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2 M. ZIPPIN
1. INTRODUCTION

The purpose of this paper is to study projections on some classical Banach spaces

which have the following local minimality property.

Definition 1.1. Let A\g > 1 and D = 10 + 12)\3. A projection P on a Banach
space X with ||P|| = A < Ag is called almost locally minimal (a.l.m. in short)
if, for every 0 < a < (8\g)~!, the ball B(P, «) in the space of operators L(X) does
not contain a projection Q with ||Q|| < A(1 — Da?).

Almost locally minimal projections were defined and characterized in [Z-1] in the

case of finite dimensional spaces as follows:

Proposition 1.2 (Theorem 2.4 of [Z-1]). A projection P on a finite dimensional
space X is almost locally minimal if, and only if, there is an operator S € L(X)
satisfying the following three conditions: trSP = ||P||, the nuclear norm ||S||n =1
and SP = PS.

Let us start by making a few remarks on a.l.m. projections. Definition 1.1
determines a certain guaranteed rate of a norm reduction for a given projection P,
if it is not a.l.m, in the following sense: for some a > 0, at a distance < «, there is
a projection Q with ||Q]| ~ ||P|| — a®. On the other hand, an a.l.m. projection P

has the following minimality property:

Remark 1.3. Let P be an a.l.m. projection on a space X and let QQ be another
projection on X with (P — Q)? = 0 (a condition which holds, in particular, when
Q(X) = P(X) or Q*(X*) = P*(X™) but also in many other cases). Then ||Q|| >
1P

Proof. Suppose that ||Q[||P||™'=p < 1,let 0 <t < 1and put P; = (1 —t)P+tQ.
Then P} — P, = (1 —t)?°P 4+ (1 — t)tPQ + (1 — t)tQP + t?Q — (1 — )P —tQ =
(1-ttPQ+ QP —P—Q] =—(1—t)t(P — Q)% = 0 hence, P, is a projection on
X. Note that the converse is also true: if P; is a projection for some 1 >t > 0
then (P —Q)? = 0. Now, ||[P = P|| = t||[P — Q|| while || P[] < (1 =t)[|P]| + ¢[|Qll =
(1 —¢t) 4+ tu]||P|| = ||P||I[1 — (1 — p)t]. Let a = t||P — Q||, then we get that
|P — Pi|| = a while ||| < ||P||[1 — Da?] if t is small enough, contradicting the
fact that P is a.l.m. This establishes the statement. [
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Corollary 1.4. An a.l.m. projection P has the minimal norm among all pro-
jections Q which can be connected to P by a line segment in L(X) consisting of
projections. The argument in Remark 1.3 shows that this set of projections is iden-

tical with m(P) ={Q € L(X) : Q? = Q and (Q — P)? = 0}.

Corollary 1.5. (a) There exists no a.l.m. projection P of norm ||P|]| > 1 in
Hilbert space, because the orthogonal projection Q onto P(X) has norm 1. (b)
There exist no a.l.m. projections of rank 1 with norm |P|| > 1 because onto every

one-dimensional subspace there exists a projection Q with ||Q| = 1.

The purpose of this paper is to study natural examples of a.l.m. projections
on the classical spaces (Section 2 and 3). In Sections 4 and 5 we pay special
attention to the space {7 and to “special” projections on this space which have
weaker local minimality properties. This study leads to a characterization of a.l.m.
projections on ¢} which is slightly different from Proposition 1.2 (see Theorem 6.6).
We conclude with open problems and remarks in Section 6.

Acknowledgement. I thank W.B. Johnson for many helpful discussions on a.l.m.
projections and for his valuable advice. He showed me the proof of Theorem 2.1;
without his contribution I would be left with only one infinite sequence of examples

of a.l.m. projections.

2. EXAMPLES OF A.L.M. PROJECTIONS

It is very hard to use Definition 1.1 in order to check if a projection is a.l.m.
and, in view of Corollary 1.5, it may seem that there are not too many a.l.m.
projections around. The following results show that the classical spaces have many

a.l.m. projections.

Theorem 2.1. Let G be a finite abelian group and let P be a translation invariant

projection on L,(G). Then P is a.l.m.

