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Abstract. The consistent value is an extension of the Shapley value to the class
of games with non-transferable utility.

In this paper, the consistent value will be characterized for market games
with a continuum of players of two types. We will show that for such games
the consistent value need not belong to the core, and provide conditions under
which there is equivalence between the two concepts.
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1. Introduction

Over the years, many types of values and solutions have been introduced for
the class of market games. Some have been shown to be equivalent, under
certain conditions, like the ‘‘Core Equivalence Theorem’’ and the ‘‘Value
Equivalence Theorem’’ for the Shapley NTU-value (see [1], [11]). Others have
been shown to di¤er (see, for example, [5], showing that the Harsanyi value
and the core need not coincide).

In this paper, we characterize Maschler and Owen’s consistent value for
market games with a continuum of players. The main concept defining the
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consistent value, which is an extension of the Shapley value to the class of
games with non-transferable utility,1 is that of balanced contributions: every
player’s average2 contribution to the other players equals his average gain
from the other players.

Next, we examine the relation between the consistent value and the core
for market games with a continuum of players of two types. We will see that
even for this class of games there is no equivalence between the consistent
value and the core. In fact, we will exhibit an abundance of consistent values
which will all reside in the ConvCore,3 but usually not in the core itself.

On the other hand, we will observe that the limit of the consistent value4
does belong to the core. It is worth mentioning that comparing the limit of the
consistent value5 to the core might in fact be the correct approach to estab-
lishing an equivalence theorem between the two. This paper does not take the
asymptotic approach, but it is reasonable to conjecture that such an approach
might lead to precisely this limit.

Section 2 gives the basic model, the notation, and the assumptions (with
standard notation stated explicitly in Appendix A). Section 3 is devoted to
definitions, specific notations, and preliminary results (special attention should
be given to the definition of the consistent value in Section 3.2, and to the
basic results for games with a continuum of players of two types, shown in
Section 3.3). The main theorems of this paper are stated (and partially proved)
in Section 4. The special case of a unique core point is discussed in Section 5.
In Section 6 we examine the flow of the consistent value, and prove the main
theorems of this paper. Section 7 is devoted to a number of examples.

2. The model

An NTU (non-transferable utility) game form6 with a continuum of players of n
types is a point-to-set map V : Rn

þ ! PðRnÞ, i.e., VðxÞHRn for every x A Rn
þ.

The interpretation of this setup is as follows:

. Every x A Rn
þ stands for the vector of total masses of each of the n types, and

is called a profile or a coalition7 (we have a continuum of players of each
type).

. A point a A VðxÞ represents a vector of per capita utility payo¤s that a
coalition of profile x can attain (all players of the same type are treated
equally); that is, each player of type i (there are xi such players) gets a
payo¤ ai.

1 This extension is defined in detail later in the paper.
2 In an NTU game this will be a weighted average, with the weights themselves defined as part of
the consistent value.
3 The term ConvCore is defined precisely later in the paper. In short, it refers to all e‰cient payo¤
vectors that either belong to the convex hull of the core or Pareto dominate some point in it.
4 The exact sense of limit is defined later in the paper. In general, for every proportion between
the masses of all types of players we will examine the limit of the consistent value as the total mass
of players goes to infinity or to zero.
5 It is important to realize that the limit of the consistent values is in itself not necessarily a con-
sistent value, as will be seen in Section 6.2.
6 A game form di¤ers from a game in not specifying the set of players, i.e., the grand coalition.
7 These two terms will be used interchangeably.
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. For every type i, we will define ri :¼ maxðV iðeiÞÞ,8 i.e., the per capita utility
payo¤ the players of type i can attain on their own,9 and we will assume
ri > 0.10 ri will be called the individually rational level, and will denote the
minimal utility payo¤ a player of type i is willing to accept.

We denote this game form ½n; V �.
Throughout this paper we will assume the following basic assumptions on

the function V (and functions derived therefrom). The reader may refer to
Hart–Mas-Colell ([3], [4]) for further discussion of these assumptions, and to
Appendix A for standard notations which are not explicitly mentioned in the
text.

Denote V̂VðxÞ :¼ fb A Rn j b ¼ a � x for some a A VðxÞg, the set of attain-
able vectors of total payo¤s to each type, and V̂V0ðxÞ :¼ V̂VðxÞXRn

þ. Define
vðx; qÞ :¼ supfq � a j a A VðxÞg, the support function of the set VðxÞ, and
equivalently v̂vðx; qÞ and v̂v0ðx; qÞ for V̂VðxÞ and V̂V0ðxÞ.

Denote also D̂Dþ :¼ fðx; qÞ A Rn
þþ � Rn

þ j v̂vðx; qÞ ¼ q � b for some b A V̂V0ðxÞg,
the points of the e¤ective domain of v̂v where v̂vðx; qÞ is reached at some non-
negative vector.

1. For every x A Rn
þ, the set VðxÞ is closed, convex and comprehensive.11

Moreover, VðxÞ0q;Rn. Also, if xi ¼ 0 and a A VðxÞ, then b A VðxÞ for
any b with b j ¼ a j for all j 0 i.

2. V̂V0ðxÞ þ V̂V0ðx 0ÞH V̂V0ðxþ x 0Þ, for all x; x 0 A Rn
þ. Notice that this implies

that the payo¤ vector r ¼ ðr1; r2; . . . ; rnÞ is always feasible, i.e., r A VðxÞ,
for all x A Rn

þþ.
3. For every x A Rn

þþ there is a compact set12 C HDn
þþ such that:13

fq A Dn
þþ j v̂vðx; qÞ ¼ q � b for some b A V̂V0ðxÞgHC:

4. For every x A Rn
þþ the support function v̂vðx; �Þ is strictly sub-additive, i.e.,

v̂vðx; qÞ þ v̂vðx; q 0Þ > v̂vðx; qþ q 0Þ whenever q and q 0 are not collinear.
5. The gradient ‘xv̂v0ðx; qÞ exists for every ðx; qÞ A D̂Dþ.
6. The domain D̂Dþ has a non-empty interior and the function v̂vðx; qÞ is C2 on

D̂Dþ. Moreover, ‘qqv̂vðx; qÞ has full possible rank n� 1, and its minimal non-
zero eigenvalue is positive and bounded away from zero in any bounded
subset of D̂Dþ that is bounded away from the origin. I.e., on any set of the
form D̂DþX ðfx A Rn

þþ : b a kxka gg � Dn
þÞ for some 0 < b a g <y.

7. VðtxÞ ¼ VðxÞ, for every x A Rn
þ, and t > 0.

Most of these assumptions are natural to the economic example, where
each type i has a utility function ui, and an initial endowment, and the every

8 ei is the i ’th unit vector, and V iðeiÞ is the i ’th component of the utility vector the coalition ei

can attain.
9 For the case of market games, this is the utility of the initial endowment of that player.
10 Having ri > 0 does not add any assumptions, because our theorem is invariant to changes of
the form V 0ðxÞ ¼ VðxÞ � fa0g (keep in mind, though, that the way of formulating the assump-
tions is not invariant, and depends on ri > 0).
11 That is, VðxÞ � Rn

þHVðxÞ.
12 Dn

þþ :¼ fx A Rn
þþ j

Pn
i¼1 xi ¼ 1g is the interior of Dn.

13 This assumption is known as the non-levelness assumption. Notice that, in contrast to the
equivalent assumption in [3], here the set C is a function of x.
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v A VðxÞ is a utility vector derived from a possible allocations of the total ini-
tial endowments.14 For example, Assumptions 1 and 2 are satisfied if every
ui is continuous and concave. Notice that Assumption 3 simply implies non-
levelness, Assumption 4 implies smoothness of the boundary of V0ðxÞ, and
Assumption 7 is the common assumption of homogeneity. For a more elabo-
rate discussion of these assumptions and their interpretation see [3, Section II].

