
Problem 0.1. Let g = sln, n > 1. Show that

a) The set h of diagonal matrices

λ1 0 . . . 0
0 λ2 . . . 0

0 0 . . . λn

with trace zero is a Cartan subalgebra of g. We will write this matrix
as {λi}.

b) The set αab ∈ h∨, αab({λi}) := λa − λb, 1 ≤ a 6= b ≤ n is the set of
roots of g.

c) An element t = {λi} ∈ h is regular iff λa 6= λb for 1 ≤ a 6= b ≤ n.

d) For any regular t = {λi} ∈ h there exists unique permutation
σt ∈ Sn such that σt(a) < σt(b) ↔ λa < λb.

e) Two regular elements t, t′ ∈ h belong to the same Weyl chamber
iff σt = σt′ .

Let t0 = (−n
2

, −n+2

2
, . . . , n

2
) ∈ h. We denote by C+ the Weyl chamber

corresponding to t0 and for any σt ∈ Sn denote by Cσ the Weyl chamber
corresponding to σ(t0).

f) The set αab, 1 ≤ a < b ≤ n is the set R+ of positive roots and
αa := αa,a+1, 1 ≤ a < n is the set Σ of simple roots.

g) The Weyl group W is equal to the symmetric group Sn and simple
reflections sαa

corresponds to simple transpositions (a, a + 1) ∈ Sn.

h)

l(σ) = |{(a, b)|1 ≤ a < b ≤ n, σ(a) > σ(b)}|∀σ ∈ Sn

Definition 0.2. Let G, H be groups and G acts on G,

h → hg, h ∈ H, g ∈ G

by automorphisms [that is we have a morphism G → Aut(H)]. We
denote by G ⋉ H the group which as a set is equal to the set G×H of
pairs (g, h), h ∈ H, g ∈ G and (g, h)(g′, h′) := (gg′, hg′h′)

Problem 0.3. a) Show that the Weyl group of Cn and Bn is isomor-
phic to the semidirect product Sn ⋉ Z

n
2 and the Weyl group of Dn is

isomorphic to the semidirect product Sn ⋉ Z̃
n
2 where Z̃

n
2 ⊂ Z

n
2 is the

kernel of the summation morphism Z
n
2 → Z2.

b) Carry out the analysis as in the Problem 1 for classical Lie alge-
bras.
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The rest of the homework is from the Kirillov’s book

Homeworks : 7.7-7.11