Proof. We will use Proposition 1.2. Let X = L,(G), suppose that ||P|| = A and
choose 0 = L(X)* such that ||o]| = 1 and o(P) = A. The functional o € L(X)*
can be represented by an operator S on X via the relation o(7) = trST for all

T € L(X) where, as is well known, 1 = ||o|| = ||S||a. Using Rudin’s averaging
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procedure [R], let S = f T,-1STydg where dg represents the Haar measure on
G

G and T, denotes the translation by g. We claim that the translation invariant

operator S satisfies the three conditions of Proposition 1.2. First of all, since P

commutes with translations, we have that

tr(PS) = / tr(PT,-1ST,)dg =
G

= /tr(Tg_lPSTg)dg = /tr(PS)dg = tr(PS) = A.
G G

Secondly, because ||S||x = 1 and ||Ty|, = 1 for all g € G and 1 < p < o0, we
get that ||S||» < 1. Finally, since both P and $ are translation invariant, they

commute. By Proposition 1.2, P is a.l.m. [

A close look at the proof of Proposition 1.2 above (Theorem 2.4 of [Z-1]) leads

to the following extension of Theorem 2.1.

Theorem 2.2. Let G be a compact abelian group, let \g > 1 and let P be a bounded,

translation invariant projection on L,(G) with ||P|| = X < Ao. Then P is a.l.m.

Proof. Suppose that P is not a.lm. and 1 < ||P| = A < Ag- Then there is
an a, (8\g)™' > a > 0, and a projection Q on L,(G) with |P — Q|| < « and
QI < A(1 — Da?). The proof of the sufficiency part of Theorem 2.4 of [Z-1]
provides us with two automorphisms U and V on L,(G) such that the following

conditions hold,
21 WUI<@=-2a)™ IVI<@-2a)™"  and QU - Q)| < daX(1+))
and

22) P-Q=-[I-P)VP+(Q—-PUP-Q)-PUI—-P)

+(Q@-P)RU(I-Q)+(Q - P)QU(Q - P)+ PQU(I — P)].

For the precise definitions of U and V' and their properties see the proof of Theorem
5.2 below. Select e € L,(G) and f* € L,(G)* with |le] = 1 = || f*|| such that
|Pe|| > A(1—(1/2)a) and f*(Pe) > A\(1—a?) and consider the operator S = f*®e
on L,(G). Clearly, trPS = f*(Pe) > A(1—a?) and ||S||» < 1. The operators P and
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S may not commute, but let S = f Ty-1S8Tydg, then, as in the proof of Theorem
G

2.1 above, we have
(2.3) tr(PS) > A1—0?), |Sla<1 and SP=PS.

Because SP = PS, S = PSP + (I — P)S(I — P). Therefore, tr(S(I — P)VP) =
0=tr(SP(U — QU)(I — P)). It follows from (2.1), (2.2) and (2.3) that

Al = a®) = A(1 = Da?) < A(1-a?) - [|Q

<tr(S(P - Q)) = —[tr(S(Q — PYU(P - Q))

+1tr(5(Q — P)QU(I - Q) + tr(S(Q — P)QU(Q — P))]
< (1= Xa)ta? + 40’ M1+ )) + A1 — da) "t

Hence

AMD —1)a? < [2A(1 — Aa) ™t +4M(1 + N)]a?,
an absurd, by the definition of D (Definition 1.1). O

Remark 2.3. Walter Rudin’s averaging procedure ([R] Theorem 1), which is used
above, showed that a bounded translation invariant projection P on L,(G) has
minimal norm relative to all projections onto the same translation invariant sub-
space. Corollary 1.4 and Theorem 2.2 extend this minimality property to the set
7w (P). Moreover, Theorem 2.2 replaces this minimality property by the almost local

minimality property relative to all close-by projections @ on L,(G).

