives satisfying the IIA condition where the
choice functions between the pairs of alternatives (A, B), (B,C), and (C,A), denoted by f,g,
and h, respectively, are monotone. If the profiles are uniformly distributed then the probability
of irrational choice satisfies:

W(f,g,h) < pipaps + (1 — p1)(1 — p2)(1 — p3), (6)
where p1,pa, and p3 are the expectations of f, g, and h, respectively.

Remark The assertion of Theorem is tight, as can be seen in the following example:
Assume that f depends only on the first voter, g depends only on the second voter, and h
depends only on the third voter. Then clearly, for all —1 < § <1,

((fr9))s = ({9, M))s = ((h, £))s = 0,

and hence
W(f,g,h) = pipaps + (1 — p1)(1 — p2)(1 — p3),

where p1, p2, and ps are the expectations of f, g, and h, respectively.

By Theorem [f] the assertion of Theorem [10] follows immediately from the following proposition:

Proposition 11 For any two monotone Boolean functions f and g, and for every —1 < § <1,

{((f,9))5 = 0. (7)

S| =

10



The proof of Proposition [L1]is composed of three stages:

1. First, we reduce the proposition to the case 0 < § < 1, using the relation between
the Fourier-Walsh expansion of a function and the Fourier-Walsh expansion of its dual
function.

2. Then, we use Beckner’s noise operator [2, 3] to reduce the problem to a correlation in-
equality for monotone non-Boolean functions.

3. Finally, we use the FKG inequality [6] to conclude the proof of the proposition.

4.1.1 Reduction to positive §-s

Definition 12 Let f be a Boolean function. The dual function of f, which we denote by f’, is
defined by f'(x) =1 — f(T), where if x = (x1,...,2,) thenT = (1 —xz1,...,1 —x,).

It is easy to see that a Boolean function f is monotone if and only if its dual function f’ is
monotone.

Lemma 13 Consider the Fourier- Walsh expansions of a Boolean function f and its dual func-
tion f'. For all S C {1,...,n} with |S| > 1,

F'(8) = (=1)F=Lf(9).

Proof First, we compute the Fourier-Walsh expansion of the function f” defined by f”(x) =
f(Z). Recall that the characters {rg} satisfy

rs(z) = (~1)I°,

where x is considered as a subset of {1,...,n}. Hence,
f//( ) <f// TS Z f// \Sﬁa:| _ i Z f |Sﬂ$\ (8)
we{O 1 2 ze{0,1}n

We note that
(10 = (—1)1S7I (1)),

and hence substituting y = ¥ into Equation [8| we get
o > FEDPE(EDP = (—1)Blf ) = (-1)F1F(S).
yG{O 1}

Finally, by the linearity of the Fourier transform, for every S C {1,...,n} with |S| > 1,
—f”(S),

~s»

S
05}

~—
I

and hence R X
F(8) = (=) (),

as asserted. W

11



Corollary 14 It is sufficient to prove Proposition [I]] for the case 0 < & < 1.

Proof Consider the expression

Ns =Y f(8)a(S)s5!

S#0

|
—
—

for —1 < § < 0 and monotone Boolean functions f and g. Denote by f’ the dual function of f.
Note that f’ is also monotone. By Lemma

> F(8)g(8)d Tt =3 F(8)3(8)s T (1S = 7 f(9)3(8)(-6)

S#0 S#0 S#0

and hence the assertion

S((F 9

for any two monotone Boolean functions f and g follows from the same assertion where (—4)
is substituted instead of . W

4.1.2 Reduction to a Correlation Inequality
We use the following operator, defined in [2] 3]:

Definition 15 Consider a function f on the discrete cube with a Fourier-Walsh expansion
fx) =2 g f(S)rs. For 0 < e <1, the noise operator T, applied to f is defined as

fF=Y ¥ f(S)rs
S

It is well-known that one can arrive from f to T.f by the following process: For any vector z,

where @ denotes bitwise addition modulo 2 and each bit of y is chosen independently according
to the distribution Pr(y; = 0) = (1+4¢€)/2, Pr(y; = 1) = (1 — €)/2. That is, each bit of z is left
unchanged with probability € and replaced by a random value with probability 1 — ¢, and then
f is evaluated on the result. Thus, T¢f represents a noisy variant of f, and for this reason T, f
is called “the noise operator”.

