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Denote N = 3", and let D(n) denote the maximal cardinality of a line-
free subset of F%, d(n) = D(n)/N.

The basic approach: Suppose A C F% is line-free, |[A| = D(n). We
have the following:

Claim 1 |14(z)| < N(d(n — 1) — d(n)) for all 0 # x € Fg.

(]
The assumption on A implies
|Al =14 %14 % 14(0) = N2> [T () (1)
hence
NIAI > |AP = [Ta(@)f . (2)
x#0
If |A]> < 2N then d(n) = O(372).
Otherwise we get by (2)
N3d(n)* = AP < 3 [Ta(2) . (3)
z#0
The standard way to proceed is to apply the Parseval identity to get
Y- ITa@)® < max|Ta(2)] Y [Ta(2) <
z#0
x#0 T
N(d(n — 1) = d(n))N|A| = N*d(n)((d(n — 1) — d(n)) (4)

hence d(n)? < d(n — 1) — d(n) and d(n) = O(1/n).
At the moment we cannot get a better bound out of Claim 1 and Eq. (3).
Here is our fruitless approach:

Let £j denote the family of all k—dimensional flats in F3. For 1 < ¢ and
1<k<nlet

1l = a5 3 7))
x€L
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We need a refined Parseval inequality for small sets: Suppose that for any
E C Iy of size n” the following holds:

S If @) < N2|If13 e (5)
el
It turns out that if (5) holds for ¥ — oo and ¢ — 1 then d(n) = O(n=P) for
any [3:

o~ -~

Let f =14 and suppose |f(x1)| > ... > |f(xn)]. Let E={z;: 1 <i<n7}
and let 2 < r < 3.

~

We estimate Y |f(x)|" as follows:

D@ < (3 If@)P)? <

zel zeFE

N[ f] e < N"d(n) (6)

q,n<

o~

To bound 3,45 | f(x)[" we need the following:

Claim 2 Ifa; > ... > any > 0 and > ,a; = C then for1 < m < N and
A>1 N
C)\
A
> g < ——— .
O

Takingm =n" A=r/2and C =3, |f(2)]? = N2d(n) in Claim 2 we obtain

d(n)® < (d(n — 1) —d(n))* " (d(n®)s +n G Vd(n)z) . (9)

Setting d(n) = n=% we get

Bra

n=3 <« p-BHHE-T) max{n < |, n“’(l_%)_%ﬁ} . (10)
Hence 5 69 ( 2)
. -r —2r +y(r —
>
62 win { ) } (1)
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Remarks on estimates of type (5): Let G be a finite abelian group with
character group I' = G. For E C I let Cy = {f: Suppfc E}.

E is a A(p) -set with constant C' if one of the two following equivalent con-
ditions hold:

L [[fllp < C| fll2 for all f € Cg.

2. Yer RO < C2|G2||h||? for all h.

Let G = F% and let I'y C I' be a d—dimensional subspace. For a func-
tion h on G and z € G define a function h, on I'g- by h.(z) = h(z + ).

—

Claim 3 Suppose B C T is such that B C T'/Tg =Ty is a A(p) set with a
constant C. Then for E = B+ T'g and any function h on G:

ST R()IP < CEN?||B)2, 4 (12)
xE€EE

Proof:

STROOP =Y 3 3 h@)B(—a)v(—z) Y hy)By)v(y) =
X€EE yeG

BeEBvy€ly zeG

3 3 h@)s-2) A6 Y vy - o) =

BeEB zeG yeG ~v€lg
Tol D > h(@)B(=x) Y h(y)By) =
BeBxeG yex+Tg
Dol X2 D0 X° hz+w)B(—z—w) > h(y)bly) =

BEB zeG\I'{ wel'g yez+Ig

Dol > > D he(w)B(-w) Y h.(w)bw) =
BEB zeG\I' wel'y wely

Dol Y- > 1h(®P =0 > > (B <
BEB zeG\I'f z€G\I'§ BeB

Lol > C*Tylllhallf < C*N?|AllG g -
ze€G\I'g



A Dual Formulation

Define a norm on functions on 4 by

Flg=min{srg 3 A o 3 Avho(@) > |f@)], Il <13

LeLly Lely

The norms || [|q,q and || [|77 are dual:

| D> f@)g@)] <N I flz llgllga -

z€Fy
We need an estimate of the following form: If f € Cg where |E| = n? then

1flz7= < ClIfl2 (13)

where p — oo and o — 1.



