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ABSTRACT. In [16] we obtained a nonconventional invariance principle (func-
tional central limit theorem) for sufficiently fast mixing stochastic processes
with discrete and continuous time. In this paper we derive a nonconventional
invariance principle for sufficiently well mixing random fields.

1. INTRODUCTION

Nonconventional ergodic theorems (see [12]) known also after [3] as poli-
nomial ergodic theorems studied the limits of expressions having the form
1/N Zgﬂ Ta) f ..M f, where T is a weakly mixing measure preserving
transformation, f;’s are bounded measurable functions and ¢;’s are polynomials
taking on integer values on the integers. Originally, these results were motivated
by applications to multiple recurrence for dynamical systems taking functions f;
being indicators of some measurable sets. Later such results were extended to the
case when ¢;’s are polinomials on Z" (see [17]) and to some Z" actions (see [2]).

Using the language of probability this kind of results may be called nonconven-
tional laws of large numbers and as a natural follow up we arrived at the invariance
principle (functional central limit theorem) in [16] showing convergence in distri-
bution to Gaussian processes for expressions of the form

(1.1) VN Y (F(X (@), ., X (q(n)) = F)

0<n<Nt

where X (n),n > 0 is a sufficiently fast «, p or 1¥-mixing vector valued process with
some moment conditions and stationarity properties, F' is a continuous function
with polinomial growth and certain regularity properties, F = JFd(px - x p),
o is the distribution of each X(n), ¢j(n) = jn, j < k and ¢;,j > k are positive
functions taking on integer values on integers with some growth conditions which
are satisfied, for instance, when ¢;’s are polynomials of growing degrees.

The goal of this paper is to prove an invariance principle type result when n € Z”
is multidimensional. This can be done either by considering functions g; : Z¥ — Z,
with X (n),n > 0 being again a vector valued stochastic process or, more generally,
considering maps ¢; : Z¥ — ZY taking now X(n),n € Z" to be a vector valued
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random field which will be our setup in this paper. Namely, for ¢t = (¢1,...,t,) €
[0,1]” and a positive integer N we consider expressions of the form

(1.2)  &n(t)=N""/2 > (F(X(q1(n)), ... X (qe(n))) = F)

n=(n1,...,n,):0<n; <Nt; Vi

where X (n),n € Z" is a sufficiently well mixing vector valued random field, with
some moment conditions and stationarity properties, F' and F are similar to above,
gi(n) =gn,j<kandg :2Z" —7Z",i=k+1,..,{ map Z} = {n = (n1,...,n,) €
7V :n; >0,i=1,..,v} into itself. Assuming some growth conditions of |¢;|, i > k
in |n| we will show that the random field {n(¢) converges in distribution to a
Gaussian random field on [0, 1]*.

In [16] we were able to obtain the latter result for one dimensional n relying on
martingale approximations and martingale limit theorems but for random fields this
machinery is not readily available. Still, we are able to combine some of mixingale
technique from [18] and [19] together with an appropriate grouping of summands
in (1.2) in order to obtain both convergence of finite dimensional distributions
and the tightness of infinite dimensional ones. Other known methods which work
successfully when proving limit theorems for random fields (see, for instance, [5], [7],
[8] and [20] ) rely one way or another on characteristic functions (or other devices
based on weak dependence) which are hard to deal with in the nonconventional
setup as demonstrated in [14] in view of the strong dependence of the summands
in (1.2) on the far away members of the random field. For specific lattice models
with sufficiently good mixing properties to fit our setup we refer the reader to [1]
and references there.

2. PRELIMINARIES AND MAIN RESULTS

Our setup consists of a p-dimensional random field {X (n), n € Z*} on a prob-
ability space (Q,F, P) and of a family of o-algebras Fr C F, ' C Z" such that
Fr C FaifI' € A C Z¥. 1t is often convenient to measure the dependence between
two sub o-algebras G, H C F via the quantities

(2.1) wyp(G,H) = sup{HE(g|g) — Egllp : g is H — measurable and ||g|l, < 1}

where the supremum is taken over real functions and || - ||, is the L" (€2, F, P)-norm.
Then more familiar «, p, ¢ and ¥-mixing (dependence) coefficients can be expressed
via the formulas (see [6], Ch. 4 ),

a(gvH) = %woal(gvH)v p(gaH) = w2,2(gaH)
PG, H) = 3W00,00(G, H) and ¢(G, H) = w100 (G, H).
We set also

(2:2) @ap(r) = sup  (DUT| '@y, (Fr, Fr))
T, I:dist(T,T)>r

where I and A are finite nonempty subsets of Z, dist(I', A) = infper nea |0 — 7|
and we write |I'| for cardinality of a set |I'| while, as usual, for numbers or vectors
| - | will denote their absolute values or lengths. As shown in [10] imposing decay
conditions on dependence coefficients which do not take into account sizes of sets I"
and A as in (2.2) would exclude from our setup simple examples of Gibbs random



Random fields 3

fields. Define also

1
a(l) = Zwoo,l(l)a p(l) = w2,2(1), (1) = Woo,00(1) and (1) = @1,00(1).
Our setup includes also conditions on the approximation rate
(2.3) Bp(r) = sup X (n) — E(X (k)| Fu, @) lp

where Uy(n) = {n € Z” : |n —n| < r} is the r-neghborhood on n in Z”. Further-
more, we do not require stationarity of the random field X (n),n € Z" assuming
only that the distribution of X (n) does not depend on n and the joint distribution
of {X(n), X (n')} depends only on n —n’ which we write for further references by

