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ABSTRACT. We give an effective proof of a theorem of Dani and
Margulis regarding values of indefinite ternary quadratic forms at

primitive integer vectors. The proof uses an effective density-type
result for orbits of the groups SO(2,1) on SL(3,R)/SL(3,7Z).

1. INTRODUCTION

1.1. In 1929 A. Oppenheim conjectured that if ) is an indefinite qua-
dratic form in d > 5 variables then

(1.1a) inf {|Q(v)| : v € Z* primitive} = 0.

For rational indefinite forms is equivalent to the classical Meyer
theorem that a rational indefinite quadratic form in d > 5 variables
represents 0 over Z nontrivially. Let us remember that for d = 3,4
there are examples of rational indefinite quadratic forms in d variables
which do not represent 0 over Z nontrivially.

Later it was realized that if @) is an irrational form (i.e., is not propor-
tional to a quadratic form with rational coefficients) then should
remain true even if d = 3,4. On the other hand, it is well-known that
(1.1a) is false for many indefinite irrational binary quadratic forms.
Note that the conjecture becomes easier as d gets larger: by restricting
a quadratic form in d variables to an appropriate d’ < d dimensional
rational subspace it is easy to deduce the conjecture for d variables
from the case of d’ variable.

1.2. Partial results for this conjecture were proved using analytical
methods, notably the Hardy-Littlewood Circle Method and its vari-
ants; in particular Davenport and Heilbronn [DH] established the con-
jecture for indefinite diagonal forms Q(z1,...,z5) = >, \iz?, where
A1, ..., A5 are nonzero real numbers not all of the same sign. For the
more difficult case of the general forms progress was slower; combining
results by Birch, Davenport and Ridout the Oppenheim Conjecture
was established for forms in d > 21 variables by the late 1950’s, and
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despite some improvement this was still the state-of-the-art in the mid
1980’s.

1.3. In the mid-seventies, M.S.Raghunathan made the insightful obser-
vation that the Oppenheim Conjecture would follow from a conjecture
about closures of orbits of unipotent subgroups. The Raghunathan
conjecture states that if G' is a connected Lie group, I' a lattice in G
(that is, I' is a discrete subgroup such that G/I" carries a G-invariant
probability measure), and U a connected Ad-unipotent subgroup of G
(that is, Ad u is a unipotent linear transformation for any v € U), then
for any z € G/T" there exists a closed connected subgroup L = L(x)
such that the closure of the orbit U.x coincides with L.z (unipotent
orbit rigidity). In a more general form of Raghunathans conjecture,
the connected subgroup U is not necessarily unipotent but generated
by unipotent elements.

1.4. Inspired by the above-mentioned observation of M.S. Raghunathan,
the second named author proved the Oppenheim Conjecture in full
generality (i.e. for d > 3) in the mid-eighties [M3,M2]. The corre-
sponding dynamical statements, which is equivalent to the Oppenheim
Conjecture and proved in [M3,M2], says that any bounded orbit of
H = S0O(2,1) in SL(3,R)/SL(3,Z) is closed; it is interesting to note
that in implicit form this equivalence already appeared in a paper by
Cassels and Swinnerton-Dyer[CSD]. This dynamical statement can be
considered as a special case of Raghunathan’s conjecture in its more
general form given above.

In [DM1] Dani and Margulis proved that the orbits of H in G/T" for
G = SL(3,R) and I' = SL(3,Z) are either closed or dense. In [DMZ2]
the same authors proved the Raghunathan conjecture also in the more
involved case where U is a one-parameter unipotent subgroup of H
acting on G/I.

1.5. In full generality, the Raghunathan conjecture was proved in 1990
by Ratner |[R5| using a different approach. The proof in [R5] is based
on an equidistribution theorem for unipotent flows, also proved in [R5]
and uses the countability of certain set of subgroups of G depending
on I'. The equidistribution theorem can be considered as the quanti-
tative strengthening of the unipotent orbit rigidity for one-parameter
unipotent subgroup, and it says that if {u; : ¢ € R} is a one-parameter
Ad-unipotent subgroup of G and x € G/T" then there exists a homo-
geneous probability measure p, on G/I" with x in its support such
that

7| twaa s [ a7 o

for every bounded continuous function f on G/I" (a measure p on G/I'
is called homogeneous if there exists a closed subgroup F' of G such
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that p is F-invariant and supppu = F.y for some y € G/I'). This
equidistribution theorem was conjectured by Dani in |[D2] for the case
G/T' = SL(n,R)/SL(n,Z) and for the general case in [M4].

The hardest part of the proof of the equidistribution theorem is the
proof of unipotent measure rigidity which Ratner proved in a series of
three papers |[R3,R2,R4]. The unipotent measure rigidity was conjec-
tured by Dani in [D1], and it says that any finite U-ergodic U-invariant
measure g on G/I' is homogeneous where U is a one-parameter Ad-
unipotent subgroup of U. Ratner’s early works on horocycle flow, par-
ticularly her classification of joinings in [R1], can be viewed in this
context as special cases of this much more general measure classifica-
tion.

A shorter and arguably more conceptual proof of unipotent measure
rigidity was given by Margulis and Tomanov (see [MT1] for the case
where G is algebraic and [MT2] for a simple reduction to that case).

1.6. A refined version of the equidistribution theorem was proved in
[DM4]. As in [R5], the proof in [DM4] also relies on the classification
of invariant measures, i.e. unipotent measure rigidity. Other crucial
ingredients in the proof of the equidistribution theorem, both in [R5]
and [DM4] are nondivergence of orbits of unipotent flows regarding the
amount of time and orbits can spend outside of large compact subsets in
G/T (see §4lfor details) and an “avoidability” argument explaining why
an orbit cannot spend too much time near certain proper subvarieties
of G/I'. The avoidability argument are proved differently in [R5] and
[DM4]; the method of [DM4] based on the use of finite dimensional
representations of GG is known as the linearization technique.

These equidistribution results, which rely on the classification of in-
variant measures, are of great intrinsic interest. However, if one is
only interested in Raghunathan’s conjecture it seems feasible to give
such a proof which is much closer in spirit to the original approach of
[M3,M2,DM1,DM?2]. In particular, for G/T" a product of SL(2, K;)/T;
a direct proof of orbits rigidity along these lines was given by N. Shah
in [3].

1.7. A weaker version of the main number theoretic result in [DM1] is

the following:

1.8. Theorem (Dani-Margulis). Let Q) be an indefinite, irrational,
ternary quadratic form. Then the set

{Q(v) v € Z3 pm’mitz’ve}
1s dense in the real line.
1.9. The main result of this paper is the following quantification of
Theorem [I.§f We implicitly assume all integral quadratic forms we

consider are primitive in the sense that they are not a nontrivial integer
multiple of another integral quadratic form.
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1.10. Theorem. Let Q1 be an indefinite, ternary quadratic form with
det @y =1 and € > 0. Then for any T > Ty(e) HQlHK1 at least one of
the following holds:

(i) There is an integral quadratic form (QQy with |det(Q2)| < T and

1Q1 = A2l < QUIT™" where A= |det(Q2)| .

(ii) For any & € [—(logT)"*, (logT)"*] there is a primitive integer
vector v € Z3 with 0 < ||v|| < T* satisfying

|Q1(v) = &] < (log T') ™"
(with K, ke, K3, and the implicit constants absolute).

1.11. We note that proving the inhomogeneous approximation above,
i.e. that in a ball of radius 753 one can find primitive integral vectors
v for which |@Q;(v) — £]| is small for any £ in an interval, entails a sub-
stantial complication in comparison to the corresponding homogeneous
question of showing that there is such a vector v with |Q;(v)| small.

Another feature worth noting is the quality of the approximation: if
one is content with an estimate of the form ||Q1(v) — || < (loglog T')~*
the combinatorial apparatus of §9 perhaps the most technical section
in this paper, is not needed.

Since by Liouville’s Theorem algebraic numbers cannot be too well
approximated by rationals, we can conclude the following from Theo-

rem [L.I0OF

1.12. Corollary. Let )1 be a reduced, indefinite, ternary quadratic
form which is not proportional to an integral form but has algebraic
coefficients. Then for any T > To(Q1) (with Ty depending effectively
on the degrees and heights of the coefficients of Q)1), for any

¢ € [=(logT)"™, (log T)"™]
there is a primitive integer vector v € Z3 with 0 < ||v|| < T** satisfying

|Q1(v) =& < (log T) ™"
with ke, K3 as in Theorem [1.10

1.13. Theorem is only part of what is proved in [DM1]. While it
is possible to give an effective and quantitative version of the full force
of the main result of [DM1] with our methods, the resulting bounds
would be substantially worse than what we give above.

1.14. An important difference between the analytic methods used to
tackle the Oppenheim Conjecture and the dynamical proof of e.g. |[M2}
M3, DM1] is that the analytic proofs are effective in the sense that they
provide an upper bound on the size of the shortest integer vector v for
which |Q(v)| < €, while at least on the face of it dynamical proofs
provided no such bound. For instance, while this is not explicated in
their paper, the proof of Davenport and Heilbronn for the Oppenheim
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Conjecture for irrational indefinite forms of the type Q(q) = \a? +
-++ + Asz? gives an upper bound on the size of such an individual
integer vector v in terms of Diophantine properties of the coefficients
Ai; assuming e.g. A;/A2 is Diophantine generic (i.e. there are ¢, C' so
that |A\;/X\s2 — p/q| > cq~¢ for all rational numbers p/q) this upper
bound is polynomial in e~ .

Bentkus and Gétze gave in [BG1| an analytic proof, with effective
estimates, of the Oppenheim conjecture for general indefinite quadratic
forms in d > 9 variables, and more recently, Gétze and Margulis |GM]|
have been able to give an analytic proof, with effective error estimates,
of the Oppenheim Conjecture for general indefinite quadratic forms in
d > 5 variable; we note that 5 seems to be a natural barrier to the
applicability of such techniques.

1.15. The proof of the Oppenheim conjecture in [M3,M2| and a sim-
plified proof in [DM3] uses the existence of minimal invariant sets for
actions of groups on compact spaces; formally these proofs depend on
the axiom of choice. Dani in [D4] gave a proof of the Oppenheim con-
jecture based on the existence of a recurrent point as a substitute to
working with minimal sets; in particular, his proof is independent of
the axiom of choice.

The proof of the Raghunathan conjecture in [R5] uses the unipotent
measure rigidity (see above) and the proof of the unipotent measure
rigidity uses the ergodic decomposition and the pointwise ergodic the-
orem for essentially arbitrary invariant measures, which seems to us to
be harder to effectivize than the existence of minimal sets.

1.16. Though there are significant differences, the strategy which we
use in our paper has many similarities with the strategy which was used
by Margulis in [M3|M2| and subsequent papers by Dani and Margulis
[DM1,DM2,DM3|. The main ingredient in these strategies is to prove
that an orbit closure contains orbits of additional subgroups. In the
papers quoted, this is achieved using minimal sets for appropriately
chosen subactions, while in our paper the beginning point of the orbit
of the new subgroup is moving. To make this approach work, we need
to control how this base point changes so it remains sufficiently generic
in an appropriate quantitative sense.
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2. STATEMENT OF DYNAMICAL RESULTS

2.1. Let G = SL(3,R), I' = SL(3,Z), and e the identity element of G.
If L < G we shall denote by [g];, the image of ¢ € G under the natural
map G — G/L. We identify the space X = G/I" with the space of unit

volume lattices in R3 by identifying [g]r € X with the lattice gZ3 in
R3.

