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ABSTRACT. We provide conditions which yield a strong law of large num-
bers for expressions of the form 1/N 25:1 F(X(q1(n)), -+ ,X(g¢(n))) where
X(n),n > 0’s is a sufficiently fast mixing vector process with some moment
conditions and stationarity properties, F' is a continuous function with poli-
nomial growth and certain regularity properties and g¢;,7 > m are positive
functions taking on integer values on integers with some growth conditions.
Applying these results we study certain multifractal formalism type questions
concerning Hausdorff dimensions of some sets of numbers with prescribed as-
ymptotic frequencies of combinations of digits at places qi1(n), ..., g¢(n).

1. INTRODUCTION

Nonconventional ergodic theorems which attracted substantial attention in er-
godic theory (see, for instance, [3], [12] and [2]) studied the limits of expressions
having the form 1/N 27]:[:1 7o) f ... T7%™M) f, where T is a weakly mixing mea-
sure preserving transformation, f;’s are bounded measurable functions and ¢;’s are
polynomials taking on integer values on the integers. While, for instance, [3] and
[12] were interested in L? convergence, other papers such as [2] provided conditions
for almost sure convergence in such ergodic theorems. Originally, these results
were motivated by applications to multiple recurrence for dynamical systems tak-
ing functions f; being indicators of some measurable sets.

Introducing stronger mixing or weak dependence conditions enabled us in [20]
and [21] to obtain central limit theorems and invariance principles for even more
general expressions of the form

[Vi]

(1.1) (F(X(q1(n)), -, X (e(n)) — F)
n=1

1
VN
where X (n), n > 0 is a sufficiently fast mixing vector valued process with some
moment conditions and stationarity properties, F' is a locally Holder continuous
function with polinomial growth, F' = [ Fd(p x -+ x p) and g is the distribution
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of X(0). In order to ensure existence of limiting variances and covariances we had
to impose another assumption concerning the functions ¢;(n), j > 1 saying that
gj(n) = jnfor j =1,...,k while gj(n), j > k are positive functions taking on integer
values on integers with some (faster than linear) growth conditions.

In this paper we are concerned with strong laws of large numbers (SLLN) for
expressions of the form

N

(12) 30 F(X (g (), X ()

n=1

which can be proved under milder conditions that those required for central limit
theorem type results. We still impose some mixing or weak dependence conditions
but now the functions g;(n), n > 1 are allowed to be of much more general form
than in [21], in particular, because we do not have to take care about limiting vari-
ances. Recall, that the machinery of nonconventional ergodic theorems employed
in [3], [12], [2] and other papers can only work when the functions ¢;, j = 1,...,¢
are polinomials while our methods do not require any algebraic structure of them.
We pay a price for this, namely, imposing stronger mixing assumptions which are
satisfied though for important classes of stochastic processes and dynamical sys-
tems.

In order to obtain our strong laws of large numbers we represent the sum in (1.2)
as a sum of certain mixingales and then rely on the SLLN for mixingales obtained
in [22]. Another approach which works in this situation under more or less the same
assumptions is a martingale approximation similar to [21] together with a SLLN
for martingales (see, for instance, Section 2.6 in [16]).

Among more specific applications of our setup we can consider F(z1,...,z7) =

eV al ay = (@, 2, X(n) = (X (n), ..., Xjell(n)), X;(n) = Ly, (T"2)
for a dynamical system {T"} or X;(n) = L4, (&) for a Markov chain {,,} where
I4 is the indicator of a set A. Then the expression (1.2) measures the frequency of
arrivals of T™x or of &, to the sets A; at the respective times g;(n). Recall, that the
m-base and continued fraction expansions can be obtained via the multiplication by
m and the Gauss transformations, i.e. Tz = {ma} and Ta = {1/x}, respectively,
which are both exponentially fast ¥-mixing with respect to many invariant measures
(see [15] and [1]) and satisfy our assumptions. Denote by (;(z) the j-th digit of
x € [0,1) in one of these expansions. Then we can study the frequency of k-th
such that the /-tuple ((y, (k) (), -, (g, (k) (z)) coincides with a prescribed (-tuple of
digits (a1, ...,a¢). For a full Lebesgue measure of points € [0,1) such frequencies
are determined by our SLLN and other frequencies may occur only for x belonging
to sets of zero measure. This leads to an interesting question about Hausdorff
dimensions of such exceptional sets which we study in the last section of this paper.

2. PRELIMINARIES AND MAIN RESULTS

Our setup consists of a p-dimensional stochastic process {X(n),n =0,1,...} on
a probability space (2, F, P) and of a family of o-algebras Fj; C F, 0 < k <[ < o0
where we assume that Fyg is a trivial o-field and Fy; C Fprp if k' < k and I’ > 1.
We extend Fy; also to negative k > —oo by defining Fy; = Fq; for £ < 0 and [ > 0.
The dependence between two sub o-algebras G, H C F is measured often via the
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quantities
(2.1) @y (G, H) = sup{||E[g|G] — Elg]|lp : g is H — measurable and ||g||, < 1},

where the supremum is taken over real functions and || - ||, is the L"(Q, F, P)-norm.

Then more familiar «, p, ¢ and ¥-mixing (dependence) coefficients can be expressed
in the form (see [9], Ch. 4 ),

a(gvH) = %woo,l(gvH)v p(gvH) = wZ,Q(gaH)
¢(g,H) = %woo,oo(gaH) and 1/)(977'() = wl,oo(gvH)'

The relevant quantities in our setup are

(2.2) @gp(n) = igfo’ @g,p(F—oc0,k» Fhtn,oo)

and accordingly
1 1
a(n) = 7@so,1(n), p(n) = w2,2(n), $(n) = 5Weo,00(n) and P(n) = w1,00(n).
Our assumptions will require certain speed of decay as n — oo of both the mixing

rates wy p(n) and the approximation rates defined by
(2.3) Bp(n) = sup [ X (m) — E(X(m)|Fom—nmin) lp-

Furthermore, we do not require stationarity of the process X (n),n > 0 assuming
only that the distribution g of X (n) does not depend on n which we write for
further references by

d
(2.4) X(n) 4 g
where Y £ Z means that Y and Z have the same distribution.