3. ORTHOGONAL A.L.M. PROJECTIONS ON /7

Identifying operators T on {7 with the matrix (t;;)}';—; which represents them,
with respect to the unit vector basis {u;}?_;, we call a projection P = (p; ;) on {7
orthogonal if P is an orthogonal projection on (3, i.e. p; ; = p; ; forall1 <4, j < n.
A representation theorem (Theorem 3.6 of [Z-1]) for a.l.m. projections on (7 takes

a very useful form in the special case of orthogonal projections, namely,

Proposition 3.1. Let P be an orthogonal a.l.m. projection on {} with ||P|| = X >

1. Then there is an 2 < m < n and a permutation {u;}"_, of the unit vector basis

[P 0
P=17 2

of {1 with respect to which
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where Py and Py are projections with ||Py|| = A, ||Pz|| < A, Py is an m x m matriz,

Yolpijl = A for all1 < j < m and there exist positive numbers {\;}i2, with
i=1

A = 1 such that )\i_l Yo Ajlpigl = A foralll <i<m.
=1 7j=1

Remark 3.2. A square matrix P; with the above properties is said to be equiva-

=A

lent to a A-doubly stochastic projection. In the case \; =m™!, > |p; ;
j=1

for all 1 <i < m and we call P; A-doubly stochastic (A-d.s. in short)._If an oper-
ator T is A-doubly stochastic then ||T'|| = A both in the L(£}) and the L({Z ) norms.
If T is equivalent to a A-d.s. operator, then, by [Z-1], in the case of rational \;’s,
there is an isometric embedding J of £7 into some larger £V so that 7T is canonically
transformed to a A-d.s. operator on /). It easily follows from Proposition 1.2 that,
under such an isometric embedding, an a.l.m. projection on (7 is transformed to
an a.l.m. projection with the same norm and isometrically identical range because

there is a canonical norm-1 projection of £&¥ onto J(£7).

In view of Theorem 2.1, if G is a finite abelian group then every translation
invariant projection P on Li(G) = ¢V, being orthogonal, has the representation
suggested by Proposition 2.1. The question what are the matrices P; and P, of the

above representation theorem in this case, is answered in the following:

Theorem 3.3. Let G be a finite abelian group and let P be a translation invariant
projection on Li(G) with ||P|| = A. Let |G| = N and let (p; ;) be the N x N matriz
representing P with respect to the unit vector basis {uy}sec of (¥ = L1(G), where

ug = ||14|711,. Then the matriz (p; ;) is A\-doubly stochastic.

Proof. Let S denote the translation invariant operator (constructed in the proof of
Theorem 2.1) which satisfies the conditions trSP = X, ||S||» = 1 and SP = PS.
Note that both S and (S)*, being translation invariant, cannot annihilate any vector
14, h € G. Indeed, if S1j, = 0 then, for every g € G, 5'1g_1h = S‘Tglh = nglh =0
and hence S = 0, contradicting trSP = . On & = L1(Q), because of the nature of

the unit vector basis, the operator S has a nuclear representation S = Y Agfy Duy
geG
where Ay >0, > Ay = 1, ||f5]loc =1 and {uy}seq is the unit vector basis, with
g€G

uy = ||14]|7'1,. Since ($)*1, # 0 for all g € G, A, # 0.
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Therefore, the equality

A=trPS =Y Afi(Pug) =Y Nf3 (D pigus),

geG geG JjEG

together with || f7|lcc = 1and }_ |p; 4| < Aimplies that »_ |p;,| = Aforall g € G.
JjEG JjeEG
Because P is an orthogonal projection, ) |p; 4| = A for all j € G and hence P is
g€eG
A-doubly stochastic. In the notation of Proposition 3.1, P = P; and P, =0. O

4. ORTHOGONALLY ALMOST LOCALLY MINIMAL PROJECTIONS ON (7

We start with a weaker property of local minimality for orthogonal projections

mn
on (7.

Definition 4.1. Let A\g > 1 and D = 10+12)3. An orthogonal projection P on (7}
with ||P|| = A < Ao is called orthogonally almost locally minimal (o0.a.l.m., in short)

if for every a > 0 small enough, the ball B(P,a) contains no orthogonal projection

Q with ||Q|| < A(1 — Da?).

Notation. Given T = (t; ;) € L({}) we denote by T# the operator on {7 represented

by the matrix (tf&]) = (¢;,;). The purpose of this section is to prove the following:

Theorem 4.2. An orthogonal projection P on {7 is o.a.l.m if and only if there
is an operator S € L({T) satisfying the following three conditions: tr(SP) = ||P|],
IS|Ix =1 and (S + S#)P = P(S + S#).

We need three preliminary lemmas for the proof of Theorem 4.2. In the proof
we need to construct projections with certain properties. The first tool is devised
to construct a projection out of an operator which behaves in a fashion similar to

that of a projection.

