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NONCONVENTIONAL POISSON LIMIT THEOREMS
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ABSTRACT. The classical Poisson theorem says that if £1,&2,... are i.i.d. 0—
1 Bernoulli random variables taking on 1 with probability p, = A/n then
the sum Sp, = >_I* | & is asymptotically in n Poisson distributed with the
parameter A. It turns out that this result can be extended to sums of the
form Sy = 37 €4, (i) €qp(s) Where now pn, = (A\/n)Y¢ and 1 < q1(i) <
-+ < gg(i) are integer valued increasing functions. We obtain also Poissonian
limit for numbers of arrivals to small sets of {-tuples Xy, (5, ..., Xg,(;) for some

Markov chains X, and for numbers of arrivals of T‘U(i)m, ...,T‘U(i)m to small
cylinder sets for typical points x of a subshift of finite type T

1. INTRODUCTION

The classical Poisson limit theorem taught in the first probability course says
that if

(1.1) lim np, =A>0, p, >0

n—oo
then the binomial distribution with parameters (n,p,) converges as n — oo to
the Poisson distribution with parameter . In other words, if §1"), é"), §3")..., n=
1,2,... is an array of independent Bernoulli random variables satisfying
(1.2) pn =P =1} =1- P{" =0}
and () holds true then the sum

(1.3) Su=3Y "
=1

converges in distribution to a Poisson random variable with the parameter .
It turns out that assuming

(1.4) lim np! = A

n—oo

the above result can be extended to ”nonconventional” sums of the form
N ) ) )
(1.5) S = batvéay " Eal
1=1
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where I < ¢1(I) < g2(I) < ... < ge(l) are increasing functions taking on integer
values on integers. The name ”nonconventional” comes from [I0] where ergodic
theorems for sums of the form ([0 were studied. Recently, strong laws of large
numbers and central limit theorems type results were obtained in [I3] and [14] even
for more general expressions.

We will consider also a nonconventional Poisson limit theorem for sums of the
form

n £
(1.6) Su = [1tr.(Xg,0))
=1 j=1

(where Ir is the indicator of a set I'), which counts the number of arrivals by a
Markov chain X, X1, ... to small sets I';, at all times ¢;(1), j =1, ...,¢ when [ runs
from 1 to n. We suppose that the Markov chain has bounded transition densities
which satisfy a Doeblin type condition. This ensures existence of a unique invariant
(probability) measure p. Assuming that

(1.7) lim n(u(T,) =X>0

n—r oo

we show that S, converges in distribution to a Poisson random variable provided
git1(1) —qi(l) 2 00, l=1,..., —1 as | — oc.

Another nonconventional Poisson limit theorem we deal with in this paper con-
cerns multiple arrivals to shrinking cylinder sets by subshifts. Namely, we show
that the expressions of the form

N (P(Bn))* ¢
(1.8) S, = Z H I, o T%®
=1 j=1

have almost surely asymptotically in n the Poisson distribution with a parameter
A provided

(1.9) lim n(P(B,))" = A

where B,,’s are certain cylinder sets of the subshift space 2, P is a Gibbs measure,

T is a left shift and [ < ¢;(1), j = 1, ..., ¢ are increasing integer valued functions

with sufficiently fast growth of differences ¢;+1(1) — ¢;(1) as I — co. This assertion

generalizes in the nonconventional direction the results from [I5] and [6]. We men-

tion also a related result in the conventional setup about Poisson limits for numbers

of arrivals to small shrinking sets by hyperbolic dynamical systems obtained in [7].
Observe that if

8, (w) =min{l : T%Vy € B,,Vj=1,...,0}

then the above result yields that asymptotically the distribution of (P(B,,))‘rs, is
exponential since

P{(P(By,))'rB, > \} = P{S, =0} = ¢ as n — oo.

More advanced results about limiting exponential distributions of properly normal-
ized first return times to small shrinking sets (see, for instance, [1], [2] and references
there) and about Poissonian asymptotical behavior of distributions of numbers of
arrivals to small shrinking sets (see, for instance, [11], [I2] and references there)
should be possible to derive in the nonconventional framework, as well.
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2. PRELIMINARIES AND MAIN RESULTS

We start with a probability space (2, F, P) and an array of independent Bernoulli
0—1 random variables 51"),§§n), .., n =1,2,... taking on value 1 with probability
pn € (0,1). Our setup includes also increasing functions I < ¢1(1) < ¢2(1) < ... <
qe(1) taking on integer values on the integers. For any set I' C Z4 of nonnegative
integers put

AN
(2.1) P =) "¢ T
ler
which is the probability assigned to I' by the Poisson distribution with a parameter
A > 0.

