
Coxeter systems.

Definition 0.1. (1) A Coxeter group is a group with the presen-
tation

⟨s1, s2, . . . , sn | (sisj)mij = 1⟩ wheremii = 1 andmij = mji ≥ 2
for i ̸= j. The condition mij = ∞ means that no relation of the
form (sisj)

m is imposed.

(2) A pair (W,S) where W is a Coxeter group with generators S is
called a Coxeter system.

(3) Elements of S are simple reflections and elements of W conjugate
to simple reflections are reflections.

(4) For any w ∈ W we denote by l(w) the length of the shortest pre-
sentation of w as a product w = s1...sl(w) of simple reflections and
say that a presentation s1...sl(w) is a reduced expression of w.

(5) If w = s1...sl(w) is a reduced expression of w ∈ W we say that
w′ ∈ W an a subexpression of s1...sl(w) if w′ = si1 ...sir for some
sequence 1 ≤ i1 < i2... < ir ≤ l(w).

(6) Given w′, w ∈ W we say that w′ → w if l(w) > l(w′) and t :=
(w′)−1w is a reflection. We say that w′ < w if there exists a se-
quence w′ = w0 → w1 → ... → wn = w [the Bruhat order].

Note that in general S is not uniquely determined by W . For example,
the Coxeter groups of type BC3 and A1×A3 are isomorphic but the Coxeter
systems are not equivalent.

The relation mii = 1 means that s2i = 1 for all i ∈ I. If mij = 2 then
the generators si and sj commute.

Claim 0.2. (1) If w = s1...sr, si ∈ S and t is reflection such that
l(wt) < l(w) then there exists i such that wt = s1...ŝi...sr (omitting
si). Moreover if r = l(w) then such i is unique.

(2) If w = s1...sr, si ∈ S and r > l(w) then there exists indices i < j
such that w = s1...ŝi...ŝj ...sr. [Strong exchange condition]

(3) If w′ ≤ w and s ∈ S then either w′s ≤ w or w′s ≤ ws or both.
(4) w′ ≤ w if w′ is a subexpression of w. Conversely if w′ ≤ w and

w = s1...sl(w) is a reduced expression then w′ is a subexpression of
the presentation w = s1...sl(w).

(5) For any w′ ≤ w there exists a sequence exists w′ = w0, w1, ..., wn =
w such that wi−1 < wi and l(wi)− l(wi−1) = 1.

Hecke algebras. Let (W,S) be a Coxeter system, A be a commutative
ring with chosen elements as, bs, s ∈ S such that as = as′ , bs = bs′ when s′, s
are conjugate in W . Let V be the free A-module with generators Tw, w ∈ W .

Theorem 0.3. There exists unique A-algebra structure on V such that
TsTw = Tsw if l(sw) > l(w) and
TsTw = asTw + bsTsw if l(sw) < l(w).
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Proof. We start with the following general result. Let A be a commu-
tative ring, V a free A-module with basis vi, i ∈ I, S be a subset of I, e ∈ S
and αs, βs ∈ EndA(V ), s ∈ S be such that

αs(ve) = βs(ve) = vs, [αs, βt] = 0, s, t ∈ S

For any sequence σ = {s1, ..., sr}, si ∈ S, 1 ≤ i ≤ r we write ασ :=
αs1 ...αsr , βσ =: βs1 ...βsr .

Lemma 0.4. Assume that V = Span{ασ(ve)} = Span{βσ(ve)}. Then
there exists unique structure of an associate algebra on V such that ve is
the unit, αs acts as the left multiplication by vs and βs acts as the right
multiplication by vs.

Proof. Let H ⊂ EndA(V ) be the A-subalgebra generated by αs and
f : H → V be the A-linear map such that f(h) := hve. Since V =
Span{ασ(ve)} we see that f is onto. On the other hand since [αs, βt] ≡ 0
we see that hβσve = {0} for all h ∈ Ker(f) and all sequences σ. Since
V = Span{βσ(ve)} we see that f is injective. So f is an isomorphism which
defines an A-algebra structure on V . Since αs(ve) = βs(ve) = vs we see that
αs acts as the left multiplication by vs and βs acts as the right multiplication
by vs. �

Now we can prove the Theorem. We define V as a free A-module with
basis Tw, w ∈ W and define αs, βs ∈ EndA(V ), s ∈ S by

αs(Tw) := Tsw if l(sw) > l(w)
αs(Tw) := asTw + bsTsw if l(sw) < l(w)
βs(Tw) := Tws if and l(ws) > l(w)
βs(Tw) := asTw + bsTws if l(ws) < l(w).
it is clear that Span{ασ(ve)} = Span{βσ(ve)} = V . The equality

[αs, βt] ≡ 0 follows easily from the following result which I’ll leave for you
to prove.

