1. INTRODUCTION

One of the main applications of the theory of automorphic forms is
in the theory of L—functions. L—functions L(z) are given as products

[I,ep Lp(2) where P is the set of prime numbers and L,(z) have a
1

form L,(z) = P
p
absolutely convergent for Re(z) >> 0. In the case when L,(z) ad-
mits the meromorphic continuations to C and satisfies the appropriate
functional equations one can obtain very interesting results in Number

Theory.

where 7,(t) is a polynomial. These products are

We start with the study of the Riemann (-function ((z) given in the
half-plane Re(z) > 1 by an absolutely convergent product [] #.
We will see that ((z) has a meromorphic continuation to C with the
only pole at z = 1 and satisfies the functional equation which related
((1—=z) and ((z). These properties of the (-function are central for the
understanding of the distribution of prime number. Analogously the
existence of meromorphic continuations and functional equations for
other L — functions is the main tool for solutions of many questions
in the Number Theory.

Lemma 1.1. ((2) = >, _,n * for all z, Re(z) > 1.

Proof. For any N > 0 let p; < ps < ... < p;, be the set of prime

numbers smaller then V. Consider the function (x(2) == [[,cp e n #.

Since == = 37,5, p~"** we see that

W= S I

ki>0[1<i<ry 1

Since any positive integer can be decomposed uniquely as the product
of power of different prime numbers we see that (n(2) = >,z 77
where Zy is the set of natural numbers which are product of primes
smaller then N. Since ((z) = limy_o (n(2) for all z, Re(z) > 1 we see
that ((z) = >, on " for all z, Re(z) > 1.00

To prove the existence of a meromorphic continuation and a func-
tional equation for the Riemann (-function we will start with some
general results in complex analysis.

Claim 1.2. a) The function ((z) extends to a meromorphic function
on C with the only simple pole at z = 1 with the residue equal to 1.

b) ((2) #0 if Re(z) > 1.



We will prove the first part of the Claim later and I’ll indicate how
to prove the second part.

I'll start the course with deducing the Prime Number Theorem from
Claim 1.2. The deduction is based on the following general result in
complex analysis which I present without a proof.

Definition 1.3. A Dirichlet series is a function given by a series f(z) =
Y ns0 2= which is absolutely convergent for z with Re(z) >> 0

Theorem 1.4. Assume that a Dirichlet series f(z) =Y. _, %2 is con-

n>0 n?
vergent for Re(z) > 1 and extends to a meromorphic functwn on a

neighborhood of the line Re(z) = 1 which is reqular outside z = 0 and
has a simple pole at z = 0 with the residue 1. Then As(z) ~ x where

Ap(z) =3, an. [That is Limg— oo 212 = =1].

Let A(n) be the von Magnoldt function given by A(n) = In(p) if
n = p® where p is a prime number and A(n) = 0 if n is not a power of
a prime number.

Theorem 1.5. Claim 1.2 implies that ), _ A(n) ~x

Proof. We start with a number of simple results. For any sequence
an we define a function A(x) :=>" _ ay

Problems 1.6. a) Let f(2) be a meromorphic function on C with poles
at a;,7 > 0 of orders [; and zeros at b;,7 > 0, of orders m;. Then the
logarithmic derivative F(z) := ’}((zz)) is a meromorphic function on C
with simple poles at a; and b;.

b) The residue of F(z) at a; is equal to —I; and the residue of F(z)

at b; is equal to m;.

c) F(z) = In'(f(2))
d) [Partial summation|.For any sequence a,, and a continuously dif-
ferentiable function A(z0,z > 1 we have

> " anh(n) = A(z)h(z) - /1 ' A(u)R (u)du

n<x

To prove the Theorem 1.5 we observe that the equality i,((j)) =

— ZpE'P (11_’; ) follows immediately from the part ¢) of Problem 1.6.