Because of the importance of this last assumption, an NTU game form sat-
isfying it will be called an NTU homogeneous game form. The most important
class of game forms satisfying this condition are market game forms.

Notice that Assumptions 5 and 6 are satisfied only by strictly convex games,
which thus rules out Hyperplane game forms (henceforth, Hyperplane games
will be referred to as H-games). The preliminary results, in Section 3, will be
proved also for H-games.

Definition 1. A payo¤ configuration for the game form ½n; V � is a func-
tion a : Rn

þþ ! Rn
þþ that assigns to every coalition x A Rn

þþ a payo¤ vector

aðxÞ A Rn
þþ, i.e., each player of type i receives a payo¤ of aiðxÞ.

3. Preliminaries

3.1. Core and ConvCore

The concept of the core is defined here for the sake of completeness.

Definition 2. Let ½n; V � be an NTU game form with a continuum of players. The
core of the game is a point-to-set map that assigns to every coalition x A Rn

þþ a
set of attainable payo¤ vectors,15 such that no sub-coalition of x can attain a
higher payo¤ for all its players. That is:16

a A coreðx;VÞ ,6 by a x; b A VðyÞ such that a < b:

In this paper we will also be using an extension of this concept:

Definition 3. Let ½n; V � be an NTU game form with a continuum of players.
Define ConvCore as a point-to-set map that assigns to every coalition x A Rn

þþ
a set of attainable payo¤ vectors, in the following manner:17

ConvCoreðx;VÞ :¼ ðconvðcoreðx;VÞÞ þ Rn
þÞX qVðxÞ;

that is, the set of all e‰cient payo¤s a (i.e., a A qVðxÞ) greater than or equal to
some convex combination of core points. See Figure 1 for an example of this
concept.

We add to this another important concept: individual rationality.

14 Allowing endowment to be wasted (i.e. not allocated to any type) is what justifies compre-
hensiveness.
15 I.e., coreðx;VÞHVðxÞ.
16 By Assumption 3, if there exists y a x and b A VðyÞ such that a < b, then there exists c A VðyÞ
such that af c.
17 ConvðAÞ means the convex hull of the set A. qVðxÞ means the boundary of VðxÞ.
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Definition 4. A payo¤ vector aðxÞ A Rn
þþ, for a coalition x A Rn

þþ, is individually
rational if and only if every player (i.e., a player of every type) receives at least
the minimal utility payo¤ that he is willing to accept. That is,18

aiðxÞb ri Ei:

3.2. Consistent value

The consistent value was first introduced by Maschler–Owen (see [8], [9]) as
an extension of the Shapley value to the class of NTU games.

A characterization of the consistent value for games with a finite set of
players is as follows (see [2, Proposition 4]):

Definition 5. Let ðN;VÞ be an NTU finite game, and a ¼ ðaSÞSHN a payo¤
configuration. Then a is a consistent value payo¤ configuration of ðN;VÞ if
and only if for each S HN there exists a vector lS A RS

þþ such that:

. aS A qVðSÞ;

. lS � aS ¼MaxflS � c j c A VðSÞg;

. P
j ASni l i

Sðai
S � ai

Sn jÞ ¼
P

j ASni l
j
Sða

j
S � a

j

SniÞ for all i A S.

Notice that the first condition states that the payo¤ vector aS is e‰cient for
the coalition S, and the second condition ensures that lS is a support vector of
VðSÞ at the point aS. The third condition somewhat resembles the property of
balanced contributions (see [10]) of the Shapley value, which requires equality
between the weighted sum of the i ’th player’s contribution to the payo¤s of
the other players and their contributions to his payo¤.

This definition can easily be generalized to games with a continuum of
players, of a finite number of types:

Fig. 1. ConvCoreðx;VÞ

18 Recall that for market games this is the payo¤ he would have received had he not participated
in trading.
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Definition 6. Let ½n; V � be an NTU game form with a continuum of players, and
let a : Rn

þþ ! Rn
þþ be a C 1 payo¤ configuration. Then a is a smooth consistent

value payo¤ configuration of ½n; V � if and only if there exists l : Rn
þþ ! Rn

þþ,
such that for each vector x A Rn

þþ (where N :¼ f1; . . . ; ng):

. aðxÞ A qVðxÞ;

. P
i AN l iðxÞxiaiðxÞ ¼Maxf

P
i AN lðxÞxici j c A VðxÞg;

. P
j ANni l iðxÞx j qa i

qx j ðxÞ ¼
P

j ANni l jðxÞx j qa j

qx i ðxÞ for all i A N.

Again, the first condition is that of e‰ciency, and the second ensures that l
is the support vector at every point. Notice that in the third condition the sum
is over all players of all types (in Definition 5 there was only one player of
each type), hence the multiplication by x j .19 Notice that because the definition
of the consistent value is local, the value of V on the boundary of Rn

þþ is irrel-
evant to the definition of consistent value.

It is worth mentioning that, owing to the assumption of homogeneity, for
every consistent value aðxÞ and every t > 0 the payo¤ configuration bðxÞ ¼
aðtxÞ is also a consistent value. Thus if there exists one non-homogeneous
consistent value, then in fact there exists a continuum of such. One might
wonder therefore why we do not restrict our discussion to homogeneous con-
sistent values, but it turns out that these exist only in the unique case where
the core allows for a C 1 selection,20 and that there are many interesting games
where this is not true, and still non-homogeneous consistent values exist.

Remark: It is su‰cient to replace qa i

qx j
by limDx j!0þ

a iðxÞ�a iðx�Dx jÞ
Dx j

(i.e., di¤er-
entiability from below) in order to generalize the definition of the consistent
value. We will refer to a non-C 1 payo¤ configuration which satisfies this
modified condition as a semi-smooth consistent value.21

Note that while the assumption of C1 can be weakened in this manner there
is no possibility of discarding the condition of di¤erentiability from below,
while keeping the essence of the consistent value.

Proposition 1. Let ½n; V � be a homogeneous continuum game form with n types
of players which satisfies our assumptions. Let a be a smooth consistent value.
Then:

a belongs to the core, i.e., aðxÞ A coreðx;VÞ for every x A Rn
þþ if and only if

a is homogeneous of degree 0.

Proof: By Theorem VII.1 and VII.2 of [5],22 for every x A Rn
þþ the payo¤

vector c A qVðxÞ with support vector23 l A Rn
þþ satisfies

c A coreðx;VÞ , l � c ¼ ‘xv̂vðx; lÞ:

19 Actually, the contributions of the other players of type i should be added to the left side of that
equation, and this player’s contribution to the other players of his type to the right side, but these
contributions cancel out.
20 See Corollary 10 on this point. When homogeneous consistent values do exist they belong to
the core, as will be shown by Proposition 1.
21 Contrary to a smooth consistent value defines earlier.
22 This is actually the ‘‘value equivalence theorem’’ for the Shapley NTU value under these
assumptions (see [1] and [11]).
23 I.e.,

Pn
i¼1 xil ic i is maximal for c A VðxÞ (

Pn
i¼1 xil ic i ¼ v̂vðx; lÞ).
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a : Rn
þþ ! Rn

þþ is a smooth consistent value. Let m : Rn
þþ ! Dn

þþ be the
corresponding support vectors. This function is well defined since assumptions
5 and 6 guaranty the corresponding support vectors are unique (a strictly con-
vex e‰cient frontier). Then

v̂vðx; mðxÞÞ ¼
Xn

i¼1

m iðxÞxiaiðxÞ:

At the consistent value, aðxÞ:

qv̂vðx; lÞ
qxi

�
�
�
�
ðx;mðxÞÞ

¼24 qv̂vðx; lÞ
qxi

�
�
�
�
ðx;mðxÞÞ

þ
Xn

j¼1

qv̂vðx; lÞ
ql j

�
�
�
�
ðx;mðxÞÞ

qm j

qxi
ðxÞ

 !

