RAMSEY PROPERTIES OF RANDOM DISCRETE STRUCTURES

EHUD FRIEDGUT, VOJTECH RODL, AND MATHIAS SCHACHT

ABSTRACT. We study thresholds for Ramsey properties of random discrete
structures. In particular, we determine the threshold for Rado’s theorem for
solutions of partition regular systems of equations in random subsets of the
integers and we prove the 1-statement of the conjectured threshold for Ram-
sey’s theorem for random hypergraphs. Those results were conjectured by
R6d] and Rucinski and similar results were obtained independently by Conlon
and Gowers.

1. INTRODUCTION

Ramsey theory is an important branch of combinatorics. Roughly speaking, a
Ramsey type result asserts for some given configuration F' and some integer r the
existence of a configuration G such that any partition (or coloring) of G into r classes
has the property that a copy of F' is completely contained in one of the r partition
classes. For example, one of the first results of this type can be found in the work of
Hilbert [14], where it was shown that for every £ and for every finite partition of the
natural numbers N = {1,2,3,...} there exists a partition class which contains an
affine cube of dimension ¢, i.e., a set of the form {xg + Zle gix;: g; € {0,1}} for

some g, 1, ..., x; € N. Classical results of that type include the work of Schur [33],
van der Waerden [30], Rado [24], Ramsey [25], Erdds and Szekeres [3], Hales and
Jewett [13], Graham, Leeb, and Rothschild [11], and others (see the, e.g., [12] for

more details).
Applications of probabilistic arguments to obtain bounds in Ramsey theory have
a long tradition. On the other hand, the study of Ramsey type properties of random

structures was initiated only more recently by Luczak, Ruciriski, and Voigt [19] and
further studied by Rodl and Ruciriski with their collaborators [7, 9, 10, 26, 27, 28,
, 30, 31] (for more related results by others see [8, 17, 18, 20, 21, 22, 23]). The aim

of this paper is to establish a general result which yields Ramsey type results for
random discrete structures (see Theorem 2.5). As a consequence, combined with
the work from [29] we establish the threshold for Rado’s theorem for random subsets
of the integers (see Theorem 1.1) and we obtain the 1-statement for the conjectured
threshold of Ramsey’s theorem for random hypergraphs (see Theorem 1.2). Similar
results were obtained independently by Conlon and Gowers [2].
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1.1. Random subsets of the integers. Ramsey type results for the integers
embody the following pattern. For every finite coloring of N there exist integers
Z1,...,2 all of the same color, which satisfy some prescribed condition. For the
condition 1 + 29 = x3 such a result was proved by Schur [33] and for zq,..., 2%
forming an arithmetic progression of length k this is the result of van der Waer-
den [36]. In 1933 Rado [25] published a far-reaching generalization of these results.
For an ¢ x k matrix A = (a;;) of integers consider the system £(A) of homogeneous

linear equations
k

Zaijxj =0 forl1<i</¥.

j=1
We say that a matrix A is partition regular if for any finite coloring of N there
is always a solution (x1,...,xx) of L(A) with all z; having the same color. Rado
characterized partition regular matrices and it follows directly from that character-
ization that k > rank(A) 42 is a necessary condition (see, e.g., [12] for details). We
note that the single equation z; + 2 — x3 = 0 is partition regular due to Schur’s
theorem while the same follows for 1 +x2 —2x3 = 0 by van der Waerden’s theorem.
On the other hand, the equation x; + 22 — 3x3 = 0 fails to have that property.

We say a partition regular matrix A is irredundant if there exists a solution

(@1,...,2) of L(A) such that x; # z; for all 1 < i < j < k and otherwise we
say A is redundant. It is easy to show that for every redundant ¢ x k& matrix A
there exists an irredundant ¢/ x k' matrix A’ for some ¢ < £ and k' < k with the
same family of solutions (viewed as sets). More precisely, (y1,...,yr ) is a solution
of L(A’) if and only if there exists a solution (z1,...,zx) for L(A) with

{xla"'axk}:{ylau'ayk/}

(see, e.g., [29, Section 1] for details). Due to this consideration it is natural to
restrict to irredundant, partition regular matrices A.

We denote by [n] = {1,...,n} the first n positive integers and for a subset
Z C [n], a positive integer r € N, and an irredundant, ¢ x k integer matrix A we
write

Z = (A), (1)

if for every coloring of Z with r colors, there exists a solution (z1,...,xzy) of L(A)
such that all z; are distinct and contained in Z and have the same color. A standard
compactness argument combined with Rado’s theorem yields that for any » € N
and every

partition regular matrix A we have [n] — (A4), for every n > n(A,r) sufficiently
large. Our first main result determines the density required by random subsets of
[n] to satisfy the same property.

For p € (0, 1] let [n], denote the binomial random subset of [n] with integers from
[n] included independently, each with probability p. In other words, we consider
the finite probability space on all subsets of [n], where

P([n]p =27)= plZl(l —p)”_|Z‘

holds for all Z C [n]. In [10, 28, 29] the question when [n], — (A), holds with prob-
ability close to 1 was investigated. To characterize the sequences of probabilities
P = (Pn)nen with that property we consider the following parameter introduced
in [29].
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Let A be an £ x k integer matrix and let the columns be indexed by [k]. For a
partition WUW C [k] of the columns of A, we denote by Ay the matrix obtained
from A by restricting to the columns indexed by W. Let rank(Ayr) be the rank
of A7, where rank(Agr) = 0 for W = (. We set

a Wi-1 @)
m4 = max .
AT wiwap [W] — 1 + rank(Agy) — rank(A)
W[=2
It was shown in [29, Proposition 2.2 ii)] that for irredundant, partition regular

matrices A the denominator of (2) is always at least 1.

For example, if A consists of the single equation x; + o — x3 = 0 considered
by Schur, then my = 2. Moreover, if A corresponds to an irredundant, partition
regular matrix with the property that the solutions of £(A) form an arithmetic
progression of length k, then m4 =k — 1.

One of the main results in [29] asserts that for every irredundant, partition
regular matrix A there exists some ¢ > 0 such that if p = (p,) satisfies p, <
en~Y/ma_then

Tim P ([n],, — (4)2) =0. 3)
Note that by definition P ([n],, — (4),) < P([n],, — (A)2) for every r > 2. More-
over, extending a result from [28] in [29] the complementing result for p > n~=1/ma

was obtained for a special subclass of partition regular matrices, which we consider
below.

We say an irredundant, partition regular £ x k matrix A is density reqular if any
subset Z C N with positive upper density, i.e.,

ZN|n
lim sup M >0,
n—o0o n
contains a solution (z1,...,xx) of L(A) with all z; distinct. For example, Sze-
merédi’s famous theorem on arithmetic progressions [34] shows that if the solutions

of £L(A) form an arithmetic progression, then A is density regular. More generally,
it was shown in [4] that an irredundant, partition regular matrix is density regular
if and only if (1,...,1) is a solution of L(A).

