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ABSTRACT. We consider ”nonconventional” averaging setup in the form

LD = eB(X(1), £(a1(), E(g2(1), -, E(qe(t))) where £(1),¢ > 0 is either
a stochastic process or a dynamical system (i.e. then £(t) = F'z) with suffi-
ciently fast mixing while ¢;(t) = a;jt, a1 < ag < ... < oy and g5, j = k+1,...,¢
grow faster than linearly. We show that the properly normalized error term in
the "nonconventional” averaging principle is asymptotically Gaussian.

1. INTRODUCTION

Nonconventional ergodic theorems (see [12]) known also after [2] as poly-
nomial ergodic theorems studied the limits of expressions having the form
1/N 25:1 Fa) f ... e f, where F is a weakly mixing measure preserving
transformation, f;’s are bounded measurable functions and ¢;’s are polynomials
taking on integer values on the integers. Originally, these results were motivated
by applications to multiple recurrence for dynamical systems taking functions f;
being indicators of some measurable sets and only convergence in the L2-sense was
dealt with but later [1] provided also almost sure convergence under additional con-
ditions. Recently such results were extended in [6] to the continuous time dynamical
systems, i.e. to expressions of the form

1 T
= / Fa® g pee®) g
0

where F'° is now an ergodic measure preserving flow.
In this paper we consider the averaging setup

(1.1) X(n+1) = X%(n) +eB(X"(n),&(q1(n)), ... (e (n)))
in the discrete time case and
dXe(t)

(1.2)

7 = B, &a(®)), -, E(ae()))

in the continuous time case with & being either a stochastic process or having the
form &(s) = F*f where F* is a dynamical system and f is a function. Positive
functions qi, ..., g¢ will satisfy certain conditions which will be specified in the next
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section, in particular, first £ of them are linear while others grow faster than pre-
ceeding ones. An example where (1.2) emerges is obtained when we consider a time
dependent small perturbation of the oscillator equation

(1.3) i+ Nx = eg(x, 2,1

where the force term ¢ depends on time in a random way g(z,y,t) =
9(x,y,E(q1(t)), ..., &(qe(t))). Then passing to the polar coordinates (r,¢) with
x = rsin(A(t — ¢)) and © = Mrcos(A(t — ¢)) the equation (1.3) will be trans-
formed into (1.2). It seems reasonable that a random force may depend on versions
of a same process or a dynamical system moving with different speeds which is
what we have here.

As it is well known (see, for instance, [28]), if B(x,yi,...,y¢) is bounded and
Lipschitz continuous in z and the limit

_ o1 T
(14) Bo) = Jim 7 [ Bl (o). la®))de
— 00 0
exists then for any S > 0,
(1.5) lim sup |X°(t) — X°(t)| = lim sup |Z°(t) — Z(t)] =0
e—00<t< /e e=00<t<s
where
dis(t) R(YVE € € 7 v E
(1.6) 7 =eB(X(t)) and Z°(t) = X°(t/e), Z(t) = X°(t/e).
In the discrete time case we have to take
N
_ ) 1
(1.7) Ble) = Jim_ 5 3 Blos€(ar () lar(n)

and (1.5) remains true with X¢ given by (1.6) and (1.7). Almost everywhere limits
in (1.4) and (1.7) can be obtained by nonconventional pointwise ergodic theorems
from [6] and [1], respectively, in rather general circumstances in the dynamical
systems case and under another set of conditions existence of such limits follows
from [20].

After nonconventional ergodic theorems (or in the probabilistic language laws
of large numbers) are established the next natural step is to obtain central limit
theorem type results which was accomplished in [24]. The averaging principle (1.5)
can be considered as an extension of the ergodic theorem and the main goal of this
paper is to extend also central limit theorem type results to the above nonconven-
tional averaging setup in the spirit of what was done in the standard (conventional)
averaging case in [21] and [17]. Central limit theorem type results turn in the aver-
aging setup into assertions about Gaussian approximations of the slow motion X¢
given by (1.1) or by (1.2) where ¢ is a fast mixing stochastic process or a dynamical
system while unlike the standard (conventional) case we have the process £ taken
simultaneously at different times ¢;(¢) in the right hand side of (1.1) and (1.2).

We prove, first, our limit theorems for stochastic processes under rather general
conditions resembling the definition of mixingales (see [26] and [27]) and then check
these conditions for more familiar classes of stochastic processes and dynamical sys-
tems. In [24] we imposed mixing assumptions in a standard way relying on two
parameter families of o-algebras (see [5]) while our assumptions here use only fil-
trations (i.e. nondecreasing families) of o-algebras which are easier to construct for



Nonconventional averaging 3

various classes of dynamical systems. As one of applications we check some form of
our conditions for Anosov flows which serve as fast motions in our nonconventional
averaging setup where we rely on the notion of Markov families from [8] and [9].
At the end of the paper we discuss a fully coupled averaging setup in our noncon-
ventional situation where already an averaging principle itself becomes a problem.

Acknowledgment. A part of this paper was done during my visit to the Fields
Institute in Toronto in June 2011 whose support and excellent working conditions
I greatfully acknowledge.

2. PRELIMINARIES AND MAIN RESULTS

Our setup consists of a p-dimensional stochastic process {{(¢),¢ > Oort =
0,1,...} on a probability space (2, F, Pr) together with a filtration of o-algebras
F, C F,0< 1< oosothat F; ¢ Fy if | <I'. For convenience we extend the
definitions of F; given only for [ > 0 to negative [ by defining F; = Fy for [ < 0.
In order to relax required stationarity assumptions to some kind of weak ”limiting
stationarity” our setup includes another probability measure P on the space (Q, F).
Namely, we assume that the distribution of £(¢) with respect to P does not depend
on t and the joint distribution of {£(¢),£(t')} for ¢ >t/ depends only on ¢ — ¢’ which
can be written in the form

(2.1) E)P = p and (E(),E())P = py—yp for all t >t/

where p is a probability measure on R¥ and us, s > 0 is a probability measure on
R® x R¥.