Lemma 4.3 ([Z-2]). Let \y > 1 and let X be a Banach space. There exist a
constant C = C(Ag) and a continuous function 3(T), defined for all operators T on
X which satisfy the conditions ||T|| < Ao and ||T? = T|| = a < g, such that B(T) is
a projection and ||B(T) — T|| < Ca. Moreover, if T is hermitian so is B(T).

Remark 4.4. The detailed proof of Lemma 4.3 is given in [Z-2]. it does not address

the hermitian case formally, but an easy examination shows that, because it uses
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an iterative process which preserves the hermitian structure, the proof yields the

hermitian case too.

The second tool we need was used in the proof of Theorem 2.3 of [Z-1] and we will
prove it here for completeness. It will tell us how to obtain operators T satisfying

the condition of Lemma 4.3.

Lemma 4.4. Let P be a projection on a Banach space X and let W be an operator
with ||W|| = 1 for which W = PW (I — P)+ (I — P)YWP. Then, for every § > 0,
(P —6W)2 — (P —6W)| <62

Proof.

(P —6W)% — (P —6W)||=||P—6PW — WP +§*W? — P+ 6W||
=||P=6PW(I —P)—6(I—-P)WP+§W?-P+§PW(I - P)

+6(I-P)WP|| <% O

The third preliminary lemma describes a norm reduction operation of an (7

vector.

Lemma 4.5. Let A > 1 and 1 > ~9 > 0 be constants and assume that p =
(P1y---,pn) and w = (w1,... ,wy) are vectors with En: lpr| = A and f: lwp| <
1. Let A ={h :p, = 0}, va = e M) with oz(h)h_:]L argpn for thohs_elh ¢ A
and vy, = —e~ PP with B(h) = argwy, for h € A. Define 6 = min{(8(\ +
1)) Yy, min{|pn| Hwy| : b ¢ A}}. If Re(hzn: Yhwp > Yo then, for every 0 < § <

=1
b0, |lp — dwll1 <X — 3706.

Proof. Let 0 < 6 < dg and put 8(h) = arg(pr—dwy,) for h ¢ A. Since pp, —dwy, is very

close to pp, a simple triangle inequality application shows that |e=%0(h) — ¢=ia(h)| <
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20g9. It follows that

Z [ph — Swp| = Z 6|wn| + Z e ™) (py, — dwy,)
h=1

heA h¢ A
=0 Z |wp | + Z e~ My, —§ Z e~ My,
heA h¢ A h¢ A
=4 Z |wh| + Z |ph| + Z —i0(h) _ —ia(h))ph
heA h¢ A h¢ A
—5 Z YhWh + 5 Z —za(h) —zG(h))
h¢A h¢ A
= Z Pl +8 > [wn| = SRe(D_ )
heA h¢ A
_ (SiIm(Z Yhwn) + 2 +w where =Y (e70M) — =iy,
h¢A h¢ A
and w = § Z(e—ia(h) _ 6—i9(h))wh
he A

Since 7, = —e~*28(Wr) for h € A we get that
> lpn = dwn| = A = 6Re(D_ ynwn)
h=1 h=1

- 5iIm(Z Yhwp) + z + w.
h=1

It follows that

n

|5Im(z Yhwp)| = [Im(z + w)| < |z| + |w| < 2600 Z(|ph| + |wn|) < 2(A+ 1)dp0.
h=1 h=1

It is given that Re( > vypwp) > o hence
h=1

S Ipn — dwn] < A — 700 + 4(A + 188
h=1

1
< A — =7p0.
= 270
O

Proof of Theorem 4.2. Let (p;;) be the n x n matrix which represents P with
respect to the unit vector basis {u;}?_, of £}. Suppose that ||P|| = A, then, we may
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assume w.l.o.g. that there is an 1 < m < n such that il pijl =Afor1 <j<m
while sup{_nz1 Ipijl :m < j<n}=p <A Let ® denote the set of all m-tuples
¢ = (¢1,...,9m) of non negative numbers {p;}7, with i @; = 1. Let I" denote
the set of all m-tuples of functionals g = (g1,92,--- ,9m) v:;clh lgj|lcc = 1 such that