Complementing (3), R6dl and Rucinski showed in [29] that for every irredundant,
density regular matrix A and every integer r > 2 there exists C' > 0 such that if
p = (p,) satisfies p, > Cn~1/™4 then

lim P([n],, — (4),) =1. (4)

n—o0

For the special case, when solutions of £(4) form an arithmetic progression the same

result appeared already in [28]. In other words, combining (3) and (4) it follows
that p, = n~'/™4 is the threshold for the property [n],, — (A), for irredundant,
density regular matrices A. It was conjectured in [29] that this extends to all

irredundant, partition regular matrices A. For the special case, when A consists
only of the equation z7 4+ 2 — x5 = 0 (considered by Schur) and r = 2 this was
verified in [10]. Our first main result addresses the general case.

Theorem 1.1. Let A be an irredundant, partition reqular integer matriz and let
r € N. There exist constants 0 < ¢ < C' such that for any sequence of probabilities
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P = (Pn)nen we have

lim P([n],, — (A),) =

n— oo

1, Z‘fpn > Cnil/mA
0, if pp <cn~Yma,

Due to (3) it suffices to show the 1-statement in the theorem above. This state-
ment will follow from a more general result presented in Section 2. We deduce the
1-statement of Theorem 1.1 in Section 3.

1.2. Ramsey properties for random hypergraphs. The second main result
concerns partition properties of random hypergraphs. An f-uniform hypergraph H
is a pair (V, E), where the vertex set V is some finite set and the edge set E C [V]* is
a subfamily of the ¢-element subsets of V. As usual we call 2-uniform hypergraphs
simply graphs. For some hypergraph H we denote by V(H) and E(H) its vertex

set and its edge set and we denote by v(H) and e(H) the cardinalities of those
sets. For an integer n we denote by K,(f) the complete Z-uniform hypergraph on n
vertices, i.e., U(Kg)) = n and e(Ky(f)) = (7). For a subset U C V(H) we denote
by E(U) the edges of H contained in U and we set e(U) = |E(U)|. Moreover, we
write H[U] for the subhypergraph induced on U, i.e., H[U] = (U, E(U)).

Ramsey’s theorem [25] asserts that for every f-uniform hypergraph F and every
r € N there exists some n(F,r) such that for every n > n(F,r) we have

KY = (F),,

i.e., every r-coloring of the edges of KO yields a monochromatic copy of F. More
generally, for f-uniform hypergraphs F' and G and r € N we write G — (F),, if
for every partition E1U...UE" = E(G) there exists some s € [r] and an injective
mapping ¢: V(F) — V(G) such that ¢(e) € E® for every e € E(F).

Similarly as in the context of Rado’s theorem we are interested in random ver-
sions of Ramsey’s theorem. Here we study the binomial model G (n,p) of ¢-
uniform hypergraphs, where edges of the complete hypergraph Kr(f) are included
independently with probability p. More precisely, we consider the finite probability
space with ground set F(K ff)) where for any /-uniform hypergraph H with vertex
set V(Ky(f)) we have

P (G“)(nyp) = H) = p (1 — p)(E) el
For a fixed f-uniform hypergraph F and r € N we are interested in the asymptotic

growth of the smallest sequence of probabilities p = (py, )nen such that G (n, p,, ) —
(F), holds asymptotically, almost surely (a.a.s.), i.e.,

Tim P (Gm(n, Pn) = (F)T> =1. (5)

This question was first studied in [19] and there it was shown that (5) holds
for F = K3 being a graph triangle, 7 = 2, and p = p, > 1/4/n (as noted in [19]
this also follows implicitly from an earlier result in [5]). The result from [19] was
generalized for the same condition on p to an arbitrary number of colors by Raédl
and Rucinski in [27]. Finally in [28] R6édl and Rucinski solved the problem for

arbitrary graphs F' and any number of colors » € N by showing that (5) is valid
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as long as p > Cn~Y™F for some C = C(F,r), where (in general for an (-uniform
hypergraph F' with e(F) > 1) we set

e(F/)71 ‘f F/ E
mp = max d(F/) Wlth d(F/) _ v(F)—10 1 ’U( ) >
F'CF 1/6, ifU(F’):Z.
e(F)>1

(6)

If follows from the definition of mp, that p = Q(n=1/"™)) then a.a.s. the number of
copies of every subhypergraph graph F’ C F in the random hypergraph G®)(n, p)
has at least the same order of magnitude, as the number of edges. This property
seems to be a necessary condition for (5) to hold. This belief was indeed verified
for graphs in [26], where it was shown that for “most” graphs F' there exists some
¢ > 0 such that for any p = (p,)nen with p, < en™/™F we have

lim P (G@)(n,pn) - (F)g) =0

n—oo
Here “most” means all graphs F' with the exception of forests consisting of stars and
paths of length three, which show a slightly different behavior (see [16, Chapter 8]
for details).

Our second main result, Theorem 1.2, establishes the general result for /-uniform

hypergraphs. We believe that the matching O-statement also holds for “most”
hypergraphs F', but we will not study this here.

Theorem 1.2. Let F' be an {-uniform hypergraph with maximum degree at least 2
and let r € N. There exists a constant C > 0 such that for any sequence of
probabilities p = (Pp)nen satisfying p, > Cn~Y™F we have

lim P (G(e) (n,pn) — (F)T) =1.

n—oo
Theorem 1.2 was conjectured by Rédl and Rucinski [30, Conjecture 1.23]. In [30]

and in [31] such a result was already established for the special cases when F' = K| f’)
and for /-partite, -uniform hypergraphs F. Theorem 1.2 follows from the more
general result presented in Section 2 and we present the reduction in Section 3.

2. MAIN TECHNICAL RESULT

In this section we introduce a general environment allowing to prove Theorem 1.1
and Theorem 1.2 along the same lines. We note that the earlier results of Rodl
and Rucinski in [28, 30] were based on applications of the regularity lemma for
graphs and 3-uniform hypergraphs [35, 6]. Due to the somewhat technical nature
of the regularity lemma for hypergraphs, proving even special cases of Theorem 1.2
presented several technical difficulties. Although the approach taken here uses some
ideas from [28], we will, similarly as in [31], avoid the use of the regularity lemma.
The approach here can be viewed as a refinement of the work in [32], where related
extremal and Turan-type problems for random subsets of the integers and random
hypergraphs were studied.

2.1. Statement of main result. It will be convenient to consider sequences of
k-uniform hypergraphs H = (H,)nen. In the context of Theorem 1.1 for a given
irredundant, partition regular ¢ x k matrix, one may think of the vertex set V(H,,)
to be [n| and the edges being the solutions (z1,...,xx) of L(A) with x; # x; for
1 <i < j <k Inview of Theorem 1.2, for a given f-uniform hypergraph F
with & edges we may think of V(H,,) being the edge set of K,(f) and every edge of
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E(H,,) corresponds to a copy of F in K. The two main assumptions allowing
to apply the main result, Theorem 2.5, are (r,()-Ramseyness (cf. Definition 2.1)
and (K, p)-boundedness (cf. Definition 2.3). Roughly speaking, H will be (r,()-
Ramsey, if a quantitative Ramsey-type result for the original structure holds. For
Rado’s theorem such a strengthening was deduced from Deuber’s theorem in [4]
and for Ramsey’s theorem it follows directly from Ramsey’s original argument.
The (K, p)-boundedness will impose a lower bound on p and we will verify this
condition for Theorem 1.1 and Theorem 1.2 in Section 3.