Our setup relies on two probability measures Pr and P in order to include, for
instance, Markov processes £(t) satisfying the Doeblin condition (see [16] or [10])
starting at a fixed point or with another noninvariant distribution. Then Pr will
be a corresponding probability in the path space while P will be the stationary
probability constructed by the initial distribution being the invariant measure of
&(t). Usual mixing conditions for stochastic processes are formulated in terms of a
double parameter family of o-algebras via a dependence coefficient between widely
separated past and future o-algebras (cf. [5] and [24]) but this approach often is not
convenient for applications to dynamical systems where natural future o-algebras
do not seem to exist unless an appropriate symbolic representation is available.
By this reason we formulate below a different set of mixing and approximation
conditions for the process £ which seem to be new and will enable us to treat some
of dynamical systems models within a class of stochastic processes satisfying our
assumptions.

In order to avoid some of technicalities we restrict ourselves here mostly to
bounded functions though our results can be obtained for more general classes of
functions with polynomial growth supplemented by appropriate moment bounded-
ness conditions similarly to [24]. For any function g = g(&,£) on R x R¥ introduce
its Holder norm

|g(€7g) - g(glvélﬂ
1€ = &'Nm + 1§ = &|~
Here and in what follows |[¢p — 9)|® for two vectors i) = (41, ..., 9,) and I
(Y1, ...,,) denotes the sum > 7 | [1h; — ¢;|". Next, for p,¢ > 1 and s > 0 we

(2.2) gl = sup{|g(&,&)| + LE£ L £
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define a sort of a mixing coefficient

(2.3) 77p7n,8(n) = SUuPy>g {HE(Q(&" +1),&(n+1t+ 5))|~7:[t])

—Epg(E(n+t),&n+t+9)|, : 9=9(&8). lgls <1}, nps(n) = mpo(n)
where || - ||, is the LP-norm on the space (Q, F, Pr), -] denotes the integral part and
throughout this paper we write E for the expectation with respect to Pr and Ep for

the expectation with respect to P. We will need also an (one-sided) approximation
coefficient

(2.4) Cq(n) = sup IEE®)|Ft4n) — E@D)lq-

2.1. Assumption. Given k € (0, 1] there exist p,q > 1 and m,§ > 0 satisfying

1]
1
2

1 2 6
(2.5) m=BIE0)" <00, 5> =+ = += 5 <k—2 kg>1
p m q p
with ¢ = (¢ — 1)p and such that
(2.6) Z 77,), )+ C‘s( )) <ooand lim 7, s(n)=0forall s >0,

where 1% <0 < k.

NeXt) 1et B = B(a:)f) = (B(l)(m)€)7"'7B(d)(m)€))7 6 = (61)"'752) 6 REW be a
d-vector function on R? x R such that for some constant K > 0 and all z, 7 € R¢,
576 E RZ@? i7j7l = ]‘7 "'7d7
(2.7) [BO(2,8)| < K, |BD(2,) = BO(&,8)| < K(]o — & + X5, 1€ — &%)

(i) 2 ()
and }‘9387;;“5)} <K, |%} < K.

We will be interested in the central limit theorem type results as € — 0 for the
solution X¢(¢) = X:(¢) of the equation

28) O _ B (). €0 (1), €laa(0). . Elarl1). XEO) = .t € 0,7 /]

where ¢1(t) < g2(t) < --- < qe(t), t > 0 are increasing functions such that ¢;(t) =

ajt for j <k < £ with a1 < ag < --- < ap whereas the remaining ¢;s grow faster
in t. Namely, we assume similarly to [24] that for any v > 0 and k+1 < i <,
(2.9) Aim (g (t +7) = ai(t)) = o0
and
(2.10) Jim (g;(v8) = g1 (1)) = o0.

Set
(211) Blo) = [ Blon)dul€) - du(ée)

We consider also the solution X¢(t) = X2(t) of the averaged equation
dXe(t)

(2.12) —

=eB(X(t)), X:(0) = 2.
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It will be convenient to denote Z¢(t) = X°(t/¢), Z(t) = X°(t/e) and to introduce
Ye(t) = Y, (t) by

(2.13) Yy () =y+/0 B(Z(s),&(a1(s/€)), €(az(s/€)), -, E(ae(s/)) ) ds.

2.2. Theorem. Suppose that (2.7), (2.9), (2.10) and Assumption 2.1 hold true.
Then the family of processes G=(t) = e Y2(YE(t) — Z.(t)), t € [0,7] converges
weakly as ¢ — 0 to a Gaussian process G°(t),t € [0,7] having not neces-
sarily independent increments (see an example in [24]) with covariances of its
components GO(t) = (GY1(t),...,G%(t)) having the form EG®!(s)GO™(t)) =
fomm(s’t) Ab™(u)du with the matriz function {AY™(u), 1 < I,m < d} computed
in Section 4. Furthermore, the family of processes Q°(t) = e~ Y/2(Z5(t)— Z(t)), t €
[0, 7] converges weakly as e — 0 to a Gaussian process Q°(t), t € [0, 7] which solves
the equation

(2.14) Q°(t) = G(t) + /0 VB(Z(5))Q"(s)ds.

In the discrete time setup (1.1) the similar results hold true assuming that g;’s
take on integer values on integers, v in (2.9) is replaced by 1, «; is replaced by i
fori=1,....k and defining Z*(t) = X°([t/e]) together with Y= =Y, given by

(2.15) Y () =y + /0 B(Z(s), &(q1([s/e])): €(aa([s/e]); - §(ae([s/€]))) ds

while leaving all other definitions and assumptions the same as above.

Observe that we work with B defined by (2.11) but in our circumstances the
central limit theorem type results from [24] imply also (1.4) and (1.7), at least, in
the L%-sense while a nonconventional law of large numbers from [20] and (under
stationarity assumptions) pointwise nonconventional ergodic theorems from [1] and
[6] yield (1.4) and (1.7) also for the almost sure convergence. Note also that we need
the full strength of (2.6) only for one argument in Section 4 borrowed from [21] but
for a standard limit theorem not in the averaging setup, i.e. when B(x,&1,...,&) =
B(&1,...,&) does not depend on z, it suffices to require only summability of the
expression in brackets in (2.6).

