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ABSTRACT. We provide effective versions of theorems of Furstenberg and Rudolph-
Johnson regarding closed subsets and probability measures of R/Z invariant
under the action of a nonlacunary multiplicative semigroup of integers. In
particular, we give an explicit rate at which the sequence {a”bkz}n’k be-

comes dense for a,b fixed multiplicatively independent integers and z € R/Z
Diophantine generic.

1. INTRODUCTION

1.1. Let a,b > 1 be multiplicatively independent integers, i.e. not powers of the
same integer, or equivalently so that loga/logb ¢ Q (for example, a,b relatively
prime). In [5], Furstenberg showed that the only closed, infinite subset of R/Z
invariant under the maps t, : ¢ — a.x and ¢, : ¢ — b.x is R/Z (with a.x = ax
mod 1). This implies that for any irrational z,

(1.1a) {a*tl.x : k£ >0} =R/Z.

Furstenberg raised the question of what are the t,, t; invariant measures on R/Z,
conjecturing that the only nonatomic such measure'!) is the Lebesgue measure A. A
theorem of Rudolph for a, b relatively prime [9], generalized by Johnson to the case
of a,b multiplicatively independent [7], asserts that a probability measure on the
circle R/Z that is invariant and ergodic with respect to the semigroup generated by
the maps t, : ¢ — ax and ¢} : = — bz, and has positive entropy with respect to t,,
is equal to A\. We note that Bill Parry, to whose memory this paper is dedicated,
has provided another, related but distinct, proof of Rudolph’s theorem [g].

In this paper, we give an effective versions of the Rudolph-Johnson theorem, and
use it (among other things) to obtain effective versions of Furstenberg’s theorem,
in particular giving an estimate on the rate in (1.1a) in terms of the Diophantine
properties of x.

1.2. By a straightforward application of the ergodic decomposition, the Rudolph-
Johnson theorem is equivalent to the following, which avoids any assumptions re-
garding ergodicity:
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1.3. Theorem (Rudolph-Johnson Theorem). Let u be a probability measure on
R/Z invariant under t, and t, for a,b multiplicatively independent. Suppose that

hu(te) = nloga.
Then
(1.3a) [t = nA
i.e. for any measurable A C R/Z, p(A) > ni(A).

Linear combinations of Lebesgue measure and measures supported on rationals
show that (1.3a) is sharp. We recall that in this context, the ergodic theoretic
entropy'?) h,,(t,) is simply

hu(ta) = nlLH;o H,\(Par)

where P, is the partition of R/Z into a™ intervals [0,1/a™),[1/a™,2/a"),... and
H,(P) = —>_ pep u(P)log u(P) the Shannon entropy of a partition P.
We prove the following effective version of Theorem 1.3.

1.4. Theorem (Effective Rudolph-Johnson Theorem). Let a,b be multiplicatively
independent, and p an arbitrary probability measure on R/7Z satisfying the entropy
condition

H,(Pn) > plog N for some p > 0,N > Ny(a,b).
Let § < p/20 and f € CY(R/Z) a nonnegative function. Then there is an integer
m = a®b’ < N so that

(1.4a) [mp)(f) = (p = 30)A(S) — 1 log(N) =" || |l

with k1, ko depending only on a,b.

We give two proofs for this theorem: the first based on Host’s (not explicitly ef-
fective) proof of Rudolph’s Theorem [(] when a, b are relatively prime, and a second,
related but different proof which works in the general multiplicative independent
case. Where applicable the first proof is slightly more informative; in particular,
when a, b are relatively prime one can take ko = 1/2.

Note that here and below we have not attempted to optimize the exponents
occurring, the quality of the results being measured rather in the number of logs.

1.5. It is interesting to compare this result, or more precisely its implications re-
garding t,,t,-invariant subsets of N~1Z/Z, with the results of Bourgain [3] and
Bourgain-Glibichuk-Konyagin [2]. Applying Theorem 1.4 to the measure p =
K > veg 0x where S C N™YZ/Z is t,, ty-invariant we get:
1.6. Corollary. Let N be a integer greater or equal to some Ny(a,b), with (N, ab) =
1. Suppose that S C N=1Z/Z with |S| > N?. Then for any subinterval J C R/Z
there is an m = a*b® < N so that the proportion of m.S inside J satisfies:
|m.S'NJj|
S|

logloglog N
> pAJ) — ky——————
2 PAWT) = rig loglog N
Moreover, the set

{m.s :m=a’bt < N,se S}

is (log N)~"2°/100_dense.

