Mathematical foundations of relativity Y. Itin

Homework #8

Exercise 1.
In a unholonomic basis e,, the components of the Riemann tensor are defined
as
[Vz', vj]ek — Viese;j€6 = Rlpijen

(a) Prove that in a coordinate (holonomic) basis
Rij =T = Dhig + T Tl s = Tl
(b) Prove that in a unholonomic basis with [e;, e;] = C™;jep,
Rlysi =Thji = T + T i — Tl — O™ b
(c) Prove that for a general connection
Rlyijy =0
(d) Prove that for a torsion-free connection
Rl =0

(e) Prove that the Riemann tensor of a torsion-free connection has $n?(n*—1)
independent components.
(e) Prove the Bianchi identity

R'yijim) = 0
How much identities we have here?

Exercise 2.
Prove that for Riemann tensor of the Levi-Civita connection

Rijri = Rpij

Prove that the Riemann tensor has now 11—2712(n2 — 1) independent compo-
nents.



Exercise 3

Define the tensor Ricci as
i
Ry = Ry
and the curvature scalar as

R= gklel

(a) Prove that Ry, of the Levi-Civita connection is symmetric.
(b) Prove the Bianchi identity
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