HEDGING OF SWING GAME OPTIONS IN CONTINUOUS TIME.

YONATAN IRON AND YURI KIFER

INSTITUTE OF MATHEMATICS
HEBREW UNIVERSITY
JERUSALEM, ISRAEL

ABSTRACT. The paper introduces and studies hedging for game (Israeli) style extension of swing options
in continuous time considered as multiple exercise derivatives of a base security evolving according to the
geometric Brownian motion. Assuming that the underlying security can be traded without restrictions
we derive a formula for valuation of multiple exercise options via classical hedging arguments. The
paper extends to the continuous time case the discrete time valuation results from [3] which requires
substantial additional machinery such as, for instance, reqularity results for value processes of Dynkin’s
games and the study of multiple stopping Dynkin’s games. Earlier papers on valuation of multiple
exercise American options such as [1] viewed it only as a multiple stopping problem.

1. INTRODUCTION

Swing contracts emerging in energy and commodity markets are often modeled by multiple exercising of
American style options which leads to multiple stopping problems (see [1], [2] and references there). Most
closely such models describe options consisting of a package of claims or rights which can be exercised in
a prescribed (or in any) order with some restrictions such as a delay time between successive exercises.
Observe that peculiarities of multiple exercise options are due only to restrictions such as an order of
exercises and a delay time between them since without restrictions the above claims or rights could be
considered as separate options which should be dealt with independently.

Attempts to valuate swing options in multiple exercises models are usually reduced to maximizing
the total expected gain of the buyer which is the expected payoff in the corresponding multiple stop-
ping problem deviating from what now became classical and generally accepted methodology of pricing
derivatives via hedging and replicating arguments. This digression is sometimes explained by difficulties
in using an underlying commodity in a hedging portfolio in view of the high cost of storage, for instance,
in the case of electricity. We will not discuss here in depth practical possibilities of hedging in energy
markets but only observe that the seller of a swing option could, for instance, use for hedging certain
index linked securities or futures for a corresponding commodity (electricity, gas, oil etc.). Still, from the
beginning we prefer to avoid an extensive economics discussion and to stay on a precise mathematical
ground of multiple exercise options based on an underlying security evolving according to the geometric
Brownian motion which can be used for hedging without restrictions. Thus, in what follows we use the
names swing options and multiple exercise options for the same object.

Observe that multiple exercise options may appear in their own rights when an investor wants to buy
or sell an underlying security in several instalments at times of his choosing and, actually, any usual
American or game option can be naturally extended to the multi exercise setup so that they may emerge
both in commodities, energy and in different financial markets. Suppose, for instance, that a European
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car producer (having most expenses in euros or pounds) plans to supply autos to US during a year in
several shipments and it buys a multiple exercise option which guaranties a favorable dollar—euro or
pund exchange rate at time of shipments (of its choosing). The seller of such option can use currencies
as underlying for his hedging portfolio. A multiple exercise option could be cheaper then a basket of
usual one exercise options if the former stipulates certain delay time between exercises which is quite
natural in the above example. Furthermore, the acting sides above may prefer to deal with game rather
than American multiple exercise options since the former is cheaper for the buyer and safer (because of
cancellation clause) for the seller.

Clearly, the study of hedging for multiple exercise options is sufficiently motivated from the financial
point of view and it leads to interesting mathematical problems. In this paper we assume that the under-
lying security evolves according to the geometric Brownian motion and it can be used for construction
of a hedging portfolio without restrictions as in the usual theory of derivatives. Moreover, we will deal
here with the game (Israeli) option (contingent claim) setup when both the buyer (holder) and the seller
(writer) of the option can exercise or cancell, respectively, the claims (or rights) in a given order but as in
[6] each cancellation entails a penalty payment by the seller. This is a more general and more complicated
than American options setup and it required us, in particular, to extend Dynkin’s games machinery to
the multiple stopping setup.

In this paper a continuous time swing (multiple exercise) game option is a contract between its seller
and the buyer which allows to the seller to cancel (or terminate) and to the buyer to exercise L specific
claims or rights in a particular order. Such contract is determined given 2I payoff processes X;(t) >
Yi(t) > 0,t>0,i=1,2,...,1 adapted to a filtration F, ¢ > 0 generated by the stock (underlying risky
security) St, t > 0 evolution. If the buyer exercises the k-th claim k <[ at the time ¢ then the seller pays
to him the amount Y% (¢) but if the latter cancels the claim k at the time ¢ before the buyer he has to pay to
the buyer the amount X (t) and the difference 0y (t) = Xi(t) — Yi(¢) is viewed as the cancelation penalty.
In addition, we require a time delay § > 0 between successive exercises and cancellations. Observe that
unlike some other papers (cf. [1]) we allow payoffs depending on the exercise number so, for instance,
our options may change from call to put and vice versa after different exercises.

The goal of this paper is to develop a mathematical theory for pricing of continuous time swing game
options. In [3] we did this for the discrete time situation but, as usual, the continuous time case requires
substantial additional work. The standard definition of the fair price of a derivative security in a complete
market is the minimal initial capital needed to create a (perfect) hedging portfolio, and so we have to
start with a precise definition of a perfect hedge. Observe that a natural definition of a perfect hedge
in a multiple exercise framework is not a straightforward extension of a standard one and it has certain
peculiarities. Namely, the seller of the option does not know in advance when the buyer will exercise the
(j — 1)-th claim but his hedging strategy of the j-th claim should depend on this (random) time and
on the capital he is left with in the portfolio after the (j — 1)-payoff. Thus, in addition to the usual
dependence on the stock evolution a perfect hedge of the j-th claim should depend on the past behavior
of both seller and the buyer of the option. Actually, an optimal portfolio allocation depends also on the
payoff processes of the future claims.

Several papers dealt with mathematical analysis of swing American options (see, for instance, [1], [2]
and references there) but none of these papers defined explicitly what is a perfect hedge and what is the
option price. For instance, in [1] the authors studied an optimal multiple stopping problem for continuous
time models but they did not explained why the value of the above problem under the martingale measure
in a complete market is the option price. In this paper we define the notion of a perfect hedge for
continuous time swing game options which generalize swing American options and prove that in the
standard Black—Scholes market the option price V* is equal to the value of the multiple stopping Dynkin
game with discounted payoffs under the unique martingale measure. Observe also that discrete time
multiple stopping Dynkin’s games were considered first in [3] and their continuous time version which is
much more involved were not studied before the present paper. The proofs in the continuous time case
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require substantial technical work in order to derive regularity properties of value processes of usual and
multi stopping Dynkin games which enables us to employ discrete time approximations.

Our exposition proceeds as follows. In Section 2 we define explicitly the notion of a (perfect) hedge
and relying on this we define the option price. Then we state Theorem 2.5 which yields the option
price together with the corresponding perfect hedge. Next, we formulate Theorem 2.6 which specify the
results for Markovian payoffs. In Section 3 we derive auxiliary lemmas on regularity of Dynkin’s games
values which we need in the proof and which seem to be new. In Section 4 we introduce the concept of
a continuous time multiple stopping Dynkin game and prove existence of a saddle point for this game.
Section 5-7 are devoted to the proofs of Theorem 2.5 and Theorem 2.6.

2. PRELIMINARIES AND MAIN RESULTS

We start with a financial market which consists of m + 1 assets. One asset is a risk free bond with
time evolution

B, =DBye™ By>0 r>0

and the other m assets are stocks whose prices S +, .., Sy ¢ satisfy the stochastic differential equations

(2.1) dSi = Sip(padt + Y ki dW ).
j=1

Here Wy = (Wi, ..., Wi t), t > 0 is a standard m-dimensional Wiener process with continuous paths
starting at 0 with a nonsingular covariance matrix x = (k; ;). Let (€, F,P) be the corresponding
probability space and {F;}, t > 0 be the continuous filtration generated by this Wiener process completed
by all P-zero sets. We will use also that every martingale with respect to this filtration has a continuous
modification since it can be represented as a stochastic integral (see [7]). All processes will be considered
up to some finite time 7" > 0 which is called a horizon.

The solution of (2.1) is given explicitly by

1 m m
(2.2) Sie = Si0exp (i = 5 DRI+ i W)
=1 i=1

where (S1,0,..,Sm,0) are initial values of the stocks. We denote by v' the transpose of any vector or
matrix v and by 7 the row vector (r,..,r) € R™. Set § = k= (u — 7)* and

Gy zexp(—H-(Wt— %9))
then by Girsanov’s theorem (see [7]) the probability measure P on Fr given by
P(A) = E(Grla), A€ Fr
is equivalent to P and the process W; = W, + 0t is an m-dimensional Wiener process on (Q, Fr, PT).

Denote by E the expectation with respect to P and let S’t = ¢~ 9, be the discounted process. Then
by It6 formula

(2.3) dSie =Sy Y _ ki jdWjy,
=1

and so the discounted process S, is a martingale with respect to P. Using again It6 formula we obtain
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where b: R™ — R™ and ¢ : R — R™*™ are given by b;(z) = rz; and g, ; = x;k; j, and so the generator
of the Ito diffusion is given by

(2.5) A= Zm’l —|— Z Zm kKE,j) mlxja a@x

4,J k=1
We consider a swing or multiple exercise option of the game type which has the i-th payoff, i = 1,...;1
having the form
(2.6) Ri(s,t) = Xi(s)l{s<ty + Yi(t)1(s>r)

where X;(t) > Yi(t) > 0,4 = 1,...,1,t € [0,T] are F;, t € [0,T]-adapted stochastic processes having
a.s. (almost surely) continuous paths (though in Section 3 some results are proved assuming that these
processes are only right continuous with left limits (RCLL)) and such that for i = 1,2, ...,1,

(27) E(SupogthXi(t)) < 00.

This means that if the option seller cancells and the option buyer exercises the i-claim (right) at the
times s and ¢, respectively, then the former pays to the latter the amount R(i)(s, t). The setup includes
also a necessary delay time § > 0 between cancellations and exercises, and so the game swing option is
determined by the triple (X;,Y;,0),i=1,...,1.

Let 7 be the set of all stopping times ¢ with respect to the filtration {F;}+>0 and let 7, ; be the set
of stopping times ¢ € 7 such that s <o <t.

2.1. Definition. For every t > 0 a stopping strategy with a horizon t is a function

t:{1,..,0} x[0,T) — To such that t(1,0) € Zo; for i = 1 and t(4, s) € T, 5¢r(s44) for 1 <i <1 where
0 > 0 is the delay between successive stoppings (exercises). Furthermore, the function t(i, p) is supposed
to be F-measurable.

For every ¢t > 0 denote by &; the set of all stopping strategies with a horizon ¢. Let F' : Sp x S —
737 x Tg 1 be a function defined by

F(s,t) = ((01,...,01), (T1,---,T1))
where
o1 =o01(s,t) =s(1,0), 1 = 7(s, t) = t(1,0)
and for 1 < i <1,
0; = oi(s,t) =s(i,0i_1 A1), 7 = Ti(s,t) = (i, 051 A Ti1).

Let £ be the set of all sequences (t1,..,t;), 1 <i <1 —1such that (¢;, + ) AT < t;41 < T. We assume
that £ contains also the empty sequence ¢.