2.2. Let H = SO(2,1) < G, which we view as the subgroup of G
preserving the quadratic form Qy(x,y,z) = y* — 2zz. The following
subgroups of G will play a special role in the proof:

D={a(t):teR}< H a(t) = ) 1
1 s %
U={u(s):seR}< H u(s) = 1 s
1
1
U ={u(s):seR} <H u(s)=1s 1
% s 1
1 s
V={v(s):seR} £ H v(s) = 1
1

We shall use the notations u; and u(t) etc. interchangeably. Note that
D,U,U~ < H while VN H = {e}.

2.3. Theorem|[1.8|as well as the other number theoretic results of [DM]]
were obtained from the following theorem regarding the action of H on
X:

2.4. Theorem (Dani and Margulis). For any x € X, the orbit H.x is
either periodic or dense.

Note that by H.x periodic we mean that it is closed and supports
a finite H-invariant measure. As mentioned above, Theorem is
a special case of a general conjecture of Raghunathan that was later
proved by Ratner in |[R5]. In [DM3] a substantially more elementary
proof of Theorem (and hence the Oppenheim Conjecture) was given
based in particular on the observation that the following weaker result
suffices for proving Theorem [1.8}
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2.5. Theorem (Dani and Margulis). For any x € X, if H.x is not

periodic then there is a point y € H.x so that V.y C H.x.

2.6. In order to state an effective version of Theorem we need to
be able to measure the complexity of the periodic orbits H.x, to play
a similar role in the statement of an effective version of this theorem
to that played by the determinant of an integral quadratic form in
Theorem [L.I0l

There are several reasonable choices how to measure the complexity
of the periodic H-orbit H.z: for instance, one can consider the volume
of H.x or equivalently the covolume of the stabilizer of x in H.

Another logical choice is measuring the arithmetic complexity of H.x
using the discriminant as defined in [ELMV| and [EMV,| §17.3]). As
shown in [EMV| Prop. 17.4], one can bound both from above and below
each of these invariants of periodic H-orbits by the other.

Yet a third way of measuring the complexity of the periodic H-orbits
is through the connection between such orbits and integral quadratic
forms. Indeed, if H.[g|r is periodic, then ¢g"'Hg N T is a lattice in
g 'Hg, and hence in particular is Zariski dense there. Therefore, up to
multiplicative scalar, there is a unique quadratic form invariant under
g 'HgNT, namely Qpog. Since the elements of g-!HgNT are integral
there is a sy € R so that Qo = soQo © g is integral and primitive. We
set the quadratic discriminant of a periodic orbit H.[g]r, denoted by
disco(H.[g]r), to be |det Qo] = |so|”.

Since in this paper our main motivation is the study of quadratic
forms it seems to reasonable to use this height as a measure of com-
plexity. In any case, it is quite easy to bound the discriminant of a
periodic orbit H.x as defined in [ELMV, EMV| polynomially above and
below by discq(H.x), so for the purposes of this paper the discriminant
and the quadratic discriminant are essentially the same.

2.7. In addition to having a way of measuring the complexity of peri-
odic H-orbits, we need to choose how to measure the size of an element
h € H (or € G). We shall use both the Euclidean norm ||-|| and the
¢>°-norm ||-|| . on R?, and use the (Euclidean) operator norm on Mj;(R)
(in particular on the Lie algebra g of G). Let

(2.7a) B ={heH:|h—e|<T}.

Note the use of the operator norm, and not a Riemannian metric, in
the definition of these sets; we will also use at times a right invariant
Riemannian metric dg on G, and the corresponding metric (simply
denoted by d) on G/I.

2.8. Theorem. Let e, € (0,1) and x; € X,. Then for any T >
To(e)n=4 (with K, an absolute constant), at least one of the following
holds:
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(i) there is a point xo € G/I" with H.xo periodic and with
disco(H.xp) < T*

so that d(xy,z9) < T7!
(ii) there is a h € Bl so that h.xy € X, and so that for every

s € [—(logT)", (log T)"7] the point v(s)h.xy is within (logT) ™"
of a point in the set B;IKS.xl with K5, kg, k7 absolute constants.

2.9. The two cases given by this theorem are not mutually exclusive.
Indeed, Einsiedler, Margulis and Venkatesh [EMV]| have proved a gen-
eral quantitative equidistribution result (with polynomial rates) for pe-
riodic orbits of semisimple groups. An explicit version for orbits of
semisimple subgroups H which are maximal in GG, which is the case
we are interested in, was given by Mohammadi [M5|. The main results
[EMV], Thm. 1.3] or [M5, Thm. 1.1] of these papers show that the pe-
riodic H-orbits occurring in satisfy as long as discq(H.z2) >
(logT)¢, and hence by employing these results Theorem can be
somewhat strengthened. The proof of these theorems from [EMV]M5|
is much less elementary than the techniques of this paper, relying in
particular on uniform spectral gap estimates for congruence subgroups
which can be attained by combining Selberg’s estimates on the Fourier
coefficients of modular forms and the Jacquet-Langlands correspon-
dence. We prefer to state the theorem as above in order to keep this
paper self-contained and elementary.

A remark about notations. we use ¢;, C;, k;, K; to denote most of
the constants appearing in this paper. ¢; and k; will denote small
constants, i.e. constants that need to be taken to be smaller than
something depending on all previously chosen constants, and C; and
K, large constants in the corresponding sense. The paragraphs are
numbered, and the constants ¢;, C; are numbered per paragraph. The
constants k;, K; on the other hand, are global, and retain their meaning
throughout the paper. While we have not evaluated the various con-
stants involved our argument is quite explicit (indeed, we have made
an effort to keep it so!) and in principle the reader should have no
difficulty evaluated them if she or he would so desire.

3. OVERVIEW OF THE PROOF OF THEOREM 2.8

3.1. Our proof of Theorem [2.8] gives a new proof of Theorem [2.5] We
begin by presenting the steps in this new proof, then explain how the
statements need to be modified for a quantitative proof.

We split the proof of Theorem into two parts, first finding two
points in an orbit closure of a nonperiodic H-orbit that differ by an
element of V', and then using the dynamics along U to get additional
points on a V' orbit. Both of these ingredients appear in the original
proof (though in the context of studying minimal orbit closures), but by
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switching the order we can avoid some of the more intricate arguments
in e.g. [DM3] needed to control the relative position of two points on
which we apply the U-action.

3.2. Proposition. Let x; € X be such that H.xy is not periodic. Then
for any t > 0 there is a

xo € v(t)H.xy Nv(—t).H.zy

with xo & [P)]r for P; one of the two parabolic groups

P = or Py =

o O %
* % ¥
* % ¥
S * ¥
O ¥ ¥
* % X

Note that the conditions that xo & [Py]r is equivalent to requiring
that the lattice in R? corresponding to x5 does not contain a U-fixed
vector, and xo & [Py]r is equivalent to the lattice in R? correspond-
ing to xo not having a 2-dimensional rational subspace fixed by U.
Theorem now follows from the following:

3.3. Proposition. Lett > 0 and x5 € X \ ([Pi]r U [P]r). Then there
1s axz € UxoNY so that

v([—t,t]).x3 C D{v(—t),v(t)} U.xs

with Y C X a fized compact set.

3.4. Given these two propositions, it is easy to conclude the proof of
Theorem 2.5 Indeed, choose t; — oo, and for each ¢ find using Propo-
sition [3.2] a point

(3.4a) xéi) e v(t;)H.xy Nv(—t;)H.xy

with xg) ¢ [Pi|r U [P2]r. Now apply Proposition to find xéi) €
U.:cg) NY so that

o([—ti, ti])2S € D {v(—t;),v(t:)} Ual) € Hoar,

with the second inclusion a consequence of ({3.4al); indeed, since U and
V' commute

Du(t)U.aY) = DU.(v(t;).2S)) ¢ DUH.2; = Hoy

and similarly with —¢; replacing ¢;.
Since all xi(f) lie in the same compact set Y, there is a convergent

)

subsequence, and it is clear that if xéoo is a limit point of the xi(,f) then

Val™® ¢ Ha.
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3.5. In order to give a quantitative and effective proof, one needs a
quantitative substitute to the qualitative condition x & [Pi|r U [P]r.
For z = [g]r € X, let

o (z)”" = min{|jv||, : v € gZ* nonzero}

az(z) ™" = min{[jv Awl|, : v,w € gZ° linearly independent }
where we define the /*°-norm on R3 A R? in terms of the basis e; A e;
of R?* A R?® with e; denoting the standard basis of R3. Let a(z) =
max(o (z), ae(z)), and for any £ > 0 let

X, ={zeX:a(x) <r'}.
These form an increasing sequence of compact sets whose union is X.
Note that = € [Pi|r if and only if the corresponding lattice contains

a vector of the form (¢, 0,0)7; such a vector is contracted exponentially
by a(—t) — indeed,

c ce
a(=t) {0 =1 0
0 0

and hence if x € [P]r one has that a;(a(—t)z) > €'; it is not hard to
see that the converse also holds. Similarly, x € [B]r iff as(a(—t)x) >
el as t — 0o. As a substitute to X \ ([Pi]r U [P:]r) we shall make use
of the following:

3.6. Definition. For any d,x € (0,1) and k € R>o U {oo}, set
E(k,k,0)={r e X :VjeZnN[0,k], a(—j).x € Xpe-si}.

We extend this definition to all t € R by defining Z(k,k,0) = X for
kE <0.

We can now state the two results used to prove Theorem
3.7. Proposition. Let 0,1,¢ € (0,1) and x; € X,,. Then for any
T > Ty(6, €)n~Xs

(with Kg absolut and Ty effectively computable in terms of these
parameters), at least one of the following holds:

(i) There is a point x5 € G/T" so that H.xs is periodic and
disco(H.xzq) < T
dg/p(l’l,ﬂfg) < Tt

(ii) For anyT € [1,T%] there are h, W € B, 1’ € Z(ki1elogT, k1a,9)

TK10

and 7' € [7/2,7] so that
dG/F(U(_7_>-x/, hl’l) < ClT—nge
dG/F(v(T),"L‘,’ h/-l'l) < ClT—H13e

(1)Exp1icitly7 Ky can be taken to be 11.
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with K19 an absolute constant and cy, kg, K11, K12, K13 depending
only on 6.

Note that the constant K, of Theorem [2.8| can be taken to be equal
to Ky above.

3.8. Theorem. Fiz 0,k € (0,1). Then for any T > Ty(9), if
x1 € E(log(T/k), K, 0) t € (0, (logT)" ),

there is a s € [—=T,T)] so that x5 = u(s).za € E(:1logT,&,0) and so
that for every & € v([—t,t]).x3 there is a

£ € Bl pyis {0(=1),0(8)} u([=T, T1).23
with d(&,&') < (logT)"4; here R, k14, K15 depend only on 6.

Proposition[3.7jand Theorem 3.8]for a single value of § € (0, 1) clearly
imply Theorem [2.8. We state (and prove) them for all § € (0,1) since
this gives a more pleasing effective analogue of Proposition and
Proposition [3.3| respectively.

3.9. In [R2|, as a step in the proof of measure rigidity for unipotent
flows, Ratner proves in particular that in the context we consider here if
w is a U-invariant and ergodic probability measure on G/I" then either
the measures a_;u escape to the cusp as t — oo, or p is invariant under
a conjugate of H by V. While the context of her result is different, it
has a somewhat similar flavour to our use of Z(k, k, d).

4. INHERITABLE BOUNDEDNESS CONDITIONS

4.1. An important ingredient of the proof is the use of an appropriate
Diophantine condition that can be efficiently used in the main inductive
lemma. Recall that for any 0, x € (0,1) we let

Ek,k,0)={x e X:Vj€ZnNI0,k], a(—j).x € X,e-s;} .

4.2. Using the results on quantitative nondivergence, we show in this
section that the boundedness condition above is inherited for most
points on any u;-orbit.