2.1. Theorem. Set \, = np’,. Then

(2.2) sup |P{S, € T} — PA(D)| < (202 + 1)py, 4 2|\ — A, |e@2xXAn)
FCZ+

where Sy, is defined by (I3), and the right hand side of (2.2) tends to zero provided
(T4) holds true.

We will prove this assertion in SectionBlrelying on Poisson approximation results
for families of dissociated random variables from [4] and [5]. We will show also that
the convergence of P{S,, € I'} to P5(T') can be derived relying on the result of [16],
as well, though this does not give the speed of convergence as in ([2.2]).

As a natural intermediate step from the independent case to a stationary (dynam-
ical systems) case we exhibit a nonconventional Poisson limit theorem for Markov
chains. Namely, let Xy, X1, ... be a Markov chain on a measurable state space (M, B)
whose one-step and n-step transition probabilities P(x,-) and P(n,x,-) satisfy the
conditions

(2.3) P(z,T) < Cm(T) and P(ng,z,I) >C 'm(T) V' c M,T € B

for some probability measure m on (M, B), an integer ny > 1 and a constant
C > 0. Denote by P,, x € M the probability on the path space provided Xy = =
and let v be an arbitrary initial distribution (a probability measure on M). The
Markov chain Xy, X1, X5, ... will be considered now with respect to the probability
P, = [,; Pedv(z) on the path space. Assume also that [ < ¢1(1) < g2(1) < ... < qe(l)
is a sequence of integer valued increasing functions such that

(2.4) llirn (gir1()) —qi(l)) =00 Vi=1,2,....0 — 1.
—00

Let u be the unique invariant measure of the Markov chain above which exists in
view of the (strong) Doeblin condition ([23)) (see, for instance, [§], §5, Ch.V).

2.2. Theorem. Let I';, € B be a sequence of measurable subsets of M such that
(I7) holds true and let P, be a probability on the path space Q@ of the Markov chain
corresponding to any initial distribution v. Then S, defined by ([I) converges in
distribution as n — oo on the probability space (2, P) to a Poisson random variable
with the parameter \.

Next, we consider another setup where 2 is a space of sequences determined by
a 0-1 matrix A = (a5, 1 <4,j <), namely

(2.5) Q= {w = (wo, w1, wa,...) : 1 <w; <¢and q, =1Vi>0}.

Wi++1
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The space Q together with the left shift T acting by (Tw); = w;y1 is called a
subshift of finite type ([3]). We assume that A% is a positive matrix for some p > 0
which makes T topologically mixing. Let ¢ be a Hélder continuous function on
with respect to the metric

d(w,©) = exp(—min{i > 0 : w; # ©;}).

There exists a unique T-invariant Gibbs probability P corresponding to ¢ (see [3])
characterized by the property that for some II (called the topological pressure),
any cylinder set [ag, a1, ...,an—1] = {w € Q: w; = a3, =0,1,...,n — 1} and each
w e [ao, A1y ey anfl],

(26) 071 S P([ao,al,..._,lanfl])l

exp(—IIn + 372y ¢ o T'(w))
where C' > 0 depends only on ¢. Denote by F,, the (finite) o-algebra generated
by all cylinder sets [ag, a1, ...,an—1] C © and for each w* = (w,w7,...) € Q set
Cp(w*) = [w§,w, ...,wi_1]. Next, let I < ¢1(I) < q2(I) < ... < ge(l) be a sequence
of increasing functions taking on integer values on integers and such that for some
c,y>0andalll > 1,

(2.7) Gir1() — () > eI, i=1,2,...,0—1.

2.3. Theorem. For some s > 0 and each w* € Q let B,(w*) C Cy,(w*),
B, (w*) € Frtlsinn], M = 1,2,... be arbitrary sequences of sets. For each sequence
Np(w*), n=1,2,... satisfying

<cC

(2.8) lim N, (w)(P(Bn(w*)) =A>0
n—oo
set
Na(w®) ¢
Snewr @) = > ]I, o T9V(w).
=0 j=1

Then for P-almost all w* € Q,

(2.9) nh_)rrgo PlweN: S, (w)=k}=e e

We will prove this assertion modifying appropriately the technique from [I5] and
[6] while relying on the basic result from [16] which became a major tool for deriving
Poissonian type limit theorems in dynamical systems.