Next,let F' = F(z1,...,x¢), z; € R® be a function on R#¢ such that for some

1, K >0,k€ (0,1 and all z;,y; e R®,i =1,...,¢,

14 14 14
(25)  [F(@1, o we) = Flyr, oyl S KT+ Jagl + > luil*) Y g =yl
j=1 j=1 j=1
and

‘
(2.6) |F(@1,m)| S K1+ |25]").
j=1

Our assumptions on F' are motivated by the desire to include, for instance, products
F(x1,...,2¢) = T11%92 - - - Tgg, Where 2; = (241, ..., 25¢) € RY, which are important in
the study of multiple recurrence as described in Introduction.

Our setup includes also a sequence of positive functions ¢1(n) < ga(n) < --- <
ge(n) taking on integer values on integers and such that for some positive € < 1,

(2.7)  qi(n) > qi—1(n)+en,i=2,...,0 and ¢;(n + 1) > ¢;(n) + ¢ for all n > 1.

In order to give a detailed statement of our main result as well as for its proof it

will be essential to represent the function F' = F'(z1,z2,...,2,) in the form
(2.8) F=F+F(x1)+ -+ Fe(z1,22,...,20)
where

(2.9) Fy=F= /F(xl,...,xg) du(zy) - du(xe),
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(2.10) Fi(x1,...,2;) = [ F(x1,22,...,20) dp(zig1) - - - dplae)
— [F(z1,22,...,20) dp(z;) - - - dp(zg)
for 0 < i</ and
Fo(x1,22,...,2¢) = F(x1,22,...,20) — /F(xl,xg,...,a:g) du(xy)

which ensures, in particular, that

(2.11) /Fi(a:l,mz,...,xi_l,mi) d,u(ﬂii)EO v L1, L2y Lj—1-
These enable us to write
N ¢
(2.12) S(N) = F(X(q1(n)), ., X(ge(n))) = > Si(N)
n=1 1=0

where So(N) = NF and for 1 <i </,
(2.13) SiN)y= Y Fi(X(q(n)),..., X(q:(n))).
1<n<N

Following [22] we say that a sequence {a,, n > 0} is of size —1/2 if there exists
a positive eventually nondecreasing sequence {L,, n > 0} such that

Z(nLn)*1 <00, L, —Lp—1=0(L,/n) and a, = O((n1/2Ln)*1).
n>0

For instance, any sequence with asymptotics O(nl/2 log n(loglog n)1+5) ~! for some
d > 0 is of size —1/2. For each r > 0 set

(2.14) ey e
Our main result relies on
2.1. Assumption. With d = (¢ — 1) there exist p,q > 1 and 6, m > 0 such that

d
9<K/—;,

1.1 g +2
27p
and the sequence @p,q(n) + 82(n), n > 1 is of size —1/2.

0
(2.15) + p and Ym + Yaq(4+2) < X

2.2. Theorem. Suppose that Assumption 2.1 holds true. Then with probability one

.1 =
(2.16) A}gnoo NS(N) =F.
Our method relies on estimates from [21] which enable us to view for each i >
1 the sequence of pairs {F;(X (q1(n)), ..., X(¢i(n))); F—cc,q:(n) fne1 @S @ mixingale
sequence, and so a strong law of large numbers for mixingales from [22] can be
employed. This gives an almost sure convergence of +5;(N) to 0 and by (2.12)
Theorem 2.2 follows. Another approach which works in our situation is to rely
on a martingale approximation of S;(IN) similarly to [21] and then to employ a
strong law of large numbers for martingales (see, for instance, Section 2.6 in [16]).
This method has to deal with approximations of F;(X (¢1(n)), ..., X(gi(n))) by their
conditional expectations and in order to avoid double limits as in [21] we can make
this approximations with increasing in n precision.
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In order to understand our assumptions observe that g, is non-increasing in ¢
and non-decreasing in p. Hence, for any pair p,q > 1,

@qp(n) < P(n).

Furthermore, by the real version of the Riesz—Thorin interpolation theorem (see,
for instance, [14], Section 9.3) if § € [0,1], 1 < po,p1,go, 1 < 00 and

1 1-6 6 1 1-6 3§
+ =—+

p P P4 @ @
then

@g,p(n) < 2(wgq,po (”))1_6(7”%?1 (n))”.
Since, clearly, wg, p, < 2 for any ¢; > p; it follows for pairs (oo, 1), (2,2) and
(00, 00) that for all ¢ > p > 1,

1

1_1 1_1 _1
@ap(n) < (20(n)) 771, wyp(n) < 277079 (p(n))' T

and @, (n) < 2'77 (9(n)'