(2.4) X(n) & pand (X (n), X(n')) < py_p for all n, n/

where Y 2 Z means that Y and Z have the same distribution.
Next, let F' = F(z1,...,2¢), z; € R® be a function on R#* such that for some
1, K >0,k € (0,1] and all z;,y; € R®,i =1,..., ¢, we have
¢

14 14
(2'5) |F($1,...,$1) _F(yla"wy@)l < K(l +Z|xj|L +Z |yJ Z |J)] _yJ

j=1 j=1 =1
and

0
(2.6) F (w1, me)| < K(1+ |a]Y)

j=1

Our assumptions on F' enable us to include, for instance, products F(z1,...,2¢) =
Z11Z22 -+ - Tpp, Where x; = (41, ..., Tig) € Re, which is sometimes useful. To simplify
formulas we assume a centering condition

(2.7) /F X1y ey ) dpp(z1) - dp(ze) =0

which is not really a restriction since we always can replace F by F — F.

Our goal is to prove an invariance principle (functional central limit theorem)
for {n(t), t € [0,1]” defined by (1.2) where ¢;j(n) = jn for j = 1,2,...,k and
qgj + 7V — 7", j =k +1,...,¢ satisfy the following conditions. First, we assume
that |q1(n)| < |q2(n)] < -+ < |qe(n)| and |g;(n)| < |g:(7)] for each i if |n| < |7
whenever n,n € ZY = {m = (my,...,m,) € Z" : m; > 0Vi}. Furthermore, we
assume that for k+1<i </,

(2.8) lim 1nf (lg;(7) — gi(n)| — |7 — n|) = oo,

|n|—o0 :n#n

(29) g # @) itn# 7, T min(g00)] = la(m)] - ) =

and for any ¢ > 0,
(2.10) lim inf  min (|gi(72)] - [@(n)| — |2 — n|) = cc.

In|—o0 f: || >e|n| 1<i

For each 0 > 0 set
(2.11) 28 = IX]I% = EIX(n)|° = / 12l dy.

Our main result relies on
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2.1. Assumption. With d = (¢ — 1)gp there exist p,q > 1, m > 4 and § > 0 with
0 < K, pk > d satisfying

(212) >, (1) = 6(p.q) < oc,
1=0
(o]
(2.13) > g (g,r) < o,
r=0
1 1 1 9
(2.14) 'ym<oo,'yqu<oowith—2—+L+ + -
27p m q
In order to give a detailed statement of our main result as well as for its proof
it will be essential to represent the function F' = F(x1,xo,...,x) in the form
(215) FZF1(1‘1)+---+Fg(l‘1,l‘2,...,$[)
where for ¢ < ¢,
(2.16) Fi(z1,...,2;) = [ F(z1,22,...,20) dp(zigr) - - - dplae)

— [F(z1,22,...,20) du(a;) - - - dp(ae)
and

Fo(z1,22,...,2¢0) = F(x1,22,...,20) — /F(xl,:cg,...,:w) du(xy)

which ensures, in particular, that
(2.17) /Fi(l‘l, T2y ooy Tj—1, J)i) d,u(a:i) =0 V L1, L2y, Lj—1.

We write t = (t1,...,t,) > s = (s1,...,8,) if t; > s; for all ¢ and for such s,t € [0,1]”
we set An(s,t) = {n = (n1,....,ny) € Z¥ : Ns; < n; < Nt;Vi} and An(t) =
An(0,t). These together with (2.15)—(2.17) enable us to represent &x(¢) given by
(1.2) in the form

k 4
(2.18) En(t) = Z&,N(it) + Z &N (t)
i=1 i=k+1
where for 1 <1 <k,
(2.19) Gat)=N""? 3" F(X(n),X(2n),...,X(in))
neAN(t/1)

and fori >k + 1,
(2.20) GN(t)=N"2 3" F(X(@(n),..., X(a:(n)).

neAN(t)

2.2. Theorem. Suppose that Assumption 2.1 holds true then each random field
& n(t), 1 =1,2,...,€ converges in distribution as N — oo to a Gaussian random
field n;(t). Moreover, (n1(t),n2(t),...,ne(t)) is an ¢-dimensional Gaussian random
field such that n;(t), i < k have covariances

En;(s)n;(t) = Di; Hmin(slvtl)v i,j<k
=1
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with matriz D; ; described in Proposition 4.5 while the random fields n;(t), i > k+1
are independent of each other and of n;’s with j < k and have variances

Eln()]? = / (21, 22, o) Pdpa(a)dpa(rs) -~ dpa(s), > k4 1.

Finally, En(t) converges in distribution to a Gaussian random field £(t) which can
be represented in the form

14

k
(2:21) &) =D_mGt)+ 3 m(®)

i=k+1

In order to understand our assumptions observe that w,, is clearly non-
increasing in ¢ and non-decreasing in p. Hence, for any pair p,q > 1,

@qp(n) < P(n).

Furthermore, by the real version of the Riesz—Thorin interpolation theorem or the
Riesz convexity theorem (see [13], Section 9.3 and [11], Section VI.10.11) whenever
NS [07 1]7 1 §PO;P1;Q07C]1 < oo and

1 1-6 0 1 1-06 0

- = + —y — = + —

p Po P1 q qo0 q1
then
(2.22) @g,p(1) < 2(@g0,p0 (n))lie(wqhm (n))e

In particular, using the obvious bound wy, ,, < 2 valid for any ¢; > p; we obtain
from (2.22) for pairs (00, 1), (2,2) and (oo, c0) that for all ¢ > p > 1,

1

(2.23) @ap(n) < (20(n)) 777, @y p(n) < 2577 (p(n))!
and @, ,(n) < 27 (¢(n))! 7.