Lemma 16 Let 0 < e <1 and let T, be the corresponding noise operator. If f :{0,1}" — R is
a monotone function then T.f is also monotone.

Proof Without loss of generality, it is sufficient to prove that for each vector (xo,..., ),
T.f(0,zo,...,xn) <Tcf(1,22,...,2p). (10)
Using the equivalent definition of the noise operator presented above,

T f(x1,x9,...,20) = Exp(f((z1,22,...,2n) & (Y1,---,Yn))),
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where each y; is distributed according to the distribution Pr(y; =0) = (1+¢€)/2, Pr(y; =1) =
(1 —€)/2, independently of other y;’s. Hence,

1—e " rp—=z 1+6n7 " lrp—=z
Tof(r1,22,.. . 2n) = > | 5 )2k=t [k kl(7) L=l (o ).
ze{0,1}m

We partition the sum in the right hand side into pairs of values according to the last n — 1
coordinates. We get

1-— n 1 n
Tef(z1,22,...,70) = Z ()T ka_zk‘(%)n_l_z’“:2 fox=znl
(z27---72")6{071}n71
1—c¢ 1+e4_ l—€e_ .. 1+4c¢
x((T)“(?)l 0,22, ., 2n) + (T)l xl(T)mlf(l, 29,y 2n))-

Therefore, in order to prove Inequality it is sufficient to prove that for every (z2,...,2,) €
{0,1}"~! we have

l—eg,1+e l—eq 1+€

( )0(7)1.)0(07 227"')271,) +( )1(7)0.)0(17227"-)271,) <
2 2 2 2
l—eq 1+e€ 1—€,,14+¢€

1 0 0 1
(5 G020, 20) + ()G (L2 20)
or equivalently
ef(0,29,...,2n) <ef(l,z9,...,2,),

which indeed follows from the monotonicity of f. B

Corollary 17 In order to prove Proposition it is sufficient to prove that for every two
momnotone non-negative functions f and g,

> f(9)a(s) = 0.

S#0

Proof By Corollary[14] it is sufficient to prove that for every two monotone Boolean functions
f and g and for every 0 < 9 <1,

> f(9)3(9)85 > 0. (11)
S#0
Consider the function Ty5f. We have
~ N _ 1 —_ N
> f(9)a(9)057 = =3 T3 f(9)3(S),
S£0 )
and hence in order to prove Inequality [11]it is sufficient to prove the inequality
S T F(8)4(8) > 0.
S#0
Since T f is monotone by Lemma [16] and non-negative by Equation [J] the assertion follows. B
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4.1.3 Application of the FKG Inequality

We conclude the proof of Proposition [11| by deducing the claim of Corollary [17] from the FKG
inequality [6]. First we recall the assertion of the FKG inequality in the case of functions on
the discrete cube endowed with the uniform measure:

Theorem 18 ([6]) Let f,g:{0,1}" — R be monotone non-negative functions. Then

Exp(fg) > Exp(f)Exp(g).

Now we return to the proof of our result. Let f,g : {0,1}"" — R be monotone non-negative
functions. By the Parseval identity,

> F(8)3(S) = (f,9) = Exp(fg),
S

and by the definition, f((Z)) = Ezp(f) and §(0) = Exp(g). Hence, by the FKG inequality,

Y F®)as) = > f(9)a(S) - f)a(0) = Exp(fg) — Exp(f)Exp(g) > 0.

S#£0 Se{0,1}n

This proves the claim of Corollary [I7] and thus concludes the proof of Proposition [T1}

4.1.4 Non-uniform distribution of the preferences

If the distribution of the preferences is not uniform, the lower bound on the probability of a
rational choice is much weaker:

Proposition 19 Consider a GSWE on three alternatives satisfying the ITA condition. If the
choice functions f,g, and h are monotone and balanced and the distribution of the profiles is
an even product distribution, then W(f,g,h) < 1/2.