2.2. Definition. A portfolio strategy is a function 7 on the set £ such that

7T(t1, ...,ti) = {ﬂg(tl, ceey ) ’yl S(tl, ceey ‘), ,’}/m S(tl, ,t)}
Here (7 (t1,...,t;) and 7}7’5(751, . ti), 1 < j < m are progressively measurable processes with respect to
{Fs}.<s which satisfy

T
(2.8) / Bs(t1, .., t;)ds < o0, (vs(t1y s ti) - Ss)gds < 00

t;
where - denotes the inner product in R™ and for every ¢t; < s < T,
(2.9) ZT (b, ti) = Z7 (b1, o ti) + [o BT (b1, s t)dBy + [3 77 (t1 s ti) - dS,,
= ﬂg(tl, ...7ti)Bs + ’y;r(tl, ...,ti) -8,
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Hence, 7(t1, ..., t;) is a self financing portfolio strategy starting at time ¢; with a value process Z7 (t1, ..., t;).
For any portfolio strategy m we also require that

G™(t1, . ts) = Z7 (t1y oo tion) — Z{ (L1, -, i) >0

for every (t1,...,t;) € £ which means that there is no infusion of capital but some money can be withdrawn
at exercise or cancellation times for a payment to the option buyer. Note that in the case of the empty
sequence we have
G"(¢) =m0 — Zo(¢) > 0.
In the case i = [ we define
G™(t1,...,t1) = Z{ (t1, ..., ti1).

2.3. Definition. A hedge is a pair (m,s) of a portfolio strategy and a stopping strategy such that if for
teSr,
F(s,t) = ((01, ., 01), (71, -, 71))
then
(i) Z7(¢) is integrable for each 0 < p < oy and for every p’, p such that 0 < p’ < p <oy,
E(e™"ZJ(0)|Fy) = e "1 Z] (¢);
(ii) Z7(o1AT1, ..., 0iAT;) is integrable for any 1 <4 <1—1and p satisfying o; A7; + < p' < p < 0iq1
and )
E(e_”’Z;T(Ul ATy 0 AT Fp) =€ Zy(o1 AT1s ey 00 A Ti);
(iii) Foreach 1 <i<1—1,
E(eiT(giA””) T oamts (O AT s 0 AT Finm) = eiT(giA”)Z;An(al ATy ey 03 AN Ti)-
If, in addition,
(iv) G™(o1 A11,..., 04 ATi) > Ri(o;,7;) for every 0 < i <[ the hedge is called a perfect hedge for the
swing game option (X;,Y;,d), 1 <i <.
2.4. Definition. We define the fair price of the swing game option (X;,Y;,9), 1 < i <1 to be the infimum
of all z such that there exists a perfect hedge (x,m,s) with the initial capital x.
Let s,t € Sy and F'(s,t) = ((01,...,01), (71, ..., 7)). Set
1

H(s,t) = E( Z eiTUiAnRi(Jiv Ti))

i=1
We now can state our main result concerning the price of a swing game option (cf. Theorem 2.4 in [3]).
2.5. Theorem. For every 0 <t < T set
(2.10) xM =ex, 1), VY = e mtyi(t),
Vt(l) = esssupTGTt,TessinfUGTtyTE(R(l) (0,7)|F)
and for 1 < i <lI,

(211) X7 =X () + BV ), Y = Yo () + BVl A

and Vt(i) = esssupTGTt,TessinfUGTtyTE(R(i) (0,7)|Ft)
where by the definition
(2.12) RY(o,7) = X1 (gery + YD 1050
Then the fair price V* for the swing game option is given by

(2.13) V= VoY = infees, supes, H(s, t).
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Furthermore, let s*,t* € St be stopping strategies given by

2.14 s*(1,0) =inf{o < t: V"' = x"} AT, v(1,0) =inf{o < t: ;" =v,"} and
t t t t

(2.15) s*(i,p) = inf{t > p+ 6 : VT = XN AT w4 (i, p) = inf{t > p+0: VY =y 0y
forl<i<landpeT. Then for all s,t € Sp,

(2.16) H(s*,t) < H(s",t") < H(s,t%)

and there ezists a portfolio strategy m* such that (Vo(l), T, t*) is a perfect hedge.

Next, we consider the Markovian case. In this situation we analyze the swing option price as a
function of the initial stock prices assuming that the option value at each moment depends only on the
stock prices at this particular moment. For every « € R denote by Sf the vector of stock values at time ¢
having initial prices z and evolving according to (2.2). In the case of finite horizon the time left till option

expiration plays here an important role, and so it will be useful to consider the process S/*") = (S%,u+1)
for [z, u] € R x [0, T]. Then {Si[w7U]}[w7u]eRT><[07T] is a Markov process (see [9]) with the Markovian family
{}5[17u]}[17u]6Rrx[0’T} and corresponding expectations {E~’[17u]}[z7u]eer[0’7~] (see [7]). In the Markovian
case a swing game option is given by [ pairs of functions {g;, fi}!_; such that for each 1 < i < [ we

have g;(x,u) > fi(x,u) > 0 for every (x,u) € R} x [0,T]. Here we assume that for each 1 < i <1 these
functions satisfy the following conditions
(i) For every x € R the functions g;(z,u), fi(x,u) are continuous in u € [0, 77;
(ii) For every u € [0,7] the functions g;(x,u), fi(x,u) are Lipschitz continuous in z € R} with a
Lipschitz constant not depending on wu;
(ili) There is some p > 1 such that for every (z,u) € RT,

(2.17) Eppl( sup gi(S&))"] < oo
0<s<t

For every i =1, ...,1 set

X[ty = gi(Sf7) and vPU) = f(SP),
Fori=1and 0 < s <t<T we define
Vs(é) (w,u) = esssupreT, €851 foet, , Bz ) [R(l) (o, 7)|Fs]-
and for 1 <i<land 0<s<t<T,

1),[z,u —r x,u 1—1
(2.18) X = e X (1) 4 Bl [V Sy e (2 0) ]

1),[z,u —rty-lz,u i—1
YO = ety (@)t B VT oy ()| )

(219) ‘/s(,? (Z‘, U) = eSSSUpTGTs,teSSinfUGTs,tE[Lu] [R(Z) (Uv T)|'7:5]

Here for every (z,u) € RT x [0, 7] the function R (o, 7) is the same as defined in (2.12) but with respect

to the probability measure Py, ). For each (z,u) € R™ x [0, T] we define V*(x,u) to be the fair price of
the swing game option {g;, f;}._, at a time u € [0, T] assuming that the stock price at this time is x.

2.6. Theorem. For every 1 <1 <1 set

(2.20) VO (2,u) = Vo(,iz)"—u (z,u).

Define

(2.21) 9V (@) = gl@w), fP@w) = fitew)
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and for 1 <i <l
(222) g(l) (Z‘, U) = gl—i+1(ma U) + e_r(éA(T_u))E[Lu] (V(Z_l) (ggf\’?%_u))) and
FO(@,0) = froipr(@u) + e T CANT=D B (VED (ST ).

Then for every 1 < i <1 the functions g (z,u) and fO)(x,u) satisfy the conditions (i) and (ii) above
and, furthermore,
(223) Xt(z)a[za“] _ efrtg(i)(svi[fau]) and Y;(Z)’[z’u] _ efrtf(i)(svi[f’“]).
Next, for every 1 <i <1 let

C = {(z,u) : VO (z,u) = ¢ (z,u)} and Cgi) = {(z,u) : VO (z,u) = fO(z,u)}.
Then for eachi=1,...,1,
(2.24) VO (a,u) = By (RO (). p(C57)))
where p(C) = inf{0 < t: S, € C} for each subset C C R x [0,T]. Furthermore, for every i =1,..,1 the
function v(z,u) = V@ (z,u) solves the parabolic free boundary problem

0 . ,
(2.25) Av(x,u) + %v(x,u) =0 with v(z,u)lc.uc, = g(z) (z,u)1c\c, + f(l) (xz,u)1e,
where v(z,u) € C*HRT x [0,T]) and A is given in (2.5).

3. PROPERTIES OF THE GAME VALUE PROCESS

In this section we provide general results concerning Dynkin games on an arbitrary probability space
(Q, F, P) evolving on a time interval [0, T] with a left continuous filtration {F;}o<¢, 0 < ¢ < T satisfying
the usual conditions (see [7]). Let 0 <Y; < X, be two processes adapted to the filtration {F; }o<i<r and
suppose that they both have a.s. RCLL paths and that — X}, Y; can have only positive jumps at point of
discontinuity. Assume also that

(3.1) E(SupogthXt) < 0o0.
Let again 7; 7 be the collection of all stopping times with values in [¢,7] and set
(3.2) Vi = esssuprert, pessinfoct, + E(R(0,7)|F).

Then (see [8]),
Vi = E(R(0y, )| F).
where
or=inf{s>t: X; =V} AT and 7 =inf{s>t:Y, ="V}
Moreover, for every 0 <t < T the pair (ov,7¢) is a saddle point, i.e. for every o, 7 € Ty 1,
(3.3) E(R(os,7)|F) < E(R(0v,7)|F:) < E(R(o,7)|F:)  as.

Furthermore, Y; < V; < X; a.s. and the process V; has a right continuous modification, so from now on
we assume that a.s V; has right continuous paths. We also assume that X; = X¢,Ys = Yp and V, = Vp
for s > T so, in particular, V, = V,,r for every stopping time p. Set also F, = Fp if s > T.

Let {Z; }o<t<1 be any process adapted to the filtration {F; }o<i<7 and let p be a stopping time. Define
Pn = ZZ:O NkLl{n,_, <p<n,} Where ng = kTT It is obvious that if Z has a.s. right continuous paths then
(3.4) lim X, =X, as.

In particular, since for every F integrable random variable X the martingale M;* = E(X|F;) can be
taken to be a.s RCLL (cddldg) (see [7]) then for every stopping time p we obtain

(3.5) lim MY =MY = E(X|F,) as.

n—oo
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From the definition of oy and 7 it easy to see that
(3.6) 0tli5,>t) = 0slis, >0} for s<t,
and so on the set {o,AT, > p,} wehave 5, = 0, and 7, = 7,,. Since E(X|F,)1{r<,} = E(X|Fonr)1{r<o}

for any two stopping times o, 7 it follows that V, =F (R(Upn Ton )| F, n) for any stopping time p,, which
takes on only a finite number of values. We conclude that on the set {o, A 7, > pn},

Vo, = E(R(04,,70,)|Fp,) = E(R(0,,7,)|Fp,) = M)

where R? = R(0,,7,). Since {0, A7, > p} = Up<n{o, AT, > p,} and V; is right continuous it follows
that

Yo nr,>p1 Vo = nhjr;o Yo, nry>pnt Voo = nhjf;o 1{op/\7-p>pn}M£” = 1{op/\7-p>p}E(R(‘7pa Tp)|-7:p)-
On the other hand,
Lo nr,=ptVo = Yopnr,=p} R(0p, Tp) = 1{0'p/\7p:P}E(R(UP7TP)|'7:p)'
This gives
3.1. Lemma. For every stopping time p,
(3.7) V, = E(R(0,,7,)|F,) a.s.
Next, let p < 7 be any stopping times. Then
Yo ar>ptVp = nhj%o Yo nr>pat Vo, = lim 1{opAr>pn}E(R(0panpn)|}— n)

> lim 1{0 AT>pn}E(R(Upan)|]:pn) = lim 1{Up/\T>pn}E( (Upa )|‘7: ): 1{op/\T>p}E( (Upv )|-7:)

N— 00 n—oo
The inequality here follows from the saddle point property of the pair < o,,,7,, > which can be used
since 7 > p,. Next two equalities follow from (3.6) and (3.5), respectively.