An important point in the proof of the first part of Theorem 2.2 is to introduce
the representation

(216) B(x7§) = B(IE) + Bl(xagl) +---+ Bf(x7£17 "'76@)
where £ = (&1, ...,&) and for i < ¢,
(217) Bi(x7€17"'7£€) =

JB(, &1y &) dp(Eiv) - - du(&e) — [ Bla, &, oo &)dp(&s) - -~ dpu(Ee)

while
(218) Bf(x7§17 "'75@) = B(x7§17 ~"7§€) - /B(x7€la 75@)(1/,6(5@)
Next, we introduce

QAVE) = [/ Bi(Z(),E(ar (5/)), E@a(5/2)), - Eau(s/))ds, i =1, k.
}/ia(t) = f(f B; (Z(S)vg((h (8/5))75((]2(8/5))7 "'7§(q2(8/5)))d57 i=k+1,..¢
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and Y () = Y5, (t) =y + fg B;i(Z(s))ds. Thus Y, from (2.13) has the representa-
tion

k ¢
(2:20) V() = Y5 () + ) Yi(ait)+ Y Yi(h).
i=1 i=k+1
We comsider also X§(t) = X°(t), X;(t) = X;,(t) =

r +
sfot Bi(X:(s),&(q1(s)), -, E(qe(s)))ds and ZZ(t) = X(t/e) for all i > 0.
For i > 1 set also

(2.21) Ge(t) = e Y2YE(t) and Q5(t) = e~ Y275 (t).

Relying on martingale approximations (which also can be done employing mixin-
gales from [26] and [27]) we will show that any linear combination Zle XiGE con-
verges weakly as € — 0 to a Gaussian process Zle A\;GY. Tt turns out that in the
continuous time case each G5, ¢ = k + 1, ..., ¢ converges weakly as ¢ — 0 to zero,
and so the processes Y7, ¢ > k do not play any role in the limit. It follows that
G= converges weakly to a Gaussian process GO such that G(t) = Y%, NG9 (at).
On the other hand, in the discrete time case each G%, ¢ > k cannot be disregarded,
in general, and it converges weakly as ¢ — 0 to a Gaussian process GY which is
independent of any other G?. The above difference between discrete and continuous
time cases is due to the different natural forms of the assumption (2.9) in these two
cases. These arguments yield the first part of Theorem 2.2 while its second part
concerning convergence of Q¢ as ¢ — 0 is proved via some Taylor expansion and
approximation arguments.

In order to clarify the role of the coefficients 7, ,, and (; we compare them with
the more familiar mixing and approximation coefficients defined via a two parameter
family of o-algebras G, € F, —oo < s <t < oo by
(2.22)

wp(n) = s;)p {I1E(9|G-.s) — Epgllp: g i Gsyn,co — measurable and |g| < 1}
5>0,9

and

(2.23) Bq(n) = sup [ E(E(H)|Gr—n.t1n) = ()],

t>0
respectively, where Gs; C Ggp if 8" < s and ¢/ > ¢. Then setting F; = G_o,; We
obtain by the contraction property of conditional expectations that
(2.20)8,(n) > $upysg | EER)Grniin) — £() + £(E) — EEDIT—sofirnin) g

> (n+1) = B,(n) ie. By(n) > 1¢,(n +1).

Furthermore,
|9(€(n+1),&(n+t+5)) — g(EE(n +1)|Gnit—fn/2)ntt+1n/2)s

E(¢(n+t+ 5)|gn+t+s—[n/2]7n+t+s+[n/2])) Hp < 2|g|x By ([n/2]),

and so
(2.25) My, () < (@p([n/2]) + 265,.([n/2]))19] -

Thus, appropriate conditions on decay of coefficients w, and 3, as in [24] yield
corresponding conditions on 7, , and (;,. The other direction does not hold true
but still it turns out that most of the technique from [24] can be employed in our
circumstances, as well.
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The conditions of Theorem 2.2 hold true for many important stochastic processes.
In the continuous time case they are satisfied when, for instance, £(t) = f(Z(¢))
where E(t) is either an irreducible continuous time finite state Markov chain or
a nondegenerate diffusion process on a compact manifold while f is a Holder
continuous vector function. In the discrete time case we can take, for instance,
&(n) = f(E(n)) with Z(n) being a Markov chain satisfying the Doeblin condition
(see, for instance, [16], p.p. 367-368). In all these examples 7, .. (n) and (,(n) decay
in n exponentially fast while (2.6) requires much less. In fact, in both cases £(t)
may depend on whole paths of a Markov process = assuming only certain weak
dependence on their tails.

Important classes of processes satisfying our conditions come from dynamical
systems. In Section 6 we take £(t) = £(t, 2) = g(F'z) where F! is a C? Anosov flow
(see [23]) on a compact manifold M whose stable and unstable foliations are jointly
nonintegrable and ¢ is a Holder continuous g-vector function on M. It turns out
that if we take the initial point z on an element S of a Markov family (see Section
6) introduced in [8] distributed there at random according to a probability measure
equivalent to the volume on S then Assumption 2.1 can be verified. This does not
yield though a desirable limit theorem where the initial point is taken at random
on the whole manifold M distributed according to the Sinai-Ruelle-Bowen (SRB)
measure (or the normalized Riemannian volume). We observe that a suspension
representation of Anosov flows employed in [17] to derive limit theorems in the
conventional averaging setup does not work in our situation because F4®"g, i =
1,...,¢ arrive at the ceiling of the suspension at different times for different i’s.

In the discrete time case there are several important classes of dynamical systems
where our conditions can be verified. First, for transformations where symbolic
representations via Markov partitions are available (Axiom A diffeomorphisms (see
[3]) and expanding endomorphisms, some one-dimensional maps e.g. the Gauss map
(see [15]) etc.) we can rely on standard mixing and approximation assumptions
based on two parameter families of o-algebras as in (2.22) and (2.23). On the
other hand, for many transformations Markov partitions are not available but still
it is possible to construct one parameter increasing or decreasing filtration of o-
algebras so that our conditions can be verified. For some classes of noninvertible
transformations F' it is possible to choose an appropriate initial o-algebra Fy such
that F~'Fy C Fy and then to define a decreasing filtration F; = F~¢F (see [25]
and [13]). Passing to the natural extension as in Remark 3.12 of [13] we can turn to
an increasing filtration and to verify our conditions. On the other hand, our results
can be derived under appropriate conditions with respect to decreasing families
of o-algebras. Namely, let F D Fy D F1 DO Fa D --- and define mixing and
approximation coefficients by

