Mathematical foundations of relativity Y. Itin

Homework #4

Exercise 1.
Prove that from the following relations between the tensor components

2T Y Tws YT

only the latter is invariant (does not change under transformations of the basis).
Exercise 2.

Let A, be the components of an antisymmetric tensor (A, = —Anm), and

Smn be the components of a symmetric tensor (S™" = S™™). Prove

Apn 8™ =0

Let V™" be the components of an arbitrary tensor. Prove

Exercise 3.
Prove that a completely antisymmetric tensor of the type (n,0) or (0,n) on an
n dimensional vector space is unique up to a scalar factor.

Exercise 4.
Prove that

2 2
Agpe = A(abc) + A[abc] + g(A[ab]c + A[cb]a) + E(A(ab)c - Ac(ab))

Exercise 5.
Consider the tensor defined by the components

Aabcd = BabBcd - Bachb
Prove:
Adabc = _Aadbc = _Adacb = Abcdu
Adabc + Adbca + Adcab =0

Exercise 6.
Prove that if the equation
mT oy +nTp, =0

in some basis, it valid in any basis. Prove that if Ty # 0 than m = £n.
Exercise 7.
Prove that if the equation

mTqpe + nTpeq + chab =0



in some basis, it valid in any basis. Prove that if T, ZO0 than m+n+k =0
orm=mn==k.
Exercise 8.
If ¢ = Sqpuu’ is a scalar for any vector u so S is a tensor. If ¢ = 0, so S(ap) = 0.
Exercise 9.
Let the components of an antisymmetric tensor P satisfy the relation

1
Pab: §(AaBb—AbBa),

where A® and B° the components of some vectors A, B. Such tensors called
bivectors. Prove Plucker’s relation for bivectors

Pachd + PaCde + Padec =0.