We observe also that by the Holder inequality for ¢ > p > 1 and « € (0,p/q),

Blar) < 217 [B(p, 7)Y ot

P—qo

Q=

=

with v, defined in (2.14). Thus, we can formulate Assumption 2.1 in terms of more
familiar «, p, ¢, and ¥—mixing coefficients and with various moment conditions.
The conditions of Theorem 2.2 hold true for many important models. Let, for
instance, &, be a Markov chain on a space M satisfying the Doeblin condition
(see, for instance, [17], p.p. 367-368) and f;, j = 1,...,¢ be bounded measurable
functions on the space of sequences © = (z;,¢ = 0,1,2,..., z; € M) such that
Ifi(z) — fi(y)] < Ce " provided z = (z;),y = (y;) and z; = y; for all i =
0,1,...,n where ¢,C > 0 do not depend on n and j. In fact, some polinomial
decay in n will suffice here, as well. Let X (n) = (X1(n),..., X¢(n)) with X;(n) =
fi(&n, &nvt1, Enso, ...) and take o-algebras Fiy, k < [ generated by &, &k, .., § then
our condition will be satisfied considering {£,, n > 0} with its invariant measure
as a stationary process. In fact, our conditions hold true for a more general class
of processes, in particular, for Markov chains whose transition probability has a
spectral gap which leads to an exponentially fast decay of the p-mixing coefficient.
Important classes of processes satisfying our conditions come from dynamical
systems. Let T be a C? Axiom A diffeomorphism (in particular, Anosov) in a
neighborhood of an attractor or let T be an expanding C? endomorphism of a
compact Riemannian manifold M (see [8]), f;’s be Holder continuous functions and
let X(n) = (Xi(n),..., X¢(n)) with X;(n) = f;(T™z). Here the probability space
is (M, B, ) where p is a Gibbs invariant measure corresponding to some Hoélder
continuous function and B is the Borel o-field. Let ¢ be a finite Markov partition for
T then we can take F,; to be the finite o-algebra generated by the partition Nl_, TC.
In fact, we can take here not only Holder continuous f;’s but also indicators of sets
from Fj;. A related example corresponds to T being a topologically mixing subshift
of finite type which means that 7" is the left shift on a subspace = of the space of
one-sided sequences { = (§;,7 > 0),& = 1,...,lg such that £ € Zif me,¢,,, = 1 for all
i > 0 where IT = (m;;) is an ly X lp matrix with 0 and 1 entries and such that II" for
some n is a matrix with positive entries. Again, we have to take in this case f; to be
Holder continuous bounded functions on the sequence space above, p to be a Gibbs
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invariant measure corresponding to some Holder continuous function and to define
Fii as the finite o-algebra generated by cylinder sets with fixed coordinates having
numbers from k to [. The exponentially fast 1-mixing is well known in the above
cases (see [8]). Among other dynamical systems with exponentially fast ¢-mixing
we can mention also the Gauss map Tx = {1/z} (where {-} denotes the fractional
part) of the unit interval with respect to the Gauss measure G(T') = 5 [ 5 d=
(see [15]), as well as with respect to many other Gibbs invariant measures (see [1]).
The latter enables us to consider the number N, (x,n), a = (a1, ..., a¢) of k’s between
0 and n such that the g;(k)-th digit of the continued fraction of = equals certain
integer a;,j = 1,...,£. Then Theorem 2.2 implies a strong law of large numbers for
Ng(x,n) considered as a random variable on the probability space ((0,1],8,G). In
fact, our results rely only on sufficiently fast a or p-mixing which holds true for
wider classes of dynamical system, in particular, those with a spectral gap (such
as many one dimensional not necessarily uniformly expanding maps) which ensures
an exponentially fast p-mixing. We will show how to derive from Theorem 2.2 the
following result.

2.3. Corollary. Let T be either a C? Aziom A diffeomorphism on a compact Rie-
mannian manifold M considered in a neighborhood of an attractor or a C? expand-
ing endomorphisms of a compact Riemannian manifold M or the Gauss map of
the unit interval and let p be an equilibrium state (Gibbs measure) corresponding
to a Hélder continuous function in the first two cases or an exponentially fast -
mizing T-invariant (in particular, Gauss’) measure (see Corollary 4.7.8 in [1]) in
the latter case. Let X;(n) = f;(T"x), j = 1,...,0 where f; is either a continuous
function or f;(x) = Ir,(x) where I'; is a measurable set whose boundary OL'; has
zero p-measure. Finally, let F = F(x1,...,x¢) satisfies conditions of Theorem 2.2
which means just that F' is Holder continuous since its arguments are bounded here.
Then the conclusion of Theorem 2.2 holds true.

Next, we discuss a continuous time version of our theorem. Our continuous
time setup consists of a p-dimensional process X (t), ¢ > 0 on a probability space
(Q,F, P) whose one dimensional distributions do not depend on time and of a
family of o-algebras Fg C F, —0o < s <t < oo such that Fg C Feryr if s < s and
t' >t. For all t > 0 we set

(2.17) @gp(t) = SL;IS Wa,p(F-o0,s) Fstt,c)
and
(2.18) Bp:t) = sup || X(s) - B[X(s)|Fo-t,s+t) -

where w, (G, H) is defined by (2.1). It will suffice for our purposes to rely on
Assumtion 2.1 concerning wg ,(t) and [(p,t) considered only for integer ¢. Let
q1(t) < g2(t) < -+ < qu(t) be increasing positive functions satisfying the conditions
(2.7) with ¢ in place of n. Set

(2.19) S(t) = / F(X (a1 (5))s o Xlarls)ds = 3 8:(0)
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where Sy(t) = tF,

t
(220) 5i0) = [ BX (@), X(as)ds

0
and F, F', F; are the same as in (2.5), (2.6) and (2.8)—(2.11). Then we obtain

2.4. Corollary. Under the conditions above with probability one

1 _
lim -S(t) =F.
t—o0
Next, we discuss the fractal dimensions part of this paper. Recall that the
multifractal formalism deals with computations of Hausdorff dimensions of sets
having the form

N
{z: lim % > f(T"x) = p}.
n=1

In our setup it is natural to study Hausdorff dimensions of more general sets

N
Gp={z: lim = ZlF(fl(qu( '2), o0, fo(T* M) = p},
say, under the conditions of Corollary 2.3. When

pz/m/memmwumwwm~wuw

then 1(G,) = 1 by Corollary 2.3 while otherwise u(G,) = 0 and it is natural to
inquire about the Hausdorff dimension of G,,.