3 =

We observe also that by the Holder inequality for ¢ > p > 1 and « € (0,p/q),

(224) Bla.r) < 280, M"Y it

pP—qo
with g defined in (2.11). Thus, we can formulate Assumption 2.1 in terms of more
familiar «, p, ¢, and 1¥—mixing coeflicients and with various moment conditions. It
follows also from (2.22) that if w, ,(n) — 0 as n — oo for some ¢ > p > 1 then

(2.25) wyp(n) = 0asn —ooforalg>p>1,

and so (2.25) holds true under Assumption 2.1.

In order to prove Theorem 2.2 we will represent & n(t) in the form
> 1<1<n Zi,n (1) where now [ is one dimensional which together with estimates of
the next section will enable us to apply central limit theorems for mixingale arrays
(see [18] and [19]). This will lead to Gaussian one dimensional distributions in the
limit but combining this with a kind of the Cramér-Wold argument, covariances
computation in Section 4 and tightness estimates of Section 5 will yield appro-
priate Gaussian random fields as asserted in the theorem. Recall (see [16]), that
already in the one parameter case v = 1 the process £(t), in general, does not have
independent increments so also in the random field case £(¢), in general, is not a
multiparameter Brownian motion.
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2.3. Remark. As a part of tightness estimates of Section 5 we will see that
SUP N1, ef0,1)» Eléin (t)|* < C < oo. Hence, applying the Borel-Cantelli lemma

we obtain as a byproduct that if S; y = N”/quv(t) and Sy = NV/2 Zle &n(t)
then with probability one

. 1 _ 1
ngnoo W&',N(t) = 0 for each 4, and so lgnOo N—SN( )=0.

Still, we observe that this strong law of large numbers can be obtained under more
general circumstances here since, in particular, we do not need for it convergence
of covariances derived in Section 4 which requires, for instance, more specific as-
sumptions on g;’s.

3. BLOCKS AND MIXINGALE TYPE ESTIMATES

We rely on the following result which appears as Corollary 3.6 in [16].

3.1. Proposition. Let G and H be o-subalgebras on a probability space (2, F, P),
X and Y be d-dimensional random vectors and f = f(x,w), x € R? be a collection
of random variables measurable with respect to H and satisfying

B f(@w) = fly,w)llg < COA+|z|" + ly[)z —yl™ and || f(z,w)llq < C(A+]z[")
where g > 1. Set g(z) = Ef(x,w). Then
(3:2) [IB(f(X,)IG) = g(X)]lo < (1 + [1X115{ %)) (@a,p(G, H) + |1 X = E(X[G)]3)

provided k — £ > >0 1>1 i —|— with ¢ = ¢(C, 1, k,0,p,q,v,d) > 0 depending
only on pammetem in bmckets Moreover let v = (v,2) and X = (V,Z), where V
and Z are dy and d—d;-dimensional random vectors, respectively, and let f(z,w) =

f(v,z,w) satisfy (3.1) in x = (v,z). Set g(v) = Ef(v, Z(w),w). Then
(3.3) IE(f(V,Z.)1G) = a(V)llo < (1 + X33 5)

*(w@qp(G, H) + |V = E(VIG)I5 + 1Z = E(ZIR)]3)-
Furthermore,

(3.4) IF (X (W), w) = F(Y (), w) = g(X) + g(Y)[|
< cwgp(G,H) (L+ X572 + 1Y I 2) 11X = Y.

We will use the following notations

(3.5) Finy =Fipr(z1,22,...,0i-1,w) = E( (x1,22,...,xi—1, X ()| Fu, (n)
Yi(gi(n)) = Fi(X(q1(n)), ..., X(qi(n))) and Yi(m) = 0 if m # ¢;(n) for any n,
Xr(n) = E(X(n )lfU(n) Yir(qi(n)) = Fig,(n)r (Xr(q1(n)),

o Xr(gi—1(n)),w) and Y; . (m) = 0 if m # ¢;(n) for anyn;
Yi(n) = Yi(n) — EY(n), Y ;(n) = Yi,-(n) — EY;,.(n).

For each | € Zy introduce cubes 0(I) = {n = (n1,...,ny) € Z" : 0 < n; <

I fori=1,..,v} and for [ > [ we set also T( 1) = 0(1) \ O(I). Fix some positive
numbers 4n<29<7'<1/2 and set a(1) = 0,b(1) =1 and for j > 1,

(36)  a(i) =0( — 1) +[( — 1], b(G) = a(j) + [j7] and 7(5) = [j"].
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We define also

(3.7) Vien () = Xneanntaw.pw) Yire (@(n))
and Wi,t,N(l) = ZnEAN(t)ﬂT(b(l),a(H-l)) sz,r(l)((j(n))

where ¢;(n) = n for i = 1,2,...,k and ¢;(n) = ¢;(n) for i = k + 1,...,£. The sets
T(b(1),a(l+1)) will play the role of gaps between Y (a(l),b(1)) and Y (a(l+1),b(l+1))
and we will see that the random variables W n(I) can be disregarded for our
purposes while dealing with the random variables V; ¢ v (1) we will take advantage
of our mixing conditions in order to show that their centered versions Vlt N() =
Vie.n(l) — EVit (1) satify mixingale estimates (see [18] and [19]) with respect to

the nested family of o-algebras gl‘ = Fr,a), | = 0,1,2,... where I';(I) = O(b(1))
for i < k,