Claim 0.5. If w ∈ W, s′, s′′ ∈ S are such that l(s′ws′′) = l(w) and
l(s′w) = l(ws′′) then s′w = ws′′.

Let ◦ be the multiplication on V the construction in Lemma 4. To finish
the proof of the Theorem we have to check that

Ts ◦ Tw = Tsw if l(sw) > l(w) and that
Ts ◦ Tw = asTw + bsTsw if l(sw) < l(w).
The first equality is immediate and to prove the second we observe that

the inequality l(sw) < l(w) implies that w = sw′ where l(sw′) > l(w′) so it
is sufficient to check the equality T 2

s = asTs + bsTe which is immediate. �
Definition 0.6. We define

(1) We denote the algebra constructed in the Theorem 3 byHA(W,as, bs)
and omit ◦ writing the product.

(2) We write H or H(W ) for

HZ[v,v−1](W,as, bs), as ≡ v−2 − 1, bs ≡ v−2
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(3) We denote by ι the involution on H such that ι(Ts) := T−1
s =

v2Ts − (1 − v2)Te and ι(v) = v−1 and say that an element H ∈ H
is self-dual if ι(H) = H.

(4) For P ∈ A ⊂ H we write P̄ (v) = P (v−1).

(5) We write Hx := q−l(x)/2Tx, x ∈ W .

Proposition 0.7. For any w ∈ W there exists unique self-dual element
Cw ∈ H which has a form Cw = Hw +

∑
x hxHx, hx ∈ vZ[v].

Proof. By the defintion we have Ce = He. Consider first the case
when w = s ∈ S. Since ι(Hs) := Hs + (v − v−1) we see that we can take
Cs = Hs + v. It is easy to check that the right multiplication on Cs in H is
given by

HxCs = Hxs + vHx if xs > x and
HxCs = Hxs + v−1Hx if xs < x
To show the existence of a self-dual element Cw ∈ H of the form Cw =

Hw +
∑

x vZ[v]Hx we prove the following stronger result.

Lemma 0.8. For any w ∈ W there exists a self-dual element Cw ∈ H of
the form Cw = Hw +

∑
x<w hxHx, hx ∈ vZ[v].

Proof. The proof is by induction in l(x). The statement is clear if
x = e. So assume that the existence of Cy is known for all y < x and
x ̸= e. Choose s ∈ S such that xs < x. By the induction assumption we
have CxsCs = Hx +

∑
y<x hyHy, hy ∈ Z[v] and we can take Cx = CxsCs −∑

y<x hy(0)Cy. �
The unicity of Cx follows immediately from the following result.

Lemma 0.9. Any is self-dual element H ∈ H of the form

H = hxHx, hx ∈ vZ[v]
is equal to 0.

Proof. As follows from the previous Lemma we have

Hw = Cw +
∑
x<w

rxCx, rx ∈ A

and therefore
ι(Hw) = Hw +

∑
x<w

r′xCx, r
′
x ∈ A.

If H ̸= 0 choose a maximal z such that hx ̸= 0. The equality ι(H) = H
implies that h̄x = hx. But his contradicts the inclusion hx ∈ vZ[v]. �

�
Examples 0.10. (1) Consider the case S = (s, t),ms,t = m. In

this case for any l, 0 < l < m there exists two elements s′l, s
′′
l of

length l and x < w ≡ l(x) < l(w). Let’s show by induction in l(w)

that elements C̃w := vl(w)
∑

x≤w Tx are self-dual. We can assume
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that l(w) > 1 and write w in the form w = sx where l(x) = l(w)−1.

Then v(Ts + 1)C̃x = C̃w + C̃x and we see by induction that C̃w is

self-dual. It is clear now that Cw = C̃w = vl(w)
∑

x≤w Tx.

(2) Assume that W is finite and that w0 ∈ W is the longest element of

W . I claim that Cw0 =
∑

x∈W vl(w0)−l(x)Hx.

Let C̃ :=
∑

x∈W vl(w0)−l(x)Hx. To check the equality Cw0 = C̃

it is sufficient to show that C̃ is self-dual. Form the explicit formulas
for the multiplication by Cs it is easy to derive that

AC̃ = {H ∈ H|HCs = (v + v−1)H, s ∈ S}
But this equality implies that ι(C̃) = aC̃, a ∈ A. Then aā = 1.
Which implies that a = ±1. It is easy to see then that a = 1.