Definition 2.1. Let H = (V, E) be a k-uniform hypergraph and r € N. We say
H is r-Ramsey, if for every partition V'U...UV" of V there exists an s € [r] such
that e(V*®) # 0.

For a subset U C V and ¢ > 0, we say the induced subhypergraph H[U] is
(r,¢)-Ramsey, if for every partition U'U...UU" of U there exists an s € [r] such
that e(U?®) > (|E|.

Moreover, for a sequence H = (Hp,)nen of k-uniform hypergraphs, we say H is
(r, {)-Ramsey, if for all but finitely many n the hypergraph H,, is (r,()-Ramsey.

We note that in the definition of (r,()-Ramseyness the number of required
monochromatic edges is given in terms of the global number e(H) of the edges
of H and not in terms of e(U). The next observation follows directly from the
Definition 2.1.

Fact 2.2. Letry...,re be positive integers, let ¢ > 0, let H = (V, E) be a k-uniform
hypergraph, and let U'U...OU* be a partition of U C V. If H[U] is (Z§:1 r;,¢)-
Ramsey, then there exists an j € (] such that H[U’] is (r;,()-Ramsey. O

For a k-uniform hypergraph H = (V,E), i € [k —1], v € V,and U C V we
denote by deg;(v,U) the number of edges of H containing v and having at least ¢
vertices in U \ {v}, i.e.,

deg,(v,U)=|{e € E: [en(U\{v})|>iand v €e}.

For ¢ € (0,1] we let p;(H,q) denote the expected value of the sum over all such

degrees squared with U = V being the binomial random subset of V' with proba-
bility ¢

pi(H,q) =E |y~ deg? (v, V)

veV

(7)

Definition 2.3. Let H = (H,)nen be a sequence of k-uniform hypergraphs, let
P = (Pn)nen be a sequence of probabilities, and let K > 1. We say H is (K, p)-
bounded if the following is true.

For every i € [k — 1], there exists ng such that for every n > ng and q > p,, we
have
|E(H,)[”
\V(H,)|

We will use the following recursive function.

pi(Hy, q) < Kq* (8)

Definition 2.4. We define the function R: N x N — N recursively by setting
R(1,r)=1, R(i,1)=1,

and
Ri+1,r+1)=Rl, 7+ 1)+ (r+ 1R+ 1,r)
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for every i, r € N.

The results stated in the introduction are consequences of the following theorem.

Theorem 2.5. Let H = (H,)nen be a sequence of k-uniform hypergraphs, let
P = (Pn)nen be a sequence of probabilities satisfying p, — 0 and pF|E(H,)| — oo
asn — oo, and let ( >0, K > 1, and r € N.

If H is (R(k,r),¢)-Ramsey and (K, p)-bounded, then there exists a C > 1 such
that for g, > Cpy, a.a.s. the binomial random subset V,, 4. of V(H,) induces an

r-Ramsey hypergraph.

We remark that typically satisfying the (K, p)-boundedness will be the more re-
strictive assumption on p compared to p¥|E(H,,)| — oo. The proof of Theorem 2.5
is based on induction on k+r and for the induction we will strengthen the statement
(see Lemma 2.7 below).

For a k-uniform hypergraph H = (V, E) subsets W C U C V, and any integer
i € {0,...,k} we consider those edges of H[U] which have at least i vertices in W
and we denote this family by

E}](W) ={e€ EWU): lenW]| >1i}.
Note that
EY(W) = E(U) and Ef(W) = E(W) (9)

for every W C U.
The next technical definition is crucial to our induction scheme.

Definition 2.6. Let H = (V, E) be a k-uniform hypergraph and W CU C V. Let
i€k],reN, &€>0andqe (0,1]. We say HW] is (i,1,&,q,U)-Ramsey, if for
every partition WU...UW™ of W there exists an s € [r] such that

B W)| > &' 1B).

The next lemma states that under some fairly general assumptions (R(i,7), ()-
Ramseyness of H[U] implies (with probability close to 1) that H[U,] is (¢,7,§, ¢, U)-
Ramsey.

Lemma 2.7. Let H = (H, = (Vy,, E;))nen be a sequence of k-uniform hyper-
graphs, let p = (pp)nen be a sequence of probabilities satisfying p*|E,| — oo as
n — 0o, and let K > 1. Suppose H is (K, p)-bounded.

For every i € [k], r € N, ( > 0, and (wp)neny with w, — 00 as n — oo there
erist £ > 0, b > 0, C > 1, and ng such that for every n > ng, every q with
1/wy > q > Cp, the following holds.

IfU CV,, and H,[U] is (R(i,1),¢)-Ramsey, then the binomial random subset U,
satisfies

P (H[U,] is (i,7,&,q,U)-Ramsey) > 1 —27alVal
Theorem 2.5 follows from Lemma 2.7 applied with ¢« = k and U = V,,. Note

that the property of being r-Ramsey is monotone and, hence, it suffices to verify
Theorem 2.5 for ¢ = o(1).

2.2. Probabilistic tools. We will use Chernofft’s inequality [!] in the following
form.
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Theorem 2.8 (Chernoff’s inequality (see, e.g., [10, Corollary 2.3])). Let X C Y
be finite sets and p € (0,1]. For every 0 < p < 3/2 we have
P (||X NY,| - plX[| > oplX]) < 2exp(—0”p|X|/3). O

We will also use Janson’s inequality [15].

Theorem 2.9 (Janson’s inequality (see, e.g. [16, Theorem 2.14])). Let H = (V, E)
be a k-uniform hypergraph, U C V, i € {2,...,k}, and q € (0,1]. For every edge
e € E(U) fiz some i-element subset I(e) C e (in an arbitrary way) and set

1(6):{17 Zfl(e)qu

0, otherwise.

For every o > 0 the binomial random subset U, satisfies

P(IEGU) < (1= o)d B <P | Y 1) < (1-0)d'|EW)]
ecE(U)
*q*|EU)?
<er (555
where A; = E XS {1(e) - 1(¢/): e,e’ € E(U) and I(e) N I(e') # 0}]. O

We note that A; can be bounded by qu;_1(H,q). In fact, it follows from the
linearity of the expectation that

B =E[Y 3 {1(e) 1(¢): e,¢’ € BU) and I(e) N 1(e') £ 0} ,

<E Z ‘{(e,e’): uel(e)nI(e), I(e) CU,, and I(e’)qu}‘
ueUg

= % i [{(e.): e HONTE). (1) (1) T

uelU
and (1) {uh) < 0}

<q Z deg?_1 (v, Vy)

veV
= QNi—l(Hv Q) . (10)

We also use an approximate concentration result for (K, p)-bounded hyper-
graphs. The boundedness of H only bounds the expected value of the quantity
> deg?(v,V})). In the proof of Lemma 2.7 we need an exponential upper tail
bound and, unfortunately, it is known that such bounds usually do not hold. How-
ever, it was shown by Rédl and Ruciniski in [28] that on the prize of deleting a few
elements such a bound can be obtained.

Proposition 2.10 (Upper tail [28, Lemma 4]). Let H = (H,, = (Vy,, Ep))nen be a
sequence of k-uniform hypergraphs, let p = (pn)nen be a sequence of probabilities,
and let K > 1. Suppose H is (K, p)-bounded.