2.4. Remark. In Theorems and we rely on [I6] which does not provide
speed of convergence to the Poisson distribution as in Theorem 211 Still, verifying
conditions of [I6] we obtain certain estimates for speed of convergence of relevant
quantities there so relying on the quantitive version of [16] obtained in [I1] we can
obtain some estimates on speed of convergence in Theorems and 2.3] as well.

2.5. Remark. It is well known that already in the conventional ¢ = 1 setup the
assertion of Theorem holds true not for all w* but only for almost all w* and
a corresponding example appears already in [I5]. In fact, when w* is a periodic
point then already in the conventional ¢ = 1 setup the distribution of Sj, ,,« from
Theorem 23 will converge to a compound Poisson distribution (see [12]) and not to
a Poisson one. The nonconvergence to a Poisson distribution is usually easy to see
in this case checking that second moments do not converge to second moments of a
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Poisson distribution because of ”short returns” which will be excluded in our situ-
ation by the assumption (B.4) from Section 5l For Harris recurrent Markov chains
convergence in distribution to compound Poisson random variables of their number
of arrivals to small sets were studied in [9] (see also references there). It seems that
many of the results about convergence to compound Poisson distributions can be
extended to the nonconventional setup in the spirit of the present paper. This can
be done not relying on the basic result from [16] but by proving directly conver-
gence of moments employing combinatorial arguments similar to ones in the proofs
below.

3. A NONCONVENTIONAL POISSON THEOREM
For any ordered collection of ¢ indices J = (j1, ..., j¢) € Zﬁ, g1 < ... < Jp set

(3.1) X;= Ear()€a(i) Eqoy if i = qu(@) for i <mand all  =1,..,¢
' 7 0 if there is no ¢ > 1, 4 < n such that j; = q;(4) VI =1, ..., .

The collection {X;} is an example of a so called dissociated family of random
variables which means that if {X;}secs and {Xk}xex are two subfamilies and
(UjegJ) N (UgexK) = 0 then these subfamilies are independent. Thus, we can
apply Theorem 2 from [4] (see also Section 2.3 and 9.3 in [5]) which yields that

(3.2) FsCuZp |P{S, €T} — P, ()| < min(1, )\;1)(]1 (n) 4+ Is(n) + I3(n))

where S,, is defined by (L), A\, = np,,

L) =) p5 Ln)=_ > pwx.Bsn)=, Y  EX;Xk
7

J K#£J,KNJ#£) J K#J, KNJ£0
and
é . . .
I pita=ql)Vi=1,.,¢
(3.3) DPrsende) = { 0 if there is no ¢ > 1 such that j, = ¢;(¢) VI =1, ..., £.
Clearly,
(3'4) Il (’rL) = np?f = pfz)\n-

Observe that if J = (j1, ..., je), ps # 0 is fixed and K = (k1, ..., k¢), pr # 0 satisfies
KnNJD{j,} ={k} then such K is uniquely determined by /; and l. Hence,

(3.5) I(n) < nlpf = Ppi A,

Next, if K # J then EX;Xx < pSt! and since by the above argument there are
no more than n¢? terms in the sum for I3(n) we obtain that

(3.6) I3(n) < nl*p5™ = 02p, A\,
It follows from ([B2)-([B.6) that
|P{Sn €T} = Px, ()] < (262 + 1)py,
which yields ([2:2)) taking into account that
[PA(T) = Py, (T)] < 2[A = A e,

O

Next, we formulate the main result from [16] which we will rely upon in Sections

M and Bl but also, as a warm up, we will use it below in the simpler situation of
this section in order to obtain an alternative proof of convergence of P{S,, € A}
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to Py(A) as n — oo though without an error estimate as in the right hand side of

22).

3.1. Theorem. ([16]) Let ngn),...,m(ln), n = 1,2,... be an array of 0-1 random
variables, J.(n), r < n be the family of all r-tuples (i1, i, ..., i) of mutually distinct
indices between 1 and n and for any (i1, ...,i,) € Jp(n) set

(n) o n ()
bi17~~'7ir - P{T]ll =..= niT = 1}
Assume that
i ) 0 fim S50 —
(3.7) nlglgo lrg%xnbi =0, nlgréoZ;bi —A>0,

forn=1,2,... there exist "rare” sets I, (n) C J.(n) such that

. (n) . (n) _
(3.8) lim. oo, = lim_ S b, =0
(ilx"')iT)eIT(n) (ilv"'viT‘)elT(n)

and uniformly in (i1,...,1,) € J.(n) \ I.(n),
b\

(3.9) lim —— et =1,

Then for S, =31, n(n),

(3.10) lim P{S, =k} =" k=0,1,2,...