(2) Also known as the Kolmogorov-Sinai entropy or (somewhat confusingly) the metric entropy.
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(For the first statement, apply Theorem 1.4 with § = % and suitable

test function f supported on J with A(f) > A(J) — & and ||f/||,, < 6~'; For the
second statement, use § = p/10, J an interval with \(J) = log N=%2¢/100 and a
test function f supported on J with A(f) > A(J)/2 and || f'|| ., < A(J)~1.)

When the multiplicative subgroup generated by a,b in Z/NZ is of order N
and if e.g. S is t4,t, invariant, the papers [2] (for N prime) and [3] (for general
N) imply much sharper results, e.g. that S has no gaps of size N~ and that
SN J|/|S| > pA(J) — N~ for some ¢y, co depending on a,b, a but not N.

1.7. We deduce from Theorem 1.4 effective versions of Furstenberg’s theorem. We
begin by giving a quantification of (1.1a):

1.8. Theorem. Let a,b be multiplicative independent. Suppose o € R/Z is irra-
tional and Diophantine-generic: there exists k so that

la—p/gl >q7% ¢>2 pqeZ

Then {a*b'a : s,t < N} is (loglog N)~"s-dense in R/Z for constants x5 = rs(a,b)
and for N > Ny(k,a,b).

Here we say that S C R/Z is e-dense if any « € R/Z has distance < ¢ from S.

1.9. It follows from Furstenberg’s classification of closed t,, tp-invariant sets that
for any given € > 0 there are only finitely many rationals whose orbit under t,,t,
fails to be e-dense. It can be effectivized as follows:

1.10. Theorem. Let a,b be multiplicatively independent and (ab, N) = 1. Then for
any m € (Z/NZ)* the set

{akbl.% 0< ki< 3logN}

is k7 (logloglog N)~"2/100_dense with ry depending only on a,b and ry as in The-
orem 1.4 (in particular, if (a,b) = 1, an absolute constant, otherwise a constant
depending only on a,b).

1.11. Acknowledgments. This work is closely connected to the work of E.L.,
P.M., and A.V. with Manfred Einsiedler; in particular Corollary 1.6 is an (effective)
analogue of [1, Cor. 1.7]. We thank him for numerous discussions on these and
related topics. We also thank Peter Varju for careful reading and helpful comments
on a preliminary version of this manuscript.

2. NOTATIONS AND PRELIMINARIES.

2.1. We use N to denote the set {0,1,2,...} and ZT = {1,2,...}. Asis customary
A C B allows A = B; when B is a group we use A < B to denote that A is a
subgroup of B (again, A = B is allowed). If y is a measure on R/Z and m € Z™,
we denote by m.u the pushforward of u by z — ma. Sometimes it will be convenient
to denote the map x +— mx by t,,.
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2.2. For any N € Z*, we will use Py to denote the partition of R/Z into N equal
intervals, i.e. [0,1/N)U[1/N,2/N)U...[1—1/N,1). For a € Z*, n1,ns € N we let

n2—1

,P([lnl,ng) - \/ t;;} (Pa),
k:’ﬂl
where PV Q denotes the common refinement {PNQ: P € P,Q € Q} of two par-
titions P, Q. In particular P(LO’”) = Pun.

2.3. Let p be a measure on R/Z and P = {P, P,,..., Py} a finite partition of
R/Z. We will use the notation

p(P) = (u(Pr), -, i(Pn)).
The entropy H,,(P) is defined to be

H,(P) =Y —p(P)log u(P).
Pep

Suppose that a partition P as above refines a partition Q. For each @) € Q with
w(Q) > 0, let g be the probability measure u(Q)~'u|q. The conditional entropy
H,(P|Q) is given by:

Hy(P|Q) = Hy(P) = Hy(Q) = > (Q)Hiug (P),
QeQ
where the latter sum is taken over those @ with p(Q) > 0. If P does not necessarily
refine Q, we may still define H,(P|Q) := H,(P\ Q|Q).
More generally, for any p > 1 define the ¢P-entropy by:

—log [lu(P)]l,

1-1/p
This quantity is also often called the Rényi entropy. The function HE(P) is non-
increasing in p, with lim,; Hf(P) = H,(P)®.

Finally, if 14 is a measure on a finite set S and we use the notations above without

specifying a partition P, we shall mean to take the partition of S into singletons.
In particular, in this context:

HE(P) =

1/p
ey = (Z u({s})|p> , Hy==> u({s})logu({s})

ses ses

2.4. We shall repeatedly use the following facts:

(i) Hu(P) < log(#P), with #P denoting the number of elements of the par-
tition P
(if) Hy(PV Q) = Hyu(P)+ Hu(Q|P) < Hu(P) + Hyu(Q).

(3)For this reason it is sometimes convenient to extend the definition of Hﬁ also to p = 1 by
setting HY(P) = H,(P).