On the other hand, on the set {o, = p} we have

Vo=X,2> E( (Upv )|~7: )
and on the set {7 = p},
Vo2Y,= E( (00, )| Fp )
By a similar argument for p < ¢ we obtain the following.
3.2. Lemma. Let p < o,7 <T be any stopping times. Then
(3.8) E(R(0,,7)|F,) £V, = E(R(0,,7,)|Fp) < E(R(0,7,)|F,) a.s.,
and so
V, = esssupret, pessinfoet, . E(R(0,7)|F,) = E(R(0,,7,)|F,)  a.s..
Using the saddle point property we can deduce

3.3. Lemma. For any p € Ty, the process Vo nptt)s Ve n(otrt) and Vo ey 18 a super martingale, sub
martingale and martingale, respectively, with respect to the filtration {F,1+}o<t<T.

Proof. For s <'t,
E(Vop/\(p+t)|~7:p+8) = E(Vop1{0p<p+t}) + E(R(Jerta Tp+t)|~7:p+t]1{092p+t}|}—p+8)
= E(E(Xo, 1o, <ottt + Xopis Lopri<rpridniopzorty T Yoo Hoprorpnidnto, 2ottt Fort) | Fpts)
= E(R(0P77p+t)|fp+5)

where the first equality follows by Lemma 3.1, the second holds true since all functions are measurable
with respect to F,4; and the last one follows from

{0p4t <Tppt} N{o, > p+t}U{o, < p+t} ={0, < Tpit}
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and
{op4t = Tpue} N{op 2 p+t} ={0p 2 7ot}
Next,

E(R(0p, Tpst)|Fprs) = E(R(0p, Tprt)| Fpts) Lo, <prst + E(R(0p, Tort) | Fors) Lo, >pt s}
= Vo, Yo, <ptst + E(R(Opss, Tpst) | Fpts) Lo, >ptsr < Vo, Lo, <pis)
+E(R(0p1s, Tor )| Fprs) Yo, 2ptst = Vo, Lo, <ptrs} T Vorsl{o,2pts) = Vo, npts-
Here the second equality follows from the fact that 7,4+ > (p+s) and the inequality holds true by Lemma

3.2. This gives us the first statement of the lemma while the second statement can be proved in a similar
way and the third is a consequence of the first two. O

Next, we show that the process V; has a.s. RCLL paths. Let © be the set of all the rational vectors
0 = (a,B,7,9) such that 0 < a< < T and 0 <y < §. For each 6 € © let {v",v,}52,, be the following
stopping times

ngylzoz,yn:inf{tZV"_l Vi<AtAp and viP=inf{t > v, Vi >} AB

where by definition inf ¢ = oo. Since v, < v™ < y,41 < (3 these sequences have a limit v = v(f) =
v(0,w) < G and we define A(A) = {w: v(h,w) < B}.

3.4. Lemma. For every § € ©, P(A(f)) =0.

Proof. Let 0 = (o, 8,7,d) and assume that P(A(#)) > 0. Since X; is a.s RCLL and X; > V; for every
w € A(f) we have lim,,_,oc X, (w) > limsup,,_,,, Vin(w) > 6, and so there is a subset B C A(#) which
belong to F,, and a positive integer ng such that P(B) > 0 and for every w € B,

o+

Xt(w) > whenever vy, (w) <t < v(w).

Define the following sequence of stopping times

u”:inf{tzun:WEHT’y
so that o, (w) > p"(w) for every n > ng and w € B. Let X = supg<;<p X¢. Since X is integrable by
assumption it follows that for every £ > 0 there is z(§) > 0 such that F (X lc) < & for every C € F
satisfying P(C) < z(€). Let z¢p = x(&) where & = %P(B). Since the filtration is left continuous and
limv, = v it follows that F, = 0(Upy<nFy, ). Since Uy <nFy, is an algebra and B € F, there exist
ny1 > 0 and a subset C € F,, , ¥n > n; satisfying P(BAC) < xo. If n > ng V ny then

&TV]-B S (Vu" - Vun)lB - (Vu" - Vun)lc + (Vy" - Vun)lBAC S (Vu" - Vun)lc + 2X1BAC
= (E(R(oun, 7n)|Fun ) — E(R(0v,, 70,)|Fu,) ) 1c + 2X1pac = E(R(0un, Tun ) 1o | Fun)
—E(R(oy, 7 )1c|Fo,) + 2X1pac < E(R(0y, , Tun ) 15| Fun)
—E(R(Uyn,Tpn)lB|fyn)) + 2X1BAC + E(XlBAcL'F#n) + E(XlBAc|an)'
Here the first inequality follows from the definition of the stopping times and the first equality follows
from Lemma 3.3. The next two inequalities are obtained from Lemma 3.7 and from the fact that
X > ‘HTW for any n > ng and v, <t < v on the set B, and so o,,, > p", which leads to o,,, = oyn (cf.

3.6). Now, taking the expectation on both sides above we see that the terms E(R(0y,, 7y 15|F,n) and
E(R(oy,,mun1p|F,,) cancel each other which leaves us with

5_ _ _ _
TA/P(B) < E(ZXlBAc + E(X1pac|Fum) + E(XlBACU-'Vn)).



10 Y.Iron and Y.Kifer

Since P(BAC) < xg by the choice of C then by the choice of xg and &,

0= pip) < 1E(X1pac) < (STTPYP(B)

which is a contradiction, and so P(A(f)) = 0. O

3.5. Corollary. The process V; has a.s. RCLL paths.

Proof. If for some w the path V;(w) has no left limit at some point ¢y then we can find § € © such that
w € A() and so the set of the paths that V4 is not RCLL contained in Ugeg A(#) but since © is countable
we obtain from Lemma 3.4 that this set has zero probability. O

Recall that a process Z; is called regular if lim,, ... £Z,, = EZ, for every non decreasing sequence of
stopping times {p,} with a limit p (see [7]). In order to show that for a.s. continuous X;,Y; the process
V; is regular we need following.

3.6. Lemma. Assume that the process X, Y: has a.s. continuous path. Then

nlingo Op, =0, and nlingo Ton =Tp Q.5
Proof. Ignoring a set of zero probability we can assume that for every w € Q the paths X;(w) and Y;(w)
are continuous, that V;(w) is RCLL and that ¥;(w) < Vi(w) < Xi(w). Let A = {lim, .o 0, < 0,}. If
Tprg = P for some ng then o,, = o, for every n > ng, and so p, < g, < p for any w € A and each n
and we have also that o, > p. From these facts it follows that V, < X, = lim,, oo X5, =lim, oo Vs,
on A. Since V, < X, for every w € A we deduce that there are § > 0, a positive integer ng and a subset
B € F, such that B C A, P(B) > 0 and on B and that V,, — V), > 0 for every n > ng. We also claim
that for every w € B there is n(w) such that 7,, (w) > p(w) for every n > n(w). Indeed, if 7, (w) < p(w)
for every n then lim,, 7, = p and since V; has RCLL paths and o,, < p we obtain that
VoY= Jin Ve, = Jin Ve, = Jin Ve, = X, >,
which is a contradiction. So we can find a subset C' € F, and a positive integer n; such that C' C B,
P(C) > 0 and 7,, > p on C for every n > ny. Let (o > 0 be such that E(supy<,<r X¢1p) < %P(C)
for every E € F provided P(E) < (p. Since the filtration is left continuous we can find a subset
D € Up>0F),, such that P(DAC) < (o. Choose ng such that D € F, , and so D € F, for every
n > ng. Let n > ng V ny V ng then
0le < (Vpn - Vp)lc = (V‘l'pn/\Pn - VTpn/\p)]-C < (VTpn/\pn - VTpn/\p)]-D + sup Xilpac
0<t<T
where the first inequality follows from the fact that C' C B and the equality follows from the definition
of the subset C. Taking the conditional expectation with respect to F, in the above inequality, relying
on the fact that by Lemma 3.3) the process V. Alpn+t) 18 @ submartingale and since D € F,,, if n > no
we obtain that

SE(1c|F,,) < E( sup Xilpac|Fp,).
0<t<T

Taking the expectation in this inequality we arrive at

§P(C) < E( sup Xileap) < 5P(C)

0<t<T

which is a contradiction, and so we have lim,,_. 0, = 0, a.s. The claim that lim,,_. 7,, = 7, a.s. can
be proved similarly by using the supermartingale property of V,, x(,, +1)- O

3.7. Corollary. If a.s. X; and Y; have continuous paths then the process Vi is regular.
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Proof. Let {pn}n>0 be a nondecreasing sequence of stopping times and set p = lim,,_.o pn. From Lemma
3.6, the continuity of the processes X, Y; and the equality X, =Y on the set o, = 7, <T it follows
that

nlirr;o R(o,,,75,) = R(0,,7,) a.s.
Using that R(o,,,7,,) < supg<;<r Xt, the assumption that the latter is integrable and that V, =

E(R(0,,,7p,)|Fp,) we obtain from Lebesgue’s dominated convergence theorem that

lim E(V,,) = E(V,).

n—oo

We can use this result to obtain the following

3.8. Lemma. For 0 <t <T let Vyrs = M}—AL and V;,ns = M2+ A2 be the Doob—Meyer decompositions
of the right continuous supermartingale and the submartingale with respect to the filtration {Fs}i<s<r
where M* are right continuous martingales and A, i = 1,2 are natural increasing processes. Then the
processes A' are a.s. continuous. If the filtration F; has the property that every martingale with respect
to it has a continuous modification then the supermartingale Vg, a5 and the submartingale Vo ns have
continuous modifications too.

Proof. Since V; is a regular process (see Corollary 3.7) we obtain that so are V;,os and V,rs and the
continuity of the processes A%, i = 1,2 follows from Theorem 4.14, Section 1.4 of [7]. The fact that
these super and submartingales have continuous modifications when every martingale with respect to
this filtration has a continuous modification is now clear. O

3.9. Proposition. Let X; > Y; be a.s continuous processes satisfying (3.1) which are adapted to the
filtration {FiYo<i<r and assume that this filtration has the property that every martingale with respect to
it has an a.s. continuous modification. Then the Dynkin game value process Vi (see (3.2)) has also an
a.s. continuous modification.