Proof By Theorem |5, in our case

W(f,9,h) = 1/4+ ({f,9))aa—1 + ({9, M))ag—1 + ((h, [))ay—1- (12)

By Proposition an expression of the form ((f, g))4a—1 is non-negative if and only if o > 1/4.
Therefore, since in our distribution o + 3 + v = 1/2, at most one of the expressions of this
form appearing in Equation [I2] is non-negative. If all the expressions are non-positive, then
W(f,g,h) < 1/4. Hence, we assume w.l.o.g. that ({f,g))4a—1 > 0. Define new functions f, g
by
F=SC17S)Irs,
S#0
and similarly for g. Since f and g are balanced, using the Parseval identity we get

o~

1A3="> FSP=D ISP =fIE—f0) =1/2—-1/a=1/4,

Sc{l,..n} S0
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and similarly ||g||3 = 1/4. Thus, by the Cauchy-Schwarz inequality,

~

(f, a1 =D F(9gS)(da -1 < S {(9)g()11 = (£, 5) < |Ifll2ll3]]2 = 1/4.

S#£0 Sc{l,...n}

Finally, since ((f, g))ag—1 and ((f, g))4y—1 are non-positive,

W(f,g,h) = 1/4+((f,9))4a-1 + ((g, h))ap—1 + ((h, [))ay-1 <1/44+1/4+0+0=1/2.

This completes the proof of the proposition. H

Remark  The assertion of Proposition is tight, as can be seen in the following exam-
ple: Assume that the distribution on the preferences is Pr((zi,vi,2i) = (1,1,0)) = 1/2 and
Pr((zi,vi,z) = (0,0,1)) = 1/2, while the probability of the other preferences is zero (i.e.,
a=1/2and =~ =0). The choice functions f and g are a dictatorship of the first voter, and
h is a dictatorship of the second voter. Then it is easy to see that W(f,g,h) = 1/2.

4.2 General Balanced GSWF's

In [I0] it is stated (Proposition 5.2) that if the preferences are uniformly distributed, then the
lower bound for the probability of rational choice for general balanced GSWFs is 2/3. However,
the proof presented in [10] is incorrect, and it is not even sure that the lower bound itself is
correct. In this subsection we prove a weaker lower bound, and discuss its tightness.

Theorem 20 Consider a GSWFE on three alternatives satisfying the ITA condition such that
the choice functions between the pairs of alternatives are balanced. If the profiles are uniformly
distributed then the probability of rational choice is at least 5/8.

Proof Consider the Fourier-Walsh expansions of the choice functions f, g, and h. Let
n n n
oI =a, DY g{iP=b D h({i})=c
i=1 i=1 i=1

Since f, g, and h are balanced, then by the Parseval identity

> f(8)?=1/4—a, > a8 =1/4-0, > A8 =1/4—c.

|S|>1 |S|>1 |S|>1

Recall that by Theorem |5} in our case

W(f.g.h)=1/4+((f.9)) 13+ ({g: 1)) 13 + (s [)) -3 (13)
We have
(f90) 173 + (g M) —1ys + (B )13 = D (F(9)(S) + §(S)A(S) + h(S) f(5))(~1/3)¥! =
|S|>0

15



= (=1/3) Y (J(8)3(9)+3()h(S)+h(S) [ (S)+ D (F(5)4(5)+4(S)h(S)+h(S) f(S))(~1/3)1* <

1S|=1 |S|>1
< (=1/3) D (F(9)3(S) +a(S)AS) +1(S) F(9)+(1/9) D 1£(9)3(S)+3(S)h(S)+h(S) f(S)|.
[S]=1 |S|>1

In order to bound the first summand, we use the elementary inequality
—(wy +yz +22) < (22 +y? + 22) /2.