Now we set
(n) _ o(n) ¢(n) (n)
M = g Saa i) S i)

and check the conditions of Theorem [l For any two positive integers I, [ set

(3.11) p(.D) = min o) = 4;D).

A sequence J = {j1,j2,...,j1} of distinct positive integers will be called a cluster
here if for any j,j € J there exists a chain j;, = J, iy, ... Ji,, 1+ Ji,, = J of integers
from J such that p(ji,,ji,,,) = 0 for all k = 1,2,...,m — 1. Suppose that J is a
part of another finite sequence J of distinct positive integers then we say that J is a
maximal cluster in J if JU{j} is already not a cluster for any j € J. In the notations
of Theorem Bl we define now "rare” sets I,.(n) by I.(n) = Ulgkgr_llr(k) (n) where
1t (n) is the collection of all r-tuples from J,.(n) which contain exactly k¥ maximal
clusters . Hence, J,.(n) \ I.(n) consists of r-tuples whose all maxinal clusters are
singeltons.

Clearly,

bgn) :pl(-") — 0 and Zbl(-") =npl, =X\, = Xasn — oo,
i=1
and so (B.7) holds true. If (i1, ...,3,) € J.(n) \ I.(n) then b;, _; = pT =b; - b;,
and so ([39) is satisfied, as well. Next, if [ is fixed and we know that ¢;(1) = ¢;(m)
then m is uniquely determined by I, ¢ and j. Hence, if [ is fixed and p(I,m) = 0 then
there exist no more than ¢? possibilities for m. It follows that there are no more
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than 7!nf?" possibilities for the choice of numbers in any cluster in each sequence
from J,(n). Hence,

(3.12) #(IP (n)) < (Kl NF k=1,..,r—1

where #I' denotes the cardinality of a set I'.
Now, observe that for any sequence (i1, ...,4;), I > 2 of distinct indices, in par-

ticular, for a cluster b;, . 4, < pfj‘l, and so

(3.13) biy..i. < pEY for any (iq, .., i,) € I (n), k<r—1
since each 1" (n) with k& < r — 1 contains at least one cluster which is not a

singelton. Hence, by (312) and (3I13),

r—1
(3.14) Z biy.ip < Pn Z NPl 0 as n— o0
(i1, i) €1 (n) k=1
while
r—1
(3.15) Z biy -+ bi,. < Z AEpr=RE(p12)k 5 0 as n — 0o
(i1,.oviv) €L (n) k=1
implying (38) and completing the proof of ([BI0). O

4. POISSON LIMITS FOR ARRIVALS TO SMALL SETS: MARKOV CHAINS

Next, we prove Theorem Set
al) = min(inl, | min(a::1(0) - as()).

Now a sequence J = {j1,j2,...,Ji} of distinct positive integers will be called an
(a,n)-cluster if for any j,j € J there exists a chain j;; = J, Jiys s Jir,_1sJi,, = J Of
integers from J such that

(41) p(j1k5-]1k+1) < a’(n) Vk = 1,2,...,m—1

with p(-,-) defined by BII). The definition of maximal clusters remains as before
while we define rare sets I,-(n) as collections of r-tuples J = (41, i2, ..., i) from J,.(n)
(which, recall, denotes the collection of all r-tuples of mutually distinct indices
between 1 and n) which either contain a cluster containing more than one element
or

(4.2) i J) = min 4 < a(n).

min( 12i<r

By 23)) and the Radon—Nikodim theorem there exists a transition density p(z, y)
so that

P(z,T) = /Fp(x,y)dm(y) and O~ < p(z,y) < C.

Let p(n,x,y) denotes the n-step transition density so that

P(n,z,T) = P{X, €T} =P{X, eT|Xg =2} = /Fp(n,x,y)dm(y).
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We will rely on the well known fact (see, for instance, [8], §5 in Ch. V) that under
(2.3) there exists a unique invariant measure p (i.e. [, du(z)P(z,T) = p(T), VI €

B) having a density p(z) = 57’;((?) satisfying C~1 < p(x) < C and

(4.3) sup [p(n,z,y) —p(y)| < Cre " ¥n > 1
z,yeM

for some C1, 8 > 0 independent of n.

Set
H]Ip J1=1,2,....

