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Chapter ITI. Universal Algebra of a Lie Algebra

1. Definition

Let k be a commutative ring and let g be a Lie algebra over k.

Definition 1.1. A universal algebra of g is a map ¢ : 8 — Ug, where Ug is
an associative algebra, with a unit satisfying the following properties: '
1). € is a Lie algebra homomorphism,

(i.e., € is k-linear and elz,yl =ez-ey—ey- £z).

2). If A is any associative algebra with a unit and « : g — Ais any
Lie algebra homomorphism, there is a unique homomorphism of associative
algebras ¢ : Ug — A such that the diagram

g —Ug
o]l Vo
A

is commutative [i.e., there is an isomorphism
Homypie(g,LA) > Hom(Ug, A)

where LA is the Lie algebra associated to A, cf. Chap. I, example (iii).]

It is trivial that U g, if it exists, is unique (up to a unique isomorphism). To
prove its existence, we use the tensor algebra Tg of g, ie, Tg = 3 T
where T"g = g®...@ g = ®" g for n > 0. For any associative algebra 4
with a unit, one has: Hompwoq(g, 4) = Homy(Tg, A).

Now let I be the two-sided ideal of Tg generated by the elements of the
form [z, y] ~ZQy+y®z, r,yeg.

Take Ug = T'g/I, then we have:

Theorem 1.2. Lete: g — Ug be the composition g—-T'g— Tg - Ug.
Then the pair (Ug,¢) is a universal algebra of g.

In fact, let a be a Lie homomorphism of @ into an associative algebra A.
Since a is k-linear, it extends to a unique homomorphism ¥ : Tg— A. It is
clear that ¢(I) = 0, hence ¥ defines  : Ug — A, and we have checked the
universal property of U/ g.

Remark. Let E be a g-module (ie., a k-module with a bilinear product
8 X E — E such that [z,yle = z(ye) — y(z - €) for z,y € 8, ¢ € E). The
map g — End(E, E) which defines the module structure of E is a Lie homo-
morphism. Hence it extends to an algebra homomorphism U 8 — End(E,E)
and E becomes a Ug-left-module. 1t is easy to check that one obtains in this
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way an somorphism of the category of g-modules onto the category of Ug-

left-modules.

Exercise (Bergman). Prove that Ug =k <= g = 0. (Hint: usc the adjoint
representation. )

2. Functorial properties

1).Ifg = Lim gq, then Ug = LimUg,.
2). If g = g1 x g2, where gy and g, commute, then Ug = Ug, © Ug,.
3). Let k' be an extension of k and let g' = g @ k', then Ug' = Ug @y k'

Proof of 2). Consider the homomorphisms ¢; : g; — Ug;, i = 1,2, f :
g — Ugi ®Ug, given by f(z) = e(x1) ® 1+ 1® (x3) where @ = 2, + x
with 7, € g1, 22 € g2. The map f is a Lie algebra homomorphism since g1
commutes with gs. Hence f induces an associative algebra homomorphism
Yp:Ug—Ug @ Uga,.

On the other hand we have the homomorphisms g; — g — Uit =1,2
which induce homomorphisins ¢y : Ug; — Ug and since g; commutes with
g2 we have that p1(x1)p2(22) = pa(x2)py(2y) for all 2, € gy, x5 € gs.

Finally take ¢ : Ug, ® Ugz — Ug given by p(z) ® 22) = o1(x) )p2(x2),
then we have ¢ o p = id and p o) = id.

The proof of 1) and 3) are similar.

3. Symmetric algebra of a module

Let g be a k-module and define [z,y] = 0 for all 2,y € g. In this case, the
universal algebra Ug of g is called the symmetric algebra of the k-module g
and it is denoted by Sg.

We can define Sg as the largest commutative quotient of T'g, i.e.,
S8 = ) .2,S"g where S"g = (®" g)/I where I is generated by the ele-
ments of the form a — ga where o is a permutation of [1,n], and a € R"s.

We will consider the case where g is a free k-module with basis (e;)ie;.

Let € : g — K[(Xi)ies] be the homomorphism given by e(e;) = X;
where k[(X;)ies] is the polynomial ring in the indeterminates X;, ¢ € I.
Then (e, k[(X;)ies]) has the universal property of 1.1, i.e., ¢ is a k-lincar
map such that e(z)e(y) = e(y)e(z) and if f: g — A is a k-linear map with
f(@)f(y) = f(y)f(z) for all x,y € g where A is an associative algebra, then
there exists an associative algebra homomorphism f* : k[(X;)] — A such that
froe = f.Infact if P(x;) € k[(X;)] then f*(P) = P(f(e;)). This shows that
we can identify Sg with the polynomial algebra k[(X;)ies].