Ii(l) ={n ez : dist(n,Ujgiqj(D(b(l)))) <r()}

for i > k+ 1 and we take gl(“ to be the trivial o-algebra {0, Q} for [ < 0.
Namely, for any u € N we have

(38)  IEView WGP < X ean @b EEi(@n)67,)
< 1T(a(l), b(1))| maxner(a@y sy | EVi(@0))|6% )
where |A| for a set A denotes its cardinality. Next, for u > I,

(3.9) E(Yi(d:(n))|6”,) =

while for all w > 1 we can write by the triangle inequality and the contraction
property of conditional expectations that
(3.10)

IEXi(G ()G )2 < 2 BV (@(m)IG2) |2 + 21Yi(d:(n) — Yi,q (@:(n)]l2.

It follows from Proposition 3.1 together with (2.8), (2.9) and (2.14) that for all
n € Y(a(l),b(l)) and 7,1 > 1 (see Lemma 3.12 in [16]),

(3.11) 1Y;(Gs(n)) = Yi#(Gi(n))ll2 < CB(F)

and

(3:12) | E(Yir (@ (m)IGi )|z < C (1 ey q(all) = bl = 1) = 20(1) + B3 (r(1)))

for some C' > 0 independent of n,l provided p,q and § satisfy the conditions of
Assumption 2.1. Collecting (3.7)—(3.10) we obtain that for any u > 1,

(313) [|E(Vien(DIGY,)ll2 < Ca” )7 (1" 7wy o ([(1 - 1)) — 2007 + B3([1"]))
for some C' > 0 independent of ¢, N,! and u. On the other hand, by (3.11),

(3.14) IE(VienD)IGD) = Vi n D)]l2 < CAr (1 +u))

where C' > 0 is independent of ¢, N,I and u > 1 which together with (3.13) yields
the mixingale type estimates we will rely on.

Next, we estimate contribution of small blocks (gaps) Wi n(j), 7 > 1. Let
1> j,neYB(1),a(l+1)) and set I';(j) = O(a(j + 1)) for i < k while

0i(j) = {n € z% : dist(n, Us<iga (O(a(j + 1)) < 7(4)}-
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Then employing Proposition 3.1 with G(9) = Fp,(;) and taking into account (2.8)-
(2.10) we obtain that

(3.15) |EWit. v ()Y gm0 = [E(Wie N (D EYigm)r)]9)) |
< C1l|Wie,n ()ll2(wqp(b(1) — (1) — a(j + 1) —7(j))
+65(b(1) = (1) = a(j + 1) = (5)))
for some C; > 0 independent of ¢, N, n,l and j. Hence,
(3.16) |EWiy N (Wi n (D] < CLlWie N ()2 T (b(1), a(l + 1))
X (@qp(b(1) = (1) = a(j +1) = 7(j)) + By (b(1) — (1) — a(j + 1) = r(5)))-
To specify the above estimates we observe that
(3.17) T, D)| < Col (1 — 1), in particular, IT(b(1), a(l 4+ 1))| < Cob” 1 (1)[1%]

for some Cy > 0 independent of [ > [ while

b(l) < 1_'2_
Set L(N) =min{j : a(j + 1) > N} and since
Nz Y [Tz )T L) )t

1<j<L(N)-1

(14 D)7 and b(l) — (1) — a(j + 1) —r(5) > [I"] — 2[I"].

we have that

3.18 L(N) < (N1 + 7)Y+ 41 <oaNVOF+7) g,
(3.18)

It follows from (2.12)—(2.14) and (3.15)—(3.17) that

2 .
(3.19) E(Eogng(N it, ~(J ) < Zogng(N) (EWiQ,t,N(j)
23 (vysisg [EWia N (j Wi n()]) < Cs Zogng(N)(||Wi,t7N(j)||g +1)

for some C3 > 0 independent of V.

Relying on (2.3), (2.5), (2.14) and the Hélder inequality we can estimate the error
of replacement of Y;(g;(n)) by its r(I)-approximation Y; ,.(;)(¢;(n)) (see Lemma 3.12
in [16]),

(3.20) Vi (q:(n)) — Yir( (@i(n))ll2 < CaB3(r(5))

for some Cy > 0 independent of 4, j and n. Now, set

GaE)=N"2 3" Vin(D).

1<I<L(N)
Then by (3.17), (3.19) and (3.20),
(3.21) €5 () = Gin (D)2 < CsNT2 (1 cyepoy 1783 (r (1)
+H(Dosizron (W OIF + 1)),
It follows from (2.14) and Lemma 4.2 of the next section that
(3.22) [Wie.n (D)II5 = O(YT(b(2), a(l +1))])
which together with (2.13), (3.17) and (3.18) yields that
(3.23) & n(t) — G n(t) — 0 in probability as N — oo,
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and so for each ¢ the limits in distribution as N — oo of & n(t) and of (; n(t)
coincide (if they exist).

4. LIMITING COVARIANCES

The first step in our limiting covariances computations is the following estimate
of

bi,j(m,n) = EY 4,m)Yj.q;(n)s mon € L1

where Y; 4, () was defined in (3.4).

4.1. Lemma. (i) Fori,j =1,...¢ and any m,n € Z4 set

(4.1) 8i,j(m,n) = min (mini<;<; |g:(m) — g (n)|, |ml)
and s; ;(m,n) = max(§; ;(m,n), §;i(n,m)).