We get

n

(=1/3) Y (f(8)3(S)+a(S)h(S)+h(S)[(S)) = (=1/3) Y (FUiDa(lih)+a({iha({in)+h({i}) f({i})) <

1S|=1 i=1

n

< (1/6) ) _(f{i)? +g({i)* + h({i})*) = (a + b+ ) /6.

i=1
In order to bound the second summand, we use the Cauchy-Schwarz inequality and the inequal-
ity between the arithmetic and the geometric means. Let

F=Y 1f®O)rs, 3= la(S)lrs.

|S|>1 [S|>1

Applying the Cauchy-Schwarz inequality and the Parseval identity we get

Y 1F9)9S) = (f.3) < fll2llall2 = V/(1/4 = a)(1/4 = b) < 1/4 — (a +b)/2,

[S|>1

where the last inequality follows from the Mean Values inequality. Applying the same inequal-
ities to the pairs (g, h) and (h, f), we get

(1/9) Y 1f(9)3(S) + a(S)h(S) + h(S)f(S)| <

[S|>1
<(1/9)(1/4—(a+b)/2+1/4—(b+¢c)/2+1/4—(c+a)/2) =1/12—(a+ b+ ¢)/9.

Combining the bounds obtained above, we get

(=1/3) > (F(9)a(S)+3(S)A(S) +h(S)F(5)+(1/9) Y [£(S)a(S)+3(S)A(S) +h(S) f(S)] <

15]=1 1S|>1

<(a+b+¢)/6+1/12—(a+b+¢)/9=1/12+4 (a+b+c)/18.
Substituting to Equation [13] we get

W(f,9,h) <1/4+1/12+ (a+b+¢)/18 = 1/3 + (a+ b+ ¢)/18.

Finally, since by the Parseval identity 0 < a,b, ¢ < 1/4, the maximum in the right hand side is
obtained for a = b = ¢ = 1/4, and thus

W(f,9,h) <1/3+(3/4)/18 = 3/8,
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as asserted. W

The tightness of the lower bound in Theorem is not clear to us. The example presented
in [10] yields the value W(f, g,h) = 1/3, where all the weight of the Fourier-Walsh coefficients
of f,g, and h is concentrated on the second level. Another example yielding the same value of

W(f, g,h)is
flxr,. .. xn) = ay, g(z1,...,xy) = x4, h(zy,...,xn) =1—1u;

for any 1 < ¢ < n. In this example, all the weight of f, g, and h is concentrated on the first
level. It seems possible that the correct lower bound is 2/3, as asserted in [10]. However, in
order to prove this bound, one has to exploit the fact that the choice functions are Boolean, as

can be seen in the following example: R
Example Let f, g, h be defined by f(0) = g(0)

h(0) = 1/2 and

=2 )=t =L
f=gm f=—5p f=-5r
1 2 1

for 1 <i < j <k <n. The rest of the Fourier-Walsh coeflicients of f, g, and h are zero. Since

Y FS) =D 9(8) = h(S)=1/4,

S£0 S£0 S#0

the functions f, g, and h “look like” balanced functions from the Fourier-theoretic point of view.
Nevertheless, W (f, g,h) = 3/8, which agrees with the lower bound of Theorem This shows
that the Booleanity of the choice functions is essential if a better lower bound can be obtained.

5 Upper Bounds on the Probability of Rational Choice

In this section we discuss upper bounds on the probability of rational choice for general GSWF's
satisfying the IIA condition. Our starting point is the celebrated Arrow’s theorem:

Theorem 21 ([1]) Consider a GSWF on three alternatives, satisfying the following conditions:

1. The preference of the entire society between every pair of alternatives depends only on the
individual preferences between these two alternatives (the IIA condition).

2. For every pair (A, B) of alternatives, if all the individuals prefer A over B then the entire
society also prefers A over B (Pareto efficiency).

3. The GSWEF is not a dictatorship.
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If the probability of every rational profile is positive then the probability of irrational choice is
positive.