K2

9;(>° piju;) = A for all 1 < j < m. Note that if g; = > g; nu} (where {uj}}_;
=1 h=1

is the unit vector basis of (%) then g, = e~ if ps j = re’? # 0 while in the case
Ph,j = 0, g;» may be any number with [g; | < 1. Define the operator S(¢p,g) by

S(p,9) = > vigi ®u; and let
=1
A={S(p,9):p€® and g €T}

Clearly, A is a compact convex set in L({}). Let K = {T € L({}) : T# = —T, let
ComP denote the Commutant of the projection P and put 2 = ComP + K. There
are two possibilities: either (a) QNA # @ or (b) QNA = (. In case (a), there exists
in A an operator S = S(p,g) =T +V where T € ComP and V# = —V. Because
P is an orthogonal projection and PT = TP, we also have that

PT# = (TP#)# = (TP)* = (PT)* = T#*P¥ =T#P.
It follows that

(S+S*F)P=(T+V+T#*+V#)P
=(T+T#*)P=P(T+T#)=P(T+V +T#+V#)
= P(S 4 S%).
Clearly, [|S]la < 3 @illgslllgll = 1 and w(PS) = 3 00;(Pus) = 32 93h = A
This establishes tjh_e1 statement of Theorem 4.2 in cas]e_ Ea). =
Now suppose that (b) holds. Because AN Q =0, A is compact and convex and
because {2 is a subspace of L({7), there is a separating functional W* on L({}) and
a positive 7 such that W*(T) =0 for all T € Q and ReW*(T) >~ for all T € A.

Let the operator W represent W* then we have that

(4.1) trtWT =0 forall T € Q
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and
(4.2) Re(trtWT) >~y for all T € A.

We may assume w.lo.g. that |[W| =1 and put W = (wp ;). Let us explain the
meaning of (4.1). Picking any h # j, 1 < h,j < n, and putting wy, ; = re=%, let
T denote the matrix for which (T); = e, (T);n = —€® and (T),, = 0 for all
(p,q) # (h,j). We get that T# = —T, hence T € Q and therefore, 0 = tr(TW) =
i0

— wy, je'% and so w; p, = wy, je*?

Wi hE

We also have that for every T € L(¢}), PTP + (I — P)T(I — P) € ComP C Q
and hence tr(W(PTP + (I — P)T(I — P))) = 0 but substituting W = PWP +
(I - PYW( — P)+ PW(I — P)+ (I — P)YWP we get that, for every T € L({}),

0=tr((PWP+ (I — P)YW(I — P))T) therefore 0 = PWP+ (I — P)YW(I — P) and

= Wy, ;. It follows that W is hermitian.

we are left with
(4.3) W=PW({I-P)+(I—-P)WP.

This is the hypothesis of Lemma 4.4. We proceed now to explain the significance
of (4.2). For every 1 < j <mlet g; = (gj1,.-.,9jn) € {% be the functional on ¢}

defined, for every 1 < 57 < m by
(4.4) Gih = et if Phj #0 and o= —argps;
and g;, = —eP if ph; =0 and 8= —argwy ;.
Clearly, the operator g; ® u; € A and hence
(4.5) 0 <70 < Re(tr(Wg; © u;)) = Relg; (Wuj)) =

Re(z gjpwh,;) for 1< j<m.
h=1

It follows from Lemma 4.5 (with v, = g;.», wr, = wp ; and pp, = pp, ;) that if § > 0

is small enough, then, for every 1 < j <m, ||Pu; —d Y wp jusl| < A— 3700. Since
h=1

IW] =1, and max{hz_jl prjl :m < j <n}=p<A by choosing 6y < %()\ — ),

we get that

1
(4.6) |P =W < [P = 5700 for all 0<3< .
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In view of (4.3), the operator T = P — §W satisfies, by Lemma 4.4, the inequality
|IT? — T|| < §%2. Hence, by Lemma 4.3, there is an orthogonal projection Q = 3(T)
on (7 such that C62 > ||Q—T|| = ||Q — (P —6W)]|. It follows from (4.6) that ||Q|| <
|P=0W|[+C6* < A=5700+C4?, while ||P—Q|| < |[P=T|+|T-Q| < ||6W||+C4>.

