Mathematical foundations of relativity Dr. Y. Itin

1 Groups of transformations

1.1 Vector space V = R?

Basis €; = {61, 62}

2
_ a1 2, _ i, i
x—xel—l—er—E xre =2zx'e;
=1

Einstein’s summation notation:

1) In every expression, the indices can appear only once (free indices) or
twice (indices of summation).

2) An index of summation appears in each term both as a subscript and as
a superscript and the sigma summation symbol is omitted.

3) The same free indices have to appear in both sides of an equation in the
same position.

The transformation of the basis
€; = hijéj

Thus

T = a:’e,- = xzhijéj = .f?Jéj .
This yields the transformation of coordinates
T = .’Ezhi] .
The transformations are reversible

deth # 0

Levi-Civita symbol




Proposition 1.1: The determinant can be represented as

1 ..
det(h) = Ee”emnhimhj"

Proposition 1.2: The group of matrices
H = {h/|deth # 0} = GL(2,R)
is a disjoint union of two sets
H, = {h | det(h) > 0} — — — asubgroup
H, = {h; | det(h) < 0} — — —non asubgroup

Proposition 1.3: H; is a normal subgroup of H: hgh ' € H, for every
g € Hy and for every h € H.

1.2 Vector space V =R"
Basis e; = {e1,ez ---e,}
T = 2'€;
The transformation of the basis

e; = hy’ €;
yields the transformation of coordinates

# =a'h.
The transformations are reversible

det(h) #0
Definition 1.4: Levi-Civita symbol

1 if (41 ---i,)isan even permutation of (1,---,n)
Eirein = Ejojn = & —1 if (41 -+ -4,) is an odd permutation of (1, - -, n)
0 if (41 - - - 4,) is not a permutation of (1, - -, n)

Proposition 1.5: The determinant can be represented as

1 . . ) )
det(h) = ﬁ&?“mz"&?]’l...jnh'gll s hz:



1.3 Vector space V = R? with a scalar product

Euclidean scalar product

2
(z,y) =a'y' + 27 =D 2’y = 62"y
=1

10
5"7':(0 1)

(2,2) >0 ===>|z| = (z,z)"? norm

Scalar product under transformation of the basis
(33, y) = 5mnjm£n = (5mnhzmhjn) xiyj

Transformation of a basis that preserves the scalar product satisfied the equa-
tion
6mnh,mh]n = 5ij <===> hTh =1

The transformations form a group, denoted as O(2, R).

Two solutions of the equation

hy = ( cos¢ sin¢ ) € SO(2,R)

—sin¢g cos¢

_ cos¢ sing¢
= < —sin ¢ cosd)) € SO(2,R)

b — cos¢p —sing \ cos¢ sin¢ 1 0
27\ —sing —cos¢p /] \ —sing cos¢ 0 -1
1.4 Vector space V = R? with a scalar product

Euclidean scalar product




Transformation of a basis that preserves the scalar product satisfied the equa-
tion
5mnh,mh]n = 6ij <===> hT]'L =1

The transformations form a group, denoted as O(3, R).

Theorem 1.6: Euler
Every matriz h € SO(3) is represented as g = g19293, where

cos¢p —sing 0

gg=| —sing —cos¢p O
0 0 1

1 0 0
g=1] 0 cosf —sind

0 —sinf —cosé

cosy —siny 0
gg=| —siny —cosy 0
0 0 1

2 Space-time

2.1 Vector space V = R?
Basis e, = {eg, €1 €2,€,}
T = 2%, = ey + 2'€; a=0,1,2,3 1=1,2,3
The transformation of the basis
o = hg g
yields the transformation of coordinates
= z*n,” .

The transformations are reversible

det(h) #0 ===> h =

* X X X
¥ K X X
* X% X X
¥ X X X



2.2 Aristotle space-time

Vector space is a direct product R x R3. The transformation of basses in two
vector spaces are independent.

0

= ( g hqj ) . h/e€GL(3,R)

o O O %
¥ ¥ * O
¥ ¥ * O

¥ *% %

The transformations preserved both norms

It =t|, for teR

||| = \/(351)2 + (22)? + (23)?, for zeR®
are

_ (£ 0 J
h_( 0 hij>, hi? € SO(3,R)

2.3 Affine space

Let A be an affine space with an associated vector space V ~ R*. For a fixed
basis point O € A, an arbitrary point P € A is represented as

P=042x2=0 +z%,, reV
Two different types of transformations appear in the affine space.

e Change of the basis point

0O=0"+m, mevV

e Transformation of the basis

ea = holes,  h.’ € GL(4,R)

Corresponding transformation of the components — affine transformations

P = z%h +m?

Proposition 2.1: Affine transformations form a group.



2.4 Affine space + a fixed linear map

Consider an affine space A endowed with a linear map

t:AxA—R <===> t:V—-R

Al Al

» Q

°
s

P —Q = 1%, = 2'€;, a=0,1,2,3 1=1,2,3
For every two simultaneous events (right figure)
t(P — Q) = t(x'e;) = 2't(e;) = 0 ===>
We require this equation to preserve also after a change of the basis

Thus _
t(ez) = t(hiaéa) = hzot(éo) + hz]t(é]) =0.
Consequently
h’=0.

The matrix of transformation of the basis that preserves the linear map ¢ is
of the form

* 0 0 0

X ok kK
h =

X ok kK

X ok kX



2.5 GGalileo spacetime

Galileo spacetime = Affine space + a linear map+norm in R 4+ norm in R3.
Events — points in Galileo spacetime.
Norm in R

r=[tP - Q)
For two non-simultaneous events
7 = [t(2%€q)| = |2°[[t(eo)]
Change of the basis gives
7 = |2°]|ho” [t (20)|

Requirement
[t(eo0)| = [t(€o)|
gives
ho’| =1
Norm in R3
For two simultaneous events

d=|d(P— Q)| = (z,2)"/* = §;;2'27
Change of the basis gives
d = Opnhi™h;" 'z
Invariance of the norm gives
Omnhi™h;" = 0;j ===> hi™ € O(3,R).

Proposition 2.2: The matriz of transformation of the basis that preserves
the Galileian structure is of the form

+£1 0 0 0
ho | voxoxox ’

Vg ok ok %

UFBE

where the matriz 3 x 3 is from O(3,R), while v; € R. The dimension of the
Galileian group 1s 10 =1+ 3+ 3 + 3.