We will not study here this general problem but consider a more specific ques-
tion about Hausdorff dimensions of sets of numbers with prescribed frequencies of
specific combinations of digits in m-expansions. Namely, for any = € [0,1] and an
integer m > 1 we can write

oo
= Z %Ex) where a;(z) € {0,1,...,m—1}, 7 =0,1,...
i=1
and we allow zero tails of expansions but not tails consisting of all (m — 1)’s.
This convention affects only a countable number of points, and so it does not
influence Hausdorff dimensions computations. For each z € [0,1] and an ¢-word
a=(a1,ag,...,a0) €{0,1,...,m — 1}* define

(2.21) No(z,n) = #{k >0,k <n: (ag k)(), .., aq, k) (7)) = a}

where #I" denotes the number of elements in the set I'. Denote by A, = {0, 1, ..., m—
1}* the set of all /-words and let p, > 0, a € Ay satisfy > aca, Pa = 1. For such a

probability vector p = (pa, @ € Ay) € R™ define
1
(2.22) Up={ze(0,1): lim —N,(z,n) =p, for all a € A.}.
n—oo N
We want to deal with the question of computation of the Hausdorff dimension
HD(Up) of Up. When ¢ = 1 and ¢1(k) = k we arrive at the classical question
studied in [3] and [10] by combinatorial means and in [6] via the ergodic theory.
In order to relate the limit of n=*N,(x,n) to the nonconventional strong law of
large numbers (ergodic theorem) discussed before define the transformation Tx =
{ma} where {-} denotes the fractional part. Identifying 0 and 1 we can view T" as an
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expanding map of the circle. Now a;(r) = ao(T'z) and if o = (a1, g, ..., ap) € Ay
and I'; = {x : ap(z) = j} then

(2.23) Z]IF (T2 O )y, (T2Wz) I, (T W),

Taking into account that {I‘j, j=0,1,...,m — 1} is the Markov partition for T in
this simple situation we arrive at the setup of Corollary 2.3 with F(z1,...,x2¢) =
xT1x2 - - ¢ and fj(x) = Ir,, (z), 7 =1,...,£. Observe that in place of the dynamical
systems setup described above we could rely in this situation on the fact that that
the digits a,,, n > 0 are independent identically distributed (i.i.d.) random variables
with respect to the Lebesgue measure on [0, 1], and so Hpaj oT" = la,=a;, i =
1,..,0,n = 0,1,... are also i.i.d. random variables so that mixing conditions of
Assumption 2.1 trivially hold true. The following result answers our question in a
specific situation.

2.5. Proposition. Suppose that ¢1(k) = k for all k and there exists a probability

vector 1 = (1o, T1, -, 'm—1) such that p, = Hle To; for any a = (aq,...,ap) € Ayp.
Then

Y
j=o Tjlnr;

Inm

(2.24) HD(U,) =
with the convention 01n0 = 0.

2.6. Remark. In view of (2.23) for any T-invariant probability measure p on [0, 1]
with mixing properties fulfilling conditions of Theorem 2.2 it follows that p-almost
everywhere

Jm e H (T
Hence, if p = (pa, @ € A;) and there ex1sts no probability vector r =
(ro,71,..-sTm—1) such that p, = Hle Ta, then p(U,) = 0 for any p as above,
and so such p cannot be used for computation of the Hausdorff dimension of U,

(by one of methods where measures are involved) which complicates the study in
this case.

Now, consider a bit more complex situation. For each z € [0,1] and o =
(a1, az,...,q0), B=(B1,2, ..., 3) € {0,1,...;m — 1}* set

Nag(z,n) =#{k >0,k <n: (ag, k) (), ..., aq,x) (7)) =
and (ag, (k) 41(), -+, ag, (k)+1(2)) = B}
and for each nonnegative matrix P = (pag, o, 8 € Ag) with Zaﬁ Pas = 1 define
1
(2.25) Up={xe€(0,1): lim ENa,ﬂ(man) = pa,g for all o, B € Ap}.

Again, we can write Nog in the form suitable for application of Theorem 2.2,
namely,

(226) a ﬁ Z n Z ]Irallfl )]IF& 282 (qu(k)x) T ]IF&(B( (Tqy(k)x)

where I';; = {z : ao(z) =1, a1(x) = j}. Then we obtain the following result.
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2.7. Proposition. Suppose that qi1(k) = k and there exists a nonnegative matriz
R = (rij;4,7=0,1,...,m — 1) satisfying the following conditions:

(i) some power of R is a positive matriz; (it) >, ;rij = 1, ¢; = Z?;Bl iy =
Yo g (i) Pap = TTisy Taisi-

Then ¢ = (qo, q1, ---, gm—1) 18 a positive stationary vector of the m x m irredicible
aperiodic probability matriz Q = (gij), ¢ij = q;lmj and under the convention
0ln0 =0,

-1
— i =0 4% In qi;
Inm '

(2.27) HD(Up) =

2.8. Remark. Somewhat surprisingly Proposition 2.5 and 2.7 claim that in our
circumstances the sets U, and Up have the same Hausdorff dimensions as if we
were prescribing frequencies not of the whole -words or pairs of such words but
just of their first digits or pairs of their first digits.

2.9. Remark. It is easy to see that unless > sPap = > 5Ppa the set Up is empty,
and so the condition (ii) in Proposition 2.7 is a necessary one.