(2.26) Mo, (1) = supgs  {[|E(9(E(t), €(t — )| Fiegn)
—Epg(é(t),f(t - S))Hp g = 9(575)7 |g|/1 S 1}7 np,ﬁ(n) = 771),/1,0(”)

and
(2.27) Gq(n) = sup | EE0)|Fig—n) — &) q-

Then under Assumption 2.1 we can rely on estimates of Section 3 below and in
place of martingales there arrive at reverse martingales and to use a limit theorem
for the latter.
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2.3. Remark. If B = 0 then according to Theorem 2.2 the process X¢(t) is very
close to its initial point on the time interval of order 1/e. Thus, in order to see
fluctuations of order 1 it makes sense to consider longer time and to deal with
VE(t) = X°(t/e). Under the stronger condition [ B(z,&1, ..., &)du(€) = 0 it is not
difficult to mimic the proofs in [22] and [4] relying on the technique of Sections 3
and 4 below in order to obtain that Ve(t), ¢t € [0,7] converges weakly as € — 0
to a diffusion process with parameters obtained in the same way as in [22] and
[4]. Tt is not clear whether, in general, this result still holds true assuming only
that B = 0. Though most of the required estimates still go through in the latter
case a convergence of V¢ to a Markov process seems to be problematic in a general
nonconventional averaging setup.

3. ESTIMATES AND MARTINGALE APPROXIMATION

The proof of Theorem 2.2 will employ a modification of the machinery developed
in [24]. First, we have to study the asymptotical behavior as € — 0 of

i(t)/e _
(3.1) Gi(t) = \/5/0 Bi(Z(es),&(aq1(s)), - €(ai(s))) ds

which is obtained from the definition (2.21) by the change of variables s — s/¢ and
where 7;(t) = t/a; for i = 1,...,k and 7;(t) =t for i = k+ 1, ...,£. Observe that if
ﬁ <e< % and N > 1 then by (2.7),

2Ktd
S T =

VN

and so it suffices to study the asymptotical behavior of G;/ N as N — co. Set

(3.2) G5 (t) -GN (1))

n+1 B
(3.3) Iin(n) :/ Bi(Z(s/N),&(qi(s)), .-, &(qi(s))) ds.

In view of (2.7) the asymptotical behavior of G; N as N = oo is the same as of
N~Y28, n(t) where
[N7: (1))

(3.4) Si,N(t) = Z Ii’N(TL).
n=0

There are two obstructions for applying directly the results of [24] to the sum (3.4).
First, unlike [24] the integrand in (3.3) depends on the "slow time” s/N. Secondly,
our mixing and approximation coefficients look differently from the corresponding
coefficients in [24]. Still, it turns out that these obstructions can be dealt with and
after minor modifications the method of [24] start working in our situation, as well.
Namely, the dependence on the ”slow time” being deterministic will not prevent us
from making estimates similar to [24] while dependence of I¥ on N will just require
us to deal with martingale arrays which creates no problems as long as we obtain
appropriate limits of variances and covariances. Concerning the second obstruction
we observe that one half of the approximation estimate from [24] is contained in the
coefficient ¢, while another half is hidden in the coefficient 7, , which also suffices
for required mixing estimates.

We explain next more precisely why estimates similar to [24] hold true in our
circumstances, as well. Let f(1,&, é) be a function on R¢ x R® x R¥® such that for
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any 9,7’ € R? and &,, &, ¢ € R?,
(3.5) ) ) )
(@, &8) — F(, &, ) <C( — ¥ |" + 1€ = €% + |y — ¥'|¥) and | f(2,€,€)| < C.

Then setting g(v) = Ep f(1,£(0),£(s)) we obtain from (2.1) and (2.3) that for all
u,v >0 and n € N,

(36) ‘|E(f(¢a€(n =+ u),ﬁ(n—k u+ U))|-7:[u]) - g("r/))Hp < Onpm,v(n)'

Let h(¢,w) = E(f(¥,&(n + u),{(n + u + v))|Fy) — 9(¥). Then by (3.5) we can
choose a version of h(¢,w) such that with probability one simultaneously for all

¥, € R?,
(3.7) |h(¥,w) = h(y',w)| < 2C|p —¢'|".

Since, in addition, ||h(¢,w)||, < Cnpx(n) by (3.6) for all ¥ € R?, we obtain by
Theorem 3.4 from [24] that for any random g-vector ¥ = ¥(w),

(3.8) (T (@), @)]la < cC(Mpso(m)" 7 (14 [T],n)

where 9 < 0 <K, E > % + % and ¢ = ¢(g,p, k,0) > 0 depends only on parameters

in brackets Since
(3.9) h(¥(w),w) = E(f(\i/, E(n+u),&(n+ u+ )| Fly) (w) as.

provided ¥ is Fy-measurable we obtain from (3.7)-(3.9) together with the Hélder
inequality (cf. Corollary 3.6 in [24]) that,

(3.10) |E(f(®,&n+u),&(n +u+v))|F) —g(P)||,
< Cpueo(n))' 757 (14 [ |) + 20| W — E(‘Iflf Dl

provided 1 > %4- 2 +%

We apply the above estimates in two cases. First, when f(@b,g,é) =
F(,€) = Bi(z,&1,...,&) with ¢ = (&,..,& 1) € REDe ¢ — ¢ ¢ Re,
no=[(g(t) — g-1(t)/2], w = ¢:(t) — n and ¥ = (£(q1(t)),&(q2(t)), - E(qi1 (1))
In the second case f(‘/)ff) = Bi(m,Nfl,...,&)Bj(y,fi,...,f;) with ¢ =
(€1 &im1, €1, &) €RIFTDO €= 6 £ = ¢ € RY, m = [(min(gi(1), g5(s)) —
max(g;i—1(t),¢j—1(s)))/2] when n > 0, v = min(g(t),q;(s)) — n and ¥ =

(1 (1)), -, €(qi=1(1)), €(q1(s)), -, €(gj—1(5))). The estimates for the first case are
used for martingale approximations while the second case emerges when computing
covariances.