We shall use a quantitative nondivergence estimate from [KM]; this
estimate due to Kleinbock and Margulis is based on [M1] and its modi-
fication by Dani in [D3]. The following follows directly from [KM, The-
orem 5.2] for the special case of us-orbits (and wu, -orbits) on X; as in
[KM] it will be convenient for us to work with £>°-norm on R? as well
as on R? A R? (with respect to the basis ¢; A e; with e; the standard
basis of R?).

4.3. Proposition. Let v € X, T > 0 be such that
(1) for any v # 0 in the lattice corresponding to x in R3,

> 1
max |usvl o >
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(2) for any linearly independent vectors v,w in the lattice corre-
sponding to x,

A > 1.
nax |ue(v Aw)l o >

Then for any e € (0,1)
m({t € [0,T] : up.x & X.}) < K14€'/*T,

where m denotes Lebesgue measure and K¢ an absolute constant. Fz-
actly the same statement also holds for u; .

The exponent here is % since for any vectors v, w € R? the functions
luw|| ., [Ju(v A w)||,, are the maximum of polynomials of degree < 2
and hence in the notations of [KM| are (C, 3)-good for some C (cf.
[KM} Lemm. 3.1 & Prop. 3.2]).

4.4. Proposition. Let 6, k, & € (0,1), k>0, and T > ek. Then for
any point x € Z(k, K, )
(4.4a)

~1/2
m{te€[0,T]:up.x € E((1—0)k+log(k) —10,R,0)}) < %

with K1 an absolute constant.

Proof. Set ¢; = ke % &; = ke %. By Proposition , for all j €
{0,...,[(1 = &)k +log(k)] — 10}

(4.4b) m ({t €[0,e7T) s wa_jo & X¢,}) < K66y ?e T

unless there is some j in this range and a one or two dimensional
sub-lattice of a_;.z corresponding to a vector p € R? or A?R? with

luepllo <1

throughout the interval ¢ € [0,e7T]. It follows that unless there are

such 7, p, equation (4.4al) holds.
In order to complete the proof of the proposition, it suffice to show

that the existence of such j, p is in contradiction to z € Z(k, k,0). Sup-
pose first p = 327 pse; € R®. Then p satisfies |up|| . < 1 throughout
the interval t € [0, Te ], hence |p3] < 1 and for all ¢ in this range

‘pl + tps + t2p3/2‘ <1
‘pz + tpg‘ < 1.
It follows that [pi| < 1, |p2| < C1e?T~1 and |ps| < C2e¥ T2, with e.g.
C, = é°. Then since T > €* and j < k — 6k + logk — 10 we have
T > Cie, "¢’ and hence

Ha—[ék—log/ﬂpHoo < ke % = ¢

It follows that
A_j_[5k—logk]-L ¢ Xek
and as j + [0k —log k] < k this is in contradiction to z € Z(k, &, 0).
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A similar argument holds if p € R3 A R3. Write p = piae; A ey +

p13e1 A es + pages A ez. Then e A es spans the ug-invariant subspace of
R3 AR3, and

2

wp = (p12 + tprs + 52923)61 A ez + (p13 + tpas)ea A €3 + pagea A €3

and the situation is entirely analogous to the previous case . U

In order to produce points in Z(k, k,d) starting from an arbitrary
initial point = we need to use the flow in the U~ direction:

4.5. Proposition. Let x € X,, for 0 <n <1, and T' > K7. Then

_ _ Ky6kY2T
(4.5a)  m ({t€[0,T]:allogn)u; .« & =(c0,k,8)}) < 11_6—6—5/2'

Proof. The proof is very similar to that of Proposition [£.4 Set ¢; =
ke~% . Applying again Proposition , we see that for all j > 0

(4.5b)  m ({t €[0,e/n'T] s uja(—j +logn).x ¢ X, }) < K16ejl./2

unless there is some 7 > 0 and a one or two dimensional sub-lattice of
a_jtlogn-2 corresponding to a vector p € R? or A’R? with

e pll., <1

throughout the interval ¢ € [0, e/n~1T)]. Tt follows that unless there are

such 7, p, equation (4.5al) holds.
In order to complete the proof of the proposition, it suffice to show

that the existence of such j,p is in contradiction to z € X,. Suppose
first p = Z?Zl pie; € R3. Then p satisfies Hut_pHoo < 1 throughout the

interval ¢ € [0,e/T]. A similar calculation to that given in the proof of
Proposition [4.4| shows that |p;| < C?T~2e~2n?, |py| < C1T e Iy and
Ips| < 1 for C} = €%, hence if T > e'On~!

ar(z)”" < la(j —logn)pll = max(n~"e’ |p1], |p2| ,me™ ps])
< e_jn

in contradiction to x € Xj,.
The case of p € A?R3 is similar. O
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To state the following lemmas, we need to name a few more sub-
groups of G:

ko ok ok
P = * ok U=|P,P]
*
*
P = * ok U =[P ,P]
*
t
A= s s, teR*» =PNP".

(st)~"

4.6. Lemma. Let g € G satisfy that hoag = gy for ho € BS_, a €

K18’

B2 and vy € T'\ {e} for sufficiently small absolute constant kg < 1

K18

(cf. for the definition of BZ). Then vy, is unipotent and moreover

at least one of the following two possibilities hold:
(1) o is not a generic unipotent element (i.e. (7o —e)?> =0)
(2) the lattice [g]r contains a nontrivial vector v with
[oll < Kig [0 —el] -
Proof. We begin by choosing kg so that if ||g; — e|| < kg for i = 1,2
then
[tr(g192) — 3], [tr((9192)%) = 3| < 3.
Since for every v € I' it holds that tr(y) € Z, it follows that if
lla — el ,||ho — e]| < Kk1s then g, hence hoa which is conjugate to 7, is
unipotent. It follows that
(4.6a) (hoa — €)* = 0.
Write hg = ujapu_ with ag € A and uy € U*; since multiplication
gives a local diffeomorphism U™ x A x U~ — G near e
lho — el < max([jus. — el , [lag — €], [lu- —el]).
By equation (4.6a]) (e.g. by applying (hga — €)? to the standard basis
of R?) it follows that
laoa — e < Crmax([luy —el|, [lu- —el])
from which we conclude that
[hoa — e < Ca [[ho — e

Suppose now that (7 —e)? # 0 (or equivalently, (hga —€)? # 0). Then
conjugating vy by an element of I' if necessary, we can assume that g
has the form
1 ny no
(4.6b) Yo = 1 n3 with ny,ng # 0
1
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Let ey, €9, e3 be the standard basis to R3. Then as hpa = gy0g ",
equation (4.6b]) implies that
-1
ell| = |n ey — ge
(4.60) lgell = |nal _Iliq% 2 — gea|
< |lgr0g" — €| llgeall < Callho — el [lge2] -

As ||hg — ]| < ks, if k1g is sufficiently small, by replacing o by p~tyop
and g by gp for suitable p € I' N P, we may assume that the inner
product (gey, ges) satisfies

(ge1, gea) < [|gexll llgez| /100.

A similar argument shows that
(4.6d) lgeall < Csllho — ell [[gesl|
and that without loss of generality (ge;, ges) < |lgeil ||ges|| /100 for

i=1,2.
Since det g = 1, the above bounds on (ge;, ge;) imply

lgeall llgezll [lgesl < 2.
Using the estimates (4.6c)) and (4.6d]) we conclude that
lger]|* < Callho —el*,

and hence v = ge; is a nontrivial vector in [g]r with ||v|| < ||ho — €]|.

4.7. Lemma. Let v € Z(k,k,0), with 6 < 1 and kK > 0. Then for
any s with Koy < |s| < ko1e=9% if hy = upagu_ € Bgls satisfies
u(s).x = ho.x, withuy €U, u_ €U, ag € A, then
_248
[u— — el > roz|s| 0.
with k1g an absolute constant, and Ko, Ko, Koo depending only on k.
Proof. Write x = [g]r with g € G; Then by definition

u(s)g = hogy

and clearly if s is large, the matrix v # e. In fact, we can say a bit more:
if s is large (say s > Ky), the matrix v will not satisfy (v —e)? = 0,
since it is conjugate to the matrice hy'u(s), and hy'u(s) cannot have
two orthogonal fixed vectors (hg is in some fixed neighborhood of e,
and for any given C' > 0, if s is large enough, the collection of vectors
v for which ||u(s)v|| < C'||v|| lie in a narrow cone in R3?).

Let 0 < t < k be an integer to be determined later, and write
g1 = a(—t)g. Then

u(e 's) g1 = a(—t)u(s)g = a(—t)hoa(t)gy.
It follows that hiagg; = g1y~ ! for

h = (a(—t)u(s)us a(t) - (aoa(—tyu_ a(t)ag’);
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note that
1A — el < Cr(e™ [s| + e [luy —ef| + e [lu- —el])
(4.7a) < Cyle ' |s| + e |lu_ —e|).

Since [g]r € E(k, k,0), we know that [gi]r € X,.-s, and so any non-
trivial vector in the lattice corresponding to [gi]r has norm > ke .
Using Lemma [4.6) we conclude that

(4.7b) |h — e|| > K ke ™.
Combining (4.7a)) and (4.7b|) we obtain that
5t

(et Is| +e* |lu_ —el|) > care ™.

We now choose ¢ so that

(4.7¢) %ﬁe(l"s)t <|s|] < 02—356(1’6)"/;

as long as K5y was chosen to be sufficiently big (depending only on k)

the condition on |s| in the statement of lemma implies that 0 <t < k.

Then

|lu_ —e| > %ﬁe’(”‘s)t

and hence by (4.7¢) it follows that ||u_ — e|| > |5|’%g- 0

5. A CLOSING LEMMA

5.1. We first introduce a few more notations. Since H is a simple Lie
group, g = Lie G splits into a direct sum of Ad H-invariant summands,
in this case given by g = h & m with h the Lie algebra of H and m an
irreducible 5-dimensional representation of H. We can further split m
into eigenspaces for Ad D, namely m = @?:_2 m; with

Ada(t)[v] = e'v  for v € my;
note that my coincides with the Lie algebra v of V.
5.2. Lemma (Closing Lemma). Let M > 0 be arbitrary, §,x € (0,1),
T > Ty(M,0,k) and x € Z(logT, k,5). Then there are constants kas,
Koy depending on 6, and a constant Kos depending on M (explicitly,

Kos = bM + 22) so that at least one of the following two possibilities
holds:

(A) There is a periodic H-trajectory H.x, with discg(H.x1) < T% and
d(x,z) <TM.
(B) There exist s,s" € [0,T] so that
u(s).z,u(s").x € Z((1 — ) log T — log(1/k) — 10, ka3, d)
and in addition the point u(s).x can be expressed as u(s).x =

hexp(m)u(s').x with h € H, m € m satisfying
|h—el <T7™, T8 <|m| < T "
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The following elementary facts will be useful in proving the Closing
Lemma:

5.3. Lemma. Let hy, hy be two non-commuting elements of H of in-
finite order. Then up to scalar, Qo(z,y,z) = y* — 2xz is the unique
(h1, ho)-invariant quadratic form.

The easy proof of Lemma [5.3|is left to the reader.

5.4. Lemma. Let A be a n X m-integer matriz and B a n X m real
matrix. Assume

|A — B |A|I" ™" < .

Suppose v € R™ is a nonzero vector with Bv = 0. Then there exists a
nonzero integer vector v' € 7™ with
(1) AV =0
(2) [V Al < Ko A= B|7 o]l
If in addition

dim{w: Aw =0} <1
then
(3) lv']| < Kos | A"

Here kog, Ko7, Kog are constants depending only on m.