(4)11’1(1613(17 the same equality holds for Hﬁ for every p, with equality if and only if all the parts
of P are assigned equal measure.
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2.5. Let p be a probability measure on a finite set S. As we have already remarked
HY is monotonically non-increasing in p, and one may certainly have a measure p
with H; = H,, large but H], small for any fixed p > 1: indeed simply take x the
measure that gives measure % to some sg € S and divide the remaining measure
uniformly on S ~\ {so}.

The following lemma allows us to “upgrade” the ordinary (H,) entropy to [P-
entropy but at a price: at the price of replacing p by a measure v which is dominated
by a certain constant (depending on H,,) times f.

2.6. Lemma. Let u be a probability measure on a finite set S, with |S| = N and
H, = plog N. Letlog2/log N < 6 < p/2. Then there is a probability measure v
such that p > (p — 0)v and ||V||§ <4p NI,

Proof. Put u({s}) = ws. Put S; = {s € S : ws < 2N}, Sy = S~ Sy, and for
i=1,21et y; = ﬁu s, Then, denoting by - the partition of S into singletons,
plog N = H,, = H,({S1,52}) + Hu(- [ {51, 52})
= H, ({51, 52}) + u(S1)Hy, + p(S2)Hy,
< u(S1)log N + 6u(S2)log N + p(S1) log 2

as v is a measure supported on at most IV elements, hence H,, <log N; 15 is sup-
ported on at most N5/2 elements and H,, < ¢log N —log2; finally, H,({S1,S2}) <
log 2. Thus

— 0.

p—20
>
u(S1) = 1—0+1log2/log N =P

The claim now follows by taking v = v; and observing that
113 < 117l < 20(S1) ' N0 < 4p™ N7

d
We would need the following variant of Lemma 2.6:

2.7. Lemma. Let p be a probability measure on some space X, and let P, Q be
finite partitions of X. Assume H, (P | Q) = plog|P|. Let 0 < 6 < p/2. Then we
can find probability measures vy, ...,V and weights w1, ..., wyg such that

(i) each v; is supported on a single atom of Q;
(ii) p =3 wivi and 32 wi = (p—6);
(i) 32, willwi(P)Il3 < 2 [P~

Proof. Similarly to §2.6, set S; to be those A € PV @ for which

A _
M<2|P|‘5 where A C Q € 9,

Q)
and Sy to be all the other members of PV Q.
For any @ € Q set SIQ ={AecS:ACQ}, wg= u(USlQ) and vg = %/,L'USIQ.

As in Lemma 2.6,
M(Usl) = Z wg>p—296
QeQ

and
B

2u(Q)PI~"

lro(P); = llva(P Vv Q) < |lve(PV Q)| < wg
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Summing over @ € Q, we get

> wg llvg(P)l; < 2P w@) =2|P|°.
Q Q

O

2.8. Let now p be a probability measure on R/Z. The following lemma shows that
if N and M are comparable, the entropies H,(Px) and H,(Pys) are essentially the
same:

2.9. Lemma. Let p be a probability measure on R/Z, and N < M positive integers.
Then

H,(Pr) —log([M/N]+1) < H,(Pxn) < Hu(Par) + log 2.

Proof. Let P =Py VPys. Then any atom of Py is a union of at most two element
P and hence

Hyu(Pn) < Hy(P) = Hu(Pun) + Hu(P | Par) < Hu(Par) + log 2.

The reverse inequalities obtain similarly, by observing that any atom of Py is a
union of at most [M/N] + 1 elements of P. O

2.10. We will use ay, aa, . .. to denote constants. The dependence of these constants
on all parameters depends on the context. We will use the super script ;2" the
first time «v is used to denote that it is an absolute constant, and use e.g. «; (N, —d)
to denote that «; depends on N but not on § (hopefully the dependence of a; on
any other conceivable parameter will be clear from the context; unless otherwise
stated, and unless one of the parameters in the exponent is preceded by a — sign,
the assumption is that «; does not depend on any other parameter). The indexing
of these constants is reset every section. Similarly we have k1, ko, ... (numbering
is consequtive throughout the paper), ¢1,¢a,... (reset every subsection). All our
constants will be effective: i.e. in principle one can write an explicit formula how
they depend on all parameters. As is often customary, “a < asb” is a shorthand
to “There exists some constant as > 0 so that a < axb”. We will also use the
notation < when we would like to keep the constant implicit; this implicit constant
will always be absolute and effective.

As usual in analytic arguments, e(z) := e For any measure v on R/Z let
v(n) = v(e(nz)) denote its Fourier transform; occasionally, the notation v (n) will
be typographically friendlier.