We start verifying conditions of Theorem BIin our situation observing that by the
Chapman—Kolmogorov formula

(@A) = Pn™ =1} = [o, dv(@) [ plar(),2,21) fr plga(l) = q1(1), 21, 32)
frn p(qe(l) — qo—1(1), =1, ze)dm(z1)...dm(z)

where, recall, v is the initial distribution of the Markov chain. Since g;(l) > | we

obtain from 24)), (£3) and (#4) that for any [ > 1,

(4.5) B = (1(Tn))’| < C((Tn))" exp(—Ba(l))

for some Cy > 0 independent of . Hence, by (I7) and (@35,

(4.6) max b ™ < (Cy + 1) (u(T))" = 0 as n — oo

and

@) U —n(T)] < Col(uT)) 3 e S 0 as i oo,
=1

and so (B is satisfied.

Observe that since p(z,y) < C then p(l,z,y) < C for all [,z,y in view of the
Chapman—Kolmogorov formula. Let (i1,...,4;) be a sequence of distinct integers
such that for some pairs (m1,4;, ), ..., (M, 45,.),

(48) qmy (ijl) < qmo (ijz) <o < Gmy (ij)
where pairs are different but either i’s or m’s may repeat themselves. It follows by
the Chapman—Kolmogorov formula that

(4.9) B\ =P =1, =1}

119
< PAXq,, (ij;) € T,y o s Xg, (i5,) € .}
= Jar (@) Jr, P (i), 2, 21) [r D(@ms (i) = Gy (i50), 21, 22)
fr P(@mi(i5,) = Gy (G ) Tr1, T )dm(z 1 )...dm(zy )
< (Cm(Ty))* < (C?u(Tn)".
Next, we represent the rare sets I,.(n) in the form

(4.10) I.(n) = (Urcrzr IFD () U (UpZ] 18O (n))

where I(k’l)( ) and 1! )( ) are the sets of r-tuples from J,-(n), < n which contain

exactly k& maximal (a,n)-clusters and each Ir (k. 1)(

with 7

n) contains an (a,n)-cluster J

imin(J) < a(n) while 1t )(n) contains no such (a,n)-clusters. Clearly, no



Nonconventional averaging 9

r-tuple from I,(n) may contain more than one maximal (a,n)-cluster J satisfying
imin(J) < a(n). Observe that I,Er’l)(n), [ = 0,1 contains only singelton (a,n)-
clusters, and so it is a subset of I.(n) only if I = 1. In order to estimate the
cardinality of rare sets observe that if [ and m belong to a same (a, n)-cluster and [
is fixed then there are no more than 27 (a(n))"¢"+! possibilities for m. It follows that
there are no more than n(a(n))™ 2" ¢7("+Dr! possibilities for the choice of numbers
in any cluster in J = (i1, ...,4;) with i3, (J) > a(n) while if i);,,(J) < a(n) then
there are no more than (a(n))” 127" ¢"("+1 ¢! such choices. Hence,

(4.11)  #IED(n)) < @ TR (@) L B =1,2, .11 =0, 1.

where #I" denotes cardinality of a set T

Now observe that each cluster J = (i1,...,4;) which is not a singleton yields
at least £ + 1 pairs (mq,ij,), ..., (Met1,4j,,,) satisfying @S8). Hence, any J =
(i1, .mriy) € 1D (n) with k < r yields at least k¢ + 1 pairs satisfying (£.8) while
each r-tuple from I\ (n) yields at least r¢ such pairs. Since a(n) < Inn then these
arguments together with (L) and (£9)—EII) yield that

(4.12) Y
+ 1 Y

n) r (n)
ir)EL(0) bil...ir < Zk:l Z(il i) eI (n) bil...ir

.....

n r 2 _
,,,,, oyer0 g D < Ca( Shy (a(m) ™M (u(T)) NS
+ 30 (a(n) N W(T,)) = 0 as 1 — oo

.....

and
(n) (n)
(4-13) Z(il ..... ir)EL(0) bil o 'bir

< et iy e () bg:ﬂ ... bgp
r—1 n n
201 i iy 1O () b b

< O5( Xy ((a(n) B2 (1)) AR
+ 22;1(a(”))rzkﬂ/\ﬁ(H(Fn))(“k)e —0asn— oo

where A\, = n(u(T',))" and C3 > 0 does not depend on n, which gives ([3.5).
Next, let (i1,...,%r) € Jr(n) \ IL(n). Then there exist pairs
(ml, ijl)’ (mg, ij2), ceey (mrg, ijM) such that

(4.14) 15, >a(n) and |Gm, ., (4,4, ) — @m, (i5,)] = a(n) for 1 =1,2,...,7¢ — 1.