If we assume that I is totally ordered, then Sg has for basis the set of
monomials ¢;, ---€, ,i; <13 < -+ <i,,n>0.
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4. Filtration of Ug

Let g be a Lie algebra over k. and let Ug be the universal algebra of g. We
define a filtration of U g as follows: Let U, g be the submodule of U'g generated
by the products £{xy )---&(2m), m £ n, where z; € 8. We have

E"—ng-_— k
Uig=kade(g)

and Ung C U[ﬂ c--ClpgC _Un+lﬂ C v

Now we define grUg = Yo, gr, Ug, where gr, Ug = U,g/Un-r 8.

The map Upg x U8 — Up+¢8 given by (a,b) — ab defines, by passage to
quotient, a bilinear map

gr,Ug x gr,Ug — gr,4,UB .

We then obtain a structure of graded algebra on gr Ug; with this structure
grUg is called the graded algebra associated to Ug. It is associative and has
a unit.

Proposition 4.1. The algebra grUg 1s generated by the image of g under
the map induced by e : g = Ug.

Proof. Let a € gr,Ug and let a € U,g be a representative of a, i.e., a = a.

Now, we havea =3, <, Aue(zi?) - e(z'#)). Thus we have

a= Z /\pe(x‘l“))---s{xifp) q.e.d.

"
n,=n

Theorem 4.2. The algebra grUg is commutative.

Proof. Using 4.1 it is enough to prove that =(z), £(y) commute in gr, Ug for
all z,y € @8-
Since ¢ is a Lie algebra homomorphism we have
e(x)e(y) —e(y)e(@) = elz,y])
but £([z,y]) € Urg so e(x)e(y) = e(y)e(x) mod U; g. Therefore
e(z) e(y) = e(y) () -

It follows from Theorem 4.2 that the canonical map g — gr Ug extends
to a homomorphism
1:Sg—egrlUg

where Sg is the symmetric algebra of g (cf. I11.3).
Since grUg is generated by the image of g, 1 i3 surjective.
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Theorem 4.3 (Poincare Birkhoff-Witt)., If g 13 a k-free module, then 1 is an
wamorphism.

In order to prove the theorem we will prove first two lemmas.
Let (r,)ier be a basis of g and choose a total order in 1.

Lemima 4.4. The fawuly of monomials c(ay, ) --e(ai, ) 11 < 0 < 1y,
m < n, gencrate UM g (as a k-module).

Proof. We proceed by induction with respect to n.

For n = 0 the statement is trivial.

Suppose now n > 0 and tuke a € U"g. Then its image a € gr"Ug is a
polynomial of degree n in the -_-“{.rl'}. but this implics a is a linear combination
of products e(x;, )+ e(w, ), 11 < -+ <1y, plus an element a; € U 1g.

By the hypothesis of induction a; is a linear combination of products
el )-e(xi, )y u -~ <, m<n. qed.

Lemma 4.5. The following statement 13 equivalent to 4.3:
The family of monomials (i, )---c(x, ), 11 <+ <1y, n 2013 a basis

of Ug.
For M = (?] IERRE im) with iy < 52 Ko B f.m‘ write
ey =elwy,) o ela,,),

and denote the length of M by ((AM) = m. For each n > 0 the elements x )y
with €(M) = n lie in U, g, and their images 7y in gr, Ug = U, g/U, -, g are
the images, under the map 1 : S"g — gr,, Ug, of the monomial basis elements
of S™g. Thus, the injectivity of » is equivalent to the non-existence of a relatiou

Z cypepr =0 (mmod U, g)
E(M)=n

with some cpy # 0. By Lemua 4.4 this is the samne as the non-existence of a

i
L CMTM = Z CALEA

M)=n EAM)<n

relation

with somne ¢y on the left not zero. But any non-trivial k-linear dependence
relation amoung the zpp can be put in the latter form. Hence Lemma 4.5 is
true, and we can now proceed to prove Theorem 4.3 in the new form.

To do so we can (and will) assume that I is well-ordered. Let V be the
free k-module with basis {zap} where M runs through the set of all sequences
(4y,...00p) with n > 0 and ¢, < iy--- < i, as above. If 1 € [ and M =
(71, in), wedefine 1 < M <= ¢ < ¢, in which case we introduce the
notation iM = ({L1,....1,).

