Mathematical foundations of relativity Y. Itin

Homework #6

Exercise 1.
Consider the antisymmetric tensor Fy, (Minkowski tensor of the electromagnetic
field). The expression

1
T% = F*" Fypp, — Z&,‘fF’”"an
is called the energy-momentum tensor of electromagnetic field. Prove

1) T% =0 — — — traceless tensor
1 Lo
2) T% = E(F‘”"Fbm + F*"Eyn)

where F,;, = %%bmnF’”". Prove that the tensor T,y = gomT ™ is symmetric.
Exercise 2.
Let two p-forms P, ) be given. Define a product

1 .. o
{P,Q} = thh g Py Qi
Prove

PA*Q = {P,Q}vol

Exercise 3.
Prove the identities of the Hodge map

%2 = (_1)p(n—p)+i

*wy A we = *xwse A wq
sw A9 = —g® x (e |w)

Exercise 4.
Define tensor Riemann in the form

Rabe® = 20[,T%c — 20" (4o T %) »
where I'?,,,, = TP .
Prove the symmetries for Rypeq = Rape' Ymad
Rabed = Riap)ca
Riapeja =0
Ropea = Rap[ed)
Rabed = Redab

How much independent components does this tensor have?



