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1. INTRODUCTION

Let {ft}féT be a collection of real functions defined on the non-negative

orthant of a Euclidean space {say, RE), which is parametrized. by an arbitrary

(measurable) space T. Let a 1in RE be fixed, and choose tatose sty inT.

We consider then the following optimization problem:

.1 ¢
Maximize oo} f, (x;)
i=1 i
subject to 1 ? x. =a and x.€R" for all 1 <1 <m.
m ooy i+ s s
Assume now that t],tz,... are actually independently drawn from T according

to a fixed distribution u. As m increases, we obtain better and better sam-
ples of T, and the optimal value of the above problem should converge to -the
optimal value of the 1imit (variational) problem, namely,

Maximize J ft(x(t))du(t)

T

subject to f x(t)dp(t) = a and x(t)eR"  for all teT.
T’\J N +

This is the Law of Large Numbers we are seeking.

The purpose of this paper is toAprove it using the least necessary assumptions.
In particular, we are able to dispose of any topological structure (i.e., re-
lations on ft's for "close" values of t) and also of the condition of

Aumann & Per]eé [3] (which guarantees the existence of an optimal solution to the
variational problem, by "compactifying" it in the appropriate sense). This is
done in Section 4. .

In order to prove our results, we first obtain in Section 3. a complete charac-
terization of the approximate solutions to the variational problem, which is of
independent interest. Section 2 contains the precise mathematical model and
assumptions we use.

The problem we study here arises in many applications, especially in the so-
called "allocation processes". E.g., T is a set of economic agents and ft
is the production function of t (for n inputs and one output); or, f._ 1is the

t
utility function of trader t (for n commodities); or, t 1is "time", and so
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on. TFor a recent application of the Law of Large Numbers we obtain here, the
reader is referred to Groves & Hart [5]. Moreover, in some instances in the
study of games and economies with a continuum of participants, one may be able
to obtain results by our methods without using the Aumann & Perles [3] condition
{e.g., in value theory, cf. Aumann & Shapley [4] and others). For a generaliza-
tion of the Law of Large Numbers {(to "random sets", or correspondences}, see the
forthcoming paper of Artstein & Hart.

2. THE MODEL

We start with some notations. The n-dimensional Euclidean space will be denoted
by R, its non-negative and positive orthants by RE and (RE) » respectively.
Superscripts will denote coordinates; for x and y in RM, the scalar product

n . e n .

x.y is ) x'y'. As a convenient norm, we will use |x|= ) ]x1[ (note that
i=1 i=1

on RZ, this norm is a linear function). G1ven a topological space X, B(X) will

be its Borel o-field (generated by all open’subsets of X).

The mathematical model of our problem is as follows. (T,C,u) is a fixed prob-
ability space, which we decompose into its non-atomic part TO and a countable
number of atoms T] (cf. Hildenbrand [7], D.I{12)). f{(-,-) is a real function

on Rz x‘T, satisfying the following assumptions:

(2.1) f s (B(RS) B C)-measurable.

(2.2) There exist a real constant Cq and an integrable real function S5

on T such that f(x,t) = R s gz(t), for all x € R: and
p-a.e. t eT.

(c1 and ¢, may be negative).

Note that (2.1) implies the measurability of f( ( ),t) whenever x: T » R:

is measurable; if x is integrable, then Jf(x t)du(t) s well defined
(possibly, equal to +). In the various econom1c mode1s, both assumptions .
are usually satisfied. Note that (2.2) holds in each of the following cases:

f s non-negafive; f(-,t) 1is a non-decreasing function on Ri for all t € T, and
f(0,t) 1is integrable; inf{f(x,t)[xERz} is integrable; and others.

We can now define the "optimum function" F. For every a in Rz,
f(a) = sup ([ Flx(t),0)dult) | | x(t)dult) = a, x(t) € R]
T T

for all t €T}
In view of (2.1) and (2.2), F(a) 1is either finite or +=.

At this point 1t will be useful to 1ntroduce some notations (given the fixed
space  (T,C,u)): foz for jsg( t); jz for ITZ; f(z) for the function (on

T) f(z(t),t), and [f(z) for jf t)du{t). "Almost everywhere" in T is
meant with respect to u.
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In order for F to be a concave function, it is sufficient to assume that all the
functions f(-,t) are concave. However, due to the convexification effect of
integration in the non-atomic part TO of T, we assume only

(2.3) For every t € T1, f(+,t) s a concave function on RE .