Since [ Bi(@, &1, ..., &im1,&)dp(&) = 0 we obtain by (3.10) the estimate

(3.11)  [[B(Bi(&(@1(8)), - &@()) Frauien-n) |, < C((nps ()77 + (Gy((n))?)

for some C' > 0 independent of ¢ where n = n;(t) = [(¢:(t) — ¢i—1(t))/2]. Next, for
any z € R? &, ..., -1 € RCand r=1,2,... set

Biﬂ’(maflv "'7§i—17§(t)) = E(B(maflv '-'761—17§(t))|f[t]+r)
and & (t) = E(&(t)| Figer) -
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Then by (2.4) and (2.7) together with the Holder inequality,
(3.12) | Bi(x, &1,y &1, £(t)) — Bi(a, &1, ...,5i,1,g(t))||q
<2||Bix, &1, &im1, E() — Bi(@, &, oo ity B(E(E) | P+ ))H
< 2Kd|[[€(t) = BEW®)| Frg+)|"||, < 2EKdG(r).
Moreover, similarly to Lemma 3.12 in [24] we obtain that

(313 HB {E 5 ql(ﬂ)? 75(%@))) - Bzr(x gr(ql(t)% "'7ET(Qi71(t)))||a < CC:;(T)

provided 1 > 1 st + % and § < min(k, 1 — ) where ¢ = ¢(d, a, p,q) > 0 depends
only on the parameters in brackets. Set

b (@, yi 5,1) = E(BY (@, 6(q1(5))s - €ai()) B™ (5, €(q1 (£))s - £(05 (£))))

where, recall, Bi(l) is the I-th component of the d-vector B;. Now, by (2.7), (3.11)
and (3.13),

m .
(3.14) 1057 (.3 8.1 < (.0 ()57 + (G4(n))°)
where C' > 0 does not depend on s,¢ > 0 and n = n;;(s,t) = max(fy;(s,t), 7i(t, s))
with g5 (5, £) = [£ minai(s) — 4;(8), ai(5) — i1 (5))]-
Now, set
(3.15) Liny(n) = [ | Bir(Z(s/N),&(q1(5)), -, & (qi-1(5)) ) ds, Si v (t) =
NT;(t o)

St L (), R () = 32 B (D F )y Divor(m) =

Ii7N7T(m) + Rm(m) — Rm(m — 1) and Mi7N7r(t) = Z,[’L]\Q—f(t)] Di7N7T(n).
In view of (3.11) applied with a = 2 we see that the series for R;,(m) converges in
L2, D; n.(m) is Fy,4-measurable and since E(D; nr(m)|Fm—14r) = 0 we obtain
that {D; n.r(m), Frntrfo<m<[Nr (1)) 15 @ martingale differences array. Next, we
proceed similarly to Sections 5 and 7 of [24] observing that the limiting behaviour
of N=1/28; n..(t) as N — oo is the same as of N~'/2M; x .(t), then dealing with
the latter by means of martingale limit theorems and, finally, employing the repre-
sentation

oo

(3.16) Sin(t) = Sina( +Z i N2 ( Si N2 1(t))

In order to complete this programm it remains only to compute limiting covariances
as in Section 4 of [24] taking care also of the slow time s/N entering (3.3) and (3.15).

4. LIMITING COVARIANCES

In this section we show the existence and compute the limit as N — oo of the
expression

Ti(s/€) 5 (t/€) B
(4.1) E(G;,(s)G = a/ / lm (Z(eu), Z(ev); u, v)dudv.

We start with showing that there exists a constant C' > 0 such that for all ¢t > s >
0,l=1,....,d,N>1landi=1,..,¢,

(4.2) supE|G1/N( )~ G ()P < Ct— 9).
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In order to obtain (4.2) we note that by (2.9) and (2.10) for t > s,

(4.3) qi(t) — qi(s) > a;(t — s) and q;(t) — gi—1(t) > c;—1t when i = 2, ...,k

and for any v > 0 there exists ¢, such that for all t > t, and ¢ =k +1,..., ¢,

(4.4) Gi(t) — qi(s) > (t—s) +v~ " and ¢i(t) — qia (t) >t +~7",

Now (4.2) follows from (2.6), (3.14), (4.1), (4.3) and (4.4). Observe, that by (3.2)

and (4. )1fNJrl <e < + then
1/N 1/N AKdCNT
[EGE1(8)G5m (1) — EG 7 (5)Gyl ()] < — 5
and so it suffices to study (4.1) as ¢ = & and N — oo.

Next, we claim that if ¢ > j and ¢ > k then the limit in (4.1) as % =N -
exists and equals zero. Indeed, in this case for any small v > 0 with 77" < s,

(4.5) [EGN (5)G)n (0] < L+ 1
where by (4.2),
(4. 6)
= IEGIY (TG (0] < (BEY 6)) P (BG 0))* < CVATH
and by (3.14),

(@7 =BG - G TN O] = & [y du 7

blm( Z(u/N), Z(v/N);u,v)dv < Cf du fTJ (EN) pu u, v)dv
where

(48) pig (4, 0) = (e (i (1, 0)))' 757 + (G (a1, 0))°
with n;;(s, t) defined after (3.14). It follows from (2.6), (2.9), (2.10) and (4.8) that

for any v > 0 there exists N, such that whenever N > N, and v € [0,7N] (cf.
Proposition 4.5 in [24]),

sN
/ pij(u, v)du < 7,
YT N

and so Iy < CT~. Since v > 0 is arbitrary this together with (4.5) and (4.6) yields
that for all l,m =1,...,d, ¢ > k and j < i,

(4.9) Jim EGN(s)GIIN () = 0.

Next, we claim that when ¢ > k then also for all [,m =1, ...,d,
(4.10) Jim EG! N ()G (t) = 0.
Indeed, by (3.14) and (4.8) for ¢t > s,
(4.11) 1EGN ()G (t / du/tN pii(u,v)dv = Is + I
where

2 sN sN 1 sN tN
I3 = —/ du/ pii(u,v)dv and Iy = —/ du/ pii(u, v)dv
N 0 u N 0 sN
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Now
(4.12) I3 = % SNd fu—w pii(u,v)dv + % 2 duf A pii(u, v)dv
2 [I8 du [2 pii(u,v)d < 0(87 +y+ Sﬂ'y('YN))

for some C > 0 where by (2.6) and (2.10) for any v > 0,

(4.13) B (M) = sup pii(u,v)dv < oo and lim B,(M) =0.
u>M Jutry M—o0
Next,
(4.14) I4 =+ N du fSNJW pii(u, v)dv

N du fN_Hp” u,v)dv < Csy + CsBs(N).