For small values of ¢ this contradicts the assumption that P is o.a.l.m. O

5. UNIVERSALLY BOUNDED PROJECTIONS ON (7}

Orthogonal projections with norm A and A-d.s. projections P on ¢} share the
property that their norms, as members of both L(¢}) and L({Z), are ||P|; =
|IP|lcc = A. By the classical interpolation theorem, ||P||, < Aforall1 < p < co. Let
us define, for any n x n matrix T, ||T|lo = max{||T||1, |T||ec } = max{||T||1, || T#]]1}
and call ||-||o the universal norm. Clearly, for an orthogonal or A-d.s. projection

P, [Pl = [IPllo.

Definition 5.1. A projection P on £} with |Pllo = A < Ao is called universally
almost locally minimal (u.a.l.m., in short) if, for every a > 0 small enough, the
ball Bo(P, o) = {T € L({}) : ||P — Tl|o < a} does not contain a projection Q with
1Qllo < A(1 = Da?).

Since the set of orthogonal projections @ on ¢} with ||Q||1 < A is much smaller
than the set of all projections @ with ||Q||o < A, every orthogonal projection P on

¢7 which is u.a.l.m. is obviously o.a.l.m. It turns out that the converse is also true.

Theorem 5.2. Let P be an orthogonal o.a.l.m projection on {7 with ||P|l; = A > 1.

Then P s u.a.l.m.

Proof. By Theorem 4.2, there exists an operator S on ¢} such that ||S||x» = 1,
trSP = X and (S + S#*)P = P(S + S#). Let 0 < a < [8A(1 + A)]~! and suppose
that @ is a projection on £} with ||P — Qllo < a and ||Q|lo < A(1 — Da?). In order
to prove the theorem it suffices to construct operators A and {B;}S_; on (7 such

that
6

(5.1) P-Q+Q*) =4+ B,

=1

where A# = A, A = (I — P)TyP+ PTy(I — P) for some {T;}2_, € L({}), and where
6

ST IBill € (24 12X2)a?.

=1
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Indeed, once (5.1) is established, because S + S# commutes with P, S + S# =
PT3P+ (I—P)T3(I — P) for some T3 € L(£}) and so tr((S+S#)A) = 0. Moreover,
because A = A% we get

(52)  ADa’=A-A(1-Da?) <A~ S (|QlL + [Q*]1)
1
= A= L(I@IlISTA + 1@* ]ISl

< tr(SP) — %[tr(SQ) + tr(SQ¥)]

= tr(S[P — %(Q + Q%)) = tr(SA) + )y tr(SB;)

=1

= Str(S(A+ A%)) + 3 te(SBy)

=1

_ %tr(SA +5%4)) + ) tr(SBy)

= %tr((S + S#)A) + ;tr(SBi)

< (24 12X%)a?.

The inequality (5.2) is absurd in view of the size of D. It thus remains to prove
(5.1).

The first part of the construction is identical with the first part of the proof of
Theorem 2.4 of [Z-1]. We will repeat the argument for the sake of completeness.
Let T = PQ + I — Q, then T maps (I — Q)(¢}) identically onto itself and Q({})
into P(¢}). Moreover, ||[I — T|lp = |[(Q@ — P)Q|lo < Aa hence T is invertible,
T(Q(})) = P(£7) and, if V = T71, then ||[V]|o < (1 — Aa)~1. We claim that the
operator R = P + (I — P)V P is a projection of ¢7 onto Q({}) along (I — P)({7}).
Indeed, R? = R, I — R = (I — P)(I — VP) and, by the definition of T, for every
y € Q(L1), Ty = Py. Therefore

Ry=Py+ (I —-P) T 'Py=Py+(I-P)T 'Ty=y.

Hence R is a projection of ¢} onto Q(¢7) with kernel (I — P)({}). Moreover, if
|z]| <1, then y = TPz € Q(£}) and ||y|| < (1 — Xa)~1A||z]| < A(1 — Aa)~! and
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SO

(5-3) |Rz — Pz|| = ||(I - P)T~"Pz| = [|(I - P)Qy

= 1(Q = P)Qyll < aAllyll < aX*(1 = Xa)~! < 2)°a.