Proof. Let ¢ = |A — B||, m, denote the orthogonal projection from R™
to the subspace Rv, and 7/ (w) = w — m,(w) the complementary or-
thogonal projection. Consider all integral vectors in the ball By (0) of
radius 7' = (3¢)~! in R™. There are > B(m)T™ — C,T™ ! such vectors
(with B(m) the volume of the m-dimensional ball), and for any such
vector w, w (w) lies in a m — 1-dimensional ball of radius 7.

It follows that there will be distinct w, w’ € Z™ with

7 (w— )| <2r  r=2(8(m)T) /™Y

since otherwise we would have > B(m)T™ — C,T™ ! disjoint balls of
radius r inside a ball of radius T'+ r in m — 1-dimensional space; the
total volume of these balls would be at least

(Bm)T™ — CLT™ N x B(m — 1)r™ ™t > B(m — 1)(2T)" 1 — CT™ 2,

which is greater than the total volume S(m — 1)(T + r)™~! of the ball
of radius T' + r if € is small enough — in contradiction.
Let v be a primitive integral vector with w —w’ € Zv', with w,w’ €
Z™ as in the preceding paragraph. Then
2

o< = llm()] < Cyelom D
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with C3 = 4(38(m))™ L. Since Bv = 0, it follows that
14/ < [A] @) + 1A = Bl )]
< Gy || Al /0 el
< 24 Cy||Al €/,

If we now impose the condition that e < (< HAH)ferl the integrality
of A and v imposes that Av' = 0.

The last statement |(3)| of the lemma follows from Siegel’s Lemma (or
the pigeonhole principle). Explicitly, there are > S(m)(T —1)™ integral
vectors w of size < T'; if the image of A is m — 1-dimensional, then
there are < f(m — 1) ||A|™" (T + 1) possibilities for Aw; hence
if B(m)(T —1)™ > B(m — 1) | A" (T + 1), ie. T > Cy | A™,
there would be a nontrivial integer solution to Av” = 0 with |[v"|| < 27T
by our assumption that the kernel of A is one-dimensional and v’ is

primitive it follows that v” is a multiple of ¢/, hence ||v/|| < 2C5 ||A||™ .
U

5.5. We now proceed to prove Lemma [5.2] Unless otherwise specified
the constants ¢;, C; are allowed to depend on ¢ (and only on §). Assume
that does not hold (for ka4, Ko5 to be chosen later, but a good choice
for Ko would be 5M + 22); we will show that this implies that
must hold. By Proposition [.4], taking

1—e9/2 2
Ro3 = (—2K16 )

we have that the set F' C [0, 7] defined by
F={se€[0,T]:u(s).x € Z((1—19)logT —log(1/k) — 10, Ka3,0)}

satisfies that m(F') > T'/2. It follows that there is a K-separated subset
S C F, i.e. a subset such that |s — s'| > K for every distinct s,s" € S,
with |S| > T/2K, for K > 1 to be determined later in a way that
depends on 60 only. Since Z(k — log(1/k) — 10, ka3,9) C Xy, and the
latter is a compact set (depending only on ¢) in a nice 8-dimensional
space, it follows that there is a T ~"-neighborhood O; in X containing
at least ¢;T'73" points from the set {u(s).z : s € S}. Here n (which
can be essentially identified with the constant kg4 in the statement of
the lemma) is a constant to be determined later according to . Let

Si={se€ S u(s)r e},
and enumerate the points of Sy in increasing order s; < .-+ < sy; in

particular N > ¢;T17%. Let 1 < j < N be such that Sjt1 — S; 1s
minimal; clearly
1 8n

Si+1 =8 S r(sw —s1) < o
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Fix g € G in some fixed compact lift of X
(5.5a) [g]r = u(s;).z.

For each 1 <7 < N let v; € I' be chosen so that gv; is the closest point
in gI" to u(s; — s;)g; write

satisfying

K23

(5.5b) u(s; — s;)g = wigy;  with [Jw, —el| <T7".

Note that since all u(s;).x are in the small neighborhood O; and S is
at least 1-seperated, v; # e for all i # j and also ~; # 7y for i # 7.

Finally, note that by (/5.5b))
(5.5¢) 7ill = g~ w; ulsi = s;)g| < Calsi — s;*.

There are two cases to consider:

5.6. Case 1: There are i, i’ so that v;, vy are noncommuting elements
of infinite order. If this happens, we will show that holds; in
we show that the complementary case leads to a contradiction.

Set
w; = hexp(m), wy = h' exp(m’)
with h,h' € H, m,m’ € m. Assuming fails, ||m|, |[|m’| < 7%=
where Ksj5 is as yet undetermined.
Writing
C=g "W u(s; — s4)g
and similarly ¢’ with i’, b’ replacing i, h we have that

(=exp(g 'mg)y (¢ =exp(g~'m'g)ys.

Note that since h™'u(s; —s;) preserves the form Qp = 22z —y?, we have
that Q2 = Qg o g is preserved by ( as well as ('. We apply Lemma |5.4
on the integral system of equations in 6 variables (the coefficients of
the quadratic form Q)

Qovyi=0Q
(5.6a) {Q oy = O

which corresponds to the matrix A of the lemma and the system of
equations

(5.6b) {Q °0=0
Qo¢ =@
corresponding to B. By we know that |||, ||v|| < CoT? hence
(5.6¢) |A — B|| < CsT*T*>
| Al < CsT*.

It is also clear that Q2 solves the system of equations (|5.6b)).
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It follows from Lemma [5.4] that if
(5.6d) |A— B ||A||5 < OST?2 5% < g

there is a rational quadratic form ()3 which is invariant under ~;, y,/. |(2)|
of Lemmal5.4limplies that @3 is nondegenerate, hence since ~; and ~y; do
not commute Lemma implies that the space of solutions of is
one-dimensional. It follows from of Lemma that all coefficients
of Q3 are bounded by < KyC3T?, hence 1 < |det Q3] < T%. We
also note that since g is in a compact region of X depending only on
J, the norm ||Qg o g|| can be bounded in terms of 6. Thus by of

Lemma and

lovos- .

OF

1
det Q31/3
Writing WQ;), = Qpo g and x; = [g1]r it follows that

disco(H.z1) < T%  d(z,z,) < TEK3)/5,
establishing if e.g. K5 was chosen to be 5M + 22.

5.7. Case 2: All v; commute with each other. In this case v1,...,vn
generate an abelian subgroup of G, and either all elements of this group
are unipotent or it is contained in a Q-torus of SL(3).

For any Q-torus L of SL(3,R), we have that

|L N Bf| < Cylog T?

with Cy absolute, which clearly contradicts the fact that N, the number
of the 7;, is > T8 if T is large (and 7 was chosen to be < 1/8).

Therefore all the v; are unipotent, and they all have a common fixed
vector. In fact, as we have observed in the proof of Lemma (4.7 if
the K chosen above on p. [18 was large enough, all the 7; are generic
unipotents. Let n € Z3 be a primitive vector fixed by all of the ;.
This vector is already determined by 7,41; hence ||n|| is bounded by a
power of ||v;j41]|. Indeed, e.g. using the fact that the range of v;11 — e
is two-dimensional by a pigeonhole argument similar to that given that
the end of the proof of Lemma it follows that

)| < Cs [lvjll® < Colsjen — 55" < C7T7.

For notational simplicity assume j < N/2 (the other case being

essentially identical). Applying both sides of (5.5b)) to n we see that
for all 4, in particular for i = 7+ N/4,5 + N/2

(5.7a) [u(si = s;)gnl| = [lwign]} < 2{|lgn],

(2)Here it would be sufficient to take Kas = 5M + 2, but in (5.6d]) we implicitly
assumed that Ko5 > 22.
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with g € G asin (5.5a). Write gn = (v1, va, v3)7, p(t) = vi+vot+vst?/2.
A considering the first component of the vector appearing on the LHS

of (5.7a)), we conclude that
Ip(t)] < 2||g]l |In|| < CsT**" for t = 0,1y,
where t1 = Sj+N/4 — Sj, tQ = Sj4N/2 — Sj. As
(t—tl)(t—tg) t(tg —t) t(t—tl)
t) =p(0 t)————= ty) ———
p( ) p( ) tits p( l)tl(tg—tl) p( 2)t2<t2—t1>

and using the fact that N/4 < tq,ts,to—t; < T (where the lower bound
follows from the s; being 1-seperated) we conclude that

”l)l’ S OgTSQU
[va| < 1000CRT 321N —2 < CyT—1H48n
[vg| < 1000C{T**IN~2 < CoT 2481,

Applying a(—(1 —0)log T + 10 + log(1/k)) to the vector gn, we find a
vector

v € a(—(1—6)logT + 10 + log(1/k))gZ?
with
[0/l < Con™ mmin(7 =104
On the other hand, by construction,
u(s;).x € Z((1 —0)logT — log(1/k) — 10, ka3, 0),
SO
[0']| 5 > crokas(s T %)’
which is a contradiction if we chose n so that
0(1—0) <1—6—48n.
and T is sufficiently large (depending on 0, k, M and 7). O

6. PROOF OF PROPOSITION

6.1. Using the Closing Lemma of §5|and the nondivergence estimates of
we can now finish the proof of Proposition [3.7} For the convenience
of the reader, we reproduce the statement of this proposition:

6.2. Proposition (Proposition 3.7). Let §,n,¢ € (0,1) and 2, € X,,.
Then for any
T > Ty (0, €)nXs
at least one of the following holds:
(i) There is a point x5 € G/T" so that H.xs is periodic and

discg(H.zp) < T
dG/F(ZL‘l,ZEg) < T_l.
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(ii) Fo:l any 7'[ 6/[1,]T6“9] Zhere are h,h' € Bl ., ©' € Z(ek1110g T, K12, 0)
and 7 € |T/2,7T| so that

der(v(=7).2’ hay) < e T~
der(v(r).a' W @) < e, T73

We recall that K7y will be an absolute constant and ¢, kg, K11, K12, K13
are allowed to depend only on §.

Proof of Proposition [3.7. Let §,n,¢ > 0 and z; € X,, be given. Assume
alternative in the statement of Proposition does not hold, i.e.
there is no point y € G/T" so that H.y is periodic and

disco(H.y) < T*
deyr(z,y) < T

By Proposition [4.5] for an appropriately chosen x = x(8) > 0, there
is a t; € [0, Ky7] with zo = a(logn)u™(t1).z; € Z(c0, K, d).

Now apply Lemma 5.2/ on 5 with 7y = T?* and M = 2. If of
Lemma holds, then there is a H-periodic y with

disco(H.y) < TP = T
der(za,y) < T =T712,
It follows that
der(z1,u™ (—t)a(—logn).y) < n *T~"2

which contradicts our assumption that alternative|(i) in the statement
of Proposition [3.7] does not hold if T' > Cyn=10.

Thus setting Kg = 11 and 7Tj larger than an absolute constant we
may conclude that there are so, 55 € [0,73], h € H and m € m so that
x3 = u(s2).72 and xf = u(sy).xy satisfy that x3 = hexp(m).z} with

|h —e|| < Ty "™, TfK% <m<T;"™
mg,xg € Xyos

with Koy = 5M + 22 and ko3, kog absolute constants. Lemma [5.2
provides us with a bit more information on x3, 2%, namely that they
are in =(log T, K23, d), but we shall not be using this, as we have to
apply Proposition 4.5 again in any case to avoid m being very close to
the Lie algebra v of V.