For every i € [k — 1] and every n > 0 there exist b > 0 and ng such that for
every n > ng and every q > py the binomial random subset V;, 4 has the following
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property with probability at least 1 — 274Vnl There exists a set |X| C V,,q with
X < nq|Vy| such that

E 12
3 deg? (v, Vig \ X) < 267 P
= [Vl
The proof follows the lines of [28, Lemma 4] (see also [32]).

Proof. Suppose H is (K, p)-bounded and i € [k — 1] and 1 > 0 are given. We set

Ui

O TPSE

and let ng be sufficiently large, so that (8) holds for every n > ng and g > p,.
For every j =1,...,2(k — 1) we consider the family .#; defined as follows

S = {(S,v,e,e’): S CVy,veVy, ee €k, such that |S| = j,
veene, SC(eue)\{v}, [enS]>iand | NS| 22’}.

Let S; be the random variable denoting the number of elements (S, v,e,e’) from
Z; with § € ( 7). By definition we have E% ’E E[S;] = pi(Hy,q) and due to the
(K, p)—boundedness of H we have

2k—2

mas B8] < Y EIS) = pilHaq) < Ke 2

G=i,..,2(k—1)

Ep|?

Vol
Let Z; be the random variable denoting the number of sequences

((S”‘7v7‘7 e’r’vegn))re[z] S asﬂjz

[

(i) the sets S, are contained in V;, , and
(#) the sets S, are mutually disjoint, i.e., Sp, NSy, =@ forall 1 <7 <7y < 2.

of length

which satisfy

Clearly, we have
z, Jz z 2i|E‘n|2 :
E[Z;] <7517 = (E[S;])” < | Kq ) (11)
On the other hand, if

9 2k—2
| En|

2
Z deg? (v, Vpg \ X) > 4k2Kq2’ Z j- 2Kq21 2
= Val — Vil

for any X C V,,, with |X| < ng|V,,|, then there exists some jo € {3,...,2k — 2}

such that
\E |2 ?
Z. > (2K 2 |En .
J°—( K m)
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Markov’s inequality bounds the probability of this event by

B 12\ 7
P(E'joE{i,...,2k‘—2}: Zjo > 27 (Kq21|n|> )

Vil
2k—2 . S [ER2\ 7Y (D 2k—2 ] z
< ;P<Zj22 (Kq A ) ) < ;P(Zj > 2%(E [Z,])?)
< 2k -27% < 9 balValtitlog k|
which concludes the proof of Proposition 2.10. O
The next lemma, also due to Rodl and Ruciriski from [28], states the if a bino-

mial random subset enjoys a monotone property with very high probability, then a
slightly enlarged random subset will have a “robust” variant of this property with
similar probability. Here we say an event holds with very high probability if the
probability of failing is exponentially small in the expected size of V.

Proposition 2.11 ([28, Lemma 3]). Let U be a set and let P be a family of subsets
of U closed under supersets. For all 6 € (0,1) and b > 0 satisfying 6(3 —logy §) < b
and q € (0,1] the following holds. If

P (Uq_g)4 € P) > 1 — 2704l
then
P (VX C U, with | X| < 6q|U|/2 we have (U, \ X) € P) > 1 —270°4UI/20
2.3. Proof of main result. We start with a simple observation.
Fact 2.12. Let H = (V, E) be a k-uniform hypergraph, let U C V, and let { > 0
and K > 1. If 3 oy degi_,(v,V) < K|E|?/|V| and e(U) > C|E|, then the set

Y = {u eU: deg,_,(u,U) > CE'}

— 2V
satisfies
2

Y|>>=|V].

¥] > V]
Proof. Due to the definition of Y we have

ClE| ¢
> degy 1 (y,U) > e(U) — §W|U| > §|E|~

yey

Hence, it follows from the Cauchy-Schwarz inequality

2
C2
TIEE <D deg y(uU) | <|Y|D_ degi 1(y,U)
yey yey
L2

<Y Z degi (v, V) < |Y]- KW»

veV
which yields the claim. (I
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Proof of Lemma 2.7. Let H = (H,, = (V,,, Ep,))nen be a sequence of k-uniform
hypergraphs, let p = (p,,)nen be a sequence of probabilities such that pX|E,| — oo
and H is (K, p)-bounded for some K > 1. We prove Lemma 2.7 by induction on
T+
Induction start for i = 1 and r € N. In this case we need to show that
for given r, ¢ and (wn)nen there exist &, b, C, and ngy so that for n > ng the
(R(1,7),¢)-Ramseyness of H,[U] implies (1,7,&, ¢, U)-Ramseyness of H[U,| with
very high probability. This will follow from Chernoff’s inequality and Fact 2.12. In
fact, let ¢ > 0 (the sequence (wy,)nen Will play no role in the induction start and
we only need the upper bound on ¢ in the induction step). We set
¢ ¢

&= , b= K’ c=1,
and let n be sufficiently large. Note that for sufficiently large n, the (K, p)-
boundedness of H (applied for ¢ = 1) yields

| En?

p—1(Hp, 1) =Y degi_y(v,V) < K A

veV

For every U C 'V, satisfying H,[U] is (R(1,7),({)-Ramsey we have e(U) > (|E,|.
Consequently, we infer from Fact 2.12 that

2
Y|>=>-|V,]. 12
EA (12
Furthermore, due to the definition of Y we have for every ¢ € (0, 1]
1 g2
FE} >y D2
| U(Uq)|—k| qu‘ 2|Vn|

and for every partition Uqu .. UU; of Uy there exists an s € [r] such that
| En|
[Vl

Finally, it follows from Chernofl’s inequality that |[Y'NU,| > ¢|Y'|/2 with probability
at least 1 — 2exp(—q|Y|/12). Hence, the choice of £ and b and (12) yields

P (H,[U,] is (1,7,&,q,U)-Ramsey) > 1 — 2exp(—q|V]/12) > 1 — 27 talVal

1 s C
BL U3 2 -V T

|1/k

for sufficiently large n and g > p,,, since q|V,,| > pn|Va| = pn|En — 0.

Induction start for i« > 2 and » = 1. This case follows from Janson’s inequality.
For ¢ > 0 we set

IS
ST

Let n be sufficiently large and

C2
) = 87K7
q > Py SO that
ti-1(Hn,q) < K@ 2| Ey 2/ Vil -

For every U C V,,, which is (R(Z,1),¢{)-Ramsey we have e(U) > (|E,|. Conse-
quently, (10) combined with Janson’s inequality applied with ¢ = 1/2 yields

: C 1 ) ( C2q2i_l|En|2) —b
P |E! (U < 2q* En < ex I LA R R )] Q|Vn|’
(| U( q)| - 2q | | B P 8/‘i71<Hn7Q)

Cc=1.

which yields the lemma for r» = 1.
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Induction step. We will verify the lemma for i+1 > 2 and r+1 > 2 and suppose
the lemma holds for ¢ and  + 1 and for i + 1 and r. Let ¢ > 0 and w = (wn)nen
be given.