Finally, (4.10) follows from (4.11)—(4. 14) letting, first, N — oo and then v — 0.

In order to compute the limit as 1 = N — oo of (4.1) for 4,5 = 1,2,..., k we
recall an argument of Lemma 3.1 from [21] which yields that if umformly inoc>0
and x,y from a compact set the limit

1 (c+sN) /e (o+sN)/ay ;
(4.15) lim —/ du/ bé?(x,y;u,v)dudv:sDi3m(x7y)

N —o0 Ja Jaj

exists and has the form of the right hand side with a continuous D then the limit
(4.1) exists, as well, and it has the form

(4.16) MnE@”W)d“a»=4m$”mﬁww%mmmw

J,m

Namely, set M = M(N) = [N?/?] and let s, = i t=0,1,..,M — 1. Assume
also that s < t. Let

Ay = ULI‘ialAN’L with Ay, = {(u,v) : s, N <w,v< (s, + %)N}

and By = {(u,v): 0 <u<sN,0<v<tN}\Ay. Then

(4.17) BG N (8)G5 () = I + I
where

Is = NLU/B blm( (u/N), Z(v/N),u/i,v/j)dudv
and

Is = NL”/AN B (Z(u/N), Z(0/N), ufi,v])dudv.
Now, by (3.14) and (4.8),
(4.18) | < 5 (S o S5 g (wf e, v/ )

+pji(uf o, vfon))dudv + [3° [112 pij (u/ i, v/ay)dudv).

Observe that by the definition of n;;(u,v) after (3.14) we can write for 4, j =
1,..., k,

(4.19) pij(u/ai,v/a;) = ((lu—v])
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where ¢ > 0 satisfies fooo wl(w)dw < oo. Integrating by parts we obtain for any
V>U2>0,
(4.20)

/du/ Cv—udv</ du/Uu dw—/OUrC(r)dr</OOOTC(r)dr.

This together with (2.6), (4.18) and (4.19) gives by the choice of M = M (N) that

~ M
(4.21) |I5| < CNaiaj —0as N —
for some C' > 0 independent of M and N.
Next,

4.22 J I
( ) Malaj Z% MmN () + Iz
where M

howt =5 [ B (2 (s.), Z(s); -, )audo

<u,w<(s.+437)N a;  Qy

and by (2.7) and the choice of M = M(N),
(4.23) |I;| < Cs?NM~2 - 0as N — oo
where C' > 0 does not depend on s, N and M. By (4.15) we obtain that
(4.24) [ Tarn (1) = saia; DY™(Z(s.), Z(s.))| — 0 as N — oo,
and so
(4.25) |Is — / Dl " Z(u))du| — 0 as N — oo

completing the proof of (4.16).

In order to describe Dﬁ}m(m, Y), i,J < k consider all indices 1 < ¢} < i) < ... <
iij =jand 1 <ji<jh<..< jzij = j such that there exist 0 < p; <... < p,,, =1
satistying o pi, aipr € {a1,...,q} for all I =1, ...,1;5. Define

I - -
(426) ai; (3) Y3iS1y ey Sbij) = fBz( )(maflv ---7§i)Bj(ya€17 ---7§j)
Hm d,usg (fi;, ) fj;,) Hiwg{i’l,...,iiij},lgiw<i dﬂ(fiw) ng gz{ji,..v,j[ij},léj&j d'u(gﬂf)'

Then in the same way as in the proof of Lemma 4.4 from [24] (see also Section 7
there) we obtain relying on (2.6), (3.10) and (3.14) that
(4.27)

i

li bm Nuy, Noy) = ai™(z, y; Y IRT)
Moo o Ui @y N, Nuw) = @37 (2,45 1w, pos s )
This is the only place where we need Assumption 2.1 for n, . s with s > 0. It follows
similarly to Section 7 of [24] that the limit (4.15) exists and it can be written in

the form

1 *°
I, L .
(4.28) Dijm(x,y) = ey / ai;n(x,y,plw,pzw, ...,pLijw)dw.

Collecting the results of Sections 3 and 4 together we conclude that each G, i =
., k converges weakly as ¢ — 0 to the corresponding Gaussian process G? having
independent increments while the process G, i > k converge weakly as ¢ — 0 to
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zero (in the continuous time case we are dealing with now). Moreover, the processes

G¢ converge weakly as ¢ — 0 to a Gaussian process G (with not necessarily
independent increments as an example in [24] shows) having the representation

k
(4.29) GO(t) = Gs(it).
i=1

Furthermore, the covariances of different components G?(s) = (G, ..., G?’d(s)) of
this processes are described in view of the above by

min(s,t) _ _
(4.30) BGY 0G0 = [ Dl (2w, Z(u)au,
and so by (4.29),
min(s,t)
(4.31) EG%'(5)G%™(t) :/ AL™ (w)du
0
where

At u) = " DE™(Z(iu), Z(ju)).

1<4,j<k

5. (GAUSSIAN APPROXIMATION OF THE SLOW MOTION AND DISCRETE TIME CASE

In order to complete the proof of Theorem 2.2 we proceed similarly to [21]. First,
we consider the process H(t) which solves the linear equation

t
(5.1) He(t) = G°(¢) +/ VB(Z(s))H®(s)ds.
0
By (2.7), for some C > 0 independent of ¢ and ¢,
t
0] < G5O+ C [ )las
Then
t ¢
[H ()] = 1G=(1)]] < C/O IGE(S)IdSﬂLC/O ||H ()| = 1G=(s)l|ds
and by Gronwall’s inequality
¢
(5.2) \HE ()] < |G=(8)] + CeCt/ 1G= ()| ds.
0

It follows from Section 3 that the family of processes {G®(t), t € [0,7]} is tight
which together with (5.2) implies that the family of processes {H®(t), t € [0, 7]},
as well, as the family of pairs V¢ = {G®, H¢} are tight.