Since ;—= = > _,(p F)=%2 and (1—p~*) = In(p)p~* we see that —g((j)) =
Z A(n)
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As follows from Claim 1.2 and Problem 1.6 b) the function

(2)
satisfies the conditions of Theorem 1.5. Therefore lim,_.; 4y O‘f) =0
where
alpha(z) = sum,,A(n) — x.0J
Corollary 1.7. lim,_ ”(I);n(z) = 1 where w(x) is the number of

primes smaller then x.

Proof. The difference 3, A(n)=3_ cp e, (D) = D 4ot pepppr<a (D)
is a sum of less then /z term where each term is < In(z). So | ), . A(n)—

Zpep’p@ In(p)| < vxln(z). Let f(z) := Zpepmqln(p) —x = o(x).
We see that G(z) = o(z) [that is lim, % = 0]. If we apply the
partial summation [Problem 1.6 d)] to the sequence a, = In(p),p € P

and the function h(z) = ln(m we find that
v+ px) 7 1
=D aht) = L+ [ B

p<z

Since ((x) = o(x) we see that it is sufficient for the proof of Corollary

T 1 1
1.7 to show that f2 m < W

To estimate the integral we write it as a sum I’ + I” where I’ =
f;ﬁ % and I’ = f\/—l 27 But it is clear that /" << Vamazy,< sz fraclln®(u) <
O

vz and I” < xmam\/—<u<xfm011n (u) < _1n2(zl/2)

Conjecture 1.8 (The Riemann conjecture). ((z) # 0 if Re(z) > 1/2

Remark 1.9. The Riemann conjecture is equivalent to the following
result on the distribution of prime numbers.

For any € > 0 there exists ¢, such that | ) 1/24ee

which can be restated in the form
Ce 1
7w (x) — li(z)| < ceax'/?Fe where li(z) == [} gy -

new M) — 2| < cew

2. ANALYTIC CONTINUATION OF THE (-FUNCTION

To prove the existence of a meromorphic continuation and a func-
tional equation for the Riemann (-function we will start with some
general results in complex analysis.

Let ¢(t) : [0,00] — C be a smooth [=infinitely differentiable] function
such that limt_)OO o(t )t" =0 for all n > 0. For any z € C,Re(z) > 0
we define My(2) := [~ ¢(t)t*7dt.
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Problem 2.1. Show that the integral is absolutely convergent and that
M, is a holomorphic function on the half-plane Re(z) > 0. Moreover if
lim; o ¢(t)/t™ = 0 then M, extends to a holomorphic function on the
half-plane Re(z) > —n — 1.

Lemma 2.2. The function M, extends to a meromorphic function on
C with simple poles at {—n} n > 0 and residues equal to qb(")(O)/n!.

Proof. Define M/(z fo t)t7~1dt and M}(z) := [ o(t)t*'dt
for z € C, Re(z) > 0 It is clear that My(2) extends to a holomorphic
function on C. On the other hand for any n > 0 we have ¢(t) =

n 9O m g (1) where limy_o ¢u(£)/t" = 0 and . therefore

n ) [
=3 = /0 EgL 1 M) (2)

So Lemma 2.2 follows from the equality f gt =

zln

Problem 2.3. Extend the formulation and the proof of the Lemma
2.2 to the case when the function ¢ has a pole at ¢t = 0.

We define I'(z) := M-+ = [~ e""t*~'dt. As follows from Lemma 2.2
['(z) is a meromorphic function with only poles at z = —n,n > 0. It is
clear that I'(1) =1

Lemma 2.4. [ ; =T'(2)((2)

Proof
/ it Ldt = Z/ e ML = "k / el dt = T(2)¢(2)
o LT k>0 k>0

Corollary 2.5. The function I'(2)((z) extends to a meromorphic func-
tion on C with a simple pole at z = 1 with the residue equal to 1 and
at most simple poles at z = —n,n > 0.

We define Bernoulli numbers By, by Y 5o Zesh = =,

Problems 2.6. a) Show that

the function ((z) = F(;zggz) extends to a meromorphic function on C

which is regular at 2 = —n,n > 0 and has a simple pole at z = 1 with
the residue equal to 1.

b) ((1— k) = —Z& for all k > 0.
¢) ((1—2k)=0 forall k> 0.