There are several proofs of Arrow’s theorem in the literature, including simple direct combi-
natorial proofs (see, for example, [7]). In [10], Kalai presented a Fourier-theoretic proof of the
theorem in the balanced case (and assuming that the distribution of profiles is uniform), along
with a stability result. We start with a discussion of Kalai’s proof, and then turn to the stability
result.

5.1 Fourier-Theoretic Proof of Partial Cases of Arrow’s Theorem

Kalai’s proof uses the fact that if the choice functions are balanced and the preferences are
uniformly distributed, then the probability of irrational choice is given by the equation

W(f,g,h) =1/4+ ((f,9))-1/3 + ({g, ) —1/3 + (s £))—1/3-

Define . R
F=>fSrs,  g=>_4(S)(~1/3)1%rg.
S#0D S0

Note that since f,g are balanced, by the Parseval identity ||f|]2 = 1/2 and |[g|l < 1/6.
Therefore, by the Cauchy-Schwarz inequality,

(90 aysl = [F. )] < NI F1lallg]l2 < 1/12,

and it can be shown that equality can hold only if all the Fourier-Walsh coefficients of f and
of g are on the first level. Then, it can be further shown that W(f, g,h) = 0 can hold only if
f,g, and h are dictatorships of the same voter, and this completes the proof of the theorem.

It was suggested in [I0] to use the same reasoning in the non-balanced case. Such gener-
alization is possible if pi,p2, and ps, the expectations of f,g, and h, satisfy some condition
described in [10]. However, this condition is not satisfied in many cases, e.g., for py = p2 = 1/5
and ps = 1, as noted in [10]. Kalai [II] suggested to improve the upper bound |[g|]2 < 1/6
(or, more generally, ||g|l2 < \/p2(1 — p2)/3) used in the proof by using the hypercontractive
inequality for Beckner’s noise operator [2], 3].

We show by an example that this proof strategy, even using the hypercontractive inequality,
cannot lead to a complete proof of Arrow’s theorem. The example shows that if the biased inner
product ((f,g))_1/3 is replaced by

(f ) 15 == D 1F(9)a(S)(~1/3)1],
S0

then there exist functions f, g, h such that

W'(f,g,h) = pipaps + (1 = p1)(1 = p2)(1 = p3) + (£, 9)) 13 + ({9, h)q 5 + (B £)) 15 <O,

and hence a proof of Arrow’s theorem using Equation [L3| cannot ignore the sign of the Fourier-
Walsh coefficients of the choice functions.

Example Assume that n is odd, f(x1,29,...,2,) = 21 - X2 - ... x, is the AND function,
g = f’ is its dual function, and h is the majority function. The Fourier-Walsh coefficients of
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f satisfy [f(S)] = 27" for all S C {1,...,n}. The first-level Fourier-Walsh coefficients of the

majority function satisfy
—1 1
27" —
) = (1) 2

for all 1 <7 < n. Hence,

1 1

(o ) s < (~1/3) Zrh{} (D] (L2 o = =
Therefore,
W/(1.9.1) < pipaps + (1= p)(1=p2) (1= pa) + (b 1)y € 27(1=27) = 2" <0

for n large enough.

A possible step towards a Fourier-theoretic proof of Arrow’s theorem in the general case is the
following lower bound on the biased inner product ({f, g))s:

Proposition 22 Let f,g : {0,1}" — R be non-negative functions with Exp(f) = p1 and
Exp(g) = p2, and let =1 < § < 1. Then

<<fag>>5 > —p1p2,
and equality holds only if either f =0 or g = 0.

Proof We prove the proposition in the case § < 0, the case § > 0 is similar. Let f"(z1,...,2,) =
fA—=mzq,...,1—1zy,). Clearly, f"(0) = Exp(f"”) = p1. By the proof of Lemma |13}, for all S = (),

F(8) = (=151 £(3).
Hence, by the definition of Beckner’s noise operator [2, [3],
T-57(8) = (=0) W=D (5) = 5191 f(5).