�
Xn

j¼1

qv̂vðx; lÞ
ql j

�
�
�
�
ðx;mðxÞÞ

qm j

qxi
ðxÞ

¼ dv̂vðx; mðxÞÞ
dxi

�
�
�
�
x

�
Xn

j¼1

qv̂vðx; lÞ
ql j

�
�
�
�
ðx;mðxÞÞ

qm j

qxi
ðxÞ

¼25
dð
Pn

j¼1 m jðxÞx ja jðxÞÞ
dxi

�
�
�
�
x

�
Xn

j¼1

x ja jðxÞ qm j

qxi
ðxÞ

¼
Xn

j¼1

m jðxÞx j qa j

qxi
ðxÞ þ m iðxÞaiðxÞ

¼26
Xn

j¼1

m iðxÞx j qai

qx j
ðxÞ þ m iðxÞaiðxÞ

Therefore the consistent value belongs to the core if and only ifPn
j¼1 x j qa i

qx j ðxÞ ¼ 0 for i ¼ 1; . . . ; n; that is, a is homogeneous of degree 0. 9

This proposition is also true for H-games:

Proposition 1a. Let ½n; V � be a continuum market H-game form with n types of
players which satisfies Assumptions 1–4 and 7. Let a be a smooth consistent
value. Then:

a belongs to the core, i.e., aðxÞ A coreðx;VÞ for every x A Rn
þþ if and only if

a is homogeneous of degree 0.

24 The function mðxÞ is indeed di¤erentiable, since a is C 1 and m is precisely the C 1 function
pðx; aðxÞÞ defined in [3, Section VII.2].
25 See [7, pp. 64–66] and Assumption 6.
26 By the third condition in the definition of the consistent value.
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Proof: ½n; V � is an H-game form, that is,

VðxÞ ¼ c A Rn
þþ j

Xn

i¼1

l iðxÞxici � gðxÞ
( )

for some g : Rn
þþ ! Rþþ homogeneous of degree 1, and l : Dn

þþ ! Rn
þþ

homogeneous of degree 0, both continuously di¤erentiable.
Since a is a consistent value, aðxÞ A qVðxÞ for every x A Rn

þþ. Thus

gðxÞ ¼
Xn

j¼1

l jðxÞx ja jðxÞ Ex A Rn
þþ;

therefore for every i A f1; . . . ; ng and x A Rn
þþ

qg

qxi
ðxÞ ¼ l iðxÞaiðxÞ þ

Xn

j¼1

ql j

qxi
ðxÞx ja jðxÞ þ

Xn

j¼1

l jðxÞx j qa j

qxi
ðxÞ

¼27l iðxÞaiðxÞ þ
Xn

j¼1

ql j

qxi
ðxÞx ja jðxÞ þ

Xn

j¼1

l iðxÞx j qai

qx j
ðxÞ:

The first-order condition for a point c A qVðxÞ to be in coreðx;VÞ is that
for every i A f1; . . . ; ng

q½
Pn

j¼1 l jðxÞx jc j � gðxÞ�
qxi

�
�
�
�
x

¼ 0;

that is,

qg

qxi
ðxÞ ¼ l iðxÞci þ

Xn

j¼1

ql j

qxi
ðxÞx jc j:

Therefore, the consistent value satisfies the first-order conditions of the

core if and only if a is homogeneous of degree 0 (i.e.,
Pn

j¼1 x j qa iðxÞ
qx j ðxÞ ¼ 0 for

every i A f1; . . . ; ng and x A Rn
þþ).

Under Assumptions 2 and 7 (superadditivity and homogeneity), satisfying
the first-order conditions of the core is equivalent to being in the core:

Assume to the contrary that c A qVðxÞ satisfies the first-order conditions
stated above, and there exist x a x (x A Rn

þþ) and d A VðxÞ such that28
d ¼ ð1þ aÞc for some a > 0.

27 By the third condition of the consistent value.
28 If there exists d1 A VðxÞ such that c < d1 then there also exists d2 A VðxÞ such that cf d2 ¼
ð1þ aÞc.
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Because of homogeneity (Assumption 7), the same is true for tx for
every t > 0; hence we can take y A Rn

þþ such that xþ y ¼ tx for some
t > 0. So we have:

c � x A V̂VðxÞ

ð1þ aÞc � ðxþ yÞ A V̂Vðxþ yÞ;

therefore, for every e > 0 (by superadditivity and homogeneity):

ðxþ eyÞ � cþ eaðxþ yÞ � c A V̂Vðxþ eyÞ:

That is (H-game):

gðxþ eyÞ � lðxþ eyÞ � ððxþ eyÞ � cÞb ealðxþ eyÞ � ððxþ yÞ � cÞ:

Deriving the two sides with respect to e (as e goes to 0), we get 0 on the
left side (by the first-order condition of the core) and a positive number
(alðxÞ � ððxþ yÞ � cÞ) on the right side: a contradiction.

That is, the consistent value belongs to the core if and only if a is homo-
geneous of degree 0. 9

3.3. Two-type continuum games

From this point on, the discussion will be restricted to continuum market
games with exactly n ¼ 2 types of players (the case of n ¼ 1 types is of no
interest, for reasons of symmetry).

Thus, we can define a function29 h : R2
þþ � Rþ ! Rþ

hðx; a1Þ :¼ ½supfa2 j ða1; a2Þ A VðxÞg�þ;

since VðxÞ is comprehensive (Assumption 1), the supremum simply describes
qVðxÞ. That is, for every x A R2

þþ hðx; �Þ is the function describing qVðxÞ (its
second coordinate (a2) as a function of the first (a1)).

Given a function a1 : R2
þþ ! Rþ such that, for every x A R2

þþ, there exists
a2 A Rþ for which ða1ðxÞ; a2Þ A qVðxÞ, then we can define the functions
a2 : R2

þþ ! Rþ and30 l : R2
þþ ! D2

þþ by

a2ðxÞ :¼ hðx; a1ðxÞÞ ð1Þ

lðxÞ :¼
qh
qa1

�
�
ðx;a1ðxÞÞ

� x1

x2 þ qh
qa1

�
�
ðx;a1ðxÞÞ

 !

;
� x1

x2

� x1

x2 þ qh
qa1

�
�
ðx;a1ðxÞÞ

 ! !

: ð2Þ

Note that qh
qa1

�
�
ðx;a1ðxÞÞ < 0 in this range; hence l is well defined.

29 In the region where a1 > 0 and hðx; a1Þ > 0 the function h is C 1. Since our discussion will be
limited to an individually rational range, i.e., a1 b r1 > 0 and hðx; a1Þb r2 > 0, large values of a1

(which cause supfa2 j ða1; a2Þ A VðxÞg to be negative) will be excluded. Therefore, we can assume
that h is C 1.
30 Recall, D2

þþ is the interior of D2.
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Proposition 2. The above definitions are necessary and su‰cient, to ensure that
aðxÞ ¼ ða1ðxÞ; a2ðxÞÞ and lðxÞ satisfy the first two conditions of the consistent
value.