Proof. Let V; be a right continuous modification of the game value process. We saw that this process
has a.s RCLL paths and we want to show that in fact it is a.s continuous. Let Q* be the subset of all
w € Q) such that V; is RCLL and that X, Y}, V, as and Va5 are continuous for any 0 < ¢ < T and each
rational ¢ < s < T. From the above it follows that P(Q2*) = 1. We claim that for every w € Q* the path
Vi(w) is continuous. Assume that V;(w) is not continuous at some point ¢y then it must have a jump at
this point. Let ¢; be an increasing sequence with lim; .. ¢; = to and assume that lim; .. Vg, # V;,. If
04, < to and 74, < to for every i then

Xt = lim X,

71— 00

= lim V,

1—00

= lim V;

17— 00

=Y,

a5 a4 i

and so lim; ., V, = V4, which we assumed not to be the case. So without loss of generality assume that
04,(w) > to for some i. Since ¢; is rational and w € Q* the path V; ()¢ (w) is continuous for every
q; < t. In particular, it is continuous for ¢; < g, and so

lim Vi(w) = tlilg Voo, @nt(w) = Vo, (w)ate (W) = Vi, (w)
o

t—ty

yielding the continuity of V;,(w). O

4. MULTI STOPPING DYNKIN GAMES

Our setup for a multi stopping Dynkin game consists of a sequence of payoff processes {X;,Yi}!_;
and of a delay time § > 0 between successive stoppings so that the first player is supposed to pay to the
second one the amount X;(t) or Y;(t) if the i-th stopping occurs at time ¢ and it is done by the first or by
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the second (or by both) player, respectively. We assume that X; > Y; and these processes are supposed
to be nonnegative, continuous, adapted to the filtration {F;}o<;<r and for some p > 1,

(4.1) E( sup X;(t))" < o0
0<t<T

whenever 1 <4 <.
Consider the following processes defined inductively by

Xt(l) = X;(t), Y( ) — =Y(t) and Vt(l) = esssupTeTtessinfgestE(R(l)(U, T)|.7-'t)
where
R(l)(aa T) = X§1)10<T + Y‘r(l)]-o'ZTa
and for 2 < i <,

XD =X () + E(ViHF), Y0 = Yimea (8) + BV R,

and V;(i) = esssupTGTt’TessinfgeﬁyTE(R(i) (o, 7')|.7-'t)
where
RO (Uv T) = X(Si)l{o<‘r} + Yv—(i)l{oz-r}-

4.1. Lemma. For eachi=1,...,1 the processes XD, Y (") have a.s. continuous paths and they satisfy the
condition (4.1) and X >Y® > 0.

Proof. The fact that X > Y (& > 0 is obvious from the definition. The proof that they satisfy condition
(4.1) is exactly as in Lemma 1 from [1]. Tt remains to show that X and V(¥ have a.s. continuous paths.

Since X; and Y; have a.s. continuous paths and Vt(l)
to show that if V; is a continuous process satisfying

is a.s. continuous in ¢ by Proposition 3.9 it suffices

(4.2) E sup |[Vi[P <o0, p>1
0<t<T

then the process Ws(t) = E(V45|F:) has a continuous modification. From (4.2) and the continuity of V;
and of F; in ¢ it is not difficult to see that for each given t € [0, T] the process Ws(t) is a.s. continuous at
t. Thus it suffices to show that there is a set Q* C Q such that P(2*) = 1 and for each w € Q* and any
Cauchy sequence {g,,} of rational numbers in the interval [0, 7] the sequence Ws(t,w) is also a Cauchy
sequence. Indeed, in this case for each ¢ € [0,T] we can define the value of Ws(t,w) to be the limit of
Ws(gi,w) as i — oo where {¢;}52, is any rational sequence with lim; .., ¢; = ¢t. Then on the set Q* the
process will have continuous paths and from the a.s. continuity of W;(¢) at each fixed ¢ this yields a
modification. In order to find such set 2* we proceed as follows. Set e, = supgo<s t<1:|s—t|<1/n} |Vs — Vil

and &, = E(e,|F;). Using Doob’s maximal inequality (see, for instance, [5]) we obtain

E( sup &7,) <( P JPE(gP).
0<t<T 1—p

Since the paths of V; are a.s. continuous then lim,,_,, €, = 0 a.s. By (4.2) it follows from the Lebesgue
dominated convergence theorem that

1 5 = lim F 5 < i
B Jim sup &)= lim B( sup &) < lim (37

JPE(el) =0

Hence, limy, oo supg<t<7 En,t = 0 a.s. It follows that there exists a measurable subset Q* C 2 such that
P(Q*) =1 and for every w € Q*,

(1) limy—c0 SUPg<i< En,t(w) = 05
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(2) For any rational numbers ¢, p,r in [0,7] and each n such that |p — ¢q| < 1/n,
|E(Vp+s|Fr) (@) = E(Vas|Fr) ()] = [E(Virs — Vars|Fr) (W)
< E(|Vp+5 - ‘/;1+5||-7:r)(w) < E(5n|-7:r) (w) < sup E(Enu:t) (w) = sup 5n7t(w)?
0<t<T 0<t<T

(3) For every n <m,

sup Emi(w) < sup & (w);
0<t<T 0<t<T

(4) For every rational ¢ € [0,7] the path E(Vg14|7;)(w) is continuous in ¢;

Let {gn} be a Cauchy sequence of rational numbers from [0,7] and let € > 0. By (1) for every w € Q*
there exists ng = ng(w) such that

sup Eni(w) <€/3
0<t<T

provided n > ng. Let mg be such that |gx — ¢;| < 1/ng for every k,l > mg. By (3) there is n; = ni(w)
such that

|E(Vapy+51Fs) (@) = E(Vy,., +5lF:) (w)] < €/3
provided 0 < s <t < T and |s—¢t| < 1/n;. Let my > mg be such that |gx —q;| < 1/n4 for every k,1 > m;.
If £, > my then from the properties above it is easy to see that

|Ws(a) — Ws(aw)| < [Ws(a) — E(quOJr5|-7:ql)|
+‘E(qu0+6|fql) - E(qug+6|qu)‘ + |E(‘/‘1m0+5|qu) - WS(%)‘
< 28upg<i<r Engt + ‘E(quﬁﬂ}—qz) - E(qu0+6|~7:qk)‘ <6
and so the the sequence E (‘/:Zn+5|.7-' n) is also a Cauchy sequence and the lemma is proved. (]

Next we discuss the game value of a multi stopping Dynkin game. In order to simplify the notations we
consider nondiscounted payoffs which always can be achieved by appropriate normalization. Let s, t € Sp
and set

where
Ri(0,7) = Xi(0)l{ory + Yi(T)1{o>7}

and ((o1,...,00)(71,...,71)) = F(s,t) (see Definition 2.1 and below it). As in Theorem 2.5 we define two
special stopping time strategies s*,t* by

(4.3) s(1,0) =inf{0 < t: V) = XDy AT, v(1,0) =inf{0 < t: V) =y}
and for 1 < i <,
s (i,0) =inf{lo+6 <t: VT = xTHN AT and
t"(i,0) =inf{oc+ 46 < ¢t: /AR }Q(FHU}.
The main result of this section is the following.
4.2. Proposition. For every s, t € Sr,
(4.4) H(s*,t) < H(s*,t*) < H(s,t"),

i.e. the multi stopping Dynkin game possesses a saddle point < s*,t* >, and so it has a value which is
equal to H(s*,t*).

In order to prove Proposition 4.2 we need the following key lemma.
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4.3. Lemma. Lets,t € S and set
F(s*,t) = ((07,.,00), (11, .., 7)), F(s,t") = ((01,.,00), (74, ., 77))-

Then

(4.5) E(RY"D(0f 0, Ti—ita) + Riis1 (071, m—i11)) < E(RD (07,11, m1mi41))
and

(4.6) E(R(Fl)(alﬂ‘wa Tz*—i+2) + Ri—iv1(or—it1, Tz*—i+1)] > E(R(i) (o1-it1, Tz*—i+1))

Proof. We prove only the first inequality since the second one follows in a similar way. From the definitions
of X Y@ and R™ we obtain
i) (% _ (1) (1)
R(l) (Ul_i_l,_l? Tl*i‘i’l) - l{o.l*—H—l<Tl*i+1}XU?—i+1/\Tl—i+1 + 1{0?—i+1271*'i+1}Yo'f,,i+1/\7'l—i+l
% (i—1)
= 1{Ul*—i+1 <Ti—it1} (Xl—H‘l (O.lfiJrl ATi—it1) + E (‘/(Uf—i+1/\7'l—i+1)+5 |'7:‘Tl*—i+1/\”*'i+1 ))

(i—1)
+1{0{’_i+1 >Ti_it1} (Y[l—i-i-l]ﬁz*_i“/\"'l—iﬂ + E(V )+6|‘7:‘777i+1ATl—i+1))

(Uz*,i+1ATL—i+1
— , * ) (i-1)
B Rl_l"'l(a-l—i"‘l’ Ti—it1) + E(‘/(Uf—i+1/\7'l—i+1)+6|]:Ul**i+1/\n*i+1)’

and so
(4.7) E(R(i) (01 i1, Ti—iv1)] = E(Rl—iﬂ(‘jf—iﬂﬁz_i“)) + E(V(Fl) )

(0 i1 ATI—ig1)+0

On the other hand, from the definition of o7_; , (see (4.3)) we obtain

i— * i—1 i—
R( 1)(Ul*i+2’7—l_i+2) = 1{0-[*—1'+2<Tl—i+2}X( : +1{"z*71'+227'l—i+2}y( Y

I ite Ti—it+2
(i-1) i-1) _ 1/(i=1)
< 1{01*_1‘+2<Tl—i+2} U{Li+2 + 1{01*_1‘4-2271—1’4—2} T(Lz—m+)2 - VUf,i+2ATL—i+2'

Since fo(;:vl:zA(U?,i+1ATz—i+1+5+t) is a supermartingale with respect to
{Fo; ., Ari_izatotttezo (see Corollary 3.3) it follows that

i—1) [ _* i—1 i—1
(48) E(R(Z 1)(0l7i+2’ Tl—i+2)) < E(E(Vél‘z‘fwl/\nfwrz |‘7:‘7f7i+1/\7'l*'i+1+6)) < E(V;;_i+)1/\7l—i+l+5)
which together with (4.7) yields (4.5). O

For the special case s = s* and t = t* set
F(s*,t*) = ((o7,..,070), (11, .., 7))
Then from (4.5) and (4.6) we obtain for every 1 < i <[ that

(4.9) E(R(i_l) (Ultz‘+2a Tlti+2) + Ri—it1 (Uztzurl ) Tltz‘ﬂ)) = E(R(i) (Ul*fiJrlv Tl*fiJrl))'

Proof of Proposition 4.2. We prove only the left hand side inequality in (4.4) while the second inequality
can be proved in a similar way. Let s € Sy and set

F(s*,t) = ((o1(s™, t), .., 01(s™, 1)), (11 (s™, t),..,7y(s",t))) and
F(S*at*) = ((Ul (S*?t*)v ) UZ(S*?t*))a (Tl (S*vt*)a --77-1(5*7t*)))'
From Lemma 4.3 we obtain that for every i > 1,

I—i+1
E(R(i_l)(al_¢+2(s*,t),Tl_¢+2(s*,t)) + Z Rj(O'j(S*,t)Tj(S*,t)))

Jj=1

l—i

< E(RD(01_i41(", 1), a1 (8, 1)) + > Rj(0;(s™,t)75(s, 1))
j=1
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and for (s*,t*),

l—i+1

E(R(ifl)(al,lqrg(s*,t*),Tl,i+2(5*,t*))+ Z Rj(Uj(S*,t*)Tj(S*,t*)))
=1

l—i

= E(RD(01-i31 (%, t°), Ti—ig1 (5°,87)) + Y Ry(0 (s, )5 (5%, t7))).

j=1
Hence,
l
(4.10) H(s*,t) = E()_Rj(o1(s*,t), m1(s", 1)) < E(RY(01(s", 1), 7 (s", 1))
i=1
and for (s*,t*),
(4.11) H(s*,t*) = BE(RY (o1(s™,t"),7(s", t"))).
Observe that from the definitions of s* and t* for every t € S the inequality
(4.12) E(R(l)(al (s*,t), 7 (s*,t))) < E(R(l)(al (s*,t"), 71 (s*,t*)))
is just the case of the usual Dynkin game and so we have the equality
(4.13) Vo = E(RO(01(s", 1), 71 (s, 1))

Note that o1(s*,t) = s*(1,0) does not depend on t and similarly 7;(s,t*) does not depend on s. From
(4.10) , (4.11) and (4.12) we obtain that

(4.14) H(s*,t) < B(RO(o1(s%,t), (s, 1)) < BE(RD(01(s", %), 11(s", 7)) = H(s", t").