Then for alli <k,
1
(4.2) sii(m,n) > @hn —nl.

Furthermore, if i > k + 1 then for any € > 0 there exists M. > 0 such that if
max(|m|, |n|) > M. and m # n then

1
(4.3) si,i(m,n) > min (jm — n| + e, max(|m|, |n|)) > §|m —n.

(ii) There exists a function h(l) > 0 defined on integers such that Y =, 1**h(l) < co
and for any i, =1,2,...,¢ and 1 =0,1,2, ...,

(4.4) sup |b; ; (m,n)| < h(1).
mneZY: si 5 (mn)>1

Proof. (i) First, suppose that i < k. If [im — In| > Z|m — n| for all | < i and
Im| > Zz|m — n| then s;;(m,n) > 14|m — n| and there is nothing to prove. If
lim—1n| > 12|m—n| for alll <iand |m| < J-|m—n| then l|n| > |im—In|—i|m| >
1lm —n|, and so |n| > £ |m —n|. If |in — Im| > a=|m — n| for all [ < i then
sii(m,n) > &|m — n| and we are done. On the other hand, if [n| > 2|m — n]
and |in — Im| < o|m — n| for some I < i then %|m —n| > in| — Im|, ie.
Im| > 2(In| — oz /m—n|) > gtz|m —n| implying that s; ;(m,n) > g=z|m —n|. Next,
consider the case when |[im — In| < 1|m — n| for some < i which can only happen
when [ < i. Since for any [ < 1,

lim — In| > ilm| — l|n| > l|m| — i|n| + (i — D)|m| + (i — 1)|n| > —|in — Im| + |m — n|

we obtain that |in — im| > 12|m — n|. Now, we are in the situation as above with
m and n exchanged, and so (4.2) follows. In order to obtain (4.3) we rely on the
definition (4.1) together with the assumptions (2.8) and (2.10).
(ii) By (2.9) there exists M such that |¢;(m) — ¢ (m)| > |m| for all | < ¢ provided
|m| > M. Hence, for such m,
i i ) _ i ) _ > 5. . — g .
min (min |gi(m) — q(m)l, min g:(m) — q(m)| 2 8i;(m,n) = si;(m,n)
Assume that s; ;(m,n) = §; ;(m,n) > 2r and set
b (m,n) = EY, Y,

,qi(m),r L 3,q;(n),r
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where Y; ; , is defined in (3.4). It follows from (2.3), (2.5), (2.6) together with the
Holder inequality (cf. Lemma 3.12 in [16]) that
(4.5) b7) (m ) = b (m, )| < C(B,(r)°
where a constant C' > 0 does not depend on i, j,m,n and . Set
Iy(m,n) = Ui_zll Ur(qu(m)) Ui:l Ur(gv(n))

where U,(z) = {y: |z —y| < p}. Applying Proposition 3.1 we conclude that
(4.6) 1637 (m, )| = [ B(B(Y; g, (m).0 175, ) Yy )1 |

< Hyj,qj(n),r||2||E(Yj,qi(M),r|fFr(m,n)||2 < Crywqm(si,j (m,n) — 27”)-

The estimate in the case s; j(m,n) = §;,(n,m) > 2r is similar. Now we choose

r = 1s;;(m,n) and the result follows from (4.5) and (4.6) taking into account
Assumption 2.1. O

For s,t € [0,1]” with s <t set
Gn(st)=N"2 3" F(X(qu(n), .. X(ai(n))).
neEAN(s,t)

Now we can obtain an appropriate estimate of the second moment of &; n.

4.2. Lemma. There exists C > 0 such that for allt = (t1,...,t,) > s = (81, ..., 8p) >
Oandi=1,..,¢,

(4.7) El&n(s,t)]* <CNY|An(s, )| < C Tt —si+ N 7.

=1

Proof. Set Gi(m,l) ={n € Z% : | <|m —n| <1+ 1}. Then by (4.2) and (4.4) for
i<k,

(4.8) El&n(s, )P = N7V 3, can (s bii(m,n)

S 2NV YR Y e An(st) 2oneGi(m,) bii (1)
<2NVY R h() omenn (s |Gilm, 8K21)|.

If ¢ > k then by (4.3) and (4.4),

(4.9) El&Gn(s, )2 < N~V Zm,n:|m\,\n|§M1 bii(m,n)
F2N Y 0 Y e A (s.t) 2oneGi(mozn) bii (M1
SNT(CL+ 3020 M) X e an (s, |Gilm, 20)])

for some C; > 0 independent of s, and V. Clearly, for any [> 0,

(4.10) |Gi(m, )] < Co(l+ 1)1

for some Cy > 0 independent of m and [ since it is bounded by the number of
integer points between spheres of radius ! and [ + 1. Finally, by (4.8)—(4.10) and
the summability of I¥~1h(l) we derive (4.7). O

4.3. Lemma. For eacht >0 andt,j <k,
lim limsup N7 Z b;,j(n,n")| = 0.

U— 00
N—oo 0<n,n’<Nt
lin—jn’|>u

Proof. The result is a strightforward corollary of Lemma 4.1. O



Random fields 11
4.4. Proposition. For anyi,j <k and s = (s1,...,8,),t = (t1,...,t,) > 0 the limit

. _y N ’Ul_[’l/:1 min(sl,tl)
(4.11) Jim N > bij(n,n') = -

7
0<in<Ns J
0<jn/ <Nt,in—jn'=u

cij(u)

exists for any uw € Z¥ where v is the greatest common divisor of i and j and for
i =ijv, i =j/v,
(412) Cij (u) = f Fi(xlv ) xz)FJ (yla ceey yj) HZ:l d“ozu/'u (xai/;yaj’)
Hag{i',zi',.u,m'} du(zs) Ha’¢{j’,2j’,.u,vj’} dp(yor)
with (o being the diagonal measure, i.e. [ f(z,y)dpo(z,y) = [ f(z,z)du(z). If v
does not divide all components of w € Z” then ¢; ;(u) = 0. Finally,
(413) lmpy oo Egi,N(s)fj,N(t) =limy_ oo N7V Z 0<in<Ns bi’j (TL, n’)
0<jn/ <Nt
= Di’j H;lzl min(sl, tl)

where

v
(4.14) Dij=— Y ciju).