Let x4 = exp(m/2).25. Applying Proposition we may conclude
that for most ¢, € [0, Ky7| the point a(r)u™ (t2)z4 € Z(00, k(4),d) with
r = log(1/k23). Recalling the decomposition m = @7__, m; with
my = v from §5.1] the m_, component of Ad(u~(t2))m is a polyno-
mial of degree 4 in t, with coefficients that are essentially given by the
components of m. Let ¢, : R — m_5 denote this polynomial. Since
for most ty € [0, Ki7] the norm of the polynomial ¢(ts) is comparable
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to the norm of its largest coefficient, we can conclude from the above
that we can find a ¢y € [0, K17] so that

a(ryu”(t2)zs € Z(00,#(0),0) and  [|gm(t2)]| = s [Iml[-

Let x5 = a(r)u™ (t2)xs and m' = Ad(a(r)u=(t2))m. In addition to
being in =(o00, k(4),d), this point has the property that

exp(xm'/2).a5 € B4,

Write m’ as m' = m_,+- - -+m, with m, € m;, and note that by choice
of tg,
[mof| > || T <l || < T
Suppose now that 7 > 1 is given. Let T, > 0 be the smallest such
that
[Ad(u(T2))m/|| = 7
00 7
(recall that in our normalizations ||[0 0 0 ]| =7).
00 0
In the degree 4 polynomial ¢ +— Ad(u(t))m’ the coefficient of the
4th order term is essentially m_,. As ||m,2H > T2 we have that
T < TIK 2/421/4 for some Cy > 0; indeed, in view of the explicit form
of K5 given above Th < T120€—1+5.57_1/4 < T4 for some absolute
constant Cs. As ||| < T, it follows that Tp > T{74 (with cg
depending on 4).
Since for an appropriate absolute constant ¢; € (0,1) we have that

1A (u(t))m]| > g for t € [(1 — er)Ts, Ta).

By Proposition it follows that there is a t3 € [(1 — ¢7)T5, T3] for
which

u(ts).zs € E((1 — 0)log T — log(1/k(6)) — 10, R, J)
provided that
Ki6TRY?
1 —e9/2
Finally, consider the polynomials R — m

Ad(t)m,

for —2 < ¢ < 2. In each, the highest order term is its my component,
and all nonzero coefficients of ¢ — Ad(t)m; are of the order |m,||. It
follows from definition of Ty that for ¢ € [0, T3], the components of
Ad(t)m in m; for i # 2 are < 7T, . Let x5 = u(t3).z5 and 7" > 0 so
that the my component of Ad(¢3)m’ has 7/ in its right upper corner, i.e.
is equal to v~ — e. Then

x6 € Z((1 — d) log Ty — log(1/k(6)) — 10, &, )

< c7.



EFFECTIVE ESTIMATES ON INDEFINITE TERNARY FORMS 24

and
d(v(£7'/2).26, exp(£(Ad(t3)m') /2).26) < 7Ty .
As
exp(£(Ad(t3)m')/2).x6 € BgS(TlJrTQ).xl
the proposition is proved. O

7. DIVERGENCE PROPERTIES OF NEARBY U-ORBITS

7.1. In order to study the divergence properties of u;-orbits, we make
use of the representation p : G — Aut(W) with W = R3®(syma(R?))*,
which arises from the usual action of G on R®, and the action of G
on (symsy(R3))* given after identifying (syms(IR3))* with the space of
ternary quadratic forms by (¢9.Q)(v) = Q(g 'v).

Let ey, e, e3 be the usual basis of R?, and Qq(z,y,2) = y* — 2z2 €
(symo(R3))*. The vector wy = €1 & Qo € W is fixed by U, and an
easy calculation shows that in fact U = stabg(wg). We note that the
pair (Qo,e1) give a signature (2, 1)-quadratic form, of determinant 1,
and a nonzero isotopic vector for @)y, i.e. a nonzero vector v satisfying
Qo(v) = 0. Since the action of G preserves these properties, it follows
that p(G)wy is contained in

G ={v® Q : Q has signature (2,1), detQ =1, v # 0, Q(v) = 0}.

Since G acts transitively on the collection of signature (2, 1)-quadratic
forms, and H acts transitively on the set of nonzero isotopic vectors of

Qo (cf. [C]) in fact p(G)wy = G.

7.2. We fix a rational cross section W to U in G, i.e. a subvariety of G
so that the map (w,u) — wu gives a birational map between W x U
and G. A concrete choice for W is

1 *x *
W=U"A|0 1 O
0 01

Then the map g — p(g).wy restricted to W gives a birational map
between W and the smooth quasi-affine variety G. The rational map
0 : G — W inverting this map can be given explicitly as follows: let
v1 @ @ be a point in G, i.e. @) is a signature (2, 1) quadratic form with
determinant 1 and v; € R*\ {0} with Q(v;) = 0. The quadratic form
Q(v) defines a bilinear form in the usual way Q(v,w) = 1(Q(v + w) —
Q(v) + Q(w)). We complete v; to basis vy, vs, v3 of R? as follows: first
find v3 € (vq, e3) satisfying

Q(v1,v3) = =2 Qv3) =0

(this is possible as long as Q(vy,e3) # 0). Then fix vy by the three
linear conditions

Q(v1,v2) =0 Q(vs,v2) =0 det(vy, va,v3) = 1.



EFFECTIVE ESTIMATES ON INDEFINITE TERNARY FORMS 25
It follows that
—Q(v2) = det (Q(vi, v5)), ;= 3 = det @ - det(vy, va, v3)? = —1

hence if we compose ) with the matrix (v;v9v3) formed by the column
vectors vy, g, v3 we get Qp. Thus o : v1 & Q — (v1v9v3) gives a rational
map G — W inverting the map g +— g.wq; it is also clear that o is
regular at wy.

7.3. Lemma. Let Wy denote the space of p(U)-invariant vectors in W.
Then Wy is given by

WU: <e1@0a0@Q070@QT>7

where Qq is the quadratic form above and Q+(z,y,z) = 22*. The inter-
section G N Wy is a Zariski open subset of the two dimensional affine
plane

(73&) Wy = {te1 D (QO + t,QT) : t,t/ < R} .

Proof. This is essentially a combination of the trivial observation that
e; spans the U-invariant vectors in R?® and the fact (easily verified by
direct calculation) that any U-invariant ternary quadratic form is a
linear combination of @)y and Q)+ above.

Recall that G consists of all points v @ Q with v € R? nonzero and
isotropic for the signature (2,1) quadratic form @ of determinant 1. If
v®Q e GNWy then Q = sQ + s'Q+ and as det(sQo + §'Q;) = s° it
follows that s = 1. Moreover from the description of G it follows that
every v ® QQ € Wy with v # 0 is in G. O

7.4. One can say a bit more about G N W,. Our choice of cross section
W satisfies that AV C W. Since

t

p 1 ) v(s) | wo = te; © (Qo + st*Qy)
-

it follows that for ¢ # 0

2

o(cer & (Qo +bQt)) = ) 1 . v(—).

We also make note of the identity

C—l

1 Ju(s)o(cer & (Qo+bQy)) =v (S; b)

C

that will be useful later.
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7.5. The space W splits into three irreducible components under the
action of p(H): R3, a one-dimensional representation spanned by the
p(H)-fixed vector 0bQ and a 5-dimensional representation (that there
are only three irreducible representations follows from the fact that the
space of p(U)-invariant vectors is three-dimensional).

Fix an Euclidean norm ||-|| on W according to which these the ir-
reducible subspaces are orthogonal and moreover in each irreducible
representation of p(H) the eigenspaces of p(D) are orthogonal. We
further scale ||-|| so that every p = v & @ with ||p — wo|| < 1 satisfies
that @ is nondegenerate of signature (1,2), v # 0 and p is regular on
G N By (wy). For every p € W we let Ty, and 7y, denote the closest
point on Wy or Wy to p respectively, and WIJ,“/U (p) = p — mw, (p) (and
similarly for ).

7.6. Lemma. For everyv € W\ Wy consider the least T > 0 for which
llp(ur)v — || > 1. Then
(7.6a) HT&'IJ,{/UUH

with implied constants absolute.

A similar estimate holds also for T > 0 the least number satisfying
lp(=T)v—wo| > 1, orifve (W\Wy)n B}%(wo) for T the least
number satisfying ||p(—T)v — wp|| > 1.

e < il

Proof. p(t) = p(u;)v — v is a vector valued polynomial of degree < 4
whose maximal nonconstant coefficient is bounded above and below by
absolute constants times HW‘#,UUH. In particular, p(t) is not a constant
as v & Wy, hence ||p(t)|| — oo as t — oo. The estimate for
T =min{t > 0 : [|p(t)|| > 1} or T" = min{t > 0 : ||p(—t)|| > 1} now
follows from general properties of degree < 4 polynomials. The case
of T'= min{t > 0 : |[p(u)v — wo| > 1} follows similarly by taking
pi(t) = p(ug)v — wp, and noting that by construction [|py(0)| < 1/2
while [|p1(T)|| = 1. O

7.7. Lemma. Letv € (W \ Wy)N B}%(wg) and

T =min{t > 0 : |[p(us)v — wo|| > 1}.
Then for 0 <t < T it holds that
(7.7a) ™, (p(ug)v)|| < T

Proof. Suppose t < T/2. Write v’ = $p(u;)v, and apply Lemma
to v'. Since ||p(us)v —wp|| < 1 for all s € [0,7], it follows that for
s €[0,7/2]

|l p(urs)v — pug)v|| < 2 for 0 < s <T)/2.

Consequently, v’ satisfies the conditions of Lemma for 7" > T/2.
Thus by the second inequality in ((7.6al)

T < 2T < ||mig, (V)]



EFFECTIVE ESTIMATES ON INDEFINITE TERNARY FORMS 27

which is equivalent to ([7.7al). U
7.8. Lemma. Let g € G satisfies that p(g)we € B} (wo). Then

(7.8a) 7w, (p(g)wo)[| >< ||miz, (p(g)wo) ||
Proof. Since W, is an affine subspace of Wy the left-hand side of
(7.8a)) is > the right hand side. To see the opposite inequality, let

Ty, (p(g)wo) = ae & (a1Qo + a2@Q4) with Qo, Q+ as in Lemma |7.3) and
a,ai,as € R. Since p(g)wy € G, it has the form v & Q with @ an

indefinite quadratic form of determinant 1. As det(a1Qo + a2Q+) = a3,
and since by the conditions on g, the scalar a; is in some fixed compact
subset of (0, 00),

lar =1 < [lp(g)wo — T (p(g)wo)ll = || 7w, (p(g)wo) | -
But this in turn implies that

Jotarn = Leve (@t 207) | < I, oty

1
On the other hand, as e d (Qo + %QT) € Wy the left-hand side of

the above equation is > ||, (p(g)wo)|| which concludes the proof. [

01
7.9. Letu= 0 1| sothat U = exp(Ru). The following is a con-
0

sequence of the elementary theory of finite dimensional representations
of sl(2,R) = Lie H:

7.10. Lemma. Let dp denote the representation of g corresponding to
p. Then for every n it holds that
7w, (dp(n)wo)|| > ||u_|
where n = u_+ a+u, with u, € Lie(U*) and a € Lie A
Proof. Decompose [u,n] also as [u,n| = v+ a’ + «/,. Note that as
1 0
u,d= 0 1

0
-1 1

0
form a sl(2, R)-triplet, Hg’_+g’” > HQ_H
Since dp is a Lie algebra representation and dp(u)wy = 0,
dp([u, n])wo = (dp(u)dp(n) — dp(n)dp(u))wy = dp(u)dp(n)wo.
As Wy is by definition the kernel of dp(u), it follows that
(7.10a) || 7w, dp()wo|| > [|dp(fu, n])wol

Decompose the space W into dp(d) eigenspaces. The vector wy is
in such an eigenspace, with eigenvalue one. Hence dp(u’ + a’)wy has
components in the eigenspaces with eigenvalue < 1, and dp(v/, )wp in
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eigenspaces with eigenvalue > 1. By our choice of norm on W it follows
that

ldp([u, n])woll > ||dp(u’ + a')wo > ||Ju" + || > ||lu_

hence by (7-104),

7.11. Proposition. Let hg = u_auy. € BS \Ng(U) withu_ € U™, uy €
UT,a € A and Koy a sufficiently small absolute constant. Then there

are
(i) T > 0 with |ho —e| /* < T < |Ju_ —e|| ",
(i) polynomials c(t),b(t) with Fy(z) = c(t)™2(x + b(t)) satisfying
max |F(x) — x| < kg forte|-T,T],

11
x6[72,2]

9

i, dp(m)wol| > [lu_| =

=kKzy fort=-=T orT

(iii) @ rational function ¢ : [-T,T] — R satisfying
K[ty = to] < |o(t1) = 6(ta)] < Kay |ty —to|  for all ty,ty € [T, T)
so that for every t € [=T,T] and p € G/T,

<40 bt »
d [ u(t)ho.p, 1 o) v(c(t)2)u(¢(t)).p < T

Note that it follows from the above equation (or from the definition of ¢

below) that ¢(0) is small; e.g. a suitable choice of ka9 would guarantee
that |¢(0)| < 1.