2mix

3. PROOF OF THE EFFECTIVE RUDOLPH THEOREM.

3.1. In this section we prove an effective version of the Rudolph-Johnson theorem
for a, b relatively prime. A related, but different, argument will be given in the next
section that works in the general case.

3.2. Theorem (Effective Rudolph Theorem). Let a,b be relatively prime integers,
and p an arbitrary probability measure on R/7Z satisfying the entropy condition

H,(Pn) > plogN for some p > 0, N > Ny(a,b).

)
g, T <6< %, a0 < T < 1 log,(N), f € C'(R/Z) non-negative.
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Then there exists integers s,t, 0<s < (1—19)log,(N),0 <t <T satisfying
(b1l (f) = (p = 3O)AS) = T2 | £l
L 1/2
with kg depending only on a,b, and || f'||, = (fo |f’|2dx) .

Note that if kg is bigger than some absolute constant, the bound above becomes

trivial if § > loglOT and hence the lower bound on § in (3.2a) is immaterial.

3.3. Lemma. Let a,b be relatively prime. Then there is some oy = vy (a,b) so that
for every r > «y the multiplicative subgroup Sy < (Z/a"Z)* generated by b satisfies

(3.3a) Sy >14+a"(Z/a"Z).

Proof. By elementary number theory, the group of elements in (Z/a"Z)* congruent
to 1 modulo a? is cyclic; moreover, all its subgroups are of the form

(3.3b) {r € (Z/a"Z) : x = 1mod m},

where a® divides m and m divides a”. (To verify this assertion, one may use
exponential and logarithm maps, defined via power series, to reduce the question
to the corresponding statement in the additive group of (Z/a"Z), where it is obvious;
if a is odd, one could even replace a® by a.)

Let ¢(a®) be the size of (Z/a®Z)*. The subgroup generated by b#(¢”) is of the
form (3.3b); clearly, m < b¢(¢”). We take oy = [a®log, b]. O

3.4. Note that Lemma 3.3 is essentially equivalent to the following: for any prime
p and integer b not divisible by p we have that

|bk . l{p >p logy, k4o _ pmk—%.

3.5. Lemma. Let (a,b) =1 and v € R/Z arbitrary. Let p be a probability measure
ony+a*Z/Z, and let Sy < (Z/a*Z)* be the multiplicative group generated by b.
Then for any smooth f,

25 3 el = AP < az 1713 1wl

£ES
with as = as(a,b), and f' the derivative of f.

Here, and in the proof that follows, we enclose the measure £.p in square brackets
for typographical clarity.
In words: a random translate of u by £ € Sp is uniformly distributed if the

“I2-entropy” log(1/ ||i|l,) is large.

Proof. Tt follows from (3.3a) of Lemma 3.3 that for any s € a *Z/Z,0 #n € Z

(3.5a) D e(ngs)| <

{O if a®*ns Z 0 mod 1
£ESY

#Sp otherwise

(note that S, implicitly depends on £).
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First s digits ignored \v HH(P([LS’")\P([LSM’")) big.

0 s s+/ (1=9)n n
FIGURE 1. p and s (relatively prime case)

Recall that 7 denotes the Fourier transform of a measure v on R/Z. Set w, =
w({s+~}) for s € a=*Z/Z. Then

35b)
16" wse(né(s + 7))
rex 2 - 45 X[ )
WeWgr e(én(s — "))
#Sb ; egs:b

< §" €2/d'Z : a" ns’ =0 mod 1 w?
(3.5a)+C-S # { / } Z

2
< a® ged(a’,n) ||l

with ged(a®,n) the greatest common divisor of a’ and n (and C-S shorthand for
Cauchy-Schwarz).

Expands f in a Fourier series f(z) = Y f(n)e(nz); in particular f(0) = A(f).
Then

# S Ep(f) # Z‘Zf )En" ‘

£ES SESb n#0
2 2
< [ = Sl (Zn2|f(n)l )
c-S £€S, n#0 n
2 o ged( aé,n)
< A7l ulz o (Z —2)
(3.5b) 720 n

The constants 3, n~2ged(a’,n) can be explicitly evaluated as follows

chda n <ZZ(}ZTL_2_§

n#0 d|a® n#£0
d|n
with ¢(-) the Euler totient function. This establishes Lemma 3.5 with
7.[.2 aa1+1
g = ——,
3 ¢(a)
aq as in (3.3a). O

3.6. Lemma. Suppose given p > 0 and a measure p on a "Z/Z so that H, >
pnloga. Let § < p/10. For any 15—0 < ¢ < dn, there exists s < (1 — §)n so that

[a®.u] > v:= sz‘%‘,

where:
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(i) Each v; is a probability measure supported on a translate of a=*7/Z;
(ii) the w; are non-negative and satisfy > w; > p — 20.
(iii) v; and w; satisfy Y, w; ||V1||§ <2a%.

