We start with the following general result.

Lemma 2.1 Let ¢ : X — Y be a morphism of affine varieties such
that ¢* : k[Y]| — k[X] is surjective. Then Z := Im(¢) C Y is a closed
subset of Y and ¢ defines an isomorphism X — Z of affine algebraic
varieties.

Proof. Let I := Ker(¢*). Then I is a primitive ideal of k[Y].
It defines a closed subset Z of Y and moreover Z = (Z,k[Y]/I) is an
affine variety. Since ¢* is surjective it defines an isomorphism k[Y]/] —
k[ X]O.

Definition 2.1. a) An affine algebraic group is an affine variety
G = (G, A) and a group structure m : G x G — G,inv: G — G,e € G
on GG such that the maps m,inv are morphisms of affine varieties. All
algebraic groups in this course are affine.

b) Let X = (X, B) be an affine variety. An action of G on X is an
action a : G x X — X of the group G on X such that a : G x X — X is
a morphism of affine varieties. For any g € G we define a(g) : X — X
by a(g)(z) := alg, z).

c) Given an action a : G x X — X of an algebraic group G on
an affine variety X = (X, B) we denote by p, : G — Aut(B) the
representation of G on B given by p.(g)(f)(x) := f(a(g7')(2)), f €
B,xe X, g€ G.

d) In the case X = G we obtain the left reqular representation | of
G on the space A of regular functions on G

Ug)(f)(@) = flg7'2). f € Aw,g€C

and the right regular representation r of G on the space A of regular
functions on G

Wg)(f)(x) = f(zg), [ € A x,g € GO

Examples a) The additive group G,. We take G = Al with the addi-
tion as the group operation. Then A = k[z], A® A = k[z, y|.inv*(f) =
f(—z) and the map m* : A —, A® A is given by m*(f) = f(x + y).

b) The multiplicative group G,,. We take G = A! — {0} with the
multiplication as the group operation. Then A = k[z,271],A® A =
klz,z7 y,y7 1), inv*(f) = f(z7!) and the map m* : A — A® A is
given by m*(f) = f(zy)

¢) The matrix group GL,. Let GL, C M, be the basic open set

X € M,|D(X) # 0 where D(X) is the determinant of X. The group

operation is the matrix multiplication. Then k[GL,] = k[T};, D™'] and
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the map m”* is given by
m*(Ty) =Y Tu ®Tiy
k=1

It is clear that GL, = G,,.

d) Let m¢,;, : k|[GL,] — k[GL,|®k|[GL,] be asin c). Since D(zy) =
D(z)D(y) we have m¢,; (D) =D ® D. So the closed subset

SLy(k)={x € GL,(k)|D(z) =1}
inherits the structure of an algebraic group.[]

Problems 2.1 a) Let L be a finite-dimensional k-vector space, De-
fine the structure of algebraic group Aut(L) on the group Aut(L) of
invertible linear transformations of L.

b) Let (G, A) be an algebraic group, p : G — GL,(k) a representa-
tion. Show that p defines a homomorphism of algebraic groups iff there
exists a] € A,1 <i,j < n such that

p(g) = (evy(aj))i=1,9 € G

c)let G = (G, A), H = (H, B) be algebraic groups. Define a notion
of a homomorphism ¢ : G — H of algebraic groups without any appeal
to groups G and H.

d) Let G be an affine algebraic variety, m : G X G — G,inv : G — G
algebraic morphisms and e € G. We denote by and v : G — G be
the constant map onto e € G. Write diagrams using the multiplication
AR A — A and the maps m*,inv* and v whose commutativity
express the the group axioms for GUI.

Lemma 2.2 Let a : G x X — X be an action of an algebraic group
on an affine variety (X, B) and p, : G — Aut(B) the corresponding
representation. Show that

a) A subspace L C B is p-invariant iff «*(L) C A® L.

b) For any finite-dimensional subspace L' C B there exists a finite-
dimensional p,-invariant subspace L C B containing L.

c) Let (G, A) be an algebraic group, ¢ : A — A an algebra automor-
phism commuting with r(g) for all ¢ € G. Then there exists unique
y € G such that ¢ = [(y).