Proof of Proposition[7.11]. Let T1 = min{t > 0 : || p(utho)wo — wpl|| >
1}. By Lemmal[7.3] we can write the polynomial map ¢ — my, (p(usho)wo)
as

Ty (p(utho)wo) = c(t)er ® (Qo + b(t)Q4)

with ¢(t), b(t) real valued polynomials of degree < 4.
Define ¢(t) by

(7.11a) 0 (p(utho)wo) = urhot—g (1),

ie. ugw = (0(p(ucho)wo)) ' usho. Note that such ¢(t) must exist as
0(p(g)wy) € gU for every g € G. Since p is a rational function on
G and is well behaved on G N B3 (wy), the function ¢ defined above
is rational, and well behaved as a function of ¢ as long as p(u;hg)wo
remains in B{" (wp).

By Lemma and it follows that for |¢t| < T}

|| i, (p(usho)wo) || < T
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hence by the regularity of ¢ on G N B (wp)

da (o(p(utho)wo), o(mw, (p(uiho)wo))) =
(7.11b) de (ushou—gy, hi(t)) < Ty,

with

Applying both of these elements to the point ugp we see that
d (usho.p, b (t)ugey.p) < T7

If one chooses K3y appropriately, it is clear that there will be a 77 with
T <« T; < T for which condition is satisfied.

Finally, regarding [(iii)| observes that by (7.114) for ¢1,t, € [-T,T],
Ui —o(tz) = (0 (p(us, ho)wo)) ™"y, 1,0 (p(ur, ho)wo) -

As o (p(ughg)wp) is in a fixed compact neighborhood of e € G, say €2,
for all t € [-T,T], we see that for any t1,t, € [T, T]

Ug(tr)—(t2) € Q_1ut1—t2Q
and follows by comparing norms. O

8. SOME PROPERTIES OF RATIONAL FUNCTIONS

8.1. Lemma. Let a(t),b(t),c(t) be polynomials of degree < d, with
c(t) >0 ontel0,1]. Set Fi(z) = (ESZ*"B + CIESL with A, B nonneg-
ative integers. Assume that |Ft( ) — :1:| < p for all t € [0,1]. Let
(1),

C =max(A, B), M = maxcp ¢ mingejo 1) c(t). Then

e

with K3y depending only on d, A, B.

max
t€[0,1]

(975

Proof. Since |Fi(z) —z| < pont € |0,1] it follows that the coefficients
of the polynomial p(t) = c(t)¢ (c(z§§?4x+ C?S?g - x) are all < M%p
hence maxeo 1) |[p'(t)] < C1MCp. Tt follows that
OFy(z)| _ | P'(1) (1) (Fi(x) — x)
ot c(t)® c(t)?

M\ ¢ M
< Cip (E) + pr-

+C
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8.2. Corollary. Let c(t),b(t) be polynomials of degree < d, with c(t) €
(6,071 on t € [0,1]. Set Fy(z) = c(t)Px + b(t)c(t)?, with A, B € Z,
and assume that |Fy(z) — x| < p for allt € [0,1]. Then

2F,f(x)

max
ot

<K
tel0,1] = Basp

0
iy nit
e gt @

with K33 depending on d, 9, A, B.

Proof. This follows directly from Lemma as F, ' (z) = ze(t) ™ —
b(t)c(t)B=4, hence that lemma applies to both F}, and F} ' O

< Ks3p.

9. THE COMBINATORIAL LEMMA

9.1. Definition. Let S C R and I an interval. The total density of S
on I is defined to be

§(S; 1) = |1 /IdR(:c,S)dx.

9.2. Lemma. Let S be a closed subset of R, and I be an interval con-
taining at least one point of S. Then for all o < 1

m{{zel:dxS) <ad(S;1)}) > alll/8.

Proof. We first show that there is a subset D C I of measure > «|I| /4
so that

1
9.2a —/da:,S de < ad(S;1)/2.
(9.22) 5y [ $)dr < ad(s: 1)/
Indeed, let J be one of the the connected components of I\ S. Then
at least one of the endpoints of J is in 5,

A<l [ dw.s)de < a1 /2
J
and therefore there is a subinterval J' C J with |J'| > «|.J|/4 so that
1 o
— | d(z,5)dr < —— [ d(x,S)dz.
T 2177 J,

Taking D to be the union of these subintervals J’ gives .

Now by Chebyshev, the measure of those x € D with d(z,S) >
ad(S;1)is < m(D)/2, hence there is a subset of I of measure > m(D)/2
on which d(x,S) < ad(S; 1) and the lemma follows. O

9.3. Theorem (“Combinatorial Lemma”). Let ¢(t),b(t) be polynomials
of degree d with ¢(0) = 1 and b(0) = 0 and A, B € Z. Set Fi(z) =
c(t)x + b(t)/c(t)?. Assume that for A € (0,1/3]

(i)  |Fi(z) — 2| <A forallt €[0,1] and x € [0,1]

(i) |Fi(z) — 2| = A for some x € [0, 1].
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Then there are Ksq, k35 > 0 depending only on d, A, B, A so that for
every S C [0, 1] containing the endpoints of this interval the set

_ i Q. 6(5;[0,1])
G- {t € 0.1]: mind(5 U [FJ(5):[0.1) < S
satisfies that m(G) > Kgs.
Proof. For any z € [0,1], let
ry = max {|Fy(z) —z|: 0 <t < 1}.
It follows from |(i)| of the statement of the theorem that
b(t
(9.3a) c(t)? € [1-2A,142A], Cé)L € [-AA] for all t € [0, 1];
also note that for any ¢ € [0, 1]
(9.3b) (F) ™" (2) — & = —(Fi(x) — 2) /e(t),
Suppose first that there is some connected component («, /3) of [0, 1]\
S with f — a > A/40. Tt follows from tha
A2
max(| (o) — ol [F1(8) — 8) > 5
Without loss of generality, assume |Fj(a) — a| > A?/40. Let € = 1 if
Fi(a) > a and € = —1 otherwise; by (9.3al) and (9.3b) it follows that

2

Fi(a) > —.

From Corollary it follows that there is a set £ C [0, 1] of measure
> ¢; (depending only on d, A) so that for t € E

Ff(a) € (a+ A?/240, a + A?/120)
and since 8 — a > A?/40 it follows that for t € F
6(SUFL(S);0,1]) < (1 —¢2)d(5;[0,1])

for co > 0 some function of A, and the theorem follows.

Thus we may assume for the rest of the proof that every connected
component of [0, 1]\ S has size < A/40. Clearly it suffice to show that

1,1 1 41
(9.3¢) / / d(xz,SUF(9)) dtd:v+/ / d(x, S U F1(S)) dt dw
0 Jo 0 Jo
< (2 —¢3)0(5;[0,1]),
with c3 depending only on d, A, B, A.
Equations ({9.3a)) and (9.3b|) imply that for any = € [0, 1]
[z —ry/3,x +1,/3] C{Ff[z]:t€[0,1],e ==%1} C [z — 3ry, x + 3r,].

(3)The exact value of the constant on the right hand side is irrelevant, hence we
omit the details.
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Using the above bounds on ¢(t) it also follows that for any y,t € [0, 1]
5 _ _
(93d) |Fi(y) - F@)l < gly—al  [F(y) - F @) <3y -2l

hence for every y € [x — r, /20, z + r,/20] it holds that
(9.3e)
[x—71./20,24+71,/20] C {Ffly] :t € [0,1],e = £1} C [x — 4ry, x + 4r,].

Out of the intervals [x — r, /20,2 4 r,/20] N[0, 1] we can extract two
disjoint subcollection J; so that

U~

i=1,2 J€J;

For any connected component I = (a, ) of [0,1] \ S we mark one
endpoint as follows: Let

o(z) = {Fl(x) if ¢(1) < 1

F'(z) otherwise.

Mark o if ® mowes it to the right more than it moves [ to the left, i.e.
if

P(a) —a = f—0(B);
otherwise we mark the point 5. Note that since ® is a contraction, at
least one of ®(a) — a, f — ®(f) must be positive.

We then remove from both [J; and 75 all those intervals fully con-
tained in I but which do not intersect the third of I nearest the marked
endpoint of [; after performing this operation for every connected com-
ponent of [0, 1] \ S we obtain two new disjoint collections J;, J» so that
for every connected component I of [0,1] \ S at least one third of I is
contained in the union (J;_, , ;¢ 7 J. It follows that

26(S;10,1

> /d(x,S)de w
JETUT2

Hence for an appropriate choice of i, J = J; is a disjoint collection of

intervals with
1
Z/ (x,8)dx > (Sg[)O ])
Jej

In order to prove , it is clearly enough to show that for every
JeJ

(9.3f) /J iz /0 i, S U F(S)) dit
+ /de/ol d(x, SUF(S))dt < (2 — Kgﬁ)/}d(!E,S) dzx.

There are two cases to consider:
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The interval J intersects S: In this case, we apply Lemma [9.2] on
J to find a subset E C J with m(E) > ¢4 |.J| so that

d(y,S) < 0.016(S; J) for every y € E

where ¢4 is an absolute constant. Write J = [v—r, /20, x+7,/20]N[0, 1]
for some x € [0, 1]. We recall (9.3€), which states that for every y € J

[z —1,/20,2+7,/20] C{FS(y):t €[0,1],e = 1} C [x —4ry, z+4r,];

moreover, at least one of the intervals [z —7, /20, y| or [y, x+7,/20] is in
{F,(y) : t € [0,1]}, with the other interval being in { F; ' (y) : t € [0,1]}.
For notational convenience we assume [z — r,/20,y] is in that set
(the other case being identical). Using Corollary we deduce that
|2 F(y)|, | 2F " (y)| < Cs]J]| for all ¢ € [0,1]. It follows that

m(E N[z —r,/20,y])
maXie[o,1] |%Ft(y)|
m(E N[z —r,/20,y])

N Cs |J|

m(E N[y, z +ry/20])
maXie[o,1] ’%Ft_l(y”
m(E Ny, xz + r,/20])

m({t €0,1]: F(y) € E}) >

m({t€0,1]: F'(y) € E}) >

- 2C5 |J|
We obtain that there is a choice of € = 41 for which
m(E)
te|0,1]: Ff cFEY) > = cg;
m({re0.1): Fy) € B) > 5o = oo

note that cg depends only on d, A, B and is clearly < 1. Whenever
Ff(y) € E it holds that

d(y, F,°S) < 3d(Ff(y),S) <0.036(S; J).
This implies that

1 1
(9.30) / d(y, SUF,S)dt + / d(y, S U F1S) dt
0 0
< (2 —cg)d(y,S) + 0.03¢c60(S; J).