Next, we consider a similar to Proposition 2.5 problem concerning integer digits
ap(x),a1(x),... > 0 of infinite continued fraction expansions

1

CLQ(J?) +

1

as(x) + ...

for irrational numbers z € (0,1). We define again N, (z,n) and U, by (2.21)
and (2.22) taking into account that now there are infinitely many words a =
(a1,...,a0) € {1,2,3,..}¢ = Ay and, correspondingly, we have to prescribe in-
finitely many frequencies p, > 0, o € A, with ) A, Pa = 1. We recall that the
Gauss map Tz = {1} acts so that a;(T2) = a;41(z), i =0,1,2, ..., and so Ny (z,n)
can be represented again in the form (2.23). For each infinite probability vector
7 = (r1,re,...) denote by N(7) the set of T-invariant ergodic probability measures
w such that

ay(z) +

(2.28) /|10gx|su(x) <ocoand p[(j+1)"1, i) =r; forall j> 1.

Here, [(j + 1)7Y, ;7Y = {z € (0,1) : ao(z) = j} and for any n we set
I(ig, i1y -eyin—1) = {x € (0,1) : ao(x) = dgy..c, an—1(x) = in_1} which is called

a rank-n basic interval. Denote by A (7) the subset of N'(7) consisting of measures
v such that for v-almost all z and all « = (g, ..., ) € Ay,

1 -

(2.29) Jim —No(z,n) = 1;[1 Ta,-

By (2.23) and (2.28) we see that () contains all measures v € N () with sufficient
mixing which make the process Xo(n) = Xo(z,n) = (Ir,,, (I"2), ..., Ir,, (T"z)) on
the probability space ((0,1),r) to satisfy conditions of Theorem 2.2. We observe
that not only the Gauss measure G(I') = X5 [, %, which is exponentially fast
1-mixing according to [15], but also many other T-invariant Gibbs measures con-
structed in [23] have sufficiently good mixing properties to satisfy conditions of
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Theorem 2.2. Actually, the rank-1 basic intervals form a Markov partition for T'
whose action is essentially equivalent to the full shift on a sequence space with
infinite alphabet. For such Markov transformations Corollary 4.7.8 from [1] gives
conditions for their Gibbs invariant measures to be exponentially fast ¢)-mixing.

2.10. Proposition. Suppose that q1(k) = k and there exists an infinite probability
vector T = (g, r1,...) such that p, = Hle To,; for any a = (a1, ...,ap) € Ap. Then
(2.30)

hy 1 hy,
max (=, sup < HD(U,) < max (=, sup

2" en T)2f|lnx|dy( )) B N 2" yener) 2 [ |Inz|dv(z ))

where h,, denotes the entropy of T with respect to 1 and "sup” is set to be zero if

N(F) = 0.

2.11. Remark. All results of this paper can be extended under appropriate con-
ditions to random transformations and processes in random (dynamical) environ-
ment. Namely, suitable (random) mixing conditions can be introduced similarly
to [19] and the corresponding relative strong law of large numbers can be proved
relying on martingale approximations constructed combining methods of [19] and
[21]. A relative version of Proposition 2.5 can be proved in the spirit of random
base expansions from [18].

3. MIXINGALE REPRESENTATION AND PROOF OF SLLN

We rely on the following result which is part of Corollary 3.6 from [21].

3.1. Lemma. Let G and H be o-subalgebras on a probability space (U, F,P), X
and Y be d-dimensional random vectors and f = f(x,w), x € R? be a collection of
random variables measurable with respect to H and satisfying

B1) £z, w) = f(y,W)llg < CA+ 2" +y[ )z —y|™ and || f(z, w)]lq < C(1+[z[)
where g > 1. Set g(xz) = Ef(v,w). Then
(32) [IB(f(X,)|G) = 9(X)llo < e(1 + [|X[;{3 2)(@q(G, H) + | X — E(XIG)]g)

provided Ii—— >0>0, Z sty —|— with ¢ = ¢(C, 1, k,0,p,q,v,d) > 0 depending
only on pammeters n bmckets Moreover let x=(v,2z) and X = (V,Z), where V
and Z are d and d—d; -dimensional random vectors, respectively, and let f(z,w) =
fv, z,w) satisfy (3.1) in x = (v,2). Set g(v) = Ef (v, Z(w),w). Then
(3.3) VBV, Z,19) = 50Vl < o1+ [X[F2,)
X (wep(G. H) + |V = E(VIG)lg + 1Z — E(ZIH)]7)-
Set Yi(n) = Fi(X(q1(n)), ..., X (¢:(n))) — EFi(X(q1(n)), ..., X (¢:(n))) and denote
D= F .:(n) for n > 0 while taking G4 to be the trivial o-algebra {0,Q} for

n < 0. Then by (2.5), (2.6), (2.15) and (3.3) of Lemma 3.1 we obtain that for some
Ci>0andalln,mandi=1,..,¢

(3.4) | EFi(m)[G:20) |2 < Ca(p.q(pilm. m)) + 5y (pi(m, n)))

where p, q, 8 satisfy conditions of Assumption 2.1 and

([ql(n) _3%'—1(”)7] [91(n) - q?:(n - m)D

pi(m,n) = min
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Observe that E(Y;(n )|g§j m) =0ifm >nandif 0 < m < n then p;(m,n) > [em/3]
by (2.7). Hence,

(3-5) IEi(n)[G,2 )12 < Cr (@p.q(lem/3]) + B (lem/3))).