Proof: We are looking for a potential consistent value a such that the restric-
tion to the first coordinate of aðxÞ is a1ðxÞ. The first condition of the consistent
value is aðxÞ A qVðxÞ, so if aðxÞ ¼ ða1ðxÞ; yÞ, then

y A fa2 j ða1; a2Þ A qVðxÞg;

that is (from comprehensiveness, Assumption 1),

y ¼ supfa2 j ða1; a2Þ A VðxÞg;

and from the assumption restricting a1 we can conclude31 y b 0; hence

y ¼ hðx; a1ðxÞÞ:

The second condition of the consistent value states that l � x is the outward
normal to the boundary of VðxÞ at aðxÞ; the formula defining l provides pre-
cisely that, and is the only way of providing it.32 9

Let a : R2
þþ ! R2

þþ be a smooth consistent value. With these definitions in
mind, define a1 : R2

þþ ! Rþþ as the first coordinate of a. a1 is continuously
di¤erentiable, and the third condition of the consistent value is equivalent to

qh

qa1

�
�
�
�
ðx;a1ðxÞÞ

x1 qa1

qx1
ðxÞ þ x2 qa1

qx2
ðxÞ

� �

¼ x2 qh

qx2

�
�
�
�
ðx;a1ðxÞÞ

Ex A R2
þþ: ð3Þ

Lemma 3. Let ½2; V � be a continuum homogeneous game form with two types
of players; then for each x A R2

þþ and c A qVðxÞ:
c ¼ ðc1; c2Þ is in coreðx;VÞ if and only if qh

qx i ðx; c1Þ ¼ 0, for i ¼ 1; 2.

Proof:33 If c ¼ ðc1; c2Þ A qVðxÞ (that is, c2 ¼ hðx; c1Þ) is in the core of ðx;VÞ,
then for every e > 0:

c2
b hðx1 � e; x2; c1Þ:

Indeed, if there were e > 0 and c 0 > c2 such that ðc1; c 0Þ A qVðx1 � e; x2Þ, then
the sub-coalition ðx1 � e; x2Þ would contradict ðc1; c2Þ being in the core.
Hence, as h is di¤erentiable,

qh

qx1
ðx; c1Þ ¼ lim

e!0þ

hðx; c1Þ � hðx� ðe; 0Þ; c1Þ
e

b 0:

31 For every x A R2
þþ there exists a non-negative a2 such that ða1ðxÞ; a2Þ A qVðxÞHVðxÞ and y

is the supremum of these values: therefore, y is non-negative.
32 By Assumption 4 there is a unique outward normal to the boundary of VðxÞ at every point.
33 At first sight this lemma might seem to be simply a conclusion from Proposition 1, Equation 3
and the non-levelness assumption, but actually this lemma is stronger because no strict convexity
(Assumptions 5 and 6) is needed here.
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And by the same argument

qh

qx2
ðx; c1Þb 0:

Recall (from Assumption 7) that hðx; c1Þ ¼ hðtx; c1Þ for all t > 0 and any c1;
therefore, by Euler’s equation,

x1 qh

qx1
ðx; c1Þ þ x2 qh

qx2
ðx; c1Þ ¼ 0;

implying that

qh

qxi
ðx; c1Þ ¼ 0; Ei:

On the other hand, if c ¼ ðc1; c2Þ B coreðx;VÞ, then there exists x� A R2
þþ

such that x�a x, and d A Vðx�Þ such that c < d.
Without loss of generality we can assume34 x� ¼ x� ðe0; 0Þ. Since c < d,

we can conclude from comprehensiveness and non-levelness (Assumptions 1
and 3) that c A Vðx�ÞnqVðx�Þ. Therefore

hðx�; c1Þ ¼ c� ¼ c2 þ d;

for some d > 0. Recall that

hðx; c1Þ ¼ c2;

hence from Assumptions 2 and 7 (homogeneity) we get, for every e such that
0 < e < e0:

hðx� ðe; 0Þ; c1Þb c2 þ d

e0
e:

Since h is di¤erentiable,

qh

qx1
ðx; c1Þ ¼ lim

e!0þ

hðx; c1Þ � hðx� ðe; 0Þ; c1Þ
e

a lim
e!0þ

� d
e0

e

e
¼ � d

e0
:

That is,

qh

qx1
ðx; c1Þ0 0 9

To conclude, note that:

34 Because of homogeneity (Assumption 7), and possibly exchanging between the 2 coor-
dinates.
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1. Assumption 3 (non-levelness) guarantees that qh
qa1

�
�
ðx;a1ðxÞÞ0 0;y in the rele-

vant range.
2. For every x A R2

þþ, aðxÞ ¼ ða1ðxÞ; hðx; a1ðxÞÞÞ A coreðx;VÞ if and only if
qh

qx2 ðx; a1ðxÞÞ ¼ 0.

3. For a1 which is C1: a1 is homogeneous of degree 0 is equivalent to
P

i xi qa1

qx i ðxÞ ¼ 0, i.e.,
da1ðtxÞ

dt

�
�
t¼1
¼ 0.

4. The main result

The main result of this paper consists of the characterization of all individually
rational smooth (C1) consistent values, for games with a continuum of players
of two types.

Theorem 4. Let ½2; V � be an NTU homogeneous game form with a continuum
of players. Then every smooth individually rational consistent value a of ½2; V �
belongs to the ConvCore (i.e., aðxÞ A ConvCoreðx;VÞ for all x A R2

þþ).

Furthermore, any C1 function g : D2
þþ ! R2

þþ, such that gðxÞ A
ConvCoreðx;VÞ for all x in D2

þþ, can be uniquely extended to an individually
rational smooth consistent value.

That is, on the interior of D2 take an arbitrary C1 selection from the
ConvCore and extend it to an individually rational smooth consistent value.

Notice that this theorem does not imply that such a consistent value must
exist. An example where no individually rational smooth consistent value
exists can be found in Section 7.2.

By Theorem 4 we get, in particular, that when the ConvCore and
the core are not equal (i.e., there exists x A R2

þþ such that35 coreðx;VÞ0
ConvCoreðx;VÞ) there is no equivalence between the consistent value and the
core. Furthermore, there may not be any consistent value which belongs to the
core. Still we have:

Theorem 5. Let ½2; V � be an NTU homogeneous game form with a continuum of
players, and let a be an individually rational smooth consistent value of ½2; V �.

For every coalition profile x in Rn
þþ, the limit of aðtxÞ, as t tends to infinity,

exists and is in coreðx;VÞ (i.e., limt!y aðtxÞ A coreðx;VÞ), and so does the
limit as t tends to zero (i.e., limt!0 aðtxÞ A coreðx;VÞ).

That is, for every relative mass of players,36 the limit, as the total mass of
all players tends to 0 or to y, belongs to the core.

The rest of the paper will be devoted to proving these two theorems. We
start by proving the first part of Theorem 4:

Proposition 6. Let ½2; V � be an NTU homogeneous game form with a continuum

of players, and a : R2
þþ ! R2

þþ an individually rational smooth consistent value

35 It is always true that coreðx;VÞJConvCoreðx;VÞ; therefore, coreðx;VÞ0ConvCoreðx;VÞ
means that there are points in ConvCoreðx;VÞncoreðx;VÞ.
36 That is, for every proportion a A ð0; 1Þ of x1

x2
.
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of this game. Then a belongs to the ConvCore (i.e., aðxÞ A ConvCoreðx;VÞ for
every x A R2

þþ).

Proof: Define a1 : R2
þþ ! Rþþ as the projection of a on the first coordinate.

Since a is a consistent value, aðxÞ A qVðxÞ; that is:

aðxÞ ¼ ða1ðxÞ; hðx; a1ðxÞÞÞ Ex A R2
þþ:

Assume to the contrary that a does not belong to the ConvCore. Then, there
exists x� A R2

þþ such that:

ða1ðx�Þ; hðx; a1ðx�ÞÞÞ B ConvCoreðx�;VÞ:

Assume, without loss of generality,37 that b1 < a1ðx�Þ for any b A coreðx�;VÞ.
Denote c1 the first coordinate of the point in coreðx�;VÞ closest38 to aðx�Þ
along qVðx�Þ. See Figure 2.

We trace the consistent value along the ray ftx� j t > 0g. Note that Vðtx�Þ,
coreðtx�;VÞ and the individually rational values r1; r2 are independent of t.