5. DOOB—MEYER DECOMPOSITION

Let X; > Y; > 0 be two a.s. continuous processes satisfying (3.1) and adapted to the filtration {F;}o<¢
which satisfies the conditions of Proposition 3.9. Let V; be the game value process with a time horizon
T > 0 given by (3.2) and let 6 > 0. Since by Corollary 3.2 for each 0 <t < T the process V,, ;a5 in s is
a supermartingale with respect to {Fs}s>i4s it admits a Doob—Meyer decomposition (see [5] or [7] ),

(5.1) Vorisne = Ma(t) = Ag(t), ¥s>t+6

where M;(t) and A4(t) are a martingale and an increasing process, respectively, satisfying
Miys(t) = Vies, andso Aiis(t) =0.

For t < s <t+ 6 set also

(5.2 My () = E(Visl ).

In view of properties of the filtration {F;};>0 we can assume that for every ¢ the process Ms(t), s > t is
an a.s continuous modification of the martingale above. In view of Proposition 3.9 we can assume also
that the game value process V; is a.s. continuous and for every ¢ > 0 we can take the a.s. continuous
modification of the increasing process As(t), s >t + d, as well.

5.1. Lemma. There is a subset Q* with P(2*) = 1 such that for every w € Q* and every non decreasing
sequence of rational numbers {q;}52, the limit

(5.3) llggo MqﬁT(Ql’)(‘*’)1{q¢+r§0qi+a(w)}

exist for all r > 6.



16 Y.Iron and Y.Kifer

Proof. Let p > q. Then

((MS(Q) = Apts(q)) — (Ar(q) — Ap+6(Q)))1{0q+aZp+6} = (Ms(p) — A, (p))l{aq+52p+6}

for every s > p + 4. Indeed, the left hand side is equal to Vo, ,arl{s, s>p+s} and by (3.6) this process
is equal to Vo, ;arlis,, s>ptsy Which is the right hand side. Furthermore, both sides are the Doob
decompositions of the same supermartingale and since we take their a.s. continuous modifications then
by uniqueness they are indistinguishable (see [7]). We conclude that for every p > ¢ there is a subset
Q(p, q) with P(Q(p, q)) = 1 such that for every w € {og45 > p+ 3} N Qp, q),

(5.4)  As(@(w) = Aprs(@)(w) = As(p)(w) and  M(q)(w) — Apts(q)(w) = Ms(p)(w), Vs = p+0.
Hence, we can find a subset Q* with P(Q*) = 1 such that every w € Q*,

(1) Vi(w),X¢(w) are continuous in t;
(2) Mg4r(q)(w) and Ag4,(q)(w) are continuous in r for every rational number g;
(3) For every two rational numbers p > ¢ the equalities (5.4) hold true.

Let {¢;}$2; be non decreasing sequence of rational numbers with a limit ¢ < T. Fix r > § and let
w € Q*. Assume, first, that ¢t +7 > 041 5(w). Then we can find iy = ip(w) such that ¢; +7 > gv15 > 0g 45
for every ¢ > dg. It follows that Mg, +,(¢i)1{g;+r<o,, 53 = O for every i > io, and so the limit in (5.3)
exists.

Next, assume that ¢t + r < o;y5(w) and let € > 0. Since r > § and Vi(w), X;(w) are continuous we
obtain, from the definition of o; that

hm Oq;+6 = Ot4+6 Z t+r> t+5
1—00

This means that there exists ig = io(w) such that for every i, j > 1o,
(5.5) Ogits >t +0 2> qj +9,
and so by (3.6) we obtain that o4, 45 = 0t4s. Since opys > t+ 1 > ¢ + r it follows also that for every
1> 10,
(5.6) Ogits > Gi + 1.
From (5.6) we see that for i > i,

Mo, ++(g:) (W) = Mgi4r(4:) (@) L gi4r<og, 45 (w)}-
By (5.5) we can use the condition (3) above to obtain that for every j > i > iy,

Agy+6(aio) — Agi+6(dio) = Ag;+5(i)-

Using the condition (2) we also get that

h.m qu+5(qi) = i<1}TOO (qu+5(qio) - Aqi+5(qio)) =0.

1< j—00
Let i1 = i1(w) be such that
A%‘+5(qi1)((")) < 6/3a Vi >y
By the condition (2) above there is io = i2(w) such that
|M H—T(qil) - qu+7’(qh)| < 6/3 VZ,] > io.
Finally, let i3 be such that g;, +r >t + 6. Then, for every i,j > i1 V iz V is,
| Mo, +r(qi) — Mo;4r(a5)| < | Mo, 1+r(i) — Mo, (giy )| + | Mg, (i) — Mg ++(gi,)|
+|qu+7’(qi1) - qu+T(qj>| = Aqi+6(qi1) + |M H-T(qil) - qu+7’(qi1)| =+ qu+5(qi1> < €.
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5.2. Corollary. For any 0 <t <T and §6 <r <T —t there exists a random variable MHT (t) such that
My (t) = Mipr()1gt1r<or,sy Q-5

Furthermore, for any w from Q* found in Lemma 5.1 and every § < r the function w,(t) = My, (t)(w) is
left continuous. Moreover, let {t;}32, and {r;}2, be two non decreasing sequences of real numbers with
limits t and r, respectively, such that r; > & for every i > 1. Then for each w € Q,

(5.7) Aim My, () (W) = My (1) ().
Proof. By Lemma 5.1 for any w € 2* we can define
wr(t) = My (t)(w) = llggo Mo, ++(¢) (@) (g, 1r<og, 4 5}

where {g;}$2, is some non decreasing sequence of rational numbers with the limit ¢, and the function
wr(t) is left continuous. Add ¢ to the set of the rational numbers and let Q* satisfies conditions (1),(2)
and (3) above with respect to this extended set of numbers. Then

Mt+r (t) = zli{(r)lo M(IH-T (qi)]-{tJrrSo'qi_*_,;} = Mt+7’1{r+t§0t+r}7 Vw € Q:

and P(QF) =1 so the first equality of the corollary holds true.
In order to prove (5.7) it suffices to show that lim;_,oc Mgy, 4r,(¢;)(w) = M4, (t)(w) for each ¢, and

any w € Q* where {¢;}72, is a nondecreasing sequence of rational numbers with the limit ¢. From the

definition of M, (t) we see that for any w € Q*, each § < r and every rational number g,

(5.8) Ma1r(q)(w) = Mgir(@) (W) Lg4r<oy s(w)}-

Let w € Q* and € > 0. Assume, first, that o¢1s(w) < t+r. As in Lemma 5.1 we can find i¢g = ig(w) such
that o, +r, < ¢; + 73 for every i > ig. Hence, My, ,,(q;)(w) = 0, and so the limit (5.7) exist in this case.
Next, assume that oy,(w) > ¢ + r. Then, again, similarly to Lemma 5.1 we can find iy = io(w) such
that for every ¢ > ig and each j > 1,

Ogits = qi +7 2 q; + 1y,

and so using (5.8) it follows that Mq,iJrrj (¢i)(w) = My, 1r,(q;)(w) for each such 4, j and w. As in Lemma
5.1 we can find ¢; = i1(w) > 49 such that Ay, 1+5(¢,)(w) < €/3 for every ¢ > 41, and so from the condition
(3) for Q* we see that for every ¢ > 4; and each j > 1,

(59) |M T (ql) - th‘i””j (qi1)| < Aq'i“l’is(qil) < 6/3
Note that the inequality (5.9) remains true if we replace r; by r. Taking the limit with respect to 4 in

(5.9) and using the continuity of M,(g;,) together with the definition of Mt+rj (t) we obtain that for every
Jj=1

|Mt+m‘ (t) - MtJrTj (qi1)| < 6/3
Using again the continuity of M,.(g;,) we can find iy = is(w) and jo = jo(w) such that
|Mg,+r; (@) — Mitr(¢i))| < €/3 Vi =iz, Vi > jo.
We conclude, using (5.8), that for any ¢ > ig V i1 Vig and j > jo,
| My, i, (4) = Mg (8)] = | Mo, i, (gi) — Mign(2)]

= | Mgty (@) = Mgty (@i)| + [ Mgty (@02) = Mer(ai,)| + | Meir(gi) = Miir ()] < €.
We get that (5.7) holds true when {¢;}52, is a rational sequence and the general case follows from left
continuity of M. O
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Note that (5.7) can be written as
(5.10) lim M, (t;) = M.(t)

where {r;} and {t;} are non decreasing sequences of real numbers such that r; > ¢; + 6. We now extend
the definition of M, (t) for r = ¢ + by setting

Mii5(t) = Vigs.

Observe that the limit (5.10) cannot be extended to the case where r =t + 6 and r; > t; + 0 since in this
case M, (t;) =0 if r; > 04,44 for every large i, though in general Vi;5 # 0. On the other hand, assume
also that o¢45 > t + 6 then as in Lemma 5.1 there exists ig such that 04,45 = 0446 >t +6 > t; + 6 for
every i > ip and using arguments similar to Lemma 5.1 and Corollary 5.2 we obtain (5.10) for this case
too.

Let 7, p be two stopping times such that 7+ § < p < 0,45. Then from Corollary 5.2 and the above,

2" —1
(511) M) (7)) = VersLirromor sy + MM Liriscor sy D Moo, ) () Limesr@)<niny 25
k=0

where nj = Q%T and pn, = p A op,+5. Note that we take p,, and not just p because in this case
Pr < Onp+5, and so

M,,, (k) = My, (nk).
Since for every ny the process M, (ng) continuous it is, in particular, progressively measurable, and so
the function M,, (ny) is measurable (see [7]). We conclude that the sum in the right hand side of (5.11)

is measurable for every n, and so M,(7) is measurable too.