Therefore, by the Parseval identity,

(.95 +pip2 = Y F(9)3(9)8 + pipa = > T_sf7(8)a(S) + T-s " (0)g(0) = (T_5 ", g)-
S0 S0

Finally, by the assumption g is non-negative, and by Equation |§|, the function T_s f” is strictly
positive, unless f = 0. Hence,

Taf' )= 5p S Toaf'(@gle) >0

ze{0,1}7

unless either f =0 or ¢ =0, and in that cases (T_sf”,g) = 0. This completes the proof of the
proposition.
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Corollary 23 The assertion of Arrow’s theorem holds if the distribution of the profiles is an
even product distribution and p1 + p2 + p3 < 1, where p1, p2, and ps are the mean values of the
choice functions f, g, and h.

Proof By Proposition

(fs9))s + ({g: h))s + ((h, ))s > —(p1p2 + p2p3 + p3p1).

(Equality cannot hold since by the assumption of Arrow’s theorem, f, g, and h are non-constant).
Hence, by Equation

W(f,g,h) > pipaps + (1 = p1)(1 — p2)(1 — p3) — (p1p2 + p2p3 +p3p1) =1 —p1 —p2 —p3 > 0,

and thus the assertion of Arrow’s theorem holds. B

Another corollary of Proposition [22] uses dual functions:

Corollary 24 Let f,g : {0,1}" — {0,1} such that Exp(f) = p1 and Exp(g) = p2, and let
—-1<§<1. Then

(f,9))s 2 —(1 = p1)(1 = p2),

and equality holds only if either f =1 or g = 1.

Proof Denote the dual functions of f and g by f’ and ¢, respectively. By Lemma for all
S #0,

A~

F(9)3'(8) = ()P F(9)(=1)¥171g(8) = £(9)3(9),
and hence

(f'9N)s = ({f,9))s-

The functions f’, ¢’ are non-negative and satisfy Exzp(f’) = 1—p; and Ezp(g’) = 1 —po. Thus,
by Proposition
(f's9"))s = —(1=p1)(1 = p2),

and equality holds only if f/ =0 or ¢’ = 0, or equivalently, only if f=1org=1. R

Proposition [22| and Corollary [24] yield an immediate proof of Arrow’s theorem in the case
where there exists 1 < ¢ < 3 such that p; = 0 or p; = 1. Indeed, two of the biased inner
products of the form ((f,g))s appearing in Equation [l vanish, and the third biased inner
product is bounded using either Proposition [22] or Corollary This settles the example given
in [10]. However, we note that this case is anyway ruled out by the assumption (made in Arrow’s
theorem) that the choice functions are non-constant.

It seems possible that Proposition can be extended to yield a full proof of Arrow’s
theorem, but we couldn’t find such extension.
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5.2 Discussion on a Stability Version of Arrow’s Theorem

Throughout this subsection we assume that the preferences are uniformly distributed.
In [I0], Kalai proved a stability version of Arrow’s theorem:

Theorem 25 ([10]) For every ¢ > 0 and for every balanced GSWF on three alternatives, if
the probability that the social choice is irrational is smaller than € then there is a dictator such
that the probability that the output of the GSWEF' differs from the dictator’s choice is smaller
than K - €.

Following Theorem it is natural to ask:

Question 1 Amongst the GSWFs on three alternatives satisfying the assumptions of Arrow’s
theorem, what is the “most rational” one (i.e., the one having the highest probability of a rational
outcome)?

Remark The idea behind the question is similar to the idea behind the Hilton-Milner the-
orem [9] concerning intersecting families. A family of subsets of a given finite set is called
intersecting if the intersection of any two elements of the family is non-empty. The Erdos-Ko-
Rado theorem [5] asserts that an intersecting family of k-element subsets of an n-element set has
at most (Zj) elements, and that the only maximal families are of the form {S C {1,...,n}:
|S| = k,i € S}, for 1 < i < n. The Hilton-Milner theorem [9] answers the question: What is
the second largest intersecting family?