Proposition 2.4: Assume (2.1), (2.2) and (2.3). Then F 1is a concave function
n
"

Proof: Let ¢(t) = {(x,a) € R}
with measurable graph (by (2.1)). It is easy to check that

(a,a) € R" x R | @ < Fla)} = JT¢(t)du(t)

on R

x R | a < f(x,t)}, then ¢ {is a correspondence

(see Hildenbrand ([ 7 ], D.II) for the definition of [¢).
By Lyapunov's Theorem:(e.g., see Hildenbrand ([7], D.II.4, Theorem 3), JT ¢ is
. 0 _

a convex set; since ¢{t} 1is convex for all t € T] by (2.3), IT¢ is convex,
and F s a convex function. _ o

Our Tlast r assumption is that F is not infinite (otherwise, there will be no
interesting results). o

.0
(2.5) There is in (R}}" such that F(ay) is finite.

)
Proposition 2.6: Assume (2.1), (2.2), (2.3) and (2.5). Then F is finite on

all R..

Proof: Otherwise F would be an "improper" concave function, hence infinite

throughout (RE)O (cf. Rockafellar [9], Theorem 7.2), contradicting (2.5). o

Remark 2.7: If F s infinite on all (R:)O,‘ but finite for some a on the

boundary of Rz, then the whole problem should be projected on this subspace
(since a' =0 and [x = a dimply 51(t) =0 for a.e. teT).

In the next section {Corollary 3.7), we will see thaf, in the presence of (2.1)-
(2.3), Assumption (2.5) is equivalent to the stronger requirement (3.6)--which
is also easier to verify in the various models.

Next, we define the notion of a "supporting hyperplane." Let g: RE 5 (mytw],

X € R: and e 3 0. A vector A € R" s an e-super-gradient of ¢ at x if

gly) < g{x) + xely - x) + e,

2. The set of all such A's will be denoted by aeg(x), and

ag(x) = aog(x) is the set of super-gradients (cf. Rockafellar [9], p. 219).

for all y in R

Proposition 2.8:" Let g ‘be a concave function from RQ to (-w=,+t=]. Then,

for every x € (RQ)O, g 1is continuous at x, and 3g(x) # D.

Proof: Theorems 10.2 and 23.4 ﬁn Rockafellar [9].
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3. APPROXIMATE SOLUTIONS

In this section we give a characterization of all approximate solutions to the
variational problem - namely, those feasible functions that come within e of
the optimal value. We denote by aef(x,t) the set of e-super-gradients of
f(-,t) at x.

Theorem 3.1: Assume (2.1), (2.2), (2.3) and (2.5). Let x be an integrable

0

function from T to RY, with jTg =a € (R:) , and let e 3z 0. Then a nec-

+’
essary and sufficient condition for

(3.2) [Tf(x(tm)du(t) > Fla) - ¢

and an integrable function § from T to

is that there exist a 1 1in RQ

[0,»), satisfying

(3.3) A€ aé(t)f(ﬁ(t),t) ,for p-a.e. t in T,
and
(3.4) | | stt)aute) < c

T

Furthermore: in the necessity part, A can be chosen independently of
x and e, and such that x € aF(a); (3.3) and (3.4) imply a € aEF(a); as

for the sufficiency, only (2.1), (2.2) and a € Rz (not (R:)O) are needed.
2]

A particular case is e = 0. We then obtain essentially Theorem 5.1 in Aumann
& Perles [3].
0

Corollary 3.5: Assume (2.1), (2.2), (2.3) and (2.5), and let a € (RZ) . Then
~F{a) 1is attained at a non-negative x with fx = a if and only if there is a A

in R" such that 2 € af(x(t),t) for w-a.e. t in T. Furthermore, x € 3F(a),
and only (2.1), (2.2) and a € RE are needed for the "if" .part.

Proof of Theorem 3.1: Sufficiency is easy: integrating the super-gradient inequa-
Tity given by {3.3) for y = y(t), we get

Jf(x) < Jf<5) + A (fx -a)te

Taking the supremum of the left-hand side over all y with IX = a gives (3.2);
and over all integrable y -- it implies X € aEF(a).