5.3. Lemma. Let 0 < 7,p,p" <T be stopping times such that T+ 0 < p' < p < o,15. Then the random
variables M,(T) and M, (T) are integrable and satisfy

(5.12) E(M,(7)|Fy) = My (7).
Proof. First, note that {ny <7 < ngy1} € Fr C Fy since 7 < p’. Next, the case p’ > pp, can happened

only if p > p’ > 0y, 15, and so in this case p}, = pn, = 0pn,1s5. By these two facts and taking into account
that M, (ny) is a martingale we obtain for every n and 0 < k < n that

(5.13) E(M,, (n)1{n, <renpeitlFor) = E(My, ()| Fp) Lin,<reniss)
= (E(My,, ()| Fp )L <poy + E(Mp,, ()| Fp ) s p, 3) Ling <r<nns}

= (My ()1 <p,, 1 + Mo, (06) 1105, 1) g <r<ngn) = Mpy, (001 {ng <r<ngys)-
Next, for any m > 0 and n > 0 set

2M—1 2" —1
A = U {nk <7< nk+1} N {Unk+5 >T+ 5} and Nrrzn = ( Z Mpnk (nk)l{nkSTgnk+1})1Am
k=0 k=0

Then by (5.6) it follows that |J,,~oAm = {045 > 7+ ¢} and A,,, € F.; for every m > 0. We claim
that for every n > m, B
Ny =2 Ny
Indeed, fix some w € A, and assume that w € {ng, <7 < ng,+1}. Then
2ko + 1 2ko + 1 2(ko + 1)

k
either w6{2—2T§T<7T} or we{———T7T<7<

on+1 on+1 on+1 T}'

In the first case it is easy to see that Ny"(w) = N (w) = M), (nk,). In the second case note that since
0

Ongy > T+ 06> (n+ 1)2g,+1 + 6 we can use (5.4) to obtain
My, (1) = Apng1)ag 0 (k) = Mp,,, (17 + 1)2kg+1)-
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We also get o, 15 = O(n+1)any 1145 = Or+8, a0 80 Py = P(nt1)5, 4, - From the above and the fact that
A, (t) is non negative it follows that

NP () = My, (1) > My, (04 Dokg) = Mgy (04 Dokgn) = Ny ().

Since M,(t) is integrable in view of (4.1) then N, is also integrable for every m > 0 and n > 0. Since
for each m the sequence N* is nonincreasing in n > m we can use the Lebesgue bounded convergence
theorem for conditional expectations to get that for each m and every o-algebra G,

E( lim NJ'G) = lim E(N'[G).

Since Ay, C {0746 > p+ 6} for every m we see that

2" —1
nlLrI;o Ny = nlgr;o ( Z Mpnk (nk)l{"kSTSnk+1})1Am = MP(T)IAM
k=0

and since A, € Fr45 C F,y for every m we can use (5.14) to obtain that
E(M,(1)|Fp)1a,, = E(M,(1)1a,,|Fy) = E(lim, oo NJ*|Fy) = lim, .o E(NI'|F,)
i (525 My (0L o) L ) = i B((525]
My, ()L srsng )1 Fo) La, = limn—oe (35" My, (00)1(n,<r<niiiy) 1o, = My (7)1,

Now letting m to co we obtain that

E(MP(T)|fP’)1{UT+5>T+5} = Mp’ (T)10{1-+5>T+5}
and (5.12) follows. Note that if we take p’ = 7 + ¢ then
E(My(7)|Fris) = Viss,
and so M,(7) is also integrable by (4.1). O

Next, we extend the definition of M,.(t) for smaller 7 setting M, (t) = E(Vigs|F,) forany 0 < ¢t < T
and t < r < t+ 9§ and in the case r = ¢t + § we choose the continuous modification of the process
My(t) = E(Vi+5|F:) (see Lemma 4.1). It is easy to see that for every stopping time 0 < 7 < T,

(514) E(MTJHS'}—T) = E(VT+6|}—T) = MT
We summarize this section in the following

5.4. Corollary. Let M, (t)t > 0; r >t beasin (5.1) and (5.2). Then for anyt there exists a modification
of this process such that

(1) M,(0) is integrable for every 0 < p < oy and
E(Mp(o)u:p’) = MP’ (0)

whenever 0 < p' < p < og;
(i) Let T be some stopping time then M,(T) is integrable for every 7406 < p < o, and

E(MP(T)|fp’) =My (1)

whenever T+ 0 < p' < p < o,1s;
(iii) Let T be some stopping time then

E(M,45(7)|F;) = M. (7).
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6. MARKOVIAN CASE

Let X; > Y, > 0 be two continuous processes adapted with respect to the filtration {F;},>¢ satisfying
the same conditions as in the previous section. Before dealing with the Markovian case we derive a
general result concerning the game value process. For every 0 < s < ¢ set

Vet = esssupsgfgtessinfsgggtE(R(U, 7')|.7-'5).

Then by (33)7
Vi = E(R(04,7s.t)| Fs)

s

where
(6.1) osp =inf{s <r: X, =V, }At, 1 =inf{s<r:Y,=V,,}.
For 0 <t <s,
{00t <705} ={00t Ns <705} and {oo:> 70} ={00s NS> 705},
and so

Vot — Vo,s = E(R(00,t,70,)) — E(R(00,5,70,5)) = E(R(00,4,70,5)) — E(R(00,4 A $,70,5)) = 0.

Hence, Vp; is nondecreasing in ¢.
For two stopping times 0,7 and a > 0 define

Ra(aa 7-) = (XU + 05)10<T + Y‘r]-{-rgo}

and denote by V%, the value of the Dynkin game where we replace X; by Xt +«. We also define o4, 75
to be the corresponding optimal stopping times with respect to this game.

6.1. Lemma. For everyt >0,
Voo < Vot <Vor +a,
and so in the sup norm,
lim Vo™ = Vo
Proof. We have
Vi = Vou = B(R* (00,4, 764)) — E(R(00,6,76)) = E(l gy ,<rg.3) =0

and
Vot — Vooft > E(R(Ug‘,t, 7'07,5)) - E(R“(agjt, 7'07,5)) = E( - al{g&t@.o’t}) > —q.

6.2. Lemma. The function Vo is continuous in t.

Proof. Assume, first, that X; > Y; for all t. Let s <t and set
00, =nf{0<7r<s: X, =V, }AL
Since X5 > Y; =V 5,
{064 <t} ={o0s < s}, {00, =t} = {00 = s},

and so for every stopping time 0 < 7 <,

{08,5 <71} ={00,s <TASs},

{06, 2 7} N {og, <t} ={o0s 2 ThN{oh, <t} = {o0s 2T As}N{og, <1t}
and
{08,5 >7inN {06’5 =t} ={o0s >TAS}N {08,5 <t} ={oos >TASIN {06’5 <t}

Hence,

{06 <7} ={00s>7As}.
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Let

(6.2) et(€) = sup max (| X, — X, |, [Y, — Y |)
{0<r,r' <t:|r—r'|<(}

then

Vo,s — Vo = E(R(00,5, 704 AS)) — E(R(Ué,sa To.t))
> E((on,ms - YTD,t)l{UO,sZTO,t/\S}) > _E(Et(t - 5))
Since Vp ¢ is nondecreasing in ¢ we see that
(6.3) Vo,s = Vou| < E(ee(t —s))

By our assumption X, Y, are a.s continuous and satisfy (3.1), and so by the Lebesgue bounded conver-
gence theorem

hII}E |VO,5 - V()’t| =0.

In order to remove the assumption X; > Y; we apply, first, the above proof to VO{{", n=1,2, .. (where
this assumption is satisfied) obtaining their continuity in ¢ which according to Lemma 6.1 yields V; ¢+ as
a limit of continuous functions in the sup norm making it continuous in ¢, as well. O

6.3. Remark. Using the same argument as in Lemma 6.2 we can also easily get that for every 0 < r <
s <t,

(6.4) Vis = Vil S E(ee(s — )| F)  as.

Next we turn to Dynkin games in discrete time. Let 0 < ¢ and let n be a positive integer. Define
Tt to be the set of all stopping times 0 < o < s that get values in the set {% :k=0,1,..,n}. For
every k < m < n define

T(n)at _ et . 2 o5
k,m {0 n = o n }

and
Vk(:;)L = eSSSUP, crn)-e essinfTeTén),tE(R(a, )| Fe ).

Then we have the following (see [6]),
6.4. Lemma. For every 0 < k<m <n,

VIt = B(R(0%m, T )| Fis )

(n),t
and also for every o, T € Tk s

E(R(Uk7m,7')|f%) < E(R(O’k)m,’rkﬂn”fkt) < E(R(U Tk’m)|fkt)

where
. kt It mt )t . kt It mt (n),t
O'k)mzlnf{ggﬁé o th: l:;LL }/\ andi)mzlnf{ESESYIY%:‘/l); }
For each stopping time 7 € 7 we define d,(7) = Z;& (ktl)tl{(k)t< <Getney From Proposition 3.2

n [6] it follows that for any stopping times 0 < o, 7 < ¢,
t t
(6.5) R(o,dn(7)) +er(—) = R(dn(0), dn(7))) = R(dn(0),7) — €()

where &;(C) is defined in (6.2). We fix a horizon t > 0 and n and write V(") for V("):t. Set also ¢, = £
and for every 0 < s < ¢ denote

kt tks
. = —< = 5 =ty
(6.6) ks Oglkag(n{ - s} and n(s)= - so that n(s) = tg,
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6.5. Lemma. For every 0 <k <m <n,
n t
Ver tm — Vk(,n)J < E(atm(ﬁﬂftk)
Proof. For ok and 7y, defined in Lemma 6.4 and oy, +,, and 7y, ¢, defined in (6.1) we obtain from
(6.5), (3.3) and Lemma 6.4 that

n t
Viitw = Vi < B(ROkm: 10| F) = E(R(@kms d(70,,0,))|Fui) < B (e, (5| F).
On the other hand,
n t
Vir it = V2 > BE(R(04, b oo )| Fer) — E(R(dn (04, 0,,), o) Fe) > —E(en,, ()| Fs,).
’ n

Now, let 0 < r <t then for every [ < n,
t t
E(Q(E)'-/Tn(r)) S E(et(z)|fn(f’))a
and so ; ;
lim sup E(Gt(aﬂfn(r)) < limsup E(et(z)|fn(r)).