Replacing P and @ by I — @ and I — P, respectively, in the first argument and
putting W = (I — Q)(I — P) + P we get that W|p(¢») is the identity on P({}) and

11 =Wllo = [|QU = P)llo = [[Q(Q = P)[lo < Aa.

Hence, W is invertible and it maps (I — P)({}) isomorphically onto (I —Q)(¢7). We
let U = W=, obtain ||U]|g < (1—Aa)~" and consider R = I—Q+QU (I—Q). Then
R is a projection with kernel Q(¢}) and if y € (I — P)(£}) then Wy = (I — Q)y.
Therefore

Ry=(I1-Q)y+QU(I-Q)y=y.

It follows that R is a projection of ¢7 onto (I — P)(¢7) with ker R = Q(¢}) and
R=I-R Hence —-Q+QU(I-Q)=I1—-P—(I—P)VP and

(5.4) P-Q=—-[I-P)VP+QU(I-Q).

Moreover, for every xz € Ball((}), if y = W1(I — Q)x, then y € (I — P)({})
lyll < (1 = Xa)~1(1 + A) and

1QU(I - @)zllx = |Q(I — P)yll» = [Q(Q — P)yllx
< Aallylly < Aol + )1 = Aa) "zl < daA(d + A1

A similar computation, using the 2 norm, yields ||QU (I — Q)|co < 4aA(1 + A),

therefore
(5.5) 1QU(I — Q)llo < 4aA(1+ N).

Taking the transpose of (5.4) we get that P—Q% = —[PV#(I-P)+(I-Q)*U#Q%#].
It follows that

(5.6) P—%(Q—I—Q#) = —%[(I—P)VP+PV#(I—P)+QU(I—Q)—I—(I—Q#)U#Q#].
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Let us find more manageable expressions for QU(I — Q) and (I — Q#)U#Q¥.

First note that

(5.7) Q-PUP-Q)=@Q-P)UI-Q)-(@-P)UI-P)
=QU(I-Q)—PU(I—-Q)-QU(I-P)+PU(I - P)
=QU(I - Q)— QU — P)+ PU(I — P)

(because U maps (I — Q)(¢}) onto (I — P)({}), yielding PU(I — Q) = 0). Also,

(5.8) QU(I-P)=QU(I-P)
= (@ —-P)QU(I - P)+ PQU(I - P)
=(@-P)RUUI -Q)+(Q@—-P)QU(Q—-P)+ PQU(I - P)

Combining (5.7) and (5.8) we get that

(5.9  QUU-Q) =(Q-PU(P-Q)+QU(I-P)~PU(I-P)
=(Q-P)UP-Q)+(Q—-P)QU(I-Q)
+(Q - P)QU(Q — P) + PQU(I — P) — PU(I — P).

By taking the transpose of both sides we arrive at

(5.10) (I - QHU*Q* = (P - Q*)U*(Q* — P)
+ (I = QHUHQ*(QF - P) + (Q7 — P)UFQ#(Q¥ - P)
+ (I — P\U*Q#P — (I — P)U*P.

Hence, by (5.6), (5.9) and (5.10) we have

(5.11) p- %(Q-}—Q#) _ —%[(I—P)(V—U#—i—U#Q#)P
+P(V# —U +QU)(I - P)] - (@~ PYU(P - Q)
+(P - Q#F)UH(Q* - P)+ (Q - P)QU(I - Q)
+ (I - QHU*QH(Q* — P) + (@ — P)QU(Q - P)
+(Q* - PYUFQ*(Q* - P)]
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Put A = (I—P)T1 P+ PTy(I — P) where Ty = —2(V -U#+U#Q#) and T, = T#.
Then, clearly, A satisfies the requirements of (5.1). Put By = —3(Q — P)U(P - Q)
and By = B¥; then, since ||Q — P||o < @, both ||Bi]|; and ||Bs||; do not exceed
12|00 < 1(1— Aa)~'a? < a?. Let By = —1(Q — P)QU(I — Q) and By = BY.
Since [|Q — Pllo = Q% — Pllo < a and, by (5.5), QU — Q)llo < 4a(1 + ),
we get that ||Bs||; and ||By||1 do not exceed 2a2A(1 + A). Finally, put Bs =
~1(@Q - P)QU(Q — P) and Bs = B¥. Then, because |Q — Pllo < o we see
that ||Bsl|1 and ||Bg|l1 do not exceed a?A(1 — Aa)~! < 2Xa?. It follows that
f: |Bill1 < a?(2 + 4A(1 + X) +4)) < a?(2 + 12)2). This establishes (5.1) and
zcj)irnpletes the proof of Theorem 5.2. [0

6. REMARKS AND OPEN PROBLEMS

The isomorphic type of the range of a projection on (7 is far from being under-
stood. In view of the above results it may be useful to examine the ranges of some
special projections. In the sequel, ¢(A) denotes a function which depends on A but

is independent on n.