R ue”ZY

Proof. Let v be the greatest common divisor of ¢ and j. If u € Z" has components
which are not divisible by v then the sum in (4.11) is empty, and so in this case
¢;,j(u) = 0. Thus it remains to deal with this sum when in — jn’ = vu for u € Z*.
We will show first that the limit
(4.15) cij(u) = lim b, j(n,n')

In|,|n’| =00, in—jn'=vu
exists. Observe that if we consider two strings (n,2n...,in) and (n/,2n/,...,jn’)
with in — jn’ = vu then there will also be pairs (iq,ja), @ = 1,2,...,v — 1 such
that ion — jon' = au where i, = aiy and j, = «j; with ¢; and j; being coprime.
On the other hand, if i/j # i1/j1 then

@16)  fin—ja =i -] = 7| - Byt Lian - jur)|
> |n|j~|% - ;—11‘ - Jj—l|u| — 00 as |n| — oo.

We split the collection of numbers (n, 2n, ...,in;n’,2n/, ..., jn’) into disjoint sets
I, Tyy oo, Tigjmy where Ty = {ad1, a1}, o = 1,...,v are pairs and T4, 8 =
1,2,...,i + j — v are singeltons. We order the latter so that I's = {ign}, 1 <
lg < i, =wv+1,..,iwith lg # aiy for « = 1,...,v and T35 = {l/gn'} for
B=i+1,. . i+j—v,1<ls<il'sg# aj for o =1,..,v. By (4.16) there is
0 > 0 depending on u but not on n and n’ such that

min dist(T';, T'y) > dn.
1<IAV <itj—v

Set

Ur(I‘l) = {TL e ZVJF : dist(n,I‘l) < 7’}, | = ]_’27 72_’_] —v
and choose 7 = r(n) — oo as |n| — oo so that all U,y (I'), 1 = 1,2,...,i+j—v
were disjoint.

Now, observe that bi j(n,n) has the form
EG(Yi(n,n'),Ya(n,n'),....,Yit;—v(n,n')) where Yo(n,n') = (X (ai,n), X (aj,n’))
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fora=1,..,v, Yg(n,n') = X(lgn) for 6 =v+1,...,7 and Yz(n,n') = X (I'gn’) for
B=i+1,...,i+j—v. Define G; = G and successively

Gl+1(yl+1, Y142y -y yiJrjf'u) - EG(Y’I (TL, n,)a Yi+1,Yi+2, -+ yiJrj*U)'

Relying on the assumptions (2.12) and (2.13) we can apply (3.3) of Proposition 3.1
with V' = (Yi41(n,n'), Yigo(n,n'), ..., Yiyj—0v(n,n)), Z = Yi(n,n'), G = Fy with
U= Ul+1§[3§i+j—vUr(n) (F[g) and H = ]:U,,(r(n)) obtaining that
EG, (YE (na ’I’L/), Yia (’I’L, n,)7 i) Y;-‘,—j—v (na ’I’L/))
—EGi+1(Yi41 (Y41 (n,n'), ..., Yiyj—y(n,n')) — 0 as n — occ.

This argument repeated for { = 1,2, ...,i+j — v — 1 yields (4.15) with ¢; ;(u) given
by (4.12).

Finally, in order to obtain (4.11) and (4.13) we have to count the number of
solutions n, n’ of the vector Diophantine equation in — jn’ = vu where 0 < in < Ns
and 0 < jn’ < Nt. Since we have to satisfy this equation coordinate wise, the
number of solutions is the product of the number of solutions in each coordinate.
Let, as before, i = vi; and j = vj; with 47 and j; being coprime then all solutions
of the equation i1n; — j1n’; = w; are given by n = ng+j1m and n’ = n{,+i;m where
ng, ng, is its particular solution and m is any integer. The number of such solutions
with 0 <in; < Ns; and 0 < jn’; < Nt; for large N is equal approximately to

Nomi
Nmin(2L, 51y 4 o1y = Yvmintnt) o)
1 Ju )
and taking the product in [ we obtain (4.11) while (4.13) follows from (4.11) and
Lemmas 4.1 and 4.3. g

4.5. Proposition. Fori > k+1,
(4.17) ]\}ilnooE\&,N(t)F = (Htl)/(Fi($1,$27-'-7$i))2du($1)dﬂ($2)'"du(xi)
1=1

Moreover, for any t,s € Ry and j <1,
(4.18) lim E(& n(t)&,n(s)) = 0.
N—oo

Proof. By (4.3) and (4.4),
bii(m,n) — 0 as max(|m|, |n|) — oo with |m —n| > 1.
Therefore, for any fixed L,
limsupy_, oo N7 Zm,nEAN(t), motn |bii (M, 1)
< lmsupy oo N7 300 cjpni<r [bii(m, n)]
+C|AN(t)| ZIZL luilh(l) - C|AN(t)| leL lyflh(l)

for some C' > 0 independent of N and L. We now let L — oo and since [~ 1h(l)
is summable it follows that lim sup in the left hand side above equals zero, i.e. the
off-diagonal terms do not contribute in (4.17). It remains to deal with the diagonal
terms b; ;(n,n). Since |g;(n) —gj—1(n)| — oo for j = 2,3, ..., as |n| — oo it follows
by the argument similar to one applied in the proof of Proposition 4.4 (see a more
general Lemma 4.3 in [16]) that