Since lim, o n(r) = r we obtain by the properties of the filtration that a.s.,

. t . t t
l1msupE(et(2)|fn(r)) = nh—>Holo E(et(2)|fn(r)) = E(et(2)|.7-})

n—oo

Using the Lebesgue bounded convergence theorem it follows that a.s.,
. t

(6.7) Jim E(Et(ﬁ”]:n(r)) =0

This yields the following

6.6. Corollary. Let 0 <r < s <t then a.s.,

lim V") = Vis

n—oo

Proof. By the triangle inequality
|Vk;(7’n’3{;3 - r,s| < |Vk:173<;5 - Vn(r),n(s)| + |Vn(r),n(s) - Vn(r)7s| + |Vn(r),s - ‘/r,s|-

Using (6.6) we obtain from Lemma 6.5 that a.s.,
n t t
Vilk, = Vaneol < Bents) (D1 Fac) < Ble( )| Fun),
and so from (6.7) it follows that this term tends to 0 a.s. as n tends to co. For the second term we use
(6.4) in Remark 6.3 and (6.2) to obtain

t
Vayints) = Vaery,sl < E(Et(ﬁﬂfn(r))-

Next, using Proposition 3.9 we obtain that for every fixed s the process V, s is continuous in 7, and so

the right hand side of the above formula tends to 0, as well. O

Next, let Sy, t € [0,T] be a continuous Markov process with respect to {F;};>0 with the state space
R™ and a Markov family { P, },cgrm. Let P be the probability on F with expectation E such that for any
bounded measurable function p on R™,

E(u(SF)) = Ex (u(S1))
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where E, is the expectation with respect to P, and S¥ is the process S; starting at . We assume that
there is Cs > 0 such that for every stopping time o < T,

(6.8) E|SE — SY| < Csla — |

which is trivially satisfied when S; is given by (2.2). A Markovian Dynkin game is determined by two
payoff functions g(x) > f(z) > 0 on the state space R™ so that

X7 =g(S7) and Y7 = f(S7).

We assume that the functions g, f are Lipschitz continuous with Lipschitz constants C,; and C, respec-
tively, and, in addition, for every 0 <t < s,

(6.9) E(supo<i<s9(Sy)) < oo.
Set
e Q) = sup max(|g(SY) — g(S¢); 1£(SF) — F(SE))-

{0<t,t/ <se[t—#|<¢}
6.7. Lemma. Let 0 < s <t then for every ¢ > 0 a.s.,
Eissi(et—s(a)) < Ex(ee(a)| F)
Proof. Define D™ = {£: k =0,..,2™} and ng) ={t-d:de D™} Set

er™(¢) = max max(|g(83) — g(S3)], [£(S3) — £(S3)]).

{d,d’eD{™:|d—d’|<¢}

It is easy to see that for every ¢ and z a.s.,

lim "™ (¢) = £2(¢).

m—00

Using the Lebesgue bounded convergence theorem we obtain
Tim B, (172(Q) = Ea(ee-5(0)),
and so we see that for almost all w,
i By ) (£72(0) = Blsz o) (5e-5(0)).-
On the other hand, by the Markov property it follows that
Eise)(47(0)) = Eysyp) (max, oy pom g a<ey max(l9(S5) = 9(SE) 1F(S5) = f(SEID)
= B (8% g pm ey M05(9(5Fa) = 9052, ) |, 1F(S20) = F(S2,a)D)IFS) < Bu(QIF),

Since this inequality holds true for every m the result follows. O

Let V() and Vk(?r)l(x) be the same as V;; and Vk(::i but defined using the expectations F, in place
of E. If 0 < s <t then by (6.3),

Vo,s (@) = Vo ()] < Ep(er(t — 5)).
Using Lemma 6.7 we obtain that for every 0 <r < s,
Vo, (S7) = Vo (S| < Elsyy (se(t = 5)) < Eu (s (t = )|F).

Under (6.9) we can use the Lebesgue bounded convergence theorem for the above conditional expectation
to obtain that

(6.10) lim Voo (S7) = Vou(S7)  as.

We have also the following property
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6.8. Lemma. There exists a constant C' > 0 such that for every 0 < m < n,
Vo () = Vilnlw)| < Clar — yl.

Proof. Let
Rw(aa ) (S )1{U<T} + f( )1{o>r}
From Lemma 6.4 we see that

Vi (@) — Vi (y) = Eu(R(00,m 10,m)) — Ey[R(00,ms T0,m)) < E(R (0 103 T8 1))
—B(R(0Y 0, 75,)) < E(l9(S%, ) = g(S% ) +E(F(S%, )= F(S% )I)
E(S2, —SY |)+CrE(Sg — 8% ) < CyCsla —y|+ C;Csla —y| < Ol —yl.

T

O

Before formulating the main result of this section we recall that by [3] in the discrete case we have
that

(6.11) VI (@) = Vi (SE)

6.9. Proposition. For every s <'t,
(6.12) Vsi(z) =Vo1—s(S5) a.s.
Proof. Using (6.11) we see that for every n,
Ve (@) = Voms (ST < Vo) = Vil @) 4 [Vilk) i, (S5)) = Vo —, (59)]
HIVS e, (ST) = Voutu, o, (SE + Vot -, (ST) = Voe-s(S7)1:
From Corollary 6.6 we obtain that the first term above tends a.s. to 0 as n tends to oo. From Lemma
6.8 it follows that
Vi, (S5(6) = Vorkr—1, (ST)| < CIS5) = 2,

and so since the process is continuous the second term also tends a.s. to 0. For the third term we use
Lemma 6.5 and Lemma 6.7 to obtain

n T T t t
|Vv0(,kz—kS (Ss) - ‘/Oytkt—ks (Ss )| < E[Sg] (Etkt—ks (E)) < E, (Etkt—kerS(E)'}—S)

where the right hand side tends a.s. to 0 by the Lebesgue bounded convergence theorem. Next, {5, ., =
ko)t _ g n(s), and so tx,—, tends to t — s as n tends to oo, and so by (6.10) the last term tends a.s.

to 8, as well. Il

Let now S¥, t € [0, T] be the price of m stocks in question at time ¢ given by (2.2) provided their initial
prices were represented by a vector x. Assume that the game option payoffs are given by X7 = ¢(S¥)
and Y;® = f(S¥). Then if at time u the stocks prices are x then the game option value function (see [6])
is given by

F(z,u)= sup inf E(eimm— (9(S§)1{0<‘r} + f(Sf)l{UZT}))'

0<7<T—u 0S0<T~u

In order to study this function we need to extend our discussion on Markovian Dynkin games to the non
homogenious case. Thus, we extend the state space to & = R* x R} and consider S[a: ul = = (S¥,u+1t)
which is a Markov process on this state space with a Markov famlly {Piz,u)} {z,ujce- We introduce a pair
of function g(x,u), f(x,u) on £ which satisfy the following conditions

(i) for every u the functions f, g are Lipschitz continuous in = with a constant that does not depend
on u;
(ii) For every x these functions are continuous in u;
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(iii) For every [z,u] € E and t > 0,
B ( sup g(Ss)) < oc.

0<s<t
We define V; ¢(x,u) exactly as Vi but with respect to P, ,j in place of P. So, in particular, for every

T,u| € we have a pair of optimal stopping times < o , T, > which are defined exactly as
£ we h ir of optimal stopping ti bl gl hich are defined exactl

< 05, Tst > with respect to P, -

6.10. Lemma. Assume that g(xz,u) and f(x,u) satisfy the conditions (i)—(iii) above then so does Vi +(x, u).
Proof. Fix t > 0 and write o[*% and 7*¥ in place of Jéﬁu] and Téft’"]. The proof of condition (i) goes
on exactly as the proof of Lemma 6.8 and we note that the Lipschitz constant of Vj +(z,u) in « does not
depend on t. For condition (ii) we observe that

Vo (z,u) — Vou(z,w) < Bl (R(e®) 7124)) — B, [R(o150) 1o
= E((9(S%0.m) ol u) — g(S%1 0y, 01" 4 W)) 1ol <rlonl})
+E((f(8f[m,u] 7ol 4 u) = f(SZa, rleul 4 w)) 1{0[%,“,]27[1,“]})
+AE(|9(SZ w0, 0 1) = 9(S2e w1, 7+ w)]) + B (| £(SEe T 4 1) = (ST, T 4 w)])

Exchanging u and w and using the Lebesgue bounded convergence theorem in view of (iii) and relying
on (ii) we obtain that Vj s(x, u) is continuous in u for any z. O

For every t <T — u set V;(x,u) = Vi 7y (x,u). Since the Lipschitz constant does not depend on ¢ we

see from Lemma 6.10 that the function Vo(z,u) = Vor_.(x,u) satisfies conditions (i) and (ii), as well.
By (6.12) we obtain that

(6.13) Vo(SI) = Vo (S, u+ ) = Vorr—u+(S7) = Vi _u(z,w) = Vi(z, )
Observe also that by the definition,
(6.14) Vo(z,u) = sup inf By (9(S0)Loery + F(S)1{o5r}))-

0<7<T—u0S0<T—u

Next, we show that in the Markovian case the optimal stopping times can be described explicitly. In
order to do so define the following regions in the state space &,

Co = {(z,u) : Volz,u) = g(z,u)} and Cp={(z,u): Vo(z,u) = f(z,u)}.

Since the functions in brackets are continuous these regions are closed sets. Now we can write the optimal
stopping times in the form

ol =inf{s < t: Vir_u(z,u) = (S} AT

=inf{s<t: VO(S’?’U]) = g(S’,[””’“])} AT =inf{s <t: jw’u] €CHNAT
and, similarly,
Ts[iﬂu =inf{s <t: S’t[z’"} € Cp}.
We conclude that

where p(C) = inf{t > 0: S; € C} for every C C E.
The last thing we do in this section is the following calculation which will be needed for the discounted
case. Assume that g(x,u), f(x,u) satisfy the condition (i),(ii) and (iii) above. Set
glw,u) = e "g(x,u), fz,u) = " f(z,u),
V;’lt(x,u) = Ejp ) (e*mAT (g(gg)l{g<7.} + f(S'T)l{UZT}NFS) and

‘297t(x7u) = E[zu] (§(50)1{0<7—} + f(g7)1{027}|Fs)~
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Then it is easy to see that Vi (z,u) = e "V (z,u). From (6.12) for V we obtain that V, ;(z,u) =
Vo,6-s(S¢), and so

(6.16) V(e 0) = e Vg (5.),
7. PERFECT HEDGE AND FAIR PRICE

In this section we return to the setting of Section 2 and give the proof of Theorem 2.5. For every
1<i<land 0<t<T let {Mr(l) (t)}T_, be the martingale in the Doob—Meyer decomposition

Ve e = MO(t) + AD(t) Vs>t 406

(see Sections 3 and 4) where V;(4) is defined by (2.10) and (2.11). Relying on Corollary 5.4 we choose
Mr(i) (t) t > 0; r >t to be already a modification satisfying the conditions of that corollary. For every
x > 0 we define a portfolio strategy 7% = 7%(t4,...,t;) with 7§ = x by induction in ¢. For the empty
sequence ¢ we consider the martingale M} (0)1 (e>vy (with respect to the probability measure P). By the
martingale representation theorem (see [7], Section 3.4) there exists a progressively measurable process

(@) = (a1,4(P), ..., am t(¢)), t > 0 such that fOT a;1(¢)?dt < oo for every 1 < i < m and

t
(71) MO0 =0+ [ aule) b,
0
Let ¢ be the inverse matrix of x and define
(7.2) Ve (0) = S, el
where [v]; is the i-th coordinate of a vector v. Set
677 (9) = (M;"(0) =77 (9) - St) / Bo.
We claim that the pair (87" (¢),77 (¢)) represents a self financing portfolio strategy. Indeed, let
Z5(6) = BF (9)Bi +77 (8) - S = e M, (0).
Then by (7.2) and (2.1),
dZ7" (¢) = de™' MV (0) = rZF" (¢)dt + "oy - AW = B (¢)dB;
7 (0)Sedt + (tPaw) - (kW) = BT ($)dBt + 3,0 7 (9)Se(rdt + 7L, ki ydW)
= B (9)dBy + Yo (9)Se(padt + 327y ki ydW) = BT ($)dBr + 32,017 (¢)dSt.