[0,n
a

Proof. Expand using §2.4.(ii), noting the fact that P, ) induces the partition of

a~"Z/7 into singletons:
Hy, = Hyy (P [PE) + Hy (P [PE)
+H (P VI P + Hy (P

with m = [n/¢]. Now H,( imem)y < ¢loga. From this we deduce that there is
0<s<n-—/{so that

— )1
H, (Plm[plttm) W > (p— §)lloga.

We refer to Figure 1 for a graphical description of this. To help decode the
picture, notice that Pim’y) is precisely the partition of [0, 1], whereupon two numbers
lie in the same part if their a-ary expansions coincide between digits x and y.

To simplify notations, we replace for the remainder of this proof p with [a®.u]
and n with n — s; thus by our choice of s we have that

(3.6a) H, (PPl > (p - §)lloga.

The lemma now follows by applying Lemma 2.7 to g with P = ’PL[LO’E), Q= 73([1[’”)
and p' = p — 0. O

3.7. Lemma 3.5 and Lemma 3.6 together easily imply the following weak form of the
quantitative Rudolph theorem; we will later see how this weaker statement can be
massaged to give the stronger version given by Theorem 3.2. The only significant
difference between the two versions is that in Proposition 3.8 the measure p is
assumed to be supported on the finite set a "Z/Z.

3.8. Proposition. Let a,b be relatively prime integers, n € N, and p a probability
measure on a”"7Z/7 satisfying the entropy condition

H, = H,(Ps») > pnloga for some p > 0.
Let a3 =loga/4logb and suppose

10
(3.8a) oz, T <6< l—po, a?0/% < T < as6n, fe Cl(R/Z) non-negative.
Then there exists integers s,t, 0<s<(1—19)n,0<t<T satisfying
(3.8b) [a*b" 1) (f) = (p = 20)A(f) = raT =2 (| f'll

with Rg = fig)(a, b)

Proof. Set ¢ = [log,T], and let v;,v = >, w;v; be as in Lemma 3.6; we recall
in particular that each v; is a probability measure on a translate of a~¢Z/Z with
> Wi ||1/1||§ < 2a7%. Let w =Y, w;. Note that by (3.8a) the conditions 10/§ <
£ < n of Lemma 3.6 are satisfied [To see £ < dn, note that by the upper bound on
T given by (3.8a), if on < ¢ (hence dn < log, T), e™1°8¢ < % and by e* > x2/2
this would imply én < (2logalogb)~! in contradiction to asdn > T > 229/9],
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Let T’ be the order of b in the multiplicative group Z/a‘Z, and note that T" <
a’ < T. By Lemma 3.5,
(3.8¢)

7 1) = x| < X wn | 35 Y () - M)

o\ 1/2

< [ Swi [ 2 3B - A0
i t=0

1/2

T/
< (S wiy Sl wih) - A
i t=0
< x|y (3w )2

< 20421/2 ||le2a_€6/2o

Since [a®.u] > v for some s < (1 — d)n, equation (3.8¢) implies that there are
s < (1=9)n,t <T so that

[@*b".u](f) = (p = 20)A(f) — ko T~ || 'l
with kg = 2a'/20,1/2. O

3.9. We now deduce the Effective Rudolph Theorem §3.2, from the seemingly
weaker Proposition 3.8:

Proof of Theorem 3.2. Let the notations be as in the statement of Theorem 3.2.
Let n = |log, N|. Define the measure p’ on a~"Z/Z by

, k k k+1
H ey =K [777) :
a a a
By Lemma 2.9

Hyo = H,(Pan) > H,(Py) —log(a +1) > (np—2)loga > n(p — o).

Assumptions (3.2a) on §, p, T, N imply that p’ = p—§, 7' =T, = J,n satisly
(3.8a). Applying Proposition 3.8 we get that there are 0 < s < (1 —0)|log, N] and
0 <t <T sothat

(3.9a) [@*0" 1/)(f) = (p = BON(F) — kT2 || '] -
By the choice of s,¢, a®b* < N'79/2 (hence a*~"b* < aN~%/?), hence

(3.9b) [0 u](f) — [a*b" 1] ()] max - |f(z) = f(2')] < aN"H| ],

lz—2/|<aN—9/2

N

As long as N'/2 > log,(N) (a condition we can use to define Ny(a,b)), we have
that T < N'/2; hence from (3.9a), there are s,¢ as in Theorem 3.2 so that

@bt} (f) > (p = BOAS) = msT 2| £
with kg = kg + a. O
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4. PROOF OF THE EFFECTIVE RUDOLPH-JOHNSON THEOREM.

