Let R = k[t,t"!]. Any element F € Rhasaform F = SN ¢, (F)t".
We define Res : R — k by Res(F') := ¢1(F). [The correct way is to
write Res(F'dt) := ¢;(F') but I'll ignore the distinction]. It is clear that
Res(dF/dt) = 0.

We denote by sl,(R) the Lie algebra of n x n-matrices A with coef-
ficients in R such that 7r(A) = 0 and define a new Lie algebra sl,,(R)
which is equal to sl,(R) @ k as a vector space and

[(A,¢),(B,d) :=[A, B], Res(Tr(AB)), A, B € sl,(R),c,d € k

where

Tr(AB') = > (apydbgy/dt)

1<p,g<n
Claim 1. sl,(R) is a Lie algebra.

Remark. The Jakobi identity follows from the equality Res(dF/dt) =
0.

Let D : R — R be the differentiation given by D(F') := tdF'/dt.
It defines a linear operators D of the Lie algebra sl,(R), D(a;;) =

(D(a;;)) and the Lie algebra si,(R), D(A, ¢) := (D(A),0).
_ Claim 2 D : sl,(R) — sl,(R) is a differentiation of the Lie algebra
sly(R).

We define sl,(R) := D x sl,(R).

Lemma [Easy]. If I C sly(R) is an ideal then either I = {0} or
I =sl,(R)or I ={(0,¢)},c€kof I =sl,(R).

Let A = (_22 _22) The realization of A could be presented as

bvai/aag/ S b,Oél,Oég € h\/ where
h=bh" =R’ af =(1,0,0),a = (0,1,0), 0, = [ 2| ,aa = [ 2

We choose h” = (0,0, 1) and denote by <, >: h¥ xh — R be the natural
pairing.. Then the symmetric bilinear form [,] : h X h — R such that

(", 1" =0, [a), h] =< a;, h >
is given by the pairing [,] : R® x R* — R given by

(21, 2, w3), (1, Y2, )] = Y _ iy
j

where



2 =20
cC=1-2 2 1
0 1 0

By the definition g4 is the Lie algebra generated by ey, es, fi1, fo, h
where h € b and relations

[€i7 f]](SZJOé;/, [h7 h,] = 07 [h7 ei] =< oy, h >, [h7 fz] == <y, h >

and g4 = ga/r where r C g4 is the maximal ideal such that rNh = {0}.
I want to give an explicit description of the Lie algebra g4.

We construct now a surjective Lie algebra morphism ¢ : g4 — slo(R)

by
= (g o). 0n=(( )0
= () 0) o= () /)0

1 0 _1 O "
at = (5 )0y (1) oo

[Please check the relations and correct signs if I made a mistake].

It is clear that ¢ defines an imbedding of ¢ into §l2(R). It follows
now from Lemma that ¢ defines an isomorphism g4 — sla(R).
Problem 0.1. a) Give an explict description of the Weyl group W and

the Tits cone X for ga where A = <_22 _22) )

b) Find a Cartan metriz A, such that ga, = sl,(R).