Main lemma. We can make V' into o g-module in such o way that
riZar = Ziar whenever ¢ < Al
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We shall first define a k-bilinear map (z,v) — Zv of g x Vinto V, and
will then prove that it makes V a g-module, that is, satisfies

(1) zyv — yzv = [2,y]v forz,y € g,and v € V.

To define zv it suffices to define r;Zp for all 1 and M, and to define ziZm
we may assume by induction that z;Zy has been defined for all j € I when
¢(N) < ¢(M) and for j < i when é(N) = ¢(M). Moreover we assume that this
has been done in such a way that the following holds:

(%) z;ZN is a k-linear combination of Zp's with (L) < ¢N)+1.

We then put

. g Zua i< M
) 22 = g(eiZn) + [z z)2N i M =GN withi> .

This makes sense because, in the second case, T:ZN is already defined as a
linear combination of Z1's with L) <UN)+1= ¢(M), and [z;, z;] is a linear
combination of zx. Moreover the condition () holds with j and N replaced
by i and M.

To check (1) it suffices, by linearity, to show

(1) ziz;ZN — T;TiZN = [xi, 212N

for all i, j and N. Since both sides are skew symmetric and vanish when
i = j, we may assume i >j.Ifj <N, then z;Zn = ZjN and (1') follows
from the second case of our inductive definition (2) above. There remains the
case N = kL, with i > j > k, when (1') becomes

(ijk) x.':!:j:.!:tz;, i ij(:CkZL = [1!.',.13,‘!1‘;;ZL .

By induction on inf(i, j), we know this equation does hold if we permute ijk
cyclically, that is the equations (jki) and (kij) are correct. On the other hand,
by induction on £(N) we can assume zyZp =yzZL+ [z,y)ZL for all z,y € 8-
Thus the right hand side of (ijk) can be rewritten:

[z, z5]z6 2L = zk[zi, 2] 2L + [[:Ei,Ij],Ik]ZL
= gxxiz; 2L — k2Tl + ([zi, 2], 2] ZL -

If we substitute this on the right side of (ijk) and then add the three equations
(ijk) + (7ki) + (kij) we get an equation of the form

E = Z-{-Jac(a:i,xj,zk)zb .

Hence, (ijk) is true, and our main lemma is proved.

Since V is a g-module, it is also a Ug-left module, cf. Remark at the end
of IIL.1.

In particular we have in V the element Zg where @ is the empty set. For
all M we have zmZp = ZM- We will prove this by induction on ¢(M). If
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UM) = 0 then it is clear because zp = 1. If {(M) > 0 we write M = i,
it < N.Then zp = zizy and Ty 2y = zitNZy = 2,ZN = ZiN = Z .
Finally, suppose we have " cprzp = 0, then

it 4 but this implies cpr = 0 for all M. q.e.d.

Corollary 1. If g is a free k-module then ¢ : g — Ug is injective.

In fact, in this case g = gr, Ug.

Corollary 2. Let g = g, & g, where g, and g, are subalgebras of g and a ,,":'
free k-modules. Then the map Ug, @ Ugy — Ug given by uy ® ug — ujug i
a k-linear isomorphism.

Proof. Let (zi)ier, (yj)jes be a basis of g; and @2 respectively, then
{(zi),(z;)} is a basis of g. Take a total order in I U J such that ev-
ery element of I is less than every element of J. Applying 4.5 we have
that the families of monomials {e(z;,)---e(z;,)}, {e(vj,) - €(yj,,)} and’
{e(@i) - (i (W)~ €(Usn)} for iy S -+ < in and 1o < - € jum arel
basis of Ug;, Ug, and Ug respectively. Thus the map Ug, ®Ug; — Ug given
by u; ® uz — ujuy is a bijection on the basis of Ug1®Ug; and Ug. qed.

Notice that in this case we have also induced an isomorphism

grUgi ®grlUg, = grlg
because grUg; = Sg; and grUg = Sg ~ Sg, ® Sga.

5. Diagonal map

Let g be a Lie algebra over k and suppose g is free as a k-module.

Definition 5.1. The Lie algebra homomorphism A : g — g X g given by ;:
z + (z,z) induces a homomorphism of associative algebras 1

A:Ug—UgeUg,
which is called the diagonal map.

Proposition 5.2. The diagonal map A is characterized by the following two
conditions: '

1) A is an algebra homomorphism.

2)Az=2Q1+1®z forallz € g.

Notice that we identify z € g with its image in Ug.