4.1. In this section we present a related, but different, proof of Theorem 3.2 that
works for the general case of a,b multiplicatively independent, at the (modest)
expense of not being able to consider smaller range for the power of b. Throughout
this section we shall denote:

Sap ={a"d™ :m,m > 0}.

4.2. The following deep result regarding lower bounds on linear forms in two log-
arithms plays a role analogous to Lemma 3.3 in our second proof of an effective
version of the Rudolph-Johnson theorem. The first nontrivial bounds in this direc-
tion (which are probably sufficiently good for our purposes) are due to Gelfond and
Schneider, with subsequent improvements by Baker and others; the rather precise
form we give here (in a much more general form) is due to Baker and Wiistholz [1].

4.3. Theorem (Baker and Wiistholz [1]). Let a,b be multiplicative independent
integers. Then for any k,n € Z

|k/n —loga/logb| > exp(—riglogalogblog(l + |k| + |n|)),

with k1o an effective absolute constant (indeed, one can take k19 = 231),

4.4. Corollary. There exists k11, k12 > 0 depending on a,b so that if we write the

elements of S as a1 < ag < ..., then the gap
R110k

4.4a a —ap < ——r—.

( ) k+1 k= (logak)mz

Proof. Let a, = a®b", and for notational convenience assume a* > b”. We want to
show that there is an element t € S, ; with

K110k )
(log ay)rz "

Let p/q be the last successive continued fraction approximations of loga/logb so
that

(4.4b) q<k and loga/logh < p/q,

ar <t <ap(1+

and let p’ /¢, p”, ¢" be the next two continued fraction approximations of log a/ log b;
as p’’/q" is also > loga/logb, ¢” > k. Then
/ /!

1
(4.4c) P 082 P P

)

< < <
g logb ¢" ¢
asp/q—p'/qd =1/q¢ and p"/q" —p'/q' = 1/q¢"¢ it follows that

loga 1
4.4d 0<p— -
(4.4d) P! g

1 1 1
(4.4e) 0>p — B0 >—— > =

> > .
ogb? 7 T T Tk
Using Theorem 4.3 and (4.4e) we have
loga

P ——q

k71
> logd

> exp(fﬁ log q")
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for k12 = (2r10logalogb(1 +loga/logh)) L, hence ¢’ > k™12, Recall also that we
have assumed that a* > b", hence k > log(a,)/2log(a). Equation (4.4d) and the
inequality b* <1+ (b — 1)z for z € [0, 1] implies

1 <bPa™4 bil

We conclude that
ar < a*" WP <. (1+ (b—1)/q)
<ar(1+(b-—1)k™"2)

loga, \ "
s 1 b—1
“ ( *+( ) (210ga>
hence we can take

k11 = max((b— 1)(2loga)™*, (a — 1)(21ogb)"2).

O

4.5. Lemma. Let v be a probability measure on R/Z and M € Z*. Then there is
an absolute constant oy so that for any 0 £ & € Z

M—
(4.52) MY ma MO < 204 [¢] v (Pan)l3 -
0

Proof. We first consider the case £ = 1. Number the intervals comprising Py, as
Iy, ..., Ipr—1, and for € R we let ||z|| denote the distance of x from Z.
Let h(m) be a non-negative function on Z so that k(i) > 1/M for 0 <i < M —1.

@sh) MY el (OF < S k) 0)* = [[ Gl (@) avty)

with G(z,y) = >, h(m)e(m(x —y)). It is possible to choose the function h(m) so
that

|G (x,y)| < 5min(L, M2 ||z — y||7?).
[Take, for example, h = 1/M max(1 —d(m)/M,0), where d(m) is the distance of m
to the set [0, M — 1], i.e. d(m) = ming<;<ps_1 i —m|.”)] Since for £ # ¢, ¢' + 1
e !

|z —y| > /2 for x € Iy,y € Iy,

we have that

I/
(4.5¢) (4.5b) <20 [ Y (1) + Z ; Z
¢ LA |£ e

By Frobenius theorem the norm of the quadratic form above is bounded by the
row sum of the matrix, which is bounded above by an absolute constant a;. We

(®)If we took naively h(m) to be the characteristic function of [0, M — 1], this would lead to
a similar result but with an extra factor of log M; this would not affect our argument in any
substantive way.
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conclude that
—1

(4.5d) MmO < an llp(Pan)l3
0
To obtain the required estimate for general &, apply (4.5d) on £.v to obtain

M-—1
M3 maNOF < on l€v(Pa)ll;
0

and note that
le.v(Pan) 3 = |Jv(e Par)5 < 2 €1 | Pas v Pan) |5 < 21€] Iv(Pan) 3

(+)
where the inequality marked by () is a consequence of the fact that every atom of
7Py intersects at most 2 |¢| atoms of £71Pys V Pyy. O