It follows also from (2.3) and (2.5)—(2.7) and the Holder inequality (see Lemmas
4.1 and 4.2 together with Theorem 4.4 from [21]) that

(3.6) [Vi(n) = E(YVi(n)|Gnym)ll2 < K[ (143252 1(|X( i)
HEX (a:(m)IGy L)) sy [X (@(n) = ECX ()G, < C285(m)

for some Cy > 0. The estimates (3.5) and (3.6) yield that Y;(n), n > 1 is a mixingale
sequence as defined in [22] and under Assumption 2.1 the conditions of Corollary
1.9 from there are satisfied yielding that with probability one for i =1, ..., ¢,

(3.7) lim l(EZ(N) EZ;(N)) =0.
Set a;(n) = (gi—1(n) + Qz( ))/2 By (2.11) and (3.3) we obtain that
(qu(n

(3.8)|EF(X (g1 (n)), . N)| = [EE(F(X (q1(1)); s X (@ (m)IF -0, (m)) |
< C(wqm([i(qi(n) - qz‘—l( M) + B3([1(gi(n) — gi—1(n))])) — 0 as n — oo
by (2.7) and Assumption 2.1. It follows that for i =1, ..., ¢,

(3.9) A}gnoo NEHZ(N) =0, and so A}Enoo Nul(N) =0 as.
by (3.7) yielding Theorem 2.2 in view of (2.12). O

In order to derive Corollary 2.3 we recall that Hélder continuous functions can be
uniformly approximated by functions which are constant on elements N TGy,
of the partition \/[_  T°C (where Gj are elements of a Markov partition ()
with an error decaying exponentially fast in n. Thus Theorem 2.2 holds when
Xj(n) = f;(T"z) and f;, j = 1,...,£ are Hélder continuous. Then Theorem 2.2
holds true also for continuous functions f;, j =1, ..., ¢ since they can be uniformly
approximated by Holder continuous ones and F' is Holder continuous. Next, let
fj = I, with u(0I';) = 0. Given a Markov partition ¢ denote by f‘gl) the set con-
sisting of elements of the partition \/2:71 T%¢ which intersect I';. Here we assume
that I'; lie on a hyperbolic invariant set itself though the argument can be easily
extended to a neighborhood of a hyperbolic attractor. For any § > 0 there exists
ls such that u(f‘gl) \I'j) < for each | > ls5. For such an I set g; = Iza), j =1,..., L.

J

Since F' is Holder continuous we obtain that

(310) [ S0L, F(A(T ), o, fo(T") = oy F(g1(T"), ..., ge(T"2))]
= CZj:1 Efj:l(ﬂf;l) (T"z) — HFJ- (T"z))

and the remaining part of Corollary 2.3 follows by the ergodic theorem applied to
the right hand side of (3.10). O
In the continuous time case we set

n+1
(3.11) Yi(n) =/ (Fi(X(q1(5)), ., X (ae(s))) = EF:(X (q1(5)), .., X (e(s)))) ds
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and check similarly to (3.4)~(3.6) that (Yi(n), ,(f)):il is a mixingale sequence

where GY is the same as in (3.4)—(3.6). Now Corollary 2.4 follows from [22] as
before. 0

4. APPLICATION TO FRACTAL DIMENSIONS

Set
Ni(l)(x,n) =#{k >0,k <n: ay(z) =i},
Ni(jl)(x,n) =#{k >0,k <n: ax(z) =1, apr1(x) =5},
1
UM (z,n) ={z e (0,1): lim —Ni(l)(x,n) =r; for all 1} and
n—oo N
1
Ul(%l)(x,n) ={z€(0,1): nh—{lgo ENi(jl)(x,n) =1, for all ¢, j}.
Since
Ni(l)(x,n) = Z Nios...a, (x,n) and
Q240003 Oy
1
NP@n) = 3 Niageanibosn(@n)
Q2,..5Qn,02,..,8n
then for
Ty = Z Pics...an and Tij = Z Dics...0m;jB2...0n
Qag,..., an A2,y Qp 32,00, Bn

we obtain that
Uy(z,n) € U (z,n) and Up(z,n) C Ug)(x,n)

provided p = (pa, o € Ag) and P = (pag, @, 0 € Ag). Hence, the upper bounds
of Propositions 2.5, 2.7 and 2.10 follow from the corresponding upper bounds from
[5], [10] and [13]. Still, we provide below an argument yielding the upper bounds
in Propositions 2.5 and 2.7 by the reason explained in Remark 4.1.

Denote by = the space of sequences & = (&, &1, ...) with & € {0,1,...,m — 1}
for all ¢ > 0. For each probability vector » = (rg,r1,...,7m—1) denote by u, =
(10,71, ..., m—1)" the corresponding product measure on =, i.e. the probability
mesure which gives the weight 74,74, « - - 7o, to each cylinder set Epga,...a, = {€ =
(&0,&1,...) €2 & = a; fori = 0,1,...,n}. Observe that the map ¢ : = — [0,1]
acting by the formula ¢(§) = Y02, m &1 is one-to-one except for a countable
set of points and since y, has no atoms ¢ maps p, to an atomless measure g, on
[0,1]. Since pu, is invariant with respect to the left shift § : £ — = acting by 0(§) = ¢
with & = &1 then @, is invariant with respect to Tz = {ma} and ¢ provides
an isomorphism between (Z, u,,8) and ([0, 1], pp,, T). Clearly, the conditions of
Theorem 2.2 are satisfied here and applying it (see also Remark 2.6) we conclude
from (2.23) that for ¢u, almost all z € [0, 1],

(41)  limpoo No(z,n) = limpoo = > I, (T Wa)Ip, (T2 )

X X ]IFa@ (qu(k)x) = Hf:1 opr(La;) = Hf:l Ta;-
It follows that
(4.2)
¢
our(Up) =1 if p=(pa, @« € A) and py = Hrm whenever a = (aq, ..., ap).
i=1
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Suppose that r;; >0, j =1,...,k while 7; = 0 if i # i; for any j. Set
t={z€U,: aj(x) € {i1,iz,...,i} for any j = 0,1,2...}.
Then by (4.2) and the definition of .,
(4.3) opr(UT) = 1.

Observe that Ingay..an_1 = $=agas...an_; 1S & subinterval of [0,1] and let I, (x) =
Tongor..an 1 f ® € Ingay...an 1 Set mj(z,n) = #{i > 0,i <n: a;(z) = j}. Then
for any € UT we can write

,_.