Employing again the Chapman—Kolmogorov formula together with (£3]) similarly
to (@A) we obtain that for such (i1, ..., 4,),

(4.15) B 5, = ()] < Caexp(=Ba(m) (u(0n))"
for some Cy > 0 independent of n. This together with (@A) yields (33) and
completes the proof of Theorem O

5. NONCONVENTIONAL POISSON LIMITS FOR SUBSHIFTS

Before proving Theorem 2.3l itself we recall few basic facts about Gibbs measures
for topologically mixing subshifts of finite type whose proofs can be found, for
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instance, in Ch.1 of [3]. Namely, in addition to (Z8]) we have that for P-almost all
w?

1l ioN B
(5.1) nh_)rr;og;¢oT(w)—/QquP—H—hP(T)

where hp(T) > 0 is the Kolmogorov—Sinai entropy of T with respect to P. It
follows from (28] and (1)) that for P-almost all w = (wp, w1, ...),

(5.2) lim = In P([wo, @i wn1]) = —hp(T) < 0.

n—oo N

Another important fact which we need is the exponentially fast 1-mixing of such
subshifts, namely, that there exist constants 8, C' > 0 such that for any two cylinder
sets U = [ag, a1, ...,a;] C Q and V = [bg, by, ...,bm] C Q,

(5.3) |P(UNT~"V)— P(U)P(V)| < Ce P=DpU)P(V)

provided n > 1 + 1.
Set a(n) = [In'™*n], e € (0,7) where v is the same as in (7). Denote by Q*
the set of all w* € ) such that

(5.4) Co(W)NTCp(w*) =0 forall i=1,2,.. a(n)
and
1 n—1 .
(5.5) nh_)n;o - ZO ¢oT (wy) =T —hp(T) for any sequence w, € Cp(w*).

It is clear that Q* is measurable and it was shown in [I5] and [6] that P(Q2*) = 1.
For reader’s convenience we recall the corresponding argument observing, first, that
(.5) follows from (5.I). As to (5.4) we note that C,, N'T~¢C,, # 0 for a cylinder set
C, if and only if it contains a periodic point of period 7. The number of periodic
points of period ! grows with [ exponentially, and so there are at most ¢*™ periodic
points of periods up to a(n) for some g > 1. Thus, there exist at most g*™) cylinder
sets C,, of length n such that C, N T~¢C,, # () for some i < a(n). On the other
hand, relying on (5.2) we see that P(C,,(w*)), and so also g*™ P(C,,(w*)), decay
exponentially fast in n for P-almost all w*. This together with the Borel-Cantelli
lemma completes the argument.
Next, we return to our nonconventional setup. Put

4
1 (w) = [ s, o T%O(w), 1=1,2, ..., Na(w®)
j=1

where w* € Q*, N,(w*) was defined in Theorem 23 B,(w*) C Cp(w*) and
Bn(w*) € Fugsinn, » = 1,2,.... Observe a slight change of notations here in
comparison to Theorem [B1] by writing nl(") in place of V(")) which would be

unwieldy. We start verifying the conditions of Theorem B.J] observing that
(5.6) b = P{n{™ =1} = P(n’_, T@wO-a B, ("))
Taking into account (Z7) and applying (53] repeatedly we obtain that

(5.7) 6™ — (P(B,(w")))’| < Dy exp(—Ba(n)) (P(B,(w*)))"
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for all [ > L(n) where
2(n +a(n))

(5.8) L(n) =min{k : ¢(Ink)'*” > 2(n +a(n))} = [exp ( )ﬁ] +1
c
grows in n subexponentially and D; > 0 does not depend on [/,n and w*.

Since P(B,(w*)) decays in n exponentially fast we obtain from (28] and (G.6])—

(ES) that

(59) 1§[ISn]\%f((w*) bl(") < P(Bn(w*)) —0asn— o
and

w* n * % £
(5.10) | S b = No(w) (P(Ba ()|

< 2L(N)P(By(w*)) + D1 (P(Bn(w*)))"

yielding (B7).