4.6. Lemma. Let a,b be multiplicative independent integers, and p a probability
measure, and s a sufficiently large integer (s > s ). Assume that p supported on
the interval [ka=*, (k + 1)a™%]. Let f € CYR/Z), ¢ < ri2log,(s)/3 (k12 as in
Corollary 4.4). Then there is a subset

Ry C Sapn{1,2,3,...,a°"}

(independent of p, k) so that

;S > () = AP < ast 13 16(Passo) 5 -

neR;

(4.6a)

#

Here as and as depend on a,b.
Proof. By Corollary 4.4, we can find a subset
Ry ={n1,...,nge} CSepN {1, .. ,as”}
so that
(4.6b) [T, — ma®| < da’
for 6 = Hll(sloga)_Q”'2/3. Define a5 so that if s > ao,
(sloga)?*2/® > 10k, and §<at.

We now estimate for any 0 # £ € Z

@60 0 Y [ ©F <a (Y ma* @
m=0 m=0
at—1
+ D [ma* ) (€) = O () () )

were 0,,, are arbitrary complex numbers with |0,,| = 1. Taking 0,, = e(—n,,ka™%§)
we have

|(ma®. )" (&) = O (1-12)" (€)] < o [e(ma’§t) — e(nmét)]

< [¢] |m — npa

<a ‘¢,

|
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" [P, P big. (’ last = digits ignorexd.

FIGURE 2. p and s (general multiplicatively independent case)

and so by Lemma 4.5

(4.64) (4.6¢) < 201 [¢] (Pl + a2 JE]°.
Using (4.6d) we have
. 2
a"—1 at—1
— 2 —
a3 () = AP = a7 3 S s ()| 76|
m=0 m=0 [££0
at—1

-fnf'HiZ ST IE o€
13

2 — _
<7115 2mlfl I (Past)llz +2a72) + 207"

< (darloga+ LI |5 |4 (Paese) 3 -

Note that by the assumption on the support of u,
2 , 2 -
1 Passe)llz = llla® 1] (Pa)ll; = a™*

4.7. Lemma. Suppose given p > 0, n and a measure p on R/Z so that H,(Pgn) >
pnloga. Let § < p/10. For any % < £ < dn, there exists s with dn < s+ <n so

that
B> vi= Zini7

(i) Each v; is a probability measure supported on a single a™*-interval from
’Pas 5
(ii) the w; are non-negative and satisfy > w; > p — 39;
(ili) v; and w; satisfy Y, w; ||V1'(Pas+£)||§ <2a%.

where:

This lemma is proved precisely as Lemma 3.6, with Figure 2 substituting for
Figure 1. For example, the first displayed equation of Lemma 3.6 should be replaced
in the present context by

Hy, = Hy(P) + Hy (P29 PY) 4+ Hu (PRI [PE2) +

4.8. Proof of Theorem 1.4. Letn = [log, N]|. Then H,(Pqn) > H,,(Pn)—log2a >
(p — 0)nloga. Without loss of generality, we may assume that 6 > 40/x12 log, (dn)
as otherwise log(IN)~"2% is bounded from below by some constant that depends
only on a,b, hence if k1 is chosen to be sufficiently large the right hand side of
(1.4a) is negative. Apply Lemma 4.7 with p’ = p— ¢ and £ = k15 log,(dn)/4 to find
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s with dn < s + ¢ < n, probability measures v; and weights w; as in that lemma;
in particular

w = sz >p—46 and sz |Vi (Pys+ H2 <2079,

Also by appropriate choice of Ny(a,b) we may certainly assume that ¢ < on/2.
As in Lemma 4.7 set v = Y w;v; < p. Then

(4. 8a)
> mrl(f) = wA(f <sz< > Amwil(f) (f)l)
#R mERg # s meRg
o\ 1/2
sz<# R, Z|ml’1 (f)|>
meRs
1/2
<sz R. Z |[m.vi](f (f)|2>
meERs
(S) as' 200 £l OO wi lvi(Pas)[13)"?
< 20320 | ||y a= 72,
where the inequality (*) follows by applying Lemma 4.6 on each v;.
As ¢ = k12 log,(dn)/4
a—€5/2 — (6n)—ﬁilzé/8 S 10n—H126/8
obtaining
> mea(f) = wp(f) = w1 ||l loglog N (log N) =427/
#R meER;
for k1 = 20k1203. [l

5. DEDUCTION OF EFFECTIVE FURSTENBURG THEOREM.

5.1. Let o € R/Z be an irrational; set Xy = {na:n € Sy p,n < N} C R/Z.
We will assume that we are given an increasing function F' : N — R such that
lga — p| > F(g)~" for all p,q € N.
We define functions F5, F3 in terms of F' via:
(5.1a) Fi(z) = exp(exp((2r112)'/"12)), Fy(N) = 3F,(N)F o F{(N),
F3(N) = B (N, Fy = aV F3(N),

where k12, k11 is as in Corollary 4.4.
We prove the following refinement of Theorem 1.8:

5.2. Proposition. Suppose K > Fy(M). Then Xy is M~'/?%_dense in R/Z for
sufficiently large M (“sufficiently large” depending on a,b).