(4.4) In pp, (L ( mj(z,n)Inr;.

7=0
Clearly, |I,,(xz)] = m~™ where |I| denotes the length of I. Observe that if z € U,
with p = (19,71, ..., "m—1) then

1 1
(4.5) lim —mj(z,n) = lim — Z Nias,....ap(T,m) = 1.

n—oo M, n—oo 1,
Hence, for any z € U™,

m—1
1 (I, orilnr;
(46) hm IIQO/,L ( (CE)) — _ZJ 0 'J J

which together with (4.2) implies (see Theorem 14.1 in [6] or Section 10.1 in [11])
that

S ri, Inry, S eIy
4.7 HD({U, > HD(U") = == " P =l P
(4.7) (Uy) > HD(U™) — -

with the convention 0In0 = 0.
Set I = m — k which is the number of j € {0,1,...,m — 1} such that r; = 0.
Choose § > 0 so small that

(4.8) ry >0k~ ifry >0 () < kTN Y In(ry — kY.
jir; >0
Set r@ = (r§” 1", ., ) where ¥ = r; — 6k~ if r; > 0 and ) = 6171 if

~1)
= (. Observe that by ( 8),

m—1 m—1
(4.9) Z 7§ lnrg-[s) > Z ]( )lnr([s)
j=0 j=0
Set
m—1
W) = {z €10,1] : limsup (— = ln ot (1 T Oy 5)}

where j1,.5) is the Bernoulli measure constructed by (%) in the same way as p, is
constructed by r. As in (4.4),

m—1
(4.10) In @, (L mj(z,n) lnr 2
7=0
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and so by (4.4), (4.5), (4.9) and (4.10),
m—1
. 1 5
(4.11) U, Cc{z€[0,1]: nli}ngo (- - In g, (In(z))) = — Z r; lnrj(. )} cw@,
3=0
If Uy is constructed by p® = (p((f), a € Ay) with pg‘” = Hler&i) and o =
(o1, ..., o) in the same way as Up is constructed by p then similarly to (4.2) it
follows that o, (Ups)) = 1 and since Ups) C W we conclude from here and
(4.11) that

(4.12) oy (W)Y =1 and HD(U,) < HD(WY).

Again, since |I,,(x)| = m~™ then it follows from the definition of W) by the well
known argument (see Theorem 2.3 in [5] or the proof of Theorem 14.1 in [6] or
Proposition 4.9 in [11] which also can be adapted to our situation) that
Z;T:Ol r§-6) In r§6)

Inm '

(4.13) HD(W(‘S)) < -

Letting § — 0 we obtain

Sy rilay
HD < == 4 4
(Up) < Inm
which together with (4.7) completes the proof of Proposition 2.5. O

4.1. Remark. Many papers and several books disregard the fact that the argu-
ment in the first part of the proof above due to Billingsley works only when all
r;’s are positive while without this assumption it leads only to the lower bound
of dimension. This gap was noticed and repaired first only in [18] (though it ap-
peared in later papers, as well). The problem here is that when, say, rj, = 0 then
o (In(x)) = 0 provided a;(x) = jo for some i < n and for such x the right hand
side of (4.4) becomes —oo which leads nowhere. In other words, the measure opu,
”disregards” such points while, on the other hand, the set of points  which have
zero frequency of appearences of jy in their m-expansions is not countable and it
cannot be disregarded in the Hausdorff dimension computation. In order to prove
the result for general probability vectors (rg, ..., 7m—1) it is necessary to obtain here
an appropriate upper bound for the Hausdorff dimension either by a combinatorial
argument not related to Billingsley’s ergodic theory one as in [10] or by a simpler
perturbation argument above due to my student Z.Hellman which appeared in a
more general form in [18].

Next, we prove Proposition 2.7. Since for some n the matrix R" is a positive
matrix then, clearly, each ¢; = > ; Tij must be positive and for each 7, j there exists a
sequence i1, @2, ..., in—1 such that ry, v 4, - - 75,5 > 0. Then qi, Giyip -+~ Giy_rj > 0,
and so Q™ is a positive matrix, as well. Clearly, Y. ¢i¢;; = ¢;, and so g is the unique
stationary vector of Q. Set Zg = {& = (§0,&1,---) * Giyi+1 > 0 for all ¢ > 0} where
Q = (¢, 4,7 =0,1,...,m —1). Let ug be the Markov measure on =, g which
assigns the weight ¢o,Gaga; daras ** 9oy, _1a, t0 €ach cylinder set Rqga,...q, With all
a; € Ay. Then pg is invariant with respect to the left shift on =, ¢ and its image
g on [0,1] is invariant with respect to T'. Under assumptions of Proposition 2.7
the probability matrix @ is a transition matrix of an exponentially fast ¥-mixing
(finite) Markov chain (satisfying Doeblin’s condition), and so the conditions of
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Theorem 2.2 hold true here. We can also rely on Corollary 2.3 since jig is a Gibbs

measure for the left shift on = constructed by the function ¢(§) = —Inge.e,, £ =

(€0, &1, ...) (see [8]). Since puq(Tij) = ¢igi; = ri; we conclude from here together

with (2.16), (2.26) and the definition of Up that ppo(Up) = 1. If Vi = pEg then

taking into account that g (Zg) = 1 we obtain also that pug(Up NVg) = 1.
Now, for any = € Vg and I,,(z) as above

m—1

(4.14) Inppg(In(r)) = Inqey ) + Z mi; (2, n) In g;;
4,5=0

where my;(z,n) = #{k > 0,k <n: ar—1(z) =i and arp(z) = j}. If € Up then
similarly to (4.5),