5

We will show that the meromorphic function I'(z) is never equal to 0.
Therefore ((z) = F(lfzggz) extends to a meromorphic function on C and
the only singularity of {(z) is a simple pole at z = 1 with the residue

equal to 1.

Problems 2.7. Show [using the integration by parts] that
a) ['(z 4+ 1) = 2I'(2)
b) 5 (1 —t/n)"t*dt = Z("i')nz

c)0<et—(1—-t/n)"< 2ot
d)I'(n) =(n—1)! forn >1

Lemma 2.8. I'(z) = lim,, mn for Re(z) > 0.

Proof. Let P,(z) := [;'(1 —t/n)"t*~'dt. As follows from the part
b) of the previous Lemma we have to show that lim,, .., P,(z) = I'(2).
But

o0

F(z)—Pn(z):/On(e_t—(l—t/n)")tz_ldt—l—/ e "7 ldt

n

The result follows now from the Problem 2.7 ¢).0J
Corollary 2.9. Let v :=lim, .y, 1/m —In(n). Then

1 o0
. z —z/n
T~ ze” nlzll[(l +z/n)e "
Proof. As follows from Lemma 2.8 we have —ng) = lim,,_ 7Z(z+1)ﬁ'!'(z+n)n_z.

Using the equality

z zln(n)

n =e _ ez[lnn n_11/m] H 6z/m

Problem 2.10. The product [[°2,[(1 + z/n)e*/"] is absolutely con-
vergent for all z € C.

We see that I'(z) # 0 for all z € C.

3. POISSON SUMMATION FORMULA

The proof of the functional equation for ((z) and many other L-
functions is based on the Poisson summation formula. I start with a
reminder on the Fourier series and Fourier transform.

Let f: R =R be a smooth periodic function [that is f(z + 1) =
f(x)]. We define f(n fo e 2T g,
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Problems 3.1. a) For any smooth periodic function f and any r > 0
we have lim,, . f(n)n" = 0.
[A hint. Use the integration by parts].

b) For any smooth periodic function f the series 327° __ f(k)e2 % dy
is uniformly convergent.

Let
Su(f)(@) = flk)e*™ ™ dx

k=—n

Lemma 3.2. f(z) = lim,, . S,(f)(2)

Proof. I show that > ™ f(n) converges to f(0) and leave for you

to prove the general case. If f = 1 then f(n) = 0 for n # 0, f(0) = 1
and so the claim is true. Therefore it is sufficient to prove the lemma

for the function f(z) := f(x) — f(0). In other words we can assume
that f(0) = 0.
Since
n it 6(2n+1)7rz'm _ e—(2n+1)7rim
3 e I e
671'7,27 —e T
k=—n
we have

6(2n—l—1)7ri96 _ 6—(2n+1)7riz

! 1
Sn(f) (.T) = /0 f(x) e — dr = A g(x)(6(2"+1)7ri96_6—(2n+1)m':c)

where g(z) := %

Since f(0) = 0 the function g(z) is smooth and it follows from Prob-
lem 3.1 that lim,,_, fol g(x)ePtmizdy — 0.0

We denote by S(R) the space of smooth functions f(z) such that
lim, 200 2% f(b)(x) = 0 for all @,b > 0. For any f € S(R) we define the
Fourier transform f(\), A € R by

fo) = [ st

Problems 3.3. a) For any f € S(R) the integral defining f is abso-

lutely convergent and f € S(R).
[ A hint. Use the integration by parts]

b) J7 TV f(y)dy = f(x)da.
[ A hint. The proof is analogous of the proof of Lemma 4.1].
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c) The function F'(z) := ) ., f(z +n) is well defined [the series is
absolutely convergent| and F(z) is a smooth periodic function.

d) f(z) = f(~2).
Proposition 3.4 (Poisson summation formula). For any f € S(R) we
have ey f(0) = X £ ().