Now, the third consistent value condition is equivalent (see Equation 3) to
the assertion that for every t0 > 0

da1ðtx�Þ
dt

�
�
�
�
t¼t0

¼ 1

t0

x2 qh

qx2
jðt0x �;a1ðt0x �ÞÞ

qh
qa1
jðt0x �;a1ðt0x �ÞÞ

: ð4Þ

Fig. 2. Description of Vðx�Þ

37 If this were not so (i.e., a1ðx�Þ < b1), then b2 < a2ðx�Þ for any b A coreðx�;VÞ, this is true
because aðxÞ is e‰cient thus one type of player must be better of then in the core. In this case we
would interchange the coordinates.
38 If coreðx�;VÞ is not closed, then the closest point in its closure. If coreðx�;VÞ is empty, then
any e‰cient individually rational point whose first coordinate is smaller then a1ðx�Þ will do.
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Denote a�1 ¼ a1ðx�Þ and let s1 be such that39 ðs1; r2Þ A qVðx�Þ . Then40

c1 < a�1 a s1:

Notice that:

. For a A ½a�1 ; s1� x�2 qh
qx2 ðx�; aÞ0 0, since only for points in the core does

this equal 0, and no core point is in the range ½a�1 ; s1�. Therefore,
x�2 qh

qx2 ðx�; aÞb d for every a A ½a�1 ; s1�, for some41 d > 0.
. From the assumptions of convexity and non-levelness (Assumptions 1 and

3), there exist d0; d1 > 0 such that for every a A ½a�1 ; s1�:

�d1 a
qh

qa1

�
�
�
�
ðtx �;aÞ

¼ qh

qa1

�
�
�
�
ðx �;aÞ

a�d0

(the values are bounded between qh
qa1

�
�
ðx �; c1Þ and qh

qa1

�
�
ðx �; s1Þ, which are both

negative42).

Hence, for every t0 > 0:

� da1ðtx�Þ
dt

�
�
�
�
t¼t0

¼ 1

t0

x2 qh

qx2

�
�
ðt0x �;a1ðt0x �ÞÞ

� qh
qa1

�
�
ðt0x�;a1ðt0x �ÞÞ

b
1

t0

d

d1
;

which, in turn, implies that

ð 0

1

da1ðtx�Þ
dt

�
�
�
�
t¼t0

dt0 ¼
ð 1

0

� da1ðtx�Þ
dt

�
�
�
�
t¼t0

dt0 b
d

d1

ð1

0

1

t0
dt0 ¼y:

Therefore, there exists 0 < t 0a 1 for which a1ðt 0x�Þ ¼ s1 (the end of the

region where our estimates hold). Clearly,
da1ðtx �Þ

dt

�
�
t¼t 0

< 0. Then, there exists
0 < t 00 < t 0 for which a1ðt 00x�Þ < s1. This contradicts individual rationality.43

Thus our original assumption is not valid. 9

In the next lemma we only consider one profile x (more precisely, the ray
ftx j t > 0g through x). That is, the lemma is valid for every profile x indepen-
dently of other profiles.

Lemma 7. Let ½2; V � be an NTU homogeneous game form with a continuum

of players, let a : R2
þþ ! R2

þþ be an individually rational smooth consistent
value of this game, and let x� A R2

þþ be a coalition profile. If aðx�Þ is in

39 Just as in the definition of h, there is a single point satisfying this condition.
40 Since a is individually rational a�1 a s1.

41 It is verifiable that in this range qh

qx2
ðx�; aÞ is indeed positive, but it is of no consequence. Since

the function is continuous and does not assume the value 0 in the range, then it is either positive or
negative in the entire range. If it were negative in the whole range, the same type of arguments as
in the rest of this proof would hold when t tends to infinity, instead of to zero.

If the core was empty this might indeed be necessary, or else we would need to interchange the
coordinates.
42 The negative values are due to Assumption 1 (VðxÞ being comprehensive).
43 Evidently, hðx�; a1ðt 00x�ÞÞ is not individually rational for players of type 2.
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coreðx�;VÞ then aðtx�Þ is independent of t (i.e., for every t > 0 aðx�Þ ¼
aðtx�Þ A coreðtx�;VÞ).

Proof: Since aðx�Þ A coreðx�;VÞ, by Lemma 3 qh

qx2

�
�
ðx �;a1ðx �ÞÞ ¼ 0.

Recall (Equation 4) that for every t0 > 0

da1ðtx�Þ
dt

�
�
�
�
t¼t0

¼ 1

t0

x2 qh

qx2

�
�
ðt0x �;a1ðt0x �ÞÞ

qh
qa1

�
�
ðt0x �;a1ðt0x �ÞÞ

:

Therefore, for every t0 > 0 such that aðt0x�Þ A coreðx�;VÞ:

da1ðtx�Þ
dt

�
�
�
�
t¼t0

¼ 0:

Since this is true for t0 ¼ 1, it is also true for every t0 > 0. That is,

a1ðt0x�Þ ¼ a1ðx�Þ Et0 > 0: 9

5. The case of a unique core point

Proposition 8. If for each x A R2
þþ the core of ðx;VÞ consists of a single point,

and a : R2
þþ ! R2

þþ is an individually rational smooth consistent value of this
game, then a coincides with the core, i.e.,

faðxÞg ¼ coreðx;VÞ Ex A R2
þþ:

Proof: Assume to the contrary that a does not coincide with the core. Then,
there exists x� A R2

þþ such that:

ða1ðx�Þ; hðx; a1ðx�ÞÞÞ B coreðx�;VÞ:

Since there is a unique core point, the ConvCore is precisely the core; thus

ða1ðx�Þ; hðx; a1ðx�ÞÞÞ B ConvCoreðx�;VÞ:

And by Proposition 6 our original assumption is not valid. 9

Remark: If we do not demand that the consistent value be smooth (C1), and
consider also semi-smooth consistent values, we discover that these do not
coincide with the core even for a game with a unique core point.

Example 1. For the game with two types of players, and two commodities with
utility functions:44

44 The following game does not satisfy Assumption 3 (non-levelness). This problem can be solved
by replacing the utility function with

uiðw1;w2Þ ¼
ffiffiffiffiffiffi
w1
p þ ffiffiffiffiffiffi

w2
p � e Ei;

for some small e > 0. This does not change the validity of the example at all; it only complicates
some of the calculations.
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uiðw1;w2Þ ¼
ffiffiffiffiffiffi
w1
p þ ffiffiffiffiffiffi

w2
p

Ei;

and initial endowment vectors

e1 ¼ ð1; 0Þ; e2 ¼ ð0; 1Þ;

the game function is:

VðxÞ ¼ fa A R2
þ j x1ða1Þ2 þ x2ða2Þ2 a ð

ffiffiffiffiffi
x1
p

þ
ffiffiffiffiffi
x2
p
Þ2g � R2

þ:

Therefore,

hðx; a1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1 þ x2 þ 2
ffiffiffiffiffiffiffiffiffiffi
x1x2
p

� x1ða1Þ2

x2

s

;

hence

qhðx; a1Þ
qx2

�
�
�
�
ðx;a1ðxÞÞ

¼
� x1

x2
�

ffiffiffiffi
x1

x2

q
þ ða1ðxÞÞ2 x1

x2

2hðx; a1ðxÞÞx2

and

qhðx; a1Þ
qa1

�
�
�
�
ðx;a1ðxÞÞ

¼
�2 x1

x2
a1ðxÞ

2hðx; a1ðxÞÞ
:

We need to solve:

t0
da1ðtxÞ

dt

�
�
�
�
t¼t0

¼
x2 qhðx;a1Þ

qx2

�
�
ðt0x;a1ðt0xÞÞ

qhðx;a1Þ
qa1

�
�
ðt0x;a1ðt0xÞÞ

¼
1þ

ffiffiffiffi
x2

x1

q
� ða1ðt0xÞÞ2

2a1ðt0xÞ :

One possible solution is the homogeneous solution (which coincides with

the core),
da1ðtxÞ

dt
¼ 0. From this equation we get the unique consistent value

a1ðxÞ ¼ core1ðx;VÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffiffiffi
x2

x1

rs

:

But, other possible solutions (which are not homogeneous) can be derived
by manipulating the di¤erential equation. We get

Et0 > 0 2t0a1ðt0xÞ da1ðtxÞ
dt

�
�
�
�
t¼t0

¼ 1þ
ffiffiffiffiffi
x2

x1

r

� ða1ðt0xÞÞ2;

which can be solved by

Ex A D2
þþ; Et0 > 0 a1ðt0xÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffiffiffi
x2

x1

r

� 1

t0

s

:
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By using the normalization t0 ¼ ðx1 þ x2Þ, and truncating the proposed func-
tion so that it will be individually rational we can get the semi-smooth con-
sistent value45

a1ðxÞ :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffiffi
x2

x1

q
� 1

ðx1þx2Þ

r

if ðx1 þ x2Þ > 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffiffi
x2

x1

qr

otherwise.