Problem 6.1. Does there exist a function ¢(A) such that, for every finite abelian

group G and every translation invariant projection P on Li(G) with ||P|| = A,

d(P(L1(G)), 5a0kPY < o (\)?

Problem 6.2. Does there exist a function ¢(\) such that, for every n and every

A-doubly stochastic and a.l.m. projection P on (7, d(P({}), Eliankp ) < p(N)?

Problem 6.3. Does there exist a function ¢(\) such that for every n and every
(A-doubly stochastic orthogonal) projection P with |[P|| = A on £7 there is a finite
abelian group G and a translation invariant projection @ on L;(G) such that ||Q]| <

@(A) and d(PC}, Q(L1(G))) < ¢(N)?

Problem 6.4. Does there exist a function ¢(\) such that, for every n and every
projection P with ||P|| = A on {7, there is an N and an (orthogonal) projection @
on Y such that ||Q|lo < ¢(\) and d(P£}, QIY) < p(N\)?

Note that, by Proposition 1 of [J-J], for every projection P on L;(p) with ||P|| =

A and every € > 0 there is an L;(v) space and a surjective isometry ¢ : Lq(u) —
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L1(v) such that, if Q = ¢Pp~! then ||Q]|1 = A and ||Q]|cc < A(1 +¢).

Remark 6.5. The argument used in the proof of Theorem 4.2 sheds more light on
a.l.m. projections on /7 and may serve as an alternative proof of Proposition 1.2

in the case X = (7. Indeed, the argument yields the following:

Theorem 6.6. Let P be a projection on £} with ||P|| = A. Then exactly one of the
following statements hold:

(a) There is an operator S € L(L}) satisfying trSP = X, ||S||x = 1 and SP = PS
(and hence P is a.l.m.).

(b) There exist positive numbers vy and ég, depending on P, such that, for every 0 <

a < 8o, the ball B(P, a+ca?) contains a projection Q with ||Q| < A— %’yoa-l—con,

where ¢ 18 a universal constant.

Indeed, we only have to replace Q2 = ComP + K by Q = ComP in the proof
of Theorem 4.2 and ignore the Hermite property of all operators involved in the
proof. If § € QN A then S satisfies the assumptions of Proposition 1.2 and hence
P is a.l.m. On the other hand, if @ N A = ) then there is a separating operator
W, with tr(WT) = 0 for all T € Q and Re(ttWT) > 79 > 0 for all T € A.
The fact that Re(tr(WT)) = 0 for all T € 2 means precisely, in this case, that
W = PW(I — P)+ (I — P)WP. The rest of the argument works perfectly well to
show that if P is not a.l.m. then (b) holds. Note that the norm reduction we get
in (b), for a projection P which is not a.l.m., is essentially linear in «, while in
Proposition 1.2, we obtain a norm reduction of order a?. This may seem to be a
contradiction but it is not, because, in Proposition 1.2 the constant D is universal

while in Theorem 6.6 the constants depend on P.

Remark 6.7. As mentioned in Remark 2.2 of [Z-1], we need a large constant
D = D()) in the definition of an a.l.m. projection in Theorem 5.2 above and in
Theorem 2.4 of [Z-1]. Theorem 6.6 above shows that, in the special case of X = (7,
we are allowed to choose any positive D, independent on n and Ag, in Definition
1.1 above and omit the restriction A < Ag. The choice D = 1 is natural, and, by

Theorem 6.6, Proposition 1.2 remains valid with this or any other choice of D > 0.

Problem 6.8. Let P be an orthogonal projection on (7. Suppose that P is o.a.l.m.
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Is it a.lm.?

Theorem 6.6 is a first step towards a positive solution of Problem 6.8.
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