Proof. a’) Assume that L C B is p(g)-invariant for all ¢ € G.
We want to show that a*(L) C A® L. Fix [ € L. Since the action



a:G x X — X is algebraic we have
a*(l) =) _ fi®b;, fi € k[G],b; € B = k[X]
i=1

Moreover we can assume that the functions f; € k[G],1 < ¢ < n are
linearly independent. Since p(g)(l) € L for all ¢ € G we see that
Yo filg)bi(= p(g)(1)) lies in L for all g € G. It is now easy to see (?)
that b; € Lforall 1 <i¢<m.

a”) Conversely, assume that a*(L) C A® L. Then for any | € L we
have

a’(l) ==Y fi®b, fi €k[G],b € L
=1

But then then p(g)(1) = >_i, fi(9)bi = p(9)(]) € L.

b) Let I;,1 < j < m be a basis of L. Since the actiona : GxX — X
is algebraic we have

a*(l) =Y _ filg) @ Ui, f; € k[G],b; € B=k[X],1 <i<n,
=1

Then (?) the subspace L of B spanned by b},1 < j < m,1 <i < n;
contains L’ and is p-invariant.

c¢) Consider the homomorphism a : A — k,f — ¢(f)(e). Then
ker(«) is a maximal ideal of A. Therefore | by the Nullstellensatz]
there exists y € G such that a(f) = f(y), f € A. So ¢(f)(e) = f(y).
Since ¢ commutes with with r(g) for all g € G we see that

() (g) = r(g)(e(f))(e) = c(r(g)(N))(e) = r(g) () = flyg) = Ly)())(g)T

Theorem 2.1. If G = (G, A) is an [affine| algebraic group then
there exists a morphism ¢ : G — GL, (k) of algebraic groups such that
Im(¢) is a closed subgroup of GL,(k) and ¢ defines an isomorphism
¢ : G — Im(¢) of algebraic groups.(]

Proof. Let [ : G x G — G be the left regular representation and
ai, ..., a, be generators of the algebra A. As follows from Lemma 2.2 b)
there exists a finite-dimensional [-invariant subspace L C A containing
ai,...,a,. Choose a basis I;,1 < i < n of L. Since the left regular
representation is algebraic there exist a] € A, 1 < 1,7 < n such that

n

Li(g'g") =Y (@) (g )l(g"). 99" € G

J=1



Consider now the map

¥ G — GLy(k), g — (al(g))
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It is clear (?) that v is a morphism of algebraic groups and that the
map ¢* : k|GL,] — A is surjective.

Theorem 2.1 follows now from Lemma 2.1.0J
We discuss now some results familiar from Linear algebra.

Definition 2.2. Let V be a finite-dimensional k-vector space, d :=
dimension (V'),x € End(V).

a) x is semisimple if x is diagonalizable,
b) x is unipotent if all eigenvalues of = are equal to 1,

c¢) For any p € k we define
V,:={veV|(x—puld) =0}

d) We denote by P,(t) the characteristic polynomial P,(t) := det(t —
x) and by Spect(x) C k the set of roots of P,(t), Then we have P,(t) =
[, espect() (t — )™ where my, is the order of zero of P,(t) at p.lJ

Lemma 2.3 a) Let Let V' be a finite-dimensional k-vector space,
x € End(V). Then P,(z) = 0.0

Proof. For any = € End(V) we denote by ad(z) : End(V) —
End(V) the linear map y — [z,y] := zy — yx and by disc(x) the
characteristic polynomial of ad(zx). Let

U :={z € End(V)|disc(x) # 0}

It is clear that any € U the subspaces V,,u € Spect(x) are one-
dimensional and the matrix x is conjugate to a diagonal matrix with the
set of diagonal entries equal to Spect(z). So the restriction of P,(z) :
End(V) — End(V) to U is equal to zero. Choose a basis vy, ..., v4 in
V' and consider the matrix coefficients of P,(x) as polynomial function
fij»1 <1, < d on the algebraic variety End(V). We want to prove
that f; ; =0 forall 1 <i,5 <d.

Since the restriction of P.(z) : End(V) — End(V) is equal to zero
we see that the restriction of on the basic set U = Uy, is equal to
zero. In other words the image of f;; in the ring k[End(V)]uys. is
equal to zero. But is follows from Problem 1.1 b) that the kernel of
the localization map k[End(V)] — k[End(V)|as is equal to {0}. So
fi;=0forall1 <i,5 <dUO
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Definition 2.3. a) Let V' be a [not necessary finite-dimensional] k-
vector space. We say that an automorphism ¢ : V' — V' is locally finite
if for any vector v € V there exists a finite-dimensional g-invariant
subspace W C V' containing v.

b) we say that a locally finite automorphism s : V' — V is locally
semisimple if for any s-invariant finite-dimensional subspace W C V
the automorphism sy, is semisimple.

c) we say that a locally finite automorphism s : V' — V is locally
unipotent if for any s-invariant finite-dimensional subspace W C V the
automorphism sy is unipotent.[]

In the next problem all vector spaces in the part a) -m) are finite-
dimensional.