Similarly, in our situation, Arrow’s theorem asserts that under some conditions, the only
“most rational” GSWF's are the dictatorship functions. Question [1| asks, what is the most
rational GSWF except for the dictatorship functions.

One class of natural alternatives for being the most rational GSWF is functions close to a
dictatorship. Since the probability that the output of the GSWF differs from a dictatorship is
at least 27", by Theoremfor every balanced function of this class the probability of irrational
choice is at least K- 27" where K is a universal constant.

Another class of natural alternatives is almost constant functions. It can be shown that if
all the three choice functions are almost constant (e.g., f(x1,...,z,) = 1 unless (x1,...,2z,) =
(0,0,...,0)) then the probability of irrational choice is also ©(27").

However, it appears that there exists a GSWF with a much lower probability of irrational
outcome:

Example Assume that n is odd, f(x1,29,...,2,) = 21 - X2+ ...z, is the AND function,
g = f' is its dual function, and h is the majority function. Let

pr=Exp(f)=2"",  pa=FEup(g)=1-2"",  p3= Exp(h) =1/2.
By the proof of Proposition
(f,9))—1/3 = (Ty3f", 9) — prpa.
By Equation [9

(Tyaf’og) =27" D (1/3)==17(2/3)" 2= vig(a) = 277(1 — (2/3)"),

ze{0,1}m
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and thus
((frg))-1y3=2""(1—(2/3)") —27"(1 =27") = =(1/3)" + (1/4)".

Similarly,
(Tyjsf" by =27" > (1/3)2i=1"(2/3)" 2= " h(z) =
ze{0,1}m
=oY@ Thmear T oS )/ =
{x:3°0  xi>n/2} {e:3 0 i>n/2}
= (1/2)(2/9)"? ~ (1/2)0.471".
Hence,

((fih))—1y3 = (1/2)0.4717" — (1/2)27".

Finally, since the dual function of f is g and since h is self-dual,

(g, h>>71/3 = ((f, h>>71/3-

Therefore,

W (f,g,h) =pipaps + (1 — p1)(1 —p2)(1 —p3) + ({f,9))—1/3 + ({9, ) —1/3 + ((h, f))—1/3 <

<271 —27") 40471 — 27" — (1/3)" 4 (1/4)" < 0.471™

We conjecture that the GSWF in the example is the most rational GSWF under the condi-
tions of Arrow’s theorem, but we weren’t able to prove this conjecture. It is interesting to note
that in the example, f, g, and h are taken from two different classes of Boolean functions: while
f and g are almost constant functions, h is a majority function. If all the functions f, g, h are
either almost constant or majorities, the resulting GSWF is “less rational”.

The example can be generalized to a series of examples that can be used to prove Theorem
Example For 0 < ¢ < 1/2 and for odd n, assume that

_ 1, Z?: T > (1 - Q)n
fla) = { 0, Z?:i z; < (1—q)n,

g is the dual function of f, and h is the majority function. Using the well-known (see, for
example, [12], Lemma 9.2) inequality:

nH
onH(q) (") < @
n+1 ~ \gn/ —

(where H(q) = —qlogyq — (1 — q)logy(1 — q) is the value of the entropy function at ¢) and
considerations similar to those of the previous example (but more tedious), one obtains

W(f,g,h) <2rH@=1 (1 — on(H@)=1)y 4 gn(q—1.08) _ on(H(g)=1) o gn(g—1.08)

Since for all ¢ < 1/2,
qg—1.08 < H(q) —1,
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for n = n(q, K') big enough we have

on(H(q)-1)

h 2n(q—1.08) )
W(faQ? )< <(n+1)K

Therefore, substituting € = H(q) — 1, the assertion of Theorem [3| follows.
We conclude the paper with an open question:

Question 2 Does there exist a universal constant K such that for every GSWEF on three alter-
natives satisfying the assumptions of Arrow’s theorem, if the distance of the choice functions
f,g9,h from constant functions is at least €, then the probability of irrational choice is at least
Ke*?
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