Outline. We will expose the random set U, in L rounds. Suppose Uy, is the
outcome of the first round and let U, qllU v ;14-1 be an arbitrary partition of Uy, .
Due to the induction assumption applied for i and r + 1 we will infer that there
must be some color s1 € [r + 1] such that |E{;(Us!)| = Q(q}|E|). We consider the
set W7 C U of vertices such that every vertex w € Wj is contained in at least
Q(qi|E|/|V|) edges from Ef,(Ugr). Note that if for some later round for £ > 1 some
w € Wy appears in U,, and w will be also colored with the same color s, i.e.,
w € Ug}, then this will create edges in E,ZH(U;Il uuUgl) C E}'JH(U?). Moreover,
we will infer from the (K, p)-boundedness of H that W; is of linear order, i.e.,
Wil = (V).

In the second round we will repeat the same argument and obtain some so €
[r + 1] and a set W5. However, we will also ensure that W5 \ W7 is large. For that
we will apply the induction assumption to U \ Wi. In fact, this is the reason for
allowing an arbitrary subset U C V in Lemma 2.7. As a result we will ensure that
|[Wa \ W1| > A V| for some fixed A > 0 (only depending on K, i+ 1, r + 1, and ().
Recall that we can only apply the induction assumption for ¢ and r + 1 to U \ W;
only, if H[U \ W1] is still (R(i,r + 1), {)-Ramsey.

In general we will repeat the argument from the first round and obtain sets
Wi,...,Wi_y such that [W; \ Uz;ll W;| > A|V| for every j € [¢ — 1] and integers
§1,...,50-1 € [R+ 1] such that |E{;(Ug))| = Q(q}|E]|) for every j € [£ —1]. We
stop when H[U \ W] fails to be (R(i,7 + 1), ¢)-Ramsey for W = Uf;i W;. Clearly,
after at most 1/A < L rounds we arrive at the situation, that H[U \ W] is not
(R(i,7 + 1), ¢)-Ramsey and then we will argue as follows.

Since H[U] was (R(i+1,741), ¢)-Ramsey, by Fact 2.2 and the definition of R(-, -)
we then have that H[W] must be ((r + 1) - R(i + 1,r),{)-Ramsey. Consequently,
there must be some ¢ € [r + 1] such that for

wh= | J w;

jisj=t

we have that H[W'] is (R(i + 1,7),()-Ramsey. In other words, we are ready to
apply the induction assumption with 7 + 1 and r to W*. By definition of W* every
vertex of W is contained in Q(¢*|E|/|V|) edges from E}, (Uf;i Ug.) and, therefore,
if a substantial fraction of the vertices U,, N W* will be assigned the color ¢, then
we have |E3+1(U§:1 Uil = Qg™ El), which is what we have to show. If, on the
other hand, the number of vertices of color ¢ in Uy, N W is negligible, then the
induction assumption applied for i + 1 and r to W will yield that Eli]H(U;e) is
large for some s € [r 4+ 1] \ {t}.

In the proof we will need that the error probabilities in the later rounds will
have to beat the number of (r + 1)-colorings of the earlier rounds. For that we will
chose ¢y in such a way that ¢, > Zf;i g; and ¢; = O(q) for every ¢ € [L]. This
will require that all statements in the proof have to hold with very high probability.
We now give the details of this proof and first define all constants involved in the
proof.
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Constants. The number of rounds L will depend on the constant £(i,r + 1, (, w),
which is given by the induction assumption. More precisely, let

& =¢l,r+1, ,w), b =0b(r+1,(w),
C'=C(i,r+1,(,w), and n' =mne(i,r+1,(,w)
be given by the induction assumption applied for i,  + 1, ¢, and w. We set
= [Fam 4], (13)
Moreover, we will appeal to the induction assumption for i + 1, r, ¢, and w and let
=i+ 1L,n¢w), b=bi+1r{w),
C*=C(i+1,r,¢,w), and n"=mne(i+1,7r( w)

be the corresponding constants. Let 1/2 > § > 0 be sufficiently small so that

(Y b
§(3—1logyd) <minq —, — (14)
22
and set -
.82
b= —. 1
80K (15)
Furthermore, we appeal to Proposition 2.10 with K, ¢, and
5¢2
= 1
1=K (16)
and obtain
b=0b(K,i,n), C =C(K,i,n), and n=no(K,i,n). (17)

Next we set

-
bmin = min{ ¢ ) g ) g} and B = max { 410gb2:n+ D ) 36252(} +1 (18)

and finally let

o feea-a) i (B-1\"
g_mln{ 32k K 75 (1_6) : BL _1 ) (19)
buin B — 1
b=y ot (20)
max {C’,C*,C} BL -1
©= {175 }'Bfl’ 1)

and let ng > max{n’,n*,n} be sufficiently large. Let n > ng, let ¢ € (0, 1] such
that

1

Wn

Finally, appealing to the assumptions of Lemma 2.7, let U C V,, such that
H,[U]is (R(i+ 1,7+ 1),¢{)-Ramsey . (22)

From now on we drop the subscript n for a simpler notation. We have to show that
H[U,]is (i+ 1,7+ 1,¢,¢,U)-Ramsey with very high probability.
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As mentioned above we will expose U, in L rounds, where the elements in the
¢-th round will be included with probability ¢,. For that let ¢; be the solution of
the equation

L
1—qg= H (1 — Beflql)
=1
and set
q@=B""q
for every ¢ = 2,..., L. For sufficiently large n we have
Q> < =q bl (23)

25:1 Bt Bt —1"
since w,, — o0 and ¢ < 1/w,,. Due to the choice of C in (21) and g > Cp,, we have
max {C’ ,C* ,6}

1-9
The choice of B in (18) yields for every £ =2,...,L

ZQJ—LHZB]—QI 11

(18) bmin 5C2 /—1 542
<’ mi Bl < X4 (2
= { Llogy(r+1)° 32K} ws g (29)

aw>->q 2 “Dn - (24)

holds.

For later reference we note that due to the choice of constants in (21) and (24
the following statements hold by induction assumption. For every subset S C U
and ¢ € [L] we have

H[S] is ((R(i, + 1), ¢)-Ramsey
= P (H[S(1_5)q]) is (i,7 +1,€, (1 — 8)qe, S)-Ramsey) > 1 — 27 (1=9aIS| (2¢)
and
H[S]is ((R(i + 1,7),¢)-Ramsey
= P (H[S(1_s)q,) is (i + 1,7, ", (1 — 8)qe, S)-Ramsey) > 1 — 270" (1=0)alSI(27)
Details of the induction step. For our analysis we require some notation.
Recall, the random subsets of the L rounds by Uy, , ..., Uq,, and let Uy = Uj¢ 1) Ug,-
Moreover, we let x¢: Uy, — [r+1] be a partition of U,, and we denote the partition
classes by Uy, U...UU*! ie., for every s € [r+1] and £ € [L]
Us, =Xz '(5)
Since the sets Uy, and Ug,, may not be disjoint we will require that the partitions
x; and x; are consistent, i.e., those functions agree on Uy, NUq, -

In the proof those vertices of U, which are contained in many edges in E}'J(U;E)
play a crucial role. For that we define for every ¢ € [L] and s € [r + 1] the set

g -0) ;|E| }

2

Wi = {u €U: deg; y(u,U;,) >
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where

deg; y(u,U;,)) = |{e € E(U): u € eand |(e\ {u}) US| >i}|

{4

is the degree of the vertex u in the edge set Ef;(U?). It follows directly from the
definition that

degi,U(uv U;) < degi,\/(uv quz) < degi,V(u’ qu) = degz‘(uv Ufu) : (29)

Finally, for ¢ € [L] we denote by W, the set of vertices with large degree in some
partition class, i.e.,

w,= |J wp.
s€[r+1]
The following claim, roughly speaking, says that given subsets U,,...,U,, , of

U and consistent partitions x;: Uy, — [r + 1] for j € [¢ — 1] the random set U,,
satisfies the following with very high probability:

For any (r + 1)-partition of Uy, either W, contains Q(|V|) new elements disjoint
from Wy, ..., Wy_1 (see (ii.a) below) or there exists some s € [r 4+ 1] such that
Eﬁ'l(Uﬁ:l Ug,) will be large (see (ii.b) below).