Trivially, the left-hand side of (9.3g)) is also < 2d(y,S). Let E' =
{y € J:d(y,S) <0.030(S;J)}. Then

1 1
/ dm/ d(xz,S U F[S]) dt + / da:/ d(x, S U F1S]) dt
Ner Jo Ner Jo
< (2—cg) / d(z,S) dz 4+ 0.03cgm(J \ Ed(S; J),
I\E'
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and clearly
2/ d(z,S)dx < 0.06m(E")o(S;J)
El
< (2 —cp) / d(z,S) dz 4+ 0.03cgm(E)(S; J).

Hence

[]dx/old(x,SUFt[S])dt+/de/old(x,SUFt‘l[S])dt
< (2= ) /J d(x, S) dz + 0.035(S; J)

and (9.3f]) follows, in the case J NS # 0.

The interval J is disjoint from S: Again, write J = [x—r,/20, 2+
r./20] N [0, 1] for some z € [0, 1], and let I = («, B) be the connected
component of [0,1] \ S containing J. Set ¢ = (f — «). Since S in-
tersects every interval of size %, it follows that r, < A/2 and hence
in particular |(c(1) — 1)z +b(1)] < A/2. Condition of the state-
ment of the theorem implies that there is some 2’ € [0, 1] for which
(c(1) — 1)2’ + b(1)] = A, hence |c(1) — 1| > £. Without loss of gener-
ality, we may assume that in the terminology introduced on p. |32 the
point « is the marked endpoint of the interval (a, 3).

Let ®; = (F};)¢ where e = 1 if ¢(1) < 1 and € = —1 otherwise. Then

2

0

—~ P < _ =

dy y) < 2+ A
and hence

(@1(0) = ) + (8- 01(8) 2 525

Since « is marked, we have that ®;(a) —a > (8 — ®1(F) hence

A
(9.3h) Qi (a) > a+ ?g

Also, by definition of 7, and (9.3al), for all ¢ € [0, 1]
|®y(x) — x| < 3r,
and it follows from that for all ¢ € [0, 1]
(9.3i) |Dy(a) — ] < 3rp +3(z — a) < 6(z — ).

In particular, setting ¢ = 1 and comparing with (9.3h|) we see that
x>a+ %. Since

/d(m,S)dx:/ |:v—oz|dx+/ | — x| dz
J Jﬂ[a,a+g] Jm[a+%”8]
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and since by assumption J N [a, a + £/3] # 0 it follows that

(9.3j) / |z — of de > 07/d(:17,5') dx.
Jﬂ[a—i—ﬁ,a—k%] J

Now by Corollary [8.2 (9.3L)), and (9.3) there is some cg depending
only on the d, A, B, A so that if

r—a« r—a
EJ:{tE[O,l]: 500 < Pilo] —a < 100}

then m(E;) > cs. If t € E;

/J o [(Py()) [o] — x| do < 0.99/ |z —al dx
Nlat555 .0+ 35

£ £
500 JN[o+ 555 0+ 5]

and so by (9.3]))
/d(m, SN®.S)dr < (1 —0.01¢r) / d(z,S)dz
J

J
and

1
/ /d(az, SN®.S)dedt < (1 —0.0lcres) / d(x,S)dx.
0o Js J

10. THE MAIN LEMMA

We now state our main “bootstrapping” lemma, which we derive
from combining the combinatorial lemma of the previous section (The-
orem [9.3)) with the properties of the U-action developed in sections

and §7]

10.1. Main Lemma. Let §,x € (0,1), and k > ko(0). Then for any
(A1) x1 € 2(k + log(1/k), Kk, d) (cf.

(A2) I C R a closed interval centered at 0 with |I| < efs7k,

(A3) S C I a subset with dI C S

there is some s € [—e*,e*] and a set S" with OI C S' C I so that:

(B1) u(s).zy € Z(kask, R, 9),

. 5(S;1)

(B2) 6(5"1) < T2

(B3) every point of v(S")u(s).xy is within e="°% of a point in the set
Qpu([—e®, ek )v(S).x1, with Qp C D an appropriately chosen
fixed compact subset.

Here i, k37, K3g, Kag are constants depending only on §, while k39 is an

absolute constant.

Proof. Set o = log|I|, and [ = eI = [-1 i]. By Proposition
applied with T' = %e"‘ the set

F={]s| <ie": .2y € E((1 - 0)k —10,%,6)}
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satisfies that
K16 R1/2
1 —e9/2
with Kjs as in Proposition [£.4f moreover, if & is sufficiently small,
depending on ¢ the right hand side of the above equation can be made
to be arbitrarily close to one. The precise choice of £ will be specified
later; in addition to 6 it depends on the constants of Proposition [7.11]
Theorem [9.3] but will not depend on any other choices we make in
this proof. In particular, we assume & is sufficiently small so that
e ®*m(F) > 1/2. Unless otherwise specified, all the constants ¢;, C;
appearing in this proof may depend on ¢ as well as our as yet unspecified
choice of &[]

Let

e *Fm(F)>1-

(1-0)

4420

It follows from the lower bound above on the measure of F' that there is
a subinterval J C [—3e¥, 1¢*] of length e®* so that m(JNF) > |J| /2.
The lower bound on m(J N F) implies that we may extract from J N F'
a R—separate finite subset £ C F of cardinality > |.J| /2R, with R
depending only on & (specifically, R = Ky of Lemma [4.7 applied to
points in Z(+, &,4)). Since

{ug.x1 : £ € B} C =Z((1 —0)k — 10, &,6) C X,
we conclude that there must be two distinct points &, &' € E with
(10.1a) d(ue.x1, ugr.zy) < Cre1k/8

] =

(the number 8 appears because it is the dimension of X). Write 25 =
Ug. X1, ThH = Ug.T1; assuming Cre~ %/ ig smaller than some absolute
constant (equivalently, that k is larger than some kg depending on §)
we have that z, = hg.zy for hg sufficiently close to the identity for

Lemma . Moreover implies that
(10.1b) |ho — €|| < Che™1*/8,
On the other hand, if R is sufficiently large the bound
R < ¢ =€ <|J] = cne*
implies by Lemma [£.7] that we may write hy = ujaou_ with uy €
U, u_ eld ,ap € A and
- — el > cge™ Tk = om0,

In particular, u_ # e so hg & Ng(U).

(“)Note that in the effective proof of the Oppenheim Conjecture (including the
strong, nonhomogeneous, form) § can be chosen to be an absolute constant.

G)Le. |€ — &'| > M for every distinct &, &' € E.
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We now wish to apply Proposition to x3 = a(—0/2).z9 and
xhy = a(—o/2).2y. We set the parameter k37 from the statement of the
Main Lemma to be x37; = 2% so that

1000
(10.1c) o < ayk/1000.
Then x4 = hy.xs with hy = v/ a;u’”_ and
|u” —e|| > [lum —e|| > cze70F/2

||h1 - e|| < 0460 ||h0 — eH < C5€_alk/10.

By Proposition there are
(a) cge®h/10 < Ty < Crekl?,
(b) a rational function ¢ satisfying Kj;' < ¢/(t) < K3 on [Ty, T3],
(c) polynomials ¢(t), b(t) so that the family of affine functions Fy(x) =
(z +b(t))/c(t)? satisfy

max | Fy(z) — x| < k3o for t € [-T5, T3]
zel
(10.1d) = K30 fort = —T, or Ty
so that for every [t| < T,

d (u(t) x5, a(log e(t))v (
Since for g1, g2 € G,

da(a(o/2)g1,a(0/2)g2) < €“da(g1, 92),

it follows that for [t| < Ty = /2T, the points x5 = a(c/2).x3, =} =
a(o/2).x} satisfy

b(t)
c(t)?

) u(qs(t)).xg) < Cge k40,

(10.1¢) d <u<t>.x;,a<1oga<t>>v (%) u<¢3<t>>.x2> < Cyerem b/

with b(t) = b(e=7/%t),é(t) = c(e™/%t), p(t) = p(e7/%t); set also
Fy(z) = 2/e(t)? + e7b(t) /&(t)°.
Equation ([10.1€)) implies that for s € I

(10.1f) d (U(s)u(t).xg, a(log E(t))v(]%(s))u(qg(t))m) =

—d (U(s)u(t).xlg, a(log &(t)) v (%ﬁ) u@(t)).@)

=d (U(s)u(t).xg, v(s)a(logé(t))v <ecj’(i()t2)> u(qb(t))xQ) .

By ([10.1€) and the inequality
da(v(s)g1,v(s)g2) < Cos’da(g1,92)  for g1, 92 € G
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we can further estimate ((10.1f) by
[0TD) < Croe® /40 < Cypemk/™,

Let ap = /50, T} = e/ 2Ty, and note that assuming ko was chosen
large enough we have that

(10.1g) Ty < eU179k=10,

Recalling that on the interval |t| < T} we have that log é(t) is in some
fixed finite interval, we conclude that for every |t| < T}, every point of

V(E(S))u(d(t)).
is within distance < C1e7*2% of some point in Qpu(t)v(S).zh, for an
appropriate choice of symmetric neighborhood €2p of e in D. Since

16(0)] = [#(0)| < 1 (cf. note after the statement of Proposition [7 -
by [(b)] above for || < Ty and if kg is large enough,

|é(t)‘ < K31(|t| + ].) < 2K316(1_6)k_10 < %ek7

hence both wu(t).x5 and u(&(t)) xy are in u([—e®, e¥]).xy. It follows that
for every |t| < T) and x € U(Ft( Nu(d(t)).zs

(10.1h) d(z, Qpu([—e®, F(S).2;) < Crre 2.

)-
Since v(S)u(¢(t)).zy C u([—e k]) v(S).z1, the estimate ) holds
in fact for every x € v(S U Ft( )) (p(t)). o

Similarly, every point of v(F, (S))u(t).x} is within distance at most
Crie~?* of some pomt in Q u(qb( ))v(S).zo hence for every point z’
in the set v(S U F; (S))u(t).:v2

(10.1i) d(z', Qpu([—e*, e )v(S).21) < Crre 2,

We are now in a position to apply Theorem[9.3] Using the parameters
d, A, B, A for that theorem that are applicable to the case at hand (in
particular, A = =2, B = 2, A = ky), the constants k34 and k35 from
the statement of that theorem become absolute constants and we shall
treat them as such. Applying Theorem 9.3 . to Fiyyr, (with the sign
determined according to whether equality is attained at —T5 or T3 in
(10.1d)) and S = 7S C I, we see that there is an ¢ € {+1} and
subset A of t € [T, T3] of size > k3575 /2 so that for every ¢t € A,

S(SUIRI(S); 1) < 8(S51)/ (1 + kiza).

It follows that for t € A := e®A there is some set S’, depending on t,
with §(S”"; 1) < 6(S;1)/(14K34) so that for at least one of x = u(¢p(t)).z2
or x = u(t).z)

(10.1j) max d(v(s).x, Qpu([—e*, e )v(S).z,) < Crre 2,
ses’

It remains to apply Proposition again twice. By ([10.1g)),
(1—0)k—10 > logTi,
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hence since zq, 25, € Z(k — 10, ,d) we may apply Proposition to
conclude that the set W’ defined by
V' ={te|[-T\,T1] : w2y € Z((1 —0)logT) +logk — 10, %, )}
satisfies that
2K 6R/?

In view of the bound K3' < ¢/(t) < K1, Proposition and (|10.1g))
also imply that the set

v = {t € o([~-T0, 1)) : u(t).xs € Z((1 — 8) log Ty — Cha, 7, 5)}

for C5 = log k — 10 — log K3; satisfies the estimate

Kigi!/? 2K 31 KR/

m(¥") < =) lo([=T1, Th])| < =y b

hence ¥ = ¢~ (U”) satisfies

2 1/2

S _eep v

It follows that if # was chosen appropriately (i.e. < ¢136% for a suffi-
ciently small absolute constant ¢;3)

AN (T UT) £ 0.