It follows that any weak limit VO = {G°, H°} of V¢ as e — 0 must satisfy the
equation

(5.3) HO(t) = G°(t) + /t VB(Z(s))H(s)ds
0

which has a unique solution. Moreover, its solution H? is a Gaussian process.
Indeed, the equation (5.3) can be solved by successive approximations starting
from G° so that on each step we will get a Gaussian process (in view of linearity)
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and the limiting process will be Gaussian, as well. Moreover, H° depends linearly
on G° having an integral representation of the form

(5.4) HO(t) = GO(t) + / tK(t,s)GO(s)ds
0

with a differentiable kernel K (Green’s function). The latter follows considering an

operator A given by
t
t) :/ VB(Z(s))f(s)ds

which has the supremum norm less than 1 if ¢ € [0, A] for A small enough, and so
we can write

H=(I-A)'G° =G+ ZA"GO
n=1

In view of the form of the integral operator A above this representation yields (5.4)
on the interval [0, A] and then employing the same argument successively to time
itervals [A, 2A], [24,3A4], ... we extend the representation (5.4) for any ¢.

Observe that

(5.5)  Q°(t)=e"V2 [[ (B(Zi(5),&(q1(s/€)), ... E(qe(s/€))) — B(Zy(s)))ds
= G=(t) + [y VaB(Z5(5), E(qr(s/e)). .. E(ae(5/2))) Q5 (s)ds + [y J5(s)ds
where

Ji(s) = €72 (B(Zs(s) + VEQ(5), £(ar(5/¢)), - E(ae(s/€))) — B(Za(s),
E(a1(s/¢)), - &(ae(s/€))) = Vo B(Za(s), (a1 (s/€)), -, §(ae(5/€)))VEQ(5)).

If HE solves (5.1) then U¢(t) = Q°(t) — H®(t) satisfies by (5.4) the equation
(

/ Vo B(Za(3), (a1 (5/2)), - E(ar(5/2))) U (s)ds = / (J5(s) + J5(s))ds
where

J5(s) = (VaB(Zs(s),6(a1(s/€)), - §(ae(s/€))) = VaB(Za(5))) H (s).
By Gronwall’s inequality we obtain that
(5.7) |U(t)] < CteCt/ |J5(s) + J5(s)|ds
0

for some C' > 0 independent of ¢ and ¢ € [0, 7.

Thus, in order to prove that Q¢ convergeb weakly as € — 0 to a Gaussian process
QO solving (2.14) it suffices to show that fo J$(s)ds and fo J5(s)ds converge to zero
in probability as e — 0. By (2.7),

\Z5(0) — YE(R)| < C / 1Z5(s) — Za(s)|ds = Oz / Q= (s)ds
with C' = Kd, and so

Q0] < 1G5 ()] + C / Q5 (5)]ds.
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Hence, in the same way as in (5.2),

t
6 Q501 < J67 ()] + 0 [ 16" (9)las.

0
By (2.7) and the Taylor formula with a reminder we conclude that

(5.9) |J5 (5)] < CVelQ(s)[?
which together with (4.2) yields that E|J$(s)] — 0 as € — 0.
The proof of convergence to zero in probability of fg J5(s)ds as € — 0 is based

on the integral representation (5.4). Set

®(x, &1, ..., &) = B(x, &1, ..., &) — B(x)
and

U(z,&1,..,&) = VeB(x, &1, ...,&) — Vo B(x).

Relying on the representation (5.4) we obtain that

(5.10) }E/ J5(s)ds| < [T5(8)] + 5 (8]
0
where
(5.11) J5(t) = 3/2 ft/sd s Jo duE (¥ (Zy(es), £(q1(s)), -, €(qe(s)))
XP(Zy(eu),&(qr(u)), ... E(qe(w))))

and
(5.12) J5(t) = &3/2 ft/sd I dufu/s dvK (s, ev)
X B(V(Z1(25),£(q1(5)), - €(qe(9)) 2(Ze (2u), (g1 (), -, E(ge (w))))-

Estimating the expectations in (5.11) and (5.12) via (3.10) similarly to (3.14) we
obtain that both J5(¢) and J5(t) are of order /¢, and so the left hand side of (5.10)
is of order /¢, as well. For more details of a similar argument we refer the reader
o [21]. This completes the proof of Theorem 2.2 concerning the continuous time
case.

In the discrete time case the proofs are similar but slightly simpler. Namely, set

[Nt/d]
(5.13) R/N(t) = N7Y2 N Bi(Z(nt/N), (g1 (n)), ., E(q: ()
n=0
where B;’s are the same as in (2.16)—(2.18). Then for all N > 1,
(5.14) G/N () - RN (1) < CNT?

for some C' > 0 independent of N. The asymptotical behavior of RN as N —
oo can be studied in the same way as in [24] taking into account that we have
here slightly different mixing conditions, and so the corresponding estimates should
be done as above via (3.10)—(3.14). The main difference of the discrete vis-a-vis
continuous time case is that now each Gl/N( t),i=k+1,..,¢ converges weakly as
N — oo to a nondegenerate Gaussian process GY(¢) having the covariances

min(s,t)
(5.15)  E(G{()G}(s)) :/o du/(Bi(Z(U)a§17-~-75¢))2dﬂ(§1)~~dﬂ(§i)

which is proved combining arguments of Proposition 4.5 in [24] and of Section 4
above. The computation of other limiting covariances proceeds in the same way as
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in the continuous time case. It follows that in the discrete time case the processes
G? converge weakly as ¢ — 0 to a Gaussian process G° having the representation

k ‘
GOty =) Gty + > Gt
i=1 i=k+1
where each process GY, i > k is independent of each G(J)- with j # 4 while the
processes G?, 1 < k are correlated with covariances described at the end of Section
4 taken with «; = 4,7 = 1,...,k. The argument concerning the convergence of
processes Q° to Q° solving (2.14) remains the same as in the continuous time case.

6. SOME DYNAMICAL SYSTEMS APPLICATIONS

We start with recalling the setup from [8] and [9]. A C?2-diffeomorphism F of
a compact Riemannian manifold 2 is called partially hyperbolic if there is a F-
invariant splitting E* & E°¢ @ E* of the tangent bundle of  with EF“ # 0 and
constants A\ < Ay < /\3 <M< )\5 < )\6; Ay < 1, )\5 > 1 such that HdF(’U)H/HUH
is between A1 and Ay on E°, between A3 and A4 on E° and between A5 and Ag on
E*. Denote by W* the foliation tangent to E* and call S a u-set if S belongs to a
single leaf of W*. F-invariant probability measures which are absolutely continuous
with respect to the volume on leafs W* are called u-Gibbs measures. It is assumed
that F has a unique u-Gibbs measure pS®® which is called the Sinai-Ruelle-Bowen
(SRB) measure.