8
>>><

>>>:

:

. The function is not C1; furthermore, it is not even continuous along the line
ðx1 þ x2Þ ¼ 1, but it is di¤erentiable from below.

. The function a : R2
þþ ! R2

þþ defined by aðxÞ :¼ ða1ðxÞ; hðx; a1ðxÞÞÞ is a semi-
smooth consistent value for this game.

. This semi-smooth consistent value does not coincide with the core46 (since
aðxÞ0 coreðx;VÞ for all x A R2

þþ such that ðx1 þ x2Þ > 1).

As this example shows, allowing for semi-smooth consistent values enlarges
the set of consistent values to be considered. Thus, this extension not only does
not contribute to a possible equivalence with the core but, in fact, it shows
that semi-smooth consistent values o¤er a greater selection of consistent values
di¤ering from the core.

6. Proof of main theorem

6.1. Flow of the consistent value

When considering consistent values which are smooth (C1), we can trace, for
each x A D2

þþ, the movement of the consistent value as the profile moves along
the ray ftx j t > 0g.

From our assumptions VðtxÞ ¼ VðxÞ for all t > 0; hence hðtx; �Þ ¼ hðx; �Þ
for all t > 0. Recall (Equation 4) that the consistent value requirements are
equivalent (in this case) to:

da1ðtxÞ
dt

�
�
�
�
t¼t0

¼ 1

t0

x2 qhðx;a1Þ
qx2

�
�
ðt0x;a1ðt0xÞÞ

qhðx;a1Þ
qa1

�
�
ðt0x;a1ðt0xÞÞ

Et0 > 0:

Let a : R2
þþ ! R2

þþ be a smooth consistent value, and let x� A R2
þþ. If the

core of ðx�;VÞ has a unique point c A qVðxÞ, then either (see Proposition 8):

1. There exists a t0 > 0 such that a1ðt0x�Þ ¼ c1, which implies a1ðtx�Þ ¼ c1

for all t > 0; or
2. For all t > 0; a1ðtx�Þ0 c1, which implies that there exists a t0 > 0 such

that ða1ðt0x�Þ; hðx�; a1ðt0x�ÞÞÞ is not individually rational.

45 See remark after Definition 6 in Section 3.2.

46 Recall, coreðx;VÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffiffi
x2

x1

qr

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffiffi
x1

x2

qr� �

.
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That is, if we look at ðta1ðtx�Þ; thðtx�; a1ðtx�ÞÞÞ derived from a smooth con-
sistent value, then its value is determined by the value a1ðx�Þ (Figure 3). The
figure shows the boundary of V̂Vðtx�Þ for di¤erent values of t. Since Vðtx�Þ ¼
Vðx�Þ for all t > 0, V̂Vðtx�Þ ¼ tV̂Vðx�Þ. Thus the boundary line is lower as t
decreases.

Now assume that the core of ðx�;VÞ does not consist of a unique
point.47 Define c1

max ¼ supc A coreðx �;VÞðc1Þ and c1
min ¼ inf c A coreðx �;VÞðc1Þ Let

a : R2
þþ ! R2

þþ be a smooth consistent value; then either:

1. There exist t0 > 0 and c A coreðx�;VÞ such that a1ðt0x�Þ ¼ c1. This implies
that a1ðtx�Þ ¼ c1 for all t > 0 (see Lemma 7).

2. There exists a t0 > 0 such that either48 a1ðt0x�Þ < c1
min or a1ðt0x�Þ > c1

max.

This implies that for all t > 0, either a1ðtx�Þ < c1
min or a1ðtx�Þ > c1

max
(respectively), which in turn implies that there exists a t1 > 0 such that
ða1ðt1x�Þ; hðx�; t1x�ÞÞ is not individually rational (see Proposition 6).

3. There exists a t0 > 0 such that c1
min < a1ðt0x�Þ < c1

max (and a1ðt0x�Þ0 c1

for all c A coreðx�;VÞ). This implies that c1
min < a1ðtx�Þ < c1

max for all t > 0
(and a1ðtx�Þ0 c1 for all c A coreðx�;VÞ). Where does this lead?

If we look again at ðta1ðtx�Þ; thðtx�; a1ðtx�ÞÞÞ derived from this smooth
consistent value, then its value is determined by the value a1ðx�Þ (Figure 4).
Again, the figure shows the boundary of V̂Vðtx�Þ for di¤erent values of t.

If there were three points in coreðx�;VÞ, a reasonable assumption49 for the
behavior of a1ðtx�Þ in the last case would be:

Fig. 3. Flow of the consistent value (a unique point in the core)

47 This does not mean that there is a non-unique core point for every x A R2
þþ, but that for

x� A R2
þþ the core consists of more than a single point (jcoreðx�;VÞj > 1).

48 If cmin in not in the core but only in its closure then < should be replaced by a. The same is
true for cmax, with > replaced by b.
49 This assumption arises from the continuity of x�2 qh

qx2
ðx�; aÞ, in the same manner as in Propo-

sition 6.
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lim
t!0

a1ðtx�Þ ¼ c1
2 ;

and:

lim
t!y

a1ðtx�Þ ¼ c1
1 or c1

3 :

An example of this behavior can be found in Section 7.1.

6.2. The dynamic approach

As we have seen, the projection a1 on the first coordinate of an individually
rational smooth consistent value a : R2

þþ ! R2
þþ satisfies:

t
da1

dt
¼

x2 qh

qx2

qh
qa1

;

with t ¼ ðx1 þ x2Þ and h dependent of a1 and x1

x2 only. Transforming our

equations to functions of T :¼ log t ¼ logðx1 þ x2Þ and a :¼ x1

x1þx2 we get:

da1

dT
ða;TÞ ¼ �

að1� aÞ qh
qa

�
�
ðða;1�aÞ;a1Þ

qh
qa1

�
�
ðða;1�aÞ;a1Þ

: ð5Þ

Thus, the movement of the consistent value along the ‘‘time’’ axis

(logðx1 þ x2Þ), for every given a ¼ x1

x1þx2

� �
, can be described as a time-

independent dynamical system. That is, a movement which satisfies the equa-
tion:

Fig. 4. Flow of the consistent value (three points in the core)
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z 0 ¼ f ðzÞ;

for

f ða; a1Þ :¼ 0;
da1

dT
ða;TÞ

� �

¼ 0;�
að1� aÞ qh

qa

�
�
ðða;1�aÞ;a1Þ

qh
qa1

�
�
ðða;1�aÞ;a1Þ

 !

: ð6Þ

If we further assume that h is C2, then from non-levelness (Assumption 3)
we get that f is C 1.