To prove necessity, let A € aF(a); the existence of such A s guaranteed by
n,0

) s used). Define, for

Proposition 2.8 (here is the only place where a € (R
y € RS and t €T,

Q(y,t) = f()’,t) - f(%(t)st) - >\'(y - X(t)),

and

§(t) = sup gly,t) .

yERz
Since ¢ s (B(RE)@C)-measurab]e, § s EL - measurable, where E; is the

completion of C with respect to u (cf. the Projection Theorem in Hildenbrand
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{7}, D.I. (11)). Therefore, & differs from a C-measurable function on a set
of y-measure zero; since we haVe to prove (3.3) only a.e., we can sssume with-
out loss of generality that ¢ is C-measurable.

We have to show that (3.4) holds. For every m = 1,2,..., let

1

max {§(t) - =03, if §(t) <o

and choose y (t) € R" such that

Zm +

for a.e. t in T, and Y is measurable (we use the Measurable Selection

Theorem - see Hildenbrand [7], DhIi, Theorem 1). Now, let k = 1,2,..., and
define .

CoyetB) s iy (O <k,
y,‘;(t) = {

x(t) , otherwise .
Since yg is integrable, A € 3F(a), and (3.2) is satisfied, we get
[Flam) < P € Fla) + ae(fy - @)

A

ff(x) + A-j(x,'; - x) +e,
or Jg(gg) ¢ €. A repeated application of Lebesgue's Monotone Convergence

Theorem, first for k + « and then for m > », finally gives us j§m < €
and [38 < e. ) o

We will next show that (2.5) is actually equivalent to the following (strohger)
assumptiondl: ,

(3.6} There exist a real constant Cy and an integrable real function ¢4 ON
T such that f(x,t) Co X + g4(t), for all x € RE and u-a.e. te€T.

Corollary 3.7: Assume (2.1), (2.2) and {2.3). Then (2.5) is equivalent to
{3.6). ' ' .

0
Proof: Assume (2.5), and Jet a € (Ri) . vChoose e > 0, and find x with

{x = a satisfying (3.2). Then (3.3) implies
fly,t) Aoy + [Fx(E),t) = aex(t) + ()],
for all y € RE and u-a.e. t € T. The expression in the square brackets is

integrable (recall (2.2) and [f(x) < F(a) < =), proving (3.6). The other dir-
ection is trivial. S o

Remark 3.8: Since (2.2) and (3.6) can be joined into:

(3.9) There exist a real constant cp and an integrable real function ¢ on T
such that [f(x,t)| < cylx|| + c(t), for all x € Rz and p-a.e. t €T,
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?ne may always replace ”(2;1), (2.2), (2.3) and (2.5)" with "(2.1), (2.3) and
3.9)." ‘

It is easy to check that (3.9) is equivalent to:

(3.10) There exist a real constant ¢ and an integrable function n from T

to Rz, such that |f(x,t)]| < cixk, for all x in RZ with

Ixl 2 g(t), and u-a.e. t in T.

In contrast to the "small o" condition of Aumann & Perles [3], we have here a
"big 0" condition; thus, we will call (3.10): "f(x,t) = O(ixk) as [ xH§—> =,
integrably in t".

4. LAW OF LARGE NUMBERS

let a € RE be fixed. For a finite set of points t1,t2,...,tm in T, consider
. ’ m .
the optimization problem of maximizing.1/m } f(xk,tk) subject to
m k=1
1/m X = a and X € RE for all k = 1,2,...,m. Now assume that the points
k=1

tk are drawn at random from T, independently and according to the given prob-

ability measure u. As m increases, we get a "good sample" of T. The problem
we address here is whether the optimal value of the finite problem converges to

that of the Timit problem--namely, F(a). 1In case f 1s of "finite type," i.e.,
there are only finitely many distinct functions in {f("t)}tET’ the answer is

positive, using a straightforward application of the Strong Law of Large Numbers
(T+is decomposed into finitely many subsets, on each one f(-,t) being constant

in t). This can be extended, by making some topological assumptions on T and
f (t and t' are "close" implies f(-,t) and f(.,t') are "close"--e.g., see
Assumption 4 in Arrow & Radner [1]). .

In this section we will show that no additional assumptions (to the basic ones
in Section 2) are needed. We will use again the super-gradient approach and the
results in Section 3.

We start by describing the model precisely. Let (@,F,P) be a probability
space; since we are interested in almost sure statements, we will assume without

loss of generality that it is complete. Let {Tk}oo be a sequence of indepen-
k=1

dent and identically distributed T-valued random variables, and let u be their

common distribution; namely, Ty is a function from @ to T that is measur-

able (i.e., T;1(C) € F forall CeC), and P ® 1'1 = y. Given m=1,2,...

k
and o € @, let
m

F (a) = su {lZf(x T())llE1
m P im TR S m L

» W

for all k = 1,2,...,m}.