Problem 2.2 a) Let g € Aut(V) be an element of finite order m.
Then g is semisimple iff m is prime to the characteristic p of k. [We
assume that every number is prime to 0].

b) V,, # {0} iff p € Spect(g).
¢) V = Buespect(g) V-

d) If & : V — V are semisimple and w,u’ : V — V a unipotent
automorphisms such that ¢ = u's’ = sv’ and ¢ = us = su then
s'=s,u = u.

e) Let s, € Aut(V') be such that s,(v) = pv for v € V,,. Then s, is
semisimple, u, := s, 'g is unipotent and g = uys, = s41q.

Remark This decomposition g = su = us is called the Jordan de-
composition of g.

f) Let R,[t] € k[t] be a polynomial such that R,(p) = p for all
p € Spect(g) and the order of zero of R,[t] — 1 at p is not less then m,
for all © € Spect(g). Then s, = Ry[g].

g) Show the existence of a polynomial Q,[t] such that u, = Q,[g]

h) For any = € Aut(V') such that gz = xg we have s,x = xs,, u,z =
T,

1) If W C V is g-invariant then it is s,-invariant and u,-invariant.

m) Let V,V’ be k-vectors spaces, g € Aut(V)),g € Aut(V')) and
r:V — V' a k-linear map such that ¢’ or =rog. Then

ssor=ros,uor=rou

where g = su, ¢’ = s'u’ are the Jordan decompositions of g, ¢'.



n) Let A be a k-vector space, r € Aut(A) a locally finite auto-
morphism of A. Then there exists unique pair S, U of locally finite
automorphism of A such that r = SU = US, S is locally semisimple
and U is locally unipotent. Moreover in the case when A is a k-algebra
and r is a locally finite automorphism of A the linear automorphisms
S and U are algebra automorphisms of A.

0)* Show the existence of the Jordan decomposition for any perfect
field k.

p) Let L = Fy(t) [ so L is not perfect],

(01
9=\t o
Show that one can’t find s,u € GLy(L), s semisimple, u unipotent,
such that ¢ = su = us.

q) Formulate and prove the additive version of the Jordan decompo-
sition for for M, (k) where k is an algebraically closed field.[]

Definition 2.4. Let (G, A) be an [affine] algebraic group. As follows
from Lemma 2.2 operators 7(g) : A — A, g € G are locally finite. We
say that g € G is semisimple if r(g) : A — A is semisimple and that
g € G is unipotent if r(g) : A — A is unipotent.[]

Theorem 2.2. Let (G, A) be an [affine] algebraic group, g € G.
Then there exists unique elements s,u € G such that ¢ = su = us
where s is semisimple and wu is unipotent.

Proof. I leave for you to prove the uniqueness.

Let r(g) = SU be the decomposition as in Lemma Problem 2.2 n).
As follows from Problem Lemma 2.2 h) the automorphisms S and U
commute with operators [(g), g € G. Therefore it follows from Lemma
2.2 ¢) that there exist s,u € G such that S = r(s),U = r(u). By
the definition S is semisimple, v is unipotent and it is easy to see that
g = su = us.l]

Problem 2.3 a) Show that in the case G = GL, (k) the definition
2.4 coincides with the definition 2.2

Remark This decomposition g = su is called the Jordan decompo-
sition of g

b) Let (G, A), (H, B) be algebraic groups and ¢ : G — H be a mor-
phism of algebraic groups. Let g = su be the Jordan decomposition of
an element g € G. Then ¢(g) = ¢(s)¢(u) is the Jordan decomposition
of ¢(g) € HO.



7

The construction of the Jordan decomposition of elements of G is a
little ad hoc. So I'll give a more ”categorical” explanation.

Definition* 2.5 a) Let G = (G, A) be an [affine| algebraic group. A
representation of G is a representation py : G — Aut(V') where V is a
finite-dimensional k-vector space and py : G — Aut(V) is a morphism
of algebraic groups.

b) A G-data is rule which « associates with any representation py :
G — Aut(V) of G an automorphism ay € Aut(V') such that

a) ayrgyr = ayr @ ay,

b) Ayrgyrn = Ay X auyrr and

¢) for any G-morphism f : V' — V" we have ay» o f = foay.