(419) hmoo bm(n, n) = / (Fi(xl, T2, ..., $z))2dﬂ(x1) . du(xl)

n|—
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Namely, set Gji(z1,...,z;) = (Fi(xl,xg,...,xi)f and recursively for | = i —
1,..,2,1,0,

Gi(z1,...,21) :/Gz+1(9€17~~~73€l+1)d#($l+1)~

Taking into account that |¢;(n) — ¢j(n)] — oo as |n| — oo when [ # [ we apply
Lemma 3.1 to obtain successively for [ = 4,7 —1,...,1,0 that

|EG141(X(q1(n)), ... X (q1(n))) = EGig1 (X (q1(n)), ... X (@ (n)))| — 0 as |n| — oo.
Since b; ;(n,n) = Go we arrive at (4.19).

Next, we deal with (4.18). Since ¢ > j and ¢ > k then by (2.8)—(2.10) for any
e > 0 there exists N(g) such that whenever |m| > eN and |n| < N/v we have
si,j(m,n) > min(lm — n| + &1, |m|) provided N > N(g) where s; j(m,n) is the
same as in Lemma 4.1. It follows from Lemmas 4.1 and 4.2 that
(4.20) |E& N (t)E5,n(s)] < | D |m|<eN, nean(s) i (m,n)|

+NT Zlm‘>5NvmeAN(t),n€AN(s) |bi,j (m, n)]
—y 1/2
< N (Z|m\§€N EYMQM) (EnEAN(s) EY;Qn)
+C Elzmim(E*l,dV) (D) < CVE+ CZzzmin(rl,eN) 1"~ 1h(l)

for some C > 0 independent of N and . Letting in (4.20), first N — oo and then
€ — 0 we arrive at (4.18). O

1/2

5. TIGHTNESS ESTIMATES

First, we will extend the estimate of Lemma 4.2 to the corresponding estimate
of the 4th moment.

5.1. Lemma. There exists C > 0 such that for allt = (t1,...,t,) > s = (s1,..., ) >
Oandi=1,..,¢,
(5.1) Elgn(s,t)|* < CN"|An(s,t)> < Ot = s+ N 712
1=1
Proof. For ntM) n) nG) nM ¢ 74 set
di (n(l) , ’I’L(Q), n(3)7 n(4)) — EY;,qi(n(l))Y'i,qi (n(z))Yi,qi (n(3))Y;,qi(n(4))

and for r > 0,

dgr) (n(l), n(Q), n(3), ’n(4)) = EY;’qi (n(l)),ryi,qi (n(2)),rY;,qi(n(3)),TY'£,qi (n(4)),7"
Then similarly to (4.5),
(5.2) |d§r)(n(1),n(2),n(3),n(4)) — di(n® 0@ n® @] < 0(8,(r))°
where C; > 0 does not depend on ", n(® n n® and r. Define

Ui(n(l)a n(z), n(3), n(4)) = maXj<;<4 (min (minl<i |Qi(n(j)) —qQ (n(j))|,

ming ;< lgi(n)) — g (n(j))D)-

Without loss of generality assume that

(5.3)

vi(n(l)’ n® G, n(4)) = min (1}1111 |qi(n(j)) _ ql(n(j))|, min |qi(n(j)) _ (Jz(n@)D.
<i JAGI<i
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For each a > 0 introduce the sets
r,= {n(l),n(z),n(?’),n(‘l) €Zs:a< vi(n(l),n(z),n(?’),n(‘l)) <a+1}
and
To(N,s,t) = {(n™M,n® n® n®)y e, : nM n® 0 n® e Ay(s,t)).

If i <kand (n™M,n® n® n®)cT, then for j = 2,3,4,

either [n)) < a +1 or |in¥) — ln(j)| <a+1forsomel=1,...iand j# j.
It follows that
(5.4) Do (N, s,t)| < Coa®(1 + a® + |An(s,1)]?)

for some Cy > 0 independent of a,N,s and ¢. If ¢ > k4 1 then by (2.8)-(2.10)
there exists M > 0 such that whenever |n| > M,

(55)  minlai(n) @) = [l and _min |g:(n) - ()| = |n 7.

1<i, N#n
Then similarly to the case ¢ < k we conclude from (5.5) that (5.4) holds true also
when ¢ > k + 1.
Next, let 7 = a/3 and (n™), n® n®) n@) €T, satisfy (5.3). Set
W, (1, 22, 0, n) = U0, (00 (n0) U Uy Uiy U ().
Then by Proposition 3.1 similarly to (4.6) we derive that

(5.6)  1d” (™, n®, 13 n@)| < |E(E(Y; 4,000 ol F, (05 @ i i)
XY 4i 0@y, Yi 0 (n®) 0 Y5 _(n(4))’r)| < Csa”wy p(a/3)

2,4 1,9 1,4i

for some C5 > 0 independent of a,n™ ,n® n® and n®. Set qa) =
C1(B4(a/3))° + Csa”wyp(a/3). Then

(3.7 El& (s, t)]* < Yo Z(nu) n@ n® n(4))61" (N,s,t) |d ( M), 0, n®) n)|
< Gy yalpa(a)a®(l+a® + |An(s, 1)?)
and (5.1) follows from (5.7) and Assumption 2.1. O
Now tightness of each sequence of random fields {&; n(t), t € [0,1]"} follows by

a slight modification of [9] (see also Ch.5 in [8] and Theorem 1.4.7 in [15]), and so
the sequence of random fields {&x(¢), t € [0, 1]} is tight, as well.