We introduce again an (a,n)-cluster which is a sequence J = {j1,j2, ..., Ji} of
distinct positive integers such that for any j,j € J there exists a chain j;, =
Ty Jins ooy Jimm 1> Jimg = j of integers from .J such that

(5.11) PJirs Jinsy) <n+a(n) VkE=1,2,...m—1

with p(-,-) defined by BII). Denote by J,.(n) = J,(n,w*) the set of all r-tuples
(i1,...,1,) of distinct integers between 1 and N,(w*). The definition of maximal
clusters remains the same as before and we define rare sets I.(n) = I.(n,w*) as

Ny (w*)e P — 0 asn — oo

collections of r-tuples J = (i1,42,...,%,) € Jr(n) which either contain not only
singelton clusters or
(5-12) Z'rnin(‘]) = 1I§nji£T Z'j < L(n)

Next, we represent the rare sets I,-(n) in the form

(5.13) I(n) = (Ui<ick<r IV (n)) U (U2 190 (n)

where each I\F (n) C Jr(n) contains exactly k maximal (a,n)-clusters while I of

them are collections J satisfying 4,;,, (/) < L(n). In order to estimate cardinality

of I{FY) (n) observe that if ¢; and i2 belong to the same (a, n)-cluster and 4, is fixed
then there are no more than 2"¢"*1(n +a(n))" possibilities for ip. If i < L(n) then,
of course, L(n) bounds the number of choices for i. It follows that there are no more
than 27" N, (w*)¢""+Drl(n + a(n))"" possibilities for the choice of integers in any
cluster in J = (i1, ...,4) with 4,;,(J) > L(n) while if 4,);,,(J) < L(n) then there
are no more than 2 L(n)¢""+Dr!(n+a(n))™ such choices. Thus, [@II) takes here
the form

(5.14) #IFD () < @I+ a(m)P (L) (Na(w"))F!

fork=1,2,..,rand [ =0,1,.... k.
Let (i1,...,4;) be a sequence of distinct integers such that for some pairs

(mlaijl)a ) (mkvijk)a

(515) Am, (ijl) < qm, (ijz) - (n + a(n)) < gm; (ijs) - 2(” + a(n))
<o < Gmy (ijk) —(k=1)(n+a(n))
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where pairs are different but either ¢’s or m’s may repeat themselves. Then applying
repeatedly (B.3]) we obtain that for all n large enough (say, when a(n) > slnn),

(5.16) b, < P(Bn(w*) N T~ (@m2li)=am (2)) B, (w*) N

N T—(qu(ijk)—qm(ijl))Bn(w*)) < Dy (P(Bn(w*))

for some Ds > 0 independent of n,w*, i1, ...,4; and B, (w*).

k

By the definition each J € 1t (n) consists of k maximal (a,n)-clusters
Jiy oy Jiy ooy Ji such that i3, (J5) < L(n) for j = 1,...,1 and i,,;,(J;) > L(n)
for j =1+ 1,...,k. For each j = 1,...,k choose i; € J; arbitrarily and set i; = i,
for j = 1,...;0 and iy (j_pyeqp = Ej forj=01l+1,...,k—1and b =1,....0 Set
also mj = 1 for j = 1,...;,01 and myq(j_pyeqs = b for j = 1,1+ 1,....k -1 and
b=1,...,L. Next, we reorder the pairs (m;,i;) so that g, (ij,) increases in b and
it follows from the definition of L(N) and of (a, n)-clusters that I + (k — [)¢ pairs
(mj,,45,), b=1,...,1 4+ (k — )¢ will satisfy (GI0). This together with (5.10) yields
that for any (i1,...,4,) € Ir(k’l)(n) and n large enough,

(5.17) p(™ (k—1)e+

11...il

< D3(P(Bn(w")))
for some D3 > 0 independent on n,w* and B, (w*).

The estimate (EIT) will suffice for our purposes when I > 1 but for J =
(i1, ir) € Ir(k’o)(n), k < r a better estimate of bi('?.)..il will be needed. So let
such J consists of k maximal (a, n)-clusters Jp, "'LJ’C and singe k < r one of them
must be not a singelton. Suppose, for instance, i,i € Ji, i # ¢ and without loss of
generality assume that

lg; (i) — q;(%)| < n+a(n) for some j,j =1, ..., L.
Set i1 = i and choose i, € Jp, b = 2,3,..k arbitrarily. Now, or-
der k¢ + 1 pairs (j,7) and (l,4),l = 1,..,6;b = 1,..,k to obtain pairs
(ma,ij,), (M2,44,), o, (Mreg1,7,,,,) 50 that g, (i) is nondecreasing in b. Let
gm, (i5,) = ¢;(i) and assume without loss of generality that g; (1) > ¢;(i). Then we
must have ¢;(i) = gm,,, (4j,,,) and
G (i5,) < Gmo(i5,) — (n+ a(n)) < ... <qm,(i5,) — (I = 1)(n + a(n))
< qmz+1(ijl+1) - (l - 1)(” + a(n))
< Gmyyo (ijz+2) - Z(TL + a(n)) <o < Gmpei (ijk£+1) - (kf - 1)(” + a(n))