An important role in the construction is played by Markov families which are
collections S of u-sets which cover Q and have certain regularity properties (see
[8] and [9]) but we formulate here only their ”Markov property” saying that for
any S € S there are S; € S such that 'S = U;S;. Now let S be a Markov
family. Following [8] and [9] we construct on each S € S an increasing sequence
of o-algebras F,, in the following recursive way. Let F5 = {0, S}. Suppose that
FJ is generated by {S;,} with F"S;, € S. By the "Markov property” we can
decompose F"“Sjm = U;Sji,n and now let .7-';?4_1 be generated by F’”*lSﬂ,n.

Next, for each 1 and z2 in a u-set S put

= det(dF Y EY)(F~'a)
ot det(dF 1 EY) (F~ 1)’

p(xlva) =

Fix 29 € S and let pg(x) = p(x,20)([g p(x, z0)dx) . For a Markov family S and
nonnegative constants R, a denote by E;(S, R, «) the set of probability measures
o defined for each continuous function g € C(Q2) by

(6.1) o(g) = /S g(2)eC® pg(x)da

where S € S and G is Holder continuous with the exponent o and the constant R.
Denote also by E = E(S, R, «) the closure of the convex hull of E;(S, R, a). The
decay of correlations is measured in [8] and [9] via a sequence a(n) — 0 as n — oo
such that for any ¢ € E and each Holder continuous g on €2,

(6.2) lo(g o F") = p**5(g)| < a(n)|lgll

where || - || is a Holder norm. An argument from Section 5 of [11] compares
the coefficient a(n) above with the more familiar rate of decay of correlations
|[SBE(f - (g o F™)) — pSRB(f)uSRB(g)| and it follows from there that the latter
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decays superpolynomially if and only if a(n) decays superpolynomially. Accord-
ing to [7] such decay of correlations holds true for C? Anosov flows with jointly
nonintegrable stable and unstable foliations and for their time-one maps. By [14]
this remains true for an open dense set of C? Axion A flows as well, as for their
time-one maps. For other partially hyperbolic dynamical systems with fast decay
of correlations see [8], [9], [14] and references there.

In order to estimate 7, . s(n) from (2.3) we write in the same way as in Lemma
4 from [8] that on each element S in Fy,

(6.3)  Anse=E(g(fo F"F, fo o) Fy) = /Sps(y)gs,t(F"y)dy

where the expectation is with respect to ¢ on S and gs+(2) =
g(f(Ft=ty), f(Ft=1+s2)). If f and g are Hélder continuous then gy, is Holder
continuous for fixed s and ¢ and it is uniformly in ¢t Holder continuous when s = 0.
Thus, by (6.2) we have that |4, s+ — EA, ;| decays in n with the speed of at least
a(n) and this decay is uniform in ¢ if s = 0. Hence, if a(n) decays superpolynomi-
ally then (2.6) holds true. This yields Theorem 2.2 for £(t) = &(t,2) = g(F*2) on a
probability space (S, 0) for 0 € E and an element S of a Markov family while g is
a Holder continuous function. We observe that the measure o here plays the role
of the probability Pr in the setup of Section 2 while pS®E plays the role of P there.

7. CONCLUDING REMARKS: FULLY COUPLED AVERAGING

In the nonconventional framework as discussed in this paper even the setup of
fully coupled averaging, i.e. when the fast motion depends on the slow one, is not
quite clear. On the first sight we may want to deal with the equations
(7.1) Xe¢(n+1)=X*(n)+eB(X%(n),&(n),&(2n), ...,&(fn)),

§(n+1) = Fxen(€(n))
in the discrete time case and

2 O picayem.een, e, B — i, em)

in the continuous time case. The problem is that {(kn) or £(kt) are not yet defined
for k > 1 at time n or ¢ so we cannot insert them into the first equation in (7.1) or
(7.2) respectively, and so these equations do not define properly X¢ and &.

A reasonable modification of this setup is to consider

(7.3) Xe(n+1) = X°(n) + eB(X*(n),m(n), n2(n), ..., ne(n)),
ns(n+1)= F}‘{E(n)(nf(n)), i=1,..,¢

in the discrete time case and

(74) B = eBXE () (1), 2(8), e (1),

PO — ib(XE (), 75 (1), = 1,2,

in the continuous time case. We consider (7.3) and (7.4) as sets of £ 4+ 1 equations

but require that 77 (0) = n5(0) = - -- = n7(0). This approach seems to be reasonable

if we consider (7.3) and (7.4) as perturbations of equations with constants of motion
dn'™)(t)

(7.5) @ (n +1) = F, (1) (n)) and — = B(a,n") (1)),
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i.e. when z variable remains fixed in unperturbed equations but start moving
slowly in perturbed ones. Then 7(*) (i(n 4+ 1)) = Fi(n®) (in)) and dn® (it)/dt =
iB(z,n\ (it)).

As it is well known in the fully coupled setup the averaging principle not always
holds true and when it takes place then usually only in the sense of convergence in
average or in measure. In the nonconventional situation the problem is even more
complicated. Consider, for instance,

dag (1)
(7'6) Tf = EB(O(‘;M(t), (p‘ia(t), ) QDZa(t))ﬂ
i ao®) _
= Yd;p = zaia,w(t)ﬂ az7¢(0) = Q, (pia,gp(o) == QPZa,w(O) =
where ¢ denotes a point on an n-dimensional torus T™ and « denotes a constant
n-vector (constant vector field on T"). Then ¢f, , = ipi,, — (i —1)p. Set

B, ) = B(a, ¥, — @b — (£ — 1)). Then the right hand side of (7.6) can
be replaced by eB(of, o), 95 (1), @). If B(a = [ B(a, g1, ¢)dp1dgp and do“*(t

B(au(t)), @4(0) = a then employing the techmque from the proof of Theorem
2.1 in [18] it is not difficult to see that for any compact K,

(7.7) / sup |ag, ,(t) — aa(et)|dadp — 0 as € — 0.
KO0<t<T/e
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