Proof. Let F'(z) := ), o, f(x+n). Since F'(z) is a smooth periodic
function we know that F'(0) = >, _, F(n). One the other hand [by the

A

definition] F'(n) = f(n) for all n € Z.0

—a7rz2

Lemma 3.5. Let q,(z) :=e . Then 4,(y) = ﬁql/a(y).

Proof. By the definition
qa(y) = / e_aﬂ'x26—27rizydx — / e_wax2_27"7@yd$ _

[e.e] (o)

e_mf/a/ e—am(@t+2)? 10 Ca(y)Q1/a(y)

where ¢,(y) = ffooo e~ @+’ dx. As follows from the Cauchy’s theo-
rem ¢,(y) does not depend on y and is equal to [~ e~ dx. After

a change of variables we see that c,(y) = 77 Where ¢ = s e ™ du.
The Lemma follows immediately from the following result.

Claim 3.6. c=1
Proof of Claim.

To find ¢ consider first

02:/ e‘”zdxx/ e_”yzdyZ//e_”(IQHyQ)

. . . 0 — 2
Using the polar coordinates we can write ¢? = f0<¢<27r Jo e ™ dr.

After the change ¢ = 772 of variables we find ¢ = 27 [[°1/2me"dt = 1.
Since c¢ is positive we have ¢ = 1.0J

2

Problem 3.7. For any a > 0 the series 0(a) := > 2 e ™% ig
absolutely convergent and w(t) := 6(a) — 1 € S(R).
Corollary 3.8. 0(1/a) = \/ab(a)

Proof. Apply the Poisson summation formula to f = ¢;/, and use
the equality ¢1/, = vage.0



4. BASIC PROPERTIES OF THE (-FUNCTION

Theorem 4.1 (Riemann). The function &(z) := I'(2/2)7*/%((2) de-
fined for Re(z) > 1 has a meromorphic continuation to C with simple
poles at z = 1 and z = —1 and it satisfies the functional equation

§(z) =¢(1—2)
Proof. By the definition of I'(z) we see that
/OO tz/2_1€_n2tdt _ F(Z/Q)

nFmzl/2

oo

Summing over n € N we see that

o0

£(z) = /O TS e = / T

n=1 0

So
1 0 oo 00

£(z) = / =2 w(t)dt+ / P w(t)dt = / 7 w(1/t)dt+ / P w(t)
0 1 1 1

Since w(t) := 0(a) — 1 it follows from Corollary 4.9 that

w(1/t) = —% — g +Viw(t)

So we see that

Since w(t) € S(R) the integral is absolutely convergent for all z € C.
So £(z) has a meromorphic continuation to C with simple poles at z = 1
and z = —1. The functional equation £(z) = £(1 — 2) follows from the
invariance of the integrand under transformation z — 1 — z.[J

+ +/ (27 722 Y w(t)dt
1

Problem 4.2. Calculate ((2k) for k& > 0.
A hint. Use the results of Problem 2.6
Theorem 4.3. ((1+it) #0 for allt € R —{0}.
Proof. To show that an assumption ((1+it) = 0,t € R — {0} leads

a contradiction we start with a series of simple results.

Problems 4.4. a) 3 + 4 cos(a) + cos(2a) > 0 for all a« € R.

ko

b) In(C(o +it)) = - cp >opey €™ P) for any o > 1.

c) 13 In(¢(0) + 4Re(In(¢(c + it))) + Re(In(((o + 2it))) > 0 for any
o> 1.



d) [(Co)¢H (o +it)C(o + 2it)| = 1

We see that |(¢3(1+ ¢)¢* (1 + ¢+ it)((1 + ¢ + 2it)| > 1 for all ¢ > 0.
On the other hand since the function ( is regular at z = 1 + it and
¢(14it) = 0 there exists A > 0 such that |((1+ ¢+ it)| < Ac for small
¢ > 0. Since the function ( is regular at z = 1+2it and has a simple pole
at z = 1 there exists B > 0 such that |((*(0)(* (o +it)( (0 +2it)| < Bc?
for ¢ — 0. The contradiction [since |((3(0)¢* (o +it)((o + 2it)| > 1 for
any o > 1].00