It is clear that any g € G defines a G-data «a(g) such that ay(g) :=
pv(g).00

Lemma 2.7 For any G-data « there exists unique g € GG such that
a=a(g).0

Proof. Let o be a G-data. As follows form Lemma 2.2 we can write
A as a union A = U,V,, where V,, C A,V,,_1 C V,,n > 0 are finite
dimensional subspaces invariant under the left regular representation.
So we can define ay,, C Aut(V,,),n > 0. As follows from the condition
¢) the automorphisms ay, ,n > 0 come from an automorphisms a4 of
the vector space A. Using the conditions b) and c) we see that

aa(f ") = aa(f)aa(f")

for all f/, f” € A. In other words we see that a4 an automorphism of
the algebra A. As follows from the condition ¢) aq commutes with the
right shifts. As follows from Lemma 2.2 ¢) there exists g € G such that

aa(f)=r(g)(f) for all f e AO

Using Lemma 2.7 we can give a very short | an conceptual] definition
of the Jordan decomposition of g € G. For any representation py : G —
Aut(V) of G we consider the Jordan decomposition py(g) = syuy of
pv(g) and define a(s) := sy, a(u) := uy. As follows from Lemma
2.5 g) a(s) and a(u) are G-datas and therefore there exists s,u € G
such that a(s)y = py(s),a(u)y = py(u). Then g = su is the Jordan
decomposition of an element g € GLI.

Definition 2.6.a) We say that a topological space X is irreducible
if X # () and X is not a union of two proper closed subsets. A subset
Y C X is irreducible if it is irreducible in the induced topology.

b) Let X be a topological space. A subset of X is locally closed if
it is an intersection of an open and a closed subsets of X. A subset of
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X is constructible if it is a union of a finite number of locally closed
subsets.[]

Problem 2.4 a) If (X, A) is an affine variety then X is irreducible
iff A is integral [= does not have zero divisor].

b) A constructible subset Y C X is irreducible iff it’s closure Y is
irreducible.

c) Let X, X’ be topological spaces such that X is irreducible and
f: X — X’is a continuous map. Then f(X) is irreducible.

d) If X is irreducible, U C X is open non-empty then U is irreducible
and dense in X[

e) Let X be a Noetherian topological space. Then there exists only
a finite number of maximal irreducible subsets of X, X is a union of
it’s maximal irreducible subsets, and every irreducible subset of X is
contained in a maximal irreducible subset.[]

f) If Y C X is a constructible subset then there exists a set U C Y
which is open and dense in the closure Y of Y.[.

Definition 2.8. a) Let (X, A) be an irreducible affine variety. Then
dim(X) := deg.try(Qa) where @ 4 is the field of fractions of A.

b) For any affine variety X we define dim(X ') as the maximal dimen-
sion of it irreducible components. .

Lemma 2.8. Let (X, A) be an affine variety, Z C X a closed
irreducible subspace. Then dim(Z) < dim(X) and if dim(Z) = dim(X)
then Z is an irreducible component of (X).O0

Proof. It is easy (7) to reduce the proof to the case when (X, A)
is irreducible. We have to show that for any proper closed irreducible
subspace Z C X we have dim(Z) < dim(X). Since Z C X is closed it
has the form Z = V(I) where I C A is a non-zero ideal and we have to
show that

deg.tri(Qp) < deg.tri(Qa), B := A/l

Let d = deg.tr(Q4). Then we can find algebraically independent
elements aq, ..., aq € A such that for any non-zero x € A there exists a
monic polynomial P,[t] = t" + >0 ¢ifay, ..., agt’ with coefficients in
the subring klay, ..., aq] C A such that coaq, ..., aq] # 0 and P.[z] = 0.

We denote by by, ..., by € B the images of a; under the reduction A — B.
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Let  be a non-zero element of I, P := P, = Y7  cilay, ..., aglt". So
n—1
"+ Zci[al, o aglzt =0
=0

Since x € I we see that ¢g[by, ..., bs] = 0. Therefore we can find jo, 1 <
Jo < d such that b; € B is algebraic over kf[aj,j # jo. Therefore
deg.trk(QB) < d.UJ,

Problem 2.4 a) Let ¢ : X — Y be a morphism of affine varieties
and ¢* : k[Y| — k[X] be the associated algebra homomorphism. Show
that

a) If X is irreducible then the closure ¢(X) is also irreducible and

dimg(X) < dim(X),

b) ¢* is injective iff ¢(X) is dense in Y,
c¢) if X,Y are irreducible affine varieties then
dim(X xY) = dim(X)+dim(Y").