Claim 1. Let ¢ € [L], let subsets Uy,, ..., Uy, , of U satisfy
-1 -1
‘Uj:l Ug| <2 Zj:l 4|U| (30)

and let consistent (r + 1)-partitions x;: Uy, — [r+ 1] for j € [{ — 1] be given.
With probability at least

1— 2—bmin(1l|v|
the random set Uy, satisfies the following:
(i) 1Us| < 201U

and for every partition x¢: Ug, — [r + 1]

(#.a) either

W, \Uffl Wl > (51)2 ‘V‘
£ J=1"7| = 92i+3 )
(#.b) or there exists an s € [r + 1] such that

i 4 s i
B (Ui vg)| 2 0181

We first deduce Lemma 2.7 from Claim 1. Let &/ denote the event that H[U,]
is (¢ + 1,7+ 1,§,¢,U)-Ramsey and for given U,(¢ — 1) = (Ug,,...,Uq_,) and
for given x(¢ — 1) = (x1,...,x¢—1) with x;: Uy, — [r 4 1] being consistent for
Jj=1,...,0—1,let $,_1) be the event that the conclusion of Claim 1 holds. In
other words, Claim 1 states that for the randomly chosen set U,, we have

P (Bo(o—1) | Ug(l — 1)) > 1 — 27 bminaelV], (31)
Note that U,(0) and x/(0) are vectors of length 0. For £ = 1 we set
P (Zx0) | Uq(0) =P (Zx0))
where %, (o) denotes the event that
(4) Uq| < 2a:[U]

and for every partition x1: U, — [r+ 1]

(ii.a) either |Wq| > (¢)2|V]/(22F3K), _

(#.b) or there exists an s € [r 4 1] such that |E}J+1(qul)| > £qHL| B
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Again Claim 1 states that
P ('%X(O)) >1-— 2_bminQ1\V| )

Note that if %, holds for every ¢ € [L], then alternative (éi.a) cannot alway
occur since
223K (13)
<
(€)?

Hence, if %y ;) holds for every £ € [L], then conclusion (4.0 ) in Claim 1 must hold

for some ¢ € [L]. Consequently, for every partition of U§=1 Uy, into r + 1 classes
there exists some s € [r + 1] such that |E§J+1(U§:1 Us )l > €¢"E|. In other
words, since Ule Ug; € Uy, the hypergraph H[U,] is (i + 1,7 + 1,&, ¢, U)-Ramsey
and event ./ occurs. Below we will verify that this happens with a sufficiently high
probability

P-a/) <Y S Y P(+Bypyy [ Ug(l = 1) P U (L - 1)),
/=1

U, (0—1) x(£—1)
where the middle sum runs over all choices of Uy(¢ — 1) = (Uy,, ..., Uy, ,) satisfy-

ing (30) and the inner sum runs over all (r + 1)V s g partitions x (£ — 1) of
U, —1). Therefore, (31) yields

L
P(-e) < Z(T + 1)2‘V| S, 9~ bminge|V]

Since Z 1 q; < qu by (25) and ¢; < g we have

B(~e) < L-2-bunar V172 CO8 5 tavi
where the last inequality holds for sufficiently large n. This concludes the proof of

Lemma 2.7 and it is left to verify Claim 1. (]

Proof of Claim 1. Let ¢ € [L], Uy,,...,U,, , and partitions x1,...,xe¢—1 be given.
Note that this defines the sets W for j € [ — 1] and s € [r + 1] as well. We first
observe that property (i) of Clalm 1 holds with high probability. Since (22) holds,
we have e(U) > (|E| and, therefore, the (K, p)-boundedness of H combined with
Fact 2.12 yields

e
Hence, Chernoft’s inequality yields

(18)
P (|Uq| = 2qe|U]) < 2exp(—qe|U|/3) < 27 2mimaelV], (32)

for sufficiently large n.
For the rest of the proof we distinguish two cases depending on the structure of
the complement of Uj;i W in U. For that we set

v=u\|Jw;.
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Casel (H [U Jis (R(i, r+1),¢)-Ramsey). Note that it follows from the the Ramsey-
ness of H[U] that e(U) > (|E|. Therefore, the (K, p)-boundedness of H combined
with Fact 2.12 yields

01> v, (33)

In this case we appeal to induction assumption for ¢ and r + 1 and focus to the
restriction on H[U] (cf. (26)). In fact, the induction assumption for ¢ and r + 1
yields

( [U(l 5 q[} is (1,7 +1,&, (1 - )qg,U)—Ramsey) >1- 9=t (1-0)a|U|
>1—92-0"/2al0]

Since being (i,7 4+ 1,&,(1 — 6)qe, U)-Ramsey is closed under supersets, in view
of (14) we infer from Proposition 2.11 that with probability at least

L 2_52%'0'/20 (15)233) L 2_5%“,' (34)

the random set U,, has the property that H[qu \ X]is (4,7 4+ 1,&, (1 — 8)qe, U)-
Ramsey for every X C U,, with |X| < 6qg|U\ /2. In other words, for every such
set X and every partition Uql/Z e UU;”;rl of qu there exists an s € [r+ 1] such that

B 03\ X)| 2 €1 - 8)'il . (35)
Recalling the definition
Ep(Us, \ X) ={e € EQU): [en (U;,\ X)| = i}.
and recalling that ¢ + 1 < k we note that

X)’ < Z{eeE(U): u € e and (e\{u})ﬁ(U;E\Xﬂ > i}

uclU
= Z deg“j(u, U;g \ X).
uel
Consequently, (35) implies
> deg; o (u, Up, \ X) > €' (1= 6)'qj| B (36)
uel
Moreover, due Proposition 2.10 and the choice of constants in (17) with proba-
bility at least
1 — 2 baelV] (37)

there exists a set X C V,, of size at most

|X| < TICJ@|V| 5QZ|U|/2

such that
2
ZdeglUuUé \X Zdeglvv}”\X)<2KZ|—| (38)

wel veV ‘V‘

Let

s _ sy §(L=0) ,|E|
W; {uEU deg‘7U(uU ) > QZV} (39)
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Note that by definition W; C W, and W is disjoint from Ue Wy

Summarizing, due to (34) and (37) with probability at least 1 -2~ bae|V| _g=bae| V|
the random set U,, satisfies properties (36) and (38) for every partition of qu and
we infer by the Cauchy-Schwarz inequality that

i|E|2 (38) s s
2K ¢} V] > Zdeg (u, U Z deg (u, U L\ X)
uel u»’:‘W{g

1 N
Z T § : deg; 5 (u, Uy, \ X)
|WZ| =%
4

Moreover

Z deglU u, US \ X)
UGWS
>ZdegU Z degzU ;Z\X)
uel weU\W;
(36),(39) ¢/ iy
2 S -oydm).
Combining the last two estimates and § < 1/2 we obtain
(€)?
9213 [
In other words, in this case property (#.a) holds with probability at least

W¢| > V1.