We assume that f satisfies (2.1) and (3.9), but not necessarily (2.3). There-
fore, we define ?:szT —> R as follows: for teT, f(-,t) =z f(+,t); for
{n-a.e.) teT,, f(-,t) s the concavif1cation4] of f(-,t). Since the number of
atoms is at most countable, measurable mappings are aimost everywhere constant

5]

on each atom, and concave functions on RE are Borel-measurable”!, it follows
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that f may be taken to be (B(RS)@C)—measurab]e. Thus, f satisfies (2.1),
(2.3) and (3.9), and we will denote by F- the optimum.function it generates.

Remark 4.1: If we replace each atom in T, by a non-atomic continuum of the
same measure and with the same (identical) f(-,t), the resulting optimum func-
tion will again be F. This follows easily from Lyapunov's Theorem, in a similar
way to our proof of Proposition 2.4. (see Hildenbrand [7], D.I1I.4, Corollary to
Theorem 3),

Theorem 4.2: Assume {2.1) and (3.9). Then

(4.3) Pl €a | 1imF_ (a) = F(a) for all a €R})) =
[{nasd

s W

Moreover, for every compact subset C of RZ,

= ‘P-a.s.
(4.4) sup | F (a) - F(a) | - > 0 .
acC m,w o
Remarks: (1) For every a 1in Rz, we have a strong Law of Large Numbers: the
sequence (a)}oo converges P-almost surely to (the constant) F(a). Fur-

thermore, the except1ona1 set is independent of a, and the convergence is uni-
form on- compact sets. :
(11) We do not use any concavity assumptions (not even (2.3))--therefore the
- Timit is F and not F.

Before proving our result, we state the general form of the Strong Law of Large
Numbers we need.

Theorem 4.5 (SLLN) : Let £ be an integrable real function on T. Then

17 P-a.s. :
5@1 Elr ) =55 Lg([t)du(t) :

Proof: Loéve ([8]. 17.3b), or Halmos ([6], §47, Exercisé (7N).

The proof of Theorem 4.2 will be in a sequence of Propositions--some of them are
of|independent interest. To shorten notation, we will write [...] for the set
{wl...}.

Proposition 4.6: Assume (2.1) and (3.9). let a € (R_r:)0 ~and A € 3F(a). Then

P[1im sup F,, (b) '« F(a) +2-(b - a) forall beR[I=1.
Mo ’

Proof: Let e > 0, and obtain (for T) x, A and g, satisfying (3.2), (3.3),
(3.4) and 2 € 3F(a) (since f satisfies (2.1), (2.3) and (3.9), we use Theorem
3.1 and Remark 3.8). Using (3.3) for6] t = Tk(m) and averagtng, we get for any

. n
Yis¥pseeesYy 0 Ry

1 7 m ‘
“m Z‘ il yk’Tk w)) < m Z ?(f(Tk(m)),Tk(m))

m 1 m .
Z] (.yk'_)_(('fk(w))) + ‘Tﬁ kZ]§(Tk(m)),

hence, for all b € RZ (recall that f < T)
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+ 1 rzn S(Tk(w)).
k=1 -

Now SLLN applied to the integrable functions f(x), xi {(for all i = 1,2,...,n)
and § gives (see (3.4)) for all b € RQ o7
Timsup F_ (b) <« Fla) + A + (b - a) + ¢,
. Moo
P-a.s. o

m,w

Remark: 1In particular, this proves that P-a.s.,

Timsup F - (a) < Fa) ,

-0 ’

which is the result needed in Groves & Hart [5].

ror a €Rr" and & > 0, let B(a;8) be the open ball of radius & around a;
i.e., B(a;s) = {be€ Rnl la - bj < &}.

Proposition 4.7: Assume (2.1) and (3.9), and Tet a e (R)C.
e >0 there is & = §(a,e) > 0 such that P-a.s.