Ift € A\ (P UVY), then at least one of x = u(¢(t)).xe or & = u(t).ah
satisfies ([10.1j)) for some set S’ with

5(5’;[) <0(S;1)/(1+ K3a)
as well as
€ E((l — (S) 10gT1 — 012, K, 5)

Since (1—4)log Ty — C13 is clearly > k (with implicit constant depend-
ing only on §), the Main Lemma follows. O

11. PROOF OF THEOREM [3.8
Recall that
5(S;1) = |1 /dR(:p, S) dz.
I
We note the following elementary property of §(.S; [):

11.1. Lemma. Let I be an interval, and S C I with 0I C S. Then for
every t € I there is a s € S with

|t —s| < V/o(S5 1) [1].
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Proof. Suppose not. Then there would be an interval, say J, of length
> 24/0(S;1)|I] in I with no point of S. But then

5(5:0) 2 1™ [ dae. S)do
J

4(S;1)
>2/ xdx > §(S; 1)
0

in contradiction. U
11.2. Proposition. Let 6,k € (0,1), and k > ko(0) (for an appropriate
choice of ko(d)). Then for any
(A1) xy € E(k +1log(1/k), K, 0)
(A2) I C R a closed interval centered at 0 with |I| < eV,
there is some s € [—2¢*,2¢e*] and a set S” with OI C S" C I so that:
(B1) u(s).x1 € E(Vk, &, ),
(B2) 6(5";1) < k="
(B3) every point of v(S"Yu(s).xy is within 2e~"Vk of a point in the

se

Bl u([—2€",2¢")v(01).;.

Here R, k37, Kao, ka1, K42 depend only on 6.
Proof. We apply Lemma [10.1]iteratively, starting with z;,S; = dI and
the given k. Let Ty = e*. After applying the lemma once, we get

a point zo = u(s).z; € Z(kssk,k,d) with |s| < e and a set Sy with
0l C Sy C I so that

(11.2a)  d (v(7).29, Qpu([~T1, T1]))v(01).z;) < e FaoF V1 € Ss.

We will now apply Lemma [10.1] again, on s, S5 and ko = ak for an
appropriately chosen 0 < a < 1/2. In order to satisfy i.e. that
x9 € Z(ko, K, 0), we need to require that o < ksg. If we do that, we get
a point x3 and set S3 so that

(11.2b)  d (v(7)xs, Qpu([—e®*, e ])v(Sy).x2) < e~ 0¥ VT € Ss.
Asd(u(s).x,u(s).y) < s*d(x,y) we can deduce from and ({11.2b))

that for any 7 € Ss,
d (U(T)xg, Q2 u([—Ts, Tﬂ)v(@]).xl) < e raoak 4 1 glak—raok

with Ty = e 4 e®*. Choosing o < @% and kg large enough, we get

that the right hand side of the above equation is

< 26—&400416

(6)Recall that BE = {h € D : |h —e|| < R}.
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—_
—

We continue iteratively in this way, obtaining points z; € Z(a? 'k, &, §)
and sets S; C I with 6(S;;7) < (1 + k39) ™7 as longer as o’k > V.
Stopping at jo = |log k/2log(1/a)]| we get the proposition, with
q0(Sj; 1) < (1 + kigg) ™0 < o'kt
for k41 =log(1l + Kk39)/2log a and so that for any 7 € 5},
d (v(7)j0, Qu([=Tsy, Ty ) )0 (DT ).21) < 2e710%K
where T}, = §°:0 e®’* < 2¢*. Note that Q{% C BE, for an appropri-

Ci0
ately chosen C' depending on {2p, hence since j, o log k

j D
QY C Bk,
U

Proof of Theorem[3.8 Apply Proposition [I1.2] on x; for an interval I
of size |I| < k"™1/4. Let S’ be as in that proposition, in particular
§(S"; 1) < k=", By Lemma it follows that any 7 € I will be
within £="41/4 of a point in S’, hence

d(v(7).x1, Boe,u([—2¢", 2¢))0(01).21) < Cy <2e—ﬂ4m + k:‘”41/4> .
0

12. APPLICATIONS TO QUADRATIC FORMS

In this section we relate Theorem [2.8|regarding effective density prop-
erties of orbits of H on G/I" to value of quadratic forms, establishing

Theorem and Corollary [1.12]

We note the following well-known fact, for which we include a proof
(or at least a sketch of one) for completeness:

12.1. Lemma. Let Q be a signature (2,1) ternary quadratic form with
det Q = —1. Then there is a g € G so that () = Qy o g with

greX, p=allQ*.

Here, as we have done throughout this paper, )y denotes the qua-
dratic form y? — 2xz.

Proof. Following a similar procedure as in §7.2] it is easy to find a basis
v1, Vs, v3 of R3 so that

Q(v1) = Q(vs) = Q(v1,v2) = Q(v2,v3) =0
Qv2) =1 Q(v1,v3) = =2

with ||v;|| all controlled polynomially by ||@||. Indeed, we choose v; to
be any unit vector isotropic for @ (i.e. such that Q(vy) = 0), take

V3 = —2 HQU1H_2 QUl + )\Ul

(12.1a)
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with A chosen so that Q(vs,v3) = 0 (here we identified () with the ma-
trix representing it, so Qu; is a vector in R?) and v, a vector satisfying
the three linear equations

Q(v1,v2) = Q(vs,v2) =0, det (v, vq, v3) = 0.

The norm of ||vs]| can be easy controlled in terms of ||Q]| and ||Q | <
|Q|I>. In order to be able to control ||vs]| we need to show that the
one-dimensional subspace of R? defined by Q(vy,z) = Q(vs,x) = 0 is
bounded away from the subspace generated by v; and v,. If x is in this
one-dimensional subspace

Qvi, x — ayv1 — agVy) = —2a4; fori=1,3
hence
Iz — arvr — agvs || > max(2 Q| ™ |aa], 2 Q™" |as,
2l = laa| [li]l = las| [|vs]l)
hence

lz = aron — agus|| > ]| min([forl| 7", [Jus|| 7).

Setting h to be the matrix formed by the column vectors vy, vy, vs,
equation (12.1a)) implies that Qy = Q o h, ie. Q = Qpo (h71). If
w € h™1Z3, for at least one i we have that (w,v;) € Z \ 0 hence

-1
[[wll = (vl O

12.2. Proof of Theorem [I.10. Let @ be an indefinite, ternary quadratic
form as in the statement of the theorem. By Lemma [12.1] there is a
g1 € G so that Q; = Qg o g; and [g1]r € X, with p>> [|Q]|"*. Tt also
follows from the proof of that lemma that ||g;"|| < [|Q1]/"*.

Applying Theorem [2.8/on 21 = [g1]r for the given T we may conclude
that either there is a point zo € G/I' with H.zy periodic and with
discg(H.x2) < T3 and d(x1,x2) < T7' or|(ii)| of Theorem [2.8 holds.

In the former case, writing xo = [g2|r With dg(g1,g2) < T~', we may
conclude that the integral form

Q2 = MQo © g2) A= diSCQ(H.Z’Q)l/S
satisfies that
HQl — )\_1Q2H < ||@Q1]] d(g1, 92),

establishing |(i)| of Theorem m

If of Theorem holds we have a xs = [go|r = hy.21 € X, with
hi € Bjiy, so that for every s € [—logT"",log T"7] the point v(s).zs is
within log 77" of a point in the set B, .z1.

As x9 € X, for appropriate ¢;,Cy > 0, there will be a vector
w = (wy, wy, w3)" € 277 with

a1 <ws < ||wl| < Cs.
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Write w = gon with n € Z \ {0} and let g9 = Qo(w). Then for
any s € R

Qo(v(s).w) = qo — 2sw3.
If s € [—logT"",logT""| there will be some h() € H with Hh(s)H <
T%5 so that d(v(s).xa, hs).x1) < logT"". It follows that in the lattice
corresponding to h,).ry there should be a vector w,y = h)gimy,)
satisfying

|wis) — v(s).wl|| < (log 7)™ [|u(s).w]|
< (logT)™"(1 4+ |s]).
From this it follows that
|Qo(W(s) — g0 + 25w | < (log T) ™" (1 + [s]).
Note also that

Il < gt |53 Iweo

(12.2a) < Cs||Qq ]| T,
As T > Ty(e) [|@1]™", then assuming K; is large enough, (12.2a) <

T Tt follows that for any s € [—log T%7/3 log T"/3] there is a
my, € 27 with [jm, || < 7" and

Q1(m(s) = Qo 0 g1(m(s)) = Qo © (hs)g1) (M) = Qo(Ws)
so that
min {|Q;(m) — g — 2swj| : m € Z°, |m| < 7"} < Cylog T3,
As |qo] £ 2C% and |ws| > ¢;, assuming that Ty is large enough so that

¢ log T"7/3 > 2Cs, it follows that for c5 = ¢}

max _min {|Qi(m) — ¢ :m € Z% ||m| < T"'} < Oy log T~"7/3,
1€|<es logT 7
proving the theorem. O

12.3. Before we prove Corollary [I.12] we recall some basic properties
of the logarithmic height of algebraic numbers.

Let K be a number field, i.e. a finite extension of Q with d = [K : Q).
If o € K, its logarithmic height height(«) is defined to be

height (o Zlog max(1, |o|™))

where the summation is over all Valuatlons of K, with the normalization
that if K, is the completion of K with respect to v then |-|, restricted to
Q reduces to the ordinary p-adic or Euclidean absolute value; in these
cases we say v corresponds to the place w = p or oo of QQ respectively,
and set d, = [K, : Q). In particular, if K, = R then d, = 1 while
if K, = C then d, = 2. For more details, see [BG2, §1.3] (though
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the reader is warned that a different normalization is used there). The
following basic properties of height will be useful:

height (%) = log(max(|p[,¢q)) ~ for £ € Q
height () = height(a ™)
height(af) < height(a) + height()
(12.3a) ||, < edbeight(@ for any valuation v.

We also recall that in this normalization the height is independent of
the field in which it is evaluated.
We shall make use of the following bound of Liouville type:

12.4. Lemma (cf. [BG2, Thm. 1.5.21]). Let K be a number field of
degree d and oy, s distinct elements of K. Let v be any valuation of
K corresponding to w = p or oo on Q. Then

|Oé1 - a2| > (2€hEight(a1)+height(a2))—d/dv
v =

with dy = [K, : Q).

12.5. Proof of Corollary[I.13. To deduce Corollary from Theo-
rem when needs to show two things: that ||()1]| can be bounded in
terms of the heights and degrees of its coefficients (which is immediate
from ), and that for an appropriate choice of € > 0 case of
Theorem [1.10] leads to contradiction.

Suppose the coefficients of (); are algebraic, but that )y is not pro-
portional to an integral form. Then there are two nonzero coefficients,
say aq, g, of Q1 with oy /ag € Q. Let hq, hy be the logarithmic heights
of ay, ap Tespectively, and d = [Q(ay, an) : Q]. Assume that there is an
integral form @5 as in|(i)| of Theorem

It follows that there is a A > T3 and integers ni,no so that
la; — An;| < ||Q1]| T, Moreover, if T > 10||Q1|| min |a;| " both ny, 7,
are nonzero, hence

a %)

(12.5a) — — =<2 T
n1 U
Clearly also
i < 2271 [|Qul -
However, by Lemma [12.4],
ﬂ . % > (2€height(a1/n1)+height(a2/n2)>7d
n %)

(2 i) 1 )

> (8€height(a1)+height(a2))fd HQ1H—2d )\72d'

As X\ > T—</3 this leads to contradiction if € < % and T is large

enough. U
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