Proposition 9 (Note that this is exactly the second part of Theorem 4.)
Let ½2; V � be a continuum homogeneous game form with two types of players

that satisfies our assumptions. If g : D2
þþ ! R2

þþ is a C 1 function, such that:

gðxÞ A ConvCoreðx;VÞ Ex A D2
þþ;

then there exists a unique individually rational smooth consistent value
a : R2

þþ ! R2
þþ for this game which extends g. I.e., such that:

aðxÞ ¼ gðxÞ Ex A D2
þþ:

Proof: For the function f : ð0; 1Þ � Rþþ ! R2 defined by

f ða; a1Þ :¼ 0;�
að1� aÞ qh

qa

�
�
ðða;1�aÞ;a1Þ

qh
qa1

�
�
ðða;1�aÞ;a1Þ

 !

;

we want to solve:50

z 0 ¼ f ðzÞ

zð0Þ ¼ ða0; p1ðgða0; 1� a0ÞÞÞ;

for every a0 A ð0; 1Þ.
For every ða�; a�Þ A ð0; 1Þ � Rþþ there exists a range l ¼ lða�; a�Þ > 0, and

a single solution z : ð�l; lÞ ! ð0; 1Þ � Rþþ to this equation (see [6, pp. 162–
169]).

Define B :¼ fa A ð0; 1Þ j coreðða; 1� aÞ;VÞ has more than one pointg, and
let AH ð0; 1Þ � Rþþ be the following compact51 set:52

A :¼ ða; aÞ
�
�
�
�

a A Bc

a A p1ðConvCoreðða; 1� aÞ;VÞÞ

� �

:

50 p1 is the projection, on the first coordinate, of the value.
51 The compactness of this set is assured because of:

. the compactness of the first coordinate;

. the continuity of the core (as a function of a).

52 Bc is the closure of the set B. p1 is the projection, on the first coordinate, of the value.
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Since every ða; aÞ such that a A p1ðcoreðða; 1� aÞ;VÞÞ satisfies53 f ða; aÞ ¼
ð0; 0Þ, it follows that a solution z starting inside A stays inside A.54

From this we can deduce that there exists a solution z : ð�y;yÞ ! AH
ð0; 1Þ � Rþþ to our equation (see [6, pp. 172–173]).

Define a dynamic system f : fðT ; z�Þ jT A R; z� A Ag ! R2 by:

fðT ; z�Þ :¼ zðTÞ;

where z : R! A is the unique solution to

z 0 ¼ f ðzÞ

zð0Þ ¼ z�:

This f is C1 (see [6, pp. 175–176, 302]).
Now, define a1 : R2

þþ ! Rþ by55

a1ðxÞ ¼ p2 f logðx1 þ x2Þ; x1

x1 þ x2
; p1ðgðxÞÞ

� �� �� �

;

and define

aðxÞ ¼ ða1ðxÞ; hðx; a1ðxÞÞÞ:

Evidently,

1. The function a is C 1.
2. For every x A D2

þþ

p1ðaðxÞÞ ¼ a1ðxÞ ¼ p2ðfð0; ðx1; p1ðgðxÞÞÞÞÞ ¼ p2ðx1; p1ðgðxÞÞÞ ¼ p1ðgðxÞÞ;

therefore (since both are in qVðxÞ)

aðxÞ ¼ gðxÞ Ex A D2
þþ:

3. a is a consistent value for this game (from the constraints which defined the
dynamical system).

4. a belongs to the ConvCore; therefore it is individually rational.
5. There exists no other consistent value a 0 ð0aÞ for this game which extends

g (since the consistent-value conditions defined the dynamic system, and
forced the extension of g to a). 9

Corollary 10. There exists an individually rational smooth consistent value which
belongs to the core if and only if there exists a C1 function g : D2

þþ ! R2
þþ, such

that:

gðxÞ A coreðx;VÞ Ex A D2
þþ:

53 This means that positions on the boundary of A are static in the dynamic motion.
54 I.e., zð0Þ A A� ) for all l0 A ð�l; lÞ, zðl0Þ A A�.
55 The value of this expression is positive, since the range of f is AH ð0; 1Þ � Rþþ. p2 is the
projection, on the second coordinate, of the value.
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It is important to note that in many cases no such C 1 selection from the core
exists, even in game forms where there is an infinite selection of C1 selections
from the ConvCore.

One obvious question arises at this point, what does this consistent value
tend to as the total mass of all players tends to 0 or to y. To answer this, let
us now restate and prove Theorem 5.

Theorem 5. Let ½2; V � be an NTU homogeneous game form with a continuum of
players, which satisfies our assumptions. If a : R2

þþ ! R2
þþ is a smooth consis-

tent value for this game, then:
For every coalition profile x in Rn

þþ, the limit of aðtxÞ, as t tends to infinity,
exists and is in coreðx;VÞ (i.e., limt!y aðtxÞ A coreðx;VÞ), and so does the
limit as t tends to zero (i.e., limt!0 aðtxÞ A coreðx;VÞ).

Proof: Let a1 : R2
þþ ! Rþþ be the projection on the first coordinate of a.

For every 0 < a < 1 the movement of a1 along the ray x j x1

x1þx2 ¼ a
n o

satisfies that da1

dT
ða;TÞ ¼ �

að1�aÞqh
qa
jðða; 1�aÞ; a1Þ

qh

qa1
jðða; 1�aÞ; a1Þ

(Equation 5) is continuously di¤er-

entiable,56 and that this derivative is a function only of a1ðaeT ; ð1� aÞeTÞ.57
Take a0 A ð0; 1Þ, and denote b1ðTÞ :¼ a1ða0eT ; ð1� a0ÞeTÞ.

. If for some T0 A R we have db1

dT
ðT0Þ ¼ 0, then b1ðtÞ is constant.

We have the di¤erential equation: db1

dT
ðTÞ ¼ f ðb1ðTÞÞ, for some contin-

uously di¤erentiable function f , and

b1ðtÞ ¼ b1ðT0Þ Et

is a possible solution; therefore there exists no other solution.58

. If db1

dT
ðtÞ0 0 for every t, then from the continuity of this derivative, it is

always positive or always negative; that is, b1 is monotonic.

Therefore b1 is monotonic.
Thus, b1ðTÞ either has a limit, as T goes to infinity, or is unbounded (keeps

ascending to infinity, or descending to minus infinity).
In other words, either:

. b1ðTÞ is not bounded as T !y; hence for some �y < T <y it is not
individually rational.59

. b1ðTÞ is bounded as T !y. Therefore limT!y
db1

dT
ðTÞ ¼ 0, and again by

Equation 5 and the continuity of the derivatives as a function of a1, we get

56 This was already stated earlier, and is a consequence of the assumption of h being C 2.
57 This means that the ‘‘velocity’’ of the movement of a1 depends only on its ‘‘location’’ and not
on the ‘‘time,’’ and this ‘‘velocity’’ is continuous in the ‘‘location.’’
58 This is a first-order di¤erential equation, and the function f has a bounded derivative in any
bounded region (the derivative is continuous, so in any closed region it is bounded).
59 Either b1ðTÞ descends below the individually rational level r1, or b1ðTÞ ascends, and causes
hðða0; 1� a0Þ; b1ðTÞÞ to descend below the individually rational level r2 (recall qh

qa1
< 0).
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�
að1�aÞqh

qa
jðða; 1�aÞ; b�

1
Þ

qh
qa1
jðða; 1�aÞ; b�

1
Þ
¼ 0, where b�1 ¼ limT!y b1ðTÞ. That is, qh

qa

�
�
ðða;1�aÞ;b�

1
Þ ¼ 0,

which, by Lemma 3, implies that the limit point belongs to the core (i.e.,
ðb�1 ; hðða0; 1� a0Þ; b�1 ÞÞ A coreðða0; 1� a0Þ;VÞÞ.

