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Exterior algebra

0.1 Symmetric tensors

Let T¢ be the linear space of tensors of type (2,0) on a vector space V of
dimension n. The dimension of T¢ is n?. Let a basis of 77 be e, ® &y.
Consider a subset of basis elements

S(ea ®ep) =€, Qep + €, ® &4
Consider a linear space
S(TE) = Span(S(e, ® ) .
This is a subset of T} of symmetric tensors .

Proposition 0.1: 1. Every symmetric tensor is represented as
1
T = ET“bS(ea (%9 61)) s

where T = Tbe,

2. The dimension of S(T§) is n(n +1)/2.

3. The space S(T2) does not depend on the basis used for its definition,
i.e., if a tensor is symmetric in some basis it is symmetric in every basis.

A symmetric tensor of type (p,0) defined analogously by the basis
S(eq, ® - Qeg,)

where S is the operator of even permutations. Every symmetric tensor is
represented as

1
T — ET(I.L--G@S(eal ® PP ® eap) )

A symmetric tensor of type (0, p) defined by the basis
5(19‘11 R ® 19%)
and represented as

1
T = Mo SO @@ 0%).



0.2 Antisymmetric tensors

Let T¢ be the linear space of tensors of type (2,0) on a vector space V of
dimension n. The dimension of T} is n?. Let a basis of T{ be e, ® &y.
Consider a subset of basis elements

Alea ®ep) = e, ®ep — € R &g
Consider a linear space
A(TY) = Span(A(e, ® &) -
This is a subset of T¢ of antisymmetric tensors .

Proposition 0.2: 1. Every antisymmetric tensor is represented as

1
T = ETabA(ea X 5[)) s

where T = —T",
2. The dimension of S(T¢) s n(n —1)/2.
3. The space A(T§) does not depend on the basis used for its definition,

i.e., if a tensor is antisymmetric in some basis it is antisymmetric in every
basts.

An antisymmetric tensor of type (p,0) defined analogously by the basis
Aleq, ® -+~ Qeq,)

where A is the operator of odd permutations. Every antisymmetric tensor is

represented as
1

p!
An antisymmetric tensor of type (0, p) defined by the basis

A(ﬁal R---® 19%)

T Tal.--apA(eal ® “ e ® eap) .

and represented as

1
T = —'Tal...apA(ﬁ“1 ® - QU%?).
p!
Proposition 0.3: An antisymmetric tensor of type (p,0) or (0, p) withp > n
is zero (dimV =n).



0.3 Exterior forms

An exterior p-form is an antisymmetric tensor of type (0,p). A basis of
exterior forms is denoted as

PN AP = AW @ - ® 9.

Exterior p-form - another definition An exterior p-form is an antisymmetric
linear map

w:Vx--xV R,
—_——

p factors

ie.,
’U)(Ul,"‘ sUgy Uy avp) = —T.U('Ul,"' yUpy 3 Ug avp)
The linear space of all p-forms is denoted as AP(V). Its dimension is

n!

dimA (V) = s

For n = 4 the dimensions of spaces of p-forms are

p = 0,1,2,3,4
dim = 1,4,6,4,1.

Ezxterior product

Definition 0.4: Exterior product (wedge product, Grassmann product) of
a p-form and a ¢-forms is a linear mapping

A (AP(V),AYV)) — APT(V), (o, ) > A B,

such that

1
(@A B)(v1, ,Upsg) = p’—q' Z(Sign mm[a(vr, - vp) Bvpt1, v 5 Vprq)

In particular, if o and S are 1-forms

aANB=a® -«



Proposition 0.5:

1) (@anB)Avy=an(BA7)

2) (a+B)ANy=aAy+ LAy

3)  k(anp)=(ka)AB=an(kp)
4) anB=(-1)M"BAy

Definition 0.6: Interior product (inner product, contraction) of a vector
and a p-form is a linear mapping

|V x AP(V) = AP7H(V),,

such that
(XJw)(Ul )T ’Up—l) = w(Xavl )1 ’Up—l)

For p =0, X|w = 0.
For p =1, X |w = w(X), particular e, |9° = §2.

Proposition 0.7:

1) vf(a+B)=v]a+tv|p

2) (v+u)|a=v|la+u|a

3) v|ulw=—ulv]w

) vl(anp)=(v]e)AB+ (=1)* A (v]f)

Definition 0.8: Grassmann (exterior) algebra is a Z-graded algebra defined
on the direct sum

A(V) = EPAr(V)

Vector spaces with pseudo-scalar product

Definition 0.9: Euclidean metric on a vector space V' is a symmetric tensor
of type (2,0) such that for some basis {e,} on V'

g(eaaeb) = Gab = dla'g(—i_]-a +]-a T, +1) .

4



Lorentzian metric on a vector space V' is a symmetric tensor of type (2,0)
such that for some basis {e,} on V

g(ea, €b) = gup = diag(—l, —{—1, ce +1) .

Pseudo-FEuclidean metric on a vector space V' is a symmetric tensor of type
(2,0) such that for some basis {e,} on V'

g(eq, ) = gap = diag(—1, -+, =1, +1,---,+1).

|
Definition 0.10: Scalar product of two vectors X,Y € V
(X, Y) = g(X, Y)

Musical isomorphisms

Definition 0.11: Define isomorphism (flat)

VoV forXeV X X eVt
such that for every Y € V

VX" =g(X,Y)

|
Definition 0.12: Define isomorphism (sharp)

RN VA 74 forw e V* Fruw—swteV
such that for every Y € V

Y]w=g(wY)
|
Definition 0.13: Scalar product of 1-forms o, 8 € V*
g(a, B) = g(F, 5)

|

Notations:
9(€eqs€5) = Gab g(v%, 19b) = gab
Proposition 0.14:
9 Gac = 07



Metrical volume form

Definition 0.15: Let 9% be a basis in V*. Define a volume form

1
vol = 0N A" = — gy, 0 A A
n.

Proposition 0.16: Volume form is a twisted tensor.

Hodge map
Definition 0.17: Hodge map is a linear map
x: AP — AP where n =dimV

that satisfies
*(w A @) =¢ﬁJ * W

for every w — p-form, and ¢ — 1-form. In addition,

1
#1 =00l = =410, V" N - o NO™
n!

|
Example 0.18:

1
*)* = a1 9" Emnpg?" AN P N 9?
In Lorentzian metric with signature (4, —, —, —), for orthonormal coframe
9* (Check!)

#¥9° = 9t A2 A3

9! = 90 A2 A PP

92 = — 9" A9 AP

9% = 9% A9t A 9
|

Proposition 0.19:
*2 (_1)p(n—p)+i

*Wy N\ Wo = *Wo N\ Wy

sw A9 = —g% x (e |w)