1— 2*54e|V\ _ Q*EWW\

and in view of (32) and the choice of by, in (18) for sufficiently large n this yields
the proof of Claim 1 in this case.

Case 2 (H|[U] is not (R(i,r +1),¢)-Ramsey). Due to (22), the assumption of this
case combined with Fact 2.2, and the definition of the function R(:,-) in Defini-
tion 2.4 we have

H[U\ U] is ((r +1)- R(i +1,7),¢)-Ramsey. (40)
Recall that
L—1r+1
U\U = U w,=JUw;.
j=1s=1
For s € [r+ 1] let
-1
We={weU\U: weW; for some j € [{ - 1]} = UWJ»S.
j=1

Clearly,
Wiu- . uWwrtt = U\ U.

We remark that this W!U- - -UW"*! is not necessarily a partition of U \U . However,
it follows from Fact 2.2 and (40), that there exists a ¢t € [r + 1] such that

H[W' is (R(i + 1,7),¢)-Ramsey. (41)



RAMSEY PROPERTIES OF RANDOM DISCRETE STRUCTURES 19
Next combine (41) with Fact 2.12 and the (K, p)-boundedness of H to obtain

0o &

> 2

Wil = 4K

Moreover, due to (41) we can apply the induction assumption for i + 1 and r
to H[W'] (cf. (27)). This yields

V1. (42)

P (H (W _syq,) 18 (i + 17,67, (1= 8)qr, Wt)—Ramsey) >1 270 (1=9a W]
>1-— 9= (b"/2)qe|W*|

Similarly as in the former case, we infer from Proposition 2.11 that with probability

at least
(15),(42)

1— 2752ql‘wt‘/20 > 1— 271A)q4|V| (43)
the random set W; , has the property that
H[W, N\ X]is (i 41,7, (1= 6)ge, W')-Ramsey (44)

for every X C W with [X| < dg,|W?|/2.

Note that in the statement above only partitions into r classes are considered,
while we have to deal with (r + 1)-partitions here. Let x;: Uy, — [r + 1] be an
arbitrary partition. Depending on the cardinality of le(t) N W;[ we will argue in
two different ways. In fact, if

_ 0
|Xe1(t)qutz| > ZQ€|Wt|7 (45)
then we infer from the fact that W = Uf: W} and (28)
i ¢ ¢
’EUH (szl Uéﬂ,)‘ = HeéE(U): ‘eﬂszl Ue,

> % Z deg; iy (U,U§:1 thj)

uex, HONWE,

Zi+1}‘

1 t
= Zl 830 gt Usy)
uEX, (t)ﬂW;[
16 ¢(1—06) ,|E|
> L Zgwt] 2L g
SPAPULL e e T

Hence, if x, satisfies (45), then since ¢1 < gy

< () 6 (1-0)
i+1 14 + i+1
‘EU (UFI U%‘)‘ Ty
23) §¢2'(1—0) ([ B—1 \'"' | a9
> i+1 E| > i+1 E|.
S () aE e
In other words, if x, satisfies (45), then the resulting partition satisfies conclu-
sion (éi.b) of Claim 1.
If, on the other hand, (45) does not hold, then setting
-1

X = (le(t) N W;e) U U Ug
=1
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we have
(30) § et 1) —
XIS el W +2U1 Y g5 < Jal W'+ 2V g
j=1 j=1
(42) 25)

-1
) 8K (25) ¢
< 1q4|Wt|+<—2\Wt|qu < §CIZ|Wt\-
=1

Since W C U and x;'(s) N (Wi A\ X) C U§:1 U, it follows from (44) that there
exists some s € [r+ 1]\ {¢t} such that

B (U2 03) | = B () n (W, \ X))
L (23),(19) .
> (1= g B = gt Bl
which again implies conclusion (4.b) of Claim 1.
Summarizing, it follows from (43), that in this case conclusion (4.b) of Claim 1
holds for any x,: U,, — [r+1] with probability at least 1 — 274Vl This combined
with (32) concludes the proof of Claim 1 , since

)

. (18
1 = 97balVl _ 9=2bminqelV] '5" | _ 9~ bminqe|V]

for sufficiently large n. O

3. PROOF OF THE NEW RESULTS
In this section we deduce Theorem 1.1 and Theorem 1.2 from Theorem 2.5.

Proof of Theorem 1.1. Note that due to (3) it suffices to verify the 1-statement of
Theorem 1.1 and we will show that this follows from Theorem 2.5. Let A be an
irredundant, partition regular ¢ x k matrix. Without loss of generality we may
assume that A has full rank, i.e., rank(A) = £. As mentioned in the introduction,
it follows from Rado’s characterization of partition regular matrices that k > ¢+ 2.

For every n € N we consider the k-uniform hypergraph H, = ([n], E,) where
the edges of H,, are the k-sets {z1,..., 21} C [n] such that (for some ordering) the
vector (z1,...,xk) is a solution of L(A). (Note that we disregard solutions of £(A)
which consist of less than k distinct integers). Let p, = n~Y/™4 (cf. (2)).

The conclusion of Theorem 2.5 yields Theorem 1.1, since (by definition) H[V,, 4, ]
is r-Ramsey if and only if [n],, — (A4), and we have to show that H and p satisfy
the assumptions of Theorem 2.5. This means, we have to verify the the following

(a) pp=n"1m4 = 0asn— oo,

(b) pE|E,| — 0o as n — oo,

(¢) for every R € N exists some ¢ > 0 such that H is (R, ()-Ramsey, and
(d) H is (K, p)-bounded for some K > 1.

Clearly, p, = n~Y/™4 — 0 due to the definition of m4. It was shown in [20,
Proposition 2.2 ii)] that m4 > k — 1 and due to Rado’s characterization we have
k — ¢ > 2, which yields |E,| = Q(n?). Therefore, we have

PP E,| = QnF/ (=D p2) = Q(n%) .