Then for every

lim inf ( inf F (b)) > F(a) - e.
mse - b€B(a;6)

Proof: First, we will make the additional assumption that u s a non-atomic
measure (i.e., T = TO and T = f). Let cq and ¢ be given by (3.9), fix

e > 0, and put ey = /(4 + 3co). By Propositions 2.4 and 2.8, F 1is continuous
on (Rn)o; tet 6, >0, &) < e be such that |F(a) - F(b)| < e whenever
Ib-ajséy. Let 6= cS]/(Zn), ap = a - (6,6,...,8) and a, = a-(26,26,...,26);

then b - a< & implies b! > a] = a% +6§ forall 1 <1 <n. let x3 0 sat-

isfy Jg = a, and |ff(§) - F(az)l < eys since Ja - a, | = 5], we have
lff(g)—?(a)] < 281. Finally, let T' < T be such that u(T%) > 0,
Pfpex < eps 7 fOO] <ep and [fricl < eps put 7" = TNT'.

For P-a.e. w € 9, we have (by SLLN), for all m Tlarge enough, K' = Ky~

m W

{k ¢ m| Tk(w) €T'}#P (since u(T') >0) and 1/m ) g(rk(w)) < a (since
k=

fx = a, << a1); denote K" = {1,2,...,mI~K'. For each such m, consider the

following allocation for F_ w(b) with b € B(a;s) : Yy = §(Tk(m)) for all

k € K", and the remaining mb - 7§ Yi is distributed (arbitrarily) among all
keK” N
k € K' (here we use b » a; forall b - a < §). Using (3.9) for k € K', we

obtain m
F (b) 2 Z] f(yk’Tk(iﬂ))

1
My o
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0 L fren b)) - )
kek" T

B {T' (x) - »{coumb = Doyt ) ¢l (w))]

kek" KeK"”

e

As m ~ =, SLLN implies P-a.s. (recall that Yy = 5(rk) for k € K")

1

5 Lo fUem) = [ fo
1

— y, = | x=a,-| x,
m kgK” K QJT”" 2 JT'

1

= 7 clrlw)) = | ¢
gk [T'

Therefore, we have a.s. in @

1im inf ( inf F (b))
Mo beB(ajs) Mo¥

’ ff(f) i ilef(z)l ) Co(beé%g;d) ot "[T'iu) ) Ilegl

‘>F(a)—e]—a]—s]—CO(G+<S~|+E])—€1

Finally, in the general case when p has an atomic part, we replace each atom by
a non-atomic continuum. In view of Remark 4.1 and the fact that Fm will not
change (it depends only on the distribution of the functions f( t)" over teT),
this completes the proof .o

The last two propositions together imply

Then for eveéry e>0

Corollary 4.8: Assume (2.1) and (3.9), and let a € (R+
there is 6§ = §(a,e) > 0 such that P-a.s.,

Tim sup ( sup  |F(a) - F_ (b)]) <«

mw.  beB(a;s)

Proof of Theorem 4.2: let a € (R_r:)O

1lary 4.8. Propositions 2.4 and 2.8 imply that F is continuous on (RZ)O;
therefore, we assume that & also satisfies

, € >0, and & = §(aje) be given by Coro-
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sup  |F(a) - F(b)| <«
beB(a;6)

Therefore, we obtain P-a.s.

Tim sup ( sup |[F(b) - F_ (b)]) < 2e .

M0 beB(a;s) m,w

Llet Cc (RE)O be a compact set. It has a finite cover by open balls B(a;é(a,e))
therefore  P-a.s.

Tim sup (sup |F(b) - F
Mo beC

m’w(b)|) < 2¢

Since € s arbitrary, (4.4) is proved for this C. The same holds for each Ri
of the boundary RQ.

As for (4.3), it now follows easily from (4.4) by the o—cohpactness of R?. o

NOTES ,

1] This work was supported by National Science Foundation Grant SOC75-21820-A01
at the Institute for Mathematical Studies in the Social Sciences, Stanford Uni-
versity. I acknowledge useful discussions with R.J. Aumann, J. Cave, T. Groves,
A. Mas-Colell, A. Neyman and M. Osborne.

2] Since we do not assume monotonicity, A need not be non»nqgative.
. )

3] A similar result has been obtained by Artstein [2], p.919/;
4] The concavification é of a function g:Rn —> R ls the smallest concave

function that is greater or equal to g throughout R+. \If g is bounded

from above by a linear function, then g 1is finite on all \Rn (and bounded by
the §§me linear function). In our case, this bound is given “by_(3.9) (actually,
(3.6)). ’

5] A concave function on Ri is lower-semi-continuous (cf. Rockafellar [9],
Theorem 10.2).

‘6] Although (3.3) holds only for yu-a.e. t in T, SLLN implies that P-a.s.,
(3.3) is satisfied at t = Tk(w) for all k= 1,2,... .
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