If a1ðxÞ A p1ðConvCoreðx;VÞÞ for any x on this ray, then (by Proposition
9) aðxÞ is always individually rational. That is:

lim
T!y

aðaeT ; ð1� aÞeTÞ A coreðða; 1� aÞ;VÞ Ea A ð0; 1Þ:

The same argument applies when T goes to minus infinity. Therefore:

lim
T!Gy

aðaeT ; ð1� aÞeTÞ A coreðða; 1� aÞ;VÞ Ea A ð0; 1Þ: 9

At this point one might think that we have identified a homogeneous con-
sistent value which belongs to the core,60 but this is not the case because the
limit of a consistent value is not necessarily a consistent value.61 To be more
precise, this limit is indeed a consistent value only if this limit is C1, i.e., only
if there is a C1 selection from the core (by Corollary 10).

7. Examples

7.1. A game with many consistent values

Consider continuous market games for which the core does not consist of a
single point, but of up to three points for every x A D2

þþ.
In the game62 with two types of players, and 2 commodities with utility

functions:

u1ðw1
1 ;w

1
2Þ ¼ w1

2 �
1

2
ðw1

1Þ
�2;

u2ðw2
1 ;w

2
2Þ ¼ w2

1 �
1

2
ðw2

2Þ
�2;

and initial endowment vectors

e1 ¼ 2

7
; 7

� �

; e2 ¼ 7;
2

7

� �

:

Example 2.
The core points for ða; 1� aÞ A D2 are shown in Figure 5. Let (as in Figure

5) a 0 and a 00 be the two points of boundary between the ranges where coreðaÞ
has a unique point, and the range in which it has more than one point.

60 I want to thank the anonymous referee for pointing this out.
61 As the limit of a C 1 function may not be di¤erentiable from below (let alone C 1), it cannot fit
into any definition of a smooth consistent value.
62 This is a modification of a game appearing in [7, pp. 521–522 (Example 15.B.2)].
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Remark:

1. Since there is no continuous function that always belongs to the core,63
there exists no consistent value which is smooth and homogeneous of
degree 0 (defined on R2

þþ).
2. There is also no possible selection from the core that is di¤erential from

below (for the same reasons as above); therefore there is no semi-smooth
consistent value which belongs to the core either.

3. Let a : R2
þþ ! R2

þþ be a smooth consistent value; then for every
0 a a < a 0 or a 00 < a a 1 and any t > 0, aðta; tð1� aÞÞ belongs to
ConvCoreððta; tð1� aÞÞ;VÞ ¼ coreððta; tð1� aÞÞ;VÞ ¼ coreðða; 1� aÞ;VÞ.

The derived game function is:

VðxÞ ¼ a A R2
þ

�
�
�
�
�
�

b ¼ a1 � 7� 2
7

x2

x1 ; a
2 � 7� 2

7
x1

x2

� �

8b1 x1

x2

� �2

þ 8b2 x2

x1

� �2

� 3� 24b1b2þ 16ðb1b2Þ2 ¼ 0

8
><

>:

9
>=

>;
�R2

þþ;

hence

hðx; a1Þ ¼ 7þ 2

7

x1

x2
þ

3b1 � x2

x1

� �2

� x1

x2

x2

x1

� �2

� 2b1

� �3=2

4ðb1Þ2

for b1 :¼ a1 � 7� 2

7

x2

x1
:

Fig. 5. First coordinate of the points in the core of ðða; 1� aÞ;VÞ

63 The core is a continuous trajectory, but since pairs of core points ‘‘disappear,’’ no continuous
function can coincide with the core.
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Let a : D2
þþ ! R2

þþ be a C1 function such that aðxÞ A ConvCoreðx;VÞ for
all x A D2

þþ. Define y : D2
þþ ! Rþþ as:

yðxÞ :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x1

� �2

� 2 a1ðxÞ � 7� 2

7

x2

x1

� �
s

:

If y were defined in this manner on all R2
þþ (from the consistent value a), then

from the consistent value requirements we would get:

t
dy

dt
¼ �

2y3� 6 x2

x1
þ 7

� �
y2þ 6 x2

x1

� �2

þ 21 x2

x1

� �

y� 2 x2

x1

� �3

þ 14 x2

x1

� �2

þ 2 x2

x1

� �

7y
:

For x A R2
þþ such that there are three distinct points in the core

fc1; c2; c3g ¼ coreðx;VÞ, and denoting qi ¼ x2

x1

� �2

� 2 c1
i � 7� 2

7
x2

x1

� �� �1=2

,
this equation is equivalent to:

t
dy

dt
¼ � 2ðy� q1Þðy� q2Þðy� q3Þ

7y
:

The solution of the above implies that there exist e1; e2; e3 > 0 ðe1 þ e2 ¼ e3Þ
such that the value of

ffiffiffiffi
t27
p ðyðtxÞ � q1Þe1ðyðtxÞ � q3Þe3

ðyðtxÞ � q2Þe2

is independent of64 t. This uniquely determines an extension of y to R2
þþ, and

thereby a consistent value a : R2
þþ ! R2

þþ.
It is easy to see65 that if the original function is C1 then the extension is

also C1; hence it also satisfies the consistent value requirements. See Figure 6
for the behavior of a1ðtxÞ for x A D2 and a few values of t (t ¼ 1; tf 1 and
tg 1).

The limit of this function as t tends to zero is shown in Figure 7.
And its limit as t tends to infinity is shown in Figure 8.

7.2. A game with no consistent value

Here we exhibit a game where no individually rational smooth consistent value
exists.

Example 3. Consider the game in the last example (Section 7.1), but with dif-
ferent initial endowment vectors:

64 Note that if q1 < yðxÞ < q2, then for every t > 0 there exists a single solution to this equation
for yðtxÞ, and this solution holds q1 < yðtxÞ < q2. And equivalently for q2 < yðxÞ < q3.
65 This is clearly a special case of Section 6.2, but also quite simple to prove directly.
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Fig. 6. Flow of the consistent value, for the three core-points example

Fig. 7. Limit of the consistent value as t! 0 (T ! �y)
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e1 ¼ 1

3
; 5

� �

; e2 ¼ 5;
1

3

� �

:

The core points for ða; 1� aÞ A D2
þþ are shown in Figure 9.

In this case, there is a unique core point for every coalition,66 but it is not
C 1 as a function67 of x. Therefore, there is no individually rational smooth
consistent value for this game form.

A. Notation

The following notations are used throughout (for x; y A Rn):

. x � y :¼
Pn

i¼1ðxiyiÞ.
. x � y :¼ ðxiyiÞi¼1;...;n.
. x a y means: xi a yi for every i.
. x < y means: xi a yi for every i, and there exists i such that xi < yi.
. xf y means: xi < yi for every i.
. Dn :¼ fx A Rn

þ j
Pn

i¼1 xi ¼ 1g.
. Dn

þþ :¼ fx A Rn
þþ j

Pn
i¼1 xi ¼ 1g.

. V̂VðxÞ :¼ fb A Rn j b ¼ x � a for some a A VðxÞg.

. V̂V0ðxÞ :¼ V̂VðxÞXRn
þ.

Fig. 8. Limit of the consistent value as t!y (T !y)

66 For coalitions of the type ðx1; x2Þ such that x1 ¼ x2 this unique core point is of degree 3.
67 The core, as a function, is non-di¤erentiable at x A R2

þþ such that x1 ¼ x2 (an unbounded
derivative).
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. vðx; pÞ :¼ supfp � a j a A VðxÞg.

. v̂vðx; qÞ :¼ supfq � b j b A V̂VðxÞg.

. v̂v0ðx; qÞ :¼ supfq � b j b A V̂V0ðxÞg.

. D :¼ fðx; pÞ A Rn
þþ � Rn

þ j vðx; pÞ <yg.
. D̂D :¼ fðx; qÞ A Rn

þþ � Rn
þ j v̂vðx; qÞ <yg.

. D̂Dþ :¼ fðx; qÞ A D̂D j v̂vðx; qÞ ¼ q � b for some b A V̂V0ðxÞg.
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