5.3. Lemma. Let Fy be defined as in (5.1a). If M > My(a,b), then

Xpan) = Xpan)
is 1/M-dense in R/Z.
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Proof. The set {n € Sup : n < N} has cardinality > c1(log N)? for some ¢; =
C1 (a, b) .

Therefore, for L > Lg(a, b) the set X, — X, contains an element whose distance
d from 0 satisfies F(L)~! <d < (log L)~ L.

It now follows from Corollary 4.4 that if L > Lq(a,b), then

2/‘611

5.3 K>3 LF(L) = Xgk—Xkgis ———+—
(5-32) - (L) K KIS (loglog L)r12

-dense;
rephrasing this gives the lemma.

To see (5.3a), note that d +Z € X, — Xy. Let Sup = {a1 <az2 <...} and
consider the sequence a,,.d for ny < n < ng with n; the smallest so that a,, > d—1/2
and ny the largest so that a,, < d~'.

Then by (4.4a) for n; < n < ns we have that

(i1 2k11 2K11

— <1 <
an = + (logd)r2 — (loglog L)r12’

so there is no gap larger than 2k, (loglog L)™"'2 in the sequence ay,d,. .., an,d.
Also the smallest element a,,d is < d~/? < 2ry;(loglog L)~"'* if L > Ly(a,b),
and the largest is > 1 — 2k11 (loglog L) ~"12.

Thus, for L > Li(a,b), the set X3 4-1. 1 — X3.4-1.1 is 2r11(loglog L)~ "12-dense.
Note that 3d~'L < 3F(L)L. O

5.4. Lemma. For N > Ny(a,b) the set Xp,(ny intersects at least %aN/z atoms of
the partition Py~ .

Proof. By the previous lemma (recalling that F5(N) = Fa(a™¥ 1)) X5 (n)— Xpy(w)
is a=NV~l-dense in R/Z if N is sufficiently large (in terms of a,b). This means that
Xpy(vy) — Xpy(nv) intersects every atom of the partition Pyw.

If Py, P, are two atoms of P,~, then Py — Py := {1 — a3 : a; € P}} is covered
by at most two atoms of P,~. Therefore, Xp, ) must intersect > %aN /2 atoms of
P |

5.5. Proof of Proposition 5.2. By Lemma 5.4, the set Xp,(y) intersects at least

1. N/2
a

2

Let

atoms of P, .

C:{PGPaN :PQXFS(N)#Q]}

and for every P € C let xp be a single point in PN Xp, (). Let = \%I ZPGC Oz p-
Then H,(P,~) > Nloga/2—log2. Applying Theorem 1.4 with p = 0.49, 6 = 0.1

and f a suitable test function supported on an arbitrary interval J of size N —%2/100

we get an m < aV in S, so that m.u(J) > 0 hence Xp, () is N~"2/100-dense for
N Z Ng(a,b). |:|

5.6. The proof of Theorem 1.10 about density of {a*b'. % : 0 < k,l < rglog N'} is
very similar:

Proof of Theorem 1.10

Step 1: Set for any M

S ke M kg
(5.62) XMf{ab.N.ab <M}.
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Then there is a d € Xy — X with

1
v Sd< a1 H(log N)~2.

Step 2: The set
Y = {a"b".d: "' <d7'} C X2 — X2
is 2r11 (log d) ~"*2-dense.
Hence if M = (logd)"'2 /4k11, we can find a probability measure u (constructed

similarly to the measure p in §5.5) supported on X2 with H,(Py) > 3log M —
log 2.

Step 3: Applying Theorem 1.4, we conclude that the set
Xunz = {m.:z: cm=a’b' < M,z € XN2}

is o (log M)~"2/10_dense. If N is sufficiently large X 25, C Xys and moreover
by definition of M it follows that

(5.6b) vy (log M)™52/190 — 5(log log d) ~"2/1%0 < ay(log log log N')~"2/100,
[l

5.7. Note that if Xy — Xn contained an element d of size O(1/N) (e.g. if m = 1)
in the proof outlined above in §5.6 one log can be dropped in (5.6b), yielding a
substantially improved estimate.
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