Applying repeatedly (.3]) we obtain from here similarly to (16 that for all n
large enough,

(5.18) b;, ;. < P(Bn(w*) NTm2li2)=0m Gi) B (w*) N ...
N TTmke (ijk[)fqml (Zjl)Bn(w*))
< Dy(P(Bu(w*)))* T P(By(w*) N TOmis1 i) =am (G B (%))
for some Dy > 0 independent of n, w* and B, (w*).
By G.4) if
qmy4q (ijz+1) — qm,; (ijl) < a(n)
then
Bn(w*) N T‘szﬂ(iizﬂ)_qm (ijl)Bn(w*) = @7
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and so the right hand side of (BI8)) is zero. If
n+ [S ].DTL] < Qmyyq (ijz+1) — Gm, (ijz) <n+ a(n)
then we still can use (53)) to obtain that

(619)  P(Ba(w) NI ) i B (1)) < O(P(Ba(e)
Now let
(5'20) a(n) < Gmy4q (ijz+1) — qm, (ijz) <n+ [5 In n]

We can represent B, (w*) as a disjoint union
Bu(w’) = Ui O )

where C,(ffl (w*), b =1,...,mu(w*) are cylinder sets of the length n + [slnn] and
My (w*) < 0" for some n > 0. Employing (Z8) and (&5 we obtain that under
E20) for any b,d =1, ..., mp(w*),

(5.21) P(CP(w)NT s G =am G G0 (%)) < DsP(CP (W) exp(—da(n))

for some Ds5,8 > 0 where we can take § = $hp(T) provided n is large enough.

Summing in b and d in (B.21I)) we obtain that
(5.22) P(By(w*) N T2 W) =0 W) B (%)) < Dsn™ P(B,(w*)) exp(—da(n))

provided (520)) holds true. In view of (2.6]) and (5.2]) the estimate (522) is weaker
than (B.19) so we will use the former in both cases. Hence, from (GI8]), (519) and

(B22) it follows that for any (i1, ..., 7,) € 1te0) (n) for all n large enough
(5.23) B < DyDsn" (P(Bn(w*)))" exp(—da(n)).

7;1,...,1
Now (£9), GI4), (I7), (523) together with the definition of a(n) yield that
n r k n
(5-24) Z(il ..... ir)EL-(n) bgl.)..ir < Zk:l 21:1 Z(il ,,,,, ir)eI™P (n) bgl.)..ir
r—1 n
+ 2 k=1 Z(il ..... ir)el™ (n) bgl.)..ir
T r2 * l * —
< Do (X pey (n+ a(n)” F(L(n)) (P(Bn(w*))) (An(w*))F!
+ ZZ: (n + a(n))’”zk()\n(w*))knns exp(—éa(n))) —~0asn—
and
(5.25) S , plm) . pm)
. (i1,..0s8r) €L (R) Vin ir
r k n n
< Zk:l Zl:l Z(il _____ i) eI™D (n) bz('l s 'bgr)
r—1 (n) (n)
+Ek§:l (i1,...,ir)61£k’0)(n) b’il .. 'bir
r r2 * — *
< Do Xhmy S (0 4 a(n) " (L(0)) (An (w*)F (P(By (@)
+ 01 (n+ a(n) E A (@) (P(Ba (@) "M = 0 as n — oo

where A, (w*) = Np(w*)(P(Bp(w*)))" %% and Dg > 0 does not depend on n,
which gives ([B.8]).

Next, let (i1,...,ir) €  Jr(n) \ I.(n). Then there exist pairs
(m1,45,), (M2,44,), ..., (Mpe,i4,,) such that

(5.26) ij > L(n) and Gm,, (,,) — @m, (i) > n+a(n) for [ =1,2,...,rf — 1.
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Then applying repeatedly (5.3]) we obtain similarly to (&7) that for such (i1, ..., i),

(5.27)

") .~ (P(Ba(w")))"| < Drexp(—B(a(n) — [sInn))) (P(Ba(w?)))"

for some D7 > 0 independent of n,w* and By, (w*). This together with (L.7) yields
3) and completes the proof of Theorem [Z.3 O
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