Coxeter systems.

DEFINITION 0.1. (1) A Coxeter group is a group with the presen-
tation
(s1,82,...,5n | (sis;)™ = 1) where m;; = 1 and m;; = mj; > 2

for ¢« # j. The condition m;; = oo means that no relation of the
form (s;s;)™ is imposed.

(2) A pair (W,S) where W is a Coxeter group with generators S is
called a Coxeter system.

(3) Elements of S are simple reflections and elements of W conjugate
to simple reflections are reflections.

(4) For any w € W we denote by [(w) the length of the shortest pre-
sentation of w as a product w = s7...8;(,,) of simple reflections and
say that a presentation si...s;(,) 18 a reduced expression of w.

(5) If w = s1...8)() is a reduced expression of w € W we say that
w’ € W an a subexpression of 81---S1(w) if w' = s;,...8;, for some
sequence 1 < iy < ig... < i, < [(w).

(6) Given w',w € W we say that w' — w if l(w) > l(w') and ¢ :=
(w')"lw is a reflection. We say that w' < w if there exists a se-
quence w' = wy — wy — ... = w, = w [the Bruhat order].

Note that in general S is not uniquely determined by W. For example,
the Coxeter groups of type BC3 and A; x Ag are isomorphic but the Coxeter
systems are not equivalent.

The relation m;; = 1 means that 512 = 1for all i € I. If m;; = 2 then
the generators s; and s; commute.

CramM 0.2. (1) If w = $1...87,8; € S and t is reflection such that
l(wt) < I(w) then there exists i such that wt = s1...5;...8, (omitting
s;). Moreover if r = l(w) then such i is unique.

(2) If w = s1...57,8; € S and r > l(w) then there exists indices i < j
such that w = s1...5;...85...s,. [Strong exchange condition]

(3) If w' <w and s € S then either w's < w or w's < ws or both.

(4) w' < w if W' is a subexpression of w. Conversely if w' < w and
W = 81...81(y) 18 a reduced expression then w' is a subexpression of
the presentation w = 81---S)(w) -

(5) For any w’ < w there exists a sequence exists w' = wg, W1, ..., Wy, =
w such that w;—1 < w; and l(w;) — l(w;—1) = 1.

Hecke algebras. Let (W, S) be a Coxeter system, A be a commutative
ring with chosen elements ag, bs, s € S such that ay = ay,bs = by when s, s
are conjugate in W. Let V be the free A-module with generators T,,,w € W.

THEOREM 0.3. There exists unique A-algebra structure on V' such that
TsTyw = Tsy if l(sw) > l(w) and
TsTw = asTy + bsTey if l(sw) < l(w).
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PROOF. We start with the following general result. Let A be a commu-
tative ring, V a free A-module with basis v;,7 € I, .S be a subset of I,e € S
and ag, Bs € Endg(V), s € S be such that

as(ve) = ﬁs(ve) = Vs, [QSaﬁt] =0,st€S
For any sequence o = {s1,..,8:},s; € S,1 < i < r we write o :=
sy Os,y Bo =1 Bsy - Bs,-

LEMMA 0.4. Assume that V = Span{a,(ve)} = Span{fs(ve)}. Then
there exists unique structure of an associate algebra on V such that v is
the unit, as acts as the left multiplication by vs and (s acts as the right
multiplication by vs.

ProOF. Let H C Endg(V) be the A-subalgebra generated by o, and
f + H — V be the A-linear map such that f(h) := hve. Since V =
Span{as(ve)} we see that f is onto. On the other hand since [as, B:] = 0
we see that hfB,v. = {0} for all h € Ker(f) and all sequences o. Since
V = Span{pB,(ve)} we see that f is injective. So f is an isomorphism which
defines an A-algebra structure on V. Since as(ve) = Bs(ve) = vs we see that
a5 acts as the left multiplication by vs and 85 acts as the right multiplication
by vs. ([l

Now we can prove the Theorem. We define V as a free A-module with
basis Ty, w € W and define ag, 55 € End4(V),s € S by

as(Ty) = Tsy if 1(sw) > l(w)

as(Ty) = asTy + bsTsy if (sw) < l(w)

Bs(Tw) := Tuys if and [(ws) > l(w)

Bs(Ty) := asTy + bsTys if l(ws) < l(w).

it is clear that Span{as(ve)} = Span{fs(ve)} = V. The equality
[as, Bt] = 0 follows easily from the following result which I'll leave for you
to prove.