Moreover, it follows from [4, Theorem 1], that for every R € N there exists some
¢ > 0 for which H is (R, ()-Ramsey. Consequently, it suffices to verify that H is
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(K,p)-bounded for some K > 1. For i € [k — 1] and ¢ > n~/™4 we have to show
that

2
pi(Hy,q) = O (q”'%) :

Recalling the definition of u;(H,,q) in (7) and H,, = ([n], E,) we have

pilHn,q) =E | D7 degi(z,Vog) | = D E[degi(a,Vag)] - (46)
z€[n] z€[n]
Note that E [deg?(z, Vn,q)] is the expected number of pairs (X,Y) € [n]* x [n]*
such that
(i) ze XNY,
(i) X ={x1,...,z,} and Y = {y1,...,yr} are solutions of £(A), where
Ar=Ay =0
for x = (z1,...,2%)" and y = (y1,...,yx)", and
(i) |X N ([n]q \ {z})] =i and [Y N ([n], \ {z})] > .
For fixed z and (X,Y) let w > 1 be the largest integer such that there exist indices
01,50y and j1,..., Jy for which

xil = yjl goae ,Iiw = ij . (47)
Consequently,
ze{@is iy} = AW Y (48)
Set W1 = {il,. . ,iw} and W2 = {jl, “ee 7jw}-

For fixed sets Wy, Wa C [k] we are going to describe all (2k — w)-tuples X UY
satisfying (i) and (47). To this end consider the 2¢x (2k—w) matrix B, which arises
from two copies A; and Az of A with permuted columns. We set A1 = (A7, | Aw,)
and Ay = (Aw, | Ayy,) where for every a = 1,...,w the column of Ay, which is
indexed by 4, aligns with that column of Ay, which is indexed by j,. Then let

Awl‘AWI‘ 0
BZ( 0 [, AW2>'

Without loss of generality we may assume that rank(Ayw; ) > rank(Ag;,) and,
therefore,

rank(B) > rank(A) + rank(Agw, ) -

Clearly, the number of (2k—w)-tuples X UY satisfying (7i) and (47) equals the num-
ber of solutions of the homogeneous system given by B, which is O(n%_“’_m“k(B ).
Since A is an irredundant, partition regular matrix, it follows from [29, Proposi-
tion 2.2 1)] that rank(A’) = rank(A) for every matrix A’ obtained from A by remov-
ing one column. Consequently, any matrix B’ obtained from B by removing one of
the middle columns (i.e., one of the w columns of B which consist of a column of
Aw, and a columns of Ay, ) satisfies

rank(B') > rank(A) + rank(Ay;, ) = £ + rank(Agy, ) .

Therefore, it follows from (48) that the number of such (2k — w)-tuples that also
satisfy condition (i) for some fixed x € [n] is at most

O(anf’wflefrank(Awl ) ) (49)
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Finally, we estimate the probability that a (2k — w)-tuple X UY satisfying (i),
(%), and (47) also satisfies (444). Since | X NY N([n|s\{z})|=7j<w-—-1landg<1
this probability is bounded by

w—1
Z q2’L—j — O(q2z—w+1).
§=0

In view of (49) we obtain

Z E [degf(x, Vg

z€[n]

_ Z i Z O(n2k7w717£7rank(AW1)q2i7w+1)' (50)
z€[n]w

=1 W, WaClk]
[Wh|=|W2|=w

Note that if w = 1, then again due to [29, Proposition 2.2 i)] we have rank(Ag; ) = ¢
and, therefore, the contribution of those terms satisfies

2
Z Z O(n2k—2€—2q2i) _ O(an—Qé—lq%) =0 <q2i |E7:| ) ) (51)

xz€[n] Wi, WaClk]
|[Wi|=|W2|=1

For w > 2 and Wy C [k] with |W;| = w we obtain from the definition of m4 and
g > n~Y/™ma that
qw_l > n—w+1—rank(AW1)+€

Consequently,

Z i Z O(n2k—w—1—l—rank(AW1)q2i—w+1)

me[’l’b] w=2 Wl,ng[k]
[Wh|=|W2|=w

k
z€[n] w=2 Wy, WoClk]
[Wi|=|Wa|=w

_ 2k—20—1 2\ _ 2i | En®
=0(n ')=0\q n - (52)

O(n2k—2—22q2i)

(]

Finally, combining (46), (50), (51), and (52) we obtain

2
i(Hy,q) = O (q”lﬂ’) :

n

which concludes the proof of Theorem 1.1. O

Proof of Theorem 1.2. Let F be an ¢-uniform hypergraph with k = e(F) > A(F) >
2 edges. For every n € N we consider the k-uniform hypergraph H,, = (V,,, E,)
with V,, = E(Kf(f)) and edges of H, correspond to (unlabeled) copies of F in
K. Furthermore, let p, = n=1/mr (cf. (6)). It is easy to see that the conclu-
sion of Theorem 2.5 yields Theorem 1.2, i.e., H[V, 4] is r-Ramsey if and only if
G (n,q,) = (F),. Therefore, it is left to show that H and p satisfy the assump-
tions of Theorem 2.5 (see properties (a)-(d) in the proof of Theorem 1.1).
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Note that it follows directly from the definition of H = (H,,)nen and p = (pp)nen
that p,, — 0 and pk|E,| = Q(n), since A(F) > 2. Moreover, the original proof of
Ramsey’s theorem implies that for every R € N there exists some ¢ > 0 such that
the sequence H = (H,)nen is (R, {)-Ramsey. Consequently, it is left to verify that
H is (K, p)-bounded for some constant K > 1.

To this end observe that H,, is a regular hypergraph with (') vertices and every
vertex is contained in ©(n")~¢) edges and that |E,| = O(n*")). We will show
that for ¢ > n~Y™F and i € [k — 1] we have

2
= B[degi(v, Va)] = O <q'|Ev'|> .

veV

pi(Hn,q) =B | Y deg? (v, Vi)

veVy

Due to the definition of H every v € V,, corresponds to an edge e(v) in K,(f).
Therefore, the number E [degf (v, Va,q)] is the expected number of pairs (F}, F») of
copies F and F; of F'in K satisfying e(v) € E(F1) N E(F3) and both copies Fy
and F, have at least i edges in E(G)(n,q))\ {e(v)}. Summing over all such pairs
F and F5 we obtain

|E(F1)NE(F2)|-1

E [deg? (v, Vi) < > 2 a7
F1,F>: e(v)EE(F1)NE(Fy) J=0
-0 Z q2i7(|E(F1)ﬂE(F2)|*1)
Fi,Fy: e(v)EE(F1)NE(F?)
since ¢ < 1. Furthermore,
Z q2i—(\E(F1)ﬁE(F2)|—1)

Fy,F5: e(v)eE(Fl)ﬁE‘(FQ)

—0 Z n20(F)=20(J) g2i=(e(N)=1) | (54)
J:e(v)eE(J

where the sum on the right-hand side is indexed all hypergraphs J C Ky(f) which
contain e(v) and which are isomorphic to a subhypergraph of F. It follows from
the definition of mp and ¢ > n=Y/™r that n*(/)¢¢(/) = Q(¢gn*). Combining this
with (53) and (54) we obtain

E [deg?(v, Vn,q)} -0 Z n2v(F)—2v(J)q2i—(e(J)—1)
J:e(v)eE(J])

=0 Z n2v(F)7v(J)7€q2i
J:e(v)eEE(J])

Moreover, since v(J) > ¢ we have

E [degf (U7 Vn,q)] =0 Z nzv(F)*QZq% 7
J:e(v)EE(J)
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and, consequently,

2 ] i | En 2
Mi(Hn7Q) = Z O(nZU(F)_Qeqm) = O(an(F)_qu) -0 <q21|> 7

veV, |Vn|
which concludes the proof of Theorem 1.2. O
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