We assume above that x > Vo(l) = Mél), otherwise the martingale is 0 and all the definitions are trivial.

Note also that by Definition 2.2, Go(¢) = 7% — ZF" = (z — Vo(l))Jr > 0 for every 0 < x. Next, suppose we
defined ﬁz(tl, --7t1'—1) for every (tl, ---7t1'—1) € L and let (tl, ...,ti) € L. Set

A(tl, ,ti) — {Zgz(tl, ...,ti—l) > ef’ti‘/t(l*iJrl)}’

and so A(ty,..,t;) € Fi,. Then, the process {Mt(l*i) (ti)1 Aty 4) ;< is & martingale with respect to
{Fs}tt:<s. As in the case of the empty sequence we can find

Ozt(tl, .oy ti) = (Oél,t(tl, .oy tl'), ceey Olm,t(tla ey tz))
such that for every 1 < ¢ < m the process a;(t1,..,¢;) is progressively measurable with respect to
{Fs}t<s, satisfies fOT i t(t1, .., t;)%dt < oo and

t

(7.3) M ) a0 :Mﬁf‘“(ti)lA(tl,_,ti)+/ as(ty, . t;) - dW,.

ti
We then define
Yig (b1, ti) = S;tl[ﬁa]i 1=1,..,m
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and
B (tr, e ti) = (MY (t) 1 ager ) — 2 (1, s ts) - St) / Bo.
As above we obtain

ZF (b1 e ti) = BF (1 oy t0) By 7 (b1, eonsti) - Sp = " MY (t) Ly 1)y VE> 1
and  dZT (ty,....t;) = BT (t1, .., t)dBy + A7 (t1,...,t;) - dSy.
is a self financing portfolio. Using the definition of A(¢1,..,¢;) and the above equality we get
GF (t1, o ti) = ZF (t1, oo tic1) — ZF (41, s t) ZF (t1, oo tio1)
e BV 1) Lagon ) >e ’”(Vtgl - BV 1F)) Lag,
> et”(YtEl ) _ E( A D\ F N, ) = Yie1(ti)1ag,,.. 1) = 0,

Hence, ©*

and so 7* is a portfolio strategy.
7.1. Lemma. For every x the pair (7%, g*) is a hedge and if x > V0 then this pair is a perfect hedge.

Proof. If x < Vo(l) then by the definition Z7" (ty,...,t;) = 0 and Go(¢) = = and so (7%, g) is a hedge in a

(l)

trivial way so we may assume that o > V;"’. Let t € S be some stopping strategy and set

F(s*,t) = ((07,.,00), (71, o0y T1)).
We prove by induction that for every 1 <1 < m,

(7.4) Z7. (0F AT1y ey 0 ATiog) > €™ Anv(l i+1)

OFNT; FNT;

and that (m,s*) satisfy conditions (i)—(iv) of Definition 2.3. If i = 1 then Z] = e”M(l)(O) taking into
account that = > VO(Z) and since Mt(l)(O) is a martingale (7%, s*) satisfies (i). In particular,

o
ZU *NAT1

((b) — ral AT1 M(l) (0) > erol ATy V(l)

o AT oy AT
and so

P(A(ot A1) = 1.
Hence, using property (i) of Mr(lfl)(t) from Corollary 5.4 it follows that

Z7T

oy NAT1

(0 Am) = eI MED (0 Am) = eI BV Foian)-

oy NAT1 AT1

We conclude that
T 7T * ro T l l
Go AT1 (¢) Zo INATL (¢) Zo*/\ﬁ (Ul A Tl) >e iAn (V<7(1)/\T1 - E(Vo(f/\ 1+6|-7:0*/\T1))
> eroinm (RO (o1, 1) — E(VY s1Foian)) = Ri(of,m1)

oTAT1IH6

which gives us (iv) of Definition 2.3 for the case i = 1. Next, assume that (7.4) holds true for 1 <4 < [.
Then, by (7.4),

P(A(G} ATi, ol ATi)) =1
which together with the definition of #” yields that

x * * —1q * l
Zy (cY AT1y ol ATi) = erprgl ”(ai ATi) > eTpV(Hll)p

for every stopping time p such that oj A7;+6 < p. In particular, this is true for p = o} ; A7;11 obtaining
(7.4) for i + 1, and so

@ I—i—1
Z;r ((71< ATy ey Oig1 /\Ti+1) = eTleg ¢ )(0i+1 /\Ti+1).



28 Y.Iron and Y.Kifer

Also, since Mr(l_i_l)(t) satisfies (ii) and (iii) of Corollary 5.4 we see that (7*,s*) satisfies (ii) and (iii) of
Definition 2.3 for i + 1, as well. Hence,

x
Gg +1/\T,+1(UT ANT1y s Oig1 N Ti+1) = Zg*+1ATi+1 (O'T NTly ey O /\7'1')
_n” . i ro;, ATit1 (1—1) _ (l—i—-1)
ZU ATt (O’l NT1,y ey g1 A Tz+1) > e'%i+1 (VU AT E(Vo;‘+1A7i+1+6|f 1+1/\Tl+1))

* ) l—i—1
> eTOi 1A Tid (R(l l)( T Tit1) — E(V‘T(,i*+1lATi)+l+5|F L+1/\-,—1,+1)) =R (U;‘Jrl, Tit1)-

Thus, (iv) of Definition 2.3 holds true for i+1, as well. Note that we use the inequality Vﬂ}i’:l) >

RU=1 (g% ;) which holds true by the definition of o} and the fact that Yi(i) < V;(i) < Xt(i) for every
1< <1 t

7.2. Lemma. Let (m,s) be a perfect hedge. Then my > Vo(l)

Proof. Let t* be the optimal strategy for the buyer (see Section 4) and set

F(s,t*) = ((01, .00y 00), (175 o0y 7).
First, we show by backward induction in 1 < i <[ that
(75) e—ro'll\TL Zﬂ'

OiNTS

(AT oot AT ) > R (04 7).
For i = [ by the definition of a perfect hedge,
Zﬂ'

* *
oinr (OLATL o on AT )

= GgLML* (o1 ANT]yeyor A1) 2 Ri(oi, 7)) = e”lATl*TR(l)(Jl,Tl*).
Next, assume that (7.5) holds true for i + 1. Taking the conditional expectation with respect to Fo,ars+6

in (7.5) and using the property (ii) of Definition 2.3 for (,s) we obtain that

e (e +6)Zo AT +5(‘71 ATL ey 0 NT]))) 2 E(R(lii)(ozﬁrlaT¢*+1)|-7'—amr,;‘+6)

> E(V(

0'1+1/\T

|]:<71/\T +6) > V(l i)

OiNT 40"

Observe that the second inequality here holds true since R l*”l)(ai, ) > VU(IZX:*H) for every 1 <i <1
(see the deﬁnition of 7* in Section 4). The last inequality above holds true in view of the submartingale

property of { }amr +15<s (see Lemma 3.3).

S/\T

Using the property (iii) of Definition 2.3 for the hedge (m,s) we get

—Tro;\T; Z7'r

€ 0'1/\7'

(oL ATy o ATS) > E(V AT +5|]:<7 AT )-

Since (m, g) is a perfect hedge we can use property (iv) of Definition 2.3 to obtain

—roll\nZTr A
oiNTS

o1 AT o ANTF) > e TONTIR (0, TF) 4+ E(V(ZM rolFoinrs ) = RU=7D (g, 75)

—Troi\T; G7'r

€ oiNTS

(OLANTS ol AT ) =€ oL AT o AT

—T0; \T. ™
+€ ‘ 1Zo /\T

which is just (7.5) for i. We conclude that (7.5) holds true for every 1 < ¢ < [. In particular, if we
consider the inequality (7.5) for ¢ = 1 and use the property (i) of Definition 2.3 with the same argument
as above then

m0 2 Z5(9) = B(e "M 27

01/\7'

) > E(RYay,77)) > E(VY ) > v

yielding the result of the lemma. O
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We can now complete the proof of Theorem 2.5. From Lemma 7.1 and Lemma 7.2 we see that the fair
price V* for the swing game option (X;,Y;, ) is given by Vo(l). The relations (2.13), (2.14) and (2.16)
hold true by Proposition 4.2 and (4.13). Now, the existence of a perfect hedge with the initial capital
Vz(l) follows from Lemma 7.1. O

Next, we consider the Markovian case and complete the proof of Theorem 2.6. First, we prove by
induction that for every 1 < i < n: the functions g (z,u), f*)(x,u) satisfy conditions (i) and (ii)
appearing before Theorem 2.6, the equalities (2.23) hold true and for every 0 < s <t < T,

(7.6) VO (2, u) = eV (k).

Note that if (2.23) holds true for some ¢ then by the definition of VS(,? (x,u) (see (2.19)) we obtain that

VS(? (x,t) is of the form of V4, (x,u) (see (6.16) and above) and (7.6) is just (6.16). Hence, we have only
to check the first two assertions above. For i = 1 we see from the definitions that ¢(*) and f() satisfy (i)
and (ii) before Theorem 2.6 and also (2.23) holds true. Suppose now that all the three assertions above
hold true for some 7 > 1. Assume first that t < T —u — §, i.e. § <T —t — u, and so using the Markov
property, Definitions 2.20, 2.22 and the equality (7.6) we obtain that

—rt (i) alz,u —r T, —r r(i—1) alz,u —r T,
e g (S ) = e g (SI7) + e T E gy (VTD(SI55D) = ertxiti )

+E (e VI, L S(SEEOIF) = e XL )+ Bl (VG2 w)lF) = X
For thecase T —u— 0 <t <T —wu we have T — u — t < §, and so
et g (S ) = erigi_pa (S) + e Tu0 g o (VED (SE)
= ertx[M () + BE(em Tyt D(SEF) = erix [ (1)
+ Bl (Voo (SEUDIF) = e X170 (0) + Bl (Ve S (SEDIF) = XM,

Thus (2.23) holds true for ¢ and the equality for f() can be proved in a similar way. Since by the
induction hypothesis ¢~V (z,u) and g~ (z,u) satisfy the conditions (i) and (ii) in question so does
V(i’l)(x, u) in view of Lemma 6.10 and it is easy to see that in this case the function
e*T‘M(T*“)E[I’U](V(ifl)(gg,\(;p_u))) also satisfy these conditions. By the definition of f*)(z,u) and
g (z,u) we conclude that they satisfy these conditions, as well.

Next, for every 1 <1 <1 let c!? and Céi) be the domains defined in Theorem 2.6. Then by (6.15) the
equality (2.24) holds true, and so (see [9]) for each i the function v(x,u) = V@ (x,u) is a solution of the
parabolic free boundary problem (2.25) which exists according to [4]. O
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