Cramm 0.5. If w € W, s, s" € S are such that I(s'ws”) = l(w) and
I(s'w) = l(ws") then s'w = ws".

Let o be the multiplication on V' the construction in Lemma 4. To finish
the proof of the Theorem we have to check that

Ts 0Ty = Tgy if I(sw) > I(w) and that

Ts 0Ty = asTy + bsTsy if l(sw) < l(w).

The first equality is immediate and to prove the second we observe that
the inequality I(sw) < I(w) implies that w = sw’ where I(sw’) > l(w’) so it
is sufficient to check the equality T2 = asTs + bsT, which is immediate. [

DEFINITION 0.6. We define

(1) We denote the algebra constructed in the Theorem 3 by H 4 (W, as, bs)
and omit o writing the product.
(2) We write H or H(W) for

HZ[U,’L}_l](W7 s, bs); ag = ’072 — 1, bs = 7}72
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(3) We denote by ¢ the involution on H such that «(Ty) = T, 1 =
02T — (1 —v?®)T, and ¢(v) = v~! and say that an element H € H
is self-dual if «(H) = H.

(4) For P € A C H we write P(v) = P(v™1).

(5) We write H, := ¢ "®/2T, z e W.

PROPOSITION 0.7. For any w € W there exists unique self-dual element
Cw € H which has a form Cy = Hy + Y, haHy, hy € vZ[V).

PrRoOOF. By the defintion we have C. = H.. Consider first the case
when w = s € S. Since t«(Hy) := Hs + (v — v~ ') we see that we can take
Cs = Hg; +v. It is easy to check that the right multiplication on Cs in H is
given by

H.C;=H,; +vH, if xs > x and

H,Cy=Hys+v 'Hyifzs <z

To show the existence of a self-dual element C,, € H of the form C,, =
H,, + ), vZ[v]H, we prove the following stronger result.

LEMMA 0.8. For any w € W there exists a self-dual element C, € H of
the form Cy, = Hy + >, ooy haHy, hy € VZ[V].

PrOOF. The proof is by induction in I(z). The statement is clear if
x = e. So assume that the existence of C, is known for all y < z and
x # e. Choose s € § such that xs < x. By the induction assumption we
have C,,Cs = H, + Zy<x hyHy, hy € Z[v] and we can take Cp = CysCs —
D ew hy(0)Cy. O

y<z 'Y

The unicity of C, follows immediately from the following result.
LEMMA 0.9. Any is self-dual element H € H of the form
H = hyHy, hy € vZ[0]
is equal to 0.

PRrOOF. As follows from the previous Lemma we have

Hy=Cy+ Y 1:Cpr2 €A
r<w

and therefore
W(Hy) = Hy + Z r.Cy, 1l € A.

r<<w
If H # 0 choose a maximal z such that h, # 0. The equality «(H) = H
implies that h, = h,. But his contradicts the inclusion h, € vZ[v]. O
([
ExaMPLES 0.10. (1) Consider the case S = (s,t),msy = m. In

this case for any [,0 < I < m there exists two elements s;,s] of
length [ and x < w =(z) < l(w). Let’s show by induction in I(w)
that elements C,, := v!(®) ngw T, are self-dual. We can assume



that [(w) > 1 and write w in the form w = sz where I(z) = [(w)—1.
Then v(Ts + I)C‘x = éw + C’x and we see by induction that C’w is
self-dual. It is clear now that Cy, = Cy, = v!®) Y ww L
Assume that W is finite and that wy € W is the longest element of
W. I claim that Cyy = > cw pHwo) =)

Let C := Y, o v! @)@ H,. To check the equality Cy, = C
it is sufficient to show that C' is self-dual. Form the explicit formulas
for the multiplication by Cj it is easy to derive that

AC ={H e H|HC, = (v+v 1)H,s € S}

But this equality implies that +(C) = aC,a € A. Then aa = 1.
Which implies that ¢ = £1. It is easy to see then that a = 1.