6. GAUSSIAN LIMITS

For each fixed ¢ € [0,1]” the convergence in distribution as N — oo of each
Gin(t), s = 1,...,¢ to corresponding Gaussian random variables follows from [18]
and [19] in view of the mixingale estimates (3.13) and (3.14) of Section 3. Then
& n(t), i =1,...,£ also converge in distribution to the same Gaussian random vari-
ables in view of (3.23). Furthermore, for any t = (t(), ...,t()), ¢(®) € [0,1), a =
1,..,7 and d = (dy, ..., d;) set

(6.1) Vig,d,n( Z doV; 1) N (
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and

(62) sz Zda 1N t((l) —11/2 Z w,t,d,N(l)'

1<I<L(N)

Then, we obtain from (3.13) and (3.14) similar mixingale estimates also for
Vit.a,n (1) which via [18] and [19] yields convergence in distribution as N — oo
to Gaussian random variables of each (; q n(t). This together with (3.23) imply
that each

i
(6.3) Gan(t) =) da&i n(t)
a=1

converges in distribution as N — oo to Gaussian random variables. Hence, finite
dimensional distributions of each &; x have Gaussian limits which together with
tightness results of Section 5 yields that each & y converges in distribution as
N — o0 to a Gaussian random field 7;.

In fact, we can show that ({1, n, ..., &1,5) converges in distribution as N — oo to a
k-dimensional Gaussian random field (71, ..., 7). Indeed, for any e = (eq,...,ex) €
R* set

k
(6.4) Viden(l) Z Vitan(l) and (ae n(t) = Z Gia,N(t)

Then it is easy to see again by (3.13) and (3.14) that similar mixingale estimates
hold true also for V4 q.e,n (1) which via [18] and [19] provides convergence in distri-
bution as N — oo of Cd e, N to a Gaussian random variable which must have the
same distribution as Zz 1 eni(t(®). As above we conclude from (3.23) and
tightness arguments of Sectlon 5 that, in fact, Ele e;&i, v converges in distribution
as N — oo to a Gaussian random field which must have the same distribution as
Zle e;n;. Thus, (1, ...,mx) is a Gaussian random field and (&1 n, ..., &k, n) cOB-
verges in distribution to it as N — oco. Finally, Zle & N (it) converges in distribu-
tion as N — oo to the random field n¥_,7;(it) which must be Gaussian as a result
of the linear transformation (in the path space) of a Gaussian random field (see,
for instance, [4], Section 2.2).

Next, clearly, {n converges in distribution to & given by (2.21) and it remains
to show that 7; with i > k 4 1 are independent of each other and of 7; with i < k
which will imply that £ is a Gaussian random field. This can be done either via a
modified version of Theorem 5.6 from [16] or by the following more direct approach.
First, observe that (2.10) implies that there exists ey — 0 as N — oo such that

6.5 lim A(7)| — —|al) =
65 Jdm w0 - maxla(n)| - fal) = oo

where 1 = (1,...,1) € [0,1]". Next, it follows from Lemma 4.2 that for each ¢,
(6.6) &i.n(enl) — 0 in probability as N — oo,

and so in all our arguments the sum over Ay (eny1) can be disregarded.
Set jy =min{j: a(j) > en} with a(j) defined in (3.6). Now, for ¢ > k + 1 and
L(N) >1> jn we set

(6.7) Vin( 4 (i — k)L(N)) = Vien ().
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If Vi n(I) is not defined for some L(N) < [
to be zero. For t = (t(), ... t0)) (@) ¢ [0,1]
€ = (ex+1, ..., e¢) we define also as in (6 1),

< (L — K)L(N) by (6.7) we set it
Y,a=1,..,j,d=(di,...,d;) and

(6.8) Veasn(l Z Z da€iV; por N (1)

a=1i=k+1

assuming that t(*) > ey for all a. Now, define Veden(l) by (6.4) for I < L(N)
and by Viden(l) = ‘;};7d7é7]\[(l) for I > L(N) setting Vi.a.en(l) to be zero if it
is not defined by one of the above. It is easy to see from the mixingale estimates
(3.13) and (3.14) that the sequence Vg g.e.n (1), I =0,1,...,£L(N) forms a mixingale

array with the corresponding o-algebras G; = gl fori < kand Giyi—ryn(v) = gl
for i > k + 1. Taking into account (3.23) and (6.6) we conclude by [18] and [19]
similarly to above that each linear combination Y 7 _, ZZ, daei&i N (1)) converges
in distribution as N — oo to some Gaussian random variable which then must be
o Zle daein;(t). Thus (91,72, ...,1¢) is an f-dimensional Gaussian random
field. Invoking again the linear transformation argument from Section 2.2 of [4] we
conclude both that the field £(¢) given by (2.21) is a Gaussian one and taking into
account the vanishing limiting covariances result (4.18) we obtain also independency
of n;, i > k + 1 of each other and of ;’s with i < k. ([
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