1
(4.15) lim — My (33 Tl) = Tij = 4iqij-

n—oo n

It follows that for any x € Up N Vg,

m—1
In YHQ (In (33)) __ Zi,j:o qiqij In qij

(4.16)

and so similarly to (4.7),

—1
B ZZ};O ¢ In q;;
Inm '

(4.17) HD(Up) > HD(Up N Vg) =

For the lower bound above we dealt only with points z € Vg where q4; (2)a,., (2) >
0 for all ¢ > 0. In order to obtain the upper bound we employ again a perturbation
argument which in this case seems to be new. Let I;, 7 = 0,1,...,m — 1 be the
number of j = 0,1,...,m — 1 such that r;; = 0 and set k; = m — ;. Choose > 0
so small that for all 4,5 =0,1,...,m — 1,

(4.18) Tij > k;lé if r;; > 0 and ln(ljlé) < k;l Z In((r:; — k;lé)qfl).
3iri; >0

Set r(‘s) =71y —k; 6 ifr;; > 0and rfj) =1;'5if r;; = 0. Observe that Z;ﬂ 11 rfj)
(%) ©

() —

q; and define QG =T 4 yielding a positive m x m probability matrix @
(%)
(¢;;")- By (4.18) we have
(4.19) Z rij m%) > Z r ) lnql
4,j=0 i,5=0
Set

) ={zrel0,1]: limsupnHoo (— L Ineuge (In(z)))

m &
_Z’Lj =0 "5 maX(17q’L( q; )lnq()

where pge) is the Markov measure constructed by Q) and its unique stationary

vector g9 (ie. ¢DQ® = ¢®) in the same way as pg was constructed by @ and
g. Asin (4.14),

(4.20) Inppuge) (In(r)) = lnq )T Z mj(z,n) lnql(j ,
1,5=0
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and so by (4.14), (4.15), (4.19) and (4.20),

m—1
1
(421) Up c{z€[0,1]: lim (- ~Inpgs (In(@)) == _ i 1nq§j>} cw,

i,j=0
Let

U={zel0,1]: Jim Nag x,mn) qu ) w, for all a, 8 € A}

Then for any x € U,

(4.22)
1 9,8
Jim —mi;(z,n) = lim — > Ni e o (1) = 437 G35

0<az,B2,...,ap,Be<m—1

and by (4.20) for any z € U,

(4.23) hm — ln opge (In( Z qlé)qu)lnql Z q(a) 1y 5) In q((s).
4,j=0 i,7=0

By Theorem 2.2 (or by Corollary 2.3) we obtain that ,uQ(a)(U) = 1 and since

U c WO by (4.23) and the definition of W) it follows that a0 (W) = 1.

Relying again on Theorem 2.3 in [5] (or see the proof of Theorem 14.1 in [6]) we
conclude that

i,5=0"ij ij

m—1_(5) (8) (8)
max(1 Ing;;
(4.24) HD(Up) < HD(W®) < iy (4" ) ing :
Inm
Since ¢ is the unique probability vector satisfying ¢Q = ¢ then ¢/®) — gas § — 0
and letting § — 0 in (4.24) we arrive at

S i Ingy
i,5=0 Tij M ij
Inm '

(4.25) HD(Up) < —

which together with (4.17) completes the proof of Proposition 2.7. O
Concerning Proposition 2.10 we explained already at the beginning of this section

that the upper bound there follows from the upper bound derived in [13]. Next, we

obtain the lower bound

hy

HD >
(Up) = 2 [|Inz|

dv(x)
for any v € N(F) in the same way as in Theorem 1 from [7] since in addition
to arguments there concerning continued fractions themselves we need only that
v(Up) =1 (actually, already v(Up) > 0 is enough) which follows from (2.29).

The remaining bound HD(U,) > i can be proved similarly to Section 4 in [13].

2
Namely, we construct first points z € U, with a,(z) < n for all n > 1. In order to

do this choose probability vectors (7’5“), rén), ...) such that r,(cn) > 0when 1 <k < n,

Zk 1p,C =1 and lim,_, o r,(cn)
valued random variables Y7, Y, ... such that P{Y,, = k} = r,i”). Applying Theorem

2.2 we conclude similarly to (4.1) that for any ¢-word a = (aq,...,ay) € Ay and

=1y for any k£ > 1. Consider independent integer
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P-almost all w,

¢
(4.26) lim = D Lo (Yor ooy (@)l (Yo (@) L, (Yo 0y (@) = [ ] 7
i=1

Now, in order to satisfy our conditions we can take any z whose continued fraction
expansion have digits a,(z) = Y,(w), n = 1,2,... with w such that (2.26) holds
true.

Next, let 0 < m(k) < £ be integers such that k2 +m(k) # ¢;(k) for all k > 1 and
i =1,...,¢ For z € U, constructed above and b > 1 define the set

G.(b) = {z € (0,1) : agzyma(x) € (B¥,20%") and
an(x) = an(2) if n # k? + m(k) for some k}.

Then, clearly, G, (b) C U,. Following [13] we construct a measure u on G, (b) setting
for each rank-m basic interval I,,(z) containing =,

(ln(@)) = [T o7
k=1

provided n? < m < (n+ 1)%. Now, in the same way as in [13] we can show that for
any 6 > 0 there exists b > 1 such that for all x € G, (b),

i inf Inp(le —rz+71)
r—0 Inr

1
>—-—40.
-2

It follows (see, for instance, Theorem 2.3 in [5] or Proposition 4.9 in [11]) that
HD(U,) > HD(G(b)) > % — 0 and since 6 > 0 is arbitrary we obtain the required
bound. Finally, we observe that if Z;’;l rjlnj = oo then HD(U,) = 3 which
follows from the latter lower bound and the upper